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by computing powers of the so-called transfer-matrix. We introduce the Yamada polynomial and
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polynomials. In addition to this, we introduce a new notational technique which allows one to ignore
the crossings of certain spatial graphs and turn them into normal plane graphs with labelled edges.
We prove various results related to this notation and show how it can be used to obtain the Yamada
polynomial of these kinds of graphs. We also give a sketch of an algorithm with which one could,
at least in principle, obtain the Yamada polynomials of larger families of graphs.
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Chapter 1

Introduction

In many of the countless applications of graph theory, graphs are usually understood as
abstract structures that only record which two elements are connected. The way the
graph is represented by, for example, drawing it, is irrelevant to the underlying structure.
But graphs can also be studied as geometric objects. There, a graph is embedded into a
space and then studied using various tools from topology.

One way of embedding a graph is to map the vertices of the graph into points in the
space and map the edges into curves or paths between these points. When this is done
in R3 the object one gets closely resembles a knot—the objects studied in knot theory.
Graphs that are embedded in R3 are called spatial graphs and the study of spatial graphs
is closely linked to knot theory.

A basic question in knot theory is which knots are equivalent. Two knots are equivalent
if one can be continuously deformed into the other without cutting the knot or letting
it cross itself in the process. One way of answering such questions is to give each knot
some sort of invariant and see if the invariants of the knots are different. These invariants
are often polynomials that one can compute from the so-called knot diagrams, which are
simply the projections of the knots onto to the plane. Similar questions can be asked of
spatial graphs and similar invariants have been developed for them. In this thesis, we
study one of the most common invariants of spatial graphs, the Yamada polynomial, first
introduced in Yamada’s original paper [10] in 1989.

The Yamada polynomial is a very useful invariant as it gives a lot of information about
how the graph sits in the space. For example, in [8] the Yamada polynomial is used to
estimate the number of crossings of spatial graphs, and in [3], the Yamada polynomial
is used to prove a necessary condition for a spatial graph to be periodic (i.e., symmetric
under actions of Zp). While also being a useful invariant of spatial graphs, the Yamada
polynomial has been studied for its own sake as well. In [1], a golden identity of the
Yamada polynomial of ribbon cubic graphs is proven and in [6], the density of roots of
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the Yamada polynomial of certain classes of graphs is studied.
In this thesis we solve the Yamada polynomial of two infinite families of graphs. We

study symmetric graphs that have a layer-like structure. The idea is to take a graph with
n layers and then express its Yamada polynomial as a linear combination of the same
types of graphs with n − 1 layers. Computing the polynomial of the graph then comes
down to computing powers of certain matrices called transfer-matrices. The graphs we
study are similar to those studied in [5], where transfer-matrix methods were used to
study the number of graph colorings of abstract graphs.

The theory of abstract graphs is very different from the theory of spatial graphs.
Abstract graphs are often studied with tools from combinatorics, but spatial graphs are
more closely related to knot theory and topology. In this thesis, we introduce a notational
technique that allows one to abstract away the crossings in certain kinds of spatial graphs,
leaving only the relevant structure visible, which can then be drawn as a normal plane
graph with labelled edges. We call these plane graphs cycle diagrams. This technique
allows one to study spatial graphs from a more combinatorial perspective. The notation
also greatly simplifies many of the computations.

The thesis is structured as follows. In Chapter 2, we give the relevant background
related to graphs and their embeddings and define so called graph diagrams, which are the
main objects of study in this thesis. In Chapter 3, we introduce the Yamada polynomial.
We define it following Yamada’s original paper [10] and prove various properties related
to it. Then, in Chapter 4, we introduce the notational technique mentioned above. We
prove a few results related to it, which show how the Yamada polynomial can be obtained
using this notation. In Chapter 5 we discuss the transfer-matrix method and provide an
algorithm for obtaining the Yamada polynomial of certain families of graphs using these
methods. Lastly, in Chapter 6, we go through two examples that illustrate the use of
transfer-matrix methods and the use of cycle diagrams. As a result, we solve the Yamada
polynomial of two families of graphs.
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Chapter 2

Graphs and Spatial Graphs

2.1 Graphs
We begin by giving the basic definitions related to graphs. In this thesis graphs are
allowed to have loops and multiple edges between vertices. Such graphs would usually
be called multigraphs but we will simply call them graphs. We focus on these types of
graphs, because we want to consider graphs as geometric objects rather than just abstract
structures.

Definition 1. A graph is a triple G = (V,E, ϕ) where V is a set of vertices, E is a set of
edges and ϕ : E → {{u, v} | u, v ∈ V }. To avoid confusion, we always assume that V and
E are disjoint. If ϕ(e) = {v} for some v ∈ V , we say that e is a loop at v. If ϕ(e) = {u, v}
with v 6= u, we say that e is an edge between vertices v and u. The degree of a vertex v
is the number of edges e such that v ∈ ϕ(e), with loops having a contribution of 2.

For any graph G we let V (G) and E(G) denote the set of vertices and edges of G
respectively. We will always assume that in any graph (V,E, ϕ) both V and E are finite.

For example, we could have V = {1, 2, 3} and E = {e1, e2, e3, e4, e5, e6}, with ϕ(e1) =
ϕ(e2) = {1, 2}, ϕ(e3) = {2}, ϕ(e4) = ϕ(e5) = {2, 3} and ϕ(e6) = {1, 3}.

In graph theory, graphs are often given as pictures rather than explicitly listing all of
the structure. Graphs are often drawn on the plane by drawing a point for each vertex
and drawing a curve between two vertices if there is an edge between them. Figure 2.1
gives an example how the graph given above could be drawn.

Given any such drawing one can easily reconstruct the structure (V,E, ϕ). The only
important thing in graphs is which vertices are connected and by how many edges. The
actual names or labels of the vertices or edges aren’t essential. Therefore, one often gives
graphs as drawings without naming the vertices or edges. From such drawings one is only
able to reconstruct the stucture up to isomorphism:

3



1

2

3

Figure 2.1: An example of a visual presentation of a graph.

Definition 2. Let G1 = (V1, E1, ϕ1) and G2 = (V2, E2, ϕ2) be graphs. An isomorphism
between G1 and G2 is a pair of functions (f, g) where f : V1 → V2 and g : E1 → E2 are
bijections, such that if e ∈ E1 and ϕ1(e) = {u, v}, then ϕ2(g(e)) = {f(u), f(v)}. Graphs
are isomorphic if there is an isomorphism between them.

We will consider isomorphic graphs as equal, which is common in graph theory. From
a rigorous perspective we should thus call graphs isomorphism classes, but we won’t need
such rigour here.

There are two important operations one can do with graphs: deletion and contraction.

Definition 3. Let G = (V,E, ϕ) be a graph and let F ⊆ E. By G − F we mean the
graph (V,E \ F, ψ), where ψ is ϕ restricted to E \ F . We say G− F is obtained from G
by deleting the edges in F . We write G− e for G− {e}.

Definition 4. Let G = (V,E, ϕ) be a graph and let e ∈ E. Suppose e is not a loop and
ϕ(e) = {u, v}. Let w 6∈ V be a new vertex. By G/e we mean the graph (V ′, E ′, ϕ′) where
V ′ = (V \ {u, v}) ∪ {w}, E ′ = E \ {e} and for all e0 ∈ E ′,

ϕ′(e0) =


ϕ(e0), if v, u 6∈ ϕ(e0);
{x,w}, if ϕ(e0) = {x, v} or ϕ(e0) = {x, u} where x 6∈ {u, v};
{w}, if ϕ(e0) = {u, v} or ϕ(e0) = {v} or ϕ(e0) = {u}.

We say that G/e is obtained from G by contracting e.
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Figure 2.2: The result of contracting and edge connecting the vertices 2 and 3 in the
graph from Figure 2.1

The last statement defines G/e only up to isomorphism since the new vertex w is
not specified. But as mentioned above, isomorphic graphs are considered equal. The
definition of contracting an edge has a simple visual interpretation: join together the
vertices connected by e, get rid of e and let multiple edges and loops emerge if needed.
Figure 2.2 gives an example of this where we use the same graph as above and contract
the edge e5. Deleting edges can also be done visually by simply deleting the edges in the
drawing of the graph. We won’t use these two definitions in their fullest detail but rather
use this visual approach.

We’ll mention two more definitions related to abstract graphs. The rest are introduced
as needed.

Definition 5. Suppose G1 = (V1, E1, ϕ1) and G2 = (V2, E2, ϕ2) are graphs. The disjoint
union G1 tG2 of G1 and G2 is obtained by first taking isomorphic copies of G1 and G2,
so that all of the sets V1, V2, E1, E2 are pairwise disjoint, and then creating the graph
(V1 ∪ V2, E1 ∪ E2, ψ) where ψ(e) = ϕ1(e) if e ∈ E1, and ψ(e) = ϕ2(e) if e ∈ E2.

Definition 6. Let G = (V,E, ϕ) be a graph. A path in G is an alternating sequence of
vertices and edges P = (v1, e1, v2, e2, . . . , en−1, vn), where n ≥ 1, vi ∈ V and ei ∈ E, such
that the vertices vi are distinct and ϕ(ei) = {vi, vi+1} for each i. We say that P is a path
from v1 to vn. We can define an equivalence relation ∼ on V by letting u ∼ v if there is
a path from u to v. The equivalence classes of ∼ are the connected components of G.

2.2 Spatial Graphs and Graph Diagrams
As mentioned in the previous section we will be interested in graphs as geometric objects
rather than just abstract structures. We will turn these structures into geometric objects
by embedding them into Rn. In the literature, graphs are often embedded into surfaces
such as S3, but we will focus on Euclidean spaces.
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Definition 7. An arc in Rn is the image of a continuous function p : [0, 1] → Rn that is
injective on the open interval (0, 1). The points p(0) and p(1) are called the endpoints
of the arc. The set {p(t) | t ∈ (0, 1)} is the interior of the arc. An arc is said to be
polygonal if it is a finite union of line segments in Rn. Line segments are sets of the form
{a+ t(b− a) | t ∈ [0, 1]} for some distinct points a, b ∈ Rn.

