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Strongly coupled matter called quark–gluon plasma (QGP) is formed in heavy-ion collisions at
RHIC [1, 2] and the LHC [3, 4]. The expansion of this matter, caused by pressure gradients, is
known to be hydrodynamic expansion. The computations show that the expanding QGP has a
small shear viscosity to entropy density ratio (η/s), close to the known lower bound 1/4π [5]. In
such a medium one expects that jets passing through the medium would create Mach cones. Many
experimental trials have been done but no proper evidence of the Mach cone has been found [6, 7].
Mach cones were thought to cause double-bumps in azimuthal correlations. However these were
later shown to be the third flow harmonic.

In this thesis a new method is proposed for finding the Mach cone with so called event-engineering.
The higher order flow harmonics and their linear response are known to be sensitive to the medium
properties [8]. Hence a Mach cone produced by high momentum jet would change the system prop-
erties and, thus, the observable yields. Different flow observables are then studied by selecting high
energy jet events with different momentum ranges. Considered observables for different momenta
are then compared to the all events.

Found differences in the flow harmonics and their correlations for different jet momenta are reported
showing evidence of Mach cone formation in the heavy-ion collisions. The observations for different
jet momenta are then quantified with χ2-test to see the sensitivities of different observables to
momentum selections.
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1. Introduction

The medium called quark–gluon plasma (QGP) is formed in heavy-ion collisions in
RHIC [1, 2] and the LHC [3, 4]. Due to the high outward pressure caused by the
large initial energy density, the QGP is rapidly expanding. This expansion is known to
be hydrodynamic with low shear viscosity to entropy ratio (η/s) close to the general
lower bound of 1/4π [5]. The characteristics of the expansion are studied with the
anisotropic flow. Especially the elliptic flow has been a powerful observable to constrain
the minimal specific shear viscosity of the QGP (Refs. [9, 10, 11, 12, 8, 13]).
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Figure 1.1: The η/s of the QGP is the smallest ever measured among all fluids. The η/s have been
plotted around the critical points of the substance, that for the QGP is around 150 MeV (≈ 1.7 x
1012K). Provided by Jasper Parkkila based on data from Ref. [14].

The initial collision can produce high-speed partons, which are slowed down by
the strong interaction of the medium in a phenomenon called jet quenching. The jet
quenching is thought to invoke hydrodynamic medium response in QGP which in turn
causes a formation of conical shock waves called Mach cones. These Mach cones are
theorized to be found in the QGP formed in heavy-ion collisions [15, 16, 17].

There have been earlier experimental efforts on finding Mach cones in heavy-ion
collisions. These trials were based on an idea that the formation of Mach cone will
cause a double-bump in the azimuthal correlation due to the envelope of the shock
wave. This sort of double-bump signal was found in the azimuthal correlations but
was, however, shown to be caused by the triangular flow [6, 7]. Figure 1.2 shows that
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4 Chapter 1. Introduction

Figure 1.2: Azimuthal angle distribution for events with jets initialised above (below) x-axis in green
(blue). The red line describes all the events. Figure from Ref. [16]

event averages of events with jet initialised at different points in the transverse plane
will result in an evened out particle distribution. Due to this event averaging one
cannot find the anticipated double bump structure.

This thesis covers a new method for finding evidence on Mach cones, the so called
event engineering method. Selections are made on events based on jet momenta in an
event. Flow observables in events with certain minimum jet momentum are compared
to those in No Selection (all events). The jet induced Mach cones formed in the medium
will change the flow of the medium which is observable. This change is measured and
quantified by comparing multiple jet selections to the No Selection with different flow
observables and χ2-test.

The outline of the thesis is as follows. In Chapter 2, the theory of Mach cones is
reviewed. Then a description of all observables used in this thesis is given in Chapter 3.
In Chapter 4 the obtained results are covered for different flow observables as well as
quick review on the AMPT-model, the theory model used for data comparison, is given.
Finally, in Chapter 5 conclusions are drawn and some future work is considered.



2. Theory

2.1 Mach cones

The Mach cone formation in fluid mechanics is described by discontinuities and dis-
turbances in the flow of the fluid. These disturbances propagate in the medium at
the speed of sound. The Mach cone is formed when an object is moving through the
medium at supersonic speed, i.e. faster than the speed of sound.

2.1.1 Basic idea

In flow of fluids, discontinuities can be found when the flow velocities on the opposite
sides of a control surface are different. In non-relativistic fluids the flow will conserve
its mass, momentum and energy across the control surface. The conservation equations
around the control surface can be reduced to Rankine–Hugoniot equations [18]

ρ1u1 = ρ2u2, (2.1.1)

ρ1u
2
1 + p1 = ρ2u

2
2 + p2, (2.1.2)

ρ1u1(v1 − v2) = 0, (2.1.3)

ρ1u1(w1 − w2) = 0, (2.1.4)

ρ1u1(ht,1 − ht,2) = 0, (2.1.5)

where subscripts 1 and 2 describe upstream and downstream respectively. ui is the
velocity component normal to the control surface while vi and wi are tangential to the
surface. Additionally, ρ is the mass density and ht,i is the total energy. These equations
have trivial solutions with u1 being zero.

The non-trivial discontinuity across the control surface is given by u1 ̸= 0. This
discontinuity corresponds to a shock wave. The shock wave classification can be divided
into normal and oblique shock waves. In normal shock waves the velocity is normal to
the control surface, i.e. vi = wi = 0. Comparatively in oblique shock waves there are
tangential components as well, i.e. vi ̸= 0 and wi ̸= 0.

