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galaxies: formation and evolution – black holes: binaries and dynamics

Results from cosmological zoom-in simulations focusing on the formation and evolution of massive
early-type galaxies starting from redshift z = 50 until the present time are presented in this thesis.
In addition, the dynamics of supermassive black hole (SMBH) binaries found in a subset of the
galaxies as a result of galaxy mergers are studied. The first 12 zoom-in simulations were run
with gadget-3, an N -body hydrodynamical tree code on the Puhti supercomputer at the Finnish
IT Centre for Science (CSC). The zoom-in regions were chosen from a low resolution large-volume
simulation, run with the University of Helsinki computing cluster Kale. The SMBH binary dynamics
were simulated with the regularized integrator code ketju. In total three simulations using ketju
were run on the CSC supercomputer Mahti.

The gadget-3 simulations included both dark matter only runs and runs containing also baryons.
The simulations were run at two different resolutions. No significant differences between the two
resolutions were found for the dark matter only runs, whereas the runs including a baryonic com-
ponent showed large differences. The medium resolution runs had too low particle numbers and too
large particle masses to correctly resolve star formation and feedback, leading to rotation curves
that missed their central peaks.

The results from the high resolution simulations agreed with earlier published results. The rotation
curves peak in the central regions of the galaxies with the curves becoming almost constant at large
radii. The star formation rates peak in the redshift range z ∼ 2–3 and at smaller redshifts star
formation can momentarily increase due to the occuring of galaxy mergers. At the present day, all
of the studied galaxies include mainly old stellar populations, resulting in red colours for all the
galaxies. Still, the galaxy formation efficiency parameter of each galaxy is somewhat higher than
what is seen in the observations.

Finally, all three SMBH binaries for which the dynamics were studied using ketju led to a coales-
cence of the two black holes. The orbital decay of SMBH binaries occur in three phases: dynamical
friction, three-body interactions and gravitational wave emission. The merger times strongly de-
pend on the eccentricity of the binaries with the semimajor axis of the binary with the highest
eccentricity decreasing the fastest. This is expected from theory, with the evolution from subpar-
sec scales to coalescence agreeing very well with the theoretical evolution taking into account the
post-Newtonian correction term 2.5PN, which is the lowest order post-Newtonian term responsible
for gravitational wave emission.
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1. Introduction

1.1 The structure of the Universe

Our understanding of structures on the largest scales has evolved significantly during
the last 100 years. Objects, now called galaxies, were first found to lie outside the
Milky Way in 1923 by Edwin Hubble. Not long after that, he also found that the
Universe was expanding (Hubble, 1929). Nowadays, it is known that the expansion
of the Universe is accelerating. This is thought to be caused by dark energy, which is
the largest contributor to the total energy density of the Universe as observed by the
Planck space telescope (Planck Collaboration et al., 2020b). The same mission also
observed that approximatively 84% of the matter in the Universe is in a form which
does not radiate, known as dark matter. Velocity dispersions of galaxies were found
to be so large that unobserved matter was needed for galaxies to be gravitationally
stable in 1933 (Zwicky, 1933). Later, rotation curves also suggested the existence
of dark matter (Rubin & Ford, 1970). In addition to dark matter, baryonic matter
and dark energy, radiation also had an important role in the evolution of structure
during the early times of the Universe.

The initial, small density perturbations are probably remnants from the in-
flation epoch. The theory of inflation states that the Universe grows exponentially
by a factor of ∼ e60 almost immediately after the Big Bang (e.g. Peacock 1999).
After inflation, the Universe is nearly homogenous, only having small density per-
turbations. These are believed to be caused by quantum fluctuations and inflation
theory predicts that the Power spectrum of density perturbations is Gaussian. The
Gaussian nature of perturbations has been confirmed by observations of the cos-
mic microwave background (CMB). The initial density perturbations attract more
matter as the Universe evolves and therefore are the seeds for galaxies.

The most massive objects inside galaxies are supermassive black holes (SMBHs),
which can reach masses of 1010M�. Compared to galaxies, the formation and evo-
lution mechanisms of SMBHs are not known as well. SMBHs are known to reside
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2 CHAPTER 1. INTRODUCTION

in the dense central regions of galaxies known as the galactic nuclei. The first black
holes need to grow to supermassive masses already in the early universe, as quasars
(which are powered by active galactic nuclei with a SMBH in their centers) have
observed at high redshifts up to z ∼ 7.54 (Bañados et al., 2018). As SMBHs are
not observed in the outskirts of galaxies, they must fall to the centers of galaxies in
a relatively short time during galaxy mergers. Although the properties of SMBHs
and their host galaxies seem to be related as observed in for example the SMBH
mass-stellar bulge mass relation, the underlying cause of these relations is not well
understood (Kormendy et al., 2009).

1.2 Numerical approach to galaxy formation

The first N -body simulations were performed in 1960 (von Hoerner, 1960) for stellar
particles. A direct summation method was used to calculate the gravitational forces
affecting each particle. Modern simulations of galaxies include various physcial ef-
fects in addition to gravity. Stellar particles are collisonless particles, and collisional
gas particles were first included in the simulations by Larson (1969). Gas physics
are nowadays often implemented using smoothed particle hydrodynamics (Gingold
& Monaghan, 1977). Particles can be energized via processes known as feedback,
caused by stellar particles via supernova explosions and winds (e.g. Eisenreich et al.
2017) or by feedback from SMBHs (e.g. Johansson et al. 2009).

Simulating the formation and evolution of both galaxies and SMBhs while
taking into account their evolution from cosmological scales is a challenging task.
In order to start simulations from realistic conditions, the initial conditions need
to be matched to the Gaussian variations seen in the power spectrum. The largest
cosmological structures make it necessary to have large simulation boxes, and in
order to study the dynamics inside galaxies, the particle masses must be relatively
low. This would result in very large computational times, if traditional N -body
models were used.

Cosmological zoom-in simulations with tree-based summation methods offer
two solutions to the computational workload problem. The zoom-in technique cre-
ates a subgrid model for the initial conditions, meaning that a chosen initial con-
dition is set up with better resolution (lower particle mass) so the computational
power is more focused in regions of interest. Tree codes replace the direct summa-
tion method with a hierarchical multipole expansion, which treats faraway particles
as a single particle, located at the center-of-mass of the group. This greatly reduces
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the computational cost, since the direct summation method scales as O(N2) with
the particle count while the tree algorithm scales as O(N logN).

To achieve precise calculations for the equation of motion around SMBHs,
regularization is needed. This method uses a coordinate transform to get rid of the
singularities at separations of r = 0. A way to study SMBH dynamics while taking
the large scale structure formation into account is to use a hybrid code which uses
regularized integration near SMBHs and tree force calculations for particles further
away from the SMBHs. This is possible with the ketju code (Rantala et al., 2017)
which can be used together with the tree code gadget-3 (Springel, 2005). These
are the two codes used in this thesis.

1.3 Aims of this thesis

The aim of this thesis is to study both the dynamics of SMBH binaries in galaxies and
the formation and evolution of massive early-type galaxies in cosmological zoom-in
simulations. First, simulations are only run using gadget-3 with the toal volume
being (100Mpc/h)3. Simulations are perfomed for three zoom-in regions. For each
of these initial conditions, four simulations are run: a dark matter only simulation
and a run including both baryonic and dark matter with two different resolutions.
Two resolutions were chosen to see whether the particle masses have an significant
effect on the result. The goal is to study various properties, including the galaxy
formation efficiency, rotation curves at three different redshifts, the evolution of the
star formation rates, the stellar masses, the stellar half-mass radiii and the colours.
Initial conditions for the ketju runs are chosen from the high resolution simulations.
These runs are used to study SMBH binary systems. The studied properties include
the evolution of the semimajor axis, merger timescales and how the eccentricity of
the system affects the evolution of the SMBH binaries.

This thesis includes 7 chapters. Chapter 2 gives background information for
various physical phenomena present in the simulations. These include the expansion
of Universe, the formation of structure, feedback proceses and the three phases of
SMBH binary evolution. A short description of massive early-type galaxies is also
given. Chapter 3 discusses the codes gadget-3 and ketju. Chapter 4 describes
how the initial conditions for the gadget-3 simulations are created and how regions
of interest are located. Chapter 5 discusses the results of the gadget-3 runs and
Chapter 6 the results of ketju simulations. Finally, in Chapter 7 the conclusions
of this thesis are presented, together with remarks for future studies.



2. Background

2.1 Cosmology

2.1.1 Distances and redshift

When studying the structure of the Universe on the largest scales, the simplest
model results from the cosmological principle. This is a hypothesis which states
that the Universe is isotropic and spatially homogenous on sufficiently large scales
(larger than 100 Mpc/h, e.g. Scrimgeour et al. 2012). Under these condition only
radial motion is allowed, with the position x and the velocity v of an object relative
to an observer are linked trough the Hubble’s law,

v = H0x, (2.1)

where H0 is the Hubble constant, representing the expansion of the universe at the
current epoch (Hubble, 1929).

As the universe is isotropic and homogenous, all locally defined properties,
such as the expansion rate and the density, evolve according to a universally agreed
time, which is called the cosmic time. For such a universe the metric can be written
as

ds2 = c2dt2 − a(t)2
(

dr2

1−Kr2 + r2dθ2 + r2 sin2 θdφ2
)
. (2.2)

This metric is often called the Friedmann-Lemaître-Robertson-Walker (FLRW) met-
ric (Friedmann 1924, Lemaître 1931, Robertson 1935, Walker 1937). In the definition
of the metric, K is a constant having a value of either −1, 0 or 1 depending on the
curvature of the universe. a(t) is a dimensionless parameter called the scale factor,
which connects the physical distances to time-independent counterparts comoving
with the expansion (or contraction) of the Universe (e.g. Mo et al. 2010). The scale
factor a is usually normalized such that at the present day, a(tpresent) = 1. The
physical proper distance l is related to the comoving distance via equation

l = a(t)
∫ r

0

dr√
1−Kr2

≡ a(t)χ(r), (2.3)

4
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where the comoving distance χ(r) is equal to arcsin(r) in a closed (K = 1) universe,
χ(r) = arcsinh(r) in an open universe (K = −1) and χ(r) = r in a flat universe.
With this, the expansion rate of the Universe, the Hubble parameter H(t), can be
defined via the time derivative

H(t)l ≡ dl
dt = ȧ(t)χ(r) + a(t)χ̇(r) = ȧ(t)χ(r) = ȧ

a
aχ(r) = ȧ

a
l, (2.4)

where χ̇ = 0 was used since the comoving coordinate stays constant as a function
of time. Equation 2.4 results in

H(t) = ȧ

a
. (2.5)

The present value of the Hubble parameter is called the Hubble constant and is
denoted as H0. For the calculations involving the Hubble parameter, it is common
to use the definition

h = H0

100 km/s/Mpc . (2.6)

The scale factor can be expressed in terms of redshift, which describes how the
wavelength of incoming radiation gets shifted due to expansion of the Universe. In
order to calculate the relation between the two variables, it is useful to change the
time coordinate which depends on the scale factor. This is known as the conformal
time τ and can be calculated via the integral

τ(t) =
∫ t

0

c dt
a(t) . (2.7)

Changing to this time coordinate means that for spatial and time coordinates grow
similarly as the scale factor increases, resulting in a simpler equation for the metric.
Light travels along null geodesics meaning that for photons, ds2 = 0. Plugging
this into the FLRW metric and focusing on purely radial paths where the angular
coordinates stay constant (dθ = dφ = 0), Equation 2.2 can be written as

dτ = c dt
a(t) = dr√

1−Kr2
= dχ. (2.8)

Next, let’s assume that an object emits two photons with the first one being emitted
at time te and the second at te+δte. An observer receives the first and second photons
at times t0 and t0 +δt0, respectively. Integrating both sides of Equation 2.8 for both
photon paths gives us two equations,τ(t0)− τ(te) = χ(re)− χ(0) = χ(re)

τ(t0 + δt0)− τ(te + δte) = χ(re),
(2.9)
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where the right side of both equations are equal, as the emitter and observer have
constant comoving coordinates. As δte � te and δt0 � t0, we get that

δte
ae

= δt0
a0
. (2.10)

With this, the relation of the scale factor and redshift can now be calculated as

a(t) = a0
δte
δt0

= λe
λ0

= 1
1 + z

, (2.11)

where the normalization a0 = 1 was used.

2.1.2 Friedmann equations and cosmological parameters

The evolution of the scale factor can also be expressed using the energy density
ρ, pressure p, curvature K and the cosmological constant Λ. The two equations
describing the evolution of the scale factor are called the Friedmann equations. The
equations can be derived using the FLRW metric and the Einstein field equations.
The field equations of general relativity (GR) relates the geometry of spacetime to
the energy and matter distributions of the universe. The field equations are (see e.g.
Carroll et al. 2004)

Rµν −
1
2gµνR− gµνΛ = 8πG

c4 Tµν , (2.12)

where Tµν is the energy-momentum tensor, gµν is the metric of the universe, R is
the Ricci scalar and Rµν is the Ricci tensor. While the cosmological constant Λ is
not necessary to include in the field equations, the nonzero value of Λ is supported
by observations (Perlmutter et al. 1999, Riess et al. 1998) and is believed to cause
the accelerating expansion of the Universe.

For the derivation of the Friedmann equations, see e.g. Peacock (1999). The
Friedmann equations are (

ȧ

a

)2
= 8πG

3 ρ− Kc2

a2 + Λc2

3 , (2.13)

ä

a
= −4πG

3 (ρ+ 3p
c2 ) + Λc2

3 , (2.14)

where G is the gravitational constant. The cosmological constant is often expressed
as a contributor to the energy density, i.e. the cosmological constant is changed to
an energy density with the equation

ρΛ = Λc2

8πG. (2.15)
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The density now has three different components: matter, radiation and the vacuum
and hence ρ = ρm + ρr + ρΛ.

When looking at the mass density of the universe, it is useful to consider the
critical density, defined as

ρc = 3H(t)2

8πG ≈ 1.878× 10−26h2 kg/m3, (2.16)

which is equal to the density in a flat universe (K = 0). With the critical density,
a dimensionless density parameter Ω can also be defined as

Ω ≡ ρ

ρc
. (2.17)

Similar to the physical density, the density parameter can be divided to three parts,
so the parameter can be written as

Ω = Ωr + Ωm + ΩΛ, (2.18)

where for each component i, Ωi = ρ/ρc. Using this and the first Friedmann equation
(Equation 2.13), we can write the curvature parameter as

Ωk(t) ≡ 1− Ω(t) = − Kc2

H(t)2a(t)2 . (2.19)

For a flat universe ρ = ρc, so Ω = 1 and Ωk = K = 0. From this point onward, we
assume a flat Universe (i.e. Ωk = 0) in this thesis.

The values of the cosmological parameters h, Ωr, Ωm and ΩΛ along with the
spectral index ns and variance σ8 (see Section 4.2.2) are the central parameters for
the simulations in this thesis, as they are given as input when generating the initial
conditions for the gadget-3 runs. One of the most important cosmological space
missions was the Planck mission. The Planck satellite observed the temperature
fluctuations of the cosmic microwave background (CMB, Figure 2.1) to obtain values
for the cosmological parameters assuming an Λ cold dark matter (ΛCDM) universe.
In the ΛCDM model, the universe is flat and contains baryons, cold dark matter
and dark energy. The Planck satellite was operational from 2009 to 2013 with the
final data released published in 2018 (Planck Collaboration et al., 2020b).

2.2 Structure formation

When studying the formation of structures, the interest is focused on regions which
have a density higher than the mean density of the background universe. It is useful
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Figure 2.1: Temperature deviations of the cosmic microwave background (CMB), created by
ESA and the Planck Collaboration. The observations were made with the Planck satellite. The
grey lines show the areas in which substantial foreground emission is expected, which is mostly
around the galactic plane (Planck Collaboration et al., 2020a).

to calculate the evolution of the dimensionless overdensity δ, which is defined as

δ ≡ ρ− ρ0

ρ0
, (2.20)

where ρ is the density of the region of interest and ρ0 is the unperturbed background
density. Here, the focus is on the growth of small non-relativistic density pertur-
bations. Thus the presented equations are for the Newtonian growth of density
perturbations.

2.2.1 Growth of small perturbations

The evolution of small perturbations in the Newtonian case considers a non-relativistic
fluid with a velocity u and density ρ. The fluid is affected by a gravitational poten-
tial Φ. In order to study the time evolution of the fluid, three equations are used.
These are the Poisson equation

∇2Φ = 4πGρ, (2.21)

which describes the gravitational field, the continuity equation

dρ
dt = −ρ∇ · u, (2.22)
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which states that the mass is conserved and the Euler’s equation of motion

du
dt = −1

ρ
∇p−∇Φ. (2.23)

In addition, the time derivatives for a fluid in a gravitational field can be expressed
using a Lagrangian derivative which is

d
dt = ∂

∂t
+ (u · ∇). (2.24)

It is assumed that the each variable deviates only slightly from the nonperturbed
values and the velocity, density, pressure and gravitational potential are written
as u = u0 + δu, ρ = ρ0 + δρ, p = p0 + δp and φ = φ0 + δφ respectively. For
the derivation of the equation of growth of small perturbations, see e.g. Mo et al.
(2010). The derived equation for the growth of density perturbations in comoving
coordinates taking into account only the first order perturbations is given by

d2δ

dt2 + 2 ȧ
a

dδ
dt = 4πGρ0 + c2

s

ρ0a2∇
2δρ, (2.25)

where cs =
√
∂p/∂ρ is the adiabatic sound speed of the medium. Representing the

density perturbations with Fourier components we get that

d2δk
dt2 + 2 ȧ

a

dδk
dt =

(
4πGρ0 −

k2c2
s

a2

)
δk. (2.26)

Here, an adiabatic evolution was assumed. If the evolution was not adiabatic, a
term caused by variations of entropy S would be included on the right hand side.

If we focus on density perturbations in a static non-expanding Universe (H =
ȧ/a = 0) Equation 2.26 becomes

d2δk
dt2 =

(
4πGρ0 −

k2c2
s

a2

)
δk. (2.27)

The right side now includes the dispersion relation

ω2 = 4πGρ0 −
k2c2

s

a2 , (2.28)

which we can use to define the so-called Jeans length λJ by setting ω = 0. We get
that

λJ = 2πa
kJ

= cs

√
π

Gρ0
. (2.29)

Comparing the Jeans length to the wave length of the density perturbation, λ =
2π/k, it is possible to see what kind of density perturbations are capable of growing.
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If λ > λJ , k < kJ and the Equation 2.28 would give a result of ω2 < 0. This means
that the perturbation is unstable, and either decays or grows exponentially. On
the other hand, perturbations with λ < λJ correspond to oscillating plane waves
propagating with the sound speed cs. Therefore only perturbations with λ > λJ

needs to be considered when studying growing perturbations.
Returning to the growth of perturbations with expanding Universe, if we are

looking at the perturbations with a very large wavelength (λ� λJ) the term 4πGρ0

is the dominating term and the term k2c2
s/a

2 can be omitted. Let’s first look at an
Einstein–de Sitter model of the Universe. This is a flat Universe only containing
matter, meaning that Ω = Ωm = 1. For matter, the density evolves as ρ ∝ a−3. In
this case, the evolution of the scale factor and the density are a(t) = (3/2H0t)2/3 and
4πGρ = 2/(3t2), which are derived from the Friedmann equations. The Equation
2.26 thus becomes

d2δ

dt2 + 4
3t

dδ
dt −

2
3t2 δ = 0. (2.30)

Attempting power-law solutions (δ ∝ tn), the equation has two possible solutions,
n1 = 2/3 and n2 = −1. n2 corresponds to a decaying density perturbation. There-
fore the solution for a growing density perturbation is

δ ∝ t2/3 ∝ a = 1
z + 1 . (2.31)

This results shows that taking into account the expansion of the Universe slows down
the growth of density perturbations since the time evolution is not exponential as it
is in the case for the static medium. For a general model including matter and dark
matter, with the assumption λ� λJ , Equation 2.26 becomes

d2δ

dt2 + 2 ȧ
a

dδ
dt = 3ΩmH

2
0

2a3 δ, (2.32)

with the time derivative of the scale factor a being

ȧ = H0

√
Ωm(a−1 − 1) + ΩΛ(a2 − 1) + 1. (2.33)

With these, the solution for the growing density perturbations as a function of the
scale factor is

δ(a) = 5Ωm

2
ȧ

a

∫ a

0

da′
(ȧ′)3 . (2.34)

Three versions of the growth of density perturbations with different density param-
eters Ωm and ΩΛ are shown in Figure 2.2. All three models grow similarly when the
value of scale gactor is small, but the inclusion of dark energy starts to slow down
the growth as the Universe enters the dark energy-dominated era (z ∼ 0.3).
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Figure 2.2: The evolution of density perturbations in flat models of the Universe including matter
and dark energy. The density parameter Ω0 = Ωm. Figure originally from Longair (2008).

