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The variational quantum eigensolver (VQE) is one of the most promising proposals for a hybrid
quantum-classical algorithm made to take advantage of near-term quantum computers. With the
VQE it is possible to find ground state properties of various of molecules, a task which many
classical algorithms have been developed for, but either become too inaccurate or too resource-
intensive especially for so-called strongly correlated problems. The advantage of the VQE comes in
the ability of a quantum computer to represent a complex system with fewer so-called qubits than
a classical computer would with bits, thus making the simulation of large molecules possible. One
of the major bottlenecks for the VQE to become viable for simulating large molecules however, is
the scaling of the number of measurements necessary to estimate expectation values of operators.
Numerous solutions have been proposed including the use of adaptive informationally complete
positive operator-valued measures (IC-POVMs) by García-Pérez et al. [1]. Adaptive IC-POVMs
have shown to improve the precision of estimations of expectation values on quantum computers
with better scaling in the number of measurements compared to existing methods. The use of
these adaptive IC-POVMs in a VQE allows for more precise energy estimations and additional
expectation value estimations of separate operators without any further overhead on the quantum
computer. We show that this approach improves upon existing measurement schemes and adds
a layer of flexibility, as IC-POVMs represent a form of generalized measurements. In addition
to a naive implementation of using IC-POVMs as part of the energy estimations in the VQE, we
propose techniques to reduce the number of measurements by adapting the number of measurements
necessary for a given energy estimation or through the estimation of the operator variance for a
Hamiltonian. We present results for simulations using the former technique, showing that we are
able to reduce the number of measurements while retaining the improvement in the measurement
precision obtained from IC-POVMs.
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1. Introduction

Quantum computing is an exciting prospect. Quantum computers could allow us to
solve problems too difficult for classical computers and give insight to many complex
systems we were not able to understand before. The realization of fault-tolerant
large-scale quantum computers is not a simple task and may not become a viable
alternative for many decades. As a result, the concept of the near-term NISQ-era
(noisy intermediate-scale quantum) was created to include quantum computers, which
are affected by significant levels of noise and have a limited capacity of computational
resources. As way to compensate the flaws of NISQ computers, several hybrid
quantum-classical algorithms have been proposed, such as the variational quantum
eigensolver (VQE). These algorithms perform a part of their computation on classical
computers and another on the quantum computer, which is able to represent complex
states more efficiently. However, much work is needed before even these near-term
algorithms can overtake classical algorithms. This is not to say that the work necessary
is not being done, on the contrary - an enormous level of research is performed to
progress the field of quantum computing.

The topic of this work is a continuation on Ref. [1], which proposes an improved
approach to measurements performed on quantum computers. The methodology
makes use of informationally complete positive operator-valued measures (IC-POVM),
which can be used to perform generalized measurements on qubits, the quantum
computer equivalent of a classical bit. Subsequently, the measurement outcomes
from IC-POVMs can be used to compute the expected value of an operator and
its variance. By parametrizing IC-POVMs, it is possible to find an optimal set of
IC-POVMs, which minimize the variance with respect to the operator and therefore,
by optimizing IC-POVMs iteratively, measurement accuracy should continuously
improve, potentially reducing the amount of measurements or shots needed to get a
reasonably accurate result.

In this thesis we will use the idea of the IC-POVMs in the VQE. With the
VQE, one aims to find the ground state energy of a molecule by repeatedly evaluating
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2 Chapter 1. Introduction

expectation values through a quantum circuit applied to the quantum computer. One
of the main issues raised with the VQE is that for large molecules, one would need to
perform a prohibitive number of measurements to obtain an expectation value to a
good precision using existing measurement schemes. We research whether the benefits
that the adaptive IC-POVMs provided, as presented in the aforementioned paper, can
be obtained also in the VQE. The idea is to explore the usage of adaptive IC-POVMs
within a VQE through several of our proposed methods. We will investigate whether
an optimal set of IC-POVMs from a given iteration can improve the optimization of
IC-POVMs in subsequent iterations, as opposed to the method described in Ref. [1],
which uses SIC-POVMs as initial IC-POVMs. The optimization of IC-POVMs would
be performed in conjunction with the optimization of ansatz parameters in the VQE.



2. Theory

In this chapter, we will introduce some of the most important concepts necessary for
variational algorithms for near-term quantum computers. This topic requires under-
standing of a broad range of subjects from different fields, such as quantum chemistry,
quantum information, computer science and mathematics. We will begin by defining a
quantum chemistry problem and how it can be formulated to be solved on a quantum
computer. Following that, we will look at an established algorithm, made to solve
such problems, called the variational quantum eigensolver (VQE). One of the many
limitations of the VQE is the measurement problem, which we will introduce in addi-
tion to our proposed method to lessen its effect, the adaptive informationally complete
POVMs.

2.1 Quantum Chemistry: Defining the Problem

Before we dive into quantum computing, let us present a problem in a field that is said
to benefit a lot from it, quantum chemistry. Simulating quantum chemical systems on
classical computers is approaching a prohibitive limit, and one can argue that classical
computing is not well suited to simulate the complex systems in quantum chemistry.
Quantum computers, instead, make use of the complexity of those systems within their
computation and therefore can be seen as a more natural way to simulate quantum
systems. To define the quantum chemical aspect of the variation quantum eigensolver,
we will closely follow Refs. [2, 3].

2.1.1 Schrödinger Equation

One of the most fundamental problems in quantum chemistry is to find the energy
spectrum of a molecule. This involves solving the time-independent non-relativistic
Schrödinger equation

Ĥmol(~r)ψ(~r, t) = Eψ(~r, t), (2.1)

where Ĥmol is the molecular Hamiltonian, ψ(~r, t) is the multi-particle wave function
of the molecular system and E is the energy eigenvalue of the molecule with respect
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4 Chapter 2. Theory

to the wave function [2]. To find the ground state energy, we aim to compute the
minimum energy eigenvalue of Ĥmol, which has to be evaluated using wave functions.
The molecular Hamiltonians in atomic units are in the form of

Ĥmol = −
∑
I

∇2
~RI

2MI

−
∑
i

∇2
~ri

2 −
∑
i,I

ZI

|~RI − ~ri|
+

∑
I,J>I

ZIZJ

|~RI − ~RJ |
+
∑
i,j>i

1
|~ri − ~rj|

, (2.2)

where MI , RI and ZI represent the mass, position and atomic number of the Ith
nucleus and ri the position of the ith electron [2, 3]. For example, a diatomic molecule
would only have two indices of I.

We can see that, as the molecule increases in size and more particles become
involved, the Hamiltonian grows and it becomes harder and harder to compute its
ground state energy, as its corresponding wave functions grow exponentially in size.

2.1.2 Born-Oppenheimer Approximation

A commonly used approximation in quantum chemistry is the Born-Oppenheimer ap-
proximation. It stems from the fact that nuclei have a mass three orders of magnitude
larger than an electron and can therefore be treated as fixed point charges [2, 3]. The
Born-Oppenheimer approximation allows us to separate the nuclear and electronic
parts of the Hamiltonian

Ĥmol = Ĥnucl(~R) + Ĥelec(~R,~r), (2.3)

and its eigenstate wave functions

ψ(~R,~r) = φnucl(~R)χelec(~R,~r). (2.4)

This allows us to concentrate only on solving the electronic structure of the molecule
with nuclear configuration ~R, for which the relevant Hamiltonian is

Ĥelec = −
∑
i

∇2
~ri

2 −
∑
i,I

ZI

|~RI − ~ri|
+
∑
i,j>i

1
|~ri − ~rj|

. (2.5)

The eigenvalue problem is therefore transformed into

Ĥelecχelec(~R,~r) = Eelec(~R)χelec(~R,~r). (2.6)

By solving this eigenvalue problem at various nuclear configurations ~R, we can, for
example, map the potential energy surfaces of a molecule.
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2.1.3 Second Quantization

A commonly used representation, simplifying much of the work in quantum chemistry
is second-quantization. In second-quantization, we define a basis set of M wave func-
tions {φp(xi)}, which approximate electron spin-orbitals. Some common basis sets are
discussed in subsection 2.1.4. Each spin-orbital p can be occupied by one electron
i with spin coordinates xi = (~ri, σi). Once the Hamiltonian is projected onto these
basis wave functions, the electron wave functions can then be represented as a Slater
determinant

ψ(x1,x2...xN) = 1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣

χ1(x1) χ2(x1) . . . χN(x1)
χ1(x2) χ2(x2) . . . χN(x2)

... ... ... ...
χ1(xN) χ2(xN) . . . χN(xN)

∣∣∣∣∣∣∣∣∣∣∣∣
, (2.7)

which is essentially a linear combination of occupied spin-orbitals approximated by
the basis functions. Here, N refers to the number of electrons in the system as well
as the number of considered spin-orbitals, meaning that the Slater determinant takes
into account only occupied orbitals. For the Slater determinant we pick N spin-orbital
basis wave functions {χ1, . . . , χN} out of the M ≥ N in the basis set {φp(xi)} and
arrange the chosen orbitals as columns. The spin coordinates of each electron are
arranged on the rows of the determinant, giving us a combination of each of the chosen
N spin-orbitals and the N electrons.

Due to the Pauli exclusion principle, which states that no more than one elec-
tron can occupy one single spin-orbital [4], we can represent the Slater determinant in
the form

ψ(x1,x2...xN) = |i1i2 . . . iM〉 (2.8)

where ip = 1 when φp is occupied and ip = 0 when φp is empty. If one attempts to
represent two electrons in the same spin-orbital using the Slater determinant there
would be two identical columns. The determinant would in that case evaluate to zero,
meaning that it would be an impossible configuration and thus allow us to use this
convenient notation.

We define additional operators, the fermionic creation operator a†p and fermionic
annihilation operator ap, which excite and de-excite electrons at the p-th orbital
respectively. Using these operators, we can obtain the second-quantized electronic
Hamiltonian

H =
∑
p,q

hpqa
†
paq + 1

2
∑
p,q,r,s

hpqrsa
†
pa
†
qaras (2.9)
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where the coefficients are the electronic kinetic energy and the Couloumb interaction
of the electrons with the nuclei,

hpq =
∫
dxφ∗p(x)

(
−∇

2

2 −
∑
I

ZI

|~r − ~RI |

)
φq(x), (2.10)

and the electron-electron Coulomb repulsion,

hpqrs =
∫
dx1dx2

φ∗p(x1)φ∗q(x2)φr(x2)φs(x1)
|~r1 − ~r2|

. (2.11)

2.1.4 Basis Sets

Basis sets are often constructed of linear combinations of Gaussian functions to approx-
imate so-called Slater-type orbitals (STO) [3]. STOs approximate electron spin-orbitals
quite accurately, but have the cost of being computationally heavy. As a compromise, a
simple basis set called STO-nG was created [5]. STO-nG (Slater-type orbital-n Gaus-
sians) use a linear combination of n Gaussian-type orbitals, in the form of Gaussian
functions, to approximate one STO. This basis set is often preferred due to its simplic-
ity, however is limited by its accuracy. Another commonly used basis set in quantum
chemistry is the cc-PVnZ (correlation consistent polarised valence n zeta) [6]. While
it is more accurate than the simple STO-nG basis set, the cc-PVnZ basis set requires
either a large number of orbitals or multiple measurements for different number of
orbitals and extrapolation. The basis sets we have discussed here were created for use
in classical computational chemistry and there is research done on finding basis sets
better suited to quantum computing. One example of such are the plane wave and
plane wave dual basis, which reduce the number of terms in the Hamiltonian at the
cost of an increased number of basis functions [7]. Using the STO-nG or cc-PVnZ
basis sets the Hamiltonian can have up to O(M4) terms, whereas with the plane wave
and plane wave dual bases, the terms in the Hamiltonian can be reduced to O(M3) or
O(M2) respectively. These basis sets however are well suited for periodic systems, such
as materials, and one should not expect a large improvement for molecular simulations
[3].

