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ABSTRACT

Rubio de Francia’s extrapolation theorem constitutes a powerful result in
the theory of weighted norm inequalities, which is a subarea of Harmonic
Analysis. It allows one to deduce an inequality (often but not necessarily:
the boundedness of an operator) on all weighted Lp spaces with a range
of p, by checking it just for one exponent p (but all relevant weights).

The main goal of this dissertation is to show analogous methods for
extrapolation of compactness. The dissertation consists of an introduc-
tory part and three research articles. Our frameworks are the weighted
Lebesgue and weighted Morrey spaces.

In the first article we provide extrapolation of compactness for linear
operators on weighted Lebesgue spaces. Several generalizations of this
result such as off-diagonal and limited range extrapolation of compact-
ness are proved as well.

In the second article a bilinear extension of the main result of the first
article is considered. In addition, we discuss more general results which
deal with multilinear operators.

The final article extends the first one to the setting of weighted Morrey
spaces.

Regarding the applications of all articles, in a relatively soft way, our
methods recover several recent results and also give some new ones about
compactness of commutators of linear and bilinear singular integrals,
fractional integrals and multipliers on weighted spaces.
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1. Overview

Boundedness for a given linear operator is arguably one of the most important
properties that one would like to understand in the theory of weighted norm
inequalities. In particular, in this context the core of the basic problems is to
prove estimates of the form∫

Rd

|Tf(x)|pu(x)dx ≤ C

∫
Rd

|f(x)|pv(x)dx,

where 1 ≤ p < ∞, C is a positive constant, u, v are non-negative locally inte-
grable functions that are positive almost everywhere (called weights), and T is an
operator, usually one of the well-known classical operators of Harmonic Analysis:
maximal function, singular integral, square function. We distinguish two classes
of these problems:

(1) one-weight inequalities (u = v),
(2) two-weight inequalities (u �= v).

In this thesis we only concentrate on the qualitative one-weight theory which
began with the study of power weights of the form u(x) = |x|a; see the works of
Stein [51, 52] and Soria–Weiss [49]. After a short period of time Helson–Szegö
[24] characterized one-weight inequalities for the periodic Hilbert transform on
the unit circle.

A further development of this area was achieved by Muckenhoupt [38]. To
be more precise, he introduced the following Ap(R

d) condition which was neces-
sary and sufficient for the Hardy–Littlewood maximal operator to be a bounded
operator on weighted Lp space:

Definition 1.1 ([38]). Given 1 < p < ∞, a weight w is in the Muckenhoupt class
Ap(R

d), denoted by w ∈ Ap(R
d), if 0 < w(x) < ∞ almost everywhere and

[w]Ap := sup
Q

(
1

|Q|
∫
Q
w(x)dx

)(
1

|Q|
∫
Q
w(x)

− 1
p−1dx

)p−1

< ∞,

where the supremum is taken over all cubes Q ⊂ Rd. When p = 1, we say that a
weight w is in A1(R

d), denoted by w ∈ A1(R
d), if

[w]A1 := sup
Q

ess sup
x∈Q

w(x)−1

(
1

|Q|
∫
Q
w(y)dy

)
< ∞,

where again the supremum is taken over all cubes Q ⊂ Rd.

The importance of the Ap(R
d) classes became apparent soon after Muck-

enhoupt’s work when it was shown by Hunt–Muckenhoupt–Wheeden [25] and
Coifman–Fefferman [10] that the weighted inequalities obtained for the Hardy–
Littlewood operator were shared by some other significant operators of Harmonic
Analysis.

Two weight inequalities are more difficult and complicated than one weight in-
equalities. As mentioned before, the latter theory is beyond the scope of this the-
sis. For further details concerning the characterization of two-weight inequalities,
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we refer the reader to pioneering works of Sawyer [47, 48], Nazarov–Treil–Volberg
[40, 41], Lacey–Sawyer–Uriarte-Tuero [29] and Lacey [30].

With the theory of weighted norm inequalities as a foundation, we will now re-
call the following celebrated theorem of Rubio de Francia [45] on the extrapolation
of boundedness on weighted spaces:

Theorem 1.2 ([45]). Let 1 ≤ λ < p1 < ∞, and T be a linear operator simulta-
neously defined and bounded on Lp1(w̃) for all w̃ ∈ Ap1/λ(R

d), with the operator
norm dominated by some increasing function of [w̃]Ap1/λ

. Then T is also defined
and bounded on Lp(w) for all p ∈ (λ,∞) and all w ∈ Ap/λ(R

d).

