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A B S T R A C T 

We introduce ‘Simulations Beyond The Local Universe’ (SIBELIUS) that connect the Local Group (LG) to its cosmic 
environment. We show that introducing hierarchical small-scale perturbations to a density field constrained on large scales 
by observations provides an efficient way to explore the sample space of LG analogues. From more than 60 000 simulations, 
we identify a hierarchy of LG characteristics emanating from different scales: the total mass, orientation, orbital energy, and 

the angular momentum are largely determined by modes abo v e λ = 1.6 comoving Mpc (cMpc) in the primordial density field. 
Smaller scale variations are mostly manifest as perturbations to the MW–M31 orbit, and we find that the observables commonly 

used to describe the LG – the MW–M31 separation and radial velocity – are transient and depend on specifying scales down 

to 0.2 cMpc in the primordial density field. We further find that the presence of M33/LMC analogues significantly affects the 
MW–M31 orbit and its sensitivity to small-scale perturbations. We construct initial conditions that lead to the formation of an 

LG whose primary observables precisely match the current observations. 

Key words: methods: numerical – galaxies: formation – Local Group – dark matter – large-scale structure of Universe. 
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 I N T RO D U C T I O N  

he Local Group (LG), comprising our own Milky Way (MW), the
eighbouring Andromeda galaxy (M31), the Large Magellanic Cloud
LMC) and M33, and at least a hundred lower mass galaxies (e.g.
arachentsev et al. 2004 ; McConnachie 2012 ; Dooley et al. 2017 ),
as been the place of important disco v eries throughout the history of
odern cosmology. The correct understanding of galaxies as distinct

tellar systems was first proposed in the early eighteenth century,
y Immanuel Kant and Thomas Wright of Durham, in reference
o M31 (e.g. Whitrow 1967 ). The question of whether galaxies are
ruly distinct systems culminated in the ‘Great Debate of Curtis
nd Shapley in 1920, and was finally settled by measurements of
he distances to cepheids in three LG galaxies, NGC 6822 (Hubble
925 ), M33 (Hubble 1927 ), and M31 (Hubble 1929 ). In the 1970s, the
easurement of the H I rotation curve of M31 suggested the existence

f dark matter inside galaxies (Rubin & Ford 1970 ), and by the 1980s,
he velocity dispersions of LG dwarf spheroidal galaxies indicated
xceptionally high dark matter fractions (Faber & Lin 1983 ). 

Today the LG continues to be one of the most sensitive laboratories
o study astrophysical phenomena (Mateo 1998 ) and cosmological

odels. Its assembly history, dynamical evolution, and total mass
re linked to important open questions in cosmology. In recent
ears, semi-analytical models (e.g. Bullock, Kravtsov & Weinberg
001 ; Benson et al. 2002 ; Somerville 2002 ) and hydrodynamical
 E-mail: till.sawala@helsinki.fi
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imulations that include baryonic physics (e.g. Okamoto, Gao &
heuns 2008 ; Sawala et al. 2013 , 2016b ; Garrison-Kimmel et al.
019 ) have shown how the combined effects of reionization and
upernova feedback suppress star formation in, and even the growth
f, low-mass dark matter halos. At the same time, the rapid ejection of
nterstellar gas from the centre of low-mass halos following bursts of
tar formation may explain the transformation from a steep, NFW-
ike cusp (Navarro, Frenk & White 1996 ) into a shallower dark
atter density profile (Eke, Navarro & Frenk 1998 ; Read & Gilmore

005 ; Go v ernato et al. 2010 ; Teyssier et al. 2013 ). While some
f the astrophysical processes are still not completely understood,
et alone numerically resolved, these baryonic effects have at least
ffered plausible explanations to some of the challenges raised to
he � CDM model (Moore et al. 1999 ; Boylan-Kolchin, Bullock &
aplinghat 2011 ). Ho we ver, the uncertainty in the total mass of the
G of at least a factor of 2 (Li & White 2008 ; van der Marel et al.
012 ) remains a major caveat for all predictions of the amount of
ubstructure. 

In the meantime, another question that has been asked since at
east the seventeenth century, but which dates back to the Copernican
evolution of the sixteenth century, has become more pertinent: How
pecial is our own vantage point on the Universe, and what can
e induce about cosmology by closely studying the finite patch of

he Universe that surrounds us? Even more pressing, perhaps, is the
nverse: How plausible is the formation of the LG in the assumed
osmological model? It has recently been pointed out that the LG
as characteristics that make it exceedingly rare in � CDM: Only

5 –10 per cent of Milky-Way-sized halos in � CDM simulations
© The Author(s) 2021. 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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ave satellites as massive as the LMC and SMC (Benson et al. 2002 ;
oylan-Kolchin et al. 2011 ; Tollerud et al. 2011 ; Robotham et al.
012 ), the measured MW–M31 orbit is unusually radial (e.g. Fattahi 
t al. 2015 ), and only a very small fraction of � CDM halos have
atellite systems as anisotropic as the LG’s (e.g. Ibata et al. 2013 ;
 a wlowski et al. 2015 ). 
The abo v e-mentioned baryonic physics seem to offer no possible

ath to answer these questions (Bullock & Boylan-Kolchin 2017 ; 
 a wlowski 2018 ). Furthermore, ‘simple’ modifications or extensions 

o the � CDM model, such as warm dark matter (e.g. Lo v ell et al.
011 ), a modification of the primordial power spectrum (e.g. Enqvist,
awala & Takahashi 2020 ), or self-interacting DM (e.g. Lo v ell et al.
020 ) are no convincing alternatives. If the particular features of the
ocal Universe are as exceptional as they are claimed to be, they
ay hint at changes to our cosmological models that go beyond 
hat has been so far envisioned. Alternativ ely, the y should lead to an
nderstanding of the unique but perhaps not implausible environment 
n which the Local Universe has evolved. 

The aim of the SIBELIUS (Simulations Beyond the Local Universe) 
roject is to elucidate the co-evolution of the LG, the Local Universe,
nd the large-scale structure (LSS). Similar constrained local uni- 
erse simulations include the CLUES (Gottloeber, Hoffman & Yepes 
010 ; Libeskind et al. 2010 ; Carlesi et al. 2016 ; Sorce et al. 2016 )
nd HESTIA (Libeskind et al. 2020 ) projects, which embed several 
G analogues within the observed LSS. Ho we ver, our method allows
s to systematically examine a much larger set of initial conditions, 
o not only create a precise match to the LG’s orbit, but to also to
eveal the relation between its parameters, and their dependence on 
he initial density field. 

In this paper, we present our new method for creating initial 
onditions that reproduce the kinematics of the LG, and describe 
he sensitivity of the LG observables to different scales in the 
nitial conditions. We make e xtensiv e use of the methods described
n Sawala et al. ( 2021 ) to create a series of hierarchical, random
erturbation of the primordial density field to unveil the scales at 
hich the observed properties of the LG are set, and identify the
roperties that characterize it. 
This paper is organized as follows. In Section 2, we describe 

he methods: the parametrization of the phase information (2.1), 
he LSS constraints (2.2), their octree function representation (2.3), 
nd the implementation of multilevel random variations (2.4). We 
escribe the numerical simulations used (2.5) and the identification 
f LG analogues (2.6). Sections 3–5 present the results. In Sec- 
ion 3.1, we discuss the number of LG analogues identified when 
ll unconstrained scales are varied, and in Section 3.2, we discuss
ultiple occurrences of the same object in our large random sample. 

n Section 3.3, we introduce a metric to compare LG analogues 
o observations. In Section 4.1, we identify the ‘characteristics’ of 
he LG as those quantities that are defined on the largest scales.
n Section 4.2, we discuss the frequency of LMC/M33 analogues. 
n Section 5, we discuss smaller scale variation, and determine in 
ection 5.1 the scale that sets the LG’s orbital phase. 

 M E T H O D S  

ll results in this paper are based on dark matter only (DMO) zoom-
n simulations using initial conditions generated with the IC GEN code 
Jenkins 2010 ) for a � CDM Universe with the following cosmolog-
cal parameters: �0 = 0.307, �� 

= 0 . 693, σ 8 = 0.8288, and h =
.6777 (Planck Collaboration XVI 2014 ). The initial displacement 
eld is calculated using second-order Lagrangian perturbation theory 
t z = 169, although the simulations are not sensitive to the starting
edshift. The unperturbed particle positions in the high-resolution 
egion are realized as glasses, with identifiers that encode the initial
unperturbed) position of the particles. We use quadratic interpolation 
o compute the displacements. 