2.1.5 Existing Classical Energy Eigensolvers

There exist various classical methods to solve the electronic energy eigenvalue problem.
One example is the exact diagonalization method, which computes the exact wave
function and energy of the Hamiltonian as a linear combination of elements in a basis set
that spans the Hilbert space of the molecule. As the molecule grows larger, the size of
the Hilbert space increases exponentially, which makes this method virtually impossible
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for medium-sized molecules due to the large requirement in memory [2]. Naturally, a
major advantage this method provides is, that it is able to give the exact answer to
the problem for a given basis set, which makes it very suitable for benchmarking other
methods when it is possible, most often for small molecules. Alternative methods,
which take into account computational limitations, are Quantum Monte Carlo [8] and
Coupled cluster theory [9]. These methods however, tend to cause inaccuracies in their
results due to the approximations they require.

2.2 Quantum Computing: Solving the Problem

As we have mentioned, classical methods for solving energy spectra of molecules are
either very resource-intensive or inaccurate. What if instead of relying on classical
computing with deterministic bits, we use controllable natural processes to simulate
molecules? Quantum computers use quantum mechanical phenomena such as super-
position and entanglement to simulate complex systems such as molecules with a small
number of qubits, the quantum computer equivalent of bits. However, near-term quan-
tum computers are limited by their coherence time and noise, which make running long
and complex operations on them a difficult task. To balance the ability to represent
complex systems in quantum computers and reliability of classical computers, near-
term quantum algorithms integrate both forms of computing.

2.2.1 Qubits and Gates

The fundamental building blocks of quantum computers are qubits. A qubit is a
quantum system with two observable states, which can be defined as the compu-
tational basis states |0〉 and |1〉 exisisting in a 2-dimensional Hilbert space [10].
Due to the quantum mechanical nature of a qubit, it can be in a superposition of
its two states and can also be entangled with other qubits. As with any quantum
mechanical system, if a qubit in superposition is observed, meaning measured or
somehow interacted with by its environment, the superposition collapses and the
qubit is put into one of its classically observable states. On the other hand, quantum
computers contain multiple qubits, of which all can be in a superposition, allowing
the state of a full quantum computer with n qubits to be in a superposition of 2n

computational basis states. The Hilbert space of the whole quantum computer is
then a tensor product of multiple single-qubit Hilbert spaces. Adding a qubit to
the system doubles the number of dimensions of the space, which means that one
would need 2n classical bits to describe a set of n qubits in a quantum mechanical state.
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Qubits can be controlled using so-called quantum gates. Quantum gates are
unitary operations acting on the qubit by rotating its state or entangling it with
another qubit. Commonly, a set of gates to be implemented on quantum hardware
contain the identity operator (I), Pauli operators (X, Y, Z), Hadamard gate (H, not
to be confused with the Hamiltonian) and CNOT gate. In general, the Hadamard gate
H produces a superposition and the two-qubit CNOT gate entangles two qubits, but
their effect depend on what qubit state they act on. These gates, among others, are
often chosen to be part of a universal set of quantum gates, with which it is possible
to approximate any unitary operation. A series of operations on a set of qubits
through gates is called a quantum circuit. Often, each qubit is measured after the ap-
plication of the quantum circuit, where each can give a measurement outcome of 0 or 1.

The state of a single qubit can be seen as a point on a sphere called the Bloch
sphere seen in Fig. 2.1. With this visualization it can be more intuitive to imagine the
operations performed by the single qubit gates, all of which simply perform a rotation
of the state on the sphere around some axis. The z axis contains the computational
basis states |0〉 and |1〉 when the state is pointing towards the top and bottom
respectively. Any other point on the surface represents a superposition between |0〉
and |1〉.

Figure 2.1: The Bloch sphere [11]. Any pure single-qubit state can be represented as a point on the
surface of the Bloch sphere.
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2.2.2 Qubit Mappings and Qubit Reductions

To be able to consider the eigenvalue problem explained in section 2.1 for processing
on a quantum computer, we need to transform the problem into qubit space. There
exist many qubit mappings, which transform a second-quantized eigenvalue problem
into qubit space. The general goal with these mappings is to transform fermionic
creation and annihilation operators into a linear combination of tensor products of
Pauli matrices, which can be applied to qubits. These tensor products of Pauli matrices
are called Pauli strings. The Jordan-Wigner mapping [12] uses the orbital occupation
representation from the second-quantized picture by representing occupied or empty
orbitals through the computational basis. The parity of the state is however represented
as operations on qubits, namely the Z gate, which can cause a large number of non-
identity gates. We call the number of non-identity gates Pauli weights. As an example,
the fermionic creation operator, which increases the occupation number by 1 at orbital
p mapped to qubit i, is represented as

a†i = 1
2Z1 ⊗ · · · ⊗ Zi−1 ⊗ (Xi − iYi), (2.12)

where the operation (Xi − iYi) changes the occupation number at qubit i and the Z
gates, which are applied only up to qubit i−1, are used to ensure the anti-commutation
relation of the operator. Therefore, for Jordan-Wigner mappings, the Pauli weight is
O(N) for N qubits. As a counterpart, there exists the parity mapping [13]. Instead
of storing the occupation of the orbitals in the qubits, it stores the parity. This
however causes the orbital occupation to be represented as qubit operations for which
the Pauli weight is also O(N). The Bravyi-Kitaev mapping [14] combines both the
Jordan-Wigner and parity mappings, so that the occupation and parity are stored on
alternating qubits. The mapping is described in more detail in [15], however through
this method we are able to reduce the the Pauli weight to O(logN). A recently
proposed mapping called the JKMN or ternary tree mapping [16] also reduces the
Pauli weight to O(logN).

The number of qubits is often also a limitation, therefore there are some strate-
gies to reduce the problem size. One approach is to limit the problem to an active
space, essentially treating spin-orbitals with almost certain occupation numbers as a
potential for the remaining ambiguously occupied orbitals, which we want to simulate.
A common special case of this method, which we employ also, is to freeze core orbitals.
In this approach, we remove almost certainly occupied orbitals from our active space
to reduce the number of orbitals we need to simulate. Additionally one can reduce
the size of the system due to symmetries. By using the parity mapping it is possible
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to reduce the problem by 2 qubits and one can consider molecular Z2 symmetries to
reduce the problem even further [13].

2.2.3 Near-Term Quantum Computing

Much of the well-known quantum algorithms such as Grover’s and Shor’s algorithms
were made for fault-tolerant quantum computers, which are robust to noise and
support deep circuits. However, these fault-tolerant quantum computers will not be
available for a long time and focus has shifted to find algorithms that can be run on
near-term quantum computers, known as noisy intermediate-scale quantum (NISQ)
computers [17]. NISQ computers have a limited number of qubits, often said to be
lower than 10000, which however are already too large to be simulated with classical
means. The qubits in NISQ computers are easily susceptible to decoherence, which
occurs when a qubit interacts with the environment, e.g. through light, destroying its
quantum state in the process. Therefore coherence time is the time a qubit can retain
quantum mechanical properties such as superposition and entanglement. Additionally,
any gates applied to qubits will be noisy, meaning that NISQ algorithms should
work with short quantum circuits. Entanglement in particular (through the CNOT
gate) should be ideally reduced, as it is one of the properties most difficult to achieve
with accuracy and retain for long times. Simultaneously, it is also the property of
a quantum computer we want to take advantage of, meaning that a balance for the
correct amount of entanglement has to be found.

As a way to take advantage of NISQ quantum computing, a hybrid quantum-classical
approach to algorithms was proposed. The two major hybrid quantum-classical algo-
rithms are the VQE, which we will introduce in more detail in the next section, and
the quantum approximate optimization algorithm (QAOA). Both of these algorithms
adhere to the strengths of quantum and classical computing, and perform different
computations on both types of computers. This way it is possible to take advantage
of the reliability of classical computing while using the benefits of superposition and
entanglement provided by the quantum computer. As a result, NISQ algorithms are
characterized by shallow quantum circuits, many repeated measurements and small
amounts of entanglement, when compared to fault-tolerant quantum algorithms.

There exist many physical realizations of qubits, such as superconducting, trapped
ion or photonic qubits among many others. Each type has their own advantage, such
as long coherence time, low noise, scalability or ease of implementation. Many devices
also have their own underlying architecture, sometimes limiting which qubits a single
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two-qubit gate can be applied to. Therefore, a theoretically equivalent quantum
circuit may have different efficient representations depending on the device it will run
on. We will not concern ourselves with different device architectures as well as the
noise produced by real devices in this thesis and only with the number of repeated
measurements performed.

2.3 The Variational Quantum Eigensolver

Fault-tolerant quantum algorithms for solving the eigenvalue problem are based on
quantum phase estimation and adiabatic state preparation, which require circuit
depths too large for NISQ computers [18]. A promising proposal for a NISQ algorithm
is the Variational Quantum Eigensolver (VQE) first proposed in [19] and refined in [20].

The aim of the VQE is to compute the ground state of a molecule, using simi-
lar methods as we have discussed in previous chapters. The VQE algorithm is a
hybrid quantum-classical algorithm, meaning that only part of the algorithm is run
on a quantum computer, while the rest makes use of classical computing. For the
algorithm, we pick a parametrized trial state |φ(~θ)〉, also known as an ansatz, with
a vector of n independent parameters ~θ = (θ1, . . . , θn) to estimate the eigenstates of
the Hamiltonian of the molecule. The trial state is prepared on a quantum computer,
which is then used to measure the expectation value of the Hamiltonian, which
represents the energy. By feeding the estimation of the energy to a classical optimizer
as a cost function, we can iteratively find the parameters of the ansatz minimizing
the energy of the molecule, which corresponds to the ground state. This is a valid
approach as the variational princinple in quantum mechanics states that

〈φ(~θ)|H|φ(~θ)〉 ≥ Eground (2.13)

where Eground is the ground state energy of the molecule represented by H. In simple
terms, it states that the expectation value of the operator H with any |φ(~θ)〉 cannot
be smaller than the minimum eigenvalue of operator H. Additionally, the expectation
value equals the ground state energy, when |φ(~θground)〉 is the ground state,

〈φ(~θground)|H|φ(~θground)〉 = Eground. (2.14)

Therefore, we may define an optimization problem,

min
~θ
f(~θ) = Eground, (2.15)

where f(~θ), the cost function, is defined as

f(~θ) = 〈φ(~θ)|H|φ(~θ)〉 . (2.16)
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For Eq. (2.15) we assume that |ψ(~θ)〉 contains the ground state at ~θground. The
evaluation of the cost function is the quantum computational part of this algorithm,
of which the implementation ansatz preparation and the classical optimization routine
will be discussed in more detail in chapter 3. The extraction of the expectation value
of the Hamiltonian is not trivial, as will be discussed in the upcoming sections.

Numerous successful VQE experiments have already been performed on various
types of qubits with different Hamiltonians such as for HeH+ using photonic qubits
in 2014 [19], for H2 in 2016 [21] and for H2, LiH and BeH2 in 2017 [22] both using
superconducting qubits, for H2 also using superconducting qubits, but with an
error-resilient quantum subspace expansion approach in 2018 [23] and for H2 and LiH
Hamiltonians using trapped-ion qubits in 2018 as well [24] among others.

Figure 2.2: Illustration of the VQE routine. A quantum trial state (ansatz) consisting of N param-
eters is prepared through a set of parameterized gates in a quantum circuit. The circuit is measured,
through which we can estimate an expectation value of an operator, such as the Hamiltonian of a
system. This estimation is provided to a classical optimizer, which selects new parameters to try
in the parameterized quantum circuit. By iteratively repeating this process, the classical optimizer
should find the parameters, which minimize the estimated expectation value, representing the ground
state.

