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1. Introduction

A spectacularly fruitful strategy, in observational cosmology, has been to look at

the most distant radiative sources on the sky. Indeed, the most distant source of

electromagnetic radiation is the Cosmic Microwave Background (CMB), which was

emitted at the end of the Big Bang era, when free electrons were captured into light

atomic nuclei. CMB surveys, complemented with observations of the large-scale

matter distribution, have laid down most of the foundation for the concordance

ΛCDM model: they established the isotropy and flatness of the Universe and pro-

vided strong constraints, on large scales, on the spectrum of density perturbations

in the early Universe. (1)

However, in recent decades, the Local Group (LG; our cosmic backyard, if you

will) has become an important testing ground for many ideas about the structure

and history of the Universe. The sample of ∼ 100 dwarf galaxies around the LG

pair of massive disc galaxies, the Milky Way (MW) and M31, is perhaps the most

detailed and complete data set available for an investigation of structure formation

on the sub-galactic scales. (29) Furthermore, contemporary simulations of galaxy

formation on the small scales have reached a convincing level of sophistication and

efficiency, with a reliable implementation for hydrodynamics and the relevant sub-

grid processes, such as star-formation and stellar feedback. (47)

In simulations of the Local Group, three crucial potential problems of the

ΛCDM model have been reported. First, the observed number of satellite galaxies

1



2 CHAPTER 1. INTRODUCTION

is significantly lower than the number of dark matter substructures that form in

simulations. (22; 32) This problem is likely solved within the cold dark matter

(CDM) paradigm, however, as cosmic reionization inhibits star formation in low-

mass halos. (38) Second, the central density profiles of simulated dark matter halos,

which exhibit a divergent cusp, appear to be in conflict with the constant density

cores inferred from observed stellar kinematics. (31; 12) Finally, the "too-big-to-fail

problem" refers to the ΛCDM prediction of subhalos massive enough to be expected

to host a galaxy, for which there is no counterpart among the observed LG satellite

galaxies in terms of their internal structure. It may be concluded that there is still

considerable uncertainty related to the credibility of the ΛCDM model on the small

scales, which calls for an investigation into alternative models.

In this thesis, I study hydrodynamic N -body simulations of the Local Group

of galaxies, of the kind created for the Apostle project. (38) However, for the

new simulations, I have used initial conditions with the primordial power spectrum

of the two-period inflaton-curvaton inflation model, where small-scale power is sup-

pressed below a cut-off scale that derives from the initiation time of the secondary

inflationary period. I compare the LG substructures in these simulations to the

baseline Apostle simulation, with the standard power-law inflation initial condi-

tions, to illuminate the effect of the secondary inflationary period on the small-scale

structures. I will also consider the potential implications for the aforementioned

small-scale problems of the ΛCDM model.

The thesis is organised as follows. In chapter 2, I introduce the theoretical

foundations of modern cosmology and the ΛCDM model and discuss the early lin-

ear evolution of the density field. Here, the two-period inflaton-curvaton inflation

model is also introduced. Chapter 3 is dedicated to the evolution of structures after

the nonlinear collapse. I discuss some important aspects of the theory of galaxy

formation and evolution, paying special attention to those that are central to the
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analysis of the LG substructures. This is followed by an introduction of the key

concepts and methods of numerical simulations of galaxy formation in chapter 4.

Finally, in chapter 5 I present results from my simulations of the Local Group,

comparing the substructures that form with the standard power-law inflation model

versus the two-period inflation model. In particular, I look at the galaxy counts,

the formation times and density profiles of the subhalos and the effects of tidal

disruption on the satellite populations.



2. Cosmology

2.1 General Relativity

In this chapter, I summarise the elementary aspects of general relativity and the ho-

mogeneous and isotropic Friedmann-Lemaitre-Robertson-Walker (FLRW) universe

model. A more detailed discussion of these subjects can be found in any textbook

on general relativity, although my understanding on the subject is most greatly

influenced by the textbook "Spacetime and Geometry" by Sean Carroll (reference:

(6)).

Precisely, time and space, in general relativity, are described as a four-dimensional

Lorentzian manifold, which we call spacetime. This means that spatial dimensions

and time do not have distinctly different qualities, unlike in Newtonian theory, but

join together to form a unified four-dimensional mathematical structure. Rather,

the apparent distinction between time and space depends on the reference frame,

namely, on the spacetime location and state of motion of the observer. Furthermore,

that spacetime is a Lorentzian manifold means that it locally resembles Minkowski

space. Thus, general relativity generalises the fundamental principles of the special

theory of relativity — the relativity principle and the idea that the speed of light

should be constant for all observers — to spacetime with curvature.

Moreover, general relativity unifies these notions with a theory of gravitation,

by proposing that the geometry of spacetime is coupled to the energy content within

4



2.1. GENERAL RELATIVITY 5

spacetime. This coupling is precisely given by the Einstein equation:1

Gµν = 8πGTµν , (2.1)

where Gµν = Rµν − 1
2Rgµν and is called the Einstein tensor and Rµν and R are

contractions of the Riemann tensor Rσ
µνρ, which describes the curvature of space-

time. Nevertheless, the fundamental geometric object of spacetime is the metric gµν .

In Einstein’s theory of general relativity, curvature is completely determined by it.

On the right-hand side, Tµν is the energy-momentum tensor, which carries all the

information about energy and energy flux.

In curved spacetime, free particles follow geodesics, which are curves of ex-

tremal length, and which parallel transport their tangent vectors. That is, geodesics

generalise the Newtonian notion of a straight line. Thus, gravity as a force does not

exist in general relativity: particles in free-fall simply move along geodesics, which

are determined from the geometry of spacetime, which in turn reflects the distribu-

tion of matter and energy in spacetime. Since spacetime locally resembles Minkowski

space, geodesics appear locally to exhibit properties of geodesics in Minkowski space,

i.e. straight lines. For example, initially parallel geodesics appear to continue run-

ning parallel, when observed in a sufficiently small region. This is related to one of

the original notions, upon which Einstein composed the theory, namely, Einstein’s

Equivalence Principle: the existence of a gravitational field cannot be detected by

means of local experiments.

Finally, the metric can be considered a generalisation of the gravitational po-

tential Φ. In the static low-field limit, where the metric takes the form gµν =

ηµν + hµν , with ∂σgµν = 0 and |hµν | � 1 (here ηµν denotes the Minkowski metric),

and in the limit of non-relativistic velocities, we recover the Poisson equation from
1Note that I write this equation in units with the speed of light set to unity: c = 1 (so that

units of time and length are the same). The same choice of units will be used throughout this

thesis.
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the Einstein equation:

∇2Φ = 4πGρ, (2.2)

with the identification g00 = −(1 + 2Φ). Most of the phenomena discussed in this

thesis are well approximated in the Newtonian limit, in the FLRW spacetime (which

is discussed in section 2.2). Then, the relevant dynamical equations are of Newtonian

gravity, with a uniform background expansion of space. However, general relativity

is needed to account for the expansion history of the Universe, cosmological redshift

and the notion of horizons, which is crucial in our theory of the origin of structures

in the Universe. Furthermore, relativistic effects play a significant role in the hot

and dense early Universe.

2.2 The FLRW Universe

In practice, analytic solutions to the Einstein equation can only be found in spe-

cial cases, with high symmetry assumptions. Fortunately, however, the Universe

is extremely well modelled by one such highly symmetric solution, the Friedmann-

Lemaitre-Robertson-Walker (FLRW) universe model. This model is based on the

cosmological principle: a physical model of the Universe, as a whole, should assume

symmetry in spatial translations and rotations. The assumption of rotational sym-

metry is supported by observations of the Cosmic Microwave Background (CMB),

whose temperature is remarkably uniform, implicating that the Universe is very

close to isotropic around our location. Unless the Universe is also homogeneous on

the large scales, this places a special significance to the specific location, in which

we find ourselves in the Universe (putting aside the possibility that the Universe

has a particular inhomogeneous structure, where such almost isotropic points are

commonplace). However, large-scale homogeneity is also supported by observations

of the large-scale matter distribution.
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The metric for a spatially homogeneous and isotropic spacetime is called the

Robertson-Walker metric. Using the proper time of an isotropic observer as the time

coordinate and writing the spatial positions of these isotropic observers in spherical

coordinates, the RW metric takes the following form:

ds2 = −dt2 + a(t)2dΣ2 (2.3)

dΣ2 = dr2

1− kr2 + r2(dθ2 + sin2 θdφ2) (2.4)

Here dΣ2 denotes the spatial metric on the hypersurface Σt, of constant coordinate

time. It encompasses three different spatial geometries, which correspond to the

different possible constant values of the curvature parameter k:

• k = 1: The geometry of a three-sphere, which signifies a closed universe.

• k = 0: The geometry of Euclidean space, which signifies a flat universe.

• k = −1: The geometry of a hyperboloid, which signifies an open universe.

So, the requirement of spatial isotropy and homogeneity fixes the metric up to the

three possible values of k and an arbitrary positive function a(t). This function is

called the scale factor, since it is literally a time dependent scaling of the spatial

part of the metric.

The remaining freedom is fixed by the Einstein equation, which relates the

metric to the energy-momentum tensor of the Universe. In general, the energy-

momentum tensor of an isotropic and homogeneous matter distribution of perfect

fluid is

T µν = (ρ+ p)uµuν − pgµν , (2.5)

where ρ and p are the energy density and pressure in the rest frame of the fluid.

Inserting the above metric and energy tensor to the Einstein equation, we get the

equations for the evolution of the homogeneous and isotropic universe, which were
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first derived from by Alexander Friedmann. (13) The Friedmann equations are, in

essence, the fundamental dynamical equations of modern cosmology:(
ȧ

a

)2
− k

a2 = 8πG
3 ρ (2.6)

ä

a
= 4πG

3 (ρ+ 3p), (2.7)

where ˙ denotes the coordinate time derivative d
dt
.

With the Friedmann equations, it can be shown that the three spatial geome-

tries, corresponding to the different possible values of k, give rise to different evo-

lutionary trajectories for the universe. The special case is the flat geometry, where

the energy density is fixed precisely equal to the critical value: ρcrit = 3H2/(8πG),

where H = ȧ/a is the Hubble parameter. The energy density of a closed universe is

greater than this: ρ > ρcrit. In that case, if particles that behave as non-relativistic

matter or photons constitute most of the energy in the universe, the initial expan-

sion of the universe is eventually overcome, which leads to a collapse in finite time

after the Big Bang singularity. On the other hand, an open universe, with ρ < ρcrit,

will continue expanding indefinitely, but at a rate that eventually deviates greatly

from the flat universe, as the curvature term becomes dominant.

The Universe contains three types of energy sources that differ by how their

energy density evolves with expansion. All massive particles that are moving with

non-relativistic velocities (and, therefore, are pressureless), are collectively called

"matter". Their energy density evolves, as ρm ∝ a−3. Particles, whose energy is

much greater than their rest mass, are called "radiation", as their energy density

evolves, as ρr ∝ a−4. Finally, there is the "vacuum energy", whose energy density is

constant. This already tells us that the energy density of an expanding flat universe,

with all of these types present, will initially have been dominated by radiation and

will eventually become dominated by vacuum-energy. However, for most of the

history of the real Universe, the expansion has been dominated by matter, from

when the Universe was about 60,000 years old, to when it was about 9.8 billion
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years old. (27)

Another important feature of an expanding universe is that different points

in space can be causally disconnected, both in their past and in their future. The

causal structure of the Universe is commonly investigated in terms of horizons. The

Hubble length cH−1 can be loosely understood as a horizon: it is the distance

light can travel in one Hubble time H−1, which in turn is an estimate of the time,

in which the scale factor increases by a factor ∼ 1.2 Thus, events separated by

the Hubble distance can be causally connected only over time scales, where the

scale factor changes appreciably. Furthermore, during the radiation- and matter-

dominated eras, the comoving Hubble distance is of the order of the particle horizon

xph, which gives the greatest possible distance a particle, travelling at the speed of

light, could have travelled, from the beginning of the universe to the time t:

xph(t) =
∫ t

0

dt′

a(t′) . (2.8)

2.2.1 The ΛCDM Model

The theory of general relativity was the theoretical breakthrough that allowed for

the formulation of a self-consistent model for the dynamical evolution of the Uni-

verse. A precise description of the evolution history of the observable Universe was

achieved with the advent of high-precision cosmology, towards the end of the twen-

tieth century. Most notably, the WMAP telescope survey of the cosmic microwave

background vindicated the FLRW-universe model, and made it possible to constrain

the parameters of the model with high precision. By the turn of the millennia, fruit-

ful efforts in the development of a theory of the early phase transitions in the Hot Big

Bang and of a theory of cosmic structure formation, as well as in observational cos-

mology, converged on a standard model of cosmology, called the ΛCDM model. This
2Here, I have included the speed of light, to emphasise the units. However, by default, I set

c = 1.



10 CHAPTER 2. COSMOLOGY

model envelopes observationally consistent predictions for the age of the Universe

and the evolution of the scale factor, more generally; the spectrum of the anisotropy

in the cosmic microwave background; the synthesis of the most abundant elements;

and the accelerated expansion of the present-day Universe.

According to the ΛCDM model, the Universe is flat. This is in line with the

currently best observational estimates, which show no evidence for a deviation from

zero curvature. Its energy content is dominated by a completely homogeneous dark

energy, making up 68% of the total energy budget. Dark energy gives rise to the

negative pressure that drives the accelerated expansion of the Universe today. The

matter component is dominated by cold dark matter, making up 27% of the total

energy budget, which is assumed to interact with itself and other types of matter

only gravitationally. The rest of the energy content is, by a wide margin, made up

of baryons, whose nature is of course fully described by current theories of particle

physics. All the visible structures in the Universe are composed of baryons. (1)

The fundamental nature of both dark energy and dark matter are unknown,

although many, at least yet non-falsified, candidates for dark matter have been pro-

posed. Modifications to the underlying theory of gravitation (i.e. general relativity)

that would allow for a model without dark energy and/or dark matter have also

been proposed as potential solutions to this long-standing mystery. However, the

robustness of the ΛCDM model, against a wide range of observational tests, remains

a strong basis for the confidence that a fundamental theory description for both dark

energy and dark matter will eventually be found.

2.3 Perturbative Cosmology

All structures in the present observable Universe originate from small perturbations

around the critical density in the early Universe. A trace of these early perturbations

can be directly observed in the minor variations in the CMB temperature. The
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perturbations are, in general, unstable and will grow with time. This eventually leads

to a critical collapse, which in turn is how gravitationally self-bound systems, such

as dark matter halos, form (as is described in more detail in 3.1). This gravitational

instability, an inherent feature of gravitational dynamics, is the general mechanism

by which structures form from the initially extremely uniform primordial fluid on

ever larger distance scales as the Universe grows older.