At the present time (z = 0), bound structures have values of δ ≥ 1. If a
matter-dominated universe is considered the density perturbations grow as δ ∝
(z + 1)−1 meaning that at the redshift of the CMB (z ∼ 1100), the perturbations
would need to be of the order δ ≥ 10−3, does not match the observations (δ ∼
10−5). As the inclusion of dark energy slows down the growth even further after
the matter-dominate era ends, baryonic model cannot explain the observed density
perturbations. The problem is solved by the inclusion of cold dark matter.

Cold dark matter is nonrelativistic matter only interacting via gravity. Divid-
ing the matter into two components, baryonic matter and dark matter, the Equation
2.26 can be written as pair of equationsδ̈B + 2 ȧ

a
δ̇B = 4πG(ρB + ρD)

δ̈D + 2 ȧ
a
δ̇D = 4πG(ρB + ρD),

(2.35)

where B and D denote baryonic and dark matter, respectively. If a matter-dominated
Universe (Einstein–de Sitter model) is considered and the baryon density is negligible
compared to the dark matter density, δD = Ba, where B is a constant (Equation
2.31). With this and the Friedmann equations, the evolution of baryonic density
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perturbations can be written as

a3/2 d
dt

(
1√
a

dδB

dt

)
+ 2dδB

dt = 3
2B, (2.36)

which is solved by δB = B(a − a0). Thus the baryon perturbation can be written
using the redshift and dark matter perturbation as

δB = δD

(
1− z

z0

)
. (2.37)

As redshift decreases, the baryon density perturbation grows and nears the overden-
sity of the growing dark matter density perturbation. Dark matter perturbations
start growing when baryonic matter and radiation are still coupled. After recom-
bination baryonic matter decouples from radiation, and rapidly starts falling into
potential wells created by structure made of dark matter, allowing the existence of
larger density perturbations (e.g. Longair 2008).

2.2.2 Non-linear collapse and the Zel’Dovich approximation

After the density perturbations reach values of δ ∼ 1, the equations of linear evo-
lution are no longer valid. To see how the formed density perturbations start to
collapse, a spherical top-hat collapse model is considered. In this scenario the col-
lapse of a spherical overdense region is modelled. The overdense region can be
thought as of a closed Universe with Ωm > 1. The scale factor (size) of the pertur-
bation and the time can be expressed as a parametric solution (Longair, 2008) with
the equations

a = A(1− cos θ)

t = B(θ − sin θ)

A = Ωm

2(Ωm − 1)

B = Ωm

2H0(Ωm − 1)3/2 .

(2.38)

In this model the region reaches its maximum size at t = tmax = Bπ, corresponding
to a size of amax = 2A. After this, the region begins to collapse and reaches a
radius of zero at t = 2π. In reality, the sturcture does not collapse to a point as
multiple properties, such as the internal pressure of the object, resist the collapse.
Comparing the density at the maximum radius (at the start of collapse) to the
background density ρ0 (assuming that the background is an EdS Universe) result is
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ρ

ρ0
= Ωm

ρca
−3
max

ρca(t = tmax)−3 = 9π2

16 ≈ 5.55, (2.39)

where a(t) = (3/2H0t)2/3 was used for the background.
For dark matter particles, the collapse is stopped due to density fluctuations

within the region of interest and due to tidal effects with other nearby perturbations.
These result in fluctuations in the gravitational potential. This evolution of the
system is called violent relaxation (Lynden-Bell, 1967). Violent relaxation will result
in a system being in virial equilibrium, meaning that the systems gravitational
potential Eg and kinetic energy Ek fulfill the equation

2Ek + Eg = 0. (2.40)

At the point of time when the size of the system was at its maximum, the kinetic
energy of the system is zero. Assuming that the perturbed region is a uniform
sphere, the gravitational potential at the maximum radius is

Eg = −3GM2

5rmax
, (2.41)

where M is the total mass of the overdense region. Let’s assume that no mass is
lost from or accreted to the system during the collapse. When the system’s radius
has shrunk to half of the maximum, the kinetic energy of the system is

Ek = −Eg(r = rmax/2) + Eg(r = rmax) = 3GM2

5rmax/2
− 3GM2

5rmax
= 3GM2

5rmax
, (2.42)

since the energy of the system is conserved. Therefore at this radius, the system
fulfills Equation 2.40 and thus is in virial equilibrium. As the radius is halved,
the density has increased by a factor of 23 = 8. For the virialization time tvir,
two definitions are used: the time when a = amax/2 or a = 0. Using the second
definition, tvir = 2tmax, the background density has changed by a factor of

ρ0,max

ρ0,vir
=
(
amax

avir

)3
=
(
tmax

tvir

)2
= 1

4 . (2.43)

With these results, at the time of virialization the region has reached a value of

δ ≈ 5.55 · 8 · 4 ≈ 178, (2.44)

for the overdensity. The radius of a gravitationally bound object which is in virial
equilibrium is called the virial radius rvir.
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In the top-hat model the density perturbation was assumed to be spherically
symmetric. While the evolution of perturbations with an arbitrary shape need to
be modelled numerically, the non-linear evolution of ellipsoidal perturbations can be
modelled with the so-called Zel’Dovich approximation (Zel’Dovich, 1970). Here all
three principal axes of the ellipsoidal can be unequal. The trajectories of particles
are followed in Lagrangian, comoving coordinates. The proper coordinates x of the
particles can be expressed using the comoving coordinates r via the equation

x = a(t)r + b(t)p(r), (2.45)

where a is the scale factor and the second term is the fluctuation of comoving
position of particles relative to the comoving coordinate r. If the coordinate axes
are chosen according to the three principal axes, the deformation tensor D describes
the comoving motion of the particles and is defined as

D =


a(t)− αb(t) 0 0

0 a(t)− βb(t) 0
0 0 a(t)− γb(t)

 . (2.46)

Furthermore, the mass of the system is conserved, so the density around any of the
particles in the system is

ρ [a(t)− αb(t)] [a(t)− βb(t)] [a(t)− γb(t)] = ρ̄a(t)3, (2.47)

where ρ̄ denotes the mean matter density of the Universe.
While the values of α, β and γ differ for all the points in the region of interest,

the functions a(t) and b(t) only depend on time and are thus equal for every particle
in the system. Assuming an EdS model for the Universe, the functions are

a(t) = 1
1 + z

=
(3

2H0t
)2/3

, (2.48)

and
b(t) = 2

5

( 1
1 + z

)2
= 2

5

(3
2H0t

)4/3
, (2.49)

with b(t) being derived by perturbing the Friedmann equations.
Assuming that α > β > γ, the ellipsoid collapses fastest along the x-axis,

reaching infinite density at the point of time when a(t) = αb(t). The resulting col-
lapsed object is referred to as a pancake and the Zel’Dovich approximation breaks
down at this point, although the surface density is still finite and therefore acts
correctly as a gravitational potential source for faraway objects. In reality, the in-
falling matter is heated by shock waves created by the collapse which the Zel’Dovich



2.2. STRUCTURE FORMATION 15

(a) N-body simulation (b) Zel’Dovich Approximation

Figure 2.3: Particle positions with their movement modelled with (a) an N-body simulation and
(b) the Zel’Dovich approximation. The two models start from the same initial conditions. Similar
large scale structures are seen in both models. Figures shown are parts of figures 1 and 3 of Coles
et al. (1993).

approximation does not take into account. A comparison of the motion of particles
using the Zel’Dovich approximation and a N-body program is shown in Figure 2.3.
While parts of the initial grid are still visible in the result of the Zel’Dovich approx-
imation, the same large scale structures are seen in both versions. As Zel’Dovich
approximation models well the initial formation of structure, it is often used to
create initial conditions for N-body simulations.

2.2.3 Power spectrum and transfer functions

In order to compare the theory of structure formation to observations, the spectrum
of the density fluctuations is needed. In order to express the spectrum in terms of
the density perturbations, the perturbation first needs to be calculated as a Fourier
series,

δ(x) =
∑

k
δke

ik·x, (2.50)

where each coefficient δk is in Fourier space. These components are defined as the
integral

δ̃k = 1
V

∫
V
δ(x)e−ik·xd3x. (2.51)
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The Fourier components can be linked to the real-space perturbation using Parseval’s
theorem, which states that

1
V

∫
δ2(x)d3x = V

(2π)3

∫
|δk|2d3k. (2.52)

Here, |δk|2 is the power spectrum of the fluctuations, denoted usually as P (k). The
power spectrum can also be calculated using the 2-point correlation function ξ(r),
which gives the excess probability of finding a galaxy at a distance r. Using the 2-
point correlation, the power spectrum is (see e.g. Longair (2008) for the derivation)

P (k) = 4π
V

∫ ∞
0

r2ξ(r)sin(kr)
kr

dr. (2.53)

The perturbation spectrum can also be defined using a transfer function. The
transfer function describes how a dark matter perturbation with some intial pertur-
bation δk(z) is evolving until the present day. The evolution of Fourier components
of the perturbations can be traced back from the present day to redshift z using a
transfer function T (k) with the equation

δk(z = 0) = T (k)D(a)δk(z), (2.54)

where D(a) ∝ a is the linear growth factor. For cold dark matter, an analytic
formula for the transfer function has been derived by Bardeen et al. (1986), and the
fitted function is

T (k) = ln(1 + 2.34q)
2.34q (1 + 3.89q + (16.1q)2 + (5.64q)3 + (6.71q)4)4 , (2.55)

where q = k/(Ωmh
2Mpc−1).

2.3 Massive early-type galaxies

One way to classify galaxies is to use their morphological profiles. This classification
is known as the Hubble sequence (Hubble, 1926) . The galaxies are divided into
groups based on their visual appearance. The sequence is shown as a tuning-fork
diagram in Figure 2.4. The diagram includes early-type galaxies on the left. Moving
on from left to right, the diagram divides into two, barred and non-barred spiral
galaxies. The spiral galaxies are also known as late-type galaxies. Other galaxies not
belonging to neither early or late-type galaxies are classified as irregular galaxies.

The early-type galaxies are also known as elliptical galaxies. Ellipticals are
divided into eight subclasses, depending on their ellipticity. The ellipticity is defined
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Figure 2.4: A diagram representation of the Hubble sequence. Early-type galaxies are seen in
the lef-hand side. Figure adopted from Cui et al. (2014).

as

ε = 1− b

a
, (2.56)

where a is the semi-major axis and b the semi-minor axis of the galaxy. The sub-
classes are denoted as En, where n = 10ε rounded to the nearest integer. As the
shape of the isophote is not constant as a function of radius, the ellipticity is typi-
cally determined at the effecitve radius Re (Binney & Tremaine, 2008), which is the
radius that encloses half of the total luminosity of the galaxy.

The most massive early-type galaxies are known as cD galaxies, and can have
stellar masses in excess of 1012M� (Mo et al., 2010). In addition, massive ellipticals
have low cold gas fractions, resulting in low star formation at current time. The
stellar populations are old, with ages of stars tpically being of the order ∼ 1010 yr
(Gallazzi et al., 2005). The old stellar population results in ellipticals appearing
red. The most massive early-type galaxies are also the brightest, with their V -band
absolute magnitudes being MV . 22.0, (e.g. Schombert 1986, Kormendy et al.
2009).

2.3.1 Basic photometric and kinematic profiles

The surface brightness of ellipticals is often fitted as a function of radius R. An
early formula for the fit was presented by de Vaucouleurs (1948). A common fit
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used nowadays is the more general Sérsic profile, which is defined as (Sérsic, 1963)

I(R) = Ie exp
(
−bn

((
R

Re

)1/n
− 1

))
, (2.57)

where Ie = I(Re) is the surface brightness at the effective radius. As long as n ≥ 1, bn
can be approximated as bn ≈ 2n−0.324 (Mo et al., 2010). If n = 4, the Sérsic profile
is identical to the de Vaucouleurs profile. The brightest galaxies often are ‘missing’
light in the central region, meaning that the observed core region has smaller surface
brightness than what is expected from the Sérsic fit (Kormendy et al., 2009).

While early-type galaxies are called ellipticals, their isophotal shape shows
some fluctuations from an elliptical shape. The deviations in the shape are presented
in Fourier components, with the deviations from perfect elliptical at an angle φ being
quantified as

∆(φ) = a0 +
∞∑
n=0

an cos(nφ) + bn sin(nφ). (2.58)

The deviations are generally calculated for a best-fit isophote, meaning that coef-
ficients an and bn with n ≤ 2 are zero (Mo et al., 2010). The coefficient which
dominates is a4 which therefore determines the shape of the galaxy.

For massive early-type galaxies the value of a4 is usually negative, meaning
that they have a ‘boxy’ shape (Bender, 1988). In addition, boxy galaxies tend to be
bright at the X-ray wavelengths (Bender et al., 1989). Furthermore, the boxy shape
of massive ellipticals leads to a relation between the kinematic and photometric
properties. The relation is apparent when looking at the rotation velocities of early-
type galaxies.

The ratio of the maximum rotation velocity Vm and velocity dispersion σ is
related to the ellipticity via equation (Kormendy, 1982)

Vm
σ
≈
√

ε

1− ε, (2.59)

where the galaxy was assumed to have isotropic velocity dispersion. Although this is
the expected relation, real early-type galaxies deviate from this and bright ellipticals
with MB < −20.5 possess noticeably lower rotation velocities. These bright and
boxy galaxies have values of the order ∼ 0.1 for vm/σ (Davies & Illingworth 1983,
Cappellari et al. 2007), meaning that the velocity dispersion is not isotropic. This
anisotropy suggests that the shape of the massive ellipticals is not supported by the
rotation but rather the galaxy is flattened due to velocity anisotropy.
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2.3.2 Feedback processes

In order for a galaxy to form stars, regions of cold and dense gas are required.
Multiple processes can affect the interstellar medium, causing ejection or heating of
the gas. These processes are called feedback processes, and are able to quench star
formation in a galaxy.

All massive early-type galaxies have a supermassive black hole (SMBH) at their
center (Kormendy & Ho, 2013). Interaction between the SMBH and the surrounding
gas can lead to large amounts of either nonthermal (in the form of jets) or thermal
(from a very hot accretion disk) radiation, often having higher luminosity than the
rest of the galaxy (e.g Sparke & Gallagher 2007). These centers are called active
galactic nuclei (AGN). The energy released from the AGN can affect the surrounding
regions via two feedback mechanisms: mechanical and radiative (Kormendy & Ho,
2013).

The power of the released energy by the AGN can be expressed as

dE
dt = εṀ•c

2 = (εm + εr)Ṁ•c2, (2.60)

where εm and εr are the mechanical and radiative efficiencies, respectively. c is the
speed of light and Ṁ• is the mass accretion rate of the SMBH.

The radiative feedback is the dominating cause of AGN feedback when the
SMBH mass accretion is large and close to the theoretical maximum for spheri-
cally symmetric accretion, known as the Eddington rate. Tthe UV photons and
X-ray photons emitted by the AGN via radiative feedback are capable of ionizing
the atoms in the surrounding medium. The ionization increases the temperature of
the particles, preventing gas from cooling down and forming dense regions where
star formation occurs (e.g. Mo et al. 2010). In addition, radiative feedback creates
momentum-driven winds due to gas flows generated by radiation pressure. Strong
winds can blow the gas surrounding the AGN completely out of the galaxy, stopping
star formation (Murray et al., 2005). The mode when radiative feedback is the dom-
inant form of AGN feedback is often called the quasar mode. This mode is estimated
to be important especially in the evolution of elliptial galaxies at early epochs, as
radiative feedback is the main mechanism which quenches star formation from its
peak rates (Kormendy & Ho, 2013) which occurs at redshifts of z ∼ 2–3. As the
star formation becomes quenced at a relatively early epoch, the stellar populations
are old and early-type galaxies at lower redshifts are observed as ‘red and dead’.

Mechanical feedback is the main mode of AGN feedback during the times when
the mass accretion of the SMBH is much lower than the Eddington rate. In galaxies
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Figure 2.5: A comparison for the ratio of the stellar and dark matter halo mass (M∗/Mh) as a
function of the dark matter halo mass (Mh) for multiple models. The letters inside the parentheses
correspond to the method which was used to acquire the function. EM stands for empirical
modelling, AM for abundance matching, CSMF for conditional stellar mass function and CL for
X-ray mass measurements from clusters. The light-grey region shows the 1σ (68% confidence)
interval of Behroozi et al. (2010). The model of Moster et al. (2010) is discussed and used as a
comparison for the results of the simulations in this thesis in Section 5.3.3. Figure originally the
Figure 34 presented by Behroozi et al. (2019).

where mechanical feedback is the dominating effect, lobes, radio jets or bubbles
(regions filled with relativistic gas) powered by jets are often observed (Mo et al.,
2010). The lobes and jets transfer energy to the surrounding gas through shocks
(e.g. Fabian et al. 2006). Mechanical feedback is believed to solve the so-called
cooling flow problem. In general feedback heats gas, resulting in lower accretion to
the SMBH and therefore also decreasing the feedback. As the feedback process is
not enough to keep the gas hot, the gas begins to cool down. The kinetic energy of
cool gas is low so more gas infalls to the SMBH, again increasing the accretion rate
and the amount of AGN feedback (Fabian, 2012). As this cycle keeps the gas from
cooling down, the mode is often referred as the maintenance-mode. Since the gas is
kept hot, young stellar populations are rare in massive ellipticals.

Another form of feedback is the supernova (SN) feedback, which is also capable
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of heating and ejecting gas. The effect of SN feedback is largest on lower mass
galaxies (Dekel & Silk, 1986), where AGN feedback is not as effective compared to
massive galaxies.

The effects of different feedback processes can be seen when studying the stellar
mass of galaxies as a function of their dark matter halo mass (e.g. Behroozi et al.
2010, Moster et al. 2010). The relation of stellar mass and the dark matter halo
mass has been the focus of multiple studies, and the largest mass fraction that
M∗/MDM reaches is in galaxies with MDM ∼ 1012M� (see Figure 2.5). For smaller
halo masses, gas is ejected from the galaxy due to winds caused by SN feedback,
whereas on larges masses AGN feedback has been responsible for the quenching of
star formation.

Effect of the SMBH on the surrounding medium can also been seen from
comparing the mass of the central SMBH to the velocity dispersion of of stars σe
(e.g. Ferrarese & Merritt 2000, Gültekin et al. 2009, van den Bosch 2016). The
velocity dispersion is calculated inside the effective radius Re. With the best-fit of
Gültekin et al. (2009), the black hole mass and the stellar velocity dispersion are
related by the equation

log
(
M•
M�

)
= (8.12± 0.08) + (4.24± 0.41) log

(
σe

200 km/s

)
. (2.61)

The relation shows that the evolution of the SMBH is connected to the evolution of
its host galaxy.