2.4 The Measurement Problem on Quantum Com-
puters

For the VQE to become viable, there are many challenges to overcome [25]. One of the
most prominent issues is the estimation of the expectation value of a Hamiltonian H
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with respect to an ansatz |φ(~θ)〉 on the quantum computer, which cannot be performed
by measuring H directly. The standard method to extract the expectation value of H
is to use the mapped Hamiltonian in qubit space, described in section 2.2.2. In general,
we can write the Hamiltonian as a sum of K Pauli strings

H =
∑

k
ckPk (2.17)

where the Pauli strings Pk are defined as

Pk =
N⊗
i=1

σ
(i)
ki

(2.18)

with σ
(i)
ki

being one of the Pauli operators, σ0 = I, σ1 = X, σ2 = Y, σ3 = Z, acting
on qubit i. The problem that arises when estimating the expectation value of such
Hamiltonian on a quantum computer, is that the expectation values for each Pauli
string must be estimated using separate measurements, as the expectation value of the
operator is

〈H〉 =
∑

k
ck 〈Pk〉. (2.19)

For Hamiltonians with a large number of terms, this can represent a huge challenge
when quantum computer measurements are a limited resource. For future reference,
we will call this measurement scheme the Pauli method. The error of the estimation
of the energy is the sum of the weighted variances of the Pauli strings

ε =
√∑

k
|ck|2Var(Pk)/Sk, (2.20)

where Var(Pk) is the variance of the Pauli string Pk and Sk the number of measure-
ments performed to estimate 〈Pk〉. There exist several methods to reduce the number
of measurements necessary for the estimation of the expectation value. One method,
which we name the grouped Pauli method, reduces the number of measurements by
grouping Pauli strings, which contain terms diagonal in the same tensor product basis
(TPB) [22]. The Pauli strings can then be evaluated classically using measurements
performed in the TPB. This method allows us to use more measurements on one
particular expectation value as opposed to in the Pauli method, providing an improved
scaling in the estimations as has been shown for particular Hamiltonians.

Additional approaches have been proposed such as Hamiltonian estimation through
entangled measurements [26] and reducing the number of measurements required to
estimate the Hamiltonian through unitary partitioning [27, 28], different grouping
approaches [29] or sorted insertion [30]. Much research is also done on quantum state
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tomography, where one reconstructs the state of qubits through a limited number of
measurements. Some proposed approaches include neural-networks [31–33] classical
shadows [34–36] and optimal measurement scheduling [37].

2.5 Adaptive Informationally Complete POVMs

An alternative approach to extracting information from a quantum computer is using
adaptive informationally complete positive operator-valued measures (IC-POVMs), de-
scribed in Ref. [1]. IC-POVMs are a form of generalized measurements on quantum
systems, allowing the evaluation of expectation values on quantum computers not
through problem-specific quantum operations such as Pauli strings, which allow the
estimation of only that particular Pauli string, but a quantum circuit, with which it is
possible to estimate any expectation value of an operator with respect to the prepared
state. The quality of the measurement can depend on the problem, giving birth to
the very promising approach of adapting IC-POVMs to given problems throughout its
measurement process.

2.5.1 POVMs

POVMs are represented by positive operators, usually called effects, summing to iden-
tity. A POVM is informationally complete (IC), when it consists of at least d2 operators
in a d-dimensional Hilbert space spanning the space of linear operators of the Hilbert
space. For a qubit, which has a 2-dimensional Hilbert space, an IC-POVM must have
at least 4 effects.

Π = {Πm > 0,m = 0, . . . , 3} ,
∑
m

Πm = I. (2.21)

A possible way to implement POVMs is through the use of ancillary qubits, i.e. qubits
prepared in the |0〉 state, with a two-qubit unitary gate applied between the qubit to
be measured and the ancilla qubit. Local dilation POVMs can be implemented using a
single superconducting qubit [38]. Let us, for the sake of this discussion, assume that
each measurement of a qubit makes use of an ancillary qubit. It is then possible to
measure four outcomes (|00〉, |01〉, |10〉, |11〉) referred to from now as (0, 1, 2, 3), to
each which we can associate one of the effects. The key takeaway from this formulation
is that the probability of measuring outcome m on a qubit with quantum state ρ is
Tr(ρΠm). We can extend this formulation to N qubits for POVMs {Π(i)

m ,m = 0, . . . , 3}
acting on qubit i. For a given measurement outcome for each qubit m = (m1, . . . ,mN),
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where mi ∈ {0, . . . , 3}, the POVM of the full system is

Πm =
N⊗
i=1

Π(i)
mi
. (2.22)

with associated probability pm = Tr(ρΠm).

2.5.2 Informationally Complete Data

Now that we have formalized POVMs, we can move on to using multiple measured
POVM outcomes, henceforth called informationally complete (IC) data, to estimate
expectation value of an operator. From this point on, all POVMs we refer to are
informationally complete. In section 2.2.2, we have introduced a method to represent
a Hamiltonian operator in qubit space and in chapter 2.4 the issue with estimating the
expectation value of such operator. With POVMs and IC data, instead of measuring
the Pauli strings in the operator directly on the quantum computer, we first represent
each Pauli operator σ(i)

k acting on qubit i in terms of the effects of an informationally
complete POVM

σ
(i)
k =

4∑
m=0

b
(i)
kmΠ(i)

m . (2.23)

A Pauli string, a tensor product of Pauli operators, is then

Pk =
N⊗
i=1

σ
(i)
ki

=
N⊗
i=1

 4∑
mi=0

b
(i)
kimi

Π(i)
mi

, (2.24)

which can be used to represent an operator H in terms of a sum of K Pauli strings

H =
∑

k
ckPk =

∑
k
ck

N⊗
i=1

 4∑
mi=0

b
(i)
kimi

Π(i)
mi

. (2.25)

Using the definition from Eq. (2.22), we can write

H =
∑
m

∑
k
ck

N∏
i=1

b
(i)
kimi

Πm, (2.26)

and define a quantity ωm for each possible measurement outcome

ωm =
∑

k
ck

N∏
i=1

b
(i)
kimi

(2.27)

to finally represent our operator in the form

H =
∑
m
ωmΠm. (2.28)

This representation does by no means reduce the number of terms in the operator as
there can be one term for each possible measurement outcome, of which there are 4N .
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However, the true advantage of this representation comes when we want to estimate
the expectation value of the operator

〈H〉 = Tr(ρH) =
∑
m
ωm Tr(ρΠm). (2.29)

We remind that Tr(ρΠm) = pm, the probability of measuring outcome m, which
transforms the expectation value of the operator into a simple statistical quantity

〈H〉 = Tr(ρH) =
∑
m
ωmpm. (2.30)

Now, instead of measuring expectation values of Pauli strings separately and then
computing the expectation value of the operator, we can sample different measure-
ment outcomes m on a quantum computer, compute the coefficients ωm classically
and perform Monte Carlo integration. For a finite number of measurements S, we can
approximate 〈H〉, using

¯〈H〉 = 1
S

S∑
s=1

ωms (2.31)

where ms represents the outcome of the s-th measurement. Therefore for S measure-
ments, we have outcomes m1, . . . ,mS, each with an ωms , which we compute classi-
cally. In addition to estimating an operator, we can also estimate the variance of ωms

efficiently, allowing us to compute the total statistical error of the estimation of the
operator with

ε =

√√√√〈ω2
m〉{pm} − 〈ωm〉2{pm}

S
(2.32)

where {pm} represents the probability distribution of measuring outcome m. This
error in the estimation takes into account all measurements performed in parallel and
therefore can be used as the value to minimize in the POVM optimization routine,
which we will describe below.

2.5.3 IC-POVM Parametrization

In practice the IC-POVMs we use represent a unitary operation on a qubit q in state
ρ and an ancilla qubit a prepared in state |0〉 〈0| and a subsequent measurement in the
computational basis. To implement this on a quantum computer, we need to find the
unitary operators, which are defined by the IC-POVM we want to use for particular
measurements. We only need to consider parts of the unitary operators acting on states
|00〉 and |10〉 (where the left value represents q and right value represents a) as the
ancilla qubit is in state |0〉 already, meaning that operations when a is in state |1〉 are
irrelevant. If we represent the unitary operators as a 4x4 matrix for the 2 qubit system,
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we would only need the first two columns to describe the POVM,

U =


u00 u01 ? ?
u10 u11 ? ?
u20 u21 ? ?
u30 u31 ? ?

 . (2.33)

We will refer to the column vectors in U as ui, i = 0, . . . , 3 with the relevant vectors
being

u0 =


u00

u10

u20

u30

 , u1 =


u01

u11

u21

u31

 . (2.34)

These column vectors (including columns u2, u3 for U to be unitary) must be or-
thonormal, meaning that they must have unit norm and be orthogonal to each other,

ui · uj = δij. (2.35)

Now, the vectors generating the effects are defined as

|πi〉 = ui0 |0〉+ ui1 |1〉 , (2.36)

where the coefficients are the first two elements of each row. An effect of a POVM is
|πi〉 〈πi|.

Each uij can be complex, which can be defined in terms of two real parameters
r0 and r1 in uij = r0 + ir1. This would lead to a total of 16 parameters for the 8
values, however we can reduce them to 8 to ease overparametrization for optimization.
Based on Eq. (2.36) we can set one of the coefficients to a real number as global
phases can be ignored. For convenience, let us pick ui0 to be real, which would lead
to the first column u0 consisting of 4 real numbers. It is possible to generate 4 real
numbers using 3 parameters by specifying 3 angles expressing a point on the surface
of a 4-dimensional sphere of unit radius. Such surface is called a 3-sphere and exists
in 4-dimensional Euclidian space, the coordinates of which are the 4 real numbers
we are looking for. The sphere is of unit radius, meaning that the numbers satisfy
the norm of one. Therefore our first three parameters x0, x1, x2 form the three angles
(πx0, πx1, 2πx2), from which the coordinates ui0 can be computed.

With the vector u0 parametrized, we now must parametrize vector u1 orthogo-
nal to u0 and of unit norm. This is done by creating a set of three vectors {u⊥k }
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orthogonal to u0 and expressing u1 as a linear combination of them

u1 =
∑
k

zku⊥k , (2.37)

guaranteeing orthogonality. The vectors {u⊥k } are found using the Gram-Schmidt
process. The remaining steps are to pick three complex zk = r2 + ir3 of unit
norm, consisting of a total of six real numbers. Once again, we can make use of
a surface of a unit sphere, this time the 5-sphere embedded in the 6-dimensional
Euclidian space. With 5 parameters x3, x4, x5, x6, x7 we are able to generate 5 angles
(πx3, πx4, πx5, πx6, 2πx7) identifying a point with 6 coordinates and therefore 6 real
numbers. With this, we generate the orthonormal vector u1 and can compute the
corresponding effect generating vectors. To represent the unitary operator U as a
circuit to be applied to qubits, we also need to find u2 and u3. They, however, can be
calculated based on u0 and u1 using the Gram-Schmidt process and do not need to be
parametrized.

Now that we have defined a unitary operator, we have the ability to compute its cor-
responding POVM effects using Eq. (2.36). Let us set ~x = (x0, x1, x2, x3, x4, x5, x6, x7)
and define an effect of a single qubit IC-POVM as

Π(i)
m (~x) = |πm(~x)〉 〈πm(~x)| (2.38)

where m refers to the possible measurement outcomes 0, . . . , 3 as well as the row in the
unitary matrix in Eq. (2.33). A parametrized IC-POVM for a qubit with four effects
is

Π(i)(~x) =
{

Π(i)
m (~x),m = 0, . . . , 3

}
(2.39)

and finally, a parametrized IC-POVM for a system of N qubits has 4N effects, 4N

measurement outcomes m and can be defined as

Π(~x) =
{

N⊗
i=1

Π(i)
mi

(~xi),m
}
, (2.40)

where ~x consists of N vectors each of 8 parameters, adding up to a total of 8N param-
eters.