5



6 Chapter 2. Theory

When an object moves through the medium, it pushes the matter in front of it
causing pressure changes around the moving object. These pressure disturbances move
through the medium at the speed of sound. The pressure wave moving at the speed of
sound will define a domain of influence, i.e. the region which is affected by the source.

Figure 2.1: Mach wave and angle formation depicted. Here, u is the velocity of the object and a
velocity of the pressure wave i.e. the Mach wave. The Mach angle βM is the angle between u and a.

If the object moves faster than the pressure waves in the medium then a Mach
angle is formed. This is depicted in Fig. 2.1. In three dimensions the angle will obtain
a conical shape called a Mach cone. A supersonic object will outrun the pressure wave
in front of it and defines a new domain of influence, which is the Mach cone. Thus
the Mach cone formation depends greatly on the velocity of the object and the speed
of sound in the medium. It can, hence, be described by the Mach number, which is
defined as

M = u

a
. (2.1.6)

2.1.2 Mach cones in heavy-ion collisions

The Mach cone formation requires a medium and a supersonic object. In heavy-ion
collisions the medium produced is the QGP and objects are jets (collimated particle
showers) and high momentum singular particles. In addition there must be some
interaction between the medium and the moving object. If an object does not interact
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with the medium, then it will not cause any disturbances in the medium.
To help the reader to perceive the properties of the QGP system a comparison of

large and small systems is shown in Table 2.1. In the large system an object moving
through medium (water) is a duck while in the heavy-ion collisions the objects are
singular partons or jets, and the medium is the QGP. In the large system the interaction
is caused by water hindering the movement of the duck. Comparatively in the heavy-ion
collisions the jets are slowed down by the QGP through the strong interaction.

char large small (tiniest substance in nature)

fig
vmedium ≈ 0 ≈ 0.65 ×c [19]
vjet ≈ 5km/hour ≈ 20-200 GeV/c
viscosity/entropy >>1 ≈1/4π(≈0.08), perfect fluid
substance H2O gluons and quarks
scale ≈ cm ≈ 1fm (0.00000000000010 cm)

Table 2.1: A comparison of small and big systems.

One big difference in the small system when compared to the large system is that
the medium is expanding. The speed of the radial flow of the expansion is large. In
Fig. 2.2 velocity dependence, β, of kinetic freeze-out temperature for multiple experi-
mental measurements is shown. One can see that the high energy Pb–Pb collision have
flow velocities close to 0.65c. The average velocities were extracted from the π±, K±,
p and p̄ particle spectra [19].

As mentioned in the above comparison, in heavy-ion collisions the interactions
between the objects and the medium are governed by the quantum chromodynamics
(QCD). Despite this strong interaction the Mach cone formation also depends on the
size and the velocity of the object. Larger object has more effect on the medium while
smaller object is suppressed by the medium. Similarly the speed of the object must
be great enough to not be suppressed. However, an object moving too fast will not
interact enough with the medium to form a clear Mach cone.

Considering the aforementioned requirements the high speed jets in QGP are more
likely going to produce Mach cones for they are much larger than singular partons. In
theoretical framework jet induced Mach cones are shown to be found in heavy-ion
collisions [15, 16]. Images in Fig. 2.3 taken from Ref. [15] show the formation of Mach
cones in heavy-ion collision simulations. The momenta of jets in both pictures are
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Figure 2.2: Kinetic freeze-out temperature, Tkin as function of flow velocity β for various experi-
mental measurements. Figure from Ref. [19].

20 GeV/c.
On the left side in Fig. 2.3 the jets are initiated to move towards the radial

expansion. The figure shows three different specific shear viscosities from which one
can see that the Mach cone is clearest for the lowest viscosity setting. On the right
side in Fig. 2.3 the jets are not towards the radial expansion but in angle with respect
to it. The expansion of the medium causes the jets and the Mach cone to be deflected.
The more distinct Mach cone is formed for the highest viscosity since it tends to be
less affected by the expansion deflection.

Note that experimentally it is not possible to see the developing Mach cone di-
rectly because one is limited to observe the particle spectra at the final state of the
event. The spectra consists of multiple events and the hard scatterings, which initialise
the jets, needed happen at random points in the produced medium. Thus the event
average balances the disturbances caused by the jets and the Mach cone signal can not
be found [16] using traditional methods (i.e. two particle correlation and jet correlation
method [7, 20, 21]).



2.1. Mach cones 9

Figure 2.3: Mach cone formation in heavy-ion collision simulations for jets moving in the radial
direction (left) and in an angle to the radial direction (right). The jet moving in an angle is deflected
by the expansion of the medium. Figure from Ref. [15]





3. Methods

In this chapter the experimental observables are covered. These observables include
the flow coefficients, symmetric cumulants and non-linear flow coefficients. In addition,
collision kinematics and collision setup are reviewed.

3.1 Collision kinematics

In the collision coordinate system of a heavy-ion collision z-axis is defined in the di-
rection of the beam. The transverse plane is then given by the x and y coordinates. A
schematic view of the transverse plane is shown in Fig. 3.1. In the figure blue and red
circles represent the colliding nuclei. The distance vector between the centers of the
nuclei is called impact parameter, b.

xRP

yRP

xP P

yP P

ψP P

b

Figure 3.1: Underlying collision geometry in the transverse plane. Participant plane is defined by
particles which participate in the collision.

The centrality of a collision describes how much the colliding nuclei overlap. The
most central collisions are almost fully overlapped while the peripheral collision have

11



12 Chapter 3. Methods

almost no overlap. Nucleons inside the overlapping region are called participants and
the left out nucleons are called spectators. In Fig. 3.1, the participants are depicted as
light blue dots.