We will embed the edges of graphs as polygonal arcs, so that we only get ”tame”
embeddings. Without any restriction on the embedding one might get pathological objects
where, for example, the edges cross each other infinitely many times.

Definition 8. Let G = (V,E, ϕ) be a graph. An embedding of G into Rn is a pair of
functions (f, g) where f : V → Rn is injective and g maps each e ∈ E to a polygonal arc
in Rn such that

1. if ϕ(e) = {u, v} then the endpoints of g(e) are f(u) and f(v),

2. any two arcs g(e1) and g(e2) can intersect only at their endpoints, and

3. the interior of any arc g(e) does not contain any point of the form f(v).

Suppose a graph G is embedded into Rn. We will then identify G with its image under
the embedding. Terms like ”vertex” and ”edge” will then refer to points and arcs in the
space, as well as the elements in the underlying abstract structure. Embedded graphs
are always assumed to also carry their underlying abstract structure with them. Graphs
embedded in R2 are called plane graphs and graphs embedded in R3 are called spatial
graphs.

Just like isomorphic abstract graphs are considered equal, we’ll also consider two
spatial graphs to be equal if one can be continuously deformed into the other without
letting the graph cross itself in the process. This is formalized with the notion of ambient
isotopy. However, in this thesis we won’t need this notion in its fullest rigour and instead,
we’ll settle for the informal idea of moving graphs in space. For details about ambient
isotopy in the context of knot theory, see the first chapters of [2] and [7].

Instead of working directly with spatial graphs as subsets of R3, we will project the
graphs down to the plane and work with the resulting plane figures:

Definition 9. Let G be a spatial graph. Suppose G is embedded in such a way, that
when projecting G down to the plane with the usual projection (x, y, z) 7→ (x, y), no three
points of G map to the same point, and if two points of G map to the same point, then
both were part of the interior of an edge (not necessarily the same edge). Points of R2

whose preimage under the projection contain two points of G are called crossings. The
resulting subset of R2 together with information at each crossing which edge of G was on
top is called a graph diagram.

6



Figure 2.3: Examples of graph diagrams.

The information about which edge was on top is given by creating a little gap for the
edge that was under. This gap should be understood only as a notational element and not
part of the actual plane figure. Figure 2.3 shows some examples of graph diagrams. Recall
that the edges are embedded as polygonal arcs. However, when drawing graph diagrams
we allow ourselves to draw the edges as any kinds of curves. It is clear that these curves
could be approximated by polygonal arcs that consist of enough line segments. If a graph
G is embedded as in the definition above and then projected to the plane, we will identify
G with this plane figure, i.e., the graph diagram. We will therefore speak of the edges
and vertices of the graph diagram. Just like embedded graphs, graph diagrams will carry
the underlying abstract structure with them. We often use the terms ”graph” and ”graph
diagram” interchangeably.

For graph diagrams, the most important information is the number of edges between
vertices and the way the edges cross each other. We allow graph diagrams to be moved
and stretched on the plane in such a way, that the crossings stay fixed, and no new
crossings emerge. Graph diagrams that can be obtained from one another in this manner
are considered equal. For a more rigorous definition of such movements we could use
ambient isotopies of R2.

The operations of deletion and contraction are defined also for graph diagrams. Dele-

7



Figure 2.4: Deleting and contracting an edge of a graph diagram.
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Figure 2.5: A tube around an edge inside of which other edges can be moved without
them having to cross each other.

tion is simply done by deleting the edge. Contraction is defined again only for edges that
are not loops, but his time we also require that the edges don’t contain any crossings.
When contracting such an edge of a graph diagram, we move the vertices connected to
it along the edge, while at the same time moving the other edges without creating any
new crossings. For a more rigorous definition of contraction we could note that edges
are closed subsets of R2 and hence their complements are open. We can therefore have a
”tube” around the edge inside of which one should have enough space to move the other
edges. See Figure 2.5 for an illustration for this. Figure 2.4 gives an example of deletion
and contraction of graph diagrams. Both operations of deletion and contraction for graph
diagrams will also change the underlying structure in the corresponding way. If g is a
graph diagram and e is a non-loop edge of g that doesn’t contain any crossings, then we
let g − e and g/e denote the graph diagrams that are obtained from g by deleting and
contracting e, respectively.

Graph diagrams are essentially just plane graphs with some additional information.
We could, for example, consider crossings as vertices of degree four and use labels for the
edges to denote which edges are on top. We could then use the theory of plane graphs to
work more rigorously than what we have here. For the basic theory of plane graphs see
Chapter 4 of [4]. However, in the literature of spatial graphs this is not usually done.
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Chapter 3

The Yamada Polynomial

In this chapter, we introduce the Yamada polynomial following his original paper [10].
We begin by defining an auxiliary polynomial h that will be used to define the actual
Yamada polynomial. The auxiliary polynomial h will be defined for abstract graphs and
the Yamada polynomial will then be defined for graph diagrams.

Recall that a Laurent polynomial is a polynomial where we allow negative exponents.
An example would be x2 + 2x + 1 + x−1 − 2x−3. In this thesis, the coefficients for these
polynomials are always from C, the complex numbers.

Definition 10. Let G be a graph. Let µ(G) and β(G) denote the number of connected
components and the first Betti number of G respectively. Let f(G) = xµ(G)yβ(G), where
x and y are indeterminates. Define a two variable Laurent polynomial

h(G) = h(G)(x, y) =
∑

F⊆E(G)

(−x)−|F |f(G− F ).

The first Betti number of an abstract graph G is defined to be |E|+ |C| − |V |, where
E,C, V are the sets of edges, connected components and vertices of G respectively. We
take this as a definition of the first Betti number, but this could also be proven by first
developing homology theory for graphs, and then computing the ranks of certain homology
groups. The first Betti number gives some information about the 1-dimensional holes of
a graph. See e.g., Chapter 4 of [9] for a development of homology theory of graphs.

We now prove various lemmas about h that will then allow us to prove useful lemmas
about the Yamada polynomial. Recall that t denotes the disjoint union of graphs. We
use this notation to also denote the disjoint union of sets.

Lemma 1. For any graphs G1 and G2, h(G1 tG2) = h(G1)h(G2).

Proof. We claim that µ is additive under disjoint union. For this, it is enough to see that
no vertex of G1 can be connected by a path to a vertex of G2: otherwise, we would need
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an edge with one endpoint in V (G1) and the other in V (G2), but since the endpoints of
an edge belong to the same graph as the edge itself and the vertex sets of the two graphs
are disjoint, we would get a contradiction. Therefore µ(G1 tG2) = µ(G1) + µ(G2).

We also claim that β is additive under disjoint union. Recall that the vertex and edge
sets of disjoint graphs are disjoint. With this and the fact that µ is additive under disjoint
union, we have

β(G1 tG2) = |E(G1 tG2)|+ µ(G1 tG2)− |V (G1 tG2)|
= |E(G1)|+ |E(G2)|+ µ(G1) + µ(G2)− |V (G1)| − |V (G2)|
= β(G1) + β(G2).

The subsets of E(G1 t G2) are exactly the sets of edges of the form F1 t F2 with
F1 ⊆ E(G1) and F2 ⊆ E(G2). For any F ⊆ E(G1 t G2) with F = F1 t F2 we have
(G1 tG2)− F = (G1 − F1) t (G2 − F2). Therefore

µ((G1 tG2)− F ) = µ(G1 − F1) + µ(G2 − F2)

and
β((G1 tG2)− F ) = β(G1 − F1) + β(G2 − F2).

Hence, for any F ⊆ E(G1 tG2) with F = F1 t F2 we have

f((G1 tG2)− F ) = xµ(G1−F1)xµ(G2−F2)yβ(G1−F1)yβ(G2−F2)

= f(G1 − F1)f(G2 − F2).

Thus, we have

h(G1)h(G2) =

 ∑
F1⊆E(G1)

(−x)−|F1|f(G1 − F1)

 ∑
F2⊆E(G2)

(−x)−|F2|f(G2 − F2)


=

∑
F1⊆E(G1)
F2⊆E(G2)

(−x)−|F1|f(G1 − F1)(−x)−|F2|f(G2 − F2)

=
∑

F1⊆E(G1)
F2⊆E(G2)

(−x)−(|F1|+|F2|)f(G1 − F1)f(G2 − F2)

=
∑

F⊆E(G1tG2)

(−x)−|F |f((G1 tG2)− F )

= h(G1 tG2).

10



Definition 11. Let G and H be graphs and let u ∈ V (G) and v ∈ V (H). The graph
G ∨uv H is constructed by first constructing the disjoint union G t H, then adding an
edge e between u and v, and finally contracting e. We will ignore the subindex uv and
simply write G ∨H to denote G ∨uv H.

Recall that µ is the function that counts the number of connected components of a
graph.

Lemma 2. For any graphs H1 and H2, µ(H1 ∨H2) = µ(H1) + µ(H2)− 1.

Proof. Suppose V (H1)∩ V (H2) = {x}. A vertex is said to be isolated, if there is no path
from it to any other vertex. We split into four cases:

1. x is not isolated in H1 but is isolated in H2,

2. x is isolated in H1 but is not isolated in H2,

3. x is not isolated in H1 and is not isolated in H2,

4. x is isolated in H1 and is isolated in H2.

In each case, if we start by counting the connected components of H1 and then count the
components of H2, the connected component of H1 ∨ H2 to which x belongs is counted
twice. Thus, we get the right number of connected components of H1 ∨ H2 by adding
together µ(H1) and µ(H2) and subtracting one.