2.5.4 Symmetric IC-POVMs

A natural starting point of the optimization of an IC-POVM is a symmetric infor-
mationally complete POVM (SIC-POVM). Here we set Π̃ = 2Π due to an additional
normalization factor. The symmetry of SIC-POVMs are defined by the property

Tr
(
Π̃iΠ̃j

)
= dδij + 1

d+ 1 (2.41)
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for a d-dimensional Hilbert space, which for a 2-dimensional Hilbert space of a qubit
is

Tr
(
Π̃iΠ̃j

)
= 2δij + 1

3 . (2.42)

There are several possible definitions of a SIC-POVM, however for our simulations, we
use the following. Their effects can be defined in terms of states,

|π̃0〉 = |0〉 (2.43)

|π̃1〉 = 1√
3
|0〉+

√
2
3 |1〉 (2.44)

|π̃2〉 = 1√
3
|0〉+

√
2
3e

i 2π
3 |1〉 (2.45)

|π̃3〉 = 1√
3
|0〉+

√
2
3e

i 4π
3 |1〉 . (2.46)

The effects are then defined as Π̃m = |πm〉 〈πm| and the SIC-POVM as

Π̃SIC = {|π̃m〉 〈π̃m| ,m = 0, . . . , 3} (2.47)

where |π̃m〉 are from equations (2.43-2.46). On a Bloch sphere, the states would form
a regular tetrahedron, hence being symmetric. The SIC-POVM corresponds to the
IC-POVM generated by the parameter set

~xSIC = (0.25, 0.30408672, 0.125, 0.5, 0.5, 0.25, 0.5, 0.75). (2.48)

2.5.5 POVM Optimization and On-the-fly Estimation

Different parameters on the two-qubit gate produce a different set of POVMs, includ-
ing different probability distributions pm, weights ωm and their variances Var(ωm).
Through the use of a classical optimization routine, it should therefore be possible to
find parameters to generate the IC-POVM, which minimize the variance and therefore
the statistical error of the estimation of the operator. The gradient-based optimization
is described in more detail in Ref. [1], however in practice we use a number of measure-
ments to assess the quality of a POVM, feed its estimations into a classical optimizer,
which proposes a new POVM to use. We then perform additional measurements with
the newly proposed POVM, and assess the gradient of the estimated variance, allow-
ing us to move towards a minimum. This is possible through on-the-fly estimations,
which allow continuously improving estimations of expectation values through the use
of accumulating data from successive measurements. In simple terms, we update the
estimation of the expectation value and variance with measurements performed with
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different POVMs. This is possible, because we can combine two estimators of an op-
erator into one with a smaller statistical error iteratively through

Ōt
¯̄V + ¯̄OV̄t
¯̄V + V̄t

→ ¯̄O,
¯̄V V̄t

¯̄V + V̄t
→ ¯̄V, (2.49)

where ¯̄O and ¯̄V are the combined estimators and Ōt and V̄t are the estimators at
iteration t of the expectation value of the operator and variance respectively. ¯̄O and ¯̄V
are initialized with Ō1 and V̄1 [1].

Figure 2.3: Illustration of the adaptive IC-POVM measurement process. A given quantum trial
state is measured by an IC-POVM realized through a unitary gate, parametrized by ~x, applied on
the target qubit with state ρ and an ancilla qubit in state |0〉. For the POVM optimization iteration
t, we collect a set of St measurement results (IC data), with which one can estimate the expectation
value of an operator Ōt and the variance of the estimation V̄t on a classical computer on-the-fly. A
collection of Ōt and V̄t can be accumulated into estimators ¯̄O and ¯̄V , which take into account multiple
estimations performed with different IC-POVMs on the same quantum state. Iteratively, it is possible
to minimize V̄t by evaluating its gradient through ∇~xVar(ωm) and therefore find the parameters ~x
defining an optimal IC-POVM for the state and operator.



3. Implementation

The purpose of this chapter is to show background regarding how the variational quan-
tum eigensolver, introduced in section 2.3, is implemented for the purposes of this
thesis. We describe the software and computational resources we have used and addi-
tionally, we detail the problems we chose to solve and which ansatze as well as optimizer
we used in the simulations in this thesis.

3.1 Overview of the Routine

Qiskit [39] was used as the framework for the VQE routine. The optimizers found in
Qiskit are implemented in SciPy and Hamiltonians are prepared using PySCF. The
POVM measurement simulations were built upon code provided by Algorithmiq. The
code was also made to be run on high-performance computing clusters also provided
by Algorithmiq. We will limit ourselves to simulations of quantum computers in this
thesis, meaning that noise, which one may encounter on a real quantum computer, is
not considered. The simulations performed for this thesis, highlight the fundamental
challenges in extracting information from quantum computers, where even a large
number of performed measurements only allows for an approximation of a quantum
state.

3.2 Hamiltonians

For the purposes of this thesis, we investigate the different measurement schemes for
several Hamiltonians of molecules. We will consider the 4-qubit H2, 6-qubit LiH and
7-qubit BeH2 molecules. Solely for the intermolecular distance 5.0Å, the BeH2 Hamil-
tonian consists of 8 qubits instead, per the automatic qubit reduction in Qiskit. The
Hamiltonians we investigate are in the STO-3G basis set and are mapped to qubits
with the Bravyi-Kitaev mapping. For these small systems, the differences between
mappings were small, so we decided to mainly use the Bravyi-Kitaev mapping, which
provides better scaling Pauli weights. As a result no other mappings will be shown in

21
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this thesis and we leave other mappings as a subject to be explored in future research.
In addition, we reduced the number of required qubits for the Hamiltonians of LiH and
BeH2 by freezing their cores. It is possible to produce a 6-qubit Hamiltonian for the
BeH2 for the molecule using the parity mapping, however in the interest of this thesis
we decided to use the Bravyi-Kitaev mapping and a larger system with 7 qubits.

3.3 Ansatze

The ansatz used in the VQE needs to be variational. This can be realized in the form
of a fixed sequence of gates, where certain ones rotate the state of the qubit along a
given axis with a variable angle. This ansatz needs to be expressive enough to contain
the ground state of the molecule we are investigating, while being shallow enough
to be run on near-term quantum computers. Additionally, having too many variable
gates in the circuit can lead to a failure in the optimization routine, as there are too
many parameters to consider. Lastly, one must consider the existence of local minima
and barren plateaus within the ansatz [40]. Barren plateaus are a result of a usually
large parameter space, where a substantial part of the energies have a gradient of
zero. In these spaces, it is especially difficult for an optimizer to find a direction to go
to making it virtually impossible to find the ground state. To avoid barren plateaus,
one should not overparametrize the ansatz and design it carefully, as an excess level
of entanglement can be causes of such barren plateaus [41]. One should also define
cost functions such that barren plateaus are avoided, with e.g. local instead of global
observables [42].

The Unitary Coupled Cluster (UCC) ansatz was first described in Refs. [43, 44]
and later proposed for quantum computing in Refs. [19, 45]. The UCC ansatz works
by representing excitations above some initial state, usually the Hartree-Fock state, as
a sequence of parametrized gates on a circuit. For quantum computing, the truncated
Unitary Coupled Cluster with Single and Double excitations (UCCSD) is usually
considered, as it allows for a shallower ansatz. UCC-based ansatze are chemically
motivated and can therefore yield very accurate results. However, for large molecules
with more possible excitation operators UCC-based ansatze create very deep circuits
with a very large number of parameters, which make them unrealistic for near-term
quantum computers. For quantum computational simulations with small molecules
however, we decided to use the UCCSD ansatz, due to its accuracy compared to other
apporaches to eliminate ansatz-related errors in our simulations.

The Hardware-Efficient Ansatz (HEA), instead, is motivated by the limitations
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of NISQ computers. HEAs are shallow circuits, which can be run on near-term
quantum computers, but may contain many local minima and barren plateaus,
potentially not even containing the ground state [22]. For complex molecules, a HEA
may require a very large number of parameters to be expressible enough to contain
the ground state, which makes the exploration of its parameter space problematic.
The basic structure of a hardware-efficient ansatz is a layer of rotational gates
applied on each qubit followed by some entangling structure, created for example by
linearly applied CNOT gates (meaning on qubits next to each other) like in Fig. 3.1.
There are many promising approaches to build hardware-efficient, but chemically or

Figure 3.1: Example of a hardware-efficient ansatz with 4 qubits and 2 repeating layers. Total of
24 parameters. RY and RZ represent rotational gates along the y and z axes respectively and the
two-qubit gates represent CNOT gates.

heuristically motivated ansatze such as ADAPT-VQE [46], qubit-ADAPT-VQE [47]
and a reinforcement learning based approach on finding good ansatze [48]. Often,
these approaches aim to adaptively construct an ansatz based on results obtained
within or in addition to a VQE routine.

3.4 Optimizers

For the VQE, choosing the right optimizer is an important and non-trivial task.
The optimizer is responsible for picking the parameters for the ansatz and therefore
the evolution of the energies evaluated during the VQE routine. Since we also have
to deal with a limited number of measurements, noise, imprecision, local minima
and barren plateaus, we want to choose an optimizer that can get good results
amid all these aforementioned limitations. For near-term quantum computers, the
optimizer should find its results in as few energy evaluations as possible while also
being robust with fluctuations of the energy evaluations. Due to the reduction of
measurement errors using the adaptive POVM measurement approach, we can expect
better performance with optimizers less robust to fluctuations. To simplify the
discussion of the optimizers in this section, we will use the terms cost function for the
energy evaluation and function evaluations as a parallel to measurement or shot counts.

There exist gradient-based optimizers, which work using analytically or numeri-
cally determined gradients of the function to be evaluated, and also gradient-free
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methods, which came about due to the difficulty of finding analytical expressions of
cost functions or due to the inherent volatility of numerically approximated gradients.
The number of parameters, in our case for the variational ansatz, also plays a role in
the performance of an optimizer, as some optimizers handle a large parameter space
better than others. In addition, the ability of the optimizers to overcome local minima
becomes relevant when using hardware-efficient ansatze, which tend to have many
local minima and barren plateaus. For machine learning and neural network problems,
the state-of-the-art optimization routine is Adam [49] or its derivative Amsgrad [50].
Other optimizers tailored for quantum are natural gradient [51], quantum natural
gradient [52], QN-SPSA [53], NOMAD, ImFil, SnobFit and BOBYQA [54]. It is also
possible to minimize quantities besides the expectation value of the Hamiltonian, such
as the Conditional Value-at-Risk suggested in Ref. [55].

Simultaneous Perturbation Stochastic Approximation (SPSA) [56] is a common
choice in VQE experiments, due to its robustness to noise and low cost function
evaluation count. The algorithm approximates the gradient of the cost function using
two evaluations using perturbed parameter sets, meaning every parameter is shifted by
a random amount each evaluation. We will not explore results obtained using SPSA
in this thesis to reduce variables, however want to present it as noisy experiments may
find to have the best performance with it.

For the purposes of this thesis we will use Constrained Optimization BY Linear
Approximation (COBYLA), an implementation of Powell’s nonlinear derivative-free
trust-region based optimization that uses a linear approximation approach [57]. In
our experiments, COBYLA has performed the best out of all the optimizers we have
tried, though it should be mentioned that our experiments were simulated only with
shot noise, i.e. statistical fluctuations in the estimation of the energy. Due to the
nature of the linear approximation by COBYLA, it can be reasonable to assume that
it should not be overly sensitive to fluctuations in the cost function. One can see the
linear approximation as a fit to obtained estimations, which naturally works better for
smooth functions. However, a more detailed analysis on why COBYLA performed well
with fluctuations caused by shot noise for us remains as a future topic for research.

3.5 Chemical Accuracy

The commonly used upper bound for precision in the VQE is the chemical accuracy at
1.59×10−3 Hartrees [2]. Estimations of the number of necessary measurements or shots
to achieve chemical accuracy has been described in Ref. [1], however as we are exploring
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many dimensions we leave a more in-depth exploration of the number of shots per
iteration for future research. We compare our results against the exact diagonalization
of the Hamiltonians we use and the ultimate goal is to bring the absolute difference
between our VQE results and the exact diagonalization below the chemical accuracy. In
this thesis however, we focus purely on comparing the adaptive IC-POVMmeasurement
scheme to other schemes without aiming to reach chemical accuracy. For reference, the
chemical accuracy is presented in most plots in chapter 5 as a black dashed line.