The impact parameter b and the beam direction z will span a reaction plane of
the collision. In Fig. 3.1, xRP and yRP define the transverse plane coordinates of the
reaction plane frame with xRP being on the reaction plane. Due to the granularity of
constituents inside the nuclei the true expansion plane is given by a participant plane.
In Fig. 3.1 the participant plane is spanned by xP P and z. The angular difference
between the reaction plane and the participant plane is given as the participant plane
angle ψP P .

After the collision, one is interested in the momentum distribution of the particles.
Thus next the momentum space of the collision is considered. The coordinate system for
the momentum space in heavy-ion collisions is given by a special coordinate system (pT,
φ, η), where pT is transverse momentum, φ the azimuthal angle and η is pseudorapidity.
The pseudorapidity is defined as

η = − ln
[

tan
(
θ

2

)]
, (3.1.1)

where θ is the angle between the particle momentum and the beam axis.
One can relate these coordinates to the spherical and cartesian coordinates

through the Eq. 3.1.1. With simple algebra one obtains

e−η = tan θ2 , (3.1.2)

⇒ eη = cot θ2 , (3.1.3)

⇒ sinh η = 1
2

(
cot θ2 − tan θ2

)
= cot θ. (3.1.4)

Inserting Eq. 3.1.4 into the transformations to cartesian coordinates from spherical
coordinates gives

px = pT cosφ, (3.1.5)

py = pT sinφ, (3.1.6)

pz = pT sinh η, (3.1.7)

where pT = |p| sin θ is just a projection onto the transverse plane. In these coordinates
the range of η is (−∞,∞).
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3.2 Experimental observables

3.2.1 Flow harmonics

The hydrodynamic expansion of the QGP is characterised by the anisotropy in the
flow of the expansion [22]. One can measure this anisotropy by observing the particle
distribution in the momentum space. Particularly one is interested in the azimuthal
distribution. The distribution is characterised by a Fourier decomposition of the az-
imuthal particle correlation. The full distribution is given as [9]

E
d3N

dp3 = 1
Npt

d2N

dptdy
f(φ), (3.2.1)

where pt is transverse momentum and y is rapidity. Here the azimuthal distribution is

f(φ) = a0

2π + 1
π

∞∑
n=1

[an cos (nφ) + bn sin (nφ)]. (3.2.2)

The coefficients an and bn are to be calculated by integrating over the azimuthal range
or by summing over a finite number of particles

an =
∫ π

−π
f(φ) cos (nφ) dφ =

∑
i

f(φi) cos (nφi), (3.2.3)

bn =
∫ π

−π
f(φ) sin (nφ) dφ =

∑
i

f(φi) sin (nφi). (3.2.4)

To represent the distribution only in terms of cosines a reaction plane angle ΨRP is
introduced. It is defined to be the azimuthal angle of the reaction plane. One can then
include the reaction plane changing an and bn to

an = wn cos (nΨRP), (3.2.5)

bn = wn sin (nΨRP), (3.2.6)

where wn =
√
a2

n + b2
n, by a straightforward computation. Thus by applying the angle

sum formula for cosine one gets

f(φ) = w0

2π + wn

π

∞∑
n=1

[cos (nφ) cos (nΨRP ) + sin (nφ) sin (nΨRP )] (3.2.7)

= w0

2π

[
1 + 2

∞∑
n=1

wn

w0
cos(n(φ− ψRP))

]
. (3.2.8)
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Note that when integrated over φ the distribution will give out the number of particles
N . Thus one can see that w0 = N . Also one defines vn = wn/w0 which are called flow
coefficients. One can obtain the flow coefficients by computing

vn = ⟨cos [n(φ− ΨRP )]⟩ (3.2.9)

=
∫ π

−π f(φ) cos [n(φ− ΨRP )] dφ∫ π
−π f(φ) dφ (3.2.10)

=
∑N

i=1 f(φi) cos [n(φi − ΨRP )]∑N
i=1 f(φi)

, (3.2.11)

where the last equal sign gives the expectation value for finite particle multiplicity.
In reality, there are fluctuations in the initial nucleon distribution inside the nu-

clei. If one had continuous distribution of infinitesimally small nucleons inside the
nuclei then the flow would be purely elliptic with respect to the reaction plane. There-
fore each harmonic produced in a collision will be in an angle with respect to the
reaction plane. The angle for each harmonic is called a symmetry plane angle or an
event plane angle. These event plane angles can be observed from the anisotropic flow
which is encoded in the particle distribution. The event plane is observed separately
for each harmonic. For the n-th harmonic one defines the event plane angle Ψn and
the event flow vector Qn to be

Qn cos (nΨn) =
∑

i

wi cos (nφi), (3.2.12)

Qn sin (nΨn) =
∑

i

wi sin (nφi), (3.2.13)

⇒ Ψn =
atan2

∑
i

wi cos (nφi)∑
i

wi sin (nφi)

n
. (3.2.14)

Note that the event plane is same as the reaction plane but they are named differently
whether considering theory or experiment. Now one can obtain the observed vn as

vobs
n = ⟨cos [n(φ− Ψn)]⟩ (3.2.15)

where the average is taken over all particles. As mentioned before these event planes
are in an angle with respect to the reaction plane and, hence, the observed harmonics
vobs

n need correction. The considered difference between the reaction plane and the
event plane is characterized by an event plane resolution defined as

Rn = ⟨cos [n(Ψn − ΨRP )]⟩. (3.2.16)

Then the true flow coefficients are
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vn = vobs
n

Rn

= ⟨cos [n(φi − Ψn)]⟩
⟨cos [n(Ψn − ΨRP )]⟩ . (3.2.17)