The early growth of density perturbations, in any cosmologically relevant field

g(x, t), is described by cosmological perturbation theory. The basic approach of

perturbation theory is to divide the field into a sum of two terms, the background

term and the perturbation: g(t,x) = ḡ(t) + δg(t,x). The background term is an

exact solution to the Einstein equation in the simpler, completely homogeneous and

isotropic case. Perturbations, on the other hand, are assumed to be small, with

respect to the background term: δg/ḡ � 1. Thus, if the perturbations are growing

with time, evidently the perturbation theory approach is limited to the time period

when this approximation holds. Perturbation theory calculations show, in accor-

dance with observations, that in the ΛCDM this happens earlier for lower spatial

scale Fourier modes of the density perturbation. In other words, structure forma-

tion proceeds in a bottom-up fashion, with lower-mass structures that correspond

to smaller scales forming first. (51)

Perturbations of the energy-momentum tensor components are coupled to the

metric perturbations by the Einstein equation. The perturbed Einstein equation

separates into distinct equations for the scalar, vector and tensor modes, defined

by their transformation properties under coordinate transformations of the back-

ground spacetime coordinates. The scalar modes are the most important for struc-

ture formation, since density and pressure perturbations are scalar modes of the

energy-momentum tensor. Furthermore, vector perturbations describe rotational

velocity components of the fluid, which tend to vanish with expansion. Finally,
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tensor perturbations describe gravitational waves.

At any time, perturbations can be further decomposed into adiabatic and

isocurvature modes, where the adiabatic mode perturbations are purely functions

of the energy density. This means that, for adiabatic modes, the number densities

of all different particle species are the same fraction of the total number density, at

any point in space. CMB observations have confirmed that the perturbations in the

early universe are purely adiabatic. Adiabatic initial conditions are also predicted

by single-field inflation models.

2.3.1 Perturbations as Random Fields

Although galaxies are seeded from the perturbations, perturbation theory does not

make predictions about the actual locations or masses of individual galaxies. In-

stead, we trust perturbation theory to give us accurate stochastic initial conditions

for galaxy formation. The statistical properties of the galaxy distribution, such as

the average separation of the nearest neighbouring galaxies, can then be considered

as predictions of the theory. Accordingly, we interpret the perturbation δg(x) as

a random field that represents an ensemble of possible realisations δgi(x) of that

field. Although the ensemble is in reality continuous, we present it here as discrete,

for simplicity: some probability Pi is assigned to each realisation i, which gives the

likelihood that the field δg(x) takes exactly the form of δgi(x).

Statistical properties of the field are then characterised by the ensemble average

〈·〉, i.e. by different correlators of δg(x):

〈δg(x1)δg(x2) . . . δg(xn)〉 =
∑
i

Piδgi(x1)δgi(x2) . . . δgi(xn). (2.9)

Cosmologically relevant random fields are assumed to be ergodic, so that the en-

semble average is equal to an average over all of space.

Furthermore, of crucial importance in cosmological perturbation theory is the

Fourier expansion. In a box of comoving size L, the function δg(x) is expanded in
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terms of the Fourier coefficients δg̃n, as:

δg(x) = 1
L3

∑
n

δg̃ne
ikn·x, δg̃n =

∫
δg(x)e−ikn·xd3x (2.10)

In the continuous limit, with L→∞, we get the Fourier transform:

δg(x) = 1
(2π)3

∫
δg̃(k)eik·xd3k, δg̃(k) =

∫
δg(x)e−ik·xd3x (2.11)

The Fourier transform is of particular importance because the relevant cosmological

fields are assumed to be Gaussian. This means that the Fourier coefficients are

completely independent random variables, except for the condition that the field, in

position space, should be real: δg̃(−k) = δg̃∗(k). Then, the second correlator of the

Fourier coefficients can be written as

〈δg̃(k)δg̃(k′)〉 = 2π2

k3 δ
3(k + k′)Pδg(k), (2.12)

where δ3(k+k′) is the Dirac delta function and Pδg(k) = k3

2π2 〈|δg̃(k)|2〉, and is called

the power spectrum of the field. By isotropy of the background field, it does not

depend on the direction of k. All other correlators are either zero or can be written

as combinations of the second correlator. Thus, for a Gaussian random field, the

power spectrum completely determines the probability distribution of δg(x), at any

point. (27)

In other words, eq. (2.12) essentially defines the power spectrum as a measure

of the amplitude of the perturbations on all scales. It is the most important function

describing the state of inhomogeneities in the early universe. Furthermore, from

this spectrum of spatial inhomogeneities we can derive an angular power spectrum,

which describes anisotropies on a spherical surface, at the time of photon decoupling.

Tests of the predicted angular power spectrum, against observations of the CMB

temperature anisotropies, have provided the most discriminating constraints on the

parameter space of cosmological models.

One such well-constrained parameter, in the ΛCDM model, is the so-called

spectral index, which determines the scale-dependence of the primordial curvature
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perturbation. For Gaussian and adiabatic perturbations, there is a quantity whose

Fourier modes on scales larger than the Hubble horizon, k−1 > (aH)−1, stay constant

in time, to a very good approximation. This is called the curvature perturbation

ζk. Therefore, it is commonly used to set the initial conditions for the evolution of

perturbations at later times, when the perturbation scale enters the horizon. The

power spectrum of this primordial curvature perturbation is predicted by single-

field inflation models to be of power-law form and very close to flat, with the small

deviation from flatness being characterised by the spectral index ns: Pζ(k) ∝ k1−ns .

The most recent results from the Planck mission confirm these predictions and

indicate the following value for the spectral index: ns ≈ 0.9649± 0.0042. (1)

2.4 The Inflationary Era

The standard model of cosmology would suffer from many crucial puzzles, without

the assumption of an inflationary era in the earliest stages of the Big Bang. Perhaps

the most convincing of the successes of the theory of inflation is its ability to explain

how the primordial fluctuations, from which all structures in the Universe form,

initially emerged. The following summary of the main aspects of and arguments for

inflation loosely follows the discussion of Liddle and Lyth in their textbook "The

Primordial Density Perturbation" (reference: (27)).

Overwhelming evidence indicates that, on the scale of the observable Universe,

the present-day Universe is very close to being spatially flat, homogeneous and

isotropic. However, within the FLRW universe model, these can only be achieved

with very finely tuned initial conditions. First, consider the evolution of the comov-

ing Hubble length (below, also referred to as the horizon scale), (aH)−1, in the early

Universe. During radiation domination and matter domination, it is growing, as

(aH)−1 ∝ t1/3 and (aH)−1 ∝ t1/2, respectively. It follows that, during the Big Bang

era, the observable Universe was fragmented into regions that were not fully causally
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connected. In fact, at photon decoupling, the particle horizon was only about 5% of

the current value. (27) How, then, was thermal equilibrium established, across the

entire region bounded by the present photon last scattering surface? There is no

compelling answer, if one assumes the Universe was dominated by radiation, down

to the very earliest moments. This is called the horizon problem.

Second, assume there was a slight deviation from the critical density, at some

early time: |1 − Ω| = |K|/(aH)2 > 0. During the radiation-dominated or the

matter-dominated eras, this deviation would grow with time as |1 − Ω| ∝ t or as

|1 − Ω| ∝ t2/3, respectively. Unless the Universe was extremely flat early on — in

fact, such that at nucleosynthesis, |1− Ω(tnuc)| . 10−16 — it should have collapsed

long before the present (if K > 0) or been diluted to a much lower density than is

allowed by observation (if K < 0). (27) This is called the flatness problem.

A simple way to escape these assumptions of finely tuned initial conditions is to

assume the Universe underwent inflation, in the earliest stages of the Big Bang era.

Inflation, by definition, refers to an epoch, where the comoving horizon is decreasing,
d
dt

(aH)−1 < 0. Equivalently, this means that the scale factor is increasing at an

accelerating rate: d
dt

(aH)−1 = −ä/ȧ2 < 0 ⇐⇒ ä > 0. For the Hubble parameter,

this means that it is varying at most on the timescale of a Hubble timeH−1 (provided

that Ḣ < 0): ä = Ḣ/H2 + 1 > 0 ⇐⇒ −Ḣ/H < H. With the second Friedmann

equation 2.7, the condition for inflation can also be written, as p < −ρ/3. Thus,

inflation in Einstein gravity is necessarily associated with a negative pressure. In

summary, the different equivalent conditions for inflation are:

|Ḣ|
H2 < 1 =⇒ d

dt

1
aH

< 0 ⇐⇒ ä > 0 ⇐⇒ p < −ρ/3 (2.13)

To resolve both the flatness problem and the horizon problem, the observable

Universe needs to be well within the horizon, at the start of inflation: aH � H0.

Therefore, the amount of inflation should, at minimum, be such that H0 = aH,

at some early moment during inflation. This is illustrated in fig. 2.1, which shows
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the evolution of the comoving horizon scale during inflation, when it is shrinking,

and after inflation, when it is growing (until dark energy begins to dominate). The

condition for the minimum amount of inflation is conventionally expressed in terms

of the expansion of the scale factor, or the number of e-folds, between the horizon

exit time (during inflation) of the scale of the observable Universe, H−1
0 , and the

end of inflation:3

N = ln
(
aend

aexit

)
≈ ln

(
aendHend

aexitHexit

)
= ln

(
aendHend

H0

)
. (2.14)

The previous approximation holds, if the Hubble parameter is roughly constant

throughout this period, as is often assumed. In single scalar field models, the needed

expansion is typically of the order N ∼ 50−60.

Figure 2.1: A schematic plot of the evolution of the comoving Hubble length, from the start

of inflation to the present. On the y-axis, the scale of the observable Universe, H−1
0 , and the

smallest cosmological scale ∼ 10−3 Mpc, which roughly equals the Jeans scale at horizon entry, are

plotted. The x-axis shows the scale factor when inflation begins, astart; when the scale H−1
0 exits

the horizon, aexit; when inflation ends, aend; and at the present time. Furthermore, the number of

e-folds, N , is roughly equal to the difference between the horizon scale at aend and at present.

3In truth, the number of e-folds is measured from the horizon entry time of the pivot scale

k0 = 0.0002 Mpc−1, but this is not markedly larger than the scale H0.
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This solution was proposed by Alan Guth, in 1980. In his paper, Guth was also

concerned with another problem of unwanted relics, from the grand-unified-theory

(GUT) epoch, when the energy density of the Universe was at a scale beyond the

scope of the Standard Model of particle physics. This problem is inherent to the

presumed theory of fundamental interactions beyond the Standard Model. Such

theories can predict the production of relic particles from a GUT phase transition

that would conflict with observation. However, for all known types of such particles,

the problem presented by them is solved with inflation, simultaneously with the

flatness and horizon problems, as inflation will dilute the density of the GUT relics,

within the observable Universe. (15)

2.4.1 Slow-roll Inflation

The standard inflationary scenario, in which inflation can be maintained for a suf-

ficiently long period, is called slow-roll inflation. In the slow-roll paradigm, a single

scalar field φ (or multiple scalar fields, in more refined models), with a suitably flat

potential V (φ), is assumed to dominate the energy density and pressure of the very

early Universe and give rise to inflation. Such a field is called the inflaton. In this

scenario, the inflaton is initially in a state of high potential energy, displaced from

a local minimum of the potential but slowly evolving towards it. This is called the

slow-roll state, in which the inflaton drives a near-exponential expansion, as the po-

tential is decreasing only very slowly. Eventually, however, the inflaton gains enough

momentum and inflation ends, as the field potential drops rapidly. The inflaton then

undergoes dissipative oscillation about the minimum, and its energy is transferred

to other fields that make up the primordial soup of the Hot Big Bang. This transi-

tion period, called reheating, establishes how the less speculative sequence of phase

transitions in the Big Bang era can, then, ensue after the scalar-field-dominated

inflationary era.
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In a general curved spacetime, the Lagrangian density of a scalar field, with

potential V (φ), is

L = −1
2gµν∂

µφ∂νφ− dV

dφ
. (2.15)

With the Robertson-Walker metric, applying the variational principle (and assuming

the field is homogeneous) yields the field equation:

φ̈+ 3Hφ̇+ V ′(φ) = 0. (2.16)

Furthermore, joining the scalar field action with the Einstein-Hilbert action, one can

identify the energy-momentum tensor of the scalar field, and from that, the energy

density and pressure:

ρ = 1
2 φ̇

2 + V (φ) (2.17)

p = 1
2 φ̇

2 − V (φ) (2.18)

Thus, the inflation condition for the inflaton is V (φ) > φ̇2, i.e. the field potential

dominates over its kinetic energy. However, inflation needs to go on over many

Hubble times, which means that expansion is near-exponential:4 |Ḣ| � H2, and that

the condition for the inflaton kinetic energy can be expressed as a strong inequality:

φ̇2 � V (φ). These conditions prescribe the slow-roll approximation, which applies

through the inflaton-driven period of inflation.

Necessary conditions for the slow-roll approximation can be expressed in terms

of the so-called slow-roll parameters, as follows:

ε(φ) ≡ 1
2M

2
Pl

(
V ′

V

)2

(2.19)

η(φ) ≡M2
Pl

V ′′

V
, (2.20)

4Considering time periods of the order of ∆t ∼ H−1, the condition |Ḣ| � H2 means that the

Hubble parameter is approximately constant, and the scale factor evolves approximately exponen-

tially: a ∝ exp
∫
dtH ' eH∆t. This is a sound approximation, since over the time period, during

which the observable scales exit the horizon, the Hubble parameter changes only moderately.
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where MPl = 1√
8πG . These so-called flatness conditions are found, with application

of the slow-roll approximation, to be: ε(φ) � 1 and |η(φ)| � 1. They are general

conditions imposed on the shape of the potential of the inflaton. Namely, they

state that a suitable potential must have a sufficiently flat region, where the almost-

exponential expansion can take place.

2.4.2 Generating Perturbations from the Inflating Field

As stated above, if we consider earlier and earlier times, during inflation, we find that

the physical scale of the observable Universe becomes ever smaller. Eventually, i.e.

at an early enough instant, the classical description for the state of the inflaton field,

within the observable Universe, breaks down; the inflaton begins to exhibit quantum

behaviour. At this moment, the diameter of the observable Universe is much smaller

than the Hubble length. A quantum field theoretical analysis of this early stage of the

inflating Universe reveals that the inflaton exhibits so-called vacuum fluctuations,

which provide a mechanism for generating the primordial Gaussian perturbations.