2.4 SMBHs in galaxy mergers

Mergers of galaxies also result eventually in the mergers of SMBHs. During mergers,
multiple processes cause the SMBHs to lose kinetic energy. Here, the three phases
of SMBH mergers are described.

2.4.1 Dynamical friction

In the first phase, the orbital energy of the SMBHs decrease due to an effect known
as dynamical friction. Here, a black hole with mass Mi is moving through a field of
particles with mass m�Mi. The particle field is large enought to be assumed to be
infinite and homogenous, with total field mass being noticeably larger than Mi. A
massive object moving through the field causes a gravitational pull on the particle
field. The pull generates a density perturbation trailing the massive particle, which
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in turn slows down the massive particle via gravitational force. Therefore a black
hole moving trough the field is deaccelerated, with the change of velocity vi being
(Binney & Tremaine, 2008)

dvi
dt = −4πG2Mima ln Λ

∫
f(va)

vi − va
|vi − va|3

d3va, (2.62)

where f(va) is the phase space density and Λ ≈ bmax
b90

. Here, b90 = G(Mi + ma)/v2

is the radius at which a particle’s velocity is deflected by 90 degrees and bmax is the
maximum radius at which the massive particle impacts a field particle’s velocity,
often approximated to be the orbital radius of the massive particle (e.g. Binney &
Tremaine 2008). The field phase space density is normalized in such a way that∫

f(x,va)d3va = n(x), (2.63)

where n is the number density of the particle field.
If it is further assumed that the background particle field has isotropic velocity

distribution (|va| = va), Equation 2.62 can be written as
dvi
dt = −16π2G2Mima ln Λ

∫ vi

0
f(va)v2

adva
vi
v3
i

, (2.64)

which is known as the Chandrasekhar’s formula for dynamical friction (Chandrasekhar,
1943). The equation clearly shows that the change of velocity is towards the opposite
direction of vi.

It can be further assumed that the phase space distribution is Maxwellian with
velocity dispersion σ, meaning that

f(va) = n

(2πσ2)3/2 exp
(
− v2

a

2σ2

)
. (2.65)

With this, Equation 2.64 becomes

dvi
dt = −4πG2Mnm ln Λ

v3
i

(
erf(X)− 2X√

π
exp

(
−X2

))
vi, (2.66)

where erf is the error function and X = vi/(
√

2σ2) (Binney & Tremaine, 2008).
Further approximating that the density of the background field is that of a isothermal
sphere, meaning that

ρ(r) = v2
c

4πGr2 , (2.67)

and setting that vi = vc results in X = 1 and using the Equation 2.66 the force
caused by dynamical friction affecting a black hole is

F = M

∣∣∣∣∣dvi
dt

∣∣∣∣∣ ≈ 0.428 ln ΛGM
2

r2 , (2.68)
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where nm = ρ(r) was used. With this, the change of angular momentum L can be
calculated and is

dL
dt = −Fr ≈ −0.428 ln ΛGM

2

r
. (2.69)

Thus a SMBH loses angular momentum, and therefore falls to the central region
of the galaxy. The orbital decay is further accelerated by an eccentric orbit, as an
SMBH with eccentric orbit travels through regions with higher density closer to the
centre of the galaxy which cause a larger amount of dynamical friction.

As two SMBHs fall into the center of a galaxy formed by a merger of two
galaxies, they eventually form a binary system. The effect of dynamical friction
weakens as the semimajor axis of the binary decreases and as the orbital velocity
increases. The binary is generally considered to be ‘hardened’ when the orbital
velocity is larger than the velocity dispersion of the surrounding stars (see e.g.
Merritt 2013). This occurs when the semimajor axis a has reached the value

ah = Gµ

4σ2 = G

4σ2
M1M2

M1 +M2
, (2.70)

where M1 and M2 are the masses of the black holes in the binary system.

2.4.2 Three-body interactions

As the binary has hardened, the main mechanism causing orbital decay is no longer
dynamical friction. Rather, close encounters with the surrounding stars, known as
three-body interactions, are the main cause of binary hardening at this stage. A star
that the black hole binary interacts with is ejected from the vicinity of the binary,
as the star acquires a part of the binary’s angular momentum and energy. This also
leads to a shrinking of the semi-major axis of the binary.

The evolution of the binary parameters a and e (semimajor axis and eccentric-
ity, respectively) can be described by a semi-analytic model. The evolution of the
inverse of the semimajor axis can be calculated using the equation

d
dt

(1
a

)
= H

Gρ

σ
, (2.71)

where ρ is the stellar density and H is known as the hardening rate (Quinlan,
1996). At this stage, the hardening of the binary barely depends on the eccentricity
(Mikkola & Valtonen, 1992), meaning that H is a constant, depending on the stellar
density. The growth rate of the eccentricity can be calculated as

K = de
d ln(1/a) , (2.72)
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where K is a constant. This equation can be rewritten as (Quinlan, 1996)

de
dt = Ka

Gρ

σ
H. (2.73)

Both constants K and H depend on the stellar environment and can be estimated
from scattering experiments (e.g. Quinlan 1996, Sesana et al. 2006).

Importantly, the binary only has strong interactions with stars whose angular
momentum is small enough, with the limit to the angular momentum being (Binney
& Tremaine, 2008)

L∗ .
√
G(M1 +M2)a. (2.74)

The stars that fulfill this requirement are said to be within the loss-cone of the
SMBH binary. As stars are ejected by the binary, there are less stars to interact with
and the effect of three-body interactions thus decreases. In addition, as the binary
becomes tighter the upper limit of L∗ becomes smaller and therefore the amount
of stars in the loss cone decreases. If all of the stars become ejected from the loss-
cone before the next orbital decay phase (Section 2.4.3) has a noticeable effect, the
hardening rate of the binary becomes in practice very low and coalescence does not
occur. This is known as the final parsec problem (Milosavljević & Merritt, 2003).
Although the depletion of the loss-cone can act as a bottleneck for the coalescence,
the loss-cone can be repopulated via processes such as torques in non-axisymmetric
galaxies (Gualandris et al., 2017), with even a small number of stars entering the
loss-cone potentially having large effect on the hardening (Yu, 2002).

2.4.3 Post-Newtonian Dynamics and gravitational wave emis-
sion

As the orbital decay of the binary has hardened the semimajor axis to subparsec
scales (a ∼ 0.1 pc), the system loses energy mostly through radiation as the binary
emits gravitational waves, which are predicted by general relativity (e.g. Peters &
Mathews 1963). A fully relativistic modelling of particle orbits and non-static back-
ground is computationally very demanding and therefore the effect of gravitational
waves is approximated by adding additional terms to the Newtonial gravity. These
terms as known as post-Newtonian (PN) corrections.

The PN-terms which are added to the standard equations of motion are derived
from the weak limit of general relativity. The velocities are assumed to be small in
this limit, so (

v

c

)2
≡ β2 � 1. (2.75)
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The acceleration can be written as a sum of the Newtonian acceleration aN and the
general relativistic PN-terms as

a = aN + a1PN + a2PN + a2.5PN + a3PN + . . . . (2.76)

Here, the index of each PN-term describes the power of dependence on the velocity.
For example a2.5PN ∝ (v2/c2)2.5. The even terms (iPN where i is an integer) are
conservative meaning that a quantity (angular momentum or energy, for example) is
conserved by the effect of these terms. The odd terms (half-integers such as 2.5PN)
on the other hand are dissipative and describe the effect of gravitational waves (Mora
& Will, 2004). The effects on these terms are seen as orbital decay and decreasing
eccentricity.

The orbital decay of the binary is slowest when the gravitational wave emission
does not yet have a large effect and the three-body interactions is the dominating
effect (Begelman et al., 1980). The radius at which the three-body interactions and
the gravitational wave emission have equal effect is known as the bottleneck radius
(Yu, 2002). For an circular orbit, the bottleneck radius is (Merritt, 2013)

aGW =
(

64
5
G2M1M2(M1 +M2)σ

Hc5ρ

)1/5

≈
(

q

(1 + q2)2

)1/5 (
M1 +M2

108M�

)3/5

×
(

σ

200 km/s

)1/5 (103M�pc−3

ρ

)1/5

× 1.65× 10−2 pc,

(2.77)

where q ≡M2/M1 with M1 > M2 is the mass ratio of the system.
In the gravitational emission dominated phase, the orbital decay strongly de-

pends on the eccentricity of the system. Qualitatively, a binary with a large eccen-
tricity enables the two SMBHs to pass each other with much shorter separations
than a binary with the same semimajor axis but a smaller eccentricity. The effects
of gravitational wave emission increase when the SMBHs are separated by a shorter
distance and therefore higher eccentricity results is faster orbital decay. Taking into
account PN-correction at only the level 2.5, the average power of radiation over one
period of the orbit is (Peters & Mathews, 1963)

〈P 〉 = 32
5
G4

c5
M2

1M
2
2 (M1 +M2)

a5(1− e2)7/2

(
1 + 73

24e
2 + 37

96e
4
)
. (2.78)

The radiated energy is shown in Figure 2.6 for various eccentricities and semimajor
axes. The amount of radiated energy increases dramatically as the eccentricity
increases to values near 1.0.
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Figure 2.6: The radiated energy 〈P 〉 over one period of the binary, calculated according to
Equation 2.78 in units of ζ = 32
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amount of energy radiated increases drastically as eccentricity approaches 1.0.

Continuing with taking into account only the PN-term of 2.5PN, the time
evolution of the semimajor axis is (Peters, 1964)〈

da
dt

〉
= −64

5
G3M1M2(M1 +M2)
c5a3(1− e2)7/2

(
1 + 73

24e
2 + 37

96e
4
)
, (2.79)

and the eccentricity evolves as〈
de
dt

〉
= −304

15
G3M1M2(M1 +M2)
c5a4(1− e2)5/2 e

(
1 + 121

304e
2
)
. (2.80)

An example of the evolution of the semimajor axis and eccentricity for three cases
are shown in Figure 6.4. Equation 2.79 again shows that the orbital decay is fast
on high eccentricities, as the equation diverges if e → 1.0. Furthermore, Equation
2.80 shows that gravitational wave emission evolves the binary towards a circular
orbit. The eccentricity of a circular circuit stays at zero, as 〈de / dt〉 = 0 if e = 0.
The time it takes for gravitational wave emission to cause a coalescence with initial
semimajor axis a0 and eccentricity e0 is approximatively (Merritt, 2013)

tGW ≈ 5.86(1 + q)2

q

(
a0

10−2 pc

)4 ( 108M�
M1 +M2

)3

(1− e2
0)7/2f(e0) Myr, (2.81)

where f(e) is a nearly constant function weakly depending on the initial eccentricity.
The function has values in the range f(0) = 0.979 ≤ f(e) ≤ f(1) = 1.81.



3. GADGET-3 and KETJU

This chapter introduces the two codes used to perform the simulations for this
thesis. The first one is the N -body code gadget-3 (Springel, 2005), which is used
to evolve the dynamics of the simulation partiles, while taking into account various
effects in addition to gravity, such as AGN feedback, star formation and gas cooling.
gadget-3 has been used to perform simulations on various scales (e.g. Lahén et al.
2018, Truong et al. 2018), and is used here to simulate the formation and evolution
of galaxies, taking into account the effects of large-scale structures.

The dynamics on smaller scales near SMBHs can be modelled accurately with
the ketju code (Rantala et al., 2017), which is an extension to gadget-3. The
current version uses the algorithmic regularised integrator MSTAR (Section 3.2.2,
Rantala et al. 2020) to integrate the motion of particles.

3.1 GADGET-3

3.1.1 TreePM

In order to integrate the motion of the simulation particles, the gravitational poten-
tial needs to be calculated at the position of every particle. A simple way to perform
this task is to go through the particles one by one, and individually calculate the
gravitational effect of the other particles for each particle. This direct summation
method scales with the number of particles as O(N2), where N is the number of par-
ticles in the simulation. As this method would be very demanding computationally,
gadget-3 uses the so-called TreePM method (Xu 1995, Bode et al. 2000, Bagla
2002), which is a hybrid combination of a tree algorithm and particle-mesh (PM)
method. The PM method is used on the longest distances, while shorter distances
are calculated with the tree algorithm. Using the TreePM to calculate the gravi-
tational forces scales with time as O(N logN), resulting in shorter computational
time compared to the direct summation method.

27
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Figure 3.1: A two-dimensional illustration of the tree structure. At each level, cells including
more than one particle are divided into four parts (eight parts in the three-dimensional case).
Figure adopted from Springel et al. (2001).

The tree algorithm implemented in gadget-3 is the Barnes-Hut version (Barnes
& Hut, 1986). The Barnes-Hut tree first places each particle in a root node. The
root is then divided into eight cubes (children nodes). If a children node includes
more than one particle, the node is again divided into eight cubes. This subdi-
vision is continued recursively until each cube contains zero or one particles. A
two-dimensional illustration of this scheme is shown in Figure 3.1.

After the oct-tree has been built, a procedure known as the ‘tree-walk’ is
performed. The tree is ‘opened’ to one level lower if the criterion

GM

D

(
l

D

)2

≤ α|a|, (3.1)

is satisfied (Springel, 2005). Here, M is the mass and l the length of the node, D
is the distance between a particle and the center of mass of the node, α is a error
tolerance parameter defined by the user and a is the acceleration of the node at the
previous timestep. If the tree is not opened further, the particles in the unopened
cube are considered to be a point-mass with the mass being the sum of the particle
masses, positioned at the center of mass of the particles. As the acceleration at
the previous timestep is not defined in the first timestep, a simpler criterion for the
opening is used:

θ >
l

D
. (3.2)

Clearly, opening the tree further increases the accuracy of the gravity calculation
however simultaneously increasing the cost of computation time. If all the trees are
fully opened, the gravitational forces would be calculated as a direct summation.
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The PM method is used for force calculation of particles separated by a dis-
tance larger than rs. The calculation of the potentials is carried out using mesh-
based Fourier methods (Springel, 2005). In Fourier-space, the component k of the
long-range potential is

φk,long = φke
−k2r2

s , (3.3)

where k = |k|, rs is the scale of the force split and φk is the total potential, which
can be expressed as

φk = φk,short + φk,long. (3.4)

In order to acquire the potential in Fourier space, the density field of the mesh needs
to be computed and Fourier transferred. The Poisson equation (Equation 2.21) in
Fourier space is

−k2φ(k) = 4πGρ(k), (3.5)

meaning that the Fourier transferred potential is acquired by multiplying the Fourier
transferred density on the mesh by −4πG/k2. Performing an inverse Fourier trans-
form for the potential gives then the gravitational potential on the mesh grid.

3.1.2 Gravitational softening

The large volume of the simulation box result in too high particle masses (mi �
M�), meaning that the smallest scales are not accurately resolved. If two particles
of such large masses have relatively small separation, the acceleration due to gravity
reaches unphysically large values, with the gravitational potential diverging as the
separation approaches zero. To combat this problem, the gravitational potential is
‘softened’ on small separations.

A simple method to soften the Newtonian potential is to use the Plummer
softening (Plummer, 1911). With this, the gravitational potential is defined as

Φ(r) = −GM√
r2 + ε2

, (3.6)

where ε is the softening length. Setting ε = 0 in the Plummer potential gives the
Newtonian potential.

Although the Plummer potential fixes the problem of divergence of the poten-
tial, it noticeably differs from the Newtonian potential at small radii. In order to
reduce the errors caused by the softening, gadget-3 uses a spline kernel to soften
the potential. The spline is derived from the smoothing kernel of Monaghan &
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Figure 3.2: Comparison of the three models for the potential. In this plot, r is unitless, h = 0.5
and ε = h/2.8. The black vertical line shows the radius at which the spline softening becomes
equal to the Newtonian potential.

Lattanzio (1985), and is defined in three parts as (Springel et al., 2001)
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(3.7)
where h is the kernel size, equivalent to the smoothing length. With a spline soft-
ening kernel, the gravitational potential caused by a particle with mass m is

Φ(r) = GM

h
W2

(
r

h

)
. (3.8)

Setting h = 2.8ε results in the spline softened potential agreeing with the Plummer
potential at r = 0, but the spline softening importantly results in values which
are closer to the Newtonian value compared to the Plummer model at small radii.
Furthermore, the spline-softened potential is exactly Newtonian at distances r ≥ h,
whereas the Plummer potential never exactly gives the Newtonian value although
the values are very close at large radii. A comparison of the three potentials is shown
in Figure 3.2.
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3.1.3 Leapfrog integration

In order to calculate the time integration, the dynamics of a Hamiltonian system
are considered. In a Hamiltionian system, the evolution of the position qi and
momentum pi of each particle can be described with the Hamiltonian equations

dqi
dt = ∂H

∂pi
,

dpi
dt = −∂H

∂qi
, (3.9)

where H is the Hamiltonian of the system (e.g. Binney & Tremaine 2008).
The time integration is performed with the so-called leapfrog method. Leapfrog

integration is a second-order accurate sympletic (i.e. Hamiltonian) integration tool.
In general sympletic integrations do not result in large errors in the energy of the
integrated system and conserve the phase space volume. The leapfrog integrator
consists of two operators: one integrates the position of the particles (‘drift’ opera-
tor) while the other integrates the momentum (‘kick’ operator). The drift and kick
operators K and D are defined as (Quinn et al., 1997)

D(∆t) :

pi → pi
qi → qi + pi

mi

∫ t+∆t
t

dt
a2 ,

(3.10)

K(∆t) :

qi → qi
pi → pi + fi

∫ t+∆t
t

dt
a
,

(3.11)

where ∆t is the integration timestep (see Section 3.1.5), a is the scale factor and fi
is the force affecting the particle,

fi = −
∑
j 6=i

mimj
∂φ(qi − qj)

∂qi
. (3.12)

The position and momentum are calculated in canonical comoving coordinates,
meaning that qi = ri and pi = a2vi.

The time integration of the system is done with the drift and kick operators
in three parts with the kick-drift-kick scheme (Springel, 2005). With this, the time
evolution operator U is defined as

U(∆t) = K

(
∆t
2

)
D(∆t)K

(
∆t
2

)
, (3.13)

meaning that before drifting the particles leapfrog first kicks the particles using half
of the timestep, and the final momenta of the particles is calculated after the drift
again with half of the timestep. Although the leapfrog is second-order accurate,
the implementation still results in smaller errors for long-term calculations than the
commonly used fourth-order Runge-Kutta integration (Springel, 2005), while being
computationally less demanding.
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3.1.4 Smoothed Particle Hydrodynamics

The dynamics of the baryonic gas particles are simulated using smoothed particle
hydrodynamics (SPH, Gingold & Monaghan 1977, Lucy 1977). The gas is consid-
ered to be a fluid, with the properties of the gas particles computed by calculating
smoothed averages of Nsph nearby SPH particles.

The density ρi of a particle i is defined as

ρi =
∑
j

mjW (|rij|, hg), (3.14)

where |rij| ≡ |ri − rj|, hg is the gas particle softening length and W is the spline
kernel. gadget-3 traditionally uses the kernel of Monaghan & Lattanzio (1985),
defined as

W (r, h) = 8
πh3


1− 6

(
r
h

)2
+ 6

(
r
h

)3
, 0 ≤ r

h
≤ 1

2

2
(
1− r

h

)3
, 1

2 <
r
h
≤ 1

0, r
h
> 1.