Recall that β gives the first Betti number of a graph and that

β(G) = |E(G)|+ µ(G)− |V (G)|

for any graph G.

Lemma 3. For any graphs H1 and H2, f(H1 ∨H2) = x−1f(H1)f(H2).

Proof. Note that |V (H1∨H2)| = |V (H1)|+|V (H2)|−1 and that |E(H1∨H2)| = |E(H1)|+
|E(H2)|. By Lemma 2, we have

β(H1 ∨H2) = |E(H1)|+ |E(H2)|+ µ(H1) + µ(H2)− 1− (|V (H1)|+ |V (H2)| − 1)

= |E(H1)|+ |E(H2)|+ µ(H1) + µ(H2)− |V (H1)| − |V (H2)|
= β(H1) + β(H2).

Thus we have

f(H1 ∨H2) = xµ(H1∨H2)yβ(H1∨H2) = x−1xµ(H1)xµ(H2)yβ(H1)yβ(H2) = x−1f(H1)f(H2).

11



To simplify notation, we agree that the operators ∨ and t will precede edge deletion.
That is, if G1 and G2 are graphs and F is some set of edges, then G1 ∨ G2 − F =
(G1 ∨G2)− F and G1 tG2 − F = (G1 tG2)− F

Lemma 4. For any graphs G1 and G2, h(G1 ∨G2) = x−1h(G1)h(G1).

Proof. We note that the subsets of E(G1∨G2) are exactly the edge sets of the form F1tF2

with F1 ⊆ E(G1) and F2 ⊆ E(G2). Also, if F ⊆ E(G1 ∨ G2) with F = F1 t F2, then
G1 ∨G2 − F = G1 − F1 ∨G2 − F2. Thus, by Lemma 3 we have

h(G1 ∨G2) =
∑

F⊆E(G1∨G2)

(−x)−|F |f(G1 ∨G2 − F )

=
∑

F1⊆E(G1)
F2⊆E(G2)

(−x)−|F1tF2|f(G1 ∨G2 − F1 t F2)

=
∑

F1⊆E(G1)
F2⊆E(G2)

(−x)−|F1|(−x)−|F2|f(G1 − F1 ∨G2 − F2)

=
∑

F1⊆E(G1)
F2⊆E(G2)

(−x)−|F1|(−x)−|F2|x−1f(G1 − F1)f(G2 − F2)

= x−1

 ∑
F1⊆E(G1)

(−x)|F1|f(G1 − F1)

 ∑
F2⊆E(G2)

(−x)|F2|f(G2 − F2)


= x−1f(G1)f(G2).

Next, we show that h satisfies a deletion-contraction rule. This will help us show that
the Yamada polynomial satisfies a deletion-contraction rule as well.

Lemma 5. If e is a non-loop edge of a graph G, then h(G) = h(G/e)− x−1h(G− e).

Proof. First we split the sum into two parts

h(G) =
∑

e6∈F⊆E(G)

(−x)−|F |f(G− F ) +
∑

e∈F⊆E(G)

(−x)−|F |f(G− F ).

12



Let us look at the sum on the right-hand side first. We have∑
e∈F⊆E(G)

(−x)−|F |f(G− F ) =
∑

e6∈F⊆E(G)

(−x)−|F∪{e}|f(G− (F ∪ {e}))

=
∑

e6∈F⊆E(G)

(−x)−|F |−1f((G− e)− F )

= −x−1
∑

F⊆E(G−e)

(−x)−|F |f((G− e)− F )

= −x−1h(G− e).

Thus, it remains to show that∑
e 6∈F⊆E(G)

(−x)−|F |f(G− F ) = h(G/e).

First, we show that that for all F ⊆ E(G) with e 6∈ F we have f(G−F ) = f(G/e−F ),
which is to say that µ(G− F ) = µ(G/e− F ) and β(G− F ) = β(G/e− F ). Fix such an
F . Since e 6∈ F , we have G/e−F = (G−F )/e. One can easily show that contracting an
edge doesn’t change the number of connected components. Thus, we have µ(G − F ) =
µ((G− F )/e) = µ(G/e− F ). Now we have

β(G/e− F ) = |E(G/e− F )|+ µ(G/e− F )− |V (G/e− F )|
= |E(G/e)| − |F |+ µ(G− F )− |V (G/e)|
= |E(G)| − 1− |F |+ µ(G− F )− (|V (G)| − 1)

= |E(G− F )|+ µ(G− F )− |V (G− F )|
= β(G− F ).

Thus f(G− F ) = f(G/e− F ).
There is a clear 1-1-correspondence between the sets

{F ⊆ E(G) | e 6∈ F} and {F ⊆ E(G/e)}.

By what we just showed, we therefore have∑
e6∈F⊆E(G)

(−x)−|F |f(G− F ) =
∑

e6∈F⊆E(G)

(−x)−|F |f(G/e− F )

=
∑

F⊆E(G/e)

(−x)−|F |f(G/e− F ) = h(G/e).

We have now obtained h(G) = h(G/e)− x−1h(G− e).

13



The following is very useful when calculating the Yamada polynomial in practice. It
allows us to show that also the Yamada polynomial of graph with a bridge is zero. An
edge of a graph is called a bridge if deleting that edge increases the number of connected
components of the graph.

Lemma 6. If a graph G contains a bridge, then h(G) = 0.

Proof. Let e be a bridge of G. Then G−e = G1tG2 and G/e = G1∨G2, for some graphs
G1 and G2. By Lemmas 5, 4 and 1 we have

h(G) = h(G/e)− x−1h(G− e)
= h(G1 ∨G2)− x−1h(G1 tG2)

= x−1h(G1)h(G2)− x−1h(G1)h(G2) = 0.

And now, we can finally give the definition of the Yamada polynomial.

Definition 12 (Yamada Polynomial). Let g be a graph diagram. For each crossing of c
of g define s+, s− and s0 as in in Figure 3.1. Call these spins of +1,−1 and 0 respectively.
Let S be a plane graph obtained by replacing each crossing with some spin. Call S a state
on g and let St(g) be the set of states on g. Let {g|S} = qp−m, where p and m are the
number of spins of +1 and −1 in S respectively and q is an indeterminate. The Yamada
polynomial of g is the Laurent polynomial

R(g) = R(g)(q) =
∑

S∈St(g)

{g|S}H(S)

where H(S) = h(S)(−1,−q − 2− q−1). If there are no crossings in g we understand that
there is only one state on g, namely g itself. We define R(∅) = 1 where ∅ denotes a graph
with no edges.

In Figure 3.2 we give an example of replacing a crossing with the three possible spins.
The idea is to keep the graph unchanged outside of the small area around the crossing and
only change the graph as indicated in Figure 3.1. Replacing a crossing with a spin reduces
the number of crossings in the diagram and therefore makes it possible to prove various
claims about graph diagrams with induction on the number of crossings in it. The next
lemma shows how the Yamada polynomial changes as we resolve a crossing i.e., replace a
crossing with the three spins.

Lemma 7. Let g a graph diagram and let c be a crossing in g. Let gc+, gc− and gc0 be
the graph diagrams obtained from g by replacing c with spin of +1,−1 and 0 respectively.
Then

R(g) = qR(gc+) + q−1R(gc−) +R(gc0).

14



X )( X 
c s+ s_ so 

Figure 3.1: A crossing c and three ways to resolve it. Note the introduction of new vertices.
In the literature, (for example, in [1] and [10]) these new vertices are not introduced when
replacing a crossing with a spin. There a graph might end up with edges that are not
connected to any vertices. Introducing new vertices as we have here avoids that problem.

Figure 3.2: On top: a graph with a crossing; Below: three graphs obtained by replacing
the crossing with spins of +1,−1 and 0.

15



Proof. Let

St(g)c+ = {S ∈ St(g) | c gets spin of + 1},
St(g)c− = {S ∈ St(g) | c gets spin of − 1},
St(g)c0 = {S ∈ St(g) | c gets spin of 0}.

Clearly St(g) = St(g)c+ t St(g)c− t St(g)c0 and

St(g)c+ = St(gc+), St(g)c− = St(gc−), St(g)c0 = St(gc0).

Let S ∈ St(g)c+. Suppose {g|S} = qp−m. Since the crossing c is already resolved in gc+,
then, as a state on gc+, S has p− 1 and m many spins of +1 and −1 respectively. Thus

{g|S} = qp−m = qqp−1−m = q{gc+|S}.

Similarly, if S ∈ St(g)c− and {g|S} = qp−m, then {gc−|S} = qp−(m−1) and thus

{g|S} = qp−m = q−1qp−(m−1) = q−1{gc−|S}.

Clearly {g|S} = {gc0|S} for all S ∈ St(g)c0. Thus, we have

R(g) =
∑

S∈St(g)c+

{g|S}H(S) +
∑

S∈St(g)c−

{g|S}H(S) +
∑

S∈St(g)c0

{g|S}H(S)

=
∑

S∈St(gc+)

q{gc+|S}H(S) +
∑

S∈St(gc−)

q−1{gc−|S}H(S) +
∑

S∈St(gc0)

{gc0|S}H(S)

= qR(gc+) + q−1R(gc−) +R(gc0).

Next, we show how the Yamada polynomial changes as we delete and contract an edge
in a graph diagram. We will refer to this result as deletion-contraction.

Lemma 8 (Deletion-Contraction). If g is a graph diagram and e is a non-loop edge of g
that doesn’t contain any crossings, then R(g) = R(g − e) +R(g/e).

Proof. Let S ∈ St(g). Since e doesn’t contain any crossings, e also appears as a non-loop
edge in S. Thus, by Lemma 5 we have

h(S)(x, y) = h(S/e)(x, y)− x−1h(S − e)(x, y)
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and thus

H(S) = h(S)(−1,−q − 2− q−1)
= h(S/e)(−1,−q − 2− q−1) + h(S − e)(−1,−q − 2− q−1)
= H(S/e) +H(S − e).