3.6 Measurement Schemes

In this thesis we will consider various measurement schemes to compare between each
other. We will use the aforementioned Pauli and the state-of-the-art grouped Pauli
methods as a comparison to our novel measurement schemes. Throughout the results
we present, we will refer to our adaptive IC-POVM scheme as adaptive POVMs, refer-
ring to IC-POVMs that are optimized to a given state. We will compare our scheme
to non-adaptive SIC-POVMs, referred to as simply SIC-POVMs, where we simply
use a SIC-POVM to perform all measurements. The term “shot” will be used inter-
changeably with the term measurement and refers to one instance of a measurement
performed on the quantum computer. Each measurement scheme will be allocated a
number of maximum shots per iteration Smax. For both POVM schemes this refers to
the number of measurements performed on the state, whereas for the Pauli schemes
this refers to the total number of measurements performed across all Pauli strings or
the tensor product basis (TPB). For the Pauli schemes, the number of shots SP for
each of the NP Pauli strings or TPBs is split evenly by

SP =
⌈
Smax

NP

⌉
. (3.1)

Because of this definition, it is possible that the Pauli schemes use a few more total
shots than Smax. For both Pauli schemes, we use the Qiskit implementation using
their Aer simulator. All simulations are performed with Smax = 100k unless otherwise
mentioned. To achieve chemical accuracy, this value is too low for LiH and BeH2,
but still allowed for comparison between measurement schemes. Picking this value
is not trivial, as compared to a single energy evaluation, this value would be used
across a VQE routine involving many energy evaluations. The motivation for picking
Smax = 100k was to obtain reasonably accurate results while keeping the total shot
count of a VQE routine from becoming too large.
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Adaptive IC-POVMs were first introduced in Ref. [1], where further research in using
them within a VQE was proposed. This novel measurement scheme allows us to perform
various interplay with the VQE routine and in this chapter we will briefly discuss ideas
about how to integrate adaptive IC-POVM into VQEs.

4.1 Adaptive IC-POVMs in the Context of VQEs

As we have described before, the VQE is a process in which different parameters in
the ansatz are tried to iteratively minimize the energy measured with respect to a
Hamiltonian operator. In a VQE using an ansatz |ψ(θ)〉 we iterate through different
states

|ψ(θ1)〉 → |ψ(θ2)〉 → · · · → |ψ(θN)〉 (4.1)

where N refers to the number of iterations. At iteration n, we have the ansatz |ψ(θn)〉.
The first intuition to integrate adaptive POVMs into the VQE energy estimation would
involve optimizing an IC-POVM, starting from a SIC-POVM, at every new ansatz pa-
rameter set to be evaluated. Not only would this method provide more accurate esti-
mations with the same number of shots per energy estimation compared to SIC-POVM
measurements, but additionally there would be the benefit of informationally complete
data, which can be used to estimate other expectation values in post-processing. This
means that along with the optimization of |ψ(θ)〉, we also optimize Π(~x), creating a
set of N optimized, but not necessary optimal, IC-POVMs

Π(~x1)→ Π(~x2)→ · · · → Π(~xN). (4.2)

Each IC-POVM Π(~xn) has been optimized for state |ψ(θn)〉 with some maximum
number of shots Smax provided. Ideally Π(~xn) is optimal for |ψ(θn)〉, however limited
number of measurements and issues with optimization, such as local minima do not
guarantee this. In principle, this is not severe, as long as the IC-POVM has been
optimized for the given state to some extent, allowing for more precise estimations
than a SIC-POVM. As the POVM optimization routine evaluates and proposes new
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IC-POVMs to use on top of the VQE optimization, we would have for iteration n with
state |ψ(θn)〉

Π(~xn,1)→ Π(~xn,2)→ · · · → Π(~xn,T ) (4.3)

where T different IC-POVMs have been proposed. For the sake of this discussion,
we refer to only two IC-POVMs per iteration, the initial Π(~xn,1) and the final and
optimal Π(~xn,T ).

If we represent the initial and final IC-POVMs of a given iteration in a vector
(Π(~xn,init),Π(~xn,opt)) (where we relabled t = 1 to init and t = T to opt), the
IC-POVMs in the whole VQE routine would be

(Π(~x1,init),Π(~x1,opt))→ (Π(~x2,init),Π(~x2,opt))→ · · · → (Π(~xN,init),Π(~xN,opt)). (4.4)

The proposed method would then be to simply optimize an IC-POVM starting from a
SIC-POVM at each iteration

(ΠSIC,Π(~x1,opt))→ (ΠSIC,Π(~x2,opt))→ · · · → (ΠSIC,Π(~xN,opt)). (4.5)

We expect this simple method to scale better than grouped Paulis, as has been shown
in Ref. [1]. However, we propose several additions to this approach to highlight the
value of IC-POVMs in VQEs.

4.2 Recyling Optimal POVMs

For the most part, an ansatz retains its structure and parameters picked by the classical
optimization routine are often close to each other. It is therefore reasonable to assume
that an optimal IC-POVM for one ansatz parameter set is similar to another optimal
one for a different ansatz parameter set. Therefore, during the VQE routine we keep
track of the optimal IC-POVM at every iteration of the VQE routine and use that as
the starting point of the POVM optimization of the next iteration

(ΠSIC,Π(~x1,opt))→ (Π(~x1,opt),Π(~x2,opt))→ · · · → (Π(~xN−1,opt),Π(~xN,opt)). (4.6)

It is possible that some Π(~xn,opt) optimized for state |ψ(θn)〉 is particularly bad, i.e.
has a large error in its estimation, when used to measure the state |ψ(θn+1)〉. In these
cases, it can be wise to reset the initial Π(~xn,opt) to a SIC-POVM at the beginning of
the iteration. This can be done by choosing a threshold for the error in the estimation,
which is evaluated after a number of measurements performed with the given IC-
POVM. In our simulations, we reset to a SIC-POVM after the first 1000 shots if the
standard error in the estimation is larger than 1, which is a heuristically determined
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value. We should mention that this threshold requires more research and should be
adjusted separately for each problem, as larger problems tend to have larger standard
errors. The reset could be performed also by comparing the errors to the state with
the previous optimal POVM and a SIC-POVM with 1000 shots each and choosing the
one with the smaller error, which would eliminate the problem of picking a suitable
threshold but also waste a number of shots every iteration.

4.3 Adaptive Measurement Reduction

The standard error of the estimation of the energy decreases during a POVM optimiza-
tion routine (shown in Eq. (4.3)) as the IC-POVM becomes more and more optimized
for the given state. To illustrate, for iteration n of the VQE with state |ψ(θn)〉, we
have T on-the-fly estimates of the energy En,t and corresponding standard errors σn,t
each measured with one of the T IC-POVMs

(En,1, σn,1)→ (En,2, σn,2)→ · · · → (En,T , σn,T ). (4.7)

The quantity T is usually fixed by some maximum number of measurements per
iteration Smax. As t→ T , the IC-POVM Π(~xn,t) becomes better at measuring |ψ(θn)〉
and as a result the standard error σn,t decreases iteratively. If only a certain standard
error is necessary, we can adaptively decide to what extent we want to optimize the
POVMs for a given state, i.e. stop the routine at some t ≤ T . This would allow for
the whole VQE routine to consume fewer total shots on the quantum computer, while
retaining the accuracy given by the optimization of the POVMs. There are several
options to consider, such as simply increasing the number of measurements for each
energy evaluation alongside the VQE routine or setting a standard error threshold,
which should be reached for each energy evaluation. However, it is hard to assess the
number of iterations a VQE needs in order to reach a minimum and how large the
standard error for a measurement will be, as such quantities are problem-dependent
and often contain some randomness.

To make such adaptive shot reduction agnostic to the problem that we solve,
we make use of a constraint function, which ensures that the two successive esti-
mations of the energy are statistically different. One possible way of ensuring this
condition is by defining a confidence interval around the estimation of the energy
using the associated error of the estimation of the energy. If the confidence intervals
of two successive estimations of energies within a VQE routine do not overlap, we
may consider the two estimations statistically different. In certain cases it may be
enough to know that the two estimations are statistically different, allowing us to
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avoid any additional measurements to obtain more precision in the latter estimation.
This approach is especially well suited for gradient-based optimizers as the direction
of gradients can be evaluated with confidence, however requires that the optimizer
chooses parameters generating energies close to each other near the minimum. There-
fore we believe a better approach is to introduce a parameter z, which determines the
size of the confidence interval as multiples of the standard error. Let us relabel the
final and most optimal estimations of the energy to En−1 and standard error σn−1 at
the iteration n− 1.

fconstraint(En−1, σn−1, En,t, σn,t, z) =


True if (En−1 + zσn−1) < (En,t − zσn,t)

True if (En−1 − zσn−1) > (En,t + zσn,t)

False otherwise
(4.8)

for successive iterations n−1 and n with states |ψ(θn−1)〉 and |ψ(θn)〉 respectively. This
constraint function is evaluated for each on-the-fly estimation t. The first condition for
returning true represents the case where the lower limit of the current estimation of
the energy is larger than the upper limit of the previous estimated energy. The second
condition evaluates to true when the upper limit of the current estimated energy is
lower than the lower limit of the previous estimated energy. An example of how the
constraint function behaves is shown in Fig. 4.1. The goal of the optimization routine
is to find a minimum through iteratively finding lower energies, so it is reasonable to
modify the constraint function with an additional argument, a downwards bias ε, which
increases the size of the confidence interval towards lower energies.

fconstraint(En−1, σn−1, En,t, σn,t, z, ε) =


True if (En−1 + zσn−1) < (En,t − zσn,t)

True if (En−1 − εzσn−1) > (En,t + εzσn,t)

False otherwise
(4.9)

Now, for the constraint function to return true if the current estimation of the energy
trends downwards compared to the previous energy, we need more accuracy for the
current estimation. Ideally, z and ε should be picked so that the constraint function
does not interfere much with the quality of the results obtained with the VQE. For this
method, one needs to set a maximum number of shots Smax per iteration, i.e. how many
measurements can be performed at most for a single energy evaluation. This would
cover cases, where evaluated energies are so close to each other that the constraint
function would never evaluate to true and would consume an infinite number of shots
without a maximum shot cap. In general, the use of a larger Smax would mean a larger
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Figure 4.1: Example of three consecutive energy evaluations, standard error and their constraint,
z = 2 and ε = 1. The iterations are not interrupted by the constraint function to illustrate their
effect. With the constraint, the second (orange) iteration would be interrupted one quarter of the
way through, when the error bars do not overlap anymore, whereas the third (green) iteration would
never be interrupted as its errors bars overlap with the constraint throughout. The estimation of the
energy of the second iteration may be quite imprecise if it was to be interrupted quarter of the way,
in which case setting ε = 2 would force it to continue to the end for a better estimate, as the bottom
confidence interval of the first (blue) iteration would become twice as large.

total of shots for the whole VQE and higher precision. In these cases, one should
use a smaller confidence interval with a smaller z to reduce the total shot count. For
smaller Smax, the total shot count will be lower, but the constraint function should use
larger confidence interval with a large z to reach high precision. There is a balance
between using a small confidence interval and high Smax or a large confidence interval
and low Smax to reach high precision with a low total shot count. In a way, one can
see the constraint function as a trick to allocate more measurements for estimations
of energies, which are closer to the minimum. To fully make use of this approach,
one should estimate how many shots are necessary for the desired accuracy. A similar
adaptive scheme with Pauli measurements is described in Refs. [58, 59]. Additionally,
adaptive stochastic optimization, an approach to create optimizers that adapt to given
problems instead of existing optimizers, which have to be adjusted to each specific
problem, is discussed in Ref. [60].
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4.4 Estimating the Variance of the Hamiltonian