The theory of Rubio de Francia extrapolation constitutes one of the pillars of
the weighted theory. For operators acting on weighted Lp spaces, it allows one
to conclude the boundedness for all p and all weights in a suitable class, as soon
as this boundedness for just one p (but all relevant weights) is known. Early on,
Córdoba, according to [19], summarized this by saying:

There are no Lp spaces, only weighted L2.

The theory has been extended to other settings and other classes of weights,
and has been used to prove norm inequalities in a large class of Banach function
spaces (see the systematic investigation of extrapolation theory in [12] and its
extensions to the general functions spaces in [5, 6]). Some recent applications of
extrapolation include the proof of the A2(R

d) conjecture by Hytönen [26] and the
refinement of some estimates (see [11] for the Sawyer conjecture and [31, 32] for
the weak Muckenhoupt–Wheeden conjecture).

In this thesis, by means of extrapolation we improve the boundedness of an
operator to its compactness. In other words, we present a natural analogue of
Rubio de Francia’s extrapolation Theorem 1.2 for compactness.

Our first result of Article [A] reads as follows:

Theorem 1.3. In the setting of Theorem 1.2, suppose in addition that T is com-
pact on Lp1(w1) for some w1 ∈ Ap1/λ(R

d). Then T is compact on Lp(w) for all
p ∈ (λ,∞) and all w ∈ Ap/λ(R

d).

In essence, our approach needs two inputs:
(1) the boundedness of an operator on a class of weighted spaces,
(2) the compactness of the same operator on some selected space in this class,

often an unweighted space.
Moreover, we generalize Theorem 1.3 to the off-diagonal and the limited range

cases. Just like its predecessor, it implies, with minimal effort, several weighted
compactness results (both known and new ones) for concrete classes of operators
including singular integrals, pseudodifferential operators and their commutators
with pointwise multipliers.

Beyond the linear case, it is also possible to extrapolate the boundedness in the
style of Rubio de Francia for multilinear operators. In [21] Grafakos and Martell
showed that if T is bounded from Lp1(w1)×· · ·×Lpm(wm) to Lp(w

p/p1
1 · · ·wp/pm

m )
for some fixed exponents 1

p = 1
p1

+ · · · + 1
pm

with 1 < p1, . . . , pm < ∞, and for
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all (w1, . . . , wm) ∈ Ap1(R
d)× · · · ×Apm(R

d), then the same holds for all possible
values pj (see also the improved version of this result in [13]). However, these two
results are given in each variable separately with its own Muckenhoupt class of
weights and do not use the multilinear nature of the problem. In this direction,
Li–Martell–Ombrosi [34] obtained a more satisfactory multilinear analogue of the
Rubio de Francia extrapolation theorem dealing with the multilinear A�p(R

md)
classes introduced in [33] (see Section 3 for detailed definitions). Motivated by
this work, we extend the results of Article [A] by developing the Rubio de Francia
extrapolation for bilinear compact operators. As applications, we recover and
improve earlier weighted compactness results of commutators of many bilinear
operators such as Calderón–Zygmund operators, bilinear fractional integrals and
bilinear Fourier multipliers. These investigations are done in Article [B].

The main aspect in Article [C] is to extend further the extrapolation of com-
pactness results of Articles [A] and [B] for linear operators defined on weighted
Morrey spaces. Here all our applications are new and they deal with the weighted
compactness of commutators of Calderón–Zygmund operators, rough singular in-
tegrals and Bochner–Riesz multipliers.

After this overview we turn to a brief treatment of the content of Articles [A],
[B] and [C]. In Sections 2 and 3 we discuss Article [A] and [B], respectively. Section
4 is devoted to Article [C].

2. Extrapolation of compactness for linear operators on

weighted Lebesgue spaces

In the introduction we provided the prototype Theorem 1.3 of Article [A] about
extrapolation of compactness for linear operators on weighted Lebesgue spaces.
Both original Theorem 1.2 about boundedness and this new theorem about com-
pactness have many variations. In this section we discuss these further extensions.