So, we have

R(g) =
∑

S∈St(g)

{g|S}H(S) =
∑

S∈St(g)

{g|S}H(S/e) +
∑

S∈St(g)

{g|S}H(S − e).

Since e doesn’t contain any crossings, resolving the crossings in g and then contracting e
is the same as first contracting e and then resolving the crossings in g/e. Thus, the plane
graphs in St(g/e) are exactly the plane graphs of the form S/e where S ∈ St(g). For all
S ∈ St(g) the plane graphs S and S/e have the same number of spins of +1 and −1, and
hence {g|S} = {g/e|S/e}. Therefore∑

S∈St(g)

{g|S}H(S/e) =
∑

S∈St(g)

{g/e|S/e}H(S/e) =
∑

S′∈St(g/e)

{g/e|S ′}H(S ′) = R(g/e).

Similar arguments show that∑
S∈St(g)

{g|S}H(S−e) =
∑

S∈St(g)

{g−e|S−e}H(S−e) =
∑

S′∈St(g−e)

{g−e|S ′}H(S ′) = R(g−e).

We have now obtained R(g) = R(g/e) +R(g − e) which is what we wanted to show.

When we take disjoint union g1 t g2 of graph diagrams g1 and g2 we first move (if
necessary) the other diagram on the plane so that the two diagrams don’t intersect and
then take the union of the two diagrams.

Lemma 9. Let g1 and g2 be graph diagrams. Then R(g1 t g2) = R(g1)R(g2).

Proof. The states on g1 t g2 are exactly the plane graphs of the form S1 t S2 with Si ∈
St(gi). If {g1|S1} = qp1−m1 and {g2|S2} = qp2−m2 then

{g1 t g2|S1 t S2} = qp1+p2−(m1+m2) = {g1|S1}{g2|S2}.
By Lemma 1, the polynomial h is multiplicative under disjoint union. Thus if S1 and S2

are two disjoint states on g1 and g2 respectively, then

H(S1 t S2) = h(S1 t S2)(−1,−q − 2− q−1)
= h(S1)(−1,−q − 2− q−1)h(S2)(−1,−q − 2− q−1)
= H(S1)H(S2).

17



With these facts we have

R(g1)R(g2) =
∑

S1∈St(g1)
S2∈St(g2)

{g1|S1}H(S1){g2|S2}H(S2) =
∑

S1∈St(g1)
S2∈St(g2)

{g1 t g2|S1 t S2}H(S1 t S2)

= R(g1 t g2).

Definition 13. Let g1 and g2 be graph diagrams. We can assume that they are disjoint.
In any graph diagram the edges are polygonal arcs and hence they divide the plane into
finitely many pieces, exactly one of which is unbounded. Call this unbounded piece the
outer face of a graph diagram. On the boundary of the outer faces of g1 and g2 we can
find vertices v1 of g1 and v2 of g2. Add an edge e between them and contract e. Denote
the resulting graph g1 ∨v1,v2 g2. We drop the index v1, v2 from this notation and simply
write g1 ∨ g2.

Lemma 10. For any graph diagrams g1 and g2, R(g1 ∨ g2) = −R(g1)R(g2).

Proof. The states on g1 ∨ g2 are exactly the plane graphs of the form S1 ∨ S2 with Si ∈
St(gi). Clearly {g1 ∨ g2|S1 ∨ S2} = {g1|S1}{g2|S2} for any S1 ∈ St(g1) and S2 ∈ St(g2).
By Lemma 4 we have h(S1 ∨ S2)(x, y) = x−1h(S1)h(S2) and therefore

H(S1 ∨ S2) = h(S1 ∨ S2)(−1,−q − 2− q−1)
= −h(S1)(−1,−q − 2− q−1)h(S2)(−1,−q − 2− q−1)
= −H(S1)H(S2).

Thus

R(g1 ∨ g2) =
∑

S1∈St(g1)
S2∈St(g2)

{g1 ∨ g2|S1 ∨ S2}H(S1 ∨ S2)

=
∑

S1∈St(g1)
S2∈St(g2)

−{g1|S1}{g2|S2}H(S1)H(S2)

= −R(g1)R(g2).

Lemma 11. Let e be a non-loop edge of a graph diagram g such that e does not contain
any crossings. Suppose that e is a bridge. Then R(g) = 0.
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Proof. Since e remains a bridge in any state on g, by Lemma 6 we have H(S) = 0 for all
S ∈ St(g). Thus R(g) = 0.

Lemma 12. Suppose a graph diagram g has a vertex of degree one. Then R(g) = 0

Proof. We prove the claim with induction on the number of crossings in g. If g has no
crossings then we can apply the previous lemma. Suppose g has n + 1 crossing and the
claim holds for graph diagrams with a vertex of degree 1 and with n crossings. Let c be
any crossing in g, and let gc+, gc− and gc0 be obtained from g, by replacing c with a spin of
+1,−1 and 0 respectively. Note that these graphs also contain a vertex of degree 1. Now
by Lemma 7 and the induction hypothesis, we have

R(g) = qR(gc+) + q−1R(gc−) +R(gc0) = 0 + 0 + 0 = 0.

The above two lemmas show that the Yamada polynomial is trivial for graphs with a
bridge or a vertex of degree 1, and so we will be interested in only those graphs without
these properties.

Next, we prove a lemma which shows, that in a graph diagram it does not matter
for the Yamada polynomial how many vertices there are along some edge. Thus, when
drawing graph diagrams, we can safely ignore most of the vertices.

Lemma 13. Let g be a graph diagram and let g′ be obtained from g by placing a new
vertex on the interior of an edge of g, but not on top of a crossing. Then R(g) = R(g′)

Proof. Induction on the number of crossings in g. If g does not contain any crossings, then
the situation is essentially as in Figure 3.3. By using deletion-contraction on one of the
new edges in g′, and by using the fact that a vertex of degree one makes the polynomial
zero, we have R(g) = R(g′).

Suppose the claim holds for graphs with n crossings and suppose g has n+1 crossings.
Let c be any crossing of g. Now c appears also in g′. For s ∈ {+1,−1, 0}, let gs and g′s be
the graph diagrams obtained from g and g′ respectively, by replacing c with a spin of s.
Now g′s is obtained from gs by placing a vertex on an edge. By the induction hypothesis
and Lemma 7,

R(g) = qR(g+) + q−1R(g−) +R(g0) = qR(g′+) + q−1R(g′−) +R(g′0) = R(g′).

One of the graphs whose polynomial we’ll need often is the cycle graph. The cycle graph
with n ≥ 1 vertices is the graph ({1, 2, . . . , n}, {e1, e2, . . . , en}, ϕ) where ϕ(ei) = {i, i+ 1}
for 1 ≤ i < n and ϕ(en) = {n, 1}. We’ll often call cycle graphs simply cycles. We compute
their Yamada polynomial next.
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Figure 3.3: The graphs g and g′ from the proof of Lemma 13.

Figure 3.4: A cycle with one edge and vertex. If the cycle had more vertices along this
edge, we could then just remove the vertices and the polynomial would not change thanks
to Lemma 13.

Lemma 14. Let g be a cycle graph (diagram) without any crossings. Then R(g) =
q + 1 + q−1.

Proof. It is enough to prove the case where g has only 1 vertex (see Figure 3.4) since
otherwise we can use the previous lemma to get rid of the other vertices. First, we
compute the value of the auxiliary polynomial h(g)(x, y). Recall that for any graph G we
defined f(G) = xCyE+C−V , where C,E and V are the number of connected components,
edges and vertices in G respectively. Let e be the only edge in g. Then by definition of h
we have

h(x, y) = (−x)−|{e}|f(g − {e}) + (−x)−|∅|f(g − ∅)
= −x−1x1y0+1−1 + x1y1+1−1 = −1 + xy.

And thus by definition of R we get

R(g) = h(−1,−q − 2− q−1) = −1 + (−1)(−q − 2− q−1) = q + 1 + q−1.

For the rest of this thesis we will let σ := q + 1 + q−1. The last lemma we will prove
about the Yamada polynomial is given by Figure 3.5. Resolving the kind of crossing in
Figure 3.5 is one of the Reidemeister moves. The Reidemeister moves are a basic tool
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Figure 3.5: The claim of Lemma 15. We say that the graph on the left has a pigtail. Here
R denotes the Yamada polynomial of the graph diagram inside the parenthesis. Only the
relevant parts of the graphs are shown here, and the two graphs are equal outside of this
small neighbourhood around the crossing.

in knot theory. See the first chapters of [2] or [7] for more on Reidemeister moves. For
details about which Reidemeister moves the Yamada polynomial is invariant under, see
Yamada’s original paper [10].

Lemma 15. We can resolve the kinds of crossing as explained in Figure 3.5.

Proof. By resolving the crossing with Lemma 7, we obtain

Let g be the graph in the first term. Then this sum equals

qR(g) + q−1σR(g)− σR(g) = (q + q−1(q + 1 + q−1)− (q + 1 + q−1))R(g) = q−2R(g),

which is what we wanted to show.

We end this chapter by collecting together the most important properties of the Ya-
mada polynomial. These could be taken as the definition of the polynomial (as is done in
e.g., [1]) although then one would have to somehow justify the existence of such a poly-
nomial. In the next chapter we will begin computing the polynomials of graph diagrams,
and we’ll use these properties in the process. In fact, we won’t need the actual definition
of the Yamada polynomial from here on, since the following properties give us a complete
set of tools for how to compute the polynomial from any given graph diagram.