The operator variance of a Hamiltonian is zero, when it is calculated with respect to
an eigenstate, i.e. a stationary state. The operator variance of a Hamiltonian operator
with respect to a state |ψ〉 is defined as

(∆H)2 = 〈H2〉 − 〈H〉2 = 〈ψ|H2|ψ〉 − 〈ψ|H|ψ〉2 . (4.10)

This variance is non-zero whenever |ψ〉 is not a stationary state. This is because
any state |ψ〉 can be represented as a linear combination of the n eigenstates of H,
{|λ1〉 , . . . , |λn〉}, so that |ψ〉 = ∑n

i=1 ci |λi〉 and
∑n
i=1 |ci|2 = 1. This allows us to write

〈ψ|H2|ψ〉 =
n∑
i=1

c∗i 〈λi|HH
n∑
j=1

cj |λj〉 (4.11)

=
n∑
i=1

n∑
j=1

c∗i cj 〈λi|HH |λj〉 (4.12)

=
n∑
i=1

n∑
j=1

c∗i cjλiλj 〈λi|λj〉. (4.13)

Since eigenstates are orthogonal to each other, the inner product of unequal eigenstates
equals zero, meaning that

〈ψ|H2|ψ〉 =
n∑
i=1

δijc
∗
i cjλiλj (4.14)

=
n∑
i=1
|ci|2λ2

i . (4.15)

If |ψ〉 is an eigenstate, then its corresponding ci would equal 1 and all other coefficients
equal zero, giving the result λ2

i . For non-eigenstates, the result would be a sum of
different eigenvalues with their coefficients determined by the representation of |ψ〉.
For the square of the expectation value of the operator we have

〈ψ|H|ψ〉2 =
 n∑
i=1

c∗i 〈λi|H
n∑
j=1

cj |λj〉

2

(4.16)

=
 n∑
i=1

n∑
j=1

c∗i cj 〈λi|H |λj〉

2

(4.17)

where once again due to the orthonormality of the eigenstates we get

〈ψ|H|ψ〉2 =
(

n∑
i=1

δijc
∗
i cjλi

)2

(4.18)

=
(

n∑
i=1
|ci|2λi

)2

. (4.19)



4.4. Estimating the Variance of the Hamiltonian 33

The above quantity is only equal to some λ2
i , which also corresponds to the result

obtained for the squared operator expectation value, when |ψ〉 is an eigenstate. When
|ψ〉 is not an eigenstate, then it is unequal to, and as a matter of fact smaller than,
the value in Eq. (4.15) and therefore the operator variance (∆H)2 is positive.

The quantity 〈ψ|H|ψ〉 is already calculated as part of the energy estimation of
the VQE. On the other hand the quantity 〈ψ|H2|ψ〉 would be very hard to estimate
as taking the square of an already large Hamiltonian H would square the number
of terms to evaluate as well. However, with informationally complete data obtained
from POVMs, we are able to estimate the variance using classical computers, without
performing additional measurements on the quantum computer.

We may use the estimation of the variance as a way of determining the impor-
tance of precision for a given ansatz parameter set to be evaluated. The closer the
variance is to zero, the closer the ansatz is to an eigenstate. In practice, we should
expect the ansatz to be close to the ground state. Given that the estimation of the
energy occurs on-the-fly and improves during the POVM optimization process, one
should set a minimum accuracy or minimum number of measurements before applying
this method to a given iteration of the VQE. This is due to the fact that the estimation
can have very large standard errors at the beginning of the POVM optimization due
to a low number of measurements and a potentially unsuitable POVM. One could
update the number of maximum shots for VQE iteration n to something akin to

Sn((∆H)2) = Smax

(∆H)2 + 1 + Smin

1/(∆H)2 + 1 . (4.20)

Here, Smin refers to the minimum number of shots for the iteration, which could either
be set manually or used as e.g. the number of shots used to perform the first on-the-fly
estimation, which in our case is 1000. The idea behind the formula is to update Sn,
such that as (∆H)2 → 0, Sn → Smax and as (∆H)2 →∞, Sn → Smin. In practice, we
want Sn = Smin at some (∆H)2 �∞, meaning that additional factors in the formula
may be necessary.

We may also assume that in practice the estimation of the variance will never
be zero, due to the finite number of measurements. In this case, the values of the
variances can be filtered by some heuristically determined threshold µ, so that

(∆H)2
filter =

0 if (∆H)2 < µ

(∆H)2 otherwise.
(4.21)
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The threshold can then also be used to simply force more measurements when the
estimation of the energy is close to an eigenstate. This method depends strongly on
the energy spectra of molecules and may not provide much advantage when the energy
levels are close to each other. Therefore this method is most effective for use with
molecules with energy levels far apart.



5. Results

5.1 Accuracy and Shot Count Performance

For each measurement scheme, we use the UCCSD ansatz, its corresponding initializa-
tion based on the Hartree-Fock state, the COBYLA optimizer and Qiskit’s Aer sim-
ulator. There are many dimensions to explore, such as different number of shots per
iteration, constraint function parameters, intermolecular distances, optimizers, ansatze,
mappings, molecules among many others. Many of these will also be affected by the
randomness of statistical fluctuations, noise and optimization. We must acknowledge
that many of these mentioned variables will be out of the scope of this thesis, however
stress that none of them are unimportant and one should put in much thought into
choosing the right parameters or methods.

5.1.1 Single VQE Realization

We show results for the H2 molecule at two distances - one at which it is relatively
easy to find the ground state (0.8Å) in Fig. 5.1 and another at which it is difficult
(1.8Å) in Fig. 5.2. There are two relevant quantities in the context of convergence
in a VQE routine, the number of iterations performed, which corresponds to the
total number of different ansatz parameters that were tried and therefore how many
different energies were evaluated, and the number of shots consumed. We note that
we consider as number of iterations the number of energy evaluations, rather than
the often used number of iterations of the optimizer. We distinguish between the
two definitions, because of the fact that some optimizers perform multiple energy
evaluations per iteration and we want to stress that the relevant quantity is the
number of measurements that need to be performed. Ideally both numbers of energy
evaluations and shots are low, but we highlight the reduction in the number of shots
in later subsections especially.

The examples shown are cherry-picked results from a number of many realiza-
tions and do not represent each realization. However, we notice that the adaptive

35



36 Chapter 5. Results

0 5 10 15 20 25 30 35
Iterations

10 3

10 2

10 1

Er
ro

r
Adaptive POVM VQE
SIC-POVM VQE
Aer Pauli VQE
Aer Grouped Pauli VQE

105 106

Shots

10 3

10 2

10 1

Er
ro

r

Adaptive POVM VQE
SIC-POVM VQE
Aer Pauli VQE
Aer Grouped Pauli VQE

Figure 5.1: Example of the convergence in the VQE for H2 at distance 0.8Å with different mea-
surement schemes. The error as a function of the iteration number (left) and shot count (right). The
constraint function was not used.
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Figure 5.2: Example of the convergence in the VQE for H2 at distance 1.8Å with different measure-
ment schemes. The error as a function of the iteration number (left) and shot count (right). Simulated
with constraint function parameters z = 2, ε = 2.

IC-POVMs (colored in blue) perform on-par or better with respect to the error. We
believe this to be because by adapting our IC-POVMs to each given state, we obtain
more accurate estimations, allowing the optimizer to “trust” the result and pick better
parameters for the successive iterations. For other measurement schemes, the limited
number of measurements presents an issue, as the estimations of the energies have
larger errors, potentially misleading the optimizer into believing that it found a lower
or higher energy, when in reality it was just due to the error in the estimation. The
differences between the methods are not gigantic for this small problem however and
we will discuss this further in the next subsection. However, an important detail to
notice is that for most measurement schemes, though less intensely for the adaptive
IC-POVMs, errors increase after reaching an apparent minimum. This is due to
the large variance of the estimation of the energy, indicating that even if we were
to estimate the exact same energy multiple times, we could obtain very different
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estimations. Due to this uncertainty, we may observe relatively large increases in the
error even if the parameters chosen by the optimizer should produce energies close to
each other. The ultimate result may be that the minimum found by the optimizer
was only low due to measurement error. Adaptive IC-POVMs mitigate this problem
through their lower measurement error.
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Figure 5.3: Example of the convergence in the VQE for LiH at distance 1.6Å with different measure-
ment schemes. The error as a function of the iteration number (left) and shot count (right). Simulated
with constraint function parameters z = 4, ε = 10.
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Figure 5.4: Example of the convergence in the VQE for LiH at distance 5.0Å with different measure-
ment schemes. The error as a function of the iteration number (left) and shot count (right). Simulated
with constraint function parameters z = 4, ε = 10.

In Figs. 5.3 and 5.4 we present similar types of results, but for LiH at distances 1.6Å
and 5.0Å respectively. Once again, we note that the results shown here are only
singular VQE simulations, which can differ between realizations due to randomness.
For the LiH molecule, the performances between the measurement schemes differ a
little more than for H2. The adaptive IC-POVM scheme finds energies lower than
others, presumably due to its better estimations. This difference is especially apparent
for the distance 5.0Å in Fig. 5.4, where only the adaptive IC-POVMs get accuracies
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below 10−2.

Lastly, we will show results for the BeH2 molecule at distances 1.25Å and 5.0Å
in Figs. 5.5 and 5.6. Finding the ground state of BeH2 is already a significantly
harder problem as can be seen by the larger error values. For the 7 and 8 qubit BeH2

Hamiltonians, some simulations with regular Pauli measurements would consume too
much memory with the current Qiskit implementation, so we have omitted them
from our simulations. We expect that grouped Pauli measurements would perform
better than regular Pauli measurements, so we believe the comparison is still relevant.
However, this highlights an approaching prohibitive limit for Pauli measurement
simulations and potentially real experiments. The number of Pauli strings used to
represent BeH2 is over 1000, making for a large amount of different circuits just
to perform the measurements and low number of shots allocated to estimate each
expectation value. Grouped Paulis bring the number of TPBs down to below 100,
which we expect to give significantly better estimations than the Pauli method. As we
can see from the figures, SIC-POVMs are starting to provide estimations with similar
errors to the error that the grouped Paulis provide. With the adaptive scheme, we get
to even lower errors, showing that the approach is viable also for larger systems.
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Figure 5.5: Example of the convergence in the VQE for BeH2 at distance 1.25Å with different
measurement schemes. The error as a function of the iteration number (left) and shot count (right).
Simulated with constraint function parameters z = 4, ε = 10.
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Figure 5.6: Example of the convergence in the VQE for BeH2 at distance 5.0Å with different
measurement schemes. The error as a function of the iteration number (left) and shot count (right).
Simulated with constraint function parameters z = 4, ε = 10.

5.1.2 Aggregated Results

In this subsection, we will aggregate the optimal energies found through the VQE
with different measurement schemes over multiple realizations. Here, we present the
mean of the total number of measurements performed during the VQE, the mean of
the error in the estimation of the energy and their minimum and maximum values
across all realizations.

In Fig. 5.1 one can see that the adaptive IC-POVM scheme offers some im-
provement in the accuracy of the estimation compared to other schemes. However,
all measurement schemes perform well in terms of getting close to chemical accuracy,
indicating that this problem is relatively easy. Regardless, this result is significant as
on average the adaptive IC-POVMs perform a little better than the Pauli methods,
however have the advantage of IC data, which can be used to classically estimate the
expectation value of any other operator with respect to the states evaluated in the
VQE.

The constraint function can be used to reduce the number of total shots con-
sumed during a VQE routine. By picking appropriate constraint function parameters,
we find that we are able to retain the accuracy obtained from adaptive IC-POVM
measurements, as will be shown later for LiH. We however find that certain constraint
function parameters do not offer a large benefit, and in fact can diminish some of the
advantages one would have gotten without it as can be see in Fig. 5.8. The adaptive
IC-POVM scheme actually performs worse than both Pauli methods as opposed to in
Fig. 5.1. This highlights the importance in picking the right parameters, as it is quite
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Figure 5.7: VQE for H2 at distance 0.8Å with different measurement schemes. The error bars
represent the minimum and maximum values obtained for 100 realizations of a VQE routine. We
notice that for a small system such as this 4 qubit H2 Hamiltonian, the adaptive POVM strategy does
not provide a large improvement in the error of the estimation of the energy compared to grouped
Pauli measurements. Due to the low number of iterations necessary, the total number of shots may
not be reduced by using the constraint function so we decided to omit it for these simulations.

easy to ruin results by using a constraint function with a too small confidence interval.