.1 Phase Information 

n the � CDM model, the primordial density fluctuations after 
nflation are homogeneous and Gaussian-distributed. To specify the 
nitial conditions for a cosmological � CDM simulation, in addition 
o the cosmological parameters, we define the dimensions of the 
eriodic volume, the power spectrum, and choose the phases for 
he realization. The information describing the particular choices 
or the phases can be represented by a Gaussian white noise field.
onvolving this white noise field in real space with a suitable, real
on-ne gativ e filter, gives the � CDM density field (Salmon 1996 ). 
In this work, we wish to construct a cosmological volume that

ontains a region resembling the observed LSS around us. We use
he S 8 octree orthogonal basis function set introduced in Jenkins 
 2013 ) as the building blocks for representing the phase information.

e choose this representation o v er the more obvious choice of
ourier modes because the octree representation is designed to be 
ore efficient for building the kind of multi-scale initial conditions 
e require in the SIBELIUS project. The octree basis functions 
ave compact support and their individual contributions to the 
 CDM density field are also well localized. This contrasts with

ourier modes that have equal weight everywhere. From a purely 
omputational point of view, using Fourier modes is more e xpensiv e
hen we wish to specify initial conditions at high resolution only
ithin a small region of a large periodic volume. 
In Section 2.2, we will describe how we use LSS constraints to set

he amplitudes for some of the physically largest octree functions. 
n the smallest scales, ho we ver, the LSS constraints are unimportant

nd the field is ef fecti vely unconstrained. By default, we set the
nconstrained coefficients using the Panphasia Gaussian white noise 
eld (Jenkins 2013 ). The choice of location within the Panphasia field 

s arbitrary but by making this choice we determine the physical sizes
nd locations of the octree cells relative to the simulation volume.
e choose to embed the constraints that represent the local LSS out

o a radius of ∼300 cMpc within a cubic volume of side length 1000
omoving Mpc (hereafter cMpc). For consistency with Sawala et al. 
 2021 ), where we had identified a 100 3 cMpc 3 volume with 12 3 cells,
e here identify the 1000 3 cMpc 3 volume with a set of 15 3 octree

ells, yielding a power-of-2 ratio between the cell sizes in the two
imulation volumes. 

The number of root cells and the level at which they are defined
ithin PANPHASIA provide an anchor point for the physical cell 

ize: In all our simulations, the cubic cells at level 18 have a
olume of ∼66.67 3 cMpc 3 ; cells at Level L have side length
6.67 × 2 (18 − L ) cMpc. In order to connect levels of the octree with
 physical scale, in Sawala et al. ( 2021 ), we also computed λcut ( L ),
he wavelength at which the amplitude of fluctuations of the � CDM
ower spectrum is reduced by a factor of four when power at levels
 and abo v e are set to zero. Jenkins ( 2013 ) pro vides a more in-depth
escription of the public code PANPHASIA , while Jenkins & Booth
 2013 ) contains a user guide. 

In Sawala et al. ( 2021 ), we already explored the propagation of
hanges to the primordial density field to structures at z = 0. In
his work, we apply this knowledge, first to explore the ensemble of
G analogues that can form within the constraints, and then to create
 ariations of indi vidual LG analogues by randomizing dif ferent le vels
f the white noise field. 
MNRAS 509, 1432–1446 (2022) 



1434 T. Sawala et al. 

Figure 1. Illustration of the phase information used in the simulations. For 
each constrained simulation (shown in Fig. 2 ), the set of constraints sets the 
coefficients up to level 21, with the remaining levels taken from PANPHASIA 

(yellow). For the 3.2-cMpc variants (top two rows in Fig. 3 ), we preserve the 
constraints, and vary the phase information in the unconstrained levels with 
different regions from PANPHASIA (red). For each set of 0.8-cMpc variations 
(bottom two rows in Fig. 3 ), we also preserve the information from a sample 
of the 3.2-cMpc variations, and independently randomize a small subregion 
at levels 24 and 25 (red). Note that, in the actual simulations, the 1000 3 cMpc 3 

volume is represented by 15 3 cells at level 18, and the subregions are close 
to spherical rather than n -cubes. 
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As illustrated in Fig. 1 , the cosmological constraints described in
ection 2.2 are located on levels 19–21 of the octree, constraining
odes down to λcut ( L = 21) = 6.48 cMpc. As shown in Sawala et al.

 2021 ), this is sufficient to determine the existence of individual z
 0 halos abo v e ∼10 14 M �. F or halos of ∼10 15 M �, i.e. the size of

he Virgo Cluster, there is an expected residual scatter in position of
1 Mpc, and a scatter in mass of ∼ 5 per cent , which are both below

he observational uncertainties. Howev er, the e xistence of unique
0 12 M � halos, i.e. in the mass range of both the MW and M31, re-
uires defining the phase information to smaller scales, i.e. to higher
evels of the octree. This offers an opportunity: Modifications to the
hase information on the right scale allow us to create different en-
embles of MW/M31 mass halos without affecting the observed LSS.

.2 Constraints for the Local LSS 

he phase information for the Sibelius project is created in multiple
teps. Our starting point is the phase information obtained using the
ORG algorithm (Bayesian Origin Reconstruction from Galaxies;
asche & Wandelt 2013 ; Jasche & Lavaux 2019 ), which is repre-
ented on a regular 256 3 mesh covering a volume of 1000 3 cMpc 3 ,
.e. each volume element co v ers ∼3.9 cMpc 3 . 

Like the more common Reverse Zel’dovich Algorithm (RZA; e.g.
offman & Ribak 1991 ; Sorce et al. 2014 ), the BORG algorithm

s designed to infer the primordial density field from input data
n the spatial galaxy distribution. Ho we ver, in contrast to RZA,
ORG does not rely on the reversibility of the linear regime of
tructure formation, but instead uses many forward simulations in
 Markov chain to compute the relative likelihood for each initial
ensity field to be the source of the observed galaxy distribution.
hough, in principle, BORG could infer jointly the cosmological
arameters, the specific initial conditions used here were derived
or a fixed cosmology, which sets a prior on the power spectrum of
NRAS 509, 1432–1446 (2022) 
he primordial density fluctuations. The observational data used to
erform the inference is the 2M ++ compilation (Lavaux & Hudson
011 ). The 2M ++ galaxies are photometrically selected from the
MASS sample (2 Micron All Sk y Surv e y; Skrutskie et al. 2006 ). The
edshift information has been assembled from the 2MASS Redshift
urv e y for the brightest galaxies (Huchra et al. 2012 ), the SDSS DR-
 main galaxy sample (Sloan Digital Sky Survey Data Release 7;
bazajian & Surv e y 2009 ), and the 6dFGRS (6 de gree Field Galaxy
edshift Surv e y; Jones et al. 2009 ). BORG is able to account for

election effects; thus, there is no sharp boundary to the constrained
olume, which in practice reaches out to a distance of about 300 Mpc
rom the observer. BORG also infers self-consistently the bias relation
etween the galaxy population and the underlying dark matter density
eld through the use of empirical relations. The details of the

nference mechanism are given in Jasche & Lavaux ( 2019 ). 
We note that, by design, BORG does not yield a unique result, but

nstead employs a Markov chain to represent plausible samples of
he probability that each initial condition yields the present universe.
ach iteration of the Markov chain corresponds to a different
ensity field and an associated likelihood value. Even when the
 v erall likelihood conv erges, the local density field is still subject to
ignificant variations arising from the uncertainties in the properties
f the galaxy population in each volume element ( ∼3.9 cMpc 3 ). 
A different realization would to differences in the local LSS, owing

o selection effects, truncation of small scale density fluctuations
nd uncertainty on galaxy formation processes. Fig. 2 shows the
rojected dark matter density in spheres of 50 Mpc for eight different
ealizations of the constraints with comparable likelihood. Overlaid
n each panel are the positions of galaxies in the Local Universe, from
he 2MASS surv e y (Huchra et al. 2012 ). Table 1 lists the masses and
ositions of the closest analogues to the Virgo and Fornax clusters in
ach of the eight BORG realizations. It is worth noting that different
bservational techniques can give different mass estimates for the
ame object. For Virgo, Simionescu et al. ( 2017 ) find M 200, crit =
.05 ± 0.02 × 10 14 M � from X-ray measurements while Kashibadze,
arachentsev & Karachentseva ( 2020 ) find 6.3 ± 0.9 × 10 14 M �

rom cluster member kinematics, while the Fornax mass estimate
f Nasonova et al. ( 2011 ) is derived from the Hubble flow around
he cluster. All eight BORG realizations produce similar large-scale
eatures, including the presence of both Virgo and Fornax at their
pproximate positions, but there is noticeable variation between
ndividual realizations. We selected the last iteration (9350) of the
hain, where Virgo is at a distance of 18.1 Mpc with M 200, crit =
.3 × 10 14 M �, and Fornax is at a distance of 21.0 Mpc with M 200, crit 