(1) If c is a crossing in g, and g+, g− and g0 are obtained from g by replacing c with a
spin of +1,−1 and 0 respectively, then R(g) = qR(g+) + q−1R(g−) +R(g0).
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(2) If e is a non-loop edge in g which does not contain any crossings, then R(g) =
R(g − e) +R(g/e).

(3) R(g1 t g2) = R(g1)R(g2).

(4) R(g1 ∨ g2) = −R(g1)R(g2).

(5) If g has a bridge which does not have any crossings, or if g has a vertex of degree one,
then R(g) = 0.

(6) If g is the cycle graph, then R(g) = σ = q + 1 + q−1.

Lemmas 1, 4, 7, 8, 9 and 10 were mentioned in Yamada’s paper [10] without proofs.
The proofs of these lemmas in this chapter are original. Lemma 5 had a short proof in
Yamada’s paper and the details provided here are original. Lemma 13 was also not in
Yamada’s paper but the result is often used in the literature without explicitly mentioning
it. The proof provided here is original.

The definitions of the Yamada polynomial and the polynomial h we have presented
here follow closely Yamada’s original paper [10]. The only change we have made is the
introduction of new vertices when replacing a crossing with a spin, as mentioned in the
caption of Figure 3.1.
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Chapter 4

Cycle Diagrams

4.1 Notation
In this section, we introduce an original notation for special kinds of graph diagrams. The
idea is to take a certain kind of graph diagram and abstract away the crossings so that
what is left is only a plane graph with some edges having a label. The types of graph
diagram we are interested in are made of cycles and the cycles can be connected in two
different ways. The first way is when the cycles are connected by an edge and the second
way is when the cycles are linked together.

The notation works as follows. Represent each cycle as a single vertex. If the cycles
are connected by an edge, draw an edge between them. If the cycles are linked together,
draw an edge between them and label it with the letter L. Figure 4.1 gives an illustration
of this. Figure 4.2 gives more examples of how this notation works.

In fact, any plane graph with some edges labelled with the symbol L can be turned
back into the corresponding graph diagram. First draw the vertices as cycles. Then for all
unlabelled edges draw an edge between them. For the edges with label L work as explained
in Figure 4.3. By following this algorithm, we can even make sense of loops, or multiple
loops, with an L-label. Figure 4.4 gives an example of how to draw the corresponding
graph diagram from a plane graph with two loops having the label L.

Definition 14. A plane graph with some edges labelled with the symbol L is called a
cycle diagram. Given such a plane graph one obtains the corresponding graph diagram
by following the algorithm explained above and in Figure 4.3.

In the next chapter we begin computing the Yamada polynomials of the types of
graphs in Figure 4.5

The main motivation for introducing this notation has been to make drawing graph
diagrams easier. However, we can prove various results related to this notation that make
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1 

Figure 4.1: On the left we have ordinary plane graphs and on the right we have the
corresponding graph diagrams. Notice the way the linking is done. In the lower crossing
the edge that is from the left cycle is on top, and in the upper crossing the edge from the
left cycle is below.

L 

L. 

Figure 4.2: Examples of the notation. On the left we have ordinary plane graphs and on
the right are the corresponding graph diagrams.
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O=-

Figure 4.3: How to turn edges with label L back into the corresponding graph diagram.
In the first step we have the given plane graph with an L-edge. In the second step we
go through all the vertices with an L-edge connected to them and make each such edge
two-dimensional. In the third step, we link together the two-dimensional edges. In the
last step we round off any corners and just make the picture nicer.
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Figure 4.4: Turning a plane graph with loops having label L back into the corresponding
graph diagram.

L L l L L 

q 4 
~---r 

L L 

Figure 4.5: Two examples of graphs—drawn here as cycle diagrams—whose Yamada
polynomials we will compute in Chapter 6.
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computing the Yamada polynomial very easy in certain cases. For the rest of this chapter
we’ll go through each of these results.

4.2 Double-Edge Rule
The first lemma we prove shows how to deal with graphs that have two edges between
vertices. Suppose we have a graph g1 with an edge e1:

Now suppose we add an edge e2 between the same vertices. Let’s call the obtained graph
g2:

If we delete and contract e2 in g2 we obtain the graphs

Now R(g2 − e2) = R(g1) and R(g2/e2) = −σR(g1/e1). Thus, by deletion-contraction we
have R(g2) = R(g2 − e2) + R(g2/e2) = R(g1) − σR(g1/e1). On the other hand, since
R(g1/e1) = R(g1)−R(g1 − e1) we have

R(g2) = R(g1)− σ(R(g1)−R(g1 − e1)) = (1− σ)R(g1) + σR(g1 − e1).

Thus, we have obtained the following lemma:
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Lemma 16. Let g be a graph diagram with two edges e1 and e2 between two distinct
vertices. Suppose that e1 and e2 don’t contain any crossings. Then

R(g) = (1− σ)R(g − e1) + σR(g − {e1, e2}).
Figure 4.6 gives a visual version of this result. We will refer to this method of resolving

double edges as the double-edge rule.

Figure 4.6: How to compute the Yamada polynomial from a graph diagram with a double
edge between two vertices. The parenthesis denote the Yamada polynomial of the graph
inside the parenthesis. Note that these are graph diagrams and not the cycle diagrams
that we defined above.

4.3 Deletion-Contraction-Unlabelling
Next, we show how to compute the Yamada polynomial of the following type of graph:

The part of the graph that is shown here contains two cycles linked together. The graph
here corresponds to a cycle diagram with an L-edge between vertices. The result that we
prove in this section shows how to get rid of such edges and how the Yamada polynomial
changes accordingly. Here we use the convention that the graph will remain unchanged
outside the box and that the box represents the Yamada polynomial of the graph inside
the box. We’ll use this convention in future calculation as well. We start by resolving the
upper crossing. This gives us
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-1 
t ~ --

We compute each term separately.
First term: For the graph in the first term we resolve the lower crossing to obtain

+ 

For the third term in this sum, we can apply deletion-contraction to obtain

- --

Once we put everything together, we conclude that the first term is

+ 

Second term: For the graph in the second term we resolve the lower crossing and
obtain
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Using the properties of the Yamada polynomial, this sum equals

- (j 

The graphs in this sum are all equal, and we can therefore group together the coefficients.
Recalling that σ = q + 1 + q−1 gives us the coefficient

q + q−1σ − σ = q + q−1(q + 1 + q−1)− q − 1− q−1 = q−2.

Therefore, the second term in the original equation is

-3 
t 

j 

Third term: For the third term we again resolve the lower crossing and obtain

Using deletion-contraction to the first term in this sum gives
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Using the basic properties of Yamada polynomial to the second term gives

where
−σq−1 = −(q + 1 + q−1)q−1 = −1− q−1 − q−2.

For the third term we can use the double-edge rule (Lemma 16) and obtain

For the graph in first term here we can use deletion-contraction twice to obtain

Once we group the coefficients together and simply them, we obtain
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We can now group together everything and simplify the expressions to obtain, that the
third term in the original equation is

Total: We can now add together the obtained three terms, group together the coeffi-
cients and simplify. We thus obtain

where
α = q2 − q + q−1, β = 1− q−1 − q−2 + q−3, γ = q − q−1.

We can express this result with cycle diagrams:

Lemma 17 (Deletion-Contraction-Unlabelling). The following is valid in any cycle dia-
gram:
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The parenthesis denote the Yamada polynomial of the graph inside the parenthesis.
We’ll use this notation from here on. Here the edges reaching outside can have any labels.
Notice that in the graph in the last term we have dropped the label L. We will refer to
this result as the deletion-contraction-unlabelling rule. For the rest of this thesis, we will
let α, β and γ denote the polynomials as above.

4.4 Deleting an L-Edge
As an application of the previous result, we show how to calculate the Yamada polynomial
from a cycle diagram, where one vertex (in reality, a cycle) has degree one. By applying
deletion-contraction-unlabelling rule we have

I L 
== D( 0 + /3 ,-o 

Here the last graph clearly has a bridge and therefore its polynomial is zero. The first
graph is a disjoint union of two graphs, and therefore

o( 0 = CXV 

We can now group together equal graphs to obtain the coefficient

ασ + β = (q2 − q + q−1)(q + 1 + q−1) + (1− q−1 − q−2 + q−3) = q3 + 1 + q−3.

We have the following result.
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Figure 4.7: Two cycles connected by two unlabelled edges.

Lemma 18. The following is valid in any cycle diagram:

L . 

The result tells us that in any cycle diagram where a vertex has degree one and the
corresponding edge has label L, we can simply remove that edge and the vertex, and
then multiply the polynomial by q3 + 1 + q−3. For the rest of this thesis, we will let
δ := q3 + 1 + q−3.

4.5 Unlabelled Double-Edges
In this section, we show how to compute the Yamada polynomial from a cycle diagram
where two cycles are connected by two unlabelled edges. There, the graph looks as in
Figure 4.7. We compute its Yamada polynomial next. We apply deletion-contraction to
the two vertical edges connecting the shown vertices and obtain, that the polynomial of
this graphs is the following sum:
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Again, here the square brackets denote the Yamada polynomial of the graph inside the
brackets. For the second term in this sum, we can apply deletion-contraction and obtain
that

-

- --

Similarly, for the third term:

For the fourth term we can apply the double-edge rule which gives us

= (i-cr) + rr 

Once we put everything together, we see that the polynomial of the original graph is the
following sum:

+- (3 -o) + (cr-1) 

We therefore have the following result.
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Lemma 19. The following is valid in any cycle diagram:

+ (u-1.) . --

4.6 Labelled Double-Edges
Next, we show how to compute the Yamada polynomial from a cycle diagram where two
cycles are connected by two L-edges. In such a case, the way they are linked looks as
follows:

We calculate the Yamada polynomial of this graph and express it using the same kinds
of graphs as with the deletion-contraction-unlabelling rule.