In quantum field theory, vacuum fluctuations refer to the spontaneous tempo-

rary excitations (i.e. virtual particles) that appear constantly, in the vacuum state

of the system. In terms of the Fourier modes of the field operator, this means that

the mode eigenstates are being mixed: even if we could imagine measuring the field

Fourier components, at some instant, the state of the field would evolve away from

the measured eigenstate. However, for the Fourier modes of the inflaton field, the

timescale for this mixing of the eigenstates becomes much greater than the Hubble

time, upon horizon exit of the mode scale. Thus, at horizon exit, the field mode

transitions from quantum to classical behaviour: at super-horizon scales the imag-

ined measurements of the field state would repeatedly give the same result, with an

incredibly high likelihood. (27)

In this way, the Gaussian primordial perturbations are generated, in the single
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scalar field inflation. Namely, the classical inflaton field perturbation arises from the

vacuum fluctuations, upon horizon exit, in ascending order by scale. Furthermore,

perturbations generated from the vacuum state of the inflaton have a Gaussian dis-

tribution. The inflaton perturbation, in turn, generates the curvature perturbation,

which remains constant on super-horizon scales, thus providing the initial condition

for the late-time evolution after horizon entry.

2.4.3 The Loss of Small-scale Power from Two Periods of

Inflation

The number of viable inflationary models is enormous. Therefore, it is currently

an important challenge for cosmologists to constrain the range of possible models.

Within the slow-roll paradigm, a great number of different potentials have been

suggested for the inflaton, all satisfying the above-stated conditions, and giving rise

to observationally consistent initial conditions for primordial perturbations. Also

among possible candidates are models that are not formulated within the slow-roll

paradigm. Another possible modification to the standard single field slow-roll model

is to assume the presence of multiple potentially dynamically relevant scalar fields.

(28)

Particularly, in the so-called inflaton-curvaton model, it is possible to have

two distinct periods of inflation, each driven by a different scalar field. The primary

inflaton-driven period of inflation can then end prematurely, with as little as N ∼ 10

e-folds of observable inflation. This can be allowed, if the curvaton is in the slow-

roll phase, when the inflaton decays, so that the energy of the curvaton comes to

dominate the energy density and a secondary curvaton-driven period of inflation

follows. Furthermore, if the curvaton is dynamically irrelevant during the primary

period of inflation — meaning that its energy density is much smaller than that of

the inflaton, so that the curvature perturbation generated from the curvaton has a
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negligibly small amplitude — then the primordial power spectrum (of the curvature

perturbation on super-horizon scales) will exhibit a suppression exclusively on small

scales, relative to the single field inflation spectrum. (10)

This is seen in fig. 2.2, which shows both the power-law primordial power

spectrum of single field inflation and the primordial power spectrum in the inflaton-

curvaton model. There are essentially two characteristic scales to the inflaton-

curvaton model, which explain the form of the spectrum, as demonstrated in fig. 2.3.

Scales smaller than k−1
end only exit the horizon during the second inflation. The cur-

vature perturbation on these small scales is purely generated from the curvaton

fluctuations, and therefore we see a sharp cut-off in the power spectrum, at k−1
end. In

the intermediate scales, between k−1
2 and k−1

end, curvature perturbations are still gen-

erated from the inflaton that is approaching the oscillatory decay phase. Although

these scales exit the horizon during the first inflation, they temporarily re-enter the

horizon, in the intermediate inflaton-reheating phase. Thus, the perturbations on

these scales experience oscillatory damping, which can be seen in the linear mat-

ter power spectrum. With certain parameters, the matter power spectrum can be

amplified, on the intermediate scales.

The concrete inflaton-curvaton model is described at length and in full detail

in Enqvist et al. (2020). What is important to note about the model here, however,

is that with different parameter choices the primordial cut-off scale can appear at a

higher or lower scale. The placement of the cut-off scale is essentially determined

by the parameter p of the inflaton potential V (φ):

V (φ) = V0

(
1 + φ

µ

)p
(2.21)

where V0 is a normalization constant. µ and p are, in principle, both free parameters

of the model. However, µ is in practise set by the requirement that, on large scales,

the power spectrum agrees with CMB observations.
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Figure 2.2: The primordial power spectra (left) and the linear matter power spectra (right) of the

power-law single field inflation model (green lines) and the inflaton-curvaton model (violet lines).

The curvaton is also called a spectator, since it is dynamically irrelevant during the first inflation.

The model predictions agree on the large scales, with k . 1 Mpc−1. Below the scale k2 ∼ 1 Mpc−1,

we see a moderate suppression in the inflaton-curvaton primordial power spectrum, and a rapid

cut-off at kend ∼ 100 Mpc−1. Although the primordial spectrum exhibits a suppression in the

intermediate scales between k2 and kend, the transfer function for the matter density perturbations

has an oscillatory feature, which induces an amplification of power in these intermediate scales,

relative to the single field model.

Figure 2.3: A schematic plot of the evolution of the Hubble length, during the two periods of

inflation, and the two characteristic damping scales of the inflaton-curvaton model. The y-axis

stands for physical distances. The scales between k2 and kend exit the horizon during the first

inflation, but re-enter, when the inflaton starts to decay. This figure, as well as fig. 2.2, has been

adopted from (10), with permission from the authors.



3. Galaxy Formation and

Evolution

In the present Universe, we observe extremely dense compact objects, punctuating

the near-vacuous voids in between. This condensed organisation of matter extends

over a wide range of scales, from individual stars to galaxies to vast clusters of

galaxies — i.e. the range of masses of such compacted objects extends over 15 orders

of magnitude. This stands as a striking deviation from the premise of cosmological

perturbation theory, and indicates that there is much more to be said about the

formation of the observable structures, than what is possible within the linear theory

framework.

How does matter evolve from the linear perturbation field of the early Uni-

verse into its current state? From the linear theory point of view, this happens via

the gravitational instability, namely, the characteristic tendency of mass concentra-

tions to amplify by attracting matter from their surroundings. In particular, after

recombination, during the matter-dominated era, both dark matter and baryonic

perturbations will grow as ∝ t2/3 ∝ a, on sub-horizon scales. Eventually, this leads

to the situation, where δk ∼ 1, and the linear perturbation theory breaks down. In-

stead of the steady moderate growth of the linear perturbation, mass in over-dense

regions turns to a rapid in-fall and virializes into gravitationally self-bound objects

that much resemble the structural units of the present Universe.

23
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3.1 The Spherical Collapse Model and Halo Viri-

alization

The spherical collapse model is a rough characterisation of the collapse event. The

following discussion of the model is loosely based on chapter 5 in the textbook

"Galaxy Formation and Evolution" by Mo, Van den Bosch and White (reference:

(30)). For simplicity, let us consider the matter-dominated flat universe. We in-

troduce a local spherically symmetric perturbation around the background density,

with some radial profile ρ(r). The symmetry of the perturbation entails that each

mass shell evolves just as in a closed universe with the average density of the en-

closed mass: ρavg(r) = 3
r3

∫ r
0 dr

′ r′2ρ(r′). The shell radius can, therefore, be written

in terms of the local scale factor of the closed universe: r(t) = aloc(t)R, and the

evolution of aloc(t) is parametrised by φ ∈ [0, 2π], as follows:

aloc(t)
ata

= 1
2(1− cosφ), t

tta
= (φ− sinφ), (3.1)

where ata is the turn-around point for the shell, which is reached at parameter value

φ = π and time tta.

This simple model has a number of notable implications. At some early time

ti � tta (which corresponds to φ � 1), the perturbation is assumed to be small,

δ(ti) ≡ ρavg(ti)
ρcrit(ti) − 1 � 1, and the shell radius is approximately co-evolving with

the background. Then, we can identify R as the initial comoving radius of the

shell. Furthermore, since ρavg ∝ a−3
loc and ρcrit ∝ a−3

back, the perturbation satisfies:

1 + δ = (aback
aloc

)3. This allows one to identify the perturbation at turn-around: 1 +

δ(tta) = 5.55. By contrast, the linear growth model, where δlin ∝ a(t), would give:

δlin(tta) = 1.06. Already at the time when the shell stops expanding, its density

growth has decoupled from the linear growth expectation.

More importantly, what the model captures, but the linear theory fails to deal

with, is the collapse: in time tcoll = 2tta, the shell collapses to zero radius, and δ
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diverges, while the linear perturbation growth in this time is only δlin(tcoll) = 1.686.

However, here the non-physical aspects of the symmetry assumptions of the spherical

collapse model become apparent. The perturbations do not actually contract to a

point, since they are never exactly spherical and the particles that make them up

will have some tangential velocity components, as well. Instead, a perturbation

relaxes towards some equilibrium state with a finite (physical) radius rvir.

This radius is derived from the virial theorem, which relates the total energy

E (i.e. the gravitational potential at turn-around), the kinetic energy K and the

gravitational potential energy U of the system in the eventual equilibrium state:

E = −K = U/2. (3.2)

Since E ∝ GM
rta

and U ∝ GM
rvir

, where M = 4π
3 R

3ρcr,0 is the total enclosed mass

and rta = aback(tta)R/(5.55)1/3 the physical radius at turn-around, the system is

expected to shrink by a factor of two: rvir = rta/2.

Finally, taking into account that, between the time of turn-around tta and

the time of collapse tcoll, the critical density decreases by a factor of 4, we find

that the average over-density of the virialized system, at the moment it reaches the

equilibrium, is 1 + δvir = 5.55 ∗ 23 ∗ 4 ≈ 178. Thus, the spherical collapse model

yields a strong motivation for drawing the boundary of stably bound dark matter

halos at the radius, where the average density of the enclosed mass is δvir. Because

of the many simplifying assumptions made, the above value for this over-density

threshold is only approximate, however. An often used value, which I have also

adopted throughout this thesis, is δvir = 200. Accordingly, the mass M200 enclosed

by the halo bounding radius r200, according to the above definition, is used for the

halo mass.
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3.2 Hierarchical Clustering

After virialization, a halo has decoupled from the cosmic expansion, so that its

density contrast continues to grow. Thus, knowing the density of an object at present

(which can be derived from a mass estimate and the velocity dispersion using the

virial theorem), we can extrapolate backward in time to the moment when it was

at the virialization over-density, δvir. In this manner, the spherical collapse model

can be used to estimate the formation times of self-bound structures in the present

Universe. Such considerations yield a systematically lower formation redshift for

more massive objects: for instance, the formation redshift of a Milky-Way-sized

galaxy, with M ∼ 1012M� and v ∼ 300 km/s, could be as high as zform ≈ 7, while

clusters of galaxies, with v ∼ 1000 km/s andM ∼ 1015M�, should have formed very

recently, at zform . 1. (23)

This reflects the fact that, in cold dark matter (CDM) cosmologies, structure

formation proceeds in a "bottom-up" fashion. More concretely, on the basis of the

spherical collapse model, the number density of collapsed objects in a given mass

range can be derived in the Press-Schechter (PS) formalism, which assumes that,

on average, regions, where the linear over-density has reached a threshold value

δc = 1.69, have collapsed. (37) The prediction for the halo mass function, in the

ΛCDM cosmology, has proven remarkably accurate, but only for the number of

isolated objects, on any mass scale. (19) As the number density of halos grows,

the nonlinear interactions between them become progressively important, which the

PS formalism fails to account for. For example, smaller halos are accreted onto

larger halos, which decreases the halo number. In fact, structure formation in the

ΛCDM model, is hierarchical, by nature: larger halos mostly form through mergers

between similar mass halos, and satellite halo accretion, rather than in singular

isolated collapse events. (51) A broader view of the nonlinear structure formation

can only be attained in simulations.
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Nevertheless, galaxies of any given mass can only form hierarchically through

mergers of smaller galaxies if there is enough such low-mass material to build them

up. Whether or not structure formation happens bottom-up, is essentially deter-

mined by the primordial power spectrum. As shown in chapter 5 in (30), a spectrum

that rises more steeply with scale (here denoted by k−1, i.e. with units of length)

than a power-law spectrum P (k) ∝ kn, with n < −3, gives rise to what is called

"top-down" structure formation, where larger structures form first. Hot dark mat-

ter (HDM) cosmologies are an example of such models, where so little power is

attributed to small scales that more massive structures tend to reach the critical

density for collapse before less massive ones. Small-scale structure formation then

takes place within the collapsing larger over-densities via fragmentation. Bottom-up

structure formation is accordingly characterised, as arising from a power spectrum

with effective spectral index n > −3. This applies to the ΛCDM model, with

power-law inflation, across all cosmologically relevant scales.

The ΛCDM model has been thoroughly tested and vindicated in cosmological

simulations, e.g. for its halo mass function and large-scale matter distribution.

(43; 42) Simultaneously, HDM models have proven inconsistent with observation,

either for producing too strong clustering on the large scales, or too little galaxy

formation. (52) However, there is still much more uncertainty, both with respect to

the model predictions and to our knowledge of structures in the observable Universe,

on small scales (namely, the mass scales of substructures in the Milky Way halo).

Warm dark matter (WDM) models, which only deviate from the ΛCDM spec-

trum on small scales, near the free-streaming scale of the dark matter particles in

the early Universe, still represent a viable candidate. Indeed, the WDM power spec-

trum much resembles the two-period inflation spectrum, in the ΛCDM model, as

can be seen in fig. 3.1: both exhibit a rapid decrease in power, below a characteristic

cut-off scale. Below the cut-off, it is expected that a transition from bottom-up to
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Figure 3.1: Linear matter power spectra at z = 0 of the inflaton-curvaton model (called "spec-

tator/VHI" in the legend; solid lines) and of warm dark matter models (dashed lines), divided by

that of the standard ΛCDM model, with the power-law primordial power spectrum. The figure has

been adopted from (10), with permission from the authors. The top x-axis shows the halo massM

that roughly corresponds to the length scale k−1. In chapter 5, I will study the effect of the cut-off

on the Local Group substructures, in the inflaton-curvaton models with the values p = 0.82 and

p = 0.84 (the solid red and black lines, in the figure) for the parameter p of the inflaton potential

that determines the cut-off scale.

top-down structure formation takes place, as galaxies in this low-mass range can

essentially only form through fragmentation. (5) However, care must be taken in

numerical simulations as to not interpret dark matter halos seeded from the small-

scale numerical noise (which, in the absence of genuine perturbations, below the

cut-off scale, becomes dominant) as physical. Such halos, seeded from the noise, are

investigated in section 5.2.2.
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3.3 The Internal Structure of Dark Matter Halos

Although halo formation is an inherently nonlinear and complex process, cosmo-

logical N-body simulations have shown that dark matter halos, formed through

dissipationless hierarchical clustering, follow a universal density profile, once they

reach an equilibrium state. The following two-parameter function, which in pure

dark matter simulations approximately fits all dark matter halos, independent of

their mass, is called the Navarro-Frenk-White (NFW) profile:

ρ(r) = ρcritδchar

(r/rs)(1 + r/rs)2 , (3.3)

where ρcrit is the critical density of the Universe and δchar the characteristic over-

density of the halo, near the halo scale radius rs. The slope of this profile varies

smoothly from ρ ∼ r−1, near the centre, to ρ ∼ r−3, at large radii, so that around the

scale radius, the NFW profile resembles the isothermal sphere, with ρ ∼ r−2. An-

other notable feature of the NFW profile is that it can be equivalently parametrised

in terms of the halo virial mass m200 and the concentration parameter c = r200/rs.