 2.0 × 10 14 M �. A more complete description of the cosmography
nd a detailed analysis of the local environment beyond the LG,
ncluding the properties of several nearby galaxy clusters, will be
resented in a forthcoming paper (McAlpine et al. in preparation). 

.3 Converting the BORG constraints into an octree function 

 epr esentation 

he LSS constraints on the phase information produced by BORG

re expressed as a 256 3 element Gaussian white noise field. Taking
he Fourier transform of this field, we produce an equi v alent octree
epresentation by imposing the Fourier modes provided by BORG

s a set of linear constraints on an unconstrained white noise field
enerated by octree functions. 
We do this following the method outlined in Salmon ( 1996 ).

his procedure applied to Gaussian white noise fields is particularly
imple. In essence, we create an unconstrained Gaussian white noise
eld in the octree representation, following section 5.2 of Jenkins

art/stab2684_f1.eps
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Figure 2. Projected dark matter density in spheres of r = 50 Mpc, centred on the fiducial observer at z = 0, in labelled iterations of the Markov chain of the 
BORG reconstruction. Overlaid in white are the positions of galaxies in the 2MASS redshift surv e y (Huchra et al. 2012 ) between r = 10 and 50 Mpc. The 
observed clusters and voids are consistently reproduced, but there are noticeable differences between individual iterations. 

Table 1. Masses ( M 200, crit ) and positions relative to the fiducial observer of the two closest analogues to the Virgo and 
Fornax clusters for the eight BORG realizations with comparable global likelihood, whose projected density is shown in 
Fig. 2 . 

Virgo Fornax 
M 200 D RA Dec. M 200 D RA Dec. 

Index (10 14 M �) (Mpc) ( ◦) ( ◦) (10 14 M �) (Mpc) ( ◦) ( ◦) 

7600 2.7 17.5 181 19 0.3 19.0 36 −15 
7850 1.3 18.0 185 16 1.1 21.3 42 −20 
8100 0.7 16.4 191 29 0.7 17.6 45 −27 
8350 1.8 19.9 188 13 1.3 21.6 42 −23 
8600 2.0 20.8 186 13 0.9 18.9 45 −28 
8850 4.3 20.5 193 23 0.5 20.0 43 −27 
9100 2.9 18.2 189 17 1.5 19.5 42 −31 
9350 2.3 18.1 191 14 2.0 21.0 38 −22 

Obs. 1.05 16.5 187 10 1.2 19.6 9 -35 

Note . The final row shows the observed values for the Virgo cluster (Mei et al. 2007 ; Simionescu et al. 2017 ) and Fornax 
cluster (Nasonova, de Freitas Pacheco & Karachentsev 2011 ), respectively. 
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 2013 ) and compute the Fourier amplitudes of this unconstrained 
eld. We then adjust each of the corresponding Fourier amplitudes 

o exactly match the corresponding Fourier mode predicted by BORG , 
nd then convert back into the octree representation. 

This procedure is not unique as it can be applied to different sets of
ctree functions depending on the choice of how deep to go within the
ree. For this paper, we chose to use the octree information down to
evel 21. At this level the information content of the octree functions
or the simulation volume consists of 240 3 degrees of freedom, which 
s a close match to the BORG constraints. As the number of degrees of
reedom in the octree representation are slightly less than in BORG , we
iss some of the BORG shortest wav e F ourier modes as constraints.
he BORG constraints that we use are not unique at these scales

n any case. This particular choice means that in practice all the
nformation in the initial unconstrained octree Gaussian white noise 
v
eld is o v erwritten and the constraints are ef fecti vely confined to
efinite levels of the octree. This leaves all octree functions at deeper
evels of the tree unconstrained, and thus free to be randomly varied.

.4 Random variations 

n a second step, as shown in Fig. 1 , we take a sample from BORG and
upplement it with random phase information at level 22 and above,
.e. randomizing phases with λcut = 3.24 cMpc and smaller. In total,
e create 60 000 variations of the initial density field constituting

n ensemble simulation (Aragon-Calvo 2016 ). We call this ensemble 
he ‘3.2-cMpc set’, and label individual variants with index i . The two
op rows of Fig. 3 show the projected dark matter density in spheres
f radius 5 Mpc centred on the fiducial observers in four ‘3.2-cMpc’
ariations. As all variations share the same relevant phase information 
MNRAS 509, 1432–1446 (2022) 

art/stab2684_f2.eps
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Figure 3. Top two rows: projected dark matter density in spheres of r = 

5Mpc, centred on the fiducial observer, in four of the 60 000 3.2-cMpc random 

variations of constraint 9350. Due to the shared large-scale modes, all volumes 
show a similar filamentary structure. Ho we ver, the identity of indi vidual halos, 
determined on smaller scales, changes between volumes. Bottom two rows: 
spheres of r = 2 Mpc, centred on the fiducial observer, in four of the 0.8- 
cMpc variations, using the same constraints and the same 3.2-cMpc variation, 
i = 24 493. Now, all volumes contain an LG analogue of similar mass and 
orientation, but varying separation. 
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n the constrained region up to level 21 ( λcut = 6.48 cMpc), all
imulations in this sample have a similar intermediate scale density,
ncluding a planar structure and several visible filaments. Ho we ver,
andomizing the phase information on levels 22 and above yields
ifferent populations of halos. We describe the properties of the LG
nalogues found among the ‘3.2-cMpc’ set in Section 3. 

As shown in Sawala et al. ( 2021 ), specifying the phase information
p to and including octree level 22 ( λcut = 3.24 cMpc) determines
he existence of individual halos down to M 200 ∼ 10 12 M �, i.e.
alos similar in mass to the MW and M31. After identifying
airs of such halos among the simulations of the 3.2-cMpc set,
NRAS 509, 1432–1446 (2022) 
e create smaller scale variations of promising candidates by
ndependently randomizing the phase information at levels 24 ( λcut 

 0.81 cMpc) and 25 in a small region, as shown on the right-
and panel of Fig. 1 . We refer to these sets as the 0.8-cMpc sets,
nd label indi vidual v ariants with an additional index, j . The effect
f variations at 0.8 cMpc can be seen in the bottom two rows
f Fig. 3 . Here, an LG analogue consisting of a pair of halos
f ∼10 12 M � is nearly al w ays present, but its properties vary. We
escribe the results of these simulation in Section 4. Still smaller
cale variations, up to level 28 ( λcut = 0.05 cMpc), are described in
ection 5. 

.5 Numerical Setup 

ll simulations were performed with the GADGET-3 code, a variant
f the publicly available code GADGET-2 (Springel 2005 ). To reduce
he computational cost, before running the full set of 60 000 3.2-
Mpc variants, we first ran a prototype set of 100, refining a cubic
egion of 20 3 cMpc 3 around the origin of the fiducial observer within
he constraints. Because of the partially identical phase information,
he variation in the Lagrangian volumes is limited. In the next step,
e computed the union of all particles within r = 8 Mpc of the
ducial observer at z = 0 in all 100 variants. This defined the
efinement region (or ‘mask’), ensuring that the region of interest
 r = 5 Mpc) is al w ays included in the high-resolution region, while
imiting computational cost. Extracting this region out of a 20 3 cMpc 3 

ube sampled with 80 3 particles resulted in only ∼52 3 particles
equired in the high resolution region. Each simulation required 4.4
ore-hours on the COSMA-6 computer. 