(3.15)

For the version of gadget-3 used for the simulations in this thesis, the spline
kernel is upgraded to the so-called Wendland C4 kernel (Dehnen & Aly, 2012). The
upgraded kernel results in better numerical convergence and therefore smaller errors,
as long as the amount of neighbouring particles is sufficiently large (of the order of
100).

The equations of motion of the SPH particles can be calculated as long as the
kernel function is differentiable. For particle i, the acceleration can be derived as
(Monaghan 1992, Springel & Hernquist 2002)

dv
dt = −

N∑
j=1

mj

(
Pi
ρ2
i

+ Pj
ρ2
j

)
∇W (|rij|, hg), (3.16)

where Pi is the pressure of a particle. In order to minimize errors, these are acquired
from the entropy of the system (see Hopkins 2013).

Discontinuities to this approach of SPH can be caused by the flows of the fluids.
Fluid flows cannot move through each other, collisions of two fluids generates shock
heating, increasing the entropy of the system. In order to take this into account,
an additional artificial viscosity term is added to the equations of motion. The
acceleration caused by the viscosity term Π is (Springel, 2005)

(
dv
dt

)
visc

= −
N∑
j=1

mjΠij∇W (|rij|, hg), (3.17)
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where Πij is the viscous pressure, which is always positive for particles i and j when
they are approaching each other. Otherwise the term is zero. The pressure terms
generated by artificial viscosity are calculated with the implementation of Gingold
& Monaghan (1977) and Balsara (1995), which defines the artificial viscosity terms
as

Πij =

(βµij − αcij)µij/ρij, vij · rij < 0

0 otherwise,
(3.18)

where ρij and cij are the arithmetic mean density and the mean sound speed respec-
tively and

µij = hgvij · rij
|rij|2

. (3.19)

The values of α and β are free parameters, and often β = 2α is used. To estimate
α, the algorithm of Cullen & Dehnen (2010) is used. The algorithm also improves
on the treatment of shock heating occurring by weak shocks from converging flows
and includes improved pre-shock and post-shock treatment (see Cullen & Dehnen
2010).

3.1.5 Timesteps

The integration timesteps need to be relatively small in the dense regions of the
simulation. As the simulation volumes are large, it would be computationally inef-
fective to focus computational power on particles located at coarse regions, adaptive
timesteps are used instead of a global timestep. Thus the densest regions can be
integrated accurately, while regions of less interest are integrated with smaller com-
putational workload.

The calculation of the adaptive timestep varies depending on the type of the
particle. For a collisionless particle i (a dark matter or a stellar particle), the
timesteps are defined using the acceleration as

∆ti =
√

2εη
|ai|

, (3.20)

where ε = h/2.8 is the Plummer gravitational softening length and η is the compu-
tational accuracy parameter, given as an input by the user (Springel, 2005).

For the SPH particles, an extra condition is needed to make sure that the
timesteps are not larger than the local dynamical timescale. Therefore the timestep
for gas particles are calculated with a Courant-condition with the equation

∆tSPH = Chg
max(vloc)

, (3.21)



34 CHAPTER 3. GADGET-3 AND KETJU

where C is the Courant constant and vloc ≡ ci + cj −wij is the local signal velocity,
where wij = vij · rij

|rij | (Springel, 2005). The value of vloc is checked for the NSPH

neighboring particles. The chosen timestep for a SPH particle is the smaller value
of ∆tSPH and ∆tg, where ∆tg is the timestep of a collisionless particle.

Finally, the chosen timestep is rounded to the nearest value of the power-of-two
timestep hierarchy, meaning that the timesteps are

∆ti = 2n∆tmin, (3.22)

where n is a integer and ∆tmin ≡ 2−32ttotal is the minimum timestep of the simulation.
This rounding of the timesteps allows the timesteps of particles to be synchronized
so interpolation of particle positionss is not needed for the force calculations.

3.1.6 Gas cooling and star formation

The timesteps of gas particles can give rise to a problem with the gas cooling. In
regions where gas cooling is rapid, the gas cooling rate (the time it takes for gas to
radiate its entire internal energy) can be smaller than one timestep. This issue is
solved by taking a semi-implicit approach to cooling. The predicted internal energy
û at timestep n+ 1 can be calculated as (Springel et al., 2001)

û
(n+1)
i = u

(n)
i + u̇ad∆t− Λ∆t

ρ
(n)
i

, (3.23)

where u̇ad is the rate of change of the internal energy due to adiabatic effects, such
as expansion and contraction of the gas and Λ is the so-called cooling function. The
cooling function is defined as a function of the cooling rate C and hydrogen density
nH as

Λ(T ) = C

n2
H

, (3.24)

where the cooling function is in the units of [Λ] = erg s−1 cm3 (see e.g. Mo et al.
2010).

The version of gadget-3 used in this thesis uses the tables presented by
Wiersma et al. (2009) for the values of the cooling function. The cooling functions
are calculated taking into account 11 individual elements (H, He, C, N, O, Ne, Mg,
Si, S, Ca and Fe). The absolute value of Λ/n2

H is shown as a function of temperature
for four hydrogen densities in Figure 3.3.

After the predicted internal energy at timestep n + 1 is calculated, the time
derivative of the internal energy is simply acquired by calculating

u̇i = û
(n+1)
i − u(n)

i

∆t . (3.25)
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Figure 3.3: |Λ/n2
H | as a function of temperature for four different hydrogen densities. For low

densities (10−4 cm−3 and 10−6 cm−3) the cooling rate rapidly decreases at tempreratures T ∼ 2–
3 × 104 K. On the left-hand side of this drop the cooling rate at these two densities becomes
negative, meaning that the gas is heated. Figure originally the Figure 2 of Wiersma et al. (2009).

Cold and dense gas is required to form stars. For star formation, the method
of Aumer et al. (2013) is followed. A gas particle is eligible for star formation if
a threshold number density nth is reached. For the simulations in this thesis, the
threshold value is set to 0.326h3/cm−3. In addition, an overdensity of δ = 55.7 is
required as in Johansson et al. (2012) in order to constrain star formation at very
high redshifts. The star formation rate (SFR) per unit volume for particles fulfilling
these requirements is

ρ̇? = εSF
ρ

tdyn
, (3.26)

where εSF is the star formation efficiency and tdyn = (4πGρ)−1/2 is the local dynam-
ical timescale of the gas. Following Scannapieco et al. (2005), the SPH particles in
a region where there is ongoing star formation have a probability of

pSF = 1− exp
(
−εSF∆t

tdyn

)
, (3.27)

to form a star. If a gas particle forms a star, the formed star has a mass equal to
the gas particle.
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3.1.7 Stellar feedback

The stellar particles affect their surrounding particles by releasing energy through
three different phenomena. The feedback can be caused by supernova explosions,
either type Ia or type II as in Eisenreich et al. (2017). Feedback can also be caused by
asymptotic giant branch (AGB) stars through winds. Stellar feedback causes three
different effects to the surrounding particles: their metallicity is enriched, the kinetic
feedback accelerates them and the thermal feedback increases their temperature.
The feedback affects the 10 nearest particles, with the distribution of the feedback
weighted by the SPH smoothing kernel of the particles.

For all forms of stellar feedback, the released energy is modelled following the
implementation of Núñez et al. (2017), where the ejected energy is calculated as

Eej = 1
2mejv

2
out, (3.28)

where mej is the amount of ejected mass, and vout is the outflow velocity.
The feedback from type II supernovae (SNII) occurs in three different phases in

the simulation, since a massive gas particle would radiate the energy from a single
SNII explosion too quickly which in turn would lead to gas particles artificially
cooling. The first phase is the free-expansion phase which conserves momentum
and the energy is only released through kinetic feedback. The second phase is the
Sedov-Taylor phase (Sedov, 1959), during which 30% of the feedback is injected to
particles as kinetic energy, and 70% as thermal energy. In the last phase, the snow-
plough phase, radiative cooling is added to the Sedov-Taylor phase resulting in a
decrease of the injected energy.

All stars with masses > 8M� explode as SNII, with the time of SNII explosion
tSNII only depending on the metallicity of the star (Eisenreich et al., 2017). The metal
enrichment and the ejected mass are taken from the tables of Woosley & Weaver
(1995). The outflow velocity is set to vout = 4000 km/s.

Stars causing a type Ia supernovae (SNIa) are white dwarfs which have much
longer lifetimes compared to SNII progenitors. The ages of white dwarfs vary and
therefore the SNIa explosions are treated with a quasi-continuous model. Each
stellar particle goes through a SNIa event once every 50 Myr, until an age of 10 Gyr
is reached. In addition, the feedback from SNIa is inversely proportional to the age
of the star t, as presented by Maoz & Mannucci (2012). The velocity of the outflow
is similar to SNII feedback, and the amount of ejected mass is estimated following
Iwamoto et al. (1999). The ejected mass now depends on the metallicity, mass and
age of the stars.
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The implementation of the AGB feedback follows the model for SNIa feedback.
The stellar winds of the AGB feedback are noticeably slower than the SNe feedback,
with vout set to 25 km/s. The ejected masses follow the yields of Karakas (2010).
The AGB feedback has only one phase, which is equivalent to the free-expansion
phase for the supernovae.

3.1.8 Black holes and AGN feedback

At the start of the simulations, no black holes are included in the runs. SMBHs
are added to the simulation volume through a seeding mechanism as done in Sijacki
et al. (2007), where SMBHs of mass 105M�/h are inserted into dark matter halos
when their dark matter mass reaches 1010M�/h. As the seed SMBH masses are
smaller than the gas and dark matter particle masses by many orders of magnitude,
the gravitational effects of nearby particles can potentially eject SMBH from the
central regions of the halo. In order to avoid this, a repositioning method is used
(Johansson et al., 2009), which positions the SMBH at the local minimum of the
gravitational potential at each timestep. This effectively keeps SMBHs at the center
of their halos while allowing SMBHs grow to realistic masses through accretion.

The merger criteria for SMBH mergers is adopted from Springel et al. (2005).
Two black holes are instantly merged, if they are within a softening length from
each other and if their relative velocities do not exceed the local speed of sound.

The mass accretion of SMBHs is modelled as in Johansson et al. (2009), which
uses the Bondi–Hoyle–Lyttleton parametrization (Hoyle & Lyttleton 1939, Bondi
& Hoyle 1944, Bondi 1952) to describe the mass accretion. With this, the mass
accretion is

ṀBH = 4πG2αM2
BHρ

(c2
s + v2)3/2 , (3.29)

where α is the dimensionless efficiency of accretion, cs is the sound speed and ρ

the density of the surrounding gas, while v the velocity of the black hole relative
to the gas surrounding it. As mentioned in Section 2.3.2, the upper limit for mass
accretion is the Eddington rate

ṀEdd = 4πGmpMBH

εrσTc
, (3.30)

where σT is the Thomson cross-section for free electron scattering, mp the mass of
the proton and εr the dimensionless radiative efficiency, assumed to be 0.1. The mass
accretion rate of a black hole is therefore calculated as ṀBH = min(ṀBHL, ṀEdd).

Finally, AGN feedback is modelled following Springel et al. (2005). The feed-
back is assumed to be isotropic and thermal. A factor of εf of the radiated luminosity
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Lr affects the surrounding particles, meaning that the feedback energy fulfills the
equation

Ė = εfLr = εfεrṀBHc
2. (3.31)

A value of εf = 0.5 is chosen, resulting in feedback energy being equal to 0.5% of
the accreted rest mass energy.

3.2 KETJU

In order to follow accurately the dynamics of SMBHs, simulations are also run with
ketju (Rantala et al., 2017), which employs a regularized integrator in the vicinity
of SMBHs. Stellar particles within a chain radius rchain of a SMBH are considered
ketju particles, and are excluded from the TreePM force calculations. For these
particles, a regularized integrator mstar (Rantala et al. 2020, see also Section 3.2.1)
is used. The particles outside the ketju region are still treated with the TreePM
algorithm.

Multiple SMBHs can reside within a single ketju region. In addition, SMBHs
can only belong to one ketju region, meaning that if black holes i and j fulfill the
equation

||rBH,i − rBH,j|| < 2rchain, (3.32)

their Ketju regions are merged to one. ketju allows the simulations to follow the
dynamics of SMBH binaries to much smaller separation distances than gadget-3.
With ketju, two SMBHs are merged only when their separation becomes smaller
than the sum of the Schwarzschild radii of the two SMBHs multiplied by six, i.e.
the minimum radius is (Rantala et al., 2017)

rmin = 6
(2GM1

c2 + 2GM2

c2

)
. (3.33)

This merger criteria is chosen due to the PN corrections breaking down on smaller
separations. The minimum separation radius ensures that the dynamics are followed
to distances multiple orders of magnitude smaller than in gadget-3, where mergers
usually occur at the radii of r ∼ 10–100 pc (Johansson et al., 2009).

3.2.1 MSTAR

The original version of ketju (Rantala et al., 2017) used an algorithmic regular-
ization chain ar-chain (Mikkola & Merritt 2006, 2008) integration method. The
version of ketju used in this thesis is the same as in Mannerkoski et al. (2021a),
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where ar-chain is replaced with the minimum spanning tree regularization algo-
rithm mstar (Rantala et al., 2020). Regularization means that the equations of
motion are solved by performing a coordinate transform into a coordinate system
without singularities, making the computation of dynamics feasible without resort-
ing to very small timesteps.

mstar uses the chain coordinate system, where particle positions are described
by their relative distances, i.e.

Xk = rjk − rik ≡ rk+1 − rk. (3.34)

Similarly, the chained velocity V, Newtonian acceleration A and the acceleration
due to PN-corrections G in the relative coordinates are

Vk =vk+1 − vk, (3.35)

Ak =ak+1 − ak, (3.36)

Gk =gk+1 − gk. (3.37)

The PN-corrections calculated by ketju include the terms up to the term PN3.5
(Rantala et al., 2017). The chained coordinates are not used in the calculations for
all accelerations. Rather, the chained coordinates are only used for the Nd nearest
particles, meaning that the separation vectors are used as

rj − ri =

rj − ri, |i− j| > Nd∑max{i,j}−1
k=min{i,j} sgn(i− j)Xk, |i− j| ≤ Nd.

(3.38)

The value Nd = 2 is chosen as Mikkola & Merritt (2008) demonstrated that higher
values lead to larger floating-point errors when summing over particles for the ac-
celeration calculations.

mstar performs a time coordinate transform t → s. Using the standard
hamiltonian H = T − U , the equations of motion then become

dt
ds = 1

T +B
, (3.39)

dXi

ds = Vi

T +B
, (3.40)

where B = −H is the binding energy of the system. Furthermore, the time deriva-
tives of the velocities and the binding energy are now

dVi

ds = Ai + Gi

U
, (3.41)

dB
ds = − 1

U

∑
i

mivi · gi, (3.42)
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where the derivative of the binding energy B is calculated in the original coordinate
system.

The upgrade from ar-chain to mstar allows ketju to include N ∼ 104 par-
ticles in a Ketju region while keeping the computation times tolerable, a magnitude
of two improvement compared to ar-chain (Rantala et al., 2020). This is caused by
the improved parallelisation and the way which the particle trees are constructed.
mstar uses the Minimum Spanning Tree (MST) algorithm. The tree is constructed
using Prim’s algorithm (Prim, 1957). The algorithm ensures that particles which
are spatially close to each other also are near each other in the tree structure, which
is not the case when using a chain structure for the tree (Rantala et al., 2020).

3.2.2 Gragg-Bulirsch-Stoer extrapolation

To increase the accuracy of the integration, ketju uses the Gragg-Bulirsch-Stoer
(GBS) extrapolation method (Gragg 1965, Bulirsch & Stoer 1966) combined with
the leapfrog integration. The GBS extrapolation improves the accuracy of the in-
tegration by dividing a step size H (equivalent to timestep ∆t) into n steps, each
having length h. The results of the integrations are extrapolated to h → 0 after
each interval has been integrated.

To find a result which can be extrapolated with minimal computational work-
load, the number of the substep divisions n is chosen from set of possible divisions
{nk}. Rantala et al. (2020) found that the simple Deuflhard sequence (Deuflhard,
1983),

nk = {2k | k ∈ Z+}, (3.43)

i.e. the set of positive even numbers result in fast convergence. The result is con-
sidered converged when the criterion∣∣∣∣∣∆SSk

∣∣∣∣∣ ≤ ηGBS, (3.44)

is achieved. Here, ∆S = Sk+1 − Sk is the estimate for the error of a dynamical
variable S after k substeps and ηGBS is the relative error tolerance given as an
input. The typical value of ηGBS = 10−8 is chosen in this thesis. If convergence
is not reached with k subdivisions, the original step size Hi is decreased and the
process started over from the beginning. The step size for the step i+ 1 is set to

Hi+1 = aGBS

(
ηGBS

εi

) 1
2k−1

Hi, (3.45)
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where aGBS ∈ (0, 1] is a safety factor, εi the maximum error from the previous
timestep in the dependent variables (Press et al., 2007). If convergence was not
achieved, the extrapolation is tried with step size H = min{Hi+1, 0.7Hi}. If the
extrapolation did result in convergence, extrapolation for the next timestep of the
system is started with H = min{Hi+1, 5Hi}.

The division of timesteps into smaller ones leads to ketju using a modified
leapfrog integrator compared to gadget-3 (Equation 3.13). The KDK leapfrog
is switched to a DKD integration and each kick is calculated with a method by
Hellström & Mikkola (2010), which uses auxiliary velocity w in addition to the
‘ordinary’ velocity v to calculate the kicks. As the integration is performed over n
timesteps each with size h, the leapfrog integration can be expressed as (Rantala
et al., 2020)

U(H) = D

(
h

2

)
[K(h)D(h)]n−1K(h)

(
h

2

)
. (3.46)



4. Creating initial conditions for
the cosmological simulations

This chapter describes how the initial conditions (ICs) for the cosmological sim-
ulations run on this thesis are created. The first section describes the so-called
‘zoom-in’ method, which allows us to have spatially large simulation boxes with
high resolution regions. After this, the code music (MUlti-Scale Initial Conditions)
is introduced, which is used to create a spatial volume with realistic velocity and
density perturbations at an early redshift (z = 50). Compared to an earlier imple-
mentation by Bertschinger (2001), the errors in the velocity and displacement fields
are improved by two orders of magnitude in the music software (Hahn & Abel,
2011). The created ICs are used as a starting point for the performed gadget-3
simulations that are run in this thesis. The last part of this chaper focuses on the
setup of the cosmological ICs of the simulations, and how the output of the prelim-
inary low resolution large volume run is analyzed to find regions of interest needed
for the higher resolution zoom-in simulations.

4.1 Zoom-in technique

To study galaxy formation and evolution in a proper cosmological context, the sim-
ulation box must have a large volume. The perturbations at multiple fundamental
length scales enter the non-linear regime at different redshifts and thus without a
large enough volume (spatial dimensions of the box being ∼ 100 Mpc), the matter
power spectrum is not correctly resolved on the largest scales. This results in unre-
alistic gravitational tidal forces from the large scale structures, which in turn create
incorrect peculiar velocities for smaller scale structures, as shown in e.g. Mo et al.
(2010).

To resolve the gravitational effects of a smaller scale structure, it is also re-
quired to have a high mass resolution, i.e. a large amount of particles with relatively

42
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Figure 4.1: An example of a zoom-in region, with one level of mesh refinement. The circles
represent the particles on the coarse grid. The squares represent the refined particles, with each
coarse particle inside this region divided into 43 particles.

low mass.
Having a sufficiently high particle resolution over the entire simulation volume

would result in a unreasonably large computational workload. Thus it is more
sensible to implement a method, which has a high resolution in a single region of
interest, surrounded by a large volume with a smaller resolution. This method,
nowadays known as the ‘zoom-in’ technique, has been in use for multiple decades.
One of the first simulations with a region of interest surrounded by low resolution
background was performed by Navarro & White (1994), and later implementations
have been used by e.g. Power et al. (2003), Oser et al. (2010), Johansson et al.
(2012), and Marinacci et al. (2014).