When performing similar simulations on LiH, we found that the adaptive IC-
POVM strategy started to differentiate itself from other measurement schemes. The
results in Fig. 5.9 for distance 1.6Å and in Fig. 5.11 for distance 5.0Å show that
adaptive IC-POVMs perform significantly better on average compared to both Pauli
methods. Just as we have seen in section 5.1.1 in Figs. 5.3 and 5.4, the adaptive
IC-POVMs have a smaller measurement error in their estimations and are therefore
able to go closer to the ground state. For the distance 1.6Å, we reduce the number
of measurements performed with the adaptive IC-POVMs through adaptive shot
reduction, so that the total shot count is lower than with grouped Paulis. This
is a significant result as the adaptive IC-POVMs actually performed more energy
evaluations on average than grouped Paulis as can be seen in Fig. 5.10. The reason
why the adaptive IC-POVM scheme requires more iterations is because the optimizer
naturally needs more steps to reach a lower point. One can see the process of the
optimizer as a random walk, where more steps are required to reach a point at a
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Figure 5.8: VQE for H2 at distance 1.8Å with different measurement schemes. The adaptive POVM
scheme was performed with the constraint function (z = 2, ε = 2), using 1M less total shots, but a
less accurate result. The error bars represent the minimum and maximum values obtained for 100
realizations of a VQE routine. As opposed to distance 0.8Å, the distance 1.8Å is considered to be
harder, i.e. it requires more iterations to find the ground state. We notice that in this case, the adaptive
POVMs do not perform as well as grouped Paulis, due to a small confidence interval in the constraint.
When observing the results from SIC-POVMs the quality of the estimation of the ground state has
not worsened compared to distance 0.8Å as much as the other measurement schemes, indicating that
IC-POVMs may be a better scaling approach.

further distance, in this case the energy. The difference in the performance between
adaptive IC-POVMs and grouped Paulis is even more pronounced for the distance
5.0Å. Here, the minimum or best value found through grouped Paulis is far from the
maximum or worst value found with adaptive IC-POVMs. Another interesting result
is that for distance 5.0Å, SIC-POVMs actually give a lower error than both Pauli
methods, when that was not the case for any of the previous result we have shown.
This hints at a better scaling with any kind of IC-POVMs for larger problems, where
even the reduced measurements from grouped Paulis may be too large.

In Figs. 5.12 and 5.13 we show the average errors and total shots per VQE
routine for BeH2 at distances 1.25Å and 5.0Å. The adaptive IC-POVMs, once again,
perform better on average than grouped Paulis and SIC-POVMs. While the distance
to chemical accuracy is large, we believe the adaptive IC-POVM scheme to scale
better for larger systems, allowing for precise energy evaluations with a fewer number
of shots. The differences in the performances seem smaller, as the figures have a



42 Chapter 5. Results

6.5 7.0 7.5 8.0 8.5 9.0
Shots 1e6

1e-02

1e-01
Er

ro
r

Adaptive POVM
SIC-POVM
Pauli
Grouped Pauli

Figure 5.9: Aggregated errors and shots for the VQE for LiH at distance 1.6Å with different mea-
surement schemes over 10 realizations. Simulated with the constraint function with z = 4, ε = 10,
which made for a very small confidence interval and low shot reduction. A constraint with a larger
confidence interval could be applied by adjusting the constraint function parameters.
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Figure 5.10: Aggregated errors and function evaluations (energy evaluations) for the VQE for LiH at
distance 1.6Å with different measurement schemes over 10 realizations. Adaptive IC-POVMs require
the most energy evaluations, as they reach the lowest energy. With a fixed number of shots per
iteration, adaptive IC-POVMs would consume the most total shots in a VQE routine.
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Figure 5.11: Aggregated errors and shots for the VQE for LiH at distance 5.0Å with different
measurement schemes over 10 realizations. Constraint function parameters were z = 4, ε = 10, which
made for a very small confidence interval and low shot reduction. A constraint with a larger confidence
interval could be applied by adjusting the constraint function parameters.

logarithmic y-axis, however the absolute are as large or larger than for the with
LiH. But this example also highlights the value in adapting Smax throughout a VQE
iteration. For a large system like BeH2, it is impossible to measure the ground state
energy to chemical accuracy with only 100k shots per energy evaluation. However,
with only 100k shots per energy evaluation it is possible to get to errors of 10−1,
hinting at the possibility of going to lower energies, if the number of shots would be
increased from the point on, at which the VQEs converged in the figures. We propose
a possible approach for adapting Smax within a VQE routine in chapter 4.4 and by
careful adjustment one could reach lower energies and higher precision without adding
a significantly large overhead to quantum computer measurements.

Lastly, we would like to show the result, which inspired the adaptive shot re-
duction technique. We attempted to find the ground state of LiH using different
amounts of shots per iteration and obtained the results in Fig. 5.14. By performing
the simulations with different number of shots each iteration, we noticed that an
increasing number of shots per iteration greatly increased the total number of shots
performed for the whole VQE routine, however gave diminishing improvements on the
error of the estimation. This motivated the idea of adaptively reducing the number
of shots per iteration, as it seemed that a large part of the VQE routine can be
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Figure 5.12: Aggregated errors and shots for the VQE for BeH2 at distance 1.25Å with different
measurement schemes over 10 realizations. Constraint function parameters were z = 4, ε = 10, which
made for a very small confidence interval and low shot reduction. A constraint with a larger confidence
interval with a larger Smax could be used for better accuracy and higher shot reduction.
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Figure 5.13: Aggregated errors and shots for the VQE for BeH2 at distance 5.0Å with different
measurement schemes over 10 realizations. Constraint function parameters were z = 4, ε = 10, which
made for a very small confidence interval and low shot reduction. A constraint with a larger confidence
interval with a larger Smax could be used for better accuracy and higher shot reduction.

performed with a low number of shots per iteration and the most number of shots
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Figure 5.14: The error of the estimation of the energy for LiH with 50k, 100k, 250k shots per
iteration each over 10 realizations. For a too low number of shots per iteration (50k) the final error
of the estimation of the energy can be quite high and by doubling the number shots per iteration
(100k), we get a better estimation of the energy and consume approximately double the number of
total shots also. However, simply increasing the number of shots per iteration from this point on
seems to only show a small improvement in terms of the error, and instead the number of total shots
increases by a large amount. Based on this information, we believe that there is a number of total
shots at which errors do not improve rapidly anymore. The errors are very large as the HEA was used
in these simulations.

should be consumed for the final estimations of the energy, where greater precision
can mean improved estimations.

5.2 Recycling POVMs

Let us motivate the strategy to recycle POVMs. We compare the effect of recycling
and not recycling in Fig. 5.15 for the ground state of H2. By observing the on-the-fly
energy estimations within the POVM optimization routine, which are the blue and
orange curves with recycling and without recycling respectively, we notice that POVM
recycling produces a much smoother curve, showing that the recycled POVMs are
good for estimating subsequent states. Without POVM recycling one gets a very
spiky curve, as the first on-the-fly estimations are performed with a SIC-POVM and
produce a worse estimate with the same amount of shots. Based on this information,
we may assume that recycling POVMs is a viable strategy, while we note also, that
the performance can vary for problems and optimizers.
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Figure 5.15: Comparison of POVM recycling (top) and resets (bottom) throughout an exemplary
VQE routine for H2. The blue and orange curves represent the on-the-fly estimations (POVM op-
timization iterations) of the energy and the red curves show the final estimations of the energies
throughout the VQE routine. We notice that when recycling POVMs, we obtain a smoother blue
curve, meaning that the POVM optimization can spend more shots with a better POVM for each
iteration. For the POVM resetting approach, the orange curve is quite spiky, as each iteration starts
from a SIC-POVM, which often appears to be an unoptimal POVM. This figure shows that by re-
cycling POVMs it would be possible to obtain more accurate estimations with few shots. We note
however, that the red curves look almost identical, meaning that with the number of shots per itera-
tion specified here, which is 100k, is enough to optimize a SIC-POVM to a good IC-POVM. Therefore,
the improvement brought by recycled adaptive IC-POVMs can be seen when fewer shots per iteration
are used.

Interestingly, some results show that it may not always be a good idea to recy-
cle POVMs. While in most cases, it seems to provide an improvement, it is also
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possible for a POVM to give very large errors in the estimation compared to SIC-
POVMs as can be seen in Fig. 5.16. The behaviour is very inconsistent, which may
be due to the low number of shots per iteration (100k), but highlight that simply
recycling POVMs is not necessary a reliable strategy. Therefore it may be better
in some cases to start the POVM optimizations from a SIC-POVM instead of a
recycled POVM. This behaviour is quite inconsistent however, so one should perform
more detailed research for this topic. To further understand this, one could perform
research on how typical subsequent states evaluated in a VQE affect the suitability
of recycled POVMs. There may also be issues with overfitting a POVM to a given
state, which could cause a POVM to be worse for the next state than a POVM that
was less optimized to the given state. The adaptive shot reduction may help with this
indirectly, as the POVM optimization is sometimes interrupted, though this is more
of a trick than a proper solution.
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Figure 5.16: Different realizations of VQE with BeH2 at intermolecular distance 5.0Å. Maximum
100k shots per iteration. The large errors indicate that more shots per iteration are needed, which
could be done with the adaptive shot reduction using POVMs without increasing the total shot count
too much. For comparison with other measurement schemes however, a more large scale simulation
is necessary. We also see inconsistent behaviour between different realizations. Optimizing the IC-
POVMs starting from the SIC-POVM each iteration can provide more accurate energies than recycled
IC-POVMs in certain cases, indicating that initialization strategies for IC-POVMs should be studied
further.

On average however, we see that naively recycling POVMs does indeed provide
an improvement in finding the ground state compared to adaptive, but not recycled
IC-POVMs, as can be seen in Fig. 5.17. This result shows that recycling POVMs
offers an improvement in the error, presumably because more measurements are
performed with a POVM giving lower errors than the initial SIC-POVM. We expect
the difference in the errors to be larger for a lower number of shots per iteration.
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Figure 5.17: The averaged errors and total shot for LiH at distance 5.0Å with different IC-POVM
measurement schemes over 10 realizations. The adaptive IC-POVMs perform better with recycling
than without on average. Even without recycling, the adaptive scheme proves to be valuable consider-
ing the large gap to the error using SIC-POVMs. No constraint function was used for this simulation.

5.3 Constraint Function

Let us present results that show the effect of the constraint function. In Fig. 5.18, we
show the error of the estimations of the energy compared to the exact diagonalization
during an exemplary VQE routine. We can see that, while the adaptive IC-POVM
scheme requires more iterations to find its minimum energy, it consumes fewer shots
in total. This is due to the fact that it takes more steps to reach a lower energy
as explained in 5.1.2. In the plot showing the number of shots consumed, we see
that the curve with the adaptive IC-POVM measurements is rough compared to the
other curves, which are smoother. The reason is that the adaptive shot reduction
with the constraint function allows the optimizer to evaluate a larger quantity of
energies without consuming as many shots as with a fixed number of shots per
energy evaluation. Therefore, the jumps simply indicate that that particular step
in the VQE routine consumed fewer shots. We believe that for the majority of
the optimization routine, it is more valuable to have a large quantity of “accurate
enough” estimations of the energy, rather than few but accurate ones. The key
element of the constraint function is however, the fact that one does need accurate
estimations of the energy when aiming to find the minimum. Therefore the constraint
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function adapts to the energies that the optimizer is evaluating to demand more accu-
rate estimations when they are necessary, usually towards the end of the VQE routine.
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Figure 5.18: VQE for H2 at distance 0.8Å with different measurement schemes. Pictured are the
evolution of the error as a function of the number of shots consumed (left) and as a function of the
number of iterations (right) of the same realization. A Gaussian filter has been applied to the curves
for clarity. We see that not only does using adaptive IC-POVM measurements improve the estimation
of the energy, it performs the whole VQE routine in fewer shots through adaptive shot reduction.

