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Abstract

The existence of dark matter (DM) is one of the strangest and deepest mysteries in the
history of physics. Dark matter accounts for more than 26% of the total energy density
of the Universe, more than five times the amount of visible matter. There are several
candidate particles for DM, some of which are believed to be detectable mainly in three
types of experiments: collider search, direct detection, and indirect detection experiments.
Currently, no convincing signatures of dark matter have been detected, which may indicate
that dark matter interactions are very weak or feeble.

The origin and emergence of DM are questions of fundamental importance, intimately
connected to the origin of matter. In the early Universe, primordial particles thermalize
and form a hot dense particle soup by the process known as reheating, the onset of the
thermal history of the Universe. As the Universe cools down by the expansion of space,
the plasma constituents start forming more complicated objects such as dust, stars, and
galaxies.

The Horizon and Flatness problems of the Big Bang cosmology indicate that there
must have been an additional, essential stage in the Universe evolution preceding the
thermal era. A theory of cosmic inflation came out as a solution to those problems in
the late 1970s. According to modern inflationary theories, our Universe underwent an
exponential expansion of space for a very short period of time, and the dynamics of this
expansion can be understood in terms of a real scalar field, inflaton.

In this thesis, we study in detail the DM production by a classical inflaton field. Given
that there are no DM signatures in direct/indirect experiments, one is motivated to exam-
ine very weakly or feebly interacting DM and mechanisms of its production in the early
Universe. This work requires both analytical and numerical calculations, in particular,
lattice simulations. The latter accounts for important non–linear and non–perturbative
effects such as resonances, backreaction, and rescattering.

We find that the resulting DM abundance can fit all of the known constraints even
for tiny values of the inflaton–DM couplings, which reinforces the importance of such
interactions in cosmology.
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1. Introduction

The most successful standard theory of Big Bang cosmology, the ΛCDM (Lambda Cold
Dark Matter) model, describes the dynamics of expanding Universe in terms of three
energy components: dark energy (Λ), dark matter and ordinary baryonic matter [4]. It
explains remarkably well the power spectra of the cosmic microwave background (CMB)
radiation, formation of large-scale objects, the observed abundances of light particles, the
accelerating expansion of the Universe, etc. in accordance with general relativity.

The success of ΛCDM hinges on the gravitational impact of dark matter and dark
energy. However, the nature of the two remains a mystery [5,6]. And the absence of dark
matter signals in experiments motivates one to study the origin and emergence of DM in
the early Universe.

The homogeneous and isotropic CMB spectra imply that our Universe had initially
formed a hot dense particle soup in thermal equilibrium. 380,000 years after the Big
Bang, this radiation decoupled from matter and thus gives us a snapshot of the Universe
at that time. In the conventional picture of the thermal Universe, however, it appears
impossible to reach this state without violating causality: the scale of homogeneity exceeds
the causal distance [7].

The homogeneous and isotropic part of the present Universe should be at least as large
as the present horizon scale ct0 ∼ 1.3 × 1028 cm, where c is the speed of light and t0 is
the age of Universe. Since the distance expands with the scale factor, this domain at the
initial stage of the Universe contracts to

li ∼ ct0
ai

a0
, (1.1)

where i stands for the initial stage of the Universe and 0 for the present time. If we assume
thermal Universe consisting of radiation, the temperature scales as a−1, i.e., ai/a0 ∼
T0/TP l ∼ 1.9 × 10−32, where TP l is the Planck temperature ∼ 1.4 × 1032 K. So, the initial
size of the homogeneous, isotropic, and thermal domain is

li ∼ ct0
T0

TP l

∼ 1.3 × 1028cm × 1.9 × 10−32 ∼ 2.5 × 10−4cm . (1.2)

However, the size of a causal region at the Planck time was much smaller than (1.2)

lc ∼ cti ∼ 1.6 × 10−33cm � li , (1.3)

2



3 Chapter 1. Introduction

where ti denotes the Planck time ∼ 5.4 × 10−44 seconds. That is, only a fractional part
(

lc
li

)3

∼ 10−84 (1.4)

of the Universe could be causally connected, contradicting the observation of small
anisotropy δE/E ∼ δT/T ∼ 10−4 in the CMB spectrum.

In addition to the above “Horizon” problem, the conventional Big Bang cosmology had
no explanation for why the Universe is almost exactly flat. Neglecting the dark energy
component in the Friedmann equation, one finds that the curvature term scales as a−2

H2 ≡
(

ȧ

a

)2
= 8πG

3 ρ − k

a2 , (1.5)

where G is the gravitational constant and k is a constant representing the curvature of
3D space. (1.5) simplifies to

Ω(t) − 1 = k

(Ha)2 ≡ −Ωk , (1.6)

where Ω(t) ≡ ρ8πG
3H2 . Ωk is proportional to 1/(Ha)2 and grows over time since

Matter-dominated Universe: a ∝ t2/3 , H ∝ t−1 ⇒ Ωk ∝ t2/3 , (1.7)
Radiation-dominated Universe: a ∝ t1/2 , H ∝ t−1 ⇒ Ωk ∝ t . (1.8)

The CMB measurements suggest that the present Universe is close to flat |Ω0 −1| � 0.02.
Therefore, the curvature term in the early Universe must be

|Ωi − 1| = |Ω0 − 1|(Ha)2
0

(Ha)2
i

= |Ω0 − 1|
(

ȧ0

ȧi

)2
(1.9)

∼ |Ω0 − 1|
(

lc
li

)2

� 0.02 × 10−56 , (1.10)

where ȧ0/ȧi ∼ lc/li ∼ 10−28 is assumed in thermal Universe. That is, the early Universe
already had to be extremely flat, which constitutes the “Flatness” problem.

Both problems appear when we assume ȧ0 < ȧi. In other words, the conclusion could
be avoided if we had an initial moment such that ȧi < ȧ0. So, during this very–early
period, ȧ increases quickly from ȧi and then decreases to ȧ0 going through radiation and
matter-dominated epochs. Since it requires ä > 0 for a very short period of time, this
rapid expansion of space is dubbed “inflation” [8–10].

To obtain a rough estimate for the scale of inflation, let us consider the initial energy
density inhomogeneity of order unity on scales ∼ H−1

i(
δε

ε

)
ti

∼ 1
ε

|∇ε|
ai

H−1
i = |∇ε|

ε

1
ȧi

∼ O(1) , (1.11)



4 Chapter 1. Introduction

where ∇ denotes the spatial derivative with respect to the comoving coordinates. At
t � ti, this inhomogeneity within the Hubble scale H(t)−1 propagates(

δε

ε

)
t

∼ 1
ε

|∇ε|
a(t) H(t)−1 ∼ O(1) ȧi

ȧ(t) , (1.12)

where we assume that |∇ε|/ε does not vary significantly. The CMB observations con-
strain the variation of the energy density on the present horizon scale not to exceed 10−5.
Therefore, one finds ȧi/ȧ0 < 10−5 and

ȧi

ȧf

ȧf

ȧ0
= ai

af

Hi

Hf

ȧf

ȧ0
< 10−5 , (1.13)

where f denotes the end of the inflationary period. Consider ȧf/ȧ0 > 1028 in place of
ȧi/ȧ0 > 1028 required in the thermal Universe and suppose that the change of the Hubble
parameter is negligible. Then, the scale of the expansion amounts to

af

ai

> 1033 Hi

Hf

∼ 1033 . (1.14)

It is convenient to define the number of e-folds

N ≡ ln af

ai

∼ 76 . (1.15)

Approximately 50–70 e-folds number of inflation is typically required to explain the struc-
ture of the Universe on present observable scales.

One may derive a general condition for the inflationary period from the Friedmann
equation: for ä > 0,

ä = −4πa

3 (ρ + 3p) (1.16)

requires ρ+3p < 0. Therefore, any system with w ≈ p/ρ ∼ −1 may drive the exponential
expansion of space. This condition can be realized by a single scalar field, inflaton [11].
The homogeneous classical inflaton field φ has the energy density

ρ = 1
2 φ̇2 + V (φ) (1.17)

and pressure

p = 1
2 φ̇2 − V (φ) . (1.18)

It follows that as long as φ̇2 � V (φ), the Universe remains in the state w ∼ −1.
Inflationary constraints depend on the inflaton potential V (φ), and they are often

expressed in terms of the so-called slow-roll parameters, ε and η

ε ≡ M2
P l

2

(
V ′(φ)
V (φ)

)2

, η ≡ M2
P lV

′′(φ)
V (φ) . (1.19)
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For successful inflation, both slow-roll parameters are required to be small (ε, η � 1).
Quantum fluctuations of the inflaton field result in the energy density perturbations

encoded in the CMB spectrum. The spectral index ns and the tensor-to-scalar ratio r are
given by

ns − 1 ≡ d ln δ2
Φ

d ln k
, r ≡ δ2

h

δ2
Φ

, (1.20)

where δ2
Φ(k) and δ2

h(k) represent scalar and tensor perturbations, respectively (refer to
[7] for details). They are measured by the CMB experiments and serve as important
parameters to constrain different inflationary models.

In spite of the great success of the inflationary Big Bang cosmology, it is still challenging
to bridge the gap between the inflationary period and the subsequent thermal phase. A
simple approach to reheating is to consider the following interactions between the inflaton
field and the SM particles

ΔLint = −gϕχ2 − hϕψ̄ψ , (1.21)

where ϕ, χ and ψ represent the inflaton, a scalar field, and a spinor field, respectively.
The decay rates of the inflaton field are

Γχ ≡ Γ(ϕ → χχ) = g2

8πm
, Γψ ≡ Γ(ϕ → ψψ) = h2m

8π
, (1.22)

where m is the inflaton mass.
The reheating occurs almost instantaneously when the effective decay rate of inflaton

Γϕ becomes comparable to the Hubble rate H. The inflaton number density satisfies the
Boltzmann equation

ṅϕ + 3Hnϕ = −Γϕnϕ , (1.23)

where nϕ denotes the number density of inflaton field. When H � Γϕ, the righthand side
can be neglected and the solution satisfies a3nφ = const. As H decreases, eventually it
becomes comparable to Γϕ and in the Γϕ � H limit we get

ṅϕ ≈ −Γϕnϕ ; nϕ ∝ exp (−Γϕt) . (1.24)

The exponential decrease in (1.24) represents inflaton decay.
The Higgs field of the SM can play the role of χ such that reheating proceeds via

φ → hh. Since the Higgs couples to other SM particles, this creates an SM thermal bath.
Note that the Higgs field plays an exceptional role here: it is the only SM field that can
couple to the inflaton at the renormalizable level.
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Since the inflaton field is semiclassical, realistic reheating processes are often compli-
cated by the non-perturbative effects due to the Bose enhancement. For instance, the
rate of the process ϕ ↔ χχ is proportional to

|〈nϕ − 1, nk + 1, n−k + 1|â+
k â+

−kâ−
ϕ |nϕ, nk, n−k〉|2 = (nk + 1)(n−k + 1)nϕ , (1.25)

and

|〈nϕ + 1, nk − 1, n−k − 1|â+
ϕ â−

k â−
−k|nϕ, nk, n−k〉|2 = nkn−k(nϕ + 1) , (1.26)

where n±k are the occupation numbers of χ particles, and â±
ϕ represent their creation and

annihilation operators. The Bose enhancement of the amplitudes is particularly important
during the inflaton oscillation epoch, which sets in right after inflation and creates a non-
adiabatic environment. Moreover, the produced particles can interact with the inflaton
background leading to important backreaction and rescattering effects [12–15]. This phase
of particle production preceding reheating is called “preheating.” Sec. 2 is dedicated to
studying such effects.

Observational constraints require the universe to go through a radiation-dominated
phase in its evolution. In particular, the abundance of light elements, e.g. H, He, Li, and
their isotopes, is explained by Big Bang nucleosynthesis (BBN), which occurs during this
phase. Assuming protons and neutrons were in thermal equilibrium due to the process

n + ν ↔ p + e− , (1.27)

one may compute the ratio of their number densities at freeze–out [5]. At the decoupling
temperature Td, the reaction rate becomes comparable to the Hubble parameter

Γp = nν〈σv〉 � 1.6G2
F T 5 , (1.28)

Γp � H(T ) = π

3

√
10.75

10
T 2

MP

(1.29)

=⇒ T � 0.86 MeV = Td , (1.30)

where GF is the Fermi constant and 10.75 represents effective degrees of freedom (d.o.f)
of the primordial plasma. Thermal distribution of light elements requires

nn

np

� e− Q
T , (1.31)

� e− 1.293MeV
0.86MeV � 1

5 at T = Td , (1.32)

where Q = mn − mp = 1.293MeV. Including all the relevant reactions, one finds a more
precise value

nn

np

� 1
7 . (1.33)
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Therefore, if all the frozen–out neutrons fuse into helium that consists of two protons and
two neutrons, the mass ratio of the helium to the total baryonic mass would be

Yp = # of baryons in helium
# of baryons in all elements = 2 + 2

2 + 14 = 1
4 = 25% . (1.34)

This is a remarkable prediction of BBN.∗ Although the realistic formation of helium
elements is more involved (e.g. the deuterium bottleneck), it does not alter the fact that
the Universe had to retain thermal equilibrium with the temperature T � 1 MeV at t � 1
sec. It follows that the temperature during reheating must be higher than a few MeV.

On the other hand, little is known about the microscopic theory of inflation and reheat-
ing. The simplest approach, based on the Occam’s razor, is to include only the minimal
ingredients, such as a single inflaton, a single DM degree of freedom, and renormalizable
interactions among them. This is the approach taken in this thesis.

To account for inflation consistent with the present data, it proves expedient to in-
clude a non–minimal inflaton coupling to gravity. Although this corresponds to a higher
dimensional operator, such a coupling is generally induced by loop effects [16] and plays
a major role in the dynamics at large field values characteristic of inflation [17,18].

The Jordan frame is defined as a frame in which the coupling of a scalar field and
gravity is explicit in the action

S =
∫

d4x
√−g

[(
1

16πG
− ξφ2

2

)
R − 1

2∇μφ∇μφ − V (φ)
]

, (1.35)

where V (φ) is the scalar field potential and ξ is a dimensionless coupling constant. The
conformal transformation

gμν → g̃μν = Ω2gμν , Ω2 = 1 − 8πGξφ2 (1.36)

and the redefinition of the scalar field

dφ̃ = [1 − 8πGξ(1 − 6ξ)φ2]1/2

1 − 8πGξφ2 dφ , (1.37)

define the Einstein frame where the coupling to the curvature vanishes

S =
∫

d4x
√−g̃

[
R̃

16πG
− 1

2∇̃μφ̃∇̃μφ̃ − Ṽ (φ̃)
]

. (1.38)

As a result, the scalar field potential has a new form

Ṽ (φ̃) = V (φ)
(1 − 8πGξφ2)2 , (1.39)

∗Note that stellar nucleosynthesis, one of the alternatives to BBN, can account for only a fraction of
the observed helium abundance.
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where φ is given as a function of φ̃ by integrating (1.37). One finds that the new scalar
potential at large field values is exponentially close to a flat one, thereby evading strong
CMB constraints on monomial inflation. Accordingly, we will fit ns and r to observations
in Sec. 3.1.1.

The thesis studies the simplest framework based on the minimal number of assump-
tions. The aim of the framework is to account for inflation and DM with the minimal num-
ber of new degrees of freedom. The interactions have a simple renormalizable form which
is expected on general grounds in Quantum Field Theory (QFT). Hence, the framework
is powerful and the results can be incorporated into more complex models. Appendices
contain selected technical results relevant to the inflaton and preheating dynamics, and a
brief guide to lattice simulations.



2. Particle creation after inflation

While the ideas of cosmic inflation and subsequent thermal equilibrium state in the early
Universe are widely accepted, it is not yet known what could happen between the two
epochs. The term ‘reheating’ is generally understood to mean any process of reaching
the thermal Universe after inflation. However, during the inflaton oscillation epoch, there
is an interesting possibility of considerable non–thermal particle production [19–23]. This
phenomenon or the corresponding regime is referred to as ‘preheating’ and it features very
different aspects from the perturbative reheating mechanism. To take into account non–
linear and non–perturbative effects involved in preheating, we perform lattice simulations
and present results with LATTICEEASY [24] (see B).

Let us consider an interaction term of the form

−ΔL = 1
4λφhh2φ2 + V (φ) , (2.1)

where h denotes the Higgs field but it can be any scalar field for our purpose. The inflaton
potential V (φ) can be described locally by a quadratic or a quartic function around the
minimum†

V (φ) = 1
2m2

φφ2 or 1
4λφφ4 . (2.2)

In what follows, we consider both of these options.

2.1 φ4–preheating

The oscillatory motion of inflaton background field can be approximated by an even
monomial function. In a φ4 potential, the classical inflaton background obeys the equation
of motion (EOM) [21]

φ̈ + 3Hφ̇ + λφ φ3 = 0 . (2.3)

The solution is described by a Jacobi elliptic cosine function (see A.1),

φ(t) = Φ0

a(t) cn
(

x,
1√
2

)
, (2.4)

†Note that this does not represent the inflaton potential during inflation.

9



10 Chapter 2. Particle creation after inflation

where x = (48λφ)1/4
√

t is the conformal time in the Planck units MPl = 1. The initial
scale factor is set to 1 (a(0) = 1) and a(t) ∝ √

t shortly thereafter in the quartic inflaton
model.

On the other hand, the interaction term in the EOM for the Higgs field is not negligible

ḧ + 3Hḣ − 1
a2 ∇2h + λφh

2 φ2h = 0 . (2.5)

One may quantize the Higgs field ĥ in terms of the creation and annihilation operators
â†

k, âk

ĥ = 1
(2π)3/2

∫
d3k

(
âkhk(t)e−ik·x + â†

khk(t)∗eik·x)
, (2.6)

where hk are the Fourier modes with comoving 3–momentum k = p/a. The EOM for the
mode functions in the rescaled variables Xk(t) ≡ a(t)hk(t) is given by

X ′′
k +

[
k2 + λφh

2 Φ2
0 cn2

(
x,

1√
2

)]
Xk = 0 , (2.7)

where the prime represents the conformal time derivative a(d/dt). We define the Higgs
k–mode occupation numbers using the relation of harmonic oscillators

Ek ≡ 1
2 |X ′

k|2 + 1
2ω2

k|Xk|2 =
(

nk + 1
2

)
ωk , (2.8)

where Ek is the comoving energy stored in Xk. Therefore, the occupation number is

nk = ωk

2

( |X ′
k|2

ω2
k

+ |Xk|2
)

− 1
2 , (2.9)

where ω2
k = k2 + λφh

2 Φ2
0 cn2

(
x, 1√

2

)
. The term 1/2 represents “vacuum fluctuations” and

serves as one of the important initial parameters in lattice simulations. Large occupation
numbers nk � 1 are required to neglect quantum effects, allowing for a semiclassical
description of the system. The comoving variance and energy density corresponding to
the Higgs quanta are

〈X2〉 =
∫ d3k

(2π)3 |Xk|2 �
∫ d3k

(2π)3
nk

ωk

, ρX =
∫ d3k

(2π)3 ωknk . (2.10)

It is useful to rewrite (2.7) with dimensionless parameters

X ′′
k +

[
κ2 + λφh

2λφ

cn2
(

x,
1√
2

)]
Xk = 0 , (2.11)

where now the prime denotes differentiation with respect to x and

κ2 = k2

λφΦ2
0

. (2.12)



11 Chapter 2. Particle creation after inflation

Figure 2.1: Instability chart of the Lamé equation [21] with q = λφh/(2λφ). The solution grows
exponentially in the areas enclosed by the contours (ln nk ≈ 2μkx). The Floquet exponent μk is constant
along the contours and decreases outwards. One contour step corresponds to the increment Δμk = 0.0237,
and the innermost corresponds to maximal μk = 0.237.

Equation (2.11) takes the form of the Lamé equation and its solution is understood by
the Floquet theory. The solutions either oscillate or grow exponentially with the Floquet
exponent and x, depending on κ2 and q = λφh/(2λφ). The corresponding instability chart
on (q, κ2) is illustrated in Fig. 2.1. For the momentum mode in the “unstable” bands
of the chart, the amplitude grows exponentially representing parametric resonance and
leading to explosive Higgs production due to Bose–Einstein enhancement.

The system is conformal with respect to the scale factor in contrast to φ2–preheating,
so the ratio of the couplings, λφh/(2λφ), determines the characteristics of the solu-
tion. As a result, even for small couplings the resonance can be significant, especially
if λφh/(2λφ) � 1 where the Floquet exponent μk is large (see the region where q � 1
in Fig. 2.1). The resonance ends not due to the expansion of the Universe, but to back-
reaction and rescattering of the produced particles. For λφh/(2λφ) � 1, the region of
resonances becomes small and narrow with a smaller Floquet exponent, so the exponen-
tial growth of the amplitude is substantial only on a long timescale.

Self–interaction due to the potential term of φ4 can also generate inflaton quanta even
in the absence of interactions with other fields (see Fig. 2.2). Expanding φ = 〈φ〉+δφ and
quantizing δφ, one can write down an equation of motion for the inflaton analog of Xk,
which we denote by ϕk. At quadratic order φ4 → 6〈φ〉2 δφ2, we find

ϕ′′
k +

[
κ2 + 3 cn2

(
x,

1√
2

)]
ϕk = 0 . (2.13)

Therefore, (2.13) is equivalent to (2.11) with the effective q–parameter λφh/(2λφ) → 3.
For λφh/(2λφ) � 3, production of the inflaton quanta is more efficient than Higgs

production. In this case, most of the energy remains in the inflaton field and no successful
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Figure 2.2: Left: decay of the classical inflaton background 〈ϕ〉 in