We start by using the deletion-contraction-unlabelling and obtain

+P C) +rr 

We compute the three terms separately.
First term: For the first term, we use the same rule to the lower crossing:
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Second term: For the second term, we can untangle the double ”pigtail” (Lemma
15) and obtain

-

h_ta == 1 u , a 
I,, 

Third term: For the third term, we start by using the deletion-contraction-unlabelling
rule:

For the second term here, we can apply the double-edge rule (Lemma 16) and obtain

'a f3 := 0 /i {1-(T) 

For the third term, we apply Lemma 19 proved in the previous section and obtain
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Total: We can now see that the polynomial of the original graph is a linear combina-
tion of the polynomials of the following three types of graphs:

Once we collect equal graphs together and expand the polynomials, the coefficient for the
first graph is then

α2 + γ2(σ − 2) = q4 − q3 + q − q−1 + q−3 =: α̃.

The coefficient for the second graph is

αβ + βq−4 + γβ(1− σ) + γ2 = q2 − q − 1 + 2q−1 − 2q−3 + q−4 − q−6 + q−7 =: β̃.

And the coefficient for the third graph is

αγ + γα + γ2(3− σ) = q3 − q + q−1 − q−3 =: γ̃.

We now have the following result.

Lemma 20. The following is valid in any cycle diagram:

For the rest of this thesis, we will let α̃, β̃ and γ̃ denote the polynomials as above.

4.7 Subdividing Edges in Cycle Diagrams
Consider the graph in Figure 4.8. By using the double-edge rule (Lemma 16), the Yamada
polynomial of this graph is the sum of
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Figure 4.8: A cycle connected to two other cycles by normal edges.

and

. ' . 
er 

• • • 
• • • 

where the square brackets denote the Yamada polynomial of the graph inside the brackets.
The second graph has a bridge, and therefore its polynomial is zero. Thus, we have the
following lemma.

Lemma 21. The following is valid in any cycle diagram:

-- (1-cr) 
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Figure 4.9: An unlabelled loop in a cycle diagram.

4.8 Loops in Cycle Diagrams
In this section, we look at how to resolve loops in cycle diagrams. We’ll look at both
labelled and unlabelled loops. Figure 4.9 shows a graph diagram with an unlabelled loop.
We’ll look at these kinds of loops first. As a graph, the relevant part looks like

We can use the double-edge rule (Lemma 16) and obtain that

+ (T 

The last graph here has vertices of degree one, and therefore its Yamada polynomial is
zero. Thus, we have the rule

= (1-cr) 
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L 

Figure 4.10: A labelled loop in a cycle diagram.

Next, we’ll look at loops with a label. Figure 4.10 shows a cycle diagram with a labelled
loop. As a graph, the relevant part here looks like

We can solve this double ”pigtail” with lemma 15 and obtain

We have now obtained the following result.

Lemma 22. The following two rules are valid in any cycle diagram:

= (1-cr) 

' • , 

L 

41



4.9 All Rules Related to Cycle Diagrams
By putting together all the lemmas we have proved in this chapter we obtain the following
result.

Lemma 23. The following rules are valid for cycle diagrams:

L . 

+ (u-1.) . --

-- (1-cr) 

= (1-cr) 
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L 

In the next chapter, we compute the Yamada polynomials of large graphs and we’ll
use these rules frequently. Recall the polynomials that we have fixed:

α = q2 − q + q−1,

β = 1− q−1 − q−2 + q−3,

γ = q − q−1,
δ = q3 + 1 + q−3,

σ = q + 1 + q−1,

α̃ = q4 − q3 + q − q−1 + q−3,

β̃ = q2 − q − 1 + 2q−1 − 2q−3 + q−4 − q−6 + q−7,

γ̃ = q3 − q + q−1 − q−3.

The notation and the definition of cycle diagrams is original. All the proofs in this
chapter are also original, although many of the results are probably known in the litera-
ture, perhaps with different notational conventions.
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Chapter 5

Transfer-Matrix Method

In this chapter, we introduce the transfer-matrix method. We’ll first discuss the general
idea and then give a sketch of an algorithm which demonstrates that the method should
work for a certain family of graphs. In the next chapter, we will go through two examples
and compute the Yamada polynomial of two families of graphs using this method and the
lemmas proved in the previous chapter.

5.1 The Method
As mentioned in Chapter 1, the idea is the take a graph that has a layer-like structure
and express its polynomial as a linear combination of other graphs with one layer less,
using the various rules that we proved in the previous chapter.

For example, suppose {Gn}n≥1 is some family of graphs whose polynomials we are
looking for. Suppose Gn has n layers. Then the idea is to use the rules that we have
available and go towards the previous layer. Hopefully in the end, we will have other
families of similar types of graphs, say, {An}, {Bn} and {Cn}, as well as some polynomials
αi,j, such that

R(Gn) = α1,1R(Gn−1) + α1,2R(An−1) + α1,3R(Bn−1) + α1,4R(Cn−1).

Then, we do the same for the graphs An, Bn and Cn and express their polynomials with the
same graphsGn−1, An−1, Bn−1, Cn−1 with possibly different polynomials αi,j as coefficients.
The important part here is that the polynomials αi,j should not depend on n. We then
have a matrix equation

R(Gn)
R(An)
R(Bn)
R(Cn)

 =


α1,1 α1,2 α1,3 α1,4

α2,1 α2,2 α2,3 α2,4

α3,1 α3,2 α3,3 α3,4

α4,1 α4,2 α4,3 α4,4



R(Gn−1)
R(An−1)
R(Bn−1)
R(Cn−1)

 .
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Suppose we write this equation as vn = Mvn−1, where M is the 4 × 4 matrix above and
vn =

[
R(Gn) R(An) R(Bn) R(Cn)

]T
. Then

vn =Mvn−1 =M2vn−2 =M3vn−3 = · · · .

We then only need to solve the polynomials R(G1), R(A1), R(B1), R(C1), i.e., find v1. We
can then compute the polynomial R(Gn) by taking enough powers of M , multiplying it
with v1 and taking the first row, that is,

R(Gn) =Mn−1v1 · e1,

where · is the dot product and e1 =
[
1 0 0 0

]T . Furthermore, if we can diagonalize
the matrix M , then we should be able to obtain a closed-form formula for the polynomial
R(Gn). Finding the graphs A,B,C for which this can be done requires some trial and
error though, and the number of these graphs can be different for different choices of
graphs.

Definition 15. Let {Gn}n≥1 be a family of graphs. Let vn, n ≥ 1, be a k × 1 matrix
of Laurent polynomials in q, such that for all n, the first entry of vn is R(Gn). Suppose
we have a k × k-matrix M of Laurent polynomials in q whose entries don’t depend on n.
Suppose that for all n ≥ 1 we have

vn =Mvn−1.

We call M the transfer-matrix of the graphs {Gn}n≥1.

5.2 An Algorithm for One Family of Graphs
We describe how to compute the Yamada polynomial of a general ”armour graph”. The
graph consists of a grid of cycles, all connected with L-edges. Figure 5.1 show a general
case with n layers andm rows, expressed as a cycle diagram. The idea is that for each layer
n we have a finite set of graphs {Gn

i | i = 1, 2, . . . , k}, where one of them, say Gn
1 , is the

armour graph whose polynomial we are looking for. We then show that each polynomial
R(Gn

i ) can be expressed as a linear combination of polynomials of graphs Gn−1
j from the

previous layer, that is, for each i there are polynomials αi,j such that

R(Gn
i ) =

k∑
j=1

αi,jR(G
n−1
j ).
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Figure 5.1: The armour graph with n layers andm rows, here expressed as a cycle diagram.

This will then give us the desired matrix equation
R(Gn

1 )
R(Gn

2 )
...

R(Gn
k)

 =


α1,1 α1,2 . . . α1,k

α2,1 α2,2 . . . α2,k
... . . .

αk,1 αk,2 . . . αk,k



R(Gn−1

1 )
R(Gn−1

2 )
...

R(Gn−1
k )

 .
The following is a sketch of an algorithm one could use to find the polynomials αi,j and
create the transfer-matrix for this family of graphs. In what follows the idea is that we
have an arbitrary number of rows. In the example pictures we will only draw 5 rows,
which hopefully gives some idea of what the other cases might look like.

The graphs Gn
i will be constructed as follows. Start with the armour graph with n

layers. For all pairs of cycles at the n-th layer decide whether to put an unlabelled edge
between them or not. Consider only those pairings where the new edges don’t have to cross
each other. Go through all possible choices and collect the graphs together. Examples of
these graphs might look like
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n-1 n f)-1 
L 

L 

L 

L 

L 

Next, for each of these new edges decide whether to contract them or not. By contracting
here we mean that we merge the cycles that the edge connects:

> 

If we would contract these edges in the usual sense we would end up with cycles meeting
at a single vertex creating a figure ’8’ shape.

By going through all possible options again, we have finitely many graphs which we
call Gn

1 , G
n
2 , . . . , G

n
k . The same can be done by starting with the armour graphs with any

number of layers. We therefore also have graphs Gn−1
1 , Gn−1

2 , . . . , Gn−1
k , and similarly for

all other layers. Note that the armour graph with n layers

n-i 
L L Y) 

L 

L 

L 
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is among the graphs Gn
1 , . . . , G

n
k , say Gn

1 . We show how express the polynomial R(Gn
i )

as the desired kind of linear combination by using the various rules that we have proved
related to the cycle diagrams. The aim here is to go towards the previous layer and
hopefully end up with graphs of the form Gn−1

j . In each application of one of these rules
the polynomial is expressed as a linear combination of other graphs. Each application of
these rules is going to introduce number of other graphs, and for all of those graphs we
will have to apply various rules to them as well. This creates an exponential growth in
the number of graphs that we would have to draw and consider. We therefore have to
settle for a sketch of an algorithm here.