Simulated halos show strong correlation between these two parameters, as one might

expect: less massive halos are typically assembled earlier and, therefore, are more

concentrated. Furthermore, there is little variation in concentration among halos of

similar mass. (33)

Quite strikingly, however, the density profiles of the dark matter halos inferred

from rotation curves of observed galaxies appear to deviate from the NFW profile,

near the centre. In the original description of this discrepancy, called the "core

vs. cusp" problem, astronomers noted that dark matter halos, in the real Universe,

appear to exhibit a central constant-density core, rather than a cusp (with ρ ∼

r−1). (31; 12) That is, as compared to the NFW profile, these halos appeared to

systematically be missing mass from the centre. Baryonic processes, e.g. supernova-

induced mass outflows, as well as alternative cosmologies, with e.g. warm dark
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matter and self-interacting dark matter, have been suggested as potential solutions

to this problem. More cuspy profiles are also expected for low-mass halos, under

the two-period inflation assumption, if the small-scale cut-off in the power spectrum

leads to considerably delayed formation of low-mass halos, as in WDM cosmologies.

(5; 25)

This problem with the central density profiles of dark matter halos, in light

of more recent findings in hydrodynamic simulations, appears to be not only about

the relative cuspyness of simulated halos, but also that there is much less variation

among them than among observed galaxies. Even simulations that do form cores

through supernova-induced outflows fail to reproduce the diversity of rotation curves

inferred from observations. (35)

3.4 Galaxies as Tracers of Dark Matter Halos

Before recombination, growth of perturbations in the ionised gas is restrained by the

radiation pressure, while dark matter clustering is well underway. Therefore, once

the photons and baryons decouple, at z ∼ 1000, the neutralised gas falls into the

potential wells in the dark matter distribution. Galaxy formation then ensues by

gas cooling, within collapsed dark matter halos, from approximately z ∼ 20. This

is the general picture of galaxy formation in a CDM cosmology. (51; 7)

Gas cooling can, however, be inhibited by external ionising radiation or by

feedback from star formation within the galaxy. The earliest generations of stars

give rise to a UV background radiation, during the cosmic reionization epoch. The

photo-ionisation heating of the UV background heats the intergalactic medium above

its virial temperature. In many low-mass halos, this completely prevents gas cool-

ing and star formation. In halos that do form stars, supernova explosions distribute

large amounts of energy to the surrounding gas, a significant fraction of which ther-

malises, thus heating the gas. Furthermore, this self-regulation of star formation via
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supernova feedback is more efficient in less massive galaxies. Overall, we see that

baryonic processes are crucially important in our models for structure formation on

the small scales. (21; 34; 38)

In particular, contemporary hydrodynamical simulations demonstrate that the

failure of some low-mass halos to produce any stars presents a likely solution to the

classic "missing satellites" problem, in the ΛCDM model. The problem refers to the

formation of a catastrophically high number of halos, with vmax . 30 km/s, in pure

dark matter simulations, as compared to the much fewer galaxies of similar mass

that have been observed in the Local Group. (22; 32) The number of dark matter

halos is essentially not affected, when gas dynamics are added to the simulations,

along with sub-grid models for the star-formation feedback, but not all of them host

galaxies. Indeed, the galaxy mass function, within the Local Group, then appears

to be brought in line with the observed abundance of low-mass galaxies. (38)

3.5 Environmental Dependence

So far, we have only discussed the general mechanisms for the formation of isolated

galaxies and dark matter halos, and the internal processes that shape their evolution.

Another important component, in the formation and evolution of any given galaxy,

is the interaction between the galaxy and its environment. In general, the external

influence of the environment varies from galaxy to galaxy. But within a population

of galaxies of similar masses, there is a most crucial distinction by their position

with respect to more massive galaxies. Galaxies that are gravitationally bound to

a massive central galaxy, experience tidal stripping and ram-pressure stripping, as

discussed below, and are hence called satellite galaxies of the central galaxy. Satellite

galaxies are distinguished from isolated galaxies in the field, whose current state is

much more broadly explained by their intrinsic properties: there is a stronger causal

connection to the local neighbourhood in the initial perturbation field, from which
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an isolated galaxy was seeded, without the disrupting intervention, by a massive

galaxy nearby.

3.5.1 Tidal Stripping and Orbital Decay

The process of gravitational unbinding of mass from a satellite galaxy, by a central

galaxy, is called tidal stripping. The stripping takes place because acceleration is

not uniform across the satellite: for instance, the force (per unit mass) of the central

galaxy on a particle exactly between the satellite and the central, at a radius r from

the satellite, is GM/(R−r)2, while on the other side of the satellite this force would

be GM/(R+r)2. Here,M denotes the mass of the central galaxy and R the distance

between the halos. Particles, for which this force is able to overcome the satellite’s

binding force (per unit mass), Gm/r2, are removed from the satellite.

In a simplified three-body analogue of the system, where one substitutes point

masses m and M for the satellite and the central galaxy, there is a critical radius

rt, beyond which this happens for test particles:

rt =
(

m/M

3 +m/M

)1/3

R, (3.4)

with the assumption that r � R and that the particle is initially in spherical orbit

around the satellite. (4) Although this model is highly idealised — for example,

replacing the central galaxy with a point mass is hardly a good approximation for

satellites that, by definition, represent substructures in the central halo — the most

basic implications are confirmed in simulations, as is demonstrated in fig. 3.2. Less

compact satellites experience more stripping, and the tidal disruption becomes more

severe at lower radii. In the case of non-spherical orbits, most stripping occurs at

the pericentre, and satellites on more eccentric orbits are disrupted more strongly.

Furthermore, the effect of the tidal force varies greatly among satellites of similar

mass, depending on their orbit and concentration. Hence, no unambiguous definition

for the tidal radius exists under more general circumstances.
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Figure 3.2: The past evolution of the masses and orbits of ten randomly selected (star-forming)

satellite galaxies of the M31, in a simulation with standard ΛCDM cosmology. These are plotted

in colours. The faded grey lines, in the upper left figure, show the orbits of 15 non-star-forming

dark matter halos, as an illustration that the shallow, dark halos were on average accreted more

recently. The dashed line shows the evolution of the M31 virial radius. The figure on the right

demonstrates that dark matter is more easily stripped than the more tightly bound stars. The

black markers show the rest of the Local Group satellite galaxies, which are not plotted on the

left. The faded markers show these galaxies, at the infall time, when they first fell within the rvir

of their respective centrals.

Moreover, since the different individual mass components of a galaxy, i.e. dark

matter, gas and stars, typically have different density profiles, tidal stripping can

change the constitution of satellites. Most of the stars tend to lie deep in the

potential well of the satellite halo, while the dark matter halo itself extends far

further out. Thus, dark matter is more easily removed from the satellite than stars.

This can result in certain scaling relations that apply to field galaxies, e.g. between

total mass and stellar mass, being different for satellite galaxies, as seen in the right
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panel of fig. 3.2. In particular, tidal stripping can induce more scatter in these

relations, exactly because it affects individual satellites so differently.

Another effect that is clearly visible in fig. 3.2 is the slow decay of the satellite

orbits. The dark matter particles of the central halo constitute a medium, through

which the satellite moves along its orbit. The velocity of the satellite is typically of

the same order as the average velocity of the particles, but their masses, MS and m,

respectively, are not: MS � m. As a consequence, the satellite will gravitationally

attract particles in its wake, increasing the density behind it, which in turn slows it

down. Via this process, called dynamical friction, energy and angular momentum

are transferred from the satellite to particles of the central halo, and the satellite

falls into ever lower orbits, as a consequence. Generally, the orbital decay rate is

larger for more massive satellites, although the time for a satellite to fall to zero

radius is less than the age of the Universe only for the most massive satellites. (30)

3.5.2 Ram-pressure Stripping

Finally, as a satellite moves along its orbit in the halo of the central galaxy, the gas

bound to it experiences a ram-pressure from the gas halo of the central galaxy. This

pressure drags the gas, and if the gas is not bound strongly enough to the satellite,

it will be stripped. This essentially depletes, and, in the case of low-mass halos, can

completely remove the satellite’s gas reservoir for further star formation. (30)



4. Cosmological N-body

Simulations

As the many references to numerical work of the previous chapter demonstrate, our

current theoretical understanding about the formation of galaxies, their evolution

and interactions, as well as the nonlinear clustering process more broadly, and many

other aspects of modern cosmology, is largely based on numerical simulations. Over

the last four decades, the sophistication of cosmological simulations has advanced

incredibly from the earliest simulations of some thousand self-gravitating collisionless

particles. Contemporary simulations routinely employ billions of particles to study

structure formation on scales spanning several orders of magnitude, and can also

simulate the hydrodynamics of baryonic gas. Without these technical advances, our

understanding of the inherently nonlinear structure formation would arguably be

restricted to the narrow range of problems, which allow an analytic approach under

strong symmetry assumptions.

Nevertheless, creating realistic simulations of cosmic structure formation is an

incredibly complex task. Simply by current limits to the mass resolution of N -

body simulations, it is impossible to follow this process from scales presently still

in the linear evolution phase, of length & 100 Mpc, down to the galactic scales, of

& 10 kpc. In addition, over-densities are increased by several orders of magnitude

through gravitational collapse, and consequently, the range of relevant time scales

35
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is large. Simulating dense environments, like the centres of galaxies or galaxy clus-

ters, requires short time steps, and therefore, a great deal of computation. Due to

these limitations cosmological simulations divide roughly into two categories: large-

volume simulations set up with uniform resolution, which are aimed at studying the

large-scale clustering of the Universe; and zoom-in simulations, which are used to

study specific bound structures in detail, such as an individual galaxy, with refined

resolution around that structure. (47)

In addition to gravity, gas-dynamical and radiative processes are also impor-

tant constituents of structure formation, and become particularly relevant on galac-

tic scales. Thus, contemporary simulations also follow the hydrodynamic interac-

tions of baryonic particles. Feedback from stellar formation and evolution, on the

other hand, cannot be simulated directly. These are, instead, implemented as sub-

grid models, on top of the simulated gravitational and hydrodynamic interactions.

4.1 Gravitational Dynamics

The collisionless nature of dark matter is a fortunate simplification in the structure

formation process. Due to the long-distance nature of gravitational forces, and

since dark matter makes up about five sixths of the matter in the Universe, self-

gravity of matter is the dominant interaction driving the dynamics of essentially all

systems studied in cosmological simulations. Furthermore, velocities of individual

stars and the bulk velocity of gas and dark matter in galaxies and galaxy clusters

are non-relativistic, with the exception of the small regions around the black holes

at the galaxy centres. Thus, a great first approximation is to treat matter as a

collisionless fluid, evolving under Newtonian gravity, embedded in an uniformly

expanding FRWL-universe.

The dynamics of the system are, then, solved from the collisionless Boltzmann
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equation, coupled to the Poisson equation, in an expanding universe:

df

dt
= ∂f

∂t
+ v · ∇xf + ∂v

∂t
· ∇vf = 0 (4.1)

∇2
xΦ = 4πGa(t)2[ρ(x, t)− ρ̄(t)] (4.2)

where x and v are the comoving coordinate position and peculiar velocity; f(t,x,v)

is the one-particle distribution function in phase space, which is defined so that

f(t,x,v) dx dv gives the number of particles that lie within the spatial comoving

volume element dx, and whose velocities lie within the volume element of comoving

velocity space dv; and Φ(x, t) is the peculiar gravitational potential, due to pertur-

bations around the mean density ρ̄(t). Furthermore, the scale factor a(t) encapsu-

lates the background evolution of the universe, and is solved from the Friedmann

equations.

4.1.1 The N-Body Method

As stated before, eqs. (4.1) and (4.2) can generally only be solved by numerical

techniques. However, the high dimensionality of these equations impede any efficient

application of standard finite difference methods. Instead, an approach that has

proven greatly successful, in applications to cosmology, is to sample the phase space

density f by a finite number N of tracer particles, with a distinct mass mi, position

xi and velocity vi (with i = 1, 2, . . . , N). Each particle is set to represent some finite

Lagrangian volume element of phase space, and evolved forward in time, in such a

way that it follows the phase-space trajectory of the volume element. This means

that the equations of motion for the particle sample, along with eq. (4.2), are those

of Newtonian gravity, within an expanding background: (30)

dxi
dt

= vi (4.3)
dvi
dt

+ 2H(t)vi = − 1
a2∇Φ|xi

(4.4)
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The collisionless Boltzmann equation guarantees that the mass within the volume

element is constant in time. Consequently, a representative sample, selected at some

time ti, and evolved with the equations of motion, still represents the phase-space

density, at a later time t > ti. This is the crux of the so-called N -body method.

An important caveat to the N -body method, is that there are limits to the

fidelity, with which any smooth function g(x) can be represented by a finite sample

{g(x1), g(x2), . . . , g(xN)}. The Nyquist-Shannon theorem states that, if the Fourier

expansion coefficients of g, for modes with wave number k > kn, are all zero, then

the function is completely defined by sample points xi that are equally spaced at

intervals ∆x = xi+1−xi ≤ 1
2kn

. (40) With a lower sampling rate, information is lost

about the highest frequency modes of the function. The Nyquist frequency, thus,

defines a fundamental limit to our ability to follow small-scale structure formation,

in N -body simulations, that derives from the resolution of the simulation.

Another fundamental limitation is imposed by the finite simulation volume.

Clearly, for a simulation box with side length L, wave modes below L−1 are not

resolved, and near the box size, the modes can only be sampled sparsely. However,

with a sufficiently large volume, the asymptotic homogeneity of the Universe implies

that the mode amplitudes near the largest scales of the volume become small. Thus,

this problem is solved by using a simulation box with L ∼ 100 Mpc, a scale which

at present is still in the linear evolution phase. Furthermore, one can use periodic

boundary conditions to implement an environment for the simulation particles that

extends beyond the boundaries of the volume.