One may also compute the flow coefficients by evaluating the two particle corre-
lation function. This can be formulated with the two particle distribution

dNpairs

d∆φ ∝ 1 +
∞∑

n=1
2vn∆ cos(n∆φ), (3.2.18)

where ∆φ = φi − φj and vn∆ is the expectation value of cos(n∆φ). Thus one gets

vn∆ = ⟨cos(n∆φ)⟩ (3.2.19)

= ⟨cos[n(φi − Ψn) − n(φj − Ψn)]⟩ (3.2.20)

= ⟨cos[n(φi − Ψn)] cos[n(φj − Ψn)]⟩ (3.2.21)

≈ ⟨cos[n(φi − Ψn)]⟩⟨cos[n(φj − Ψn)]⟩, (3.2.22)

where in the final line the expectation of the product is approximated as a product of
the expectation values. One can see that on the right hand side in the final line the
terms are just the normal harmonics. This can then be written as

vn∆ ≈ v2
n, (3.2.23)

⇒ vn ≈
√

⟨cos(n∆φ)⟩. (3.2.24)

The approximation in above equations is used by assuming that the two-particle dis-
tribution can be separated into a product of two different particle distributions. This
would mean that there are no non-flow correlations between a pair of particles.

Note that in this subsection all of the averages were particle averages, which give
us a quantity for an event. In practise , due to insufficient statistical of individual
events, one will generally take the average over all events but in this subsection it
was omitted for simplicity. Also note that one can define Fourier decomposition with
respect to the complex number einφn . This would be equivalent for previous formalism
since the sine parts will vanish due to the symmetry.

Figure 3.2 shows one of the latest extracted values of vn from data in Ref. [23].
The flow harmonics are shown up to the ninth order for two different centrality classes,
0-5% and 40-50%. The higher order harmonics are known to be increasingly sensitive
to the system properties [11, 23] and are, hence, in key role in finding Mach cones.
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v n

Pb-Pb √sNN = 5.02 TeV
0.4 < |η| < 0.8
0.2 < pT < 5.0 GeV/c

ALICE
0 - 5%
40 - 50%

Figure 3.2: Flow coefficients vn from the second harmonic up to the ninth harmonic in two centrality
classes. Figure is provided by Jasper Parkkila based on the data in Ref. [23].

3.2.2 Symmetric Cumulants

In this subsection a study of correlations between two flow coefficients is covered. Two-
particle correlation mentioned on the previous subsection can be continued to form
higher order multi-particle correlations. A multi-particle correlation of m-th order can
be written as [24]

⟨m⟩n1,n2,...,nm = ⟨cos (n1φ1 + n2φ2 + ...+ nmφm)⟩, (3.2.25)

where the average is taken over distinct particle combinations to exclude any auto-
correlations. A multi-particle cumulant is defined to be the correlation term in the
multi-particle correlation [25, 26]. One can then consider the two-particle correlation
function which is given as

⟨cos(n∆φ)⟩ =
∫
f(φ1, φ2) cos[n(φ1 − φ2)] dφ1dφ2∫

f(φ1, φ2) dφ1dφ2
, (3.2.26)

where f(φ1, φ2) = dNpairs/d∆φ is the two-particle distribution. The distribution
can now be separated into correlated and uncorrelated terms such that f(φ1, φ2) =
f(φ1)f(φ2) + f(φ1, φ2)c, where the subscript c denotes the correlated term. Inserting
this into Eq. 3.2.26 will then give



3.2. Experimental observables 17

⟨cos(n∆φ)⟩ =
∫
f(φ1)f(φ2) cos[n(φ1 − φ2)] dφ1dφ2∫

f(φ1, φ2) dφ1dφ2
+ (3.2.27)∫

f(φ1, φ2)c cos[n(φ1 − φ2)] dφ1dφ2∫
f(φ1, φ2) dφ1dφ2

=⟨cos[n(φ1 − Ψn)]⟩⟨cos[n(φ2 − Ψn)]⟩ + ⟨cos(n∆φ)⟩c (3.2.28)

=v2
n + ⟨⟨cos(n∆φ)⟩⟩, (3.2.29)

where ⟨⟨cos(n∆φ)⟩⟩ is the second order cumulant. In the absence of non-flow, e.g. jets
and resonances, the Eq. 3.2.29 would be equal to the two–particle correlation. In a
similar manner the four-particle cumulant would be obtained from the four-particle
correlation

⟨cos [n(φ1 + φ2 − φ3 − φ4)]⟩ =⟨cos [n(φ1 − φ3)]⟩⟨cos [n(φ2 − φ4)]⟩+ (3.2.30)

⟨cos [n(φ1 − φ4)]⟩⟨cos [n(φ2 − φ3)]⟩+

⟨⟨cos [n(φ1 + φ2 − φ3 − φ4)]⟩⟩,

⇒ ⟨⟨cos [n(φ1 + φ2 − φ3 − φ4)]⟩⟩ =⟨cos [n(φ1 + φ2 − φ3 − φ4)]⟩− (3.2.31)

2⟨cos [n(φ1 − φ3)]⟩⟨cos [n(φ2 − φ4)]⟩.