2.1. Definitions. We begin by recalling the following definitions of RHr(R
d) (see

Gehring [20]) and Ap,q(R
d) (see Muckenhoupt–Wheeden [39]) classes of weights:

Definition 2.1.1 ([20]). Given 1 < r < ∞ and a weight w, we say that w satisfies
the reverse Hölder inequality with exponent r, denoted by w ∈ RHr(R

d), if

[w]RHr := sup
Q

(
1

|Q|
∫
Q
w(x)rdx

) 1
r
(

1

|Q|
∫
Q
w(x)dx

)−1

< ∞,

where the supremum is taken over all cubes Q ⊂ Rd. When r = ∞, we say that
a weight w is in RH∞(Rd), denoted by w ∈ RH∞(Rd), if

[w]RH∞ := sup
Q

ess sup
x∈Q

w(x)

(
1

|Q|
∫
Q
w(y)dy

)−1

< ∞,

where again the supremum is taken over all cubes Q ⊂ Rd.
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Definition 2.1.2 ([39]). Given 1 < p ≤ q < ∞, a weight w is in the Ap,q(R
d)

class, denoted by w ∈ Ap,q(R
d), if

[w]Ap,q := sup
Q

(
1

|Q|
∫
Q
w(x)qdx

) 1
q
(

1

|Q|
∫
Q
w(x)

− p
p−1dx

) p−1
p

< ∞,

where the supremum is taken over all cubes Q ⊂ Rd.

2.2. Additional main results of Article [A]. To state the remaining main
results of Article [A] we first observe that:

(1) one can consider operators mapping Lp → Lq, where p �= q (off-diagonal
bounds) and weights that belong to the Ap,q(R

d) class,
(2) one can deal with operators that are only bounded not in the full scale of

Lp spaces but in a limited range p ∈ (p−, p+) � (1,∞) of Lp and the
relevant class of weights is Ap/p−(R

d) ∩RH(p+/p)′(R
d).

In view of these observations, the following two extensions of Rubio de Francia’s
extrapolation Theorem 1.2 are available: (See also [12] where these extrapolation
theorems and some others are discussed.)

Theorem 2.2.1 ([23], Harboure–Macías–Segovia). Let T be a linear operator
defined and bounded from Lp1(w̃p1) to Lq1(w̃q1) for some 1 < p1 ≤ q1 < ∞ and
all w̃ ∈ Ap1,q1(R

d). Then T is also defined and bounded from Lp(wp) to Lq(wq)

for all 1 < p ≤ q < ∞ such that 1
p − 1

q = 1
p1

− 1
q1

and all w ∈ Ap,q(R
d).

Theorem 2.2.2 ([2], Theorem 4.9 of Auscher–Martell). Let 1 ≤ p− < p+ < ∞,
and T be a linear operator simultaneously defined and bounded on Lp1(w̃) for
some 1 ≤ p− ≤ p1 ≤ p+ < ∞ and all w̃ ∈ Ap1/p−(R

d) ∩ RH(p+/p1)′(R
d).

Then T is also defined and bounded on Lp(w) for all p ∈ (p−, p+) and all w ∈
Ap/p−(R

d) ∩RH(p+/p)′(R
d).

Based on these two extrapolation of boundedness theorems, the off-diagonal and
limited range extrapolation of compactness results of Article [A] read as follows:

Theorem 2.2.3. In the setting of Theorem 2.2.1, suppose in addition that T is
compact from Lp1(wp1

1 ) to Lq1(wq1
1 ) for some w1 ∈ Ap1,q1(R

d). Then T is compact
from Lp(wp) to Lq(wq) for all 1 < p ≤ q < ∞ such that 1

p − 1
q = 1

p1
− 1

q1
and all

w ∈ Ap,q(R
d).

Theorem 2.2.4. In the setting of Theorem 2.2.2, suppose in addition that T is
compact on Lp1(w1) for some w1 ∈ Ap1/p−(R

d) ∩ RH(p+/p1)′(R
d). Then T is

compact on Lp(w) for all p ∈ (p−, p+) and all w ∈ Ap/p−(R
d) ∩RH(p+/p)′(R

d).