The mass resolution of the 3.2-cMpc variants is 2.4 × 10 9 M �,
.e. a typical MW or M31 halo of 10 12 M �, is resolved with ∼420
articles. We used a 480 3 FFT for computing the initial particle
isplacements inside the high-resolution region. The other variants
ere performed at twice higher spatial and eight times higher mass

esolution, using masks based on the 3.2-cMpc simulations. In all
imulations, the particles that represent the LSS and the remainder of
he periodic volume outside the high-resolution re gion, progressiv ely
ncrease in mass with increasing distance. We tested that the results
o not change qualitatively when using higher particle resolution or
ner FFTs. 

.6 Identification and characterization of LG candidates 

he distance between the MW and M31 has been measured
sing Hipparcos and HST observations of red clump stars as
 = 784 + 13 

−17 kpc (Stanek & Garnavich 1998 ), using TRGB stars as
 = 785 ± 25 kpc (McConnachie et al. 2005 ), using Cepheids
s d = 765 ± 28 kpc (Riess, Fliri & Valls-Gabaud 2012 ). The
alactocentric radial velocity has been accurately measured, v r =
109.3 ± 4.4 km s −1 (van der Marel et al. 2012 ). The transverse

elocity is more controversial. The only direct measurement of
roper motions with HST (van der Marel et al. 2012 ) give v t 
 17 ± 17 km s −1 , while van der Marel et al. ( 2019 ) give a

ombined estimate from Gaia DR2 and HST data of v t = 57 + 35 
−31 

m s −1 . Both of these imply a highly radial orbit. Conversely, indirect
easurements using satellite kinematics give far higher values: v t =

64.4 ± 61.8 km s −1 (Salomon et al. 2016 ), and a much lower
ccentricity. In this work, we adopt a distance of d = 770 kpc, a
adial velocity of v r = −109 km s −1 , and a transv erse v elocity of
 t < 40 km s −1 . Of course, the methods and results described here
emain valid for different parameters values. 
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Table 2. Selection criteria and numbers of LG analogues among the total of 
48 323 candidates from the 3.2-cMpc set. 

‘Loose’ ‘Intermediate’ ‘Strict’ 

M (10 12 M �) 1.2, ..., 6.0 1.5, ..., 5.0 2.0, ..., 4.0 
(46 054) (39 090) (24 108) 

M31 / MW 2/5, ..., 5 2/3, ..., 3 1, ..., 2 
(40 490) (28 630) (14 162) 

d (Mpc) 0.5, ..., 1.5 0.6, ..., 1.0 0.74, ..., 0.80 
(34 693) (15 356) (1665) 

v r (km s −1 ) −200, ..., 0 −150, ..., −50 −109, ..., −99 
(11 414) (4318) (597) 

v t (km s −1 ) < 150 < 100 < 40 
(38 885) (23 904) (10 792) 

N ( M , M31 / MW , d, v r , v t ) 6385 489 1 

δ < 45 ◦ < 30 ◦ < 15 ◦

N ( M , M31 / MW , d , v r , v t , δ) 2309 82 0 

Notes. M is the sum of the MW and M31 subhalo masses, d is the distance between 
the centres of potential, v r and v t are the relativ e v elocities, and δ is the error in 
the position on the sky of M31. Numbers in brackets indicate the number of LG 

analogues from the 3.2-cMpc variations satisfying the corresponding criterion. N 

indicates the number that simultaneously satisfy all criteria in each column, either 
excluding or including the constraint on the orientation. 

Figure 4. Fraction of simulation volumes from the 3.2-cMpc set with 
N LG LG analogues selected by different criteria. With the ‘loose’ criteria, 
9 . 8 per cent of variants contain one LG analogue, 0 . 4 per cent contain two, 
and four volumes (0 . 0067 per cent ) contain three LG pairs. Stricter limits 
on mass, mass ratio, separation, and velocity reduce the numbers, but even 
more so, the multiplicity: With the intermediate criteria, only two variants 
(0 . 0033 per cent ) have two LGs and none have more than two. 
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In our simulations, halos and self-bound subhalos 1 were identified 
n the z = 0 snapshots using the FoF and SUBFIND algorithms. For
dentifying LG analogues, we consider all possible pairs of self- 
ound halos, each in the mass range 5 × 10 11 –5 × 10 12 M �, whose
entres of potential are separated by 0.5–2 Mpc. We also require 
hat there be no other halo more massive than the smaller of the pair
ithin 2 Mpc. 
In previous works, both those that studied the LG in arbitrary 

nvironments (e.g. Sawala et al. 2016a ) as well as those including
onstraints (Carlesi et al. 2016 ), the orientation of the LG with
egards to the LSS was considered arbitrary. Ho we ver, in constrained
imulations, we argue that reproducing the correct orientation of the 
G with respect to the observed LSS is not a mere accessory. If the
istinct features observed in the LG are linked to the local LSS, and
n particular, if the anisotropy of the LG’s environment plays any 
ole in its evolution, then the LG’s orientation with respect to this
nvironment would appear to be crucial. And, as we will discuss in
ection 4.1, the orientation is also set on fairly large scales. 
Our simulation axes are aligned with the equatorial coordinate 

xes, placing the observed local structures at their observed locations. 
o parametrize the orientation of the LG analogues relative to the 
SS, we calculate in turn the vectors pointing from the centre of
ach halo to the other, and quantify the angles, δ1, 2 , by which they
iffer from the true position of M31 relative to the MW. We then
esignate the halos as the ‘MW’ and ‘M31’ analogues, respectively, 
o that δ = min( δ1, 2 ); δ thus ranges from 0 ◦ for an LG analogue
ith the correct orientation to 90 ◦ for an LG analogue whose 
rientation is perpendicular to the observed one. Having assigned 
he MW and M31 counterparts, we parametrize the mass ratio as

31 / MW = M M31 / M MW 

. Similarly to the total mass, the mass ratio
s also uncertain, with most estimates within a factor of 2 of unity,
nd M31 likely to be the more massive of the pair (Li & White 2008 ;
helps, Nusser & Desjacques 2013 ; Sofue 2015 ). 
We also require that the position of the MW be within 5 Mpc

f the fiducial observer defined by the cosmological constraints. 
ubsequently, as outlined in Section 3.1, we apply additional limits 
n the mass, mass ratio, separation, velocities, and orientation of the 
G candidates. 

 VA R I A  T I O N S  A  T  λC U T 

= 3 . 2  CMPC  

 simulation where the density field is constrained down to only 
4 Mpc does not generally yield an LG at its centre. As explained in
ection 2.4, to complement the phase information constrained by the 

ocal LSS, in a first step, we generated a set of 60 000 simulations,
andomly varying the phase information at scales of λcut ∼ 3.2 cMpc 
nd smaller, which is levels of 22 and above. 

.1 Number of LG analogues 

earching the central r = 5 Mpc sphere in all 60 000 simulations
f the 3.2-cMpc set for LG analogues yielded a total of 48 323 halo
airs (hereafter labelled ‘all’) with an LG mass in the range ∼(1–
) × 10 12 M �, a separation of 0.5 – 2 Mpc, and fulfilling the condition
hat no other halo more massive than the lower-mass member be 
ithin 2 Mpc of the pair mid-point. As shown in Table 2 , restricting
 In the following, we use the term ‘halo’ when referring to a self-bound 
tructure identified by the SUBFIND algorithm (Springel et al. 2001 ), and we 
onsider the mass of the self-bound structure as the mass of the halo. The LG 

ass is defined as the sum of the two subhalo masses. 

3

W
o  

5  

c

pril 2022
he selection criteria closer to the observed values has the effect
f significantly reducing the number of LG analogues: our ‘loose’ 
riteria for mass, mass ratio, separation, radial velocity, and tangential 
elocity yield 6385 LG analogues, and only one LG analogue fulfils
he strict ‘criteria’. 

Once we also include constraints on the orientation, the numbers 
re reduced even further, and when we limit the orientation of the
G relative to the LSS to within 15 ◦, none fulfils all strict criteria. 