In the fourth order cumulant one subtracts the two-particle correlations from the four-
particle correlation. This will remove the lower order non-flow contributions of the
four-particle correlation [25, 26]. The four-particle correlation will yield one term of
v4

n and some non-flow terms. The two-particle correlations will also yield v4
n and lower

order non-flow terms. In the end one obtains

⟨⟨cos [n(φ1 + φ2 − φ3 − φ4)]⟩⟩ =v4
n − 2v4

n + δ4 = −v4
n + δ4, (3.2.32)

where δ4 includes all the fourth order non-flow correlations.
Now the symmetric cumulants can be obtained from the four-particle correlation

Eq. 3.2.30 by defining it for two different indices n and m, n ̸= m and then considering
the isotropic four-particle cumulant term [27]
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⟨cos [n(φ1 − φ3) +m(φ2 − φ4)]⟩ =⟨cos [n(φ1 − φ3)]⟩⟨cos [m(φ2 − φ4)]⟩+ (3.2.33)

⟨cos [nφ1 −mφ4]⟩⟨cos [mφ2 − nφ3)]⟩+

⟨⟨cos [n(φ1 − φ3) +m(φ2 − φ4)]⟩⟩,

⇒ SC(n,m) ≡⟨⟨cos [n(φ1 − φ3) +m(φ2 − φ4)]⟩⟩ (3.2.34)

=⟨cos [n(φ1 − φ3) +m(φ2 − φ4)]⟩− (3.2.35)

⟨cos [n(φ1 − φ3)]⟩⟨cos [m(φ2 − φ4)]⟩

=⟨v2
nv

2
m⟩ − ⟨v2

n⟩⟨v2
m⟩, (3.2.36)

where in the end one takes the average over all events compared to 3.2.32 where that was
not done. Above in Eq. 3.2.33 the cross terms of form ⟨cos [nφ1 −mφ4)]⟩ will vanish
since they are not isotropic. For the same reason the delta term δ4 was not included.
In case there are no event correlations between vn and vm the symmetric cumulant will
be zero. Thus symmetric cumulant captures the event-by-event fluctuation correlation
between vn and vm.

Higher values of symmetric cumulants imply higher correlation between vn and
vm but as one can see from Eq. 3.2.36 it is also affected by the magnitudes of vn and
vm. Therefore the symmetric cumulants are normalised by dividing with ⟨v2

n⟩⟨v2
m⟩. The

obtained observable is called normalised symmetric cumulant (NSC)

NSC(n,m) =⟨v2
nv

2
m⟩ − ⟨v2

n⟩⟨v2
m⟩

⟨v2
n⟩⟨v2

m⟩
(3.2.37)

= ⟨v2
nv

2
m⟩

⟨v2
n⟩⟨v2

m⟩
− 1. (3.2.38)

With NSC the comparison of two symmetric cumulants is more reasonable for NSC
value is not dominated by the magnitudes of harmonics but still captures the correlation
between them. For this reason only NSCs are considered in the results section.

The measured SC and NSC observables from the ALICE experiment are shown
in Fig. 3.3. The correlation between two harmonics can be extended to three-harmonic
symmetric cumulants [28]. The strength of SC observables depends on the harmonic
orders and centrality and are sensitive to the transport properties of the QCD matter
and their temperature dependence [13, 11, 28].

3.2.3 Linear and Non–Linear flow

When a collision happens between two nuclei the initial state is given by the energy
density profile of the system. The initial state be characterised with the eccentricity of
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Figure 3.3: Centrality dependence of event-by-event flow harmonic correlations measured by ALICE
in Pb–Pb collisions at √

sNN =2.76 TeV. The correlations between two harmonics are from Refs. [13, 11]
and first measurements on the three harmonics is from Ref. [28]. Credit to Cindy Mordasini and Dong
Jo Kim.

the initial state as [23]

εneinΦn = −{rneinφ}/{rn}, n ≥ 2, (3.2.39)

where the average over the transverse plane is denoted as curly brackets, r is the dis-
tance to the centre of mass and Φn is the participant plane angle. The aforementioned
average can be computed for an observable A as follows

{A} =
∫

dxdy e(x, y, τ0)A, (3.2.40)

where e(x, y, τ0) is the initial energy density. The eccentricity given by Eq. 3.2.39 de-
scribes how much the initial state distribution differs from purely circular distribution.

The flow distribution is dependent on the initial state eccentricity. However only
the lowest order harmonics, n ≤ 3, are considered to be linearly dependent on the
corresponding eccentricity [29]. More explicitly one would have

vne
inΨn ∝ εne

inΦn , n ≤ 3. (3.2.41)

The higher order flow coefficients will have non-linear dependence as well as the linear
dependence. A more accurate approximation can be constructed by adding lower order
eccentricity terms to equation 3.2.41 [30]. Thus e.g. for n = 4 one would have

v4e
i4Ψ4 = kε4e

i4Φ4 + k′ε2
2e

i4Φ2 , (3.2.42)

where k and k′ are some constants. The second term in the right hand side can be
expressed in terms of v2e

i2Ψ2 . By defining a flow vector as Vn = vne
inΨn one can express
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Figure 3.4: Two selected results in Ref. [23] are presented. The collision geometry (or centrality)
dependence of non-linear flow mode coefficients for v4 (left) and v5 (right). Figure is provided by
Jasper Parkkila based on the data in Ref. [23]

the flow vector as
Vn = Vn,L +

∑
χn,mkVn,NL, (3.2.43)

where the sum is over all combinations of lower order flow vectors. In above Eq. 3.2.43,
the χn,mk are called non-linear flow mode coefficients. Then e.g. flow vectors with
n = 4, 5, 6 are [23]

V4 = V4L + χ4,22V
2

2 , (3.2.44)

V5 = V5L + χ5,23V2V3, (3.2.45)

V6 = V6L + χ6,222V
3

2 + χ6,33V
2

3 + χ6,24V2V4L. (3.2.46)

One of the latest ALICE measurements for the lowest order non-linear flow mode
coefficients χ4,22 and χ5,23 are shown in Fig. 3.4. The non-linear flow mode coefficients
are plotted as a function of centrality and compared to hydrodynamical calculations.
The approximate χ5,32 ≈ 2χ4,22 result agrees with hydrodynamical predicitons [31].