Remark 2.2.5. Note that Theorems 2.2.2 and 2.2.4 remain true in the case
p+ = ∞, provided that p1 < ∞ in Theorem 2.2.4. In this case they reduce to
Theorems 1.2 and 1.3 and thus the reverse Hölder conditions on weights w̃, w, w1

are vacuous.

At this point, we only mention that the key elements of the proofs of our main
results are the following:
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(1) Cwikel–Kalton complex interpolation theorem for compact linear opera-
tors [14],

(2) Stein–Weiss complex interpolation theorem for weighted Lebesgue spaces
[3, Theorem 5.5.3].

The way how we apply these theorems in the settings of weighted Lebesgue spaces,
Ap(R

d), Ap,q(R
d) and Aq/p−(R

d)∩RH(p+/q)′(R
d) weights is explained in Sections 3

and 4 of Article [A]. Several applications related to the main results are provided
in Sections 5–10 of Article [A]. In Section 11 of Article [A] we prove another
variant for extrapolation of compactness for a special class of weights related to
the commutators of pseudo-differential operators with smooth symbols.

2.3. Related developments. There are some recent developments devoted to
the study of extrapolation of compactness on weighted Lebesgue spaces. In par-
ticular, Liu–Wu–Yang [36, Theorems 1.1 and 1.2] showed that Theorems 1.3 and
Theorem 2.2.3 are still valid in the two-weight setting. Moreover, in [53] Stockdale
and Wagner characterized the compact Toeplitz operators on weighted Bergman
spaces with respect to Békollè–Bonami weights. The proofs of some of their main
results [53, Theorems 1.3 and 1.4] followed by an extrapolation of compactness
arguments, adapted from the work of our Article [A].

3. Extrapolation of compactness for bilinear operators on

weighted Lebesgue spaces

This section is dedicated to the discussion of Article [B] which extends the
preceding extrapolation of compactness results of Article [A]. These new results
deal with bilinear operators and multilinear weights.

3.1. Definitions. As in the previous section we begin by recalling the following
definition regarding the multilinear Muckenhoupt weights:

Definition 3.1.1 ([27]). Let m ≥ 1 be an integer. Given �p = (p1, . . . , pm) ∈
(0,∞)m, 1

p =
∑m

j=1
1
pj

, sj ∈ (0, pj ] (1 ≤ j ≤ m) and 1
s =

∑m
j=1

1
sj

, a vector of
weights �w = (w1, . . . , wm) is in the multilinear Muckenhoupt class A�p/�s(R

md),
denoted by �w ∈ A�p/�s(R

md), if

[�w]A�p/�s
:= sup

Q
〈ν�w,�p〉

1
p

Q

m∏
j=1

〈w
1−
(

pj
sj

)′
j 〉

1
sj

− 1
pj

Q < ∞,

where the supremum is taken over all cubes Q ⊂ Rd, ν�w,�p :=
∏m

j=1w
p/pj
j , (pjsj )

′ :=
pj

pj−sj
denotes the conjugate exponent of pj

sj
and 〈wj〉Q := 1

|Q|
∫
Qwj .

When pj = sj , 〈w
1−
(

pj
sj

)′
j 〉

1
sj

− 1
pj

Q is understood as (infQwj)
− 1

pj .

Remark 3.1.2. When s1 = · · · = sm = 1, A�p/�s(R
md) is just the weight class

A�p(R
md) which was introduced in [33]. If in addition m = 1, then A�p(R

md)

becomes the classical weight class Ap(R
d) from Definition 1.1.
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3.2. Main result of Article [B]. As it was announced in the introduction of
this thesis, the following bilinear Rubio de Francia’s extrapolation of boundedness
theorem is available:

Theorem 3.2.1 ([34], Corollary 1.5). Let F be a collection of triplets (f, f1, f2)
of non-negative functions. Let �p = (p1, p2) be exponents with 1 ≤ p1, p2 < ∞,
such that given any �w = (w1, w2) ∈ A�p(R

2d), the inequality

‖f‖Lp(ν�w,�p) ≤ C([�w]A�p
)

2∏
i=1

‖fi‖Lpi (wi),

holds for all (f, f1, f2) ∈ F , where 1
p = 1

p1
+ 1

p2
and ν�w,�p =

∏2
i=1w

p/pi
i . Then for

all exponents �q = (q1, q2) with 1 < q1, q2 < ∞, and for all weights �v = (v1, v2) ∈
A�q(R

2d) the inequality

‖f‖Lq(ν�v,�q) ≤ C([�v]A�q
)

2∏
i=1

‖fi‖Lqi (vi)

holds for all (f, f1, f2) ∈ F , where 1
q = 1

q1
+ 1

q2
and ν�v,�q =

∏2
i=1 v

q/qi
i .