4.1.2 Force Computations

To find the accelerations of the simulation particles, at any time, one needs to solve

for the gravitational potential, at the locations of the particles, from the Poisson

equation. There are essentially two approaches, the first of which is to solve Poisson’s
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equation in integral form, directly at the locations of the simulation particles:

Φ(x) = −G
∫
d3x′

ρ(x′)
|x− x′|

. (4.5)

In the particle-particle scheme, this integral is simply solved by summing over the

contributions of each other particle. This is computationally costly, however: it

scales as O(N2), with the particle number N . It is wasteful, as well, since the force

contribution of each individual particle scales as the inverse square of the distance

between that particle and the point, where the potential is evaluated. An improved

time complexity of O(logN), for the force computation on a single particle, can

be achieved by grouping the other particles appropriately, and approximating the

contributions of these groups by their multipole expansions. In this tree-particle

scheme, particles that are further away can either be assigned to larger groups, or

the contribution of these distant groups can be evaluated to lower order, in the

multipole expansion, with an acceptable loss of accuracy. (2)

The second approach is to solve eq. (4.2), the differential form of Poisson’s

equation, in Fourier space, where it takes on a simple algebraic form, as the laplacian

reduces to the wave number squared. This is called the Particle Mesh method, as

it mixes the Lagrangian approach of representing mass density by discrete point

particles, with the Eulerian approach of representing the gravitational potential

on a fixed spatial grid. In practice, eq. (4.2) is numerically solved on a grid, by

applying the Fast Fourier Transform algorithm. First, the smoothed mass density

of the particles, is evaluated at the grid points, and transformed into Fourier space,

to find the Fourier coefficients of the gravitational potential. The inverse Fourier

transform is then applied to them, to get the gravitational potential at the grid

points in real space. Finally, the potential is interpolated over the grid points, and

the forces on the particles can be evaluated with finite-difference methods. The time

complexity of this method is that of the FFT method, O(M logM), where M is the

number of grid shells. (17)
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In the former, integral-form approach, close encounters of simulation parti-

cles necessitate that the gravitational potentials of individual particles are softened.

Naively, the mass density from a single particle could be written with the Dirac

delta function, as ρi(x) = miδ
3(xi), so that its contribution to the potential would

be Φi(x) = −Gmi/|x − xi|. But this function exhibits a divergence, at x → xi,

which would induce a non-physically high impact on particles that come close to

the particle i. This is, of course, merely an artefact from the discrete-particle rep-

resentation of the density that in reality is continuous. Therefore, such low-range

interactions are softened, traditionally by using the Plummer sphere potential for

individual particles, instead:

Φi(x) = − Gmi√
|x− xi|2 + ε2

, (4.6)

so that near the particle, the potential is roughly equal to the constant −Gmi/ε.

Alternatively, such central softening can be achieved by convolving the density, in

eq. (4.5), with an appropriate softening kernel of comoving scale ε. Furthermore, ε

is called the softening length, and it defines the low-limit of the spatial resolution

of a simulation. The gravitational dynamics of features in the density below the

softening scale are not resolved. (41)

4.1.3 Time Integration

With a method for computing gravitational forces, what remains is to describe how

the state of the system of N particles is numerically integrated forward in time,

from eqs. (4.3) and (4.4). so-called symplectic integrators are typically employed

for cosmological simulations. Such integrators are composed from two types of

transformations on the positions xi and momenta pi of the particles, called kicks

and drifts, which derive from the Hamiltonian of the system. The kick step prescribes
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the effect of the gravitational force on the particle:
xi(t+ ∆t) = xi(t)

pi(t+ ∆t) = pi(t)−∆t∇φ(t)
, (4.7)

while the drift step moves the particles along their momentary trajectory:
xi(t+ ∆t) = xi(t) + ∆t pi

mi

pi(t+ ∆t) = pi(t)
. (4.8)

The advantage of a symplectic integrator is that it creates no systematic drift in

the energy of the particles. Furthermore, with a more elaborate sequencing of the

above steps, the errors in integrating xi and pi over a time interval ∆t can be

made arbitrarily small (although, with an increasing amount of computation). For

instance, in the commonly employed leapfrog integrator, which achieves the time

complexity of O(∆t2), the above transformation are applied in the following kick-

drift-kick sequence:

1. pi(t+ ∆t
2 ) = pi(t)− ∆t

2 ∇φ(t)

2. xi(t+ ∆t) = xi(t) + ∆tpi(t+ ∆t
2 )

mi

3. pi(t+ ∆t) = pi(t+ ∆t
2 )− ∆t

2 ∇φ(t+ ∆t
2 )

In practice, particles in cosmological simulations are usually given individual adap-

tive time steps, in order to avoid computationally wasteful integration of particles

in low-density regions. (4)

4.2 Initial Conditions

Perhaps the most important and discriminating information about the cosmological

model, namely, the spectrum of primordial perturbations, is inserted into a simu-

lation via its initial conditions. Here, I will summarise the key steps of a widely
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adopted method for setting up the initial conditions, following Bertschinger (2001).

As explained in 2.3.1, both the mass density and velocity field are, at least to a good

approximation, described as Gaussian random fields. The method by Bertschinger

is based on the fact that any Gaussian random field δ(x) can be written as a con-

volution of the white noise field ξ(x):

δ(x) =
∫
d3x′ξ(x′)T (|x− x′|). (4.9)

Moreover, the convolution kernel T (x) is related to the square-root of the power

spectrum P (k) of δ, by the inverse Fourier transform:

T (|x|) = 1
(2π)3

∫
d3k[P (k)]1/2eik·x. (4.10)

Thus, the stochastic information about the particular realisation of the field δ is given

by specifying the realisation of the white noise field ξ, while the function T (x) carries

the cosmologically relevant scale-dependent information about the mass clustering

amplitude. Given eqs. (4.9) and (4.10) the field δ can be sampled on a spatial grid,

by first sampling ξ at the grid points, and then evaluating the convolution kernel

T (x) and finally eq. (4.9).1 (3)

For an N -body simulation, this sample still needs to be converted into a sys-

tem of N tracer particles, with representative masses, positions and velocities. The

simplest approach is to assign the same mass to each particle: m = ρ̄V/N , where

ρ̄ is the mass density and V the simulation volume. With equal masses, the par-

ticles are initially positioned on a grid (or, alternatively, a glass-like configuration,

without the strong spectral signature on the grid scale). The density and velocity

fields are then sampled, at the initial positions of the particles. Finally, the particles

are displaced from these positions and assigned peculiar velocities, using Lagrangian

perturbation theory, in such a way that the spectrum of density and velocity per-
1In practice, this involves transforming ξ(x) into Fourier space and transforming the convolved

field back to real space to get δ(x), at the grid points.
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turbations approximates the linear theory prediction, at the cosmic time when the

simulation is set to start. This is typically at z ∼ 100. (8; 20)

4.2.1 Zoom-in Simulations

Zoom-in simulations are a solution to the issue that, on the one hand, details of

structures on the scale of individual galaxies cannot be resolved in a simulation of

a cosmologically representative volume. On the other hand, boundary conditions

for a smaller volume, centred on, say, a galaxy, that would realistically emulate the

tidal field around that galaxy, are non-trivial. In fact, they cannot be implemented

without simulations of the large-scale environment. The key insight of zoom-in

simulations is the same as of the tree-gravity computation method of 4.1.2: the

small-scale features, in the massive structures that define the tidal field around the

galaxy, represent only minor correction terms. Thus, the fine details of the galaxy

can be simulated in a low-resolution volume of cosmologically representative scale,

with refined resolution in the immediate neighbourhood of the galaxy.

In this thesis, I study small-scale structure formation in an alternative cosmo-

logical model. To this aim, a natural approach is to set up Zoom-in simulations

of the Local Group of galaxies. The procedure for giving initial conditions for

such a simulation is the same, as for zoom-in simulations more generally. First, a

low-resolution pure dark matter parent simulation of the full simulation volume is

initiated and run, up to the present. The resolution of parent simulation should still

be enough to identify Local Group analogues, i.e. a relatively isolated pair of halos,

with the kinematic characteristics of the Milky Way and the Andromeda galaxies.

Then, particles that make up this pair of galaxies are traced back to the initial

conditions. Finally, a re-simulation, with refined resolution in a region that encloses

these particles (for the LG, a region of roughly 5 cMpc in comoving diameter), is

run to study the small-scale substructures of the LG.
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Figure 4.1 shows the high-resolution region, in one of the six Apostle re-

simulation volumes, at z = 0, embedded inside the parent simulation. The simula-

tion consists of three resolution layers: the lowest resolution particles of the parent

simulation are plotted in grey; intermediate-resolution boundary layer particles are

plotted in green; and the high-resolution dark matter, gas and star particles are plot-

ted in blue and red colours. The grey particles are distributed homogeneously in a

cosmic web of filaments, voids and clusters, with the filaments smoothly penetrating

into the high-resolution region. Furthermore, the high-resolution region exhibits a

concentration of mass and stars, at the centre, where the LG pair of galaxies lies,

with a richly detailed abundance of substructure around it.

Figure 4.1: The Apostle project consists of a series of zoom-in simulations, each refining a

region (indicated by coloured particles) centred on a Local Group analogue within a (100 Mpc)3

periodic volume, shown here in grey colours.
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4.3 Hydrodynamics

In addition to gravity, hydrodynamic forces are crucially important for the evolution

of the intergalactic and interstellar gas. There are essentially two approaches to

simulating hydrodynamics in cosmological simulations. The Eulerian approach is to

represent the gas on a spatial grid, similar to the way the gravitational potential

is represented in the particle-mesh method for computing gravitational forces. In

this approach, each grid cell is associated with a set of state variables, such as

temperature, density and pressure, and the system is evolved in time by computing

the flow of, for instance, energy and momentum from one cell to another. (47)

Of greater interest to us, is the Lagrangian approach, called Smoothed Particle

Hydrodynamics, which is to discretise the fluid mass rather than space, in analogy

with the N -body method for gravitational dynamics: the state of the fluid is ex-

pressed and evolved through point particles that trace the Hamiltonian flow of the

fluid. In addition to a mass, these particles are associated with a position and a

velocity, which are updated through the computation of kicks and drifts, exactly as

in purely gravitational N -body simulations. Only the accelerations have a hydrody-

namic term, in addition to the gravitational one. Therefore, in SPH, the self-gravity

of gas can easily be implemented consistently with the gravity of collisionless dark

matter. (14; 26)

In SPH, to estimate the continuous quantities that describe the actual state of

the fluid, such as density or pressure, at any location, one needs to compute a kernel

estimate of neighbouring particles. For example, the smoothed density is obtained

by the following integral, which for point particles reduces to a sum:

ρS(x) =
∫
d3 x′W (|x− x′|;h)ρ(x′) =

∑
i

miW (|x− xi|;h) (4.11)
∫
dxW (x;h) = 1 (4.12)

where W (x;h) is the smoothing kernel and h the smoothing scale, which defines
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how quickly W (x;h) approaches zero with radius. The smoothing length and the

smoothing kernel should be related to the gas particle number Nsph in such a way

that h → 0 and ρs → ρ, as Nsph → ∞. This is best achieved by using an adaptive

smoothing length, such that either the gas mass or the number of gas particles,

enclosed within a sphere of radius h, is fixed. With the adoption of an adaptive

smoothing length, gas-dynamical processes can be simulated over a broad dynamical

range, which makes SPH particularly well-suited for simulations of cosmic structure

formation. (41)

4.4 Identification of Bound Structures

4.4.1 Friends-of-friends Halos

The spherical collapse model predicts that, upon reaching a virial equilibrium follow-

ing a gravitational collapse, the mass over-density of a collapsed region will roughly

be at the value 200. This yields a useful, and quite universal, definition of the extent

of a dark matter halo: we can take the mass of the halo to be the mass that lies

within the region where the average over-density is 200.

Such a density threshold characterisation of a halo is also powerful in the

identification of bound halos in a simulation. The very simple idea of the so-called

friends-of-friends (FOF) algorithm is to define a linking length b, such that any

particles with a spatial separation smaller than b ∗ davg, where davg is the mean

interparticle separation, are identified as members of the same group. Then, the

boundaries of the resulting halo are roughly traced by a density isocontour with

the threshold value ρ∗ ∝ 1/b3. With the canonical value of b = 0.2, the average

over-density of the groups is close to the value 200. (7)
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4.4.2 Subhalos

With a single linking length value, the group identification of FOF is unique, and

no two distinct groups are intersecting. Thus, the algorithm does not allow for

identification of substructures within a group, unless one takes a hierarchical ap-

proach, with multiple values of the linking length. It still remains true, however,

that the FOF algorithm does not consider whether the groups are gravitationally

self-bound, although this is a condition we would impose on any physical halo. To

resolve these issues, the SUBFIND algorithm was devised, which, by construction,

produces self-bound structures, in two levels of hierarchy.

SUBFIND takes as input the output of the FOF algorithm with the canoni-

cal linking length. The density field around the locations of each particle in a FOF

group is then estimated. Substructure candidates of the group are identified as par-

ticle subgroups separated by saddle points in the density field. The self-boundedness

of each of these candidates is checked by iteratively removing positive-energy par-

ticles from the subgroup, until no positive-energy particles remain or the particle

number falls below a given minimum. In the former case, the remaining particles in

the subgroup are identified as members of a subhalo. (44)

Although, in the above procedure, there is no set limit to the level of hierarchy

of substructures, in practice, each particle is only allowed to reside in one subhalo, for

simplicity. In summary, each member particle of a FOF group will, in the end, have

assigned to it a group number, labelling its FOF group, and a subgroup number,

labelling its subhalo. The subgroup that contains the highest density particle in the

FOF group, represents the central halo, and will have a subgroup number 0. The

rest of the subgroups represent its satellites. The subgroup of the central halo, in

the end, consists of the self-bound particles within the set of FOF members that

are not members of any other subgroup.
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4.4.3 Linking Structures Across Time

The FOF and SUBFIND are powerful methods for identifying self-bound halos

present in a single snapshot of the simulation. However, a separate algorithm is still

needed to identify these subhalos across snapshots. In principle, there are a number

physically motivated conditions that such a linking should satisfy. For example, the

linked subhalo should form a consistent orbit that conserves energy and momentum.

However, a most simple, but also reliable, method is to compare the masses and the

most bound particles of the linked subhalos.

In my analysis, a subhalo hi in snapshot Si is linked with a subhalo hi+1 in

Si+1, if the subhalos satisfy the following conditions:

1. The subhalo masses are within a fraction fmass = 1
3 of each other:

mhi

mhi+1

∈ [fmass, 1/fmass].

2. More than half of the nlink = 20 most bound dark matter particles in hi are

among the max{flink ∗NDM
i+1 , nlink} most bound dark matter particles in hi+1,

where flink = 1
5 and NDM

i+1 is the total number of DM particles in hi+1.