.2 Multiplicity 

ith the broadest selection criteria, labelled ‘all’, a single simulation 
ften contains more than one LG analogue within the central r =
 Mpc volume. Fig. 4 shows the number of variants from the 3.2-
Mpc set containing N LG analogues for different selection criteria. 
MNRAS 509, 1432–1446 (2022) 
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Figure 5. Duplicates of an LG analogue from the 3.2-cMpc variations. The 
top left-hand panel shows the projected DM density around the LG for i = 

622, highlighting in red and yellow particles within 250 kpc of the centres 
of the MW and M31 analogue halos. The other three panels show the dark 
matter density in three other realizations of the 3.2-cMpc set, at the same z = 

0 coordinates, and with the same particles highlighted. All four LG analogues 
share more than 50 per cent of particle IDs, i.e. the y hav e formed from the 
same Lagrangian volume, and also have similar mass and orientation. 
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s the selection criteria are tightened, the number of variants that
ontain multiple LG analogues decreases sharply, and more steeply
han N 

−2 . With the ‘loose’ constraints, 9.8 per cent of variants have
ne LG, but only 0.4 per cent contain two and none contain more
han three. With intermediate criteria, while there are 489 LGs, the
hance of finding two in the same volume is ∼1: 30 000. 

More interestingly, we not only find multiple different LG ana-
ogues within the same r = 5 Mpc volume, we also find many
nstances of ostensibly the same LG forming in multiple volumes
mong the 3.2-cMpc variations. For the purpose of finding such
uplicates, we consider two LGs in different simulations to be the
ame object if their centres of mass differ by less than 300 kpc, their
otal masses differ by less than 30 per cent , and their orientations are
ligned to within 30 ◦. We find that only ∼ 10 per cent of LGs from
ither the loose or intermediate set have no duplicates, while almost

30 per cent of LGs are found more than 10 times. 
In Fig. 5 , we show four ‘copies’ of an LG analogue from the 3.2-

Mpc set. All four panels are centred on the same coordinates, and all
our contain a pair of halos with similar orientation. As described in
ection 2.5, all 3.2-cMpc variants use the same particle load, so that
articles with the same IDs have identical (unperturbed) Lagrangian
oordinates in all simulations from this set. Highlighted in red and
ellow on all four panels are the positions of particles within 250 kpc
f the centres of the MW and M31 analogues shown in the top left-
and panel. In each of the other three simulations, a large fraction
f the same particles are also found in the two halos. In general, we
nd that copies of LGs share a large fraction of particles, indicating

hat they originate from largely overlapping Lagrangian volumes. 
The fact that most of our LG analogues exist more than once

uggest that, within the 60 000 random realizations of the 3.2-
Mpc set, we are likely to have exhausted a large fraction of
NRAS 509, 1432–1446 (2022) 
he possible, truly distinct LG analogues that can form given this
articular set of constraints. As we will discuss in the conclusions
Section 6), this has important implications for our future ability to
est cosmological models. In the following sections, we make use of
he fact that we can generate several variations of the same LG by
eliberately introducing small-scale random variations to promising
G candidates identified among the 3.2-cMpc variants. 

.3 Quality of LG analogues 

ig. 6 illustrates the quality of individual LG analogues for all 8086
.2-cMpc variations that satisfy the ‘loose’ criteria irrespective of
rientation, as given in Table 2 . On the x -axis, we show the index, i ,
hile on the y -axis, we quantify the agreement with the observation

n terms of the logarithm of the mass ratio mass ( M31 / MW , orange),
he total mass (M, purple), orientation ( δ, brown), tangential velocity
 v t , green), radial velocity ( v r , red), and separation ( d , blue). For each
ariable, the set of solid black lines correspond to our strict criteria
see Table 2 ), either the observational uncertainty, or in the case of
he orientation, where the observational uncertainty is negligible, an
cceptable error of δ = 15 ◦. The grey lines denote the intermediate
nd loose criteria. 

The vertical positions of individual points of corresponding colour
re normalized relative to the strict criteria, and show 

 = 

x n,i − x n 

σn 

, (1) 

here x n , i is the value of variable x n for simulation i , x n is its
bserv ational v alue, and σ n is the observ ational uncertainty or
cceptance re gion. F or clarity, dif ferent v ariables are of fset vertically.
he grey points at the top of the figure show the sum of the individual
rrors that lie outside the observational bounds, i.e. 

 i = 

∑ 

n 

(
min 

(
1 , 

| x n,i − x n | 
σn 

))
− n. (2) 

n LG candidate that lies within the bounds for all five variables
ould have a value of 0 and fall on the thick dashed line on the
lot. The fact that all grey points lie abo v e this line indicates that 	 

 0 for all candidates, i.e. all candidates from the 3.2-cMpc set are
utside the bounds for at least one observable. 

 VA R I A  T I O N S  A  T  λC U T 

= 0 . 8  CMPC  

s discussed in the previous section, our set of 60 000 random
ariations produced tens of thousands of LG analogues within the
onstraints, and indeed, resulted in many variants of ostensibly the
ame objects, but it did not yield any that matches all of the strict
riteria for the MW–M31 pair, and only one that matches the strict
onstraints neglecting the orientation. While it would be possible
imply to create more tries, a back-of-the-envelope estimates of the
umber of tries required suggest that this would be prohibitively
 xpensiv e. F or e xample, dividing the number of tries that produced
ne LG analogue according to our ‘strict’ criteria irrespective of
rientation by the fraction of the sky represented by an area of
adius 15 ◦, or extrapolating from the fraction of LGs that match
he intermediate criteria with and without orientation, suggest that
t would require o v er a million simulations to find a realization that
atisfies all constraints simultaneously . Importantly , this does not
mply that the LG, as defined here, is a particularly rare system, but
imply reflects the fact that any system measured precisely enough is
xceedingly unlikely to emerge from randomized initial conditions,
aking a single stage of randomization impractical. 
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Figure 6. Quality of LG analogues for 3.2-cMpc variations. Each vertical set of points represents an LG analogue from a simulation with index, i . Sets of 
horizontal stripes indicate the logarithm of the mass ratio ( M31 / MW , orange), the mass ( M , purple), angular offset ( δ, brown), tangential velocity ( v t , green), 
radial velocity ( v r , red), and separation ( d , blue), respectiv ely. F or each observable, dashed lines indicate either the 1 σ observational uncertainty, or the accepted 
error for our ‘strict’ criteria. Grey points on top show 	, the total error outside the accepted range for all observables. While many variants fulfil the criteria 
for indi vidual observ ables and some fulfil multiple criteria, no points fall on the thick dashed line, i.e. none of the 3.2-cMpc variants matches all six criteria 
simultaneously. 
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Instead, we select the most promising candidates for which a 
hange of smaller scales in the initial density field might produce 
ariations that fulfil the constraints. For these, we keep the phase 
nformation fixed for two further levels above the constraints, 22 and 
3, and independently vary levels 24 and above (corresponding to 
cales with λcut < 0.8 cMpc). As discussed in Section 2.4, we expect
hat a majority of these variants will contain the same individual 

10 12 M � halos, but with a scatter in their masses, positions, and
elocities. 