An example of a zoom-in grid is shown in Figure 4.1. Here, the dots represent
the more massive particles on a coarse grid, while the squares represent the refined
grid with lower mass particles. In this refinement, each massive particle in the refined
region is divided into 43 particles. Modern implementations, such as the one used in
this thesis, use zoom regions with multiple levels of refinement (see Section 4.2.3).
As adding levels of refinement resolves smaller structures, the results of zoom-in
simulations with different maximum resolution vary slightly. The simulation with
higher resolution includes more low-mass satellites, and both their velocities and
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spatical locations can differ. Also, the masses of more massive objects are affected,
and mergers can occur at slighly different times.

To locate the regions of interest, we need to first perform a computationally
less expensive simulation without a high resolution volume (discussed in 5.1) in-
cluding only dark matter, and then choose the zoom-in regions and perform the
simulation again, now also including baryons. The initial conditions (ICs) must also
portray a realistic case, i.e. the fluctuations at a very high redshift must match the
expected density structure from cosmological linear theory. As the redshift is very
high (z > 20), the evolution of density structures is still following the linear theory.
Fortunately, we can use a single program to create realistic ICs, with a zoom-in box
included.

4.2 music

4.2.1 Overview

music (MUlti-Scale Initial Conditions) is a code written by Hahn & Abel (2011),
which can be used to create ICs for gadget-3 simulations. The program creates a
simulation volume, with velocity and particle displacements calculated to a grid of
particles, whose original positions are determined from a transfer function, given as
input (by default, music uses a transfer function from Eisenstein & Hu (1998), and
is also used here). To account for fluctuations on smaller scales, the program can
also create a high resolution zoom-in region for the ICs. The zoom-in region can
have multiple levels of refinement, and an example of an IC created using music is
shown in Figure 4.2.

music improves on prior work, e.g. the Grafic-2 code made by Bertschinger
(2001), which also produces ICs with multiple levels of refinement. One of most no-
table upgrades in music compared to Grafic-2 is in the way the transfer function
is used to calculate the density perturbations, discussed in 4.2.2. Another improve-
ment is how the different refinement levels constrain other levels, which is discussed
in 4.2.3.

The initial conditions produced by the music code best describe the velocity
and density structure when the redshift of the produced ICs lie in the linear pertur-
bation regime of the resolved structures. If the initial redshift zi of the ICs is set to
be too low (i.e. in the non-linear regime), the formation of the first haloes occurs
at unrealistically late times and the formation of high-mass haloes is suppressed, as
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Figure 4.2: An example of a density field, showing the projected surface density created using
music, in physical units. The sidelength of the simulation box is 100 Mpc/h. At the centre, a
region with four refinement levels is included.

shown by Reed et al. (2013). Still, music gives relatively accurate ICs even in the
mildly non-linear regime of zi ∼ 20 (Hahn & Abel, 2011).

4.2.2 Generation of the seed density field

For the generation of particle velocities and positions, music first needs to create a
density field, described by a density perturbation δ(r).

The transfer function T (k) can also be used to express the power spectrum,
defined as

P (k) = αkns (T (k))2 , (4.1)

where α is a constant used to normalize the power spectrum, and ns is the spectral
index, describing the slope of the power spectrum. The value of the spectral index
is given to music in the configuration file, while α is evaluated via the observable
value of the variance of the galaxy distribution σ2 at a distance R.
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For the distribution of galaxies, as shown in e.g. Mo et al. (2010), the predicted
variance is defined as

σ2(R) = 1
2π2

∫
P (k)W̃ 2(k)k2dk, (4.2)

where W̃ (k) is defined as the Fourier transform of a window function W (r). There
are multiple choices for the window function, and the most popular one is the simple
top-hat window function W (r), which is given by

W (r) =


3

4πR3 , r ≤ R

0, r > R.
(4.3)

The Fourier transform of this function is

W̃ (k) = 3
(kR)3 (sin(kR)− kR cos(kR)) . (4.4)

As the variance, as well as the shape of the power spectrum are known, the amplitude
of the spectrum can now be normalized. For historical reasons, the distance where
the variance is usually measured is R = 8 Mpc/h, and is also the value music takes
as input to normalize the power spectrum. At this distance, σ(8 Mpc/h) ≡ σ8 is
measured close to unity, since this is approximately the length scale at which the
structure evolution becomes non-linear, with higher mass structures corresponding
to higher length scales still evolving linearily (Mo et al., 2010).

As the shape of the power spectrum are known and the spectrum is normalized,
the generation of the density field is now possible. The goal is to create the density
field from random noise values µ(r), while requiring that the amplitudes follow the
power spectrum P (k). The sample of random values µ(r) is called the white noise
sample. The white noise field is a field which has a constant power spectrum, i.e.
P (k) ∝ kn with n = 0 (Mo et al., 2010).

music generates the white noise sample using a Gaussian distribution. De-
tailed discussion of Gaussian distributions can be found in multiple sources of litera-
ture, for example Mo et al. (2010). For a distribution to be Gaussian, the probability
density function % of random value x is given by

%(x) = 1√
2πσ

exp
(
−(x− x̄)2

2σ2

)
, (4.5)

where x̄ and σ2 are the mean and the variance, respectively. This equation can
be generalized to higher dimensions, and for an n-dimensional random field δ(x) =
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(δ1, δ2, . . . , δn) the distribution is Gaussian if the probability distribution function
can be written as

%(δ1, δ2, . . . , δn) = 1√
(2π)ndet(M)

e−L, (4.6)

whereM is the covariance matrix,Mij = 〈δiδj〉, and

L ≡ 1
2
∑
i,j

δi
(
M−1

)
ij
δj. (4.7)

It is assumed that the Gaussian random field is homogenous and isotropic, meaning
that the multivariant Gaussian distribution functions are invariant under spatial
translation or rotation. Therefore the two-point correlation function ξ(r) completely
determines the distribution functions. Specifically, the field’s one-point distribution
function is

%(δ)dδ = 1√
2πσ2

e−
δ2

2σ2 dδ, (4.8)

where the variance of the field is 〈δ2(x)〉 = σ2 = ξ(0).
Returning to the white noise sample, the amplitudes of the random values

µ(r) can be generated to follow the power spectrum P (k) by considering the Fourier
transformed random field µ̃(k). With this, the Fourier transformed field δ̃(k) can
be expressed as

δ̃(k) =
√
P (||k||)µ̃(k) = α||k||ns/2T (||k||)µ̃(k). (4.9)

A common procedure to evaluate the real-space density field is to perform an
inverse Fourier transform of δ̃(k), as is done in e.g. Bertschinger (2001). music uses
a different approach, and calculates the real-space density field as

δ(r) = TR(||r||) ∗ µ(r), (4.10)

where TR(r) is the real-space counterpart of T̃ (k) ≡ αkns/2T (k) and "∗" is denoting
a convolution, discussed thoroughly by Salmon (1996). Briefly, the white noise µ(x)
is realised as density perturbations in real space using the convolution operator.
This method has previously been used by e.g. Pen (1997) and Sirko (2005). Hahn
& Abel (2011) also show that previous implementations that use the inverse Fourier
transform of δ(k) results in too small values for the two-point correlation function,
when compared against the two-point correlation function determined from input
power spectrum.
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To calculate the δ(r) via a convolution, it is still required to transform T̃ (k)
into real space, which music achieves by performing the calculation (assuming that
T̃ (k) is spherically symmetric)

TR(r) = 1
(2π)3

∫
R
T̃ (k)eix·k · kd3k (4.11)

= 1
2π2

∫ ∞
0
T̃ (k)sin(kr)

kr
dk. (4.12)

4.2.3 Creation of nested grids

When creating the refined regions, the white noise of the subgrids must be consistent
with the white noise of the coarse domain, meaning that when dividing a particle
(parent cell) into smaller particles (children cells), the mass must be conserved. A
common way to achieve this has been the Hofmann-Ribak algorithm (Hoffman &
Ribak, 1991), which Grafic-2 also uses.

The Hofmann-Ribak algorithm first creates individually white noise fields w`

and w`+1. The field with the higher level of refinement ` + 1 is unconstrained at
this point and has a variance 8 times higher than level `, which is one level coarser.
Having 8 times higher variance is equivalent to dividing the parent cells into groups
of eight children cells. To match the level ` + 1 to level `, the mean white noise
of the finer level must be matched to the value of the coarser level. Bertschinger
(2001) achieves this by subtracting the mean of the unconstrained sample from the
sum of the coarse white noise and the unconstrained white noise.

While this algorithm does conserve the mass of the coarse grid on the finer
subgrids, the approach does not preserve the Fourier modes of the coarse white
noise. Thus music uses a modified method, which still utilizes the Hofmann-Ribak
algorithm while simultaneously retaining the Fourier modes.

When creating the refined subgrids, the method still divides each parent cell
into eight children cells. A two-dimensional example of this is shown in Figure 4.3.
After this, the Fourier modes of the coarse grid are preserved by performing a Fast
Fourier Transform (FFT) of the transfer function on two regions: on the fine grid,
and on the coarse grid region which is overlapping with the finer grid. For the finer
grid, all of the modes up to the so-called Nyquist wave of the coarse grid, k ≤ kNy,
are then replaced by the modes of the coarse level. The value of the Nyquist wave
number is kNy = π/∆x, where ∆x is the spacing of the particles on the coarse grid.
This value acts as a cutoff value for the FFT, as numerical calculations of Fourier
transformations cannot be continued to infinity.
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Figure 4.3: A two dimensional example layout of multiple scale nested grid (Figure 3 of Hahn &
Abel 2011). The figure shows parent cells on level `, and children cells on two higher levels. The
centre of the children cells is not in the same position as the centre of the parent cell.

The Fourier modes are now preserved, and an inverse Fourier transform can
be performed to create the refined subgrid with preserved Fourier modes. Finally, a
reverse version of the Holfmann-Ribak algorithm is used. With this, the average of
the children cells on the finer level define and replace the white noise values of the
coarser level on the overlapping regions.

With multiple levels of refined subgrids present, this method is started from
the finest subgrid, and then move to coarser grids one level at a time. In the regions
where levels ` and `+ 1 overlap, the parent cells are replaced by the average of the
eight children cells and thus, in addition to conserving the Fourier modes, the mass
is also conserved.

To calculate the over-density fields on each level of the nested grids using FFTs,
the convolution kernels T (r) are still needed for all refined levels. For this, the levels
of the nested grid are divided into domains Ω` and each domain is surrounded by
a padded domain Ω`,p. The sides of the padded domain are double the length
compared to the domain Ω`, as shown in Figure 4.4. The padded domain is needed
to keep the Fourier transforms isolated, which leads to conservation of the wave
modes when performing the convolution.

The creation of convolution kernels starts from the finest level `. At this level,
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Figure 4.4: A two-dimensional representation of the domains of two levels of refinement, including
the padded domain for the subgrid. The domain of the higher resolution level has a sidelength of
N , and the padded domain has a sidelength of 2N (Figure originally the figure 4 by Hahn & Abel
(2011)).

the convolution kernel in the domain and the padded domain is simply equivalent
to the real-space transfer function,

T `(x) = TR(||x||), (4.13)

where TR is evaluated as shown in eq. 4.12. The origin is placed at the centre of
the domain. For the next level, the calculation of the kernel is performed in two
different ways, depending on the location for which the kernel is evaluated at. If the
location on the level does not have a refined subgrid over it, the calculation for the
kernel is performed in the same way as for the most refined level, as shown in eq.
4.13. As mentioned before, for the overlapping regions, the kernels are all averaged
over the eight children cells. This is achieved with the calculation

T `−1(x) = T `−1(x, y, z) = 1
8

∑
i,j,k∈{−∆x`

2 ,∆x
`

2 }

T `(x+ i, y + j, z + k), (4.14)

where ∆x` is the spacing of the particles on level `. The relation of the spacing of
particles on refinement levels ` and ` − 1 is ∆x`−1/∆x` = 2. After level ` − 1, the
calculation of kernels moves on to level `−2, and so on. For these levels, the kernels
are calculated in the same way as for level `− 1.



4.2. MUSIC 51

4.2.4 Particle displacements and velocity fields

The generated density field from the white noise sample is then used as a starting
point for the evolution of particle position and velocity fields. The evolution is cal-
culated using the first order Lagrangian perturbation theory. The time evolution
of the position and the velocity of each fluid element (i.e. each particle) is followed
until the initial redshift zi is reached. The time evolution of the density field "dis-
places" particles from their initial positions, turning the initial Gaussian field into a
non-Gaussian field.

In Lagrangian perturbation theory, the time evolution of the position x(t) and
velocity v(t) is determined by a so-called "displacement field" L(q, t), where q is
the initial position of a particle. The time evolution of the position and velocity is
written as

x(t) = q + L(q, t), (4.15)

v(t) = dL(q, t)
dt . (4.16)

For the numerical calculation of the displacement field, music uses the first
order approximation, the so-called Zel’Dovich approximation (Zel’Dovich (1970), see
also 2.2.2). With this, the displacement field can be calculated as

L(q, t) = − 2
3H2

0a
2D(t)∇φ(q, t) ≡ D−1(t)∇Φ(q, t), (4.17)

where D(t) is the growth factor of linear density perturbations and Φ is the scalar
displacement potential, which is proportional to the gravitational potential φ (Hahn
& Abel, 2011). The evolution of the gravitational potential is calculated by solving
the Poisson’s equation in comoving coordinates, which is written as

∆φ(q, t) ≡ ∇2φ(q, t) = 3
2H

2
0a

2δ(q, t). (4.18)

With this first order approximation, the velocity of each particle is acquired via a
gradient of the potential. Thus the velocity field with this approximation results in
∇× v(t) = 0 (Hahn & Abel, 2011). music is also capable of calculating the fields
using a more complicated second order approximation, but it was not used when
generating ICs for the simulations in this thesis.

To achieve a numerical solution for the Poisson’s equation, music uses a hybrid
of two methods, FFT and a multi-grid solution called Full Approximation Scheme
(FAS, Brandt (1977)). This technique first solves the equation on the finest grid,
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and proceeds from that to coarser levels. With this hybrid method, the FFT is only
used for the finest level.

For the levels in which the Poisson’s equation is solved using the FAS method,
the equation is written in the form of

∆φ(x) = f(x). (4.19)

The implementation of FAS in music is thoroughly expained in the paper by Hahn
& Abel (2011). In summary, music approximates the value of the gravitational
potential φ on grid level ` to be u`, with the operator ∆ being approximated to
Laplacian value L, taken from a table. These can be used to calculate the residual
term r` = f `−L`u`. This generates terms affecting level `− 1 and thus needs to be
minimized. A correction to the residual is achieved by using a so-called smoothing
scheme S(u`, f `). This method is applied recursively on each level ` to decrease
the value of the residual r` until a treshold value is reached, resulting in a excellent
approximation for the value of φ and allowing the program to create the necessary
ICs for cosmological simulations.

4.3 Cosmological setup for the GADGET-3 zoom-
in and KETJU simulations

The goal of this thesis is to study the output of cosmological simulations performed
with Gadget-3 and Ketju. To acquire the simulation data analyzed in chapters
5 and 6, the following steps and runs are performed:

1. Generate an IC without baryons using music.

2. Run a gadget-3 simulation from the created IC to redshift z = 0.

3. Locate areas of interest from the output.

4. Use music to create ICs with zoom-in regions. Two versions are created: with
and without baryons.

5. Perform the zoom-in cosmological runs with gadget-3.

6. Analyze the output data and starting points for simulations with ketju en-
abled.

7. Perform the ketju runs and analyze the data.
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All of the performed simulations use the same cosmological parameters, which
are shown in Table 4.1, also including the resulting critical density. These are the
default values music uses, and are very close to the results derived from the obser-
vations of the cosmic microwave background (Planck Collaboration et al., 2020b).
In addition, all of the simulations have periodic boundary conditions. The starting
redshift of the ICs created with music is set to zi = 50 and the sidelength of the
box is set to 100 Mpc/h.

H0 (km/s/Mpc) Ωm Ωb ΩΛ σ8 ns ρcrit (kg/m3)
70.3 0.276 0.045 0.724 0.811 0.961 9.28× 10−27

Table 4.1: Cosmological parameters used for the simulations. The critical density acquired with
these parameters is also included. If a simulation does not include baryons, the dark matter
density parameter ΩDM is equal to the matter density parameter Ωm. If baryons are included,
ΩDM = Ωm − Ωb.

The coarse grid is made up of 1283 particles. The matter density can be written
as

ρm = Ωmρcrit = Nm

V
, (4.20)

where N is the number of particles, m the mass of a single particle and V = L3 is
the volume of the box. Combining this with the equation for critical density (Eq.
2.16), the mass of a single particle can be calculated with

m = V

N
Ωmρcrit = L3

N

3H(t)2

8πG Ωm. (4.21)

For the simulations performed here, this leads to coarsest particles having an indi-
vidual mass of 3.65× 1010 M�/h.

4.4 Methods for locating regions of interest

For the analysis of the cosmological simulations (and to locate regions of interest
for the zoom-in simulations), an algorithm is needed to locate halos from the low
resolution dark matter only simulation (discussed in 5.1). Here, two methods are
shortly introduced. The first is used to divide the simulation particles into groups,
each being a halo. The second method is used to find the center of mass of a halo,
necessary for the analysis of the formed halos and galaxies.
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4.4.1 Identifying halos: Friends-of-friends algorithm

To divide the output data into objects, a Friends-of-Friends (FoF) algorithm is used.
Versions of the algorithm have been used for observational surveys and simulation
data, e.g. Huchra & Geller (1982) and Nolthenius & White (1987) for survey im-
plementations Davis et al. (1985) and Nurmi et al. (2013) for usage with simulation
data, to name a few.

To use the algorithm on the output data, a Python module pygad (Röttgers
et al., 2020) is used. With this, the FoF algorithm is used to divide the simulation
particles into groups, with each group representing a halo. A particle is considered
to be a part of the same group as another particle, if the distance between the two
particles is smaller than a determined threshold value l (see Equation 5.1). This
value is often called the linking length and these two particles are called ‘friends’.
Similarly, if two particles in two individual groups are separated by a length smaller
than the linking length, the two groups are combined to one group. An example of
two groups defined with FoF is shown in Figure 4.5.

Figure 4.5: An example showing two groups defined with the FoF algorithm, as shown in Kwon
et al. (2010). Black particles form one group, and the white ones another. For particles A, B, C
and D, circles having a radius ε, which is equal to the linking length is shown. Particles inside the
circles are the friends of the central particle. For example, even though particles A and C are not
considered friends, they are still part of the same group.

The FoF algorithm is used to find objects using the position of dark matter
particles. However, the determined groups do not necessarily represent physical,
gravitationally bound structures. Thus the centre of a determined group may not
coincide with the centre of the halo, and after applying the FoF algorithm, another
method is used to locate the centres.
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4.4.2 Locating centers of objects: Shrinking sphere method

The centers of the objects defined with the FoF algorithm are calculated with the
so-called shrinking sphere method (Power et al., 2003). This method is also applied
using pygad (Röttgers et al., 2020).

The method begins with placing a sphere with radius r0 around the center
location of object determined using the FoF algorithm. The new location of the
calculated center is then placed at the center of mass of the particles within the
sphere. Another, shrunken sphere is then placed at this location with the radius
being a few percent smaller than the previous radius. In this thesis, the radius is
shrunk by 2.5%, as in Power et al. (2003), in which it is also stated that the location
of the centre does not vary much if the shrinking percentage is changed as long as
the method is started with a large radius.