3.2.4 Sensitivity of the observables

In the previous section a handful of observables were covered. In this section a quick
motivation for the choices of the observables and why they are interesting is given.

The theory of the heavy-ion collisions is based on different models which are tested
with simulations. These models will consider the initial energy/nucleon distribution,
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Figure 3.5: Space-time cartoon of QGP in collisions and lab-frame evolution (right). Figure from
Ref. [32]

initial state dynamics, QGP-phase, hadronization and the hadronic re-scattering. A
helpful cartoon of the evolution is shown in Fig. 3.5. All of these phases are char-
acterized with a set of parameters which will define the evolution of the phase. Due
to the complexity of the system the true model is not known. However given that
one has lots of data about heavy-ion collisions one can try to constrain the initial pa-
rameters. The relation between data and parameters is given by the Bayes theorem
P (x|y) ∝ P (y|x)P (x), where y denotes the data and x is a vector of parameters. Using
this relation one can obtain constraints on the parameters [12, 8].

Using the constraints one can also get sensitivities of different observables to
the model parameters [8]. In Fig. 3.6, one can see the different sensitivities of the
observables. In this thesis, the harmonics, non-linear modes and normalised symmetric
cumulants were studied because they have the highest sensitivities for the parameters of
transport properties as shown in Fig. 3.6. When considering the Mach cone formation
the most interest is in the specific shear viscosity for it defines how the medium reacts
to the formation of Mach cone. The parametric formula for the temperature dependent
specific shear viscosity is [12]

(η/s)(T ) = (η/s)min + (η/s)slope(T − Tc)
(
T

Tc

)(η/s)crv

, (3.2.47)



22 Chapter 3. Methods

where Tc is the critical temperature. Comparing this to the table in Fig. 3.6 one can
see that the observables considered in this thesis are sensitive to these parameters with
NSC(n,m) being the highest.
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Figure 3.6: Different sensitivities of different observables to the model parameters. Higher values
correspond to higher sensitivity. Figure from [8]

3.3 Jets tagging

To compare high-momentum jet events to all events one has to make selections on the
events and jets. In this section a brief description of the jet tagging is given.

Two different requirements are considered on the jet tagging, a minimum mo-
mentum pT of the leading track (pT,LP) or the reconstructed jet (pT,jet). The leading
track selection is restricted to |η| < 0.9 but with full azimuthal angle. Similarly the
reconstructed jet selection is restricted to |η| < 0.4 and full azimuthal angle. The jets
are reconstructed with the anti-kT algorithm [33] considering only charged particles
and using the resolution parameter R = 0.4 with the pT scheme.

The average background is subtracted based on the approach in Ref. [34, 35]. The
reconstructed jets are obtained by subtracting the background density ρ from the jets
in an event: preco = praw −ρA, where A is the jet area. The typical average background
density is approximately 220 − 280 GeV/c [35].

Figure 3.7 shows the charged particle momentum distribution for various four
different pT,jet selection in four different centralities. The distributions are logarithmic
histograms with pT dependence and are similar across all centralities. Once the high
pT,jet is required, the higher pT particles are enhanced as expected. The increase with
respect to No Selection is about 1000 for the jet selection in 100 GeV/c < pT,jet <

200 GeV/c range. Similar distribution for the leading particle selection is shown in
Fig. 3.8. The leading particle selections have expected jumps in yields at corresponding
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momentum bins and ratios increase much faster than the jet selection because of the
expected harder fragmentation for higher pT particles [36]. The spectra are obtained
from Pb–Pb √

sNN = 5.02TeV collisions.
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Figure 3.7: The charged particle momentum distribution of the experimental data for various four
different pT,jet selection in four centrality bins. The ratio is taken with respect to No Selection and
the units of momentum are GeV/c.
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4. Results

In this section an extracted magnitude of flow observables in various leading particle
momentum (pT,LP) and jet momentum (pT,jet) selections are presented and compared
to the No Selection-events. The observables include flow coefficients vn, normalised
symmetric cumulants NSC(n,m) and non-linear flow coefficients χn,mk. The data
shown here are from the LHC Run 2 Pb–Pb collisions data obtained with the ALICE-
detector.

4.1 Flow coefficients vn

Flow coefficients, measured as given in Sec. 3.2, are now shown here for both jet and
leading particle selections in Fig. 4.2. These coefficients are measured and shown up
to v9. The higher order coefficients are highly sensitive to the system properties but
tend to have more uncertainty causing the data to be more scattered. One can also
see from plots 4.2a and 4.2b that the highest yields come from v2 to v4. Therefore it is
better to make the later conclusions with the lower order coefficients.

The flow coefficient v2 is plotted in more detail in figure 4.1. The plot is for
jet selections for they showed more changes compared to leading particle selections.
Now one can see up to 40% change in v2 yield with respect to No Selection. The
higher momentum selections decrease for higher centrality while the lower momentum
selections increase.

In the jet selections for vn, Fig. 4.2a, one can see clear differences between selec-
tions. These differences vary for different momenta and centrality bins. Furthermore,
higher momentum selections will give higher change as well as larger uncertainty in
general.

Comparably in Fig. 4.2b one can see flow coefficients for leading particle selec-
tions. These plots, however, do not show such magnitudes of differences as plots in
Fig. 4.2a do. Different selections do not show relevant change in v2, which has the
greatest impact on the flow. Note that data points in v3 and v4 are multiplied with
the factor in the upper right corner in their plots.

25
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Figure 4.1: v2 for jet selections. Clear difference with respect to the No Selection can be seen.