.1 Characteristics of the LG 

o select suitable candidates for refinement, it is important to 
etermine first which properties of the LG are set on large scales
n the primordial density field, and which ones vary when smaller 
cales are modified. As discussed in Section 2.6, observationally, the 
G is characterized primarily and most precisely by the separation of

he Milky Way and Andromeda, their radial velocity, their transverse 
elocity, and the LG’s orientation relative to the LSS. It may seem
atural to select those candidates among the 3.2-cMpc variations that 
ome closest to matching all of these criteria. Ho we ver, as shown in
ig. 7 , we find that when we introduce variations on smaller scales,
ome of these observables still show a great amount of scatter, while
thers appear to be already set on the scales that determined the
xistence of the MW and M31 halos themselves. In total, we selected
ine LG variants among the 3.2-cMpc sets, and created 1000 further
ariations of each, randomizing only phase information at scales of 
cut = 0.81 cMpc and smaller. 
The top panel of Fig. 8 shows the correlation of radial velocity and

eparation for the 3.2-cMpc variants (in grey), and for the nine sets
f 0.8-cMpc variants, coloured according to index i . As expected, not
ll combinations are equally likely, even for the 3.2-cMpc set: More
istant LG pairs are typically receding from one another, closer pairs
re typically approaching. Ho we ver, the scatter in the individual
.8-cMpc sets is remarkably reduced: while distances and radial 
elocities independently still show a large scatter among the variants 
n each set, their combinations only span a narrow region. As we
iscuss below, this is evidence that the 0.8-cMpc variations result in
Gs of similar orbits, but differing orbital phases. 
The centre panel in Fig. 8 shows the radial velocity and the
agnitude of the transv erse v elocity. Compared to halo pairs with

he same mass, separation, and radial velocity, the small transverse 
elocity of the LG is unusual (Li & White 2008 ; Fattahi et al. 2015 ).
e find that for each set of 0.8-cMpc variations, the scatter in

ransv erse v elocity is narrower than the scatter in radial velocity,
nd this ratio is greater for the LG analogues on more radial orbits.
gain, this is expected if each set of 0.8-cMpc variants produces LG

nalogues of similar, mostly radial orbits whose eccentricities do not 
ary much. 

.1.1 Integrals of motion 

he distribution of distances and velocities along orbital trajectories 
uggests that we should consider as more fundamental the quantities 
hat remain constant in orbital motion. If we consider the LG as a
wo-body system comprised of the MW and M31, these are the total

ass, M = M MW 

+ M M31 , the specific orbital energy, 

 tot = 

1 

2 
v 2 − GM 

r 
, (3) 

he specific orbital angular momentum, 

 orb = r × v , (4) 

nd the reduced Laplace–Runge–Lenz vector, which defines the 
ccentricity and the orientation of the orbit, 

 LRL = 

v × l orb 

GM 

− ˆ r , (5) 
MNRAS 509, 1432–1446 (2022) 
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Figure 7. Probability density functions of mass, radial v elocity, transv erse v elocity and separation (top row) and mass ratio, specific orbital angular momentum, 
specific orbital energy, and orbital spin parameter (bottom row), for the 3.2-cMpc variants (grey dashed lines), and for the nine sets of 0.8-cMpc variations, 
independently normalized and coloured according to the index, i . The quantity, N , gives the number of LG analogues matching the ‘loose’ constraints. For each 
set of 0.8-cMpc variants, the scatter is smaller than in the 3.2-cMpc variants in all observables, but while some observables (such as radial velocity and distance) 
still have comparable scatter, for other variables (e.g. mass, energy, and orbital angular momentum), the scatter is greatly reduced and depends on the set. 

Figure 8. Radial velocity versus separation (top panel), transverse velocity 
(middle panel), and specific orbital angular momentum (bottom panel), for 
LG analogues in the 3.2-cMpc sample (grey points), and in the nine sets of 
0.8-cMpc variations, coloured according to i . Grey bands show our ‘strict’ 
criteria for d , v r , v t , and the corresponding specific orbital angular momentum, 
I orb . There is still considerable scatter in both v r and d among the variants of 
each the 0.8-cMpc set, but they only occupy a narrow region of phase space, 
corresponding to LG orbits of similar energy but different orbital phase. 
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Figure 9. Specific potential and specific kinetic energy of all LG analogues 
in the 3.2-cMpc sample (grey dots), and of the LG analogues from the 0.8- 
cMpc variations, coloured according to = . Diagonal lines show constant total 
energy, and the black line marks zero energy orbits. Light, medium, and 
dark blue lines show the energy for LG analogues with d = 770 kpc, v = = 

−109 km s −1 , v t = 40 km s −1 , and with total masses of 2 × 10 12 , 3 × 10 12 , 
and 4 × 10 12 M �, respectively. LGs in the same set appear to have similar 
total energy, although there is a slight trend for closer pairs to have more 
ne gativ e total energy. 
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here v is the velocity of M31 relative to the MW, r is the position
f M31 relative to the MW, r = | r| is the distance between the two,
nd ˆ r = r /r is the unit vector from the MW to M31. 

From Fig. 7 and the bottom panel of Fig. 8 , it can be seen that the
.8-cMpc v ariants sho w little scatter in specific angular momentum
ompared to the 3.2-cMpc variants. Fig. 9 shows the distributions of
NRAS 509, 1432–1446 (2022) 
he 3.2- and 0.8-cMpc variants in the kinetic and potential energy
lane. The LG analogues from a particular set, while greatly differing
n both kinetic and potential energy, align along lines of similar total
nergy. This suggests that variances in radial velocity and separation
eflect, to a large extent, a variance in orbital phase. 

In Fig. 10 , we show the positions on the sky of M31 in all LG
nalogues from the 3.2-cMpc sample (in grey), and in the nine sets
f 0.8-cMpc variations, in a Mollweide projection. The assignment
f the MW and M31 analogues by the LG’s orientation limits the
osition of the M31 analogue to 90 ◦ around the true position of
31 (indicated by the black cross). Due to the common constraints,
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Figure 10. Mollweide projection of the position of M31 on the sky, for all LG 

analogues in the 3.2-cMpc sample (grey dots), and for the LG analogues from 

the 0.8-cMpc variations, coloured according to index = as in Figs 8 and 9 . The 
black and grey dashed circles indicate 15 ◦ and 30 ◦ around the true position of 
M31 observed from the MW, marked by the black x . Because we assign the 
‘MW’ and ‘M31’ analogues by orientation, the maximum difference from the 
true orientation is 90 ◦. Points from the 0.8-cMpc variations cluster closely 
together and close to the true orientation. 
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Figure 11. Distribution of the number of objects in the mass range (1–
3) × 10 11 M � within 1 or 2 Mpc from the centre of the LG analogue, for 
the set of 3.2-cMpc variations (grey area), and for the nine sets of 0.8-cMpc 
variants (coloured lines). The average number of massive satellites in the 
0.8-cMpc sets varies, but the scatter within the each set sets is smaller than 
that of the 3.2-cMpc set. 
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he orientations among the 3.2-cMpc set is not uniform; some 
rientations are more likely than others. In each set of 0.8-cMpc 
ariants, the scatter is significantly reduced. This indicates that the 
rientation of the orbital plane, and a LRL , are also conserved along 
he orbit. 

For all 0.8-cMpc variants, the orientation close to the observed 
alue, and all orientations within a single set of 0.8-cMpc variants 
re similar to one another. This result also echoes the findings from
he multiplicity of LG analogues among the 3.2-cMpc variations 
escribed in Section 3.2: When we find multiple pairs of halos of
imilar mass and in a similar position, their orientations also tend to
e similar. 
It seems clear that these constants of motion are set on larger scales

han the canonical observables such as separation and velocities, and 
hile they are more complicated to observe, it seems more natural 

o consider them as the defining properties of the LG. In Section 5,
e will consider still smaller scale variations to determine the scales 

hat set the phase of the orbit, but as we will see in the next section,
he degree to which the LG is a true two-body system also affects
he scatter in these integrals of motion. 

.2 Presence of massi v e third objects 

n addition to M31 and the Milky Way, the LG contains two galaxies
elieved to be residing in halos of at least 10 11 M �: M33, at a distance
f 203 ± 37 kpc from M31 (van der Marel et al. 2012 ), and the LMC
t a distance of ∼50 kpc (van der Marel et al. 2002 ) from the MW
entre. With stellar masses of (3–5) × 10 9 M �, abundance matching 
laces both in dark matter halos of ∼10 11 M �. H I kinematics further
uggests that M33 could have a total mass as high as 5 × 10 11 M �
f it resides in an NFW-like DM halo (Kam et al. 2017 ). For the
MC mass, timing constraints give a total mass of 2.5 × 10 11 M �

Pe ̃ narrubia et al. 2015 ); analogues by stellar mass in the EAGLE

imulations indicate M 200 = 3 . 4 + 1 . 8 
−1 . 2 × 10 11 M � (Shao et al. 2018 ),

hile its effect on the Orphan stream in the Milky Way suggests a
ass of 1 . 38 + 0 . 27 

−0 . 24 × 10 11 M � (Erkal et al. 2019 ). 
In Fig. 11 , we show histograms of the number of M33 or LMC

nalogues, which we define to be in the mass range (1–3) × 10 11 M �
ithin 1 and 2 Mpc of the LG centre, for the LGs from 3.2-cMpc
ariants, and for each of the nine sets of 0.8-cMpc variants. 