Remark 3.2.2. According to [34, Corollary 1.5], Theorem 3.2.1 is also valid in
the context of multilinear operators and multilinear classes A�p(R

2d). In addition,
we would like to remark that the works of [35, 42] treat the endpoint cases (pj = ∞
and qj = ∞) of Theorem 3.2.1.

The main contribution and a completely new result of Article [B] is to establish
a compact version of Theorem 3.2.1. The next result is a special case of the main
theorem in Article [B]:

Theorem 3.2.3. Let �s = (s1, s2) ∈ [1,∞)2 with 1
s = 1

s1
+ 1

s2
, �q = (q1, q2) ∈

(s1,∞) × (s2,∞) with 1
q = 1

q1
+ 1

q2
< 1 and let T be a bilinear operator simulta-

neously defined and bounded

from Lq1(u1)× Lq2(u2) to Lq(ν�u,�q)

for all �u = (u1, u2) ∈ A�q/�s(R
2d). Suppose in addition that T is compact

from Lp1(v1)× Lp2(v2) to Lp(ν�v,�p)

for some �p = (p1, p2) ∈ (s1,∞) × (s2,∞) with 1
p = 1

p1
+ 1

p2
< 1 and some

�v = (v1, v2) ∈ A�p/�s(R
2d). Then T is compact

from Lr1(w1)× Lr2(w2) to Lr(ν�w,�r)

for all �r = (r1, r2) ∈ (s1,∞)×(s2,∞) with 1
r = 1

r1
+ 1

r2
< 1 and all �w = (w1, w2) ∈

A�r/�s(R
2d).

As in the previous section, we summarize the following key ingredients that
lead to the proof of the main result of Article [B]:

(1) Cobos–Fernández-Cabrera–Martínez complex interpolation theorem for
compact bilinear operators [9, Theorem 3.2],
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(2) Stein–Weiss complex interpolation theorem for weighted Lebesgue spaces
[3, Theorem 5.5.3].

As before, we only mention that Sections 3–5 of Article [B] are devoted to
the proof of main result. In particular, we use [9, Theorem 3.2] in the special
setting of Proposition 3.2 of Article [B] and we show the connection between [3,
Theorem 5.5.3] and the multilinear Muckenhoupt weights. A range of applications
is provided in Sections 6–8 of Article [B].

3.3. Related developments. The recent article [7] by Cao, Olivo and Yabuta
gave another efficient approach to extrapolation of compactness of multilinear op-
erators. In particular, to show these new results they studied further weighted
versions of the Frechét–Kolmogorov compactness criterion and developed their own
new versions applicable to the regime of exponents below one. Furthermore, to
prove the latter, they established weighted interpolation theorems for multilinear
compact operators. Compared to this work one benefit of our Article [B] is that we
completely avoid using this technical criterion. We replace it by resorting to some
general interpolation results about compactness of bilinear operators between Ba-
nach function spaces (see the aforementioned Cobos–Fernández-Cabrera–Martínez
result in [9, Theorem 3.2]). However, it seems that our approach is limited to bi-
linear operators and also we can only deal with exponents bigger than one. So,
the main result of Article [B] in this sense is clearly inferior to Cao–Olivo–Yabuta
theory. It might be worth to see if one can push our simpler approach to recover
their full theory.

We close our section by referring the reader to the authors of [36] who studied
the two-weight compactness of bilinear operators and extended the applications
of Article [B].

4. Extrapolation of compactness for linear operators on

weighted Morrey spaces

The spaces which bear the name of Morrey spaces were introduced in 1938 by
Morrey [37] in relation to regularity problems of solutions to partial differential
equations. Moreover, during the last decades the boundedness of the Hardy–
Littlewood maximal operator and fractional integral operators in the Morrey
spaces were studied by Chiarenza–Frasca in [8] and Adams in [1], respectively.
For the boundedness of Calderón–Zygmund type singular operators in Morrey
spaces we refer the reader to [43, 44, 50].