4.2 Normalised symmetric cumulants NSC(n,m)

Normalised symmetric cumulants NSC(n,m), which describe the correlation between
two flow coefficients, are plotted here in Fig. 4.3 for the jet and leading particle momen-
tum selections. As mentioned before here are shown only the lower order cumulants
up to NSC(5, 3).

In Fig. 4.3a are shown the cumulants for jet selections. Across all momentum
selections the shape and magnitudes are close to each others in the first three panels.
The higher ratio differences are due to the data points being close to zero. Although,
there are some clearly out of the trend points. Different momenta show the similar cor-
relations and anti-correlations as recorded for No Selection in Ref. [13, 11]. NSC(3, 2)
and NSC(4, 3) are anti-correlated as NSC(4, 2) shows clear correlation.

The leading particle selections for NSCs are shown in Fig. 4.3b. In these plots
the points are a bit more scattered, especially the highest momentum bin (pT > 60
GeV/c) data points are scattered a lot.
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Figure 4.2: Jet (left fig.) and leading particle (right fig.) selection comparison of vn.
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(a) vn plots for jet selections. Different vn:s are dependent
on the momentum selections. Mostly higher momentum
will increase the yield.
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(b) vn plots for leading particle selections. Not as strong
momentum dependence is present here as is for jet selec-
tions.

Figure 4.3: Low order normalised symmetric cumulant NSC(n, m) comparison for jet (left fig.) and
leading particle (right fig.) selections.
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(b) NSC(m, n) plots for leading particle selections.
Smaller yields compared to the jet selections.

4.3 Non-linear flow coefficients χn,mk
In Fig. 4.4 the non-linear coefficients χn,mk are shown for jet and particle selections.
Note that some of the panels are enhanced by certain multiplier shown in the upper
right corner. This of course doesn’t change the ratio. For jet selections one can see
that the ratios are close to one or a bit above. For leading particle selections these
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ratios are more scattered and reach higher values. Some of the first order coefficients
are negative showing the complete opposite of the jet selections.

Figure 4.4: Low order non-linear coefficients χn,mk jet (left fig.) and leading particle (right fig.)
selection comparison.
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4.4 χ2-test

The theory and data difference is usually quantified with χ2/Ndof :

χ2/Ndof = 1
Ndof

Ndof∑
i=1

(yi − fi)2

σi
2 , (4.4.1)

where yi (fi) is a measurement (model) value in the i:th centrality bin. The combined
errors are included in σi =

√
σ2

i,stat + σ2
i,syst + σ2

fi,stat. There are four centrality bins in
range 10–50% and, thus, the number of degrees of freedom, Ndof , is four in Eq. 4.4.1.

Equation 4.4.1 can also be used as to compare momentum selections to No Se-
lection. This will give the average of difference between the selections over the errors
squared. For calculations presented here no systematical errors are considered. A log-
arithmic plot of χ2/Ndof is shown for the most relevant observables for jet and leading
particle selections in figures 4.5 and 4.6 respectively.

In Fig. 4.5 one can see clear dependence on the order of the observable. The lower
order observables have higher values as the precision is higher yielding lower errors.
This will also explain the lower yields for higher momentum selections. However, these
large scores on χ2/Ndof also show significant difference between momentum selections
and No Selection. This can be seen when compared to Fig. 4.6 for the error magnitudes
should be same but the yields are a lot different.
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From Fig. 4.5 and Fig. 4.6 one can see that the non-linear flow coefficients are
the least sensitive to the momentum selections. These have, across all orders, the
same magnitudes. Similarly we see that the most sensitives are the low order flow
coefficients vn and normalised symmetric cumulants NSC(n,m) in jet selections. The
leading particle selections have much less sensitivity.
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Figure 4.5: χ2 for jet selections. Larger and lighter dots represent higher momentum selections.

4.5 Model comparisons

In this section the most relevant figures and results from the previous section are
compared to the theory model. The theory model used in this thesis is a multi-phase
transport model (AMPT-model) introduced in Ref. [37]. In addition a quick review of
the AMPT-model is given.

4.5.1 AMPT-model

The AMPT-model simulates the collisions in four separate steps. The first phase is to
consider the initial conditions. The initial conditions used are taken from Heavy Ion
Jet Interaction Generator (HIJING) -model [38]. In the HIJING-model the collision
of two nuclei are considered to have multiple binary nucleon collisions. The energy
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Figure 4.6: χ2 for leading particle selections. Larger and lighter dots represent higher momentum
selections.

densities of these nucleons are assumed to have Woods-Saxon shaped distributions.
The production of particles caused by the collision is separated into hard and soft
processes. In the hard processes the momentum transfer is larger than a required
momentum p0 while the soft processes have lower momentum transfer than p0. For the
hard processes one can use perturbative-QCD but the soft processes are modeled by
string formation. These strings are assumed to decay independently.

The AMPT-model with string melting has similar initial conditions from the
HIJING-model but the soft strings are not assumed to decay. Instead, strings that are
not interacting with nucleons are transformed to partons based on their valence quarks
properties. For example, mesons turn into quark and antiquark.

In the second phase of the AMPT-model interactions among partons computed.
The interactions are approximated with the Boltzmann equations given as
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pµ∂µfa(x,p, t) =
∑
m

∑
b1,b2,...,bm

∫ m∏
i=1

d3pbi

(2π)32Ebi

fbi

×
∑

n

∑
c1,c2,...,cm

∫ n∏
j=1

d3pci

(2π)32Eci

|Mm→n|2

× (2π)4δ4
( m∑

k=1
pbk

−
m∑

l=1
pcl

)

×
[

−
m∑

q=1
δabqδ(p − pbq) +

n∑
r=1

δacrδ(p − pcr)
]
, (4.5.1)

where fa(x,p, t) is phase space distribution for parton type a. This can be reduced for
two-body interactions as

pµ∂µfa(x,p, t) ∝
∫
σfa(x1,p1, t)fa(x2,p2, t), (4.5.2)

where σ is cross-section of considered two-body interaction. In this kinetic transport
evolution phase the specific shear viscosity is given by [39]

η

s
≈ 3π

40α2
s

1(
9 + µ2

T 2

)
ln

(
18+µ2/T 2

µ2/T 2

)
− 18

, (4.5.3)

where αs is the strong coupling constant and µ the chemical potential.
The third phase is hadronization, an event in which partons start to form hadrons.