While the nine sets of 0.8-cMpc variants collectively span a large 
ange in the number of LMC/M33 analogues, we find that some sets
 i = 12 885, 21 826, 36 993, 43 595) have no LMC/M33 counterparts
ithin 1 Mpc in a large majority of cases, while other sets ( i =
4 943, 37 497, 41 800) typically have one or more. To a large extent,
he presence of such halos is already determined by the scales shared
ithin each set. 
As can be inferred from Figs 8 and 9 , the number of massive

dditional halos appears to correlate with the scatter in the integrals
f motion of a two-body orbit, as discussed in Section 4.1.1. For
xample, the sets of 0.8-cMpc variants with i = 21 826 and 43 595
shown by green and cyan lines or symbols), which typically have
o LMC/M33 analogues within 1 Mpc, show very little scatter in
otal energy, mass, or angular momentum, while sets with a higher
umber of LMC/M33 analogues, such as i = 37 497 and 41 800 (pink
nd olive lines and symbols), have a much greater scatter in the same
uantities. 

.3 An LG from 0.8-cMpc variations 

ig. 12 shows the quality of the LG in the nine sets of 0.8-cMpc
ariants, analogous to Fig. 6 discussed in Section 3.3. We find that
he typical mass error, and the error in transverse velocity, is much
educed compared to the 3.2-cMpc variations shown in Fig. 6 . The
rror in orientation clusters close to 0 ◦. Reflecting the discussion in
ection 4.1, we find that the scatter in distance or radial velocity,

ndependently, are not substantially smaller than in the 3.2-cMpc 
et. Ho we ver, because of the total energy constraint, d and v r are
ot independent for LG analogues in the 0.8-cMpc sets. For some
ets, this means that no LG analogue matches the observations of both
imultaneously, while for others, it significantly increases the fraction 
f LG analogues that match both observables simultaneously. 
If it is possible for an LG to form inside the LSS constraints, in-

ependently randomizing all levels simultaneously would eventually 
ield an LG (the 0.8-cMpc variants are, strictly speaking, a proper
ubset of a (much larger) set of possible 3.2-cMpc variants). The
.8-cMpc variants bifurcate: Because the scatter in the observables 
s much reduced, for almost all possible sets of 0.8-cMpc variations,
t would be impossible to form an LG that matches the observations.
ven among the set of nine promising 3.2-cMpc variants we selected,
e find examples where 0.8-cMpc modifications will never lead to a
MNRAS 509, 1432–1446 (2022) 
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Figure 12. Quality plot of 0.8-cMpc variations, j , of 3.2-cMpc variations, i , analogous to Fig. 6 . There is very little scatter in total mass, angle or, in most cases, 
mass ratio, less scatter for v t , but still a great amount of scatter in v r and d . The total error, 	, is significantly reduced, and the remaining error is now dominated 
by v r and d . In some cases, the (largely conserved) energy of the orbit (e.g. i = 43 595) or angular momentum (e.g. i = 12 885) imply that no correct combination 
of d and v r or correct value of v t is possible. However, the set with i = 24 943 contains one LG analogue ( j = 366) that matches all ‘strict’ constraints. 
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Figure 13. The effect of varying the phase information on levels 25 ( λcut = 
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of LG candidate [ i = 24 943, j = 366]. 
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ormation of an LG, either because the transverse velocity is al w ays
oo great ( i = 12 885), or because the total energy is never negative
nough ( i = 21 826 and 43 595). 

Ho we ver, set i = 24 943 contains one LG analogue [ i =
4 943, j = 366] that matches all observational constraints: M LG =
.8 × 10 12 M �, M31 / MW = 1 . 07, d = 769 kpc, v r = −100 km s −1 ,
 t = 37 km s −1 , and δ = 9 . ◦4. As discussed in Section 4.2, similar to i
 28 471 and 37 497, variants from this set typically contain several
MC/M33 mass objects, and the scatter in the transv erse v elocity
nd the total energy of the two-body orbit is larger than for sets that
ontain none. 

This does not necessarily imply that the presence of LMC/M33
nalogues is required to form an LG with the observed parameters
although it is necessary in our particular LSS constraints), but we
an conclude that the presence of the LMC and M33 significantly
ffects the kinematics of the MW–M31 orbit. 

 SMALLER  SCALE  VA R I AT I O N S  

y varying higher levels of the octree, we can create even smaller
cale variations of existing LG analogues. From the 0.8-cMpc sets,
e selected four candidates, [ i = 21 868, j = 1], [ i = 41 800, j = 1], [ i
 43 595, j = 1], and [ i = 24 943, j = 366], the latter of which yielded

n LG that matches the observations. For each one, we created four
ew sets of 50 variations each, by varying the phase information at
nd abo v e lev els 25, 26, 27, and 28, corresponding to λcut = 0.4, 0.2,
.1, and 0.05-cMpc, respectively. 
In Fig. 13 , we illustrate the effect for [ i = 24 943, j = 366]. The

our columns show the effects of applying four different shifts in
ANPHASIA at levels 25, 26, 27, and 28 of the octree (top to bottom).
ll variations shown contain an LG analogue, and as expected, the
ariation among them decreases from top to bottom with decreasing
cale of the variation in the density field. At L ≥ 26, even some small
ndividual substructures can be easily identified across the different
ariants. 
NRAS 509, 1432–1446 (2022) 
.1 Constraining the MW–M31 orbital phase 

ig. 14 shows the probability density functions of the mass, radial
 elocity, transv erse v elocity, and separation for 50 variations each at
evels 25, 26, 27, and 28 ( λcut = 0.4, 0.2, 0.1, and 0.05, respectively)
f the four LG variants from the 0.8-cMpc set listed abo v e. The
catter in all observables decreases as the scale of the variations is
ecreased. 
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Figure 14. Probability density functions of LG observables; mass, radial 
v elocity, transv erse v elocity, and separation for smaller scale variations of 
four dif ferent LG v ariants, [ i = 21 826, j = 1] (greens), [ i = 41 800, j = 1] 
(oranges), [ i = 43 595, j = 1] (blues), and [ i = 24 943, j = 366] (greys), 
analogous to Fig. 7 . From light to dark, four different shades show variations 
at levels 25, 26, 27, and 28 ( λcut = 0.4, 0.2, 0.1, and 0.05 cMpc, respectively). 
Reducing the scale of the variations in the initial conditions reduces the 
scatter in all observed variables. Note that, as the PDFs are independently 
normalized for each variable, the height of the curves can be compared for 
dif ferent v ariations on the same panel, but not across panels. 
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Table 3. Sensitivity of the LG’s observables to small-scale variations of the 
initial density for candidate [ i = 24 943, j = 366]. 

L λcut M ± σM 

d ± σ d v r ± σv r v t ± σv t 

(cMpc) (10 12 M �) (kpc) (km s −1 ) (km s −1 ) 

25 0 .4 2.53 ± 0.28 1044 ± 205 − 57 ± 36 30 ± 16 
26 0 .2 2.88 ± 0.12 857 ± 68 − 67 ± 14 9 ± 11 
27 0 .1 2.88 ± 0.05 766 ± 29 − 96 ± 8 37 ± 9 
28 0 .05 2.85 ± 0.04 774 ± 12 − 101 ± 3 33 ± 4 

Notes. L is the level of the octree on which coefficients are randomized, and 
λcut is the corresponding cut-off scale for the � CDM power spectrum. M , d , 
v r , and v t are the median values of the LG mass, separation, radial velocity, 
and tangential v elocity, respectiv ely, while σM 

, σ d , σv r , and σv t are the 1 σ
scatter in the corresponding observables. 
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It is worth noting that at L = 25, not all simulations have yielded
n LG analogue that matches the ‘loose’ criteria. Variations at L =
5 of [ i = 21 826, j = 1] contain an LG analogue in 47/50 cases. For
 i = 41 800, j = 1], [ i = 24 943, j = 366], and [ i = 43 595, j = 1], the
ate is 49/50, 44/50, and 41/50, respectively. Higher level variations 
f [ i = 21826, j = 1], [ i = 41 800, j = 1], and [ i = 24 943, j = 366]
l w ays contain an LG that fits at least the loose criteria, but for [ i =
3 595, j = 1], the number remains around 40–45: The separation is
ery close to 500 kpc, and a fraction of LG analogues fall below the
hreshold. 