On the other hand, it is important to study the compactness of these operators
in Muckenhoupt weighted Morrey spaces via extrapolation. This is the main
aspect of Article [C] which extends the extrapolation of compactness results of
Article [A].

4.1. Definitions. We recall the following definition of the weighted Morrey space
first introduced by Samko [46]:
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Definition 4.1.1 ([46]). Let 1 ≤ p < ∞, 0 < λ < d and 0 < w(x) < ∞ be a
weight. Then the Samko type weighted Morrey space is defined by

Lp,λ(w) :=
{
f ∈ Lp

loc(w)
∣∣∣ ‖f‖Lp,λ(w) := sup

Q
|Q|− λ

dp

(∫
Q
|f(x)|pw(x)dx

)1/p
< ∞

}
,

where |Q| stands for the Lebesgue measure of the cube Q ⊂ Rd and the supremum
is taken over all these cubes.

Remark 4.1.2. Notice that if w ≡ 1, then the Samko type weighted Morrey
space Lp,λ(w) is just the classical Morrey space Lp,λ(Rd). Also, if we let λ → 0,
then Lp,0(w) becomes the weighted Lebesgue space Lp(w).

4.2. Main result of Article [C]. Here is the main theorem of Article [C]:

Theorem 4.2.1. Let 0 < λ < d, 1 ≤ p− < p+ ≤ ∞ and T be a linear operator
simultaneously defined and bounded on Lp,λ(w) for all p ∈ (p−, p+) and all w ∈
Ap/p−(R

d) ∩ RH(p+/p)′(R
d). Suppose in addition that T is compact on Lp1,λ(w1)

for some p1 ∈ [p−, p+] and some w1 ∈ Ap1/p−(R
d) ∩RH(p+/p1)′(R

d). Then T is
compact on Lp,λ(w) for all p ∈ (p−, p+) and all w ∈ Ap/p−(R

d) ∩RH(p+/p)′(R
d).

Remark 4.2.2. Note that Theorem 4.2.1 remains true in the case p+ = ∞,
provided that p1 < ∞. Thus the reverse Hölder conditions on weights w,w1

are vacuous. It is also possible to find different versions of weighted Morrey
spaces such as the Komori–Shirai type weighted Morrey spaces considered in [28].
However, the ones that are convenient to our approach are the Samko weighted
Morrey spaces. Moreover, by Remark 4.1.2 we can formally recover Theorem 2.2.4
from Theorem 4.2.1.

Remark 4.2.3. There is an analogue of Rubio de Francia’s extrapolation theo-
rem on weighted Morrey spaces that the author was not aware of when writing
Article [C]; see [54]. Thanks to this result, if p− = 1 and p+ = ∞ then we can
make the first assumption of Theorem 4.2.1 for one p instead of all p, like we
did in the main results of Articles [A] and [B]. In addition, we point out that
Duoandikoetxea–Rosenthal in [17, Theorems 1.1 and 3.2] (see also [16, 18]) ob-
tained the extrapolation of boundedness on the corresponding weighted Morrey
spaces from the assumption of weighted estimates on Lp(w) spaces.

The broad outline of the proof of Theorem 4.2.1 follows from the following main
abstract tools:

(1) Cwikel–Kalton [14] and Cwikel–Rochberg [15, Theorem 2.2] complex in-
terpolation theorems for compact linear operators,

(2) Hakim–Nakamura–Sawano complex interpolation theorem for weighted
Morrey spaces [22, Theorem 2.3].

Related to (1), we need both upper and lower complex interpolation methods
of Calderón [4] here, in contrast to the Articles [A] and [B].

As in the previous sections, we mention that Sections 2–3 of Article [C] pro-
vide the required link between these theorems and Samko type weighted Morrey
spaces. We emphasize that the results of Duoandikoetxea–Rosenthal mentioned
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in Remark 4.2.3 play a crucial role in Sections 4–7 of Article [C] which deal with
several new applications of Theorem 4.2.1.

4.3. Related developments. Unlike previous sections, we did not find other
related developments in the literature. One possible question is if we could find a
limited range extrapolation of boundedness theorem on weighted Morrey spaces
which would allow to replace all p by just one p in the first assumption of Theorem
4.2.1.
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