To further illustrate the effect the constraint function is aiming for, we compare
the error of energy evaluations with the corresponding number of consumed shots
for H2 in Fig. 5.19. As the optimizer is calibrating itself to the parameter space and
energies further away from each other are evaluated towards the beginning of the VQE
routine, we want fewer shots to be consumed. For these energies, we do not require
high precision, as the minimum is relatively far away. Towards the end of the VQE
routine, when subsequent evaluated energies are closer to each other and are also close
to the minimum, reminding that the error energies are plotted in a logarithmic scale,
we see that appropriately more shots are consumed, as higher precision is necessary.

We have stated that the VQE can be sensitive to the parameters of the con-
straint function. In this thesis we have picked the parameters heuristically, however
a more detailed investigation is in order. For larger molecules, picking the right
constraint function parameters becomes more challenging, at the same time more
important due to the large number of shots necessary for chemical accuracy, as it is
essential to allocate the number of shots to the right energy evaluations. One should
also be careful to not constraint function parameters so that the energies evaluated
during the routine mislead the optimizer, making the optimizer get stuck in a local
minima practically in vain.
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Figure 5.19: Example of the number of shots used per iteration during a VQE routine for H2 when
using the constraint function. Here, Smax = 100k, z = 2 and ε = 2. The x-axis can be viewed as a
chronological series of iterations in the VQE routine. A bar of full height indicates that the constraint
function never evaluated to true and as a result the energy evaluation consumed Smax shots, whereas
the rest of the bars show the cases, where the constraint function evaluated to true at some point and
consumed less than Smax shots. The red curve represents the error of the energy estimations during
the VQE routine. Many iterations, especially at the beginning of the routine required only very few
shots with these constraint parameters, as the energies evaluated at the beginning of the VQE routine
tend to be further apart from each other. Towards the end of the routine, the energies evaluated are
closer to each other and therefore many of the iterations consume more shots.

5.4 Potential Energy Surfaces with Different Mea-
surement Schemes

As the final results we will show in this thesis, we present the energy estimation using
the different measurement schemes at various intermolecular distances. A common
goal with the VQE is to compute energies at various distances and build potential
energy surfaces, from which one can find a minimum to determine the bond distance
as well as other chemical properties of the system. We compare the results to the
exact diagonalizations as a dashed black line, but we should mention that even the
exact diagonalization is not completely accurate, as we use finite basis sets and several
other approximations. The distances at which we compute the energies were chosen
so that we have a wide range of distances, where we can compare how the different
measurement schemes scale. Here, we will only show results from the best performing
measurement schemes, adaptive IC-POVMs and grouped Paulis, as to not overcrowd
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the plots.

First, we will present the potential energy surface for H2 in Fig. 5.20. The en-
ergies have been computed at 10 different distances: 0.2Å, 0.4Å, 0.6Å, 0.8Å, 1.0Å,
1.2Å, 1.4Å, 1.6Å, 1.8Å and 2.0Å. We notice that there is not much to see in
the potential energy surface, and this is because the energies estimated by both
measurement schemes are very accurate and have small variance. This was to be
expected, as we saw in Figs. 5.7 and 5.8, the errors were already quite close to or
below chemical accuracy. The average errors are quite close to each other between
the two measurement schemes, though grouped Paulis show smaller variance for most
distances. We argue that, since H2 is a relatively small and easy system to solve for,
the effect of the improved scaling in the estimations using adaptive IC-POVMs cannot
be seen.

For the second potential energy surface, we consider LiH in Fig. 5.21. The en-
ergies have been computed at 10 different distances: 0.8Å, 1.0Å, 1.4Å, 1.6Å, 1.8Å,
2.0Å, 2.5Å, 3.0Å, 4.0Å and 5.0Å. Here, we see that neither measurement scheme
is as close to the exact diagonalization as for H2, indicating that LiH is a much
harder system to solve for. The adaptive IC-POVM scheme performs better than
grouped Paulis, with smaller variances across distances. The key result we want to
highlight however, it that VQEs with grouped Paulis become less and less accurate
as distances increase, hinting at poor scaling. Not only is the variance in the
energies larger, the estimated energies are also much further away from the exact
diagonalization. The adaptive IC-POVMs on the other hand, are not affected as
much by the distance, showing that IC-POVMs may be a better alternative for
extracting information from the quantum computer. Additionally, using adaptive shot
reduction, albeit with a small confidence interval, we were able to reduce the number of
shots necessary for one VQE routine by around 1 million compared to grouped Paulis.

Finally, we present the potential energy surface of BeH2 in Fig. 5.22. The en-
ergies have been computed at 6 different distances: 0.75Å, 1.25Å, 1.75Å, 2.0Å, 3.0Å
and 5.0Å. The sparse distances have been chosen to account for the longer simulation
time, but make for a rougher potential energy surface. The errors have once again
larger increased compared to LiH, as BeH2 is a harder system to solve for. To achieve
chemical accuracy, one would need to increase Smax. Differences between the adaptive
IC-POVMs and grouped Paulis are very similar to the ones with LiH - differences are
small at lower distances and grow at larger distances. At distance 5.0Å, the difference
between the grouped Paulis seem to scale worse than adaptive IC-POVMs, reinforcing
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Figure 5.20: Potential energy surface for H2 simulated with grouped Paulis and adaptive POVM
measurements with their standard error (top) and the errors of the both measurement schemes at each
distance (bottom). The dashed black line represents the exact diagonalization of our H2 Hamiltonian
in the top and chemical accuracy in the bottom figures. In the potential energy surface, the energies
are so accurate and errors so small, that we cannot see them. We can see on the bottom plot, that
both measurement schemes achieve errors close to the chemical accuracy consistently. For a small
problem such as H2, the difference between the two measurement schemes is quite small and is most
cases the grouped Pauli measurements achieve lower errors with lower variance.

that grouped Paulis may require a prohibitive number of measurements for even larger
systems due to its scaling. While the adaptive IC-POVMs are affected by the distance,
the result is not as severe. These results match with the ones we have obtained for
the LiH potential energy surface and we believe that adaptive IC-POVMs will scale
better in terms of the number of measurements necessary for good precision, not only
for generic quantum circuits but also in the context of a VQE.
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Figure 5.21: Potential energy surface for LiH simulated with grouped Paulis and adaptive POVM
measurements with their standard error (top) and the errors of the both measurement schemes at each
distance (bottom). The dashed black line represents the exact diagonalization of our LiH Hamiltonian
in the top and chemical accuracy in the bottom figures. Each distance was averaged over 10 real-
izations. We can see that the adaptive POVM measurement scheme not only obtains more accurate
estimations, it also seems to scale better at larger distances, which are harder to solve for. Each found
ground state energy consumed around 7-8M shots with the adaptive POVMs and 8M -9M shots with
grouped Paulis.



54 Chapter 5. Results

1 2 3 4 5
15.6

15.5

15.4

15.3

15.2

15.1

15.0

En
er

gy
 [H

a]

Aer Grouped Pauli VQE
Adaptive POVM VQE

1 2 3 4 5
Distance [Å]

0e+00

5e-02

1e-01

2e-01

2e-01

3e-01

3e-01

Er
ro

r [
Ha

]

Figure 5.22: Potential energy surface for BeH2 simulated with grouped Paulis and adaptive POVM
measurements with their standard error (top) and the errors of the both measurement schemes at
each distance (bottom). The dashed black line represents the exact diagonalization of our BeH2

Hamiltonian in the top and chemical accuracy in the bottom figures. Each distance was averaged
over 10 realizations. Similarly to the case with LiH, the adaptive IC-POVMs provide measurement
accuracy that scales better at larger distances.



6. Conclusions and Discussion

The aim of this thesis was to investigate whether the use of IC-POVMs in the VQE
can be used to avoid prohibitive levels of measurement counts, as would be the case
with existing methods such as the Pauli method. The topic of measurement in the
VQE was introduced by defining quantum chemical problems and how they can
be solved using quantum computing. After covering the measurement problem in
the VQE as well as characterizing adaptive IC-POVMs, we describe the tools used
to implement the VQE for the simulations in this thesis and the proposed novel
methods for adaptive IC-POVMs within VQEs. The main comparison we draw to
the adaptive IC-POVM scheme is the grouped Pauli measurements, one proposal
to reduce measurement overhead on quantum computers. The results indicate that
the adaptive POVM strategy performs better than grouped Pauli measurements on
average and it is reasonable to assume that it will be the case for larger systems also,
as has been shown for singular energy evaluations in Ref. [1]. We acknowledge that
much work and research is still needed to further improve the implementation of the
VQE, but we hope that the results and methods in this thesis can offer a framework
and ideas for future research.

It is clear that one of the main bottlenecks in obtaining accurate ground state
energies is, besides statistical measurement noise, the quality of the ansatz. Many
adaptive approaches such as ADAPT-VQE [46], qubit-ADAPT-VQE [47] oftentimes
use additional expectation value estimations, which could be done in classical
post-processing when using our adaptive IC-POVM measurement scheme. The
compatibility with such approaches can be a significant step forward in reducing
the number of measurements required in the VQE. This raises the question whether
some of the proposed improvements in this thesis can still be applied. As adaptive
ansatz approaches tend to modify the energies to be evaluated by a larger amount
each iteration than with the fixed ansatze, that we have used in this thesis, it is
possible that naively recycling POVMs may not be a good strategy anymore. These
approaches can also benefit from intermediate optimization steps, where parameters
of the adaptively built ansatz circuit are optimized at intermediate stages when the

55
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circuit structure is fixed. In such cases, much of the strategies proposed in this
thesis do, in fact, apply without much modification. However, the topic of adaptive
IC-POVMs in adaptive ansatze remains to be investigated in future research.

Another method we have proposed in this thesis is the estimation of the vari-
ance of the Hamiltonian as a shot reduction technique. We have decided to omit this
approach in our simulations due to time constraints. One may use the estimation
of the operator variance directly by using the values obtained as Smax or combining
this approach with the constraint function and capping the total number of shot per
iteration to some value Smax based on the estimation of the operator variance.

Another subject for future research is the constraint function. While it has
been demonstrated that the constraint provides improvement in the number of shots
consumed during the VQE for the systems considered in this thesis, a major issue is
the possibility of the constraint function having a too large confidence interval and
providing too misleading energy estimations. Interesting topics to consider would be
whether there is some adaptive way of choosing good constraint function parameters
during POVM optimization or quantifying the strictness of a constraint function. One
could also investigate, whether informing the optimizer about the accuracy of the
estimations could improve its performance. Additionally, one needs to attempt VQEs
for larger systems and adjust the adaptive IC-POVMs and their constraint function
for more difficult systems involving a larger set of qubits.

Throughout this thesis, we see that even simulations of measurements without
noisy qubits give us high error values and require an enormous number of measure-
ments, indicating that much work is still needed to make the VQE realistic for large
molecules. However, much of these issues are caused by the quality of the ansatz,
indicating that adaptive strategies for building ansatze is not only an improvement
but strictly necessary to prevent the VQE from being prohibitive for large molecules.
The adaptive IC-POVM approaches presented in this thesis are compatible with
adaptive ansatze to a high degree, allowing for higher precision and shot reduction
during intermediate optimization steps and, importantly, fully classical estimations of
additional expectation values during these intermediate steps. We therefore believe
that adaptive IC-POVMs form a significant asset to implementations of VQEs for
large molecules and should be considered in future research due to their immense
potential to prevent prohibitive levels of measurement counts.
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