In the AMPT-model this has two different mechanisms depending on whether one has
string melting or not. Without string melting the hadronization is given by Lund
string fragmentation and with the string melting one uses quark coalescence. For the
AMPT-model with string melting was used in this thesis only the quark coalescence is
covered here.

In quark coalescence the two closest partons are combined to form mesons and
three nearest quarks or antiquarks are combined to form baryon or antibaryon. Because
of continuous spectrum of invariant mass the four-momentum isn’t conserved so three-
momentum is chosen to be conserved. The final hadron species are determined by the
flavour and four-momentum of the coalescing partons.

In the final step of the AMPT-model interactions among hadrons are considered.
Hadrons participating in the interactions include the hadrons from the previous step
as well as spectating nucleons from the initial collision. The mesons considered to be
formed in the quark coalescence are: π, ρ, ω, η, K, K∗, and ϕ. Similarly the baryons
and their antibaryons that are considered are: N , ∆, N∗(1440), N∗(1535), Λ, Σ, Ξ,
and Ω. The full description of the hadron cascade and the AMPT-model is given in
Ref. [37].
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4.5.2 Model comparisons

Here the data of the most relevant observables are compared to the AMPT-model
introduced in the previous subsection. Side-by-side comparative figures are shown for
flow harmonics, normalised symmetric cumulants and the χ2-test for the jet selections.
Comparisons of multiple flow observables to the various AMPT settings for nominal
events can be found in Ref. [11].

In Fig 4.7 the data is compared to model calculations for vn. The model agrees
well with the data for the lower order harmonics while for the higher order harmonics
the model tends to overestimate the values for higher momentum selections.

Figure 4.7: Data (left fig.) and theory (right fig.) comparison of vn for jet selections.
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Model comparison of the NSC is shown in Fig. 4.8. For the NSCs the model
calculations give similar trend as the data for lower order NSCs. For higher NSCs the
data becomes more scattered while the model predicts more compact with respect to
the momentum selections.

The χ2-test values for the most significant observables are presented in Fig. 4.9
for the data and the model calculations. The model predicts lower values across all
observables but maps v2 much lower than the data for higher momentum selections.

These observations in the AMPT model can be interpreted as partonic inter-
actions implemented in the model. However, this modified flow modulation in the
presence of the jet in this particular model should not necessarily be interpreted as a
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Figure 4.8: Low order normalised symmetric cumulant NSC(n, m) data (left fig.) and theory
comparison (right fig.) for jet selections.
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Figure 4.9: The most significant observables χ2-test data (left fig.) and theory comparison (right
fig.) for jet selections.
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Mach cone signal. It is known that the jet yields in PbPb collisions are not fully de-
scribed by this model [40] and there has been some debates on physics assumptions [41].
This model is only available in the ALICE analysis framework at present and used for
the model comparison. Also it is worthwhile to mention that a theoretical framework
for the jet quenching with the medium response is still developing [42] as different jet
quenching formalism depends on the medium temperature and either jet energy or jet
virtuality. More thorough data to model comparisons will be needed to understand
the relevant scale of the medium through the hydrodynamic simulation as well as jet’s
response to it.





5. Conclusions

The QGP is known to have the smallest viscosity in the nature mimicking a perfect
fluid. In a system with such medium properties one should be able to see Mach cones
created by high momentum jets passing through the QGP. Theoretically it has been
shown that Mach cones should have been observed [15, 16]. However, despite the
theoretical expectation, one hasn’t been able to observe the Mach cones experimentally.
Many experimental efforts have been carried out but there is no clear evidence. The
best example being the double peak of Mach cone which turned out to be v3 flow
harmonic [6, 7]. In this thesis a different approach was proposed, a so called event
engineering method.

The higher order harmonics and their linear response are shown to be sensitive to
the medium properties [8]. Hence in this thesis the changes and magnitudes of different
observables with various jet momentum ranges are considered and reviewed. The idea
being that high momentum jets should induce a clear Mach cone which would change
the system properties (changes in angle, modulations) and, thus, the observable yields.
This is exactly what was observed. The clearest signal in the previous chapter was
shown to be for the second flow harmonic v2. One would expect this for the most of
the jets produced in the collisions are di-jets which would improve the elliptic flow by
symmetry. The other observables also have momentum dependence but the dominating
ones are the smallest flow harmonics.

These observations were quantified with the χ2-test for the most relevant observ-
ables. The most sensitive ones are the lower order harmonics and symmetric cumulants
with the highest being v2. Hence, one has evidence of Mach cones in Pb–Pb collisions.
The observed deviations seen in various jet events shows different sensitivities in differ-
ent harmonics and observables. Based on the previous studies [3, 4, 6, 23], the non-flow
contributions mainly from the jets for the flow measurements to the measured observ-
ables are removed by applying a larger η gap. But careful systematic studies to see if
there is any selection bias should be carried out to make a firm conclusion. In the fu-
ture one could try to observe and learn the characteristics of the Mach cone in event by
event hydrodynamic simulations with a realistic jet production. These characteristics
could then be compared to these measurements.
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