To find the real centre of the object, this method is applied recursively. After
each placement of a shrunken sphere, new centre of mass is calculated using the
particles within the new sphere. These steps are applied recursively until the amount
of particles left inside a sphere decreases below a threshold limit (set to 100). The
real centre is the final centre of mass calculated. The largest difference between
the FoF and the shrinking sphere centres was found to be ∼ 3.5 kpc. Acquiring an
accurate estimate for the centre makes it possible to analyse multiple properties of
the formed halos and galaxies, like colours and rotations curves, for example.



5. Cosmological GADGET-3
zoom-in simulations

This chapter describes the results from cosmological simulations performed with
gadget-3. First, the dark matter only low-resolution run is introduced in Section
5.1. This run is mainly used to locate the positions in which to place the zoom-in
regions. Once this is done, an overview of the peformed cosmological simulations
is given in Section 5.2, including a discussion of the computational load of the per-
formed zoom-in simulations and the density profiles of the galaxies. In addition, the
results of the zoom-in simulations are described. These simulations were performed
with two different resolutions to determine the effect of resolution on the properties
of the formed galaxies. The studied properties of the galaxies include the virial
parameters, rotation curves, the star formation histories and the colours (Section
5.3). Finally, the simulation outputs at various redshifts are studied, with the goal
of finding optimal starting points for the ketju simulations, which are performed
to study the mergers of SMBHs in cosmological simulations, which are described in
Chapter 6.

5.1 Choosing zoom-in regions from the low-resolution
dark matter only run

The ‘low resolution’ gadget-3 cosmological simulation including only dark matter
was run from redshift z = 50 until the present time, i.e. redshift z = 0. The
volume of the simulation box was set to (100 Mpc/h)3. The simulation includes 1283

particles, each having a mass of 3.65× 1010 M�/h. This simulation was performed
on Kale, which is a computer cluster hosted by the University at the Helsinki. The
run used 16 CPUs on one computing node, lasting 24 hours and 4 minutes (see also
Table 5.1).
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To locate regions of interest from the low resolution run, the FoF algorithm
was used (see Section 4.4.1). For the linking length, the default value of pygad was
used, which is

l =
(1500ρcrit

mDM

)−1/3
≈ 89.8 ckpc/h, (5.1)

where mDM is the mass of a dark matter particle and ckpc stands for comoving
kiloparsecs. The goal is to choose multiple massive dark matter structures which
have embedded halos in them, and place a zoom-in region on the position where the
particles forming the halo are located at the start of the simulation. For this, the
center of the halo is estimated to be at the center-of-mass of the particles, since each
particle is a dark matter particle of equal mass. Next, we check what is the maximum
distance rmax of a halo particle from the center-of-mass, and make a sphere with a
radius of 1.5 rmax centered at this point. Finally, we take every particle inside this
sphere, and trace their locations back to the beginning of the simulation, and check
the minima and maxima of the three comoving spatial dimensions of these particles.
These values are used as the borderlines of the zoom-in region. Locating the regions
of interest is performed in comoving coordinates in order to see the initial positions
of the particles, compared to the location of the structure they form at redshift
z = 0.

A larger radius resulting in a sphere covering more than just the located struc-
ture was used to prevent contaminating the zoom-in halo with massive particles. A
large presence of massive boundary particles in the region inside radius r of a halo
can decrease the amount of gas in this inner region by a few percent, as the high
mass particles can act as artificial gravitational sinks (Oñorbe et al., 2014).

Three zoom-in regions were chosen from the low resolution run with the goal
of choosing regions with massive galaxies inside them. Figure 5.1 shows the surface
density of the entire simulation volume, in comoving coordinates. The three dots
show the locations of the chosen halos for the zoom-in simulations. The three boxes
show the locations of the placed zoom-in regions at the beginning of the simulation.
Clearly, the locations of the halos at redshift z = 0 are offset from the boxes. As the
density perturbations collapse, the mass flows into overdense regions. The bulk flow
into the overdense regions results in the offset seen between the initial conditions
and the halos at redshift zero.

For each three cases with a refined volume, simulations were performed with
two different resolutions, called medium and high resolution henceforth. The medium
resolution run has three levels of refinement, and the high resolution has four. Each
level of refinement divides the particles in the zoom-in region to eight children cells,
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Figure 5.1: Surface density of the low resolution cosmological simulation at redshift z = 0. The
red dots show the locations of the three halos which were chosen to be refined in the zoom-in
simulations. The three boxes show the locations of the particles in the initial conditions which
form the three halos at z = 0. The three halos are simply named A, B and C. The volumes of
zoom-in regions are are 323.0 Mpc3/h3, 658.8 Mpc3/h and 288.1 Mpc3/h3 for regions A, B and C,
respectively.

resulting in particles masses decreasing to one eighth from the previous level, and
the distance between particles gets halved (as shown in Figure 4.3). The simula-
tions with dark matter and baryons have particle masses mDM = 5.97 × 107M�/h

and mSPH = 1.16 × 107M�/h for the particles at the highest level in medium res-
olution simulations. For the high resolution versions, these masses are mDM =
7.46× 106M�/h and mSPH = 1.45× 106M�/h.

For both resolutions, two runs are performed: a run with only dark matter,
and a run with dark matter and gas particles. Thus each of the three zoom-in region
is simulated in four different runs, resulting in a total of 12 different simulations.
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5.2 Overview of the cosmological zoom-in simu-
lations

All of the Gadget-3 simulations including the refined regions were run with the
CSC supercomputer Puhti. Each simulation started from redshift z = 50, and
was run until redshift z = 0. The simulations create output files (called snapshots
henceforth) of the current state of the simulation at times listed in a text file. The
snapshots are set to be created once every 91.55Myr, totaling 150 snapshots. The
dark matter only simulations were run on half a node, while the simulations including
dark matter and baryons were also run on one node, but now using the full node,
i.e. 40 CPUs. The elapsed wall-clock times, including the low resolution simulation,
are shown in table 5.1.

The elapsed times clearly show that the computational load is increased when
adding baryons or increasing the refinement level. Especially in the simulations in-
cluding baryons, the simulation times are greatly increased with higher resolution,
since structures on smaller scales are now resolved. The dark matter only simula-
tions are much faster to run compared to runs including baryons, as only the effects
of gravity need to be calculated for dark matter. When gas is included, the sim-
ulations must calculate multiple other effects such as star formation, gas cooling,
hydrodynamics and feedback processes. The computation times for the halo C are
the shortest, while the times are longest for halo B. This was expected, as halo B has
the largest number of particles in the low resolution run, and thus has the largest
zoom-in region and much more high-resolution particles compared to A and C. On
the other hand, the halo C was the smallest of the three and thus the fastest to
simulate (see the sizes of the zoom-in regions in Figure 5.1).

Another noticeable thing is that the low resolution large-volume dark matter
only simulation took much longer than the zoom-in dark matter only simulations
with higher resolution. This is caused by a few reasons. First, compared to Kale,
the processors of Puhti are much more powerful. The amount of CPUs was also
slightly increased. Another reason for the faster computations is that the frequency
of updating the tree stucture was increased. In the low resolution run, the tree is
reconstructed after 0.1 N force calculations, whereN is the total amount of particles.
For the simulations run with Puhti, this value is set to 0.01 N in order to decrease
the computation time. This is the only change made to the Gadget-3 parameters
after the low resolution simulation. Even though rebuilding the tree structure more
frequently obviously adds more computations, this still decreases the total time due
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Simulation CPUs used Wall-clock time CPU time
DM only, low res 16 1 d 4 min 16 d 1 h 4 min

DM only, med res, A 20 2 h 36min 2 d 3 h 52 min
DM only, med res, B 20 3 h 28 min 2 d 21 h 21 min
DM only, med res, C 20 1 h 32 min 1 d 6 h 51 min
DM only, high res, A 20 5 h 55 min 4 d 22 h 27 min
DM only, high res, B 20 11 h 25 min 9 d 12 h 13 min
DM only, high res, C 20 4 h 26 min 3 d 16 h 36 min

Med res, A 40 8 h 44 min 14 d 13 h 30 min
Med res, B 40 16 h 32 min 27 d 13 h 17 min
Med res, C 40 6 h 55 min 11 d 12 h 42 min
High res, A 40 4 d 19 h 37 min 192 d 16 h 30 min
High res, B 40 9 d 17 h 2 min 1 yr 23 d 9 h 4 min
High res, C 40 3 d 8 h 8 min 133 d 13 h 17 min

Table 5.1: Computational overview of the simulations performed withGadget-3 withoutKetju.
The low resolution dark matter only run was performed using Kale, while the other simulations
were run on Puhti.

to an improved balance of computational load between the cores, since updating the
trees reallocates the new trees (and the particles in them) to the cores. This way the
chance of having a computationally remarkably large load on one core decreases.

In order to give an example of the impact of the addition of one extra refine-
ment level, surface density maps of the simulations of the galaxy A are shown in
Figure 5.2. For the stellar density maps, the extent from the center for the x-axis
and the y-axis is set to be equal to the virial radius. All four maps are from the
simulations including baryons and dark matter. Smaller scales are resolved in the
high resolution simulations and thus, compared to the medium resolution simula-
tion, more low-mass satellites can be seen around the galaxy in the high resolution
simulation surface densities. The large scale structure formed by dark matter is also
clearly more visible in the high resolution simulation. It is also worth noting that
the surface densities are much higher than the presented surface densities in Figure
5.1. This is simply caused by the difference in bin sizes. The square shaped bins are
much larger in Figure 5.1 compared to Figure 5.2, meaning that each bin includes
more empty space when creating the map for the entire simulation volume, resulting
in smaller integrated surface densities. For the surface densities shown in Figure 5.2,
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(a) Stars, med res A (b) Stars, high res A

(c) Dark matter, med res A (d) Dark matter, high res A

Figure 5.2: Surface density maps for the simulated galaxy A. The upper row shows the stellar
surface densities, while the lower row shows the surface density of the refined dark matter particles.
The center in each figure is set to the location found for the galaxy using the shrinking sphere
method. For the stellar surface densities, the extent from the center for both x-axis and y-axis is
set to be equal to the virial radius.

the surface densities are integrated over the slice of the z-axis which includes refined
dark matter particles and gas. Similar surface density maps are shown for galaxies
B and C in Appendix A.

The contamination for each galaxy was checked for each galaxy for a radius of
25 kpc. For both medium and high resolution version of galaxy A, no contamination
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was detected. For both B and C, the medium resolution runs included one non-
refined particle, and the high resolution runs included two. Still, the mass fraction
for the low-resolution particles compared to the total mass of the particles were only
about 0.1 and 0.002 percent for the medium and high resolution runs, respectively.
Both of these (especially for the high resolution simulations) mass fractions are more
than an order of magnitude smaller than the contamination of few percent in Oñorbe
et al. (2014), which showed small effects to the gas density. Thus the effects of the
very small contamination should be negligible.

5.3 Analysis of the properties of the galaxies

5.3.1 Virial properties

The virial properties of the simulated galaxies are shown in Table 5.2. For each
three chosen targets, neither one level of additional refinement nor the inclusion of
baryons makes a large difference for the virial mass or radius. Here, the virial radius
was chosen so that the mean density inside the sphere of virial radius rvir is equal
to 200 times the critical density ρcrit, i.e.

rvir = r

(
ρ(r)
ρcrit

= 200
)
. (5.2)

This definition for the virial radius is motivated by the theory of non-linear collapse,
as an overdensity of 200 is near the value at which gravitationally bound structures
collapse (see e.g. Mo et al. 2010). The virial mass Mvir is defined as the mass inside
a sphere of radius rvir.

The size of the visible galaxy is difficult to determine solely from the output
data. Thus, for the analysis performed in this thesis, the radius of the galaxy is
defined as rgal = 0.1 rvir, similarly to e.g. Johansson et al. (2012). Table 5.2 shows
that the virial radii for the galaxies simulated in this thesis grow to considerably
large values, and satellite galaxies inside the virial radii can also affect the defined
size of the radius. As there are 150 snapshots for each performed simulation, some
snapshots are taken from situations where another galaxy is inside the galactic radius
rgal. This can greatly affect the derived stellar properties, such as the mass and the
half-mass radius, especially if the mass of the merging galaxy is of the same order
as the main galaxy. Thus if another galaxy is in the outskirts of the main galaxy
inside rgal, the radius of the galaxy is decreased by 2.5 %, and the location of the
satellite is checked again. This process is repeated until the satellite is outside rgal,
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Simulation rvir (kpc) Mvir (M�)
DM only, med res, A 517 1.59× 1013

DM only, high res, A 515 1.57× 1013

Med res, A 522 1.64× 1013

High res, A 526 1.68× 1013

DM only, med res, B 582 2.27× 1013

DM only, high res, B 581 2.25× 1013

Med res, B 574 2.17× 1013

High res, B 578 2.22× 1013

DM only, med res, C 406 7.66× 1012

DM only, high res, C 409 7.86× 1012

Med res, C 401 7.38× 1012

High res, C 400 7.36× 1012

Table 5.2: Virial properties of the simulated galaxies at redshift z = 0.

or until a preset threshold value is reached. At this point it is concluded that the
satellite is a part of the main galaxy. If 0.1 rvir > 30 kpc, the threshold value is set
to rthresh = 30 kpc. Otherwise the threshold value is set to rthresh = 20 kpc. When
analysing the star formation and colours of the galaxies (see sections 5.3.3 and 5.3.4,
respectively), the stars for which the distance from the centre is larger than rgal are
thus not included in the analysis.

5.3.2 Rotation curves

In order to study the mass profiles of the galaxies as a function of radius, it is
customary to not to plot the mass, but rather the circular rotation curve Vc(r),
defined as

Vc(r) =
√
GM(< r)

r
, (5.3)

where M(< r) is the total enclosed mass of the system within radius r.
The rotation curves for each of the medium and high resolution cosmological

simulations at redshift z = 0 are shown in Figures 5.3 and 5.4. Solid lines show
the high resolutions simulations, and the dashed lines represent correspondingly the
medium resolution simulations. For simulations including baryons at redshift z = 0,
the rotation curves are shown for the inner 50 kpc (Figure 5.3a and 5.3b). For these
simulations in addition for the total circular velocity, the plots show the circular
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Figure 5.3: a) Rotation curves Vc(r) for the high resolution simulations including baryons and
dark matter. b) The same curves for the simulated medium resolution simulations. The solid lines
represent the calculated curves using total mass, the dashed lines show the curves for dark matter
and the dotted lines show the rotation curves for the baryonic component.

velocities separately for the dark matter baryonic components. For dark matter
only simulations, the curves are shown up to a radius of 200 kpc (Figure 5.4).

For the cosmological dark matter only simulations, no large differences are seen
between the high and medium resolution for any of the simulations. For galaxies
B and C, the circular rotation curves are very close to each other up to a radius of
∼ 50 kpc, with B reaching almost ∼ 375 km/s at 200 kpc while the rotation curve for
C peaks at 300 km/s. The rise of the rotation curve as a function of radius is most
rapid for the dark matter halo A, which nearly reaches a peak velocity of 400 km/s.
At the radius of 200 kpc, the growth of the rotation curve for each dark matter only
simulation has nearly stagnated. This rotation curve of the dark matter halo is in
line with other dark matter only simulations, e.g. Tissera & Dominguez-Tenreiro
(1998), as the rotation curves stay practically constant at large radii. The slow
growth of the rotation curve of the dark matter only version of galaxy B compared
to A is a bit surprising, as the galaxy B has the largest virial mass. This is explained
by two large satellites within the virial radius of galaxy B (see Figure A.1). For a
more accurate comparisons for the virial radii between the galaxies, the particles
of the satellite substructures would need to be removed from the calculation of the
virial radius of the main halo.

It is easy to see the large effect the inclusion of baryons has: all three high
resolution results show large peaks in the inner regions inside the inner 10 kpc, with
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total rotation curves peaking around 2 − 3 kpc. This outcome is caused by gas
cooling and star formation since energy is lost from the baryonic gas as it cools,
causing the baryonic component of the galaxy to collapse, creating a high-density
region in the central part of the galaxy. Both galaxies A and C reach rotation
velocities slightly under 500 km/s, while the galaxy B reaches a high velocity of
over 600 km/s. Compared to these rotation curves, it is clear that the dark matter
only simulations lack the central concentration, as the dark matter particles cannot
lose energy through cooling. Moving outward from the central region, the rotation
curves become nearly constant, meaning that M ∝ r at large radii. A noticeable
peak in the central region and the nearly constant values at large radii are both
expected properties for the rotations curves, as this is also seen in observations
(Weijmans et al. 2008 and Napolitano et al. 2009). The results also agree with other
simulations, e.g. Johansson et al. (2012) and Naab et al. (2007), even though the
rotation curves presented here, especially the one for galaxy B, reach noticeably
higher values compared to these. This is expected as the virial masses are typically
an order of magnitude higher than in the simulations in Johansson et al. (2012) and
Naab et al. (2007), and thus the galaxies are also expected to be more massive. The
largest peak which reaches 600 km/s is also a reasonable maxima, as peaks as high
as 700 km/s have been reached in other simulations (Meza et al., 2003). It is also
worth noting that the values for the peak rotation for each galaxy is also dependent
on the feedback models, as stellar feedback and especially AGN feedback can push
gas outward from the central region, lowering the star formation rate and the peak
rotational velocity.

Studying the rotation curves from the simulations including both baryons and
dark matter show that there are clear differences between the two resolutions. While
the two resolutions result in the same values for the total rotational velocity at large
radii, the curves are noticeably mismatched from the centre up to ∼ 20 kpc. Look-
ing at the circular velocities for the baryonic components, the medium resolution
versions are clearly missing the dense central regions present in the high resolution
variants. These results indicate that the resolution in the medium resolution is not
high enough to produce physically reasonable results in the central region, as the star
formation and feedback processes are not resolved accurately. The slight mismatch
for dark matter at small radii between the two resolutions is most likely caused by
the larger gravitational potential of the inner regions of the high resolution galaxies.

At earlier times (higher redshifts) the galaxies are expected to be smaller, and
the rotation curves are shown only for the inner 30 kpc, shown in Figure 5.5. The
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Figure 5.4: Rotation curves from the simulations only including dark matter. For this, the solid
lines represent the high resolution simulations and the dashed lines show rotation curves for the
medium resolution simulations.

rotation curves are extracted from snapshots taken at redshifts z = 1.0 and z = 3.0,
corresponding to lookback times of t = 6.62Gyr and t = 11.53Gyr, respectively.
Again, the shown rotation curves are for the baryonic (dotted line), dark matter
(dashed line) and the total (solid line) components.

Focusing on the high resolution simulations, all three galaxies have a peak
which moves to a slightly larger radius as the simulations progress from z = 3 to
z = 1. The peaks also become more spread out, indicating that the size of the stellar
part of the galaxy is growing, which is also the case in Johansson et al. (2012).
For galaxy B, the maximum of the rotation curve is also significantly increasing,
indicating that more matter is accreted to the central region. As the value of the
rotation curve Vc at which of the rotation curve flattens out is higher at redshift
z = 0 than at redshift z = 1, the mass of the galaxy is increasing via mergers. For
galaxies A and C, most of the growth occurs before redshift z = 1, as the peak values
and the values at large radii for the rotation curves are quite similar at redshifts
z = 0 and z = 1. While there are no dramatic changes in the mass of the galaxy,
the size of their inner regions are increasing, as the maximum of the peaks decreases
and the peaks become a bit more spread out.
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Figure 5.5: Top row: Rotation curves of the simulated galaxis at redshift z = 1.0 Bottow row:
Rotations curves at redshift z = 3. The solid lines represent the circular velocity of the whole
galaxy (baryons + dark matter), the dotted lines show the curve for the baryonic component and
the dashed lines show the circular velocity for the dark matter part of the galaxy.