Consider the graphs Gn
i . The first step is to get rid of all the L-edges that are at the

n-th layer and that are coming out of the layer n− 1. We can get rid of all such L-edges
by using the deletion-contraction-unlabelling rule. If loops emerge, get rid of them using

As a result, we end up with graphs—two examples of which might look as follows:

n-1 h-1 

The next step is to get rid of all the cycles at the n-th layer. This can be done by
going around the cycle using the usual deletion-contraction rule. Below is an example of
how one might get rid of a cycle with six unlabelled edges connected to it:
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Here the sum means the sum of the polynomials of the graphs. One might have to consider
some coefficients in these sums, for example, if loops emerge in the process. Once we have
gotten rid of all the cycles at the n-th layer we are left with graphs, an example of which
might look like

L 

L 

L 

L 

L 

n-1 

L 

The next step is to go through all the cycles at the layer n − 1 and use deletion-
contraction to all the unlabelled edges that connect a cycle to a vertex until no such edges
are left. One should not use deletion-contraction to unlabelled edges that connect two
cycles. If loops emerge, get rid of them using the rule mentioned above. After this step
we are left with graphs where there are many unlabelled edges between the cycles at layer
n− 1. An example might look like

L r,-t 

The final step is to use the following rule about double edges between cycles
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+ (u-1.) . --

We might have to apply this rule multiple times if there are more than two edges between
two cycles. By repeatedly applying this rule we should end up with only at most one
unlabelled edge between any two cycles at layer n − 1. Note that this rule includes
contraction so we might end up with loops. If loops emerge, get rid of them using the two
rules mentioned above.

Recall that the graphs Gn−1
i are constructed by introducing unlabelled edges between

two cycles at layer n − 1 and by contracting some of these new edges. It should thus
be clear that in the end we are left with these graphs. Note that none of the steps in
this process will introduce new crossings, and hence it was enough to only consider those
pairings of cycles where the edges don’t have to cross each other.

By following the above algorithm for any graph Gn
i one should be able to express

R(Gn
i ) as a (huge) linear combination of the polynomials R(Gn−1

j ). By grouping together
equal graphs, one could then find the polynomials αi,j.

As mentioned above, the number of graphs one has to consider can be enormous.
However, for armour graphs with, say, three rows, the above process should be doable
with a computer, although the polynomials αi,j would most likely end up being very
complicated.
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Chapter 6

Computations

We will now apply the lemmas we proved in Chapter 4 and the transfer-matrix method
introduced in the previous chapter and compute the Yamada polynomial of two families
of graphs.

6.1 Cycle of Cycles
The first family of graphs we’ll study are denoted Yn, n ≥ 2. Throughout this chapter, all
graphs will be expressed as cycle diagrams. Figure 6.1 shows the first four of the graphs
Yn. We will express the polynomial of Yn in terms of two other graphs, Zn and Wn, n ≥ 2.
Figure 6.1 gives the first four of these as well. In general, Yn concists of n cycles linked
together by L-edges that forms its own cycle. The graphs Zn are exactly as Yn but one
edge is missing an L-label, and the graphs Wn are also exactly as Yn but now one edge is
completely removed.

Let us now start computing R(Yn). We fix n > 2. We begin by applying the deletion-
contraction-unlabelling rule to one of the edges and obtain

L 

' .. 

This sum equals αR(Wn) + βR(Yn−1) + γR(Zn).
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Figure 6.1: The first four graphs of the three families of graphs, here expressed as cycle
diagrams. The graphs Yn are the ones whose polynomial we are interested in. The graphs
Zn and Wn will be used to express the polynomial of Yn.
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For Wn, we see that the polynomial clearly equals R(Wn) = δR(Wn−1), since we can
just take away one of the L-edges at the end which we know multiplies the polynomial by
δ.

For Zn we can apply the deletion-contraction-unlabelling rule and obtain

L t fa 

The graph in the first term has a bridge, and hence its polynomial is zero. The second
term is βR(Zn−1). In the third term we can apply the subdivision rule for cycle diagrams
(Lemma 21) and obtain

= rr(1-a-) 

which equals γ(1− σ)R(Zn−1). Thus, we get

R(Zn) = βR(Zn−1) + γ(1− σ)R(Zn−1) = (β + γ(1− σ))R(Zn−1).

We can now substitute the obtained expressions for R(Wn) and R(Zn) into R(Yn). We
get

R(Yn) = αR(Wn) + βR(Yn−1) + γR(Zn)

= βR(Yn−1) + γ(β + γ(1− σ))R(Zn−1) + αδR(Wn−1).

We have now obtained that for all n > 2R(Yn)R(Zn)
R(Wn)

 =

β γ(β + γ(1− σ) αδ
0 β + γ(1− σ) 0
0 0 δ

R(Yn−1)R(Zn−1)
R(Wn−1)

 .
Next, we solve the polynomials R(Y2), R(Z2) and R(W2). For Y2 we resolve the double

L-edges (Lemma 20) and obtain
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+ d J 
Here the last term is clearly zero. Thus R(Y2) = α̃σ2 + β̃σ. For Z2 we use the deletion-
contraction-unlabelling rule and obtain

0 
L ::: c< b -+ P OJ + O 

The first term here is zero and the second term is β(1 − σ)σ. In the third term we can
resolve the unlabelled double-edges (Lemma 19) and obtain

I . 
-== 'a o + 'o(3-o) 'o { - 2) 0 

0 

which equals γσ + γ(σ − 2)σ2. Therefore R(Z2) = β(1− σ)σ + γσ + γ(σ − 2)σ2. Clearly
R(W2) = δσ.

Thus, for all n ≥ 2R(Yn)R(Zn)
R(Wn)

 =

β γ(β + γ(1− σ) αδ
0 β + γ(1− σ) 0
0 0 δ

n−2  α̃σ2 + β̃σ
β(1− σ)σ + γσ + γ(σ − 2)σ2

δσ

 ,
where after expanding and simplifying the polynomials (with the help of computer) we
have β γ(β + γ(1− σ) αδ

0 β + γ(1− σ) 0
0 0 δ

 =

 (q−1)2(q+1)
q3

− (q−1)2(q+1)3(q2−q+1)
q4

q5 − q4 + 2q2 − q + 2q−1 − q−2 + q−4

0 −q2 + 1− q−1 + q−3 0
0 0 q3 + 1 + q−3


54



and

B :=

 α̃σ2 + β̃σ
β(1− σ)σ + γσ + γ(σ − 2)σ2

δσ

 =

q6 + q5 + q4 + q3 + q2 + q−3 + q−4 + q−5 + q−8

q4 + q3 + q2 + q − q−2 − q−3 − q−4 − q−5
q4 + q3 + q2 + q + 1 + q−1 + q−2 + q−3 + q−4

 .
Computing the polynomial R(Yn) now comes down to computing the powers of the 3× 3-
matrix above. With direct computer calculation we diagonalize the matrix as PDP−1
where

P =

1 −−q5+q3−q2+1
q2(q2+1)

− −q6−q3−1
q2(q2+q+1)

0 1 0
0 0 1



D =


q3−q2−q+1

q3
0 0

0 − q5−q3+q2−1
q3

0

0 0 q6+q3+1
q3


P−1 =

1 −q5+q3−q2+1
q4+q2

− q6+q3+1
q4+q3+q2

0 1 0
0 0 1

 .
Therefore, for all n ≥ 2

β γ(β + γ(1− σ) αδ
0 β + γ(1− σ) 0
0 0 δ

n−2 = P


(
q3−q2−q+1

q3

)n−2
0 0

0
(
− q5−q3+q2−1

q3

)n−2
0

0 0
(
q6+q3+1

q3

)n−2
P−1.

We have now solved the Yamada polynomial of Yn for all n ≥ 2:

R(Yn) = PDn−2P−1B · e1,

where · is the dot product and e1 =
[
1 0 0

]T . Once we expand and simplify this
expression, we obtain that for all n ≥ 2

R(Yn) =(q2 + q + 1 + q−1 + q−2)(1− q−1 − q−2 + q−3)n+

(q3 + 1 + q−3)n + (q + 1 + q−1)(−q2 + 1− q−1 + q−3)n.

We’ll end this section by looking at what values of q make the transfer-matrix singular.
The diagonal entries of the matrix D are the eigenvalues of the transfer-matrix. Therefore,
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Figure 6.2: The armour graph An with two rows.

the values of q for which the transfer matrix becomes singular are exactly the values of q for
which at least one of the diagonal entries of D is zero. Thus, the roots of the polynomials
on the diagonal of D will give us the desired values of q. The roots of q3−q2−q+1

q3
are

q = −1 and q = 1,

with the root q = 1 having multiplicity of 2. The roots of − q5−q3+q2−1
q3

are

q = −1, q = 1 and q =
1± i

√
3

2
,

with root q = −1 having multiplicity of 2. Additional values of q making the transfer-
matrix singular would be obtained by finding the roots of q6+q3+1

q3
.

6.2 Armour Graph
The other family of graphs whose polynomial we’ll compute is the armour graph with two
rows. We’ll denote by them by An, n ≥ 1. Figure 6.2 shows a general example of such a
graph. To express the polynomial of An we will need three other graphs, called Bn, Cn
and Dn, n ≥ 1. Figure 6.3 gives general examples of these graphs. In the end, we will
only need Bn and Cn, but the graph Dn will be needed in the meantime. Let us now
compute the polynomials for these graphs separately.

Polynomial of An: We’ll start by applying the deletion-contraction-unlabelling rule
to An and obtain
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Figure 6.3: The three other graphs which we’ll use to express the polynomial of An.