From the second condition it follows that each subhalo in Si can only be linked with

a single subhalo in Si+1, whereas hi+1 could, in principle, be linked with multiple

subhalos in Si. That is, with the above conditions, one could identify mergers of

similar mass halos. Such mergers are rare, however, and so, for simplicity, whenever

there is more than a single potential match for some hi in Si+1, the most massive

of them is linked with hi. Then, among the subhalos that can be linked between Si

and Si+1, the linking is done one-to-one.

As a verification of this linking method, let us consider how far into the future

the subhalos can be linked, starting at some reference point z = zref . This is shown

in fig. 4.2 in the simulations plain-ΛCDM and curv-p082, for satellite and isolated

subhalos. In both simulations, approximately 90% of the isolated subhalos with
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vmax > 10 km/s could be linked over the full period shown. Practically all of these

subhalos consist of over 100 simulation particles and therefore are expected to be

quite stable. Below this limit, most of the subhalos in curv-p082 are formed from

shot noise, as is explained in section 5.2.2, and are therefore considered volatile and

also likely more unstable. Satellite subhalos, on the other hand, can be tidally dis-

rupted, which explains the lower linking success rate. Furthermore, tidal disruption

is more likely to occur for subhalos in curv-p082, due to their lower central densities,

as is further demonstrated in section 5.7.

Figure 4.2: The fraction of the subhalos present at zref ≈ 0.9 that can be traced forward in time,

plotted separately for the simulations plain-ΛCDM and curv-p082. The dotted lines show this

fraction for all subhalos, while the solid lines show this fraction for subhalos, with vmax > 10 km/s

at zref (faded colors) or with vmax > 10 km/s andM∗ > 0 at zref (bright colors), further multiplied

by the fraction N[·](zref)/Ntot(zref). Above the mass threshold of vmax > 10 km/s, the subhalos

appear rather stable in both simulations. Below the threshold, most of the subhalos in curv-p082

are volatile, which explains the lower linking success rate.



5. Simulation Results

The linear theory prediction of the inflaton-curvaton inflation model is clear: pertur-

bations generated from the two inflating fields have a spectrum with a characteristic

cut-off towards the small scales. Through the linear-evolution phase, this feature in

the power spectrum carries over to the matter power spectrum, until the nonlinear

collapse phase begins. However, to study the consequences for structure formation

at later times, of such small-scale deviations from the standard power-law infla-

tion spectrum, we need to resort to simulations. In general, we need simulations

of a Local Group analogue, in order to extract predictions of small-scale structure

formation that can be compared with observations.

For this thesis, I have used a set of cosmological hydrodynamic simulations

specifically designed to highlight the characteristics of small-scale structure forma-

tion with two periods of inflation. Each simulation represents a volume, of roughly

5 Mpc in diameter, in the ΛCDM universe. In the baseline simulation, which has

been drawn, unmodified, from the set of Apostle simulation volumes, a structure

resembling the Local Group of galaxies forms at the centre of the volume. This

simulation adopts the power-law inflation initial conditions. Accordingly, I will call

this simulation plain-ΛCDM (an abbreviation for "Power-LAw INflation" ΛCDM).

The other two simulations differ from plain-ΛCDM only by their initial conditions:

instead of power-law inflation, we assume the two-period inflaton-curvaton inflation

model (from here on, simply called the "curvaton model") that was discussed in

50
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section 2.4.3. I will call these simulations curv-p082 and curv-p084, where p refers

to the additional free parameter of the model, which determines the characteristic

cut-off scale. Furthermore, I have used two resolution levels, in order to study the

effects of resolution, but also in order to avoid excessive computation on a model

that could be ruled out at the lower resolution level. I will use the "-LR" suffix for

the low-resolution runs.

5.1 The Simulated Local Group Analogue

Let us begin by discussing what suffices as the defining features of the Local Group,

for the purpose of studying the substructures within it. In accordance with re-

cent observational estimates, the analogues of the M31-MW pair, in the Apostle

project, were required to have a total mass in the range 1.6−3.6 × 1012M�, a spa-

tial separation in the range 800 ± 200 kpc, a relative radial velocity in the range

−250− 0 km/s and a relative tangential velocity below 100 km/s. What is notable,

in particular, about the above constraints is the great uncertainty related to the

mass estimate, as the total number of satellite halos is highly sensitive to the mass

of the central galaxy. (49) This means that there are no strict bounds on the total

number of satellite galaxies, in a viable simulated model of the Local Group. (11)

In addition, conditions are generally imposed on the environment of the Local

Group. In Apostle, it was required that no object more massive than either one

of the two should lie within 2.5 Mpc from the mid-point between them. Also, per-

turbations to the Hubble flow, from mass clustering in the large-scale environment

of the LG, should be insignificant at a distance smaller than 4 Mpc. (11) Indeed, in

Figure 5.1, which shows the high-resolution region, in the plain-ΛCDM simulation,

a relatively isolated M31-MW pair of halos is seen. Furthermore, this figure also

demonstrates that the high-resolution volume implements well-resolved boundary

conditions for the LG, at least out to a radius of 2 Mpc away from the midpoint
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between the centrals. This spherical region is safely isolated from the contamination

of low-resolution particles from the boundary layers of the simulation.

Figure 5.1: The high-resolution region and the Local Group analogue within it, in the plain-

ΛCDM simulation. The image was created with a simulation visualisation program called

Gadgetviewer, by convolving the simulation particle distribution with smoothing kernels. The

smoothed dark matter and star particle densities are plotted in blue and red, respectively (with

the white spots indicating high densities). The zoom-in box is centred on the Local Group, a pair

of massive halos about 800 kpc apart, with an abundance of substructures around them. The LG

is well inside the high-resolution region and numerically resolved out to a radius of 2 Mpc. No

other massive galaxies lie in its vicinity.

5.1.1 The Local Group with the Curvaton Initial Conditions

The initial conditions, for the curv-p082 and the curv-p084 simulations, were set

up by using the random phase information of the plain-ΛCDM simulation, but

convolving it with the power spectra of the respective curvaton models. This means

that, initially, the large-scale modes of the simulated realisations of the matter

density field are essentially identical between simulations. Thus, we expect that,

with suitably chosen parameters of the curvaton model, a Local Group analogue

will also form in the curvaton simulations, from a similar Lagrangian region in the
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initial conditions. Furthermore, the LG analogue would, at present, most likely be

found around the same coordinate location, as in plain-ΛCDM.

However, if we choose the cut-off scale at a large enough value, structures on

mass scales of the Milky Way will be considerably affected, and the LG analogue

might not form at all. As can be seen in fig. 5.2, this is exactly the case with the

curv-p084-LR simulation: in place of the LG pair of central galaxies, we find a single

massive galaxy. By contrast, in curv-p082-LR, i.e. the simulation with the more

moderate version of the two-period inflation model, the Local Group appears to be

intact. However, the number of substructures visible in the image is still lower in

curv-p082-LR than in plain-ΛCDM-LR. This indicates that the choice of the cut-off

scale for this simulation is promising: we may hope to find interesting differences in

the dwarf galaxy populations, while still following the formation of these galaxies in

a Local-Group-like environment.

As a further verification that we have not missed any other massive systems

possibly present in the simulations, I have listed the most massive galaxies in each

low-resolution simulation in Table 5.1. The mass of the most massive galaxy in

curv-p084-LR is of the order of the summed mass of the LG centrals in the other

simulations. This, together with the fact that all these halos most likely originate

from similar over-densities in the initial perturbation fields, suggests that massive

objects resembling the progenitors of M31 and MW probably also existed in curv-

p084-LR, but merged before the present, thus forming the massive galaxy visible in

the image.

Finally, fig. 5.3 shows the locations of the bound particles of some of the

most massive subhalos, along with the subhalo centres of potential, in each of these

simulations, as identified by SUBFIND. For most of the subhalos visible here, we can

clearly identify counterparts across all simulations, which tells us that, indeed, the

large-scale structure is very similar in all of my simulations. Nevertheless, a curious
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Figure 5.2: The most massive galaxies found in each of the low-resolution simulations, at red-

shift z = 0. The images show the dark matter and stellar densities, and were produced with

Gadgetviewer, similarly as fig. 5.1. The side of each image covers a physical distance of 1.2 Mpc.

In the plain-ΛCDM-LR and curv-p082-LR runs, but not in the curv-p084-LR run, a clear LG-like

structure can be identified.

discrepancy between plain-ΛCDM-LR and curv-p082-LR is that in curv-p082-LR

the LG centrals are slightly closer to each other, so that the bound particles of these

subhalos are members of the same FOF group. However, this is only a matter of

algorithmic identification; as we shall see, the physical structure of an LG analogue

is present in both simulations. In curv-p084-LR, where the pair of halos is replaced

by a single nearly spherical massive halo, this is, of course, not the case.

Thus, we have managed to identify a pair of halos that could correspond to the

M31 and the MW, in curv-p082-LR, and we have also established that no such pair

forms in curv-p084-LR. Although the sample of large-scale structures studied here

is small, the fact that the contrast between curv-p084-LR and plain-ΛCDM-LR is

so striking suggests that the inflation model of curv-p084-LR may well be in conflict

with results from previous simulations, e.g. for the galaxy mass function. Certainly,

the curv-p082-LR simulation is much more broadly suited for a comparison of the

low-mass substructures, with plain-ΛCDM-LR. For these reasons, I will, from here

on, focus mainly on the more moderate model, with p = 0.82.
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plain-ΛCDM-LR curv-p082-LR curv-p084-LR

GN SGN Mass GN SGN Mass GN SGN Mass

1. 1 0 171.03 1 0 194.45 1 0 291.16

2. 2 0 79.79 1 1 82.57 2 0 33.65

3. 4 0 12.53 2 0 25.26 1 1 18.01

4. 3 0 11.53 3 0 13.21 3 0 15.20

5. 6 0 6.35 5 0 8.13 4 0 6.31

6. 2 1 5.74 6 0 6.83 5 0 5.37

7. 7 0 5.71 1 2 6.05 8 0 3.87

8. 10 0 4.74 7 0 5.85 9 0 3.33

9. 2 2 4.63 9 0 5.53 2 1 2.28

10. 8 0 4.24 11 0 4.03 10 0 2.25

Table 5.1: The group numbers (i.e. the FOF group identifiers), the SUBFIND subgroup numbers

and the masses, in units of 1010 M�, of the ten most massive subhalos in each of the low-resolution

simulations. The mass is the summed mass of all the particles assigned to each subhalo by SUB-

FIND, corresponding roughly to the M200 value. In plain-ΛCDM-LR and curv-p082-LR, two

massive galaxies are found, representing the M31 and the MW. In curv-p084-LR, there is only one

galaxy with a mass in this range. Other subhalos are significantly less massive.

5.1.2 The Internal Structure of the Local Group Centrals

Since constraints on an acceptable Local Group analogue were carefully formulated

in the Apostle project, it is crucial that any structure, which we are tempted to

call the Local Group, satisfies these constraints. But since we are only looking at

simulations, we can do better than this: in each simulation, we know exactly the

internal distribution of gas and stars, as well as dark matter, of the central galaxies.

We also know exactly the evolution histories of these structures. Thus, we will

know more precisely, how much of the differences we find in substructures between

simulations are attributable to the differences in the structures on the larger scales.
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Figure 5.3: Positions of the bound particles of some of the most massive subhalos in the low-

resolution simulations. The colour indicates the FOF group number (GN) and SUBFIND subgroup

number (SGN) of the subhalo, as shown in the legend. The centres of potential are also plotted.

Many of the massive halos in plain-ΛCDM-LR have an identifiable counterpart in both curv-p082-

LR and curv-p084-LR. However, the Milky Way analogue, which in plain-ΛCDM-LR constitutes

its own FOF group, has, in curv-p082-LR, joined the FOF group of the M31 analogue. In curv-

p084-LR, only a single massive subhalo lies at the location, where the pair of centrals are found in

plain-ΛCDM-LR and curv-p082-LR.

Let us first inspect the rotation curves of the pair of central halos in each simu-

lation, which are plotted in fig. 5.4. Clearly, the mass distributions of these halos are

very similar between plain-ΛCDM and curv-p082. The differences in halo profiles

between the two simulations are of the order of the differences that arise just from

an increase in resolution. And, most importantly, they are much smaller than the

differences between the two halos in any simulation. Thus, a straight-forward iden-

tification of the M31 galaxy, as the most massive galaxy in the simulation, and the

Milky Way galaxy, as the second most massive galaxy, exists in both plain-ΛCDM
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and curv-p082. The massive halo in curv-p084-LR, by contrast, has a strikingly

different profile from any of the two halos in any other simulation.

Figure 5.4: Rotation curves of the candidates for the Milky Way and Andromeda analogues in

the curv-p082 and plain-ΛCDM simulations (in both resolution levels). The most massive halo in

the curv-p084-LR simulation is also plotted, as an illustration of how manifestly different it is from

these candidates in the other simulations. Here, the solid lines represent the candidate for the

Andromeda, while the dashed lines represent the candidate for the Milky Way. The asymptotic

total masses of both halos appear only slightly greater in curv-p082.

Very good agreement is also found when we decompose the mass distribution by

its constituents. Figure 5.5 shows the component-wise rotation curves of the centrals

in plain-ΛCDM and curv-p082. The greatest differences between the simulations are

at low radii of r < 10 kpc. However, these might be attributable to the uncertainty

in the placement of the centre of a halo. Here, I have used the centre of potential (i.e.

the position of the most bound particle) for the centre. Regardless, these differences

near the centre are of negligible consequence for the satellite galaxies, which we are

mainly interested in. Granted, there is a difference in the dark matter halo mass of

the M31, between the simulations, but it is quite small: the difference in circular

velocity, at r > 30 kpc, is at most 10%.

Finally, fig. 5.6 demonstrates the similar evolution histories of the two central
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Figure 5.5: Rotation curves, by contribution from each particle type, of the Andromeda and the

Milky Way analogues, in the medium-resolution simulations. The curves for the Andromeda are

almost identical, with a slight total mass difference in the dark matter halo. As for the Milky

Way, beyond 20 kpc, the enclosed total masses of all particle types are very similar between the

simulations. Around the centre of potential, however, the plain-ΛCDM counterpart appears more

concentrated. This could, however, just arise from the definition of the centre of potential.

galaxies in plain-ΛCDM and curv-p082. In both simulations, we observe a steady

accumulation of mass, occasionally accented by sudden large increments, in between

snapshots, that most likely indicate minor merger events. The only exception is near

the present, when the MW in curv-p082 appears to be losing mass. But at the same

time, the M31 gains a similar amount of mass. This is likely due to particles moving

over the saddle-point density threshold between the halos, which results in a re-

identification of these particles by SUBFIND.