To demonstrate the size growth of the inner regions, the evolution of the half-
mass radius R1/2 is studied. This quantity is the radius from the center which
includes half of the stellar mass of the galaxy inside it. The stellar half-mass radii is
calculated from the two-dimensional mass projection of the galaxies and are plotted
as a function of lookback time in Figure 5.6.

The half-mass radius increases for all six galaxies as the lookback time de-
creases, suggesting that the size of the inner region of the galaxies are also increas-
ing. It is worth noting that the half-mass radius also increases automatically since
the virial radius of each galaxy is increasing. In addition there are large differences
between the high and medium resolution galaxies. The medium resolution galaxies
have noticeably larger half-mass radii compared to their high resolution counterparts
at redshift z = 0. This is a consequence from the medium resolution’s inability to
correctly resolve feedback and star formation. As the medium resolution galaxies
do not form the rotation curve peaks in the inner region, the stellar population is
more spread-out, resulting in a larger stellar half-mass radius. As the high resolu-
tion runs do include the central peak for the rotation curves, the stellar matter is
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more concentrated at the center, resulting in a smaller half-mass radius. Compared
to cosmological simulation presented by Johansson et al. (2012), the half-mass radii
here are larger, which is expected as the galaxies are more massive in this thesis.

The large differences in the stellar properties between the two resolutions are
caused by the medium resolution galaxies low number of stellar particles and their
large particle mass. Figure 5.5 shows that the differences between the two resolu-
tions are much smaller at earlier redshifts. As the simulations proceed and feedback
processes become more important, the stellar properties start to differ between the
two resolutions. Since the feedback always affects a constant amount of nearest
particles no matter how far they are, the low number of stellar particles in the
medium resolution runs results in each stellar particle receiving energy more often
from the central SMBH than in their high resolution counterparts. As the distance
of the nearest particles to the feedback source does not affect the amount of particles
receiving energy from the feedback, stellar particles are energized by feedback pro-
cesses over unphysically large distances. The stellar particles end up being pushed
away from the central region in the medium resolution runs. This leaves the cen-
tral regions without dense regions of gas, resulting in too low stellar masses in the
medium resolution galaxies.

While the half mass radius increases for each galaxy as the redshift decreases,
there are still noticable, large and rapid increases and decreases seen as peaks. These
are caused by close interactions between galaxies and galaxy mergers. When a large
mass galaxy is within rgal but the cores are still several kiloparsecs apart, the stellar
mass is increased but the central concentration of stellar mass is largely not yet
affected which means that the stellar half-mass radius momentarily spikes upwards.
The mergers of the galactic cores can also create spikes in the derived half-mass
radius. After a merger is finished, the half-mass radius of the galaxy will be larger
than before the merger.

5.3.3 Star formation

In order for star formation to occur, a galaxy must have regions of cold, dense gas.
As the cold gas gets depleted, star formation practically comes to a halt. The star
formation rate can also decline due to feedback processes resulting in heating of the
gas component. However, galaxy mergers can rejuvenate the star formation for a
short period of time.

To estimate the amount of star formation occurring at a certain time, the star
formation rate (SFR) of each galaxy is studied. This quantity gives the amount of
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Figure 5.6: The evolution of the stellar half-mass radius for the three zoom-in galaxies for both
high and medium resolutions. The calculated projected half-mass radius includes half of the stellar
mass that is within rgal. The solid lines represent the high resolution simulations and the dashed
lines represent the medium resolution simulations.

stellar mass formed at a certain time. Note that this only tells the time at which
stellar mass is formed, not the location where it is formed. The stars are either
formed in situ, or are accreted to the galaxy from another galaxy via mergers.

From the final snapshot taken at z = 0, the time of formation of each stellar
particle inside rgal is checked. The stars are then divided into bins depending on the
time of formation, with each bin covering 250 Myr. The SFR can now be calculated
by dividing the sum of stellar particle masses in a bin by 250 Myr.

The SFRs for the simulated zoom-in galaxies are shown in Figure 5.7, in units
of M�/yr as a function of lookback time. The SFRs are also shown in Appendix B,
with each galaxy’s SFR plotted in a separate figure. For all of the simulated zoom-
in galaxies, the SFR peaks at a high redshift, in a range of z ∼ 2–3. Each galaxy
reaches a high peak value of SFR, with the galaxy C at medium resolution reaching
by far the highest value, ∼ 252M�/yr. The other galaxies reach peak values in the
range of ∼ 140–195M�/yr. Before redshift z = 1.0, the SFR of each galaxy rapidly
decreases, indicating that the cold and dense gas has been mostly depleted. The
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Figure 5.7: Star formation rates for each zoomed-in galaxy, plotted as a function of lookback
time. The lines are created from histograms having a bin width of 250 Myr. The solid lines
represent the high resolution simulations and the dashed lines represent the medium resolution
simulations.

fact that the SFRs peak at early times shows that most of the stars in the galaxies
are old, as most of the stars are formed & 9 Gyr before the present day. At smaller
redshifts, the SFRs still include individual peaks, caused by galaxy mergers and
interactions. The peaks at low redshift are most frequent for the medium and high
resolution galaxy B, as this galaxy is located in a denser region than galaxies A and
C. When there are no peaks caused by galaxy interactions, the SFRs decrease to
small values of . 1.0 M�/yr.

In addition to SFR, the specific star formation rate (SSFR) is studied at late
times. SSFR is defined as the star formation rate divided by the stellar mass of
the galaxy, SFR/M∗. For the calculation of the current SSFR, the SFR is taken
as an average over the last 1Gyr. The calculated SSFRs are shown in Table 5.3.
Following the definition used in Franx et al. (2008), a galaxy is considered to be in a
quiescent state if the value of the SSFR is less than 0.3/tH , where tH is the Hubble
time, defined as tH = H−1

0 . For the cosmology used for the simulations, this limit
value is approximately 2.155 × 10−11 1/yr. The values of SSFR for each galaxy is
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clearly below this limit, so each of the galaxies are considered quiescent. While all
of the calculated SSFRs are low, the medium resolution version has a larger value of
SSFR compared to the high resolution counterpart for all galaxies. This is especially
notable for the galaxy C, as the high resolution version of this galaxy forms no new
stars during the final gigayear.

Simulation SSFR (1/yr)

Med res, A 8.48× 10−12

High res, A 6.15× 10−14

Med res, B 5.96× 10−13

High res, B 2.67× 10−15

Med res, C 6.93× 10−12

High res, C 0.0

Table 5.3: Specific star formation rates of each zoom-in galaxy at a redshift z = 0. The star
formation rates are taken as the average values over the last gigayear.

The shape of the SFRs as a function of lookback time for all six simulated
galaxed is similiar compared to the simulated galaxies in Johansson et al. (2012),
especially at high redshifts. Still, the peaks at early times are here reach much higher
values, due to the fact that the galaxies studied in this thesis are more massive than
those in Johansson et al. (2012). The peaks at small redshifts caused by interactions
and mergers between galaxies are also noticeably higher here. As the galaxies here
are more massive, the interactions and mergers are on average more massive, leading
to higher increases for the SFR.

The SFRs are in agreement with what is predicted from observations. The
cosmic SFR (total SFR of galaxies in a volume) peaks at redshift range of z ∼ 1.5–3.0
(Behroozi et al., 2013). Galaxies at redshift zero usually have low SFRs of the order
∼ 1M�/yr, while luminous and ultraluminous infrared galaxies can reach much
larger values, up to ∼ 1000M�/yr (Kennicutt & Evans, 2012).

To study the mass growth of the stellar component of the galaxies, the stellar
mass of each galaxy is studied as a function of redshift, as shown in Figure 5.8.
The solid lines show the evolution of the stellar mass of the high resolution zoom-in
galaxies while the dashed lines show the evolution for the medium resolution ones.
The stellar masses are the total mass of stellar particles inside the radius rgal, which
also evolves as a function of redshift.

During the epoch where the SFR peaks, the stellar mass steadily rises for each
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Figure 5.8: The evolution of the stellar mass for the zoom-in galaxies. The calculated stellar
mass is the stellar mass within rgal = rvir/10, meaning that a part of the increase is due to the
increase of the virial radius especially at high redshifts. The solid lines represent the high resolution
simulations and the dashed lines represent the medium resolution simulations.

of the six galaxies. As the star formation rate start to slow down, the steady increase
of the stellar masses become absent, and the stellar masses either rise rapidly, or
remain nearly constant. The quick, permanent increases to the stellar mass are
caused by galaxy mergers. All increases of the stellar mass are not permanent.
These are seen as spikes in the stellar mass evolution and are caused by a satellite
galaxy momentarily being within rgal.

For both the high and medium resolution cases, galaxy B has the largest and
galaxy C the lowest stellar mass at redshift zero. Focusing on the high resolution
galaxies, the stellar masses for galaxies A B and C at redshift zero are 53.1×1010M�,
63.8 × 1010M� and 34.6 × 1010M�, respectively. Again, the values here are larger
compared to earlier simulations of Johansson et al. (2012). Still, the stellar masses
are within agreement with observations. For example, the stellar mass of the early-
type galaxy NGC 4486 is estimated to be 68(±11)× 1010M� (Forte et al., 2012).

There are drastic and very clearly noticeable differences in the stellar mass
evolution between the high and medium resolution runs for each of the three stud-
ied galaxies. The mergers increasing the stellar masses occur at slightly different
redshifts. This is an expected result which the addition of a refinement level causes.
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The significant change is the notable difference in the total stellar mass. All three
medium resolution galaxies have much lower mass than their high resolution counter-
parts, with the difference being in the range of ∼ 9.0–.3×1010M�. These differences
are caused by the same reason as the differences seen in the rotation curves at red-
shift zero in Figure 5.3. The medium resolution simulations do not resolve the star
formation accurately enough, resulting in lower stellar mass.

The stellar mass evolution profile, along with the evolution of the stellar half-
mass radius (Figure 5.6) shows that the galaxies form in two distinct phases, sim-
ilarly as in Johansson et al. 2012. At high redshifts the stellar mass is mostly
increasing due to accretion of gas and in situ star formation. At later times, the
stellar mass is mostly increased due to merger processes.

In order to study the fraction of matter that has been used in star formation
to form stellar matter, we will calculate the so-called galaxy formation efficiency
parameter. For this, we calculate the conversion factor f as

f = M∗
(Ωb/ΩDM)MDM,vir

, (5.4)

where M∗ is the stellar mass of the galaxy, MDM,vir is the total mass of the dark
matter particles inside the virial radius, and ΩB/ΩDM = 0.045/0.231 ≈ 0.195. Thus
when calculating f , the mass ratio of the stellar and dark matter components is
compared to the ratio of the corresponding cosmological ratio.

The conversion factor f for each galaxy at redshift z = 0 is shown in Figure
5.9, plotted as a function of their virial dark matter masses. In order to see how the
results compare to the observations, the plot also includes the efficiencies calculated
using the best-fit for the stellar-to-halo mass ratios from Moster et al. (2010). The
best-fit function is acquired from observations via the Halo Occupation Distribution
(HOD) technique, which is a statistical method used to link halo masses and galaxy
properties. For all simulated galaxies, the conversion factor lies in the range of
∼ 0.14–.28. Comparing the results to the factors calculated using the halo and stellar
mass ratios expected from observational data (Moster et al., 2010), the efficiencies
are near the maximum efficiency expected for galaxies, but this peak is observed
for galaxies with halo mass of ∼ 1012M�. Using the fit in Moster et al. (2010)
for galaxies with masses similar to the simulated ones in this thesis, the efficiency
is expected to be in the range of 0.047–.091. The calculated efficiencies for both
high and medium resolution cases are highest for the lowest stellar mass galaxy, and
lowest for the highest mass galaxy, which is also the case for the observations in this
mass range (Moster et al., 2010). The difference between the simulated and expected



74
CHAPTER 5. COSMOLOGICAL GADGET-3 ZOOM-IN

SIMULATIONS

1011 1012 1013 1014

MDM, vir (M )

0.00

0.05

0.10

0.15

0.20

0.25

0.30

0.35

0.40
M

*/(
M

DM
,v

ir
b/

DM
)

Moster+10
Med res galaxy A
Med res galaxy B
Med res galaxy C
High res galaxy A
High res galaxy B
High res galaxy C

Figure 5.9: Galaxy formation efficiencies for each galaxy, plotted with their dark matter virial
masses. To compare the results to observatinal data, the best-fit from Moster et al. (2010) is
included. The cosmological baryon density Ωb is set to 0.045. The diamond and circular markers
show the results of the high resolution and the medium resolution zoom-in simulations, respectively.

formation efficiency is most likely caused by inaccuracies in feedback processes and
by the high mass of baryonic particles.

All three of the high resolution versions are more efficient at star formation
compared to their medium resolution counterpart. The difference in the efficiency
between the two resolutions was predictable from the earlier results in this section,
as it was demonstrated that the medium resolution simulations form less stellar
mass.

5.3.4 Colors and magnitudes

Another important property of a galaxy is its colour. The light seen from a early-
type galaxy is the combination of the light of all the stars, and thus the properties of
the stars determine the colour of the galaxy. The properties affecting the colour of a
star include age, mass, temperature and metallicity. More massive stars which reach
high temperatures are bluer compared to redder, low mass and low temperature
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stars. In addition, the blue giant stars are more shortlived compared to the small
stars. A giant star spends roughly ∼ 10Myr on the main sequence (Agrawal et al.,
2020), whereas the small red stars can stay on the main sequence for hundreds of
gigayears (Laughlin et al., 1997). Thus galaxies forming large quantaties of stars
from gas have a larger amount of giant stars compared to a galaxy with quenced
star formation, resulting in a differene in the colours of the two galaxies, with the
galaxy which has ongoing star formation being bluer.

The colours of the simulated galaxies are determined by the properties of the
stellar particles. First, the total luminosity of the stellar particles in a galaxy needs
to be calculated in a determined waveband. The wavebands calculated for this thesis
are the V , B, R and K bands which have effective wavelengths of λV = 551 nm,
λB = 446 nm, λR = 658 nm, and λK = 2190 nm, respectively (Binney & Merrifield,
1998). To calculate the luminosity of the stellar particles in a galaxy for a specific
waveband, pygad uses a single stellar population (SSP) model. Taking advantage
of the models for stellar evolution by Bruzual & Charlot (2003), the properties a
stellar population can be calculated from a given initial mass function (IMF). For
the IMF, the universal IMF proposed by Kroupa (2001) was chosen. This means
that the IMF is a power-law defined in four parts as

ξ(m) ∝ m−α, where α =



0.3± 0.7, 0.01 ≤ m/M� < 0.08

1.3± 0.5 0.08 ≤ m/M�0.5

2.3± 0.3 0.5 ≤ m/M�1.0

2.3± 0.7 1.0 ≤ m/M�,

(5.5)

where ξ(m)dm is defined as the amount of stars in the interval of [m,m + dm].
After calculating the luminosity L with pygad, the absolute magnitude can simply
be calculated as

M =M� − 2.5 log
(
L

L�

)
, (5.6)

whereM� is the absolute magnitude of the Sun.
To study the colour of the galaxies, two colour indices of the galaxies are

studied. The colour indices are defined as the difference between the magnitudes of
two bands, denoted as a substraction of the letters of the wavebands. For example,

B −R ≡MB −MR (5.7)

is the object’s B − R colour, which can be used to determine how red or blue an
object appears to an observer. A smaller value of absolute magnitude corresponds
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to larger brightness, so the more positive the value of B−R is, the redder the object
is. Negative values indicate that the object appears blue.

Two colour indices were chosen for this thesis to study the redness of galaxies,
B − R and R −K. The wavelengths of the K band are in the near-infrared region
of the spectrum. These colour indices are plotted with the absolute magnitude in
the V -band, MV , at redshift z = 0 and are shown in Figure 5.10 for each of the
simulated galaxies. Each galaxy has a red colour, with values of B − R being in
the range of 1.27 − 1.44, while the R − K indices are inbetween 2.14 and 2.28.
The red colours are an expected result from observations (Peletier et al., 1990) and
from the SFRs shown in Figure 5.7, as most of the stars in the galaxies stars are
formed at high redshifts of z > 1. For galaxies B and C, the absolute magnitude in
the V -band are brighter for the high resolution galaxies compared to their medium
resolution counterparts. This is not the case for the A galaxies and is most likely
caused by the noticeable peak in star formation in the medium resolution galaxy A
at a relatively small lookback time. Compared to the medium resolution galaxies,
all three high resolution galaxies are noticeably redder. In addition, the values of
R − K and B − R are almost equal in all three high resolution galaxies, with the
values of B−R being in the range of ∼ 1.41–1.44 and the values of R−K being in
the range of ∼ 2.25–2.29.

To see how the colour of the galaxies evolve, the B−R colour index is studied
as a function of lookback time. Note that the magnitudes used for calculating
colour indices are in the rest frame, meaning that the colour indexes are the ones
an observer would see if it was at the same redshift as the galaxy. As the Universe
expands, the light from a galaxy far away would get redshifted due to the expansion
of the universe before reaching an observer at redshift zero. To see how a galaxy at
high redshift would look at redshift zero, k-corrections would be needed to be added
to the magnitudes, discussed in e.g. Sparke & Gallagher (2007).

The evolution of the colour index B − R in the rest frame is shown in Figure
5.11. Each galaxy has a relatively small value of B −R, lower than ∼ 0.75, at high
redshifts of z > 2. As the rapid star formation era ends, the galaxies quickly become
more redder at redshifts of z ∼ 1.0–1.5. The rapid reddening is due to the short
lifetimes of the blue giant stars. As the star formation gets depleted, the amount
of massive stars quickly decreases. The stars left in the galaxy are less massive and
more red and therefore the galaxies also become redder. As the value of the colour
index is mostly caused by the old stellar populations and the SFRs of medium and
high resolution galaxies were similar at high redshifts, no large differences are seen
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between the two resolutions.
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Figure 5.10: B-R (top) and R-K (bottom) colour indices for each simulated galaxy at redshift
z = 0, plotted with each galaxy’s absolute magnitude in the V-band. The diamond and circular
markers show the results of the high resolution and the medium resolution zoom-in simulations,
respectively.
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There are large differences when comparing the evolution for both of the colour
indices between the galaxies at redshifts z < 1. Focusing on the high resolution
galaxy A, the colour indices of the galaxy hardly increase in value after redshift
z ∼ 1.0. The SFR for this galaxy (Figure 5.7) shows that practically all of the stars
are formed at high redshifts, so there are no new, massive stars formed at late times.
In addition, the smaller red stars have not died out, resluting in the colour staying
red and nearly constant. For the other galaxies, the colour indices noticeably vary
even at lower redshifts with the galaxies becoming momentarily bluer. The changes
in colour are caused by galaxy mergers igniting star formation for a short period of
time. This is again seen from Figure 5.7, which shows that SFRs increase at the
times when the galaxies change to bluer colour.

In addition to the evolution of the colour indices, the evolution of the absolute
magnitude in the V -band is also calculated. The evolution of MV as a function
of lookback time is shown in Figure 5.12. As the rapid star formation era begins,
each galaxy rapidly becomes brighter in the V -band. All of the simulated galaxies
reach absolute magintudes of ≤ −23.0 at high redshifts of z > 1.5. Moving to
smaller redshifts, the SFRs quickly decrease (Figure 5.7) and the galaxies become
less bright. Still, galaxy interactions and mergers do momentarily increase star
formation which is also seen as a increase in brightness in the V -band. Altogether,
all of the galaxies stay fairly bright until the present day, as all of the calculated
absolute magnitudes stay below . −22.0. At redshift z = 0, the B galaxies are the
brightest while the C galaxies are the dimmest, which is expected when looking at
the stellar masses (Figure 5.8)
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Figure 5.11: The evolution of the colour indices B −R (top) and R−K (bottom) as a function
of redshift for each six zoom-in galaxies. The colour indices are calculated in the rest frame. The
solid lines represent the high resolution simulations and the dashed lines represent the medium
resolution simulations.