In the first graph here we can take away the two edges with label L (Lemma 18). This
multiplies the polynomial by δ2 so the first term is αδ2R(An−1). The second term is
clearly βR(Bn−1). Third term is γR(Dn). Thus, we have obtained

R(An) = αδ2R(An−1) + βR(Bn−1) + γR(Dn).

Polynomial of Bn: For this graph, we start by applying the deletion-contraction-
unlabelling rule and obtain

L L L 

]3), 
L L 

o( f L L f 
--c° L 

In the first term we can take away one of the edges with label L (Lemma 18). Thus, the
first term here is αδR(An). The third term is just γR(Cn). For the second term we can
apply our rule about double L-edges (Lemma 20). We have
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Clearly this sum equals βα̃δ2R(An−1) + ββ̃R(Bn−1) + βγ̃R(Dn). Thus, we have obtained

R(Bn) = αδR(An) + βα̃δ2R(An−1) + ββ̃R(Bn−1) + βγ̃R(Dn) + γR(Cn).

Polynomial of Cn: Starting with the same rule as before, we obtain

The graph in the first term clearly has a bridge so its polynomial is zero. For the graph
in the third term, we can use our rule about subdivision (Lemma 21) and obtain

L L l L 

L L 

L L 

Therefore R(Cn) equals

L 

+ 'a 1-cr L L 
- -~ 

L L 

Let us look at the polynomial of the graph here. First, we obtain
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The first term here is αR(Dn) and second term is β(1− σ)R(Bn−1). In the third term we
use the rule about unlabelled double-edges (Lemma 19) and obtain

L L 
L L L L ro 

+ 'l (a--l ) {_ L 
T°T° 

Clearly this sum equals γR(Bn−1) + γ(3 − σ)R(Dn) + γ(σ − 2)δ2R(An−1). We can now
put everything together and obtain that

R(Cn) = (β + γ(1− σ))
(
αR(Dn) + β(1− σ)R(Bn−1) + γR(Bn−1) +

γ(3− σ)R(Dn) + γ(σ − 2)δ2R(An−1)
)

= (β + γ(1− σ))γ(σ − 2)δ2R(An−1) +

(β + γ(1− σ))(β(1− σ) + γ)R(Bn−1) +

(β + γ(1− σ))(α + γ(3− σ))R(Dn).

Polynomial of Dn: Starting with the same rule as before, we obtain

L 
- L 

= ex + p 

The graph in the first term has a bridge and therefore its polynomial is zero. The second
term is clearly βR(Cn−1). In the third term, we can use our rule about subdividing edges
(Lemma 21) which gives us
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which equals γ(1− σ)R(Cn−1). Thus, we have

R(Dn) = (β + γ(1− σ))R(Cn−1).

Total: We can now put together what we have obtained. The first thing we notice
is that R(Dn) is expressed only in terms of R(Cn−1). We can therefore substitute the
obtained expression of R(Dn) into the polynomials of the other graphs. Let us do the
substitutions now. For R(An) we get

R(An) = αδ2R(An−1) + βR(Bn−1) + γR(Dn)

= αδ2R(An−1) + βR(Bn−1) + γ(β + γ(1− σ))R(Cn−1).

For R(Cn) we get

R(Cn) = (β + γ(1− σ))γ(σ − 2)δ2R(An−1) +

(β + γ(1− σ))(β(1− σ) + γ)R(Bn−1) +

(β + γ(1− σ))(α + γ(3− σ))R(Dn)

= (β + γ(1− σ))γ(σ − 2)δ2R(An−1) +

(β + γ(1− σ))(β(1− σ) + γ)R(Bn−1) +

(β + γ(1− σ))2(α + γ(3− σ))R(Cn−1).

In R(Bn), we can now substitute our obtained expressions for R(An), R(Cn) and R(Dn).
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We obtain

R(Bn) = αδR(An) + βα̃δ2R(An−1) + ββ̃R(Bn−1) + βγ̃R(Dn) + γR(Cn)

= αδ
(
αδ2R(An−1) + βR(Bn−1) + γ(β + γ(1− σ))R(Cn−1)

)
+

βα̃δ2R(An−1) + ββ̃R(Bn−1) + βγ̃
(
(β + γ(1− σ))R(Cn−1)

)
+

γ
(
(β + γ(1− σ))γ(σ − 2)δ2R(An−1) +

(β + γ(1− σ))(β(1− σ) + γ)R(Bn−1) +

(β + γ(1− σ))2(α + γ(3− σ))R(Cn−1)
)

=
(
α2δ3 + βα̃δ2 + γ2(β + γ(1− σ))(σ − 2)δ2

)
R(An−1)+(

αδβ + ββ̃ + γ(β + γ(1− σ))(β(1− σ) + γ)
)
R(Bn−1)+(

αδγ(β + γ(1− σ)) + βγ̃(β + γ(1− σ)) + γ(β + γ(1− σ))2(α + γ(3− σ))
)
R(Cn−1).

We have now obtained expressions for R(An), R(Bn) and R(Cn), all expressed as linear
combinations of R(An−1), R(Bn−1) and R(Cn−1). We can thus express this recursive
relation as the following type of matrix equationR(An)R(Bn)

R(Cn)

 =M

R(An−1)R(Bn−1)
R(Cn−1)

 ,
where the columns of the transfer-matrix M =

[
M1 M2 M3

]
are

M1 =

 αδ2

α2δ3 + βα̃δ2 + γ2(β + γ(1− σ))(σ − 2)δ2

(β + γ(1− σ))γ(σ − 2)δ2


M2 =

 β

αδβ + ββ̃ + γ(β + γ(1− σ))(β(1− σ) + γ)
(β + γ(1− σ))(β(1− σ) + γ)


M3 =

 γ(β + γ(1− σ))
αδγ(β + γ(1− σ)) + βγ̃(β + γ(1− σ)) + γ(β + γ(1− σ))2(α + γ(3− σ))

(β + γ(1− σ))2(α + γ(3− σ))

 .
Once we expand the polynomials and simplify the expressions we obtain (with the help
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of a computer)

M1 =


(q3−q2+1)(q6+q3+1)

2

q7

(q6+q3+1)
2
(q13−2q12+5q10−4q9−3q8+8q7−q6−6q5+4q4+4q3−4q2−q+2)

q12

− (q+1)3(q9−2q8+2q7−2q5+2q4−2q2+2q−1)
2

q11



M2 =


(q−1)2(q+1)

q3

(q−1)2(q13−2q11+2q10+2q9−4q8+q7+5q6−2q5−q4+3q3+1)
q10

− (q+1)3(q3−2q2+2q−1)
2

q7



M3 =


− (q−1)2(q+1)3(q2−q+1)

q4

− (q−1)2(q+1)3(q12−2q11+q10+3q9−4q8+5q6−2q5−3q4+4q3+q2−3q+2)
q9

(q+1)4(q3−q+1)(q3−2q2+2q−1)
2

q8

 .
Thus, for all n ≥ 1 R(An)R(Bn)

R(Cn)

 =Mn−1

R(A1)
R(B1)
R(C1)

 .
Lastly, we need to solve the polynomials R(A1), R(B1) and R(C1). For R(A1) we have

Therefore R(A1) = δσ.
For R(B1) we get

L°'L ID +J] L L 
0 

t q L 

The first term here is αδ2σ. The third term is γR(C1). In the second term we can use
the rule about double L-edges (Lemma 20) and obtain
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0 

The graph in the last term has a bridge so its polynomial is zero. Thus, we have

R(B1) = αδ2σ + βα̃σ2 + ββ̃σ + γR(C1).

For R(C1) we get

CJ 
-- L~ 

The first term is clearly zero. In the third term, we can use the rule about subdividing
edges (Lemma 21) which gives

?L = 0(1-cr) L 

Therefore R(C1) equals

8 -f 7(1- cr ) L 

Let us look at the graph here. We get

L -- -f /J cD +'( 

First term here is zero and the second term is β(1− σ)σ. For the third term we can use
the rule about unlabelled double-edges (Lemma 19) and obtain
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Clearly this sum equals γσ + γ(σ − 2)σ2. Putting everything together we obtain

R(C1) = (β + γ(1− σ))(β(1− σ)σ + γσ + γ(σ − 2)σ2).

Substituting this into R(B1) gives us

R(B1) = αδ2σ + βα̃σ2 + ββ̃σ + γR(C1)

= αδ2σ + βα̃σ2 + ββ̃σ + γ(β + γ(1− σ))(β(1− σ)σ + γσ + γ(σ − 2)σ2).

Thus, we have (again, using a computer to help with the simplifications)R(A1)
R(B1)
R(C1)

 =

 δσ

αδ2σ + βα̃σ2 + ββ̃σ + γ(β + γ(1− σ))(β(1− σ)σ + γσ + γ(σ − 2)σ2)
(β + γ(1− σ))(β(1− σ)σ + γσ + γ(σ − 2)σ2)

 =

 q4 + q3 + q2 + q + 1 + q−1 + q−2 + q−3 + q−4

q9 − q7 + 2q6 + 2q5 + 3q3 + 4q2 + 2q + 3 + 4q−1 + 2q−2 + q−3 + q−5 − q−6 + 4q−8 − q−10 + q−11

−q6 − q5 − q3 + q + 1 + 2q−1 + q−2 + q−3 − q−5 − q−7 − q−8

 .
Now, finally, we have solved the polynomial R(An) for all n ≥ 1:

R(An) =Mn−1

R(A1)
R(B1)
R(C1)

 · e1,
where · is the usual dot product and e1 =

[
1 0 0

]T . Unlike in the calculation in the
previous section, we were not able to obtain a nice diagonalization for the matrix M here.
However, by substituting q = 1 in the matrix M , the matrix becomes 9 0 0

27 0 0
0 0 0

 ,
which is clearly singular. By substituting q = −1 the matrix M becomes 1 0 0

−1 0 0
0 0 0

 ,
which is also singular.
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