The extent to which individual variables vary at each level depends 
n their values. For example, the scatter in separation, d , is largest
or the sets that have the lowest separation. Conversely, the scatter 
n radial velocity is largest for the sets that have the most ne gativ e
elocity and smallest for velocities close to zero. This can be readily
nderstood if, as explained in Section 4.1, the small-scale variations 
re, to a large extent, perturbations to the phase of the LG’s orbit,
hose integrals of motion have already been defined on larger scales. 
G variants with large separation are close to apocentre, where the 
rbital velocity is low. In this case, a perturbation to the phase causes
nly a small change in position and velocity. On the other hand,
G variants with small separation are closer to pericentre, and the 
ame perturbation to the phase causes a larger change in position and
elocity. 

To determine which scales in the primordial density field of the 
ocal Universe were responsible for setting the phase of the LG’s
rbit, we are thus primarily interested in perturbations close to the 
bserved values, i.e. d ∼ 770 kpc, v r ∼ −110 km s −1 . In Table 3 ,
e list the sensitivity of different parameters to the variations of LG

andidate [ i = 24 943, j = 366]. 
For all scales shown, the mass of the LG varies by ∼ 10 per cent

r less, well below the observational uncertainty. At L = 25, the
catter in separation and radial velocity is ∼200 kpc and ∼40 km s −1 ,
espectively. It is worth noting that the median separation and median
adial velocity are those of an LG close to apocentre, resulting in
maller variance. 

The variance in separation and radial velocity become comparable 
o the observational uncertainty only for levels L = 27. While the
recise threshold appears somewhat arbitrary, we conclude that all 
cales down to L = 26, or λcut = 0.2 cMpc, have had a significant
mpact on setting the LG’s orbital phase, and its current relative
elocity and separation. For comparison, in Sawala et al. ( 2021 ),
e had computed the average scatter in the position and velocity of

entral halos of mass ∼10 12 M � to be ∼20 kpc, and ∼3 km s −1 ,
espectively, from perturbations of the same scale. That these values 
re somewhat lower than those reported here shows that the relative
ositions and velocity of the MW and M31 are more sensitive to
mall-scale changes. The scale of λcut = 0.2 cMpc is also sufficient
o determine the existence of individual halos down to 2 × 10 9 M �.
n the hierarchy of scales that determine the formation of the LG,
he scales that set the phase of the LG’s orbit are thus signifi-
antly smaller than those that determine the presence of LMC/M33 
nalogues. 

As is evident from Figs 14 and 15 , the parameters of LG analogues
nitially chosen from the 0.8-cMpc set are not necessarily at the
entres of the dif ferent v ariations. Every LG v ariant contains phase
nformation at all levels that we can resolve in our simulations,
nd represents just one random sample of the possible variations. 
hen we consider perturbations to the orbital phase of an LG

nalogue, for indi vidual observ ables, especially for LGs that are
lose to pericentre, the e xpected ‘rev ersion to the mean’ becomes a
reversion to apocentre’, where a larger fraction of the orbital phase
s spent. 

 C O N C L U S I O N  

eginning with the BORG reconstruction of the local LSS, we have
onstructed hybrid constrained initial conditions that embed the LG 

n its cosmic environment. Using the techniques described in Sawala 
t al. ( 2021 ), our simulations supplement the large-scale constraints
ith independent randomized phase information below λcut = 6.48 

Mpc within a 16-cMpc sphere around the observer. Depending on 
he selection criteria, we find many approximate LG analogues, and 
or most of them, we find several, and often many variants of the
ame object. This leads us to conclude that we have, most likely,
xplored a large fraction of the event space of LGs that can form
ith these particular constraints assuming � CDM. 
We have identified the scales of the initial density field that

etermine the different LG properties. We find that the classical 
MNRAS 509, 1432–1446 (2022) 
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Figure 15. Quality plots, analogous to Figs 6 and 12 , of higher order 
v ariations at le vels 25, 26, 27, and 28 ( λcut = 0.4, 0.2, 0.1, and 0.05 cMpc, 
respectively) of four existing variants, [ i = 21 826, j = 1] (top row), [ i = 

41 800, j = 1] (second row), [ i = 43 595, j = 1] (third row), and [ i = 24 943, j 
= 366] (bottom row), In all cases, the scatter in observables decreases further 
with decreasing scale of variation. By level 27, the variances in separation 
and radial velocity become comparable to the observational uncertainties. At 
this scale of variation, the phase of the orbit is set. 
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bservables, such as the separation and radial velocities are not only
ransient in time, but also subject to very small scale changes in the
nitial density field: we find that the phase information needs to be
xed down to λcut = 0.2 cMpc to constrain the phase of the orbit. On

he other hand, as discussed in Section 4.1.1, the orientation of the
G with respect to the LSS, the total mass, and integrals of motion
uch as the orbital energy and angular momentum, are set on larger
cales ( λcut = 0.8 cMpc). We suggest to consider these as the defining
haracteristics of the LG. 

In constructing and refining cosmological initial conditions, this
ierarchy of observables also has practical consequences. We find
hat in our simulations, the scatter in LG observables introduced by
mall-scale variations of the initial density field depends strongly on
he presence of additional halos. Furthermore, given our constraints
n the larger scales, the scatter introduced by small scale variations
s required in order to produce an LG with the observed properties.
his in itself does not necessarily imply that the presence of the
MC/M33 is necessary for an MW–M31 pair to match the other
bserv ables. Ho we ver, gi ven ho w strongly the presence of such
bjects affects the orbit, and given that their formation is set on
cales greater than those that set the orbital phase, it is clear
hat the actual LG, in its true cosmic environment, would not
ave the observed kinematics without the presence of the LMC
nd M33. Consequently, simulations that produce an LG with a
recise match to the other observables in the absence of those
dditional massive objects, would miss important aspects of its
nvironment. 

This work uses dark matter only simulations. Given the level of
etail we require to identify LG objects, this is justified, but using
ydrodynamic simulations would allow us to select also by galaxy
roperties. In principle, there is nothing other than computational cost
hat would prevent us from employing hydrodynamic simulations in
ur hierarchical method for constructing initial conditions. 
In this work, we have been interested in exploring the sensitivity

f observables to small scale variations of the initial density field. Of
ourse, in constructing higher le vel v ariations, it would be possible
o select specific candidates at each level for refinement at smaller
cales, and to create ever more precise matches to the observed LG.
e will fully explore smaller scale variations, and their impact on

ubstructures, in future works. 
All constrained simulations of the Local Universe should even-

ually converge to the same result. One major caveat in our current
ork is the residual variance and uncertainty in the reconstruction
f the local LSS. As discussed in Section 2.2, and in more detail in
 forthcoming paper, the constrained Local Universe in the SIBELIUS

imulation reproduces many features of the observed universe.
o we ver, the resemblance is not perfect. For example, for the
ilky Way analogue in the system that matches the observed LG

inematics, we measure a galactocentric velocity in the ‘CMB frame’
f 380 km s −1 towards equatorial coordinates (118 ◦, −8 ◦), somewhat
ower than, and slightly misaligned with the measured velocity of
52 km s −1 towards (157 ◦, −24 ◦; Kogut et al. 1993 ). 
Ho we ver, this may only be a temporary limitation. In principle,

ur method of iteratively randomizing smaller scales allows us to
xplore all possible LGs that can form in the Local Universe, and to
o so in a very efficient way. If the � CDM model was manifestly
ncorrect, we might not have found a precise LG analogue within the
onstraints used. With improving constraints, we now have a clear
athw ay tow ards not only creating LG analogues, but eventually
eproducing the LG. Alternatively, our method would also allow us
o demonstrate that the LG cannot possibly form, given a set of
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arge-scale constraints and cosmological parameters. We envisage 
his to become a powerful and comprehensive way of testing 
osmological and astrophysical assumptions. 
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