5.3. ANALYSIS OF THE PROPERTIES OF THE GALAXIES 81

0 2 4 6 8 10 12
Lookback time (109 yr)

25

24

23

22

21

20

19

18

17
M

V

Med res galaxy A
Med res galaxy B
Med res galaxy C
High res galaxy A
High res galaxy B
High res galaxy C

0 0.5 1 2 3 4 5
Redshift z

Figure 5.12: The evolution of the absolute magnitude in the rest-frame V -band as a function of
redshift for the simulated zoom-in galaxies. The colour indices are calculated in the rest frame.
The solid lines represent the high resolution simulations and the dashed lines represent the medium
resolution simulations.



6. Cosmological simulations with
KETJU

6.1 Initial conditions for KETJU

Running the complete cosmological simulation with ketju turned on would be
computationally very demanding. Therefore in order to run the simulations with
ketju, an optimal starting point for the run needs to be found first. In order to
create ICs for the ketju runs, the locations of the SMBHs in the galaxies are checked
for each snapshot. If a zoom-in galaxy includes two SMBHs and the following
snapshot taken ∼ 91.55Myr later includes a SMBH in the center of the galaxy with
a mass larger than the sum of the two SMBHs in the earlier snapshot, an SMBH
merger has occurred between the snapshots. The mass of the resulting SMBH is
larger than the sum of the two SMBHs in the earlier snapshot as the black holes
accrete mass. For the dynamics calculated by ketju to be accurate, the merging
SMBHs must have a large mass of several hundred times the mass of the individual
stellar particles. Therefore in order to have enough time for SMBHs to grow to
very large masses, the search for ketju starting points was restricted to the high
resolution simulations at redshifts z < 1.

Three different snapshots were chosen as ketju ICs from the high resolution
Gadget-3 simulations. The three snapshots have the highest mass ratios between
the black hole masses and stellar particle masses from all of the occuring SMBH
mergers. The mass ratios, redshifts and distances between the black holes are shown
in Table 6.1. The mergers are named as a combination of a letter and a number. The
letter tells which of the high resolution galaxies the merger occcurs in. The mass
ratios shown are calculated as the mass of a black hole divided by the average mass
of a stellar particle. The stellar particles used for calculating the average are the
stellar particles that are within a distance of 20 kpc from the black hole. While the
black holes are noticably more massive compared to the mean masses of the stellar

82
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Merger i z M1 (M�) M1/M̄∗ M2 (M�) M2/M̄∗ d (kpc)
A1 83 0.647 2.43× 109 1310 6.62× 108 203 11.6
B1 71 0.852 1.31× 109 681 1.13× 109 591 7.16
B2 123 0.194 9.85× 108 539 3.54× 109 1880 23.4

Table 6.1: The information in the table is extracted and calculated from the snapshots preceding
the SMBH mergers. i is the number of the snapshot and z the redshift of the snapshot. M1 and
M2 are the black hole masses, separated by distance d. M1/M̄∗ and M2/M̄∗ are the ratios of the
black hole masses compared to the average stellar particle masses. The average stellar masses are
calculated from stellar particles within a distance of 20 kpc from a black hole.

particles, the lower-mass black holes (especially the black hole 2 in the merger A1)
are on the limit for ketju to work accurately as mass resolutions of the order of
∼ 500 − 1000 have been seen to limited impact on the SMBH binary evolution
(Rantala et al., 2017).

As the black hole repositioning of Gadget-3 can result in highly unphysical
behaviour when two black holes are close to merging, the ICs of the ketju simula-
tions are set to be the snapshots preceeding the snapshots presented in Table 6.1.
Therefore the snapshots chosen as the ICs for the KETJU simulations are snapshot
82 from the high resolution A simulations and snapshots 70 and 122 from the high
resolution B simulation.

Compared to the cosmological simulations performed with Gadget-3, no
changes were made to the configuration apart from turning the KETJU integra-
tion on. In order to fulfill the condition rchain > 2.8ε (Rantala et al., 2017) the
radius of the ketju region is set to be equal to three times the softening length, 183
pc/h. This is larger than the radius of the ketju region in the cosmological zoom-in
run of Mannerkoski et al. (2021a), but the amount of stellar particles is noticeably
lower in the simulations in this thesis. Following Mannerkoski et al. (2019), the
spins of the black holes were set to zero.

6.2 Results of the KETJU simulations

The three cosmological simulations with ketju integration turned on were run on
the CSC supercomputer Mahti. Each simulation used one full node. One node has
a greatly increased computational power compared to Puhti, as each node includes
128 CPUs on Mahti. All simulations were run for at least 36 wall-clock hours. If the
SMBH merger had not occurred, the run was continued for another 36 wall-clock
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Figure 6.1: The positions of each SMBH in the three binary systems in the xy−plane, plotted
over the time ∆t which is the system spends as a ketju binary. At each time step, the origin is
set to the center-of-mass of the two SMBHs.

hours. This was repeated until the merger occurred. For mergers A1 and B2, the
first 36 hours were enough for the black holes to merge. However, for B1 the run
needed to be continued 14 times and the total wall-clock time was thus 540 hours.

In order to give an overview of the SMBH orbits, the trajectories of each binary
system are shown in Figure 6.1. At each timestep, the center of mass of the system
is set as the origin. The time ∆t shows how long the system is in a bound binary.

To give an example of the motion of the SMBHs around the center of mass
during an epoch where the separation of the black holes is smaller, the orbits of
the system B2 are shown for a ∆t = 5.0Myr time interval in Figure 6.2, starting
from 271.9Myr after the two SMBHs are considered a binary by ketju. Strong
precession is seen in the orbits. This is caused by the dissipative PN-terms (see
Section 2.4.3).

The time evolution of two parameters of the black hole binaries are shown in
Figure 6.3. The upper panel includes the time evolution of the semimajor axis, and
the lower panel shows the evolution of the eccentricity. The precise time of the black
hole mergers in the non-ketju gadget-3 runs is acquired from the text output of
the simulations. These times are shown in the figure as vertical lines.

Each merger in the ketju simulations occurs at a notably later time compared
to the non-ketju cosmological runs, especially in the mergers B1 and B2. The time
between mergers in the gadget-3 and ketju simulations is at 870 Myr and 725 Myr
for mergers B1 and B2, respectively. Even though the system A1 does not spend a
lot of time as a ketju binary system before merging, the merger still occurs about
220 Myr later compared to the gadget-3 version. The differences between the
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Figure 6.2: The positions of the two SMBHs in the system B2 during a 6Myr time interval.
tstart is equal to the time which has passed at the beginning of the plot from the moment at which
the SMBHs becomes a ketju binary. The black dots show the positions of the SMBHs at time
tstart + ∆t At each time step, the origin is set to the center-of-mass of the two SMBHs. Strong
orbital precession of the orbits can be seen.

times of the mergers between the gadget-3 and ketju runs is caused by ketju’s
ability to calculate accurately the small-scale dynamics which are left unresolved in
the gadget-3 runs (see Section 3.2).

Focusing on the evolution of the semimajor axis, all three of the mergers have
noticeable differences. For merger A1, the black holes coalesce very quickly after
becoming a ketju binary, only taking about 166.2Myr. Looking at the zoomed
section of Figure 6.3, the reduction of the semimajor axis is extremely drastic, with
the semimajor axis still being of the order 10 pc just ∼ 24Myr before coalescence.
On the contrary, both SMBH binaries in galaxy B spend a significantly longer time
as a binary system before merging, although the semimajor axis quickly decreases
to an order of ∼ 10 pc in both binary systems. The most notable difference in the
timescale of the evolution between the two mergers occurs after reaching a tight
binary with the semimajor axis being of the order of 1 pc. After reaching a value
of 1.0 pc for the semimajor axis, B1 and B2 spend approximatively 670Myr and
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Figure 6.3: The semimajor axis and eccentricity of each merger as a function of time. The vertical
lines show the times at which the mergers occur in the non-ketju simulations. The black hole
merger A1 occurs within a relatively small timescale and thus ‘zoomed’ versions of the parameter
evolutions of this merger are also included.

80Myr respectively in tight sub-parsec orbits before coalescence.
The differences in the times the systems spend as binaries before merging is

explained by the differences in eccentricity. As discussed in section 2.4, the SMBHs
originally end up in the central region of the galaxy due to dynamical friction,
forming a binary. After this, the three-body interactions with stellar particles is the
main factor in causing hardening for the SMBH binary, eventually decreasing the
semimajor axis to subparsec lengths. On these length scales, the main factor for
decreasing the semimajor axis of the binary is gravitational wave emission. In this
phase the shrinkage of the semimajor axis is heavily dependant on the eccentricity of
the binary, with higher eccentricity corresponding to faster decrease of the semimajor
axis (see Eq. 2.79).

The SMBH mergers simulated with ketju are a clear example of the effect
of the eccentricity on the semimajor axis during the gravitational wave emission
dominated era of the merger process. For the system A1, the eccentricity of the
binary is especially high as the eccentricity is constantly in the interval 0.95 ≤ e ≤
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Figure 6.4: The evolution of the semimajor axis (left panel) and the eccentricity (right panel) in
the cosmological ketju simulations compared to the analytic formula by Peters (1964). For each
curve, the times has been shifted to make the starting point of the calculation of the evolution
with equation 2.79 equal to t = 0. The solid lines represent the results from the cosmological
simulations run with KETJU and the dashed lines show the expected results from Equation 2.79
and 2.80.

0.999 during the last 50Myr before the merger. As the eccentricity is constantly
near 1.0, the gravitational wave emission is extremely effective, leading to abrupt
orbital decay. The binary system colliding in merger B2 also reaches notably high
values of eccentricity, slowly growing from e ∼ 0.70 to e ∼ 0.93 as the semimajor
axis shrinks from ∼ 50 pc to subparsec scales. After this, the eccentricity stays
at values over e > 0.9, again leading to gravitational wave emission dominated
phase occurring over a short time period. In contrast, system B1 is on a very low
eccentricity orbit, with the eccentricity being in the range 0.03 . e . 0.15 while
the semimajor axis is below 1.0 pc. The orbital decay from a = 1.0 pc to SMBH
merger lasts for ∼ 660Myr. Together with the eccentricities and the evolution of
the semimajor axis of systems B2 and A1, the results show the large effect which
the eccentricity has when the gravitational wave emission is the dominant effect on
the evolution of the binary.

To see how the the evolution of the semimajor axis of the simulated SMBH
binaries compares to the evolution using the derived Equations 2.79 and 2.80 by Pe-
ters (1964), Figure 6.4 shows the evolution of the semimajor axis and eccentricity of
each binary during the final megayears before coalescence. Both the expected evo-
lution using the equation 2.79 and the results from the cosmological ketju runs are
shown. Only the very final times before the mergers are shown as the comparisons
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are made during the gravitational wave dominated orbital decay. The time t = 0 is
set to be the moment when the evolution with the semianalytic model is started to
be calculated. The comparisons are started at a semimajor axis of a0 = 0.15 pc.

Looking at the evolutions of systems A1 and B2, the simulations are a great
match for the expected evolution with Equations 2.79 and 2.80. The orbital decay
of the system A1 is very quick, and the SMBHs collide 0.83Myr after the semimajor
axis has decreased to 0.15 pc. For the system B1, this evolution takes ∼ 5.5Myr.
On the other hand, the low eccentricity system B2 merges about 49.3Myr after the
semimajor axis was at a value of 0.15 pc, but the time of merger expected from
the Peters formulae is ∼ 9.9Myr later. Similar result is also seen by Mannerkoski
et al. (2019). This discrepancy between the simulated and the expected merger
times shows that even at small values of semimajor axis, while the gravitational
wave emission is the most dominant factor on orbital decay, the effect of three-body
interactions with stars can still affect the system if the orbital decay is slow due
to low eccentricity. In addition, the agreement between the simulated mergers and
the expected evolution using Equations 2.79 and 2.80 increases if the value of the
starting semimajor axis a0 is decreased, as the SMBH binary would then be even
deeper in the GW-dominated regime.



7. Conclusions

This thesis focused on the formation and evolution of massive early-type galaxies
and the mergers of SMBHs occuring in them. The perfomed simulations were cos-
mological zoom-in runs. In total 12 zoom-in simulations were run without ketju,
half of them including both dark matter and baryons. These runs were used to study
rotation curves and various stellar properties, suche as the star formation rate, the
evolution of stellar mass and the half-mass radius, galaxy formation efficiency and
colour evolution at two different resolutions. Three initial conditions were chosen
from the high resolution runs for ketju simulations. The focus of these runs was
studying the dynamics of SMBH binaries and the coalescence of SMBHs.

The masses of the SPH particles in the medium resolution simulations were
found to be too large. At this resolution, the central regions of each galaxy lacked
a peak in their rotation curves. This led to large differences in the stellar half-mass
radius and mass between the two resolutions. These discrepancies are only seen in
the simulations inluding both dark matter and baryonic particles. In contrast the
high resolution simulations show clear peaks in the rotation curves in the central
regions, a result also seen in observations and other simulations. In addition, the
rotation curves stay nearly constant at large radii.

At the redshift of z = 0 all simulated massive galaxies were found to be red and
dead, as expected. Their star formation rates peaked in the redshift range of z ∼ 2–3
with feedback processes quenching star formation as the simulations progressed.
This leaves the galaxies with old stellar populations with ages being of the order
∼ 10Gyr at redshift z = 0. After feedback quenches star formation, the galaxies
grow due to mergers with other galaxies. The two-phase galaxy formation was an
expected result from previous studies. This method of formation is also apparent
in the colour evolution of the galaxies. As star formation becomes quenched, each
galaxy becomes redder, as seen from the evolution of colour indices B−R and R−K.
Mergers with other galaxies momentarily increase the level of star formation, giving
birth to new stars. A portion of these stars are massive, blue and short lived which
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causes the galaxies to be momentarily bluer.
The masses of the stellar part of each galaxy is somewhat too large compared

to their dark matter halo masses. This galaxy formation efficiency problem is present
in all simulated galaxies and is also a common problem in other simulations. The
problem is caused by the limitations in the resolution and in the feedback models.
It is worth noting that in this work the problem could be partially (altough not
entirely) fixed by using a different definition for the radius of the baryonic part of
the galaxy. If a choice of 30 kpc was used (as in Mannerkoski et al. 2021a) instead of
rgal = rvir/10, the stellar particle mass of each galaxy would be smaller which would
result in a better agreement with the observations.

All three simulations with ketju resulted in SMBH binary systems evolving
to a coalescence of the two SMBHs. The three binaries varied noticeably in eccen-
tricities, which caused large differences in the merger timescales. The binary with
the highest eccentricity (A1, e > 0.95 when a < 10 pc) ends in a SMBH merger
only 24Myr after the semimajor axies becomes a ∼ 10 pc. For the binary with the
lowest eccentricity (B1, e < 0.2), this takes about 850Myr. The large effect of ec-
centricity is expected from theory, as both three-body scattering and gravitational
wave emission are stronger when the binary has a large eccentricity. During the
final megayears before coalescence, the binary is hardened due to gravitational wave
emission. Starting from the moment at which the semimajor axis is a = 0.15 pc
the merger times agree with the expected times from analytical formula of Peters
(1964), derived taking into account only the PN2.5 term.

While a large number of galaxy properties were studied in this thesis, gas
properties and the effect that the SMBH has on the central region (e.g. the M–σ
relation) were not explored. In addition, the ketju analysis was not as thorough as
the analysis of the gadget-3 results. The analysis could be continued to study the
gravitational wave emission from the binaries. The mass accretion and the amount
of AGN feedback could also be studied.

An important improvement for the future studies would be to increase the
resolution of the simulations. Since the medium resolution runs of this thesis was
found to be unsuitable for the star formation and feedback models, the best reso-
lution which was used for the simulations is on the limit for the physical models to
work as intended. In addition, all properties of the galaxies cannot be studied at the
current resolution. For example, the dynamics of the SMBHs cannot be resolved by
ketju for lower-mass galaxies unless the particle masses are decreased. Lower-mass
galaxies possess smaller mass SMBHs. The mergers of these SMBHs are currently
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a target of great interest, as the Laser Interferometer Space Antenna (LISA) is ex-
pected to observe gravitational waves from these systems. In addition, gravitational
waves from systems with very massive SMBHs are expected to be observed with
the Pulsar Timing Array (PTA). Smaller particle masses (and smaller softening
lengths) could also make it possible to study core formation in cosmological zoom-in
simulations.

Another improvement to be made for future simulations is to update the feed-
back models. As the AGN feedback depends on the relative velocity of the SMBH
with respect to the surrounding gas, the current implementation of the feedback
model releases inaccurate amount of energy in the final stages of SMBH binaries
due to tight binaries reaching large velocities. The simulations could also be run
with gadget-4 (Springel et al., 2021), although this would require the implemen-
tation of ketju to the new version of gadget.

Another improvement to make would be to include black hole spins in the
simulations. While the effect of black hole spins to the surrounding medium are
expected to be small, asymmetric mergers with spins included cause recoil kicks
to the SMBH merger remnants. These kicks can cause noticeable misplacements
for SMBHs, and even kick them away from their host galaxy entirely (Mannerkoski
et al., 2021b).

In summary, I conclude that the goals of this thesis were reached for both the
gadget-3 and ketju simulations. As effects are taken into account from the largest
cosmological scales to subpaserc scales for SMBH particles, various results from the
simulations can be used to make predictions for observations. In addition, the rapid
growth of computational power provide possibilities to perform simulations with
smaller particle masses and to include either new or improved models for physical
phenomena.
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106 APPENDIX A. SURFACE DENSITY MAPS OF THE GALAXIES

(a) Stars, med res B (b) Stars, high res B

(c) Dark matter, med res B (d) Dark matter, high res B

Figure A.1: Surface density maps for the simulated galaxy B. The upper row shows the stellar
surface densities, while the lower row shows the surface density of the refined dark matter particles.
The center in each figure is set to the location found for the galaxy using the shrinking sphere
method. For the stellar surface densities, the extent from the center for both x-axis and y-axis is
set to be equal to the virial radius.
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(a) Stars, med res C (b) Stars, high res C

(c) Dark matter, med res C (d) Dark matter, high res C

Figure A.2: Surface density maps for the simulated galaxy C. The upper row shows the stellar
surface densities, while the lower row shows the surface density of the refined dark matter particles.
The center in each figure is set to the location found for the galaxy using the shrinking sphere
method. For the stellar surface densities, the extent from the center for both x-axis and y-axis is
set to be equal to the virial radius.



B. Star formation rates of the
galaxies
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Figure B.1: The star formation rate of the medium resolution version of galaxy A. The width of
each histogram is set to 250 Myr.
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Figure B.2: The star formation rate of the high resolution version of galaxy A. The width of
each histogram is set to 250 Myr.
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Figure B.3: The star formation rate of the medium resolution version of galaxy B. The width of
each histogram is set to 250 Myr.
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Figure B.4: The star formation rate of the high resolution version of galaxy B. The width of
each histogram is set to 250 Myr.
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Figure B.5: The star formation rate of the medium resolution version of galaxy C. The width of
each histogram is set to 250 Myr.
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Figure B.6: The star formation rate of the high resolution version of galaxy C. The width of
each histogram is set to 250 Myr.
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