Furthermore, in curv-p082, the halos turn to a rapid in-fall slightly earlier. As

the halos gain momentum from the gravitational potential, the tangential velocity

component begins to increase as well. Despite these deviations from plain-ΛCDM,

the radial and tangential velocity components of the central pair, in curv-p082,

are still in line with the requirements used for the Local Group in the Apostle

project. The distance between the halos is also acceptable, although it is roughly
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at the lower limit of the acceptable range of values. Nevertheless, this illustrates

the high sensitivity of the phase of the orbit of the massive halos to small-scale

modes of the initial conditions. A drastic reduction of small-scale power can lead to

major mergers, which significantly change the qualitative properties of the massive

systems, as is likely the case with curv-p084-LR.
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Figure 5.6: Late time evolution of the central galaxies in the medium-resolution simulations. The

two upper panels show the accumulation of mass of each central galaxy, broken down by the mass

components. The two lower panels show the distance between the two halos, and their relative

peculiar velocities, broken down into radial and tangential components. In addition, the Hubble

expansion, computed from the distance of the halos, is shown. At around z = 0.5, in curv-p082,

the halos start falling towards each other, while in plain-ΛCDM, cosmic expansion keeps them at

roughly constant separation, up until around z = 0.1.
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5.2 Comparable Local Group Substructures

While the simulations already exhibit interesting differences on the level of the LG

centrals, the main motivation for the previous section is to set the stage for the inves-

tigation of the LG substructures. Indeed, the substructures set apart the inflation

models quite remarkably, as fig. 5.7 demonstrates. Already in the low-resolution

runs, we see the imprint of the initial small-scale power cut-off, on the present-

day subhalo population: the curv-p082-LR image is strikingly more smoothed than

plain-ΛCDM-LR, while in curv-p084-LR, we can hardly see any low-mass systems

at all.

With increased resolution, we delve deeper into the low-mass ranges, where

this effect is amplified. In the standard CDM paradigm, the subhalo mass function

increases exponentially down to mass scales well below those attainable in con-

temporary cosmological simulations. Thus, as the resolution of the simulation is

increased, the space between the previously smallest resolved objects becomes filled

with substructures. This is clearly visible in the plain-ΛCDM image. By contrast,

the present-day subhalo mass function, in the curvaton model, is truncated for such

low-mass subhalos that are seeded from perturbations on scales below the cut-off.

Below the truncation mass scale, subhalos can essentially only form via fragmenta-

tion. This explains why the curv-p082-LR and curv-p082 images look so similar: the

low-resolution runs already resolve the truncation mass scale, to some extent. Below

this mass scale, structure formation is strongly inhibited. In simulations, this leads

to spurious formation of halos from discreteness noise, which must be accounted for,

as discussed in section 5.2.2.
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Figure 5.7: The Local Group candidates, in each simulation, at redshift z = 0. The images

have been identically produced, as those in fig. 5.2. In addition, I have zoomed in on the sub-

structures. Comparing the low-resolution runs, the dark matter density seems to be smoother in

plain-ΛCDM-LR than in curv-p082-LR, and similarly, smoother in curv-p084-LR than in curv-

p082-LR. Although, in the case of curv-p084-LR this might partly be a consequence of a recent

violent major merger event. With increased resolution, an abundance of faint substructures is

added to plain-ΛCDM. The same effect is hardly observed for curv-p082.
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5.2.1 Satellite Subhalos and Isolated Halos

As is clear from section 3.5, in order to understand, in detail, the origins of the

distinctive small-scale features, in each simulation, we must study satellite subha-

los and isolated halos separately. It is particularly important to keep in mind that

the environmental influence on satellites is not simply some set of scaling relations

applied to all of the subhalos. The satellite population is subjected to a selective

pressure, as the subhalos least resilient against tidal forces will get destroyed com-

pletely, soon after infall. Of course, the eventual fate of any satellite is destruction

and melding onto the central halo, as guaranteed by orbital decay, which also in-

duces a selection pressure and mass segregation. This is less relevant, however, since

it works on such long time scales.

In the following sections, I will define satellites, of both the M31 and the MW,

as subhalos enclosed by the comoving radius of 300 ckpc. As can be seen in fig. 5.8,

this approximates their virial radius in both simulations, so that the selection then

roughly amounts to the subhalos on bound orbits around their respective centrals.

Also, in observational datasets, the 300 kpc radius is widely used as the satellite

selection criterion. (29) The rest of the subhalos, that are within the comoving

distance of 2 cMpc from the LG bary-centre, are defined as isolated LG members.

Within 2 cMpc, the risk of contamination from the low-resolution boundary layers

of the simulation is insignificant. In addition, isolated halos here refer to the most

massive SUBFIND subhalos in their respective FOF groups; i.e. in FOF groups

other than those of the M31 and the MW we disregard the substructure.

5.2.2 The Least Massive Resolved Substructures

In N -body simulations of cosmological models, with exponentially low power on

the small scales, spurious halo formation purely from discreteness noise introduces

a lower limit to the masses of physically representative structures. In general, on
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Figure 5.8: The evolution of the top-hat r200 radius of the M31 and the MW, as compared to

the evolution of the scale factor. The satellite selection by the radius 300 ckpc is almost equivalent

to the selection by r200.

length scales that are close to the average interparticle separation of the simulation,

spurious halos can form from the non-physical interactions between individual sim-

ulation particles. However, if the linear power spectrum amplitude is very low on

the small scales of the simulation, such discreteness effects can dominate structure

formation on even larger scales.

Studying this effect in simulations of hot/warm dark matter models, Wang

and White (2007) found the following empirical mass limit (for the M200 mass),

below which most halos appear to have formed from the discreteness noise: Mlim =

10.1× ρ̄dk−2
peak, where ρ̄ is the mean (matter) density of the Universe, d the mean in-

terparticle separation of the simulation, and kpeak the scale, where the linear power

spectrum peaks. (50) Since the linear power spectra, in their models and in the

curvaton models studied here, are quite similar, we can use this relation to estimate

the mass scale for the spurious halo formation in my simulations. My higher resolu-

tion level simulation is equal to the Apostle "L2"-level, with dark matter particle
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mass 5.9 × 105 M�, which corresponds to d ≈ 27 ckpc. From fig. 3.1, I identify

kpeak ∼ 10h Mpc−1 for the curv-p082 model, which gives Mlim ∼ 5 × 107 M�. In

NFW halos of this virial mass, the maximum circular velocity is typically of the

order vlim ∼ 7 km/s. (33)

Indeed, in the left panel in fig. 5.9, we can clearly see an upturn in the isolated

halo mass function at around vmax ∼ 10 km/s, in the curv-p082 model. This feature

is similar to the upturn in the mass function in fig. 9 in Bode et al. (2001), which

Wang and White (2007) attribute to the discreteness noise. (5; 50) The overall

shape of the curve is reminiscent of the WDM halo mass function: on the larger

masses, it follows the plain-ΛCDM function, decoupling from it at vmax ∼ 30 km/s;

at lower masses, halo formation is remarkably suppressed, down to the mass scale

vmax . 10 km/s, where the discreteness noise takes over. In the satellite halo mass

function, these features are obfuscated, mostly due to tidal stripping, which induces

variation in the vmax of halos of similar initial mass.

Another signature of these spurious low-mass halos is their placement in regular

spatial intervals along filaments, such that the distance between the halos is closely

related to the resolution. This sets them apart from physical, numerically converged

halos, which should still be identifiable, in the same simulation volume where they

were found, with refined resolution — this is not the case for the spurious halos.

Furthermore, fig. 5.10 shows that, in curv-p082, a large fraction of isolated halos with

vmax < 10 km/s are distributed exactly in this pattern. By contrast, the image for

halos of larger mass is strikingly different, with such regularly fragmented filaments

completely absent. Thus, the mass criterion vmax > 10 km/s appears to work well

in excluding the spurious halos. It should be noted that, although we exclude these

halos from the following analysis, they might still have some effect on the formation

and evolution of larger halos. Nevertheless, this effect is expected to be small, since

the total mass fraction bound to these halos is small.
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Figure 5.9: The halo mass functions of satellite subhalos (of the MW or the M31) and isolated

subhalos, in each simulation. The purple dotted line denotes the limiting mass scale for discreteness

noise, in curv-p082. Below this limit, we observe an upturn in the isolated halo mass function. In

the interval vmax ∈ [10, 25] km/s, we see a suppression in the number of isolated halos, in curv-

p082. In the low-resolution runs, spurious halos form at larger masses, closer to the mass scale,

where the suppression kicks in, which makes both of these features more difficult to identify from

the mass distribution curves.

5.3 Subhalo Mass Function

Let us now discuss the mass distribution of the physically representative subhalos in

more detail. Figure 5.11 shows the mass functions, with the distinction into luminous

subhalos (i.e. subhalos that host a galaxy) and dark subhalos (that contain no star

particles). In both simulations, all subhalos, with vmax & 30 km/s, have formed

stars. Towards the lower masses, the total subhalo count is overwhelmed by the

accumulation of subhalos, which have failed to form any stars at all. For these low-

mass subhalos, gas accretion is effectively inhibited by photoheating associated with

reionization and, accordingly, star formation is suppressed. (34) Even though the

satellite galaxy number continues to grow below vmax < 20 km/s, this is most likely

from halos, whose mass has been tidally stripped.
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Figure 5.10: Projected positions of subhalos around the Local Group, with vmax < 10 km/s,

in the upper row, and with vmax > 10 km/s, in the lower row. The LG centrals are indicated

by red dots. Luminous galaxies are plotted with blue unfilled circles, and dark subhalos, with

no stars, with black points. The marker size is proportional to the subhalo mass. In curv-p082,

subhalos of mass vmax < 10 km/s appear to be forming mostly at regular intervals along filaments,

which indicates that they are most likely numerical artefacts, from discreteness noise in the initial

conditions.

Interestingly, in curv-p082, the total number of isolated subhalos, with vmax >

10 km/s, is suppressed by a factor of 10, relative to plain-ΛCDM. The suppression is
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slightly lower for satellite subhalos, but remarkable still. Most of the reduction is in

the population of dark low-mass halos; by contrast, the suppression in the number

of galaxies is much less drastic, by about a factor of two. This is of the order of the

variation in the galaxy number among simulation volumes, found in the Apostle

simulations. (38) Therefore, while fig. 5.11 clearly indicates a significant suppression

of the dark matter halo number in curv-p082, the model might still be viable for

its galaxy number, particularly if the virial mass of the Milky Way is towards the

higher range of current observational estimates. By contrast, it appears the curv-

p084 model would quite likely be ruled out, as fig. 5.9 shows that the subhalo

number is reduced by another factor of two (around the star-formation threshold of

vmax ∼ 25 km/s).

Figure 5.11: Distribution of all subhalos (solid line) and of galaxies (dashed line) by vmax. The

shaded region, thus, denotes subhalos, in which star formation has failed. The number of dark

low-mass subhalos is smaller, in curv-p082, roughly by a factor of 10.
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5.4 The Relation Between Galaxies and Dark

Matter Halos

The great advantage of hydrodynamic simulations of galaxy formation is that they

allow us to study the correlations between properties of galaxies and properties

of their dark matter halos. Dark matter halos are commonly characterised by a

radial profile, as their stable configuration is assumed to be spherically symmetric.

Important parameters constraining the halo profile are some measures of the halo

mass and the mass concentration towards the centre. For instance, the NFW profile

is completely fixed by such two parameters. Hydrodynamic simulations are thus

crucially needed, as the halo mass is not directly observable: measurements of stellar

kinematics do not yield well-constrained estimates of the maximum point of the

galaxy-halo rotation curve, as the halo extends much beyond the visible part of a

galaxy. (48)

The left panel in fig. 5.12 shows that, in both simulations, galaxies form with

a tight relation between their stellar mass, M∗, and the halo mass, vmax. As dis-

cussed in section 3.5.1, the scatter in this relation for satellite galaxies is induced by

tidal stripping of the satellites’ dark matter halos, which affects individual satellites

differently, depending on their concentration and orbit. For both isolated galaxies

and satellite galaxies, we find no notable differences in their M∗ as a function of

vmax between the simulations — neither in the median trend nor in the scatter.

Furthermore, the number of galaxies plotted in fig. 5.12 is nearly the same between

the simulations, implying that the suppression in the number of low-mass luminous

galaxies takes place at the stellar masses M∗ . 106M�. This is explicitly seen in

fig. 5.13, which shows the stellar mass functions.

Stellar properties of these faintest galaxies in the simulations are not, in gen-

eral, resolved. For instance, stellar masses of galaxies tend to be overestimated below
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Figure 5.12: Galaxy stellar mass, as a function of the vmax, on the left, and v1kpc, on the right,

of the galaxies’ host halos. The dotted lines show the 100 star particle limit for resolved stellar

properties. I distinguish between satellites (with plus-sign markers) and isolated subhalos (with

unfilled boxes) to indicate the remarkably greater scatter for satellites.

the 100 star particle limit, which in the Apostle L2 resolution level corresponds

to a stellar mass of . 107M�. So does the fraction of galaxies that were formed

very early, or of those that have the lowest metallicities. (45) With less than 100

star particles, the EAGLE model fails to properly sample stellar feedback, which

is the cause of these discrepancies. (39) However, even for those low-mass subha-

los, whose star particle number is not high enough to constitute a resolved galaxy,

the prediction that the galaxy is there, at the centre of that particular subhalo, is

more reliable. This is because the formation of even a single star particle requires

the concentration of multiple gas particles. Thus, the suppression in the number

of galaxies, with 105M� < M∗ < 107M�, that is seen in 5.13, represents a genuine

difference between the models.

Although this certainly reflects the overall suppression of the subhalo mass

function on low masses in 5.11, the halos in curv-p082 might also be more susceptible
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Figure 5.13: The stellar mass function. Above the resolution limit of M∗ ∼ 107M�, indicated by

the dotted lines, there is great agreement between the simulations. In the mass range 105M� <

M∗ < 107M�, the number of satellite galaxies is suppressed by a factor of 3.3 and the number

of isolated galaxies by a factor of 2.5, in curv-p082. The curves actually decouple at around

M∗ ≈ 3× 106M�, but this mass is not completely resolved.

to the star-formation-inhibiting effects of reionization and stellar feedback. The right

panel in fig. 5.12 shows that, in curv-p082, there is a slight tendency, of galaxies of

given stellar content, to be hosted in halos of lower central density, as measured by

the circular velocity at the radius of 1 kpc, v1kpc. This would translate to relatively

lower cooling rates, on average. However, the difference between the simulations is

at most of the order of the scatter in this relation.

We use v1kpc as a measure of the central density, since it is fairly well resolved

in the simulations and it can also be measured, from stellar kinematics, for the most

massive and most compact satellites, with a half-light radius of the order ∼ 1 kpc.

Thus, we have another observable, besides stellar mass, whose connection to the halo

mass we can investigate. For most observed dwarf galaxies, however, the half-light

radius is well below 1 kpc, and thus, below the softening scale of my simulations.

Therefore, I use v1kpc to parametrise the central density of all subhalos. In the
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simulations, this variable is reasonably well converged, towards the higher values,

with v1kpc & 25 km/s. For less centrally concentrated satellites, it is best treated

as a lower bound estimate, as the values tend to increase with increased resolution.

(24)

5.5 Stellar Ages and Metallicities

As discussed in section 3.2, the nonlinear evolution of structures on small scales

and on large scales are conceptually different, in models with a small-scale cut-off in

linear amplitude. Large-scale structures form predominantly through hierarchical

clustering, just as in the ΛCDM model, while small-scale structures form through

top-down fragmentation. The transition from hierarchical clustering to top-down

fragmentation takes place on the mass scales, where also the abundance of bound

structures is suppressed. Furthermore, the formation of such fragmented low-mass

subhalos will have been delayed, relative to their CDM counterparts. (25)

We expect that the delay in the formation of low-mass halos is reflected in

the age distribution of stars. Let us first look at the mean initial-mass-weighted

stellar ages of the galaxies, which are shown in fig. 5.14, both as a function of vmax

and stellar mass. Below vmax ∼ 40 km/s, the left panel suggests that there might

be a very slight trend for the stars in satellite galaxies to be younger in curv-p082.

However, the most striking feature of this plot are the plain-ΛCDM outliers, with

vmax < 30 km/s and a particularly old population of stars, that are completely

absent from curv-p082. The stellar masses of these galaxies reveal that each of

them hosts less than ten star particles. This means that the mean value for these

galaxies might be strongly affected by the early formation of the first stars. This,

in turn, would indicate a relatively delayed onset of star formation, in curv-p082.

The age of the oldest star particles in each galaxy might indeed be a more

direct probe for the collapse times of the first halos, as the mean formation time
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Figure 5.14: The mean initial-mass-weighted birth redshift of stars in each galaxy as a function

of the maximum circular velocity and stellar mass. Satellite galaxies and isolated galaxies are

indicated with the plus and box markers, respectively. The dotted vertical line in the right panel

shows the approximate 100 star particle limit. The absence of galaxies with very old stellar

populations hints at a relative delay in the onset of star formation, in curv-p082.

of stars in a galaxy does not only reflect its formation time. As long as there is

gas within the galaxy that is able to cool at a sufficient rate, star formation is on-

going. The cooling rate of gas is regulated by stellar feedback and also depends on

the metallicity of the galaxy, and thereby it depends on the galaxy’s star formation

history. All of these effects, among others, like reionization, shape the properties

of the stellar population, including its age distribution. However, as larger galaxies

are assembled from these low-mass halos, a delay in the formation of the earliest

galaxies would also be seen in the more massive galaxies.

Thus, in fig. 5.15, I have plotted the formation times of the oldest stars in

each galaxy. This figure reveals a clear signature of the delayed formation of low-

mass subhalos, particularly in galaxies with vmax > 25 km/s. The scatter among

less massive galaxies is partly due to low star particle numbers and the stochastic
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star particle creation. Galaxies of lower mass are also more disrupted by tidal

stripping. Nevertheless, it appears that in curv-p082 star formation only begins

to a considerable extent at z = 9−8, which could also mean there is a delay in

reionization.

Figure 5.15: Ages of the oldest star particles, in each galaxy, plotted against their vmax. The

accumulation curves below are plotted separately for galaxies, with vmax < 25 km/s (dashed line),

and for galaxies, with vmax > 25 km/s (solid line). The dotted line in the scatter plot splits

the galaxies between these curves. In curv-p082, star formation begins at z ∼ 9−8, which is

considerably later than in plain-ΛCDM.

Another observable proxy for the formation time of a galaxy is the mean

metallicity of its stars. This is because older galaxies will typically have formed

from gas enriched with metals by fewer generations of stars than younger galaxies.

However, galaxies also exchange gas with their environment, so the stellar metallicity
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not only encodes the star formation history but the history of gas inflow and outflow,

as well.

Accordingly, the trend, seen in fig. 5.16, for less massive galaxies to have lower

metallicities reflects both the fact that less massive galaxies formed earlier and that

highly enriched gas is more easily blown out of a less shallow potential well, by

exploding supernovae. The metallicity, in fig. 5.16, refers to the abundance ratio of

elements heavier than helium in stars, Z∗ =
∑

j>Hemj∑
k
mk

, averaged over all stars in a

galaxy, and normalised to solar metallicity Z� ≈ 0.0134:

〈Z〉 = log10

∑
jM

∗
j Z
∗
j∑

kM
∗
k

− log10 Z�.

This prediction of increasing metallicity with mass has been found to agree well

with observations. EAGLE simulations of a larger volume have shown that, towards

higher masses, the trend lines flatten, at around M∗ ∼ 1010M�, to a value slightly

above the solar metallicity. (39) Between my simulations, we find no noticeable

systematic difference, in the mass-metallicity relation. This is true for both satellite

galaxies and isolated galaxies.

5.6 Subhalo Density Profiles

One of the most crucial questions of this analysis is how the primordial power spec-

trum cut-off affects the density profiles of the Local Group subhalos. In the previous

section, I have presented evidence for a delay in the formation time of the earliest

subhalos in my simulations, in the curv-p082 model. Furthermore, previous studies

of cosmological simulations have established a connection between the formation

time and the central concentration of a subhalo. (33; 9; 25) Therefore, we expect a

reduction in the mass concentration of low-mass subhalos, in the curv-p082 model.

Figure 5.17 shows the rotation curves of the halos of both satellite and isolated

galaxies, grouped by their maximum circular velocity into four bins of equal width
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Figure 5.16: Stellar metallicities of the galaxies, as a function of their stellar mass. The vertical

dotted line denotes the average 100 star particle limit, above which the metallicities are considered

resolved. No notable difference is found in this relation between the two models, neither for satellite

galaxies nor for isolated galaxies.

in dex. Considering first the isolated galaxies, we see that all but the most massive

subhalos, in curv-p082, have a lower mass density near the centre and reach their

peak circular velocity at a larger radius, than subhalos in plain-ΛCDM on average.

This is even more clearly seen on a logarithmic scale, in fig. 5.18. Although the

sample size for curv-p082 is small, almost all of the galaxies, with vmax . 50 km/s,

do not have close counterparts among the larger sample of isolated plain-ΛCDM

galaxies. Curiously, however, the three most massive satellite galaxies in curv-p082,

with vmax ∼ 70−80 km/s, exhibit higher central concentration, than the two plain-

ΛCDM counterparts. Nonetheless, it appears that, in the curv-p082 model, low-mass

halos form with less centrally concentrated density profiles.

We expect that this would make the halos that become satellites more suscep-

tible to tidal disruption. As there are other independent factors, too, such as the

satellite orbit, that determine the effect of the tidal interaction, the higher suscepti-

bility could induce increased variation in the density profiles of satellites of similar
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mass. Indeed, for low-mass satellites, with vmax < 50 km/s, we find a similar reduc-

tion of mass density near the centre, as we did for isolated galaxies. Furthermore,

fig. 5.18 hints that the curv-p082 satellite central density profiles might be more

diverse, than in plain-ΛCDM.

As we saw in section 5.3, below vmax ∼ 25 km/s nearly all of the subhalos

are dark. Among these low-mass subhalos, the ones that do form stars must have

formed exceptionally early, with high central density, as otherwise star formation

would have been inhibited by reionization. Therefore, the sample in fig. 5.17 is, in

fact, biased towards compact subhalos. In order to further investigate the central

density profiles of low-mass halos, I plot the rotation curve maximum points, in

fig. 5.19, and the circular velocities at 1 kpc, in fig. 5.20, for both luminous and

dark subhalos. These figures show clearly that the least massive galaxies form in

compact subhalos.

The median trend lines (which show a fit to all subhalos, both dark and lumi-

nous), in figs. 5.19 and 5.20, demonstrate a consistent relative increase in rmax and

a decrease in v1kpc, at fixed vmax, in the range 10 km/s . vmax . 50 km/s, in curv-

p082. This is true irrespective of whether the subhalo hosts a galaxy or whether it is

a satellite or an isolated subhalo. However, it should be noted that, below 20 km/s,

most of the subhalos reach their peak circular velocity at radius ∼ 1 kpc (or even

below it), which means that vmax ∼ v1kpc.
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Figure 5.17: Rotation curves of luminous subhalos, grouped by their maximum circular velocity

into four bins of equal width in dex. The bins are set to cover the range from 10 km/s to the vmax

of the most massive satellite. The colouring scheme is the same as before, with galaxies in the

plain-ΛCDM simulation plotted in black and those in curv-p082 in red.

Figure 5.18: Same as fig. 5.17, but on a logarithmic scale. In this figure, the systematic differences

between the models are more clearly visible: at vmax . 50 km/s, curv-p082 subhalos are less

centrally concentrated, and reach their peak circular rotation velocity at a higher radius. There is

also more variation in the central density profiles of curv-p082 satellites of similar mass.
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Figure 5.19: The maximum circular velocities of subhalos and the radii, at which they are

reached. Filled markers show dark subhalos and unfilled markers subhalos that host a galaxy. The

dashed curves show median trend lines fit to both dark and luminous subhalos. The maximum

points of the rotation curves are consistently reached at a larger radius, in curv-p082.

Figure 5.20: The circular velocities at 1 kpc, as a function of vmax. The plotting scheme is the

same, as in fig. 5.19. Below vmax ∼ 50 km/s, v1kpc at fixed mass is consistently lower for subhalos

in curv-p082 than in plain-ΛCDM.
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5.7 Satellite Mass Stripping and Survival Times

Finally, I discuss how the differences between the satellite populations, in the two

models, should be interpreted, given that the tidal disruption can induce different

selection effects on the different satellite populations. In plain-ΛCDM, subhalos

form with a central cusp; i.e. towards the centre, the mass density of the halo

grows as ρ ∝ r−γ. Peñarrubia et al. (2010) investigated the evolution of halos, with

different values of γ, and compared them to halos that exhibit a core, rather than

a divergent cusp, at the centre. The authors found that halos with a NFW profile

(with γ = 1) can be stripped of over 99% of their mass, in successive pericentric

passages, without being completely destroyed. Furthermore, the halos will tend to

retain their initial profile intact, as the compact centre of the halo is hardly affected.

Halos with a central cusp, on the other hand, can be completely disrupted. (36)

In fig. 5.21, we examine the fate of satellites falling into the MW or the M31

host halo, in both the plain-ΛCDM and curv-p082 model. While, in the plain-

ΛCDM model (shown on the left), the number of satellites within each vmax bin

continuously increases, in the curv-p082 model (shown on the right), the rate of

increase is reduced, as the infall of new satellites is, to a larger extent, compensated

by the disruption of existing satellites.

For the satellites surviving until z = 0, we also examine the change in vmax

between the infall time and the present time. This is shown in Figure 5.22, for dark

satellites on the left, and luminous satellites on the right panel. For the luminous

satellites, it appears that the reduction in vmax is slightly stronger.
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Figure 5.21: A stack plot of the accumulation of MW and M31 satellites. The vertical lines

indicate the lookback times and redshifts, at each snapshot. Each layer in the stack represents the

number of satellites that were accreted at the snapshot, where that layer is initiated. Thus, the

total height of the stack tells how the total number of satellites evolves through time. Furthermore,

the colour distribution along a vertical cross-section of the stack, gives the distribution of accretion

times of satellites.
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Figure 5.22: Maximum circular velocities of satellites, at the infall time, relative to the present

value. In the shaded area, vmax(zinfall) < 10 km/s. The median trend lines, plotted with dashed

lines, are fitted for subhalos with vmax > 10 km/s. The scatter point colours indicate the infall

lookback times. There is only a slight increase in the mass stripping rates experienced by the

subhalos in curv-p082, at least by how much it affects vmax.



6. Conclusions

In this thesis, I studied the Local Group substructures in a ΛCDM cosmology with

two periods of inflation, where the primordial power spectrum is suppressed on

small scales. I analysed a set of hydrodynamic N -body simulations of a single LG

volume that incorporate two versions of the two-period inflation model in their initial

conditions. These were compared to the same volume with standard power-law

inflation initial conditions. I found that a LG analogue only forms in the moderate

version of the two-period inflation model, curv-p082. Therefore, a comparison of

the LG substructures could not be conducted for the extreme version, curv-p084,

with the cut-off at an even higher scale. However, from studying the isolated low-

mass halos, I concluded that this model is likely ruled out for forming too few dwarf

galaxies.

Considerable suppression of the number of subhalos with vmax < 25 km/s was

also found in curv-p082. However, this mostly affects the number of the least massive

dark subhalos that fail to form stars, as a consequence of the cosmic reionization.

In terms of its galaxy mass function, this model is still within the acceptable range.

Nevertheless, the absence of the huge population of dark low-mass halos that is found

in the ΛCDM is a clear signature of the two-period inflation model. If observational

techniques to detect such dark satellites develop in the future, e.g. through their

perturbations of stellar streams, Milky Way halo stars, or via gravitational lensing,

these could be used as a strong test for the model. (10)

83
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However, observational tests more likely to become achievable in the near-

future would be to look for a delay in the onset of star formation or to investigate

the dark matter halo profiles of satellite galaxies in more detail. Indeed, in this thesis

I found that the density profiles of subhalos with vmax < 50 km/s are significantly

less steep towards the centre in curv-p082, as measured by v1kpc or rmax. In the

small sample of galaxies found in the single simulation volume studied here, I also

found the central density profiles to be more diverse in curv-p082. These findings

seem to slightly favour the curv-p082 model over the plain-ΛCDM, in light of current

observational evidence.

The less compact low-mass subhalos of curv-p082 also appear to form later, as

is expected. This was inferred from the lower mean star formation redshifts of low-

mass subhalos and delayed onset of star formation. However, I find no differences

in the mass-metallicity or the stellar mass-vmax relations.

Finally, the differences in the density profiles do not appear to induce more

than a slight increase in the satellite mass stripping rates. Nevertheless, a greater

fraction of the satellites, with vmax . 20 km/s at infall, accreted at any time are

found to be tidally disrupted in curv-p082. The infall time distribution of satellites

at z = 0 still remains very similar between the simulations.

Code Availability

The analysis for this thesis was performed python3 and makes extensive use of open-

source libraries, including Matplotlib 3.4.3 (18), NumPy 1.21.2 (16), AstroPy 4.3.1

(46), HDF5 1.10.4 and GadgetViewer 1.1.0. The full analysis code is available at

https://github.com/kassiili/two-period-inflation.

https://github.com/kassiili/two-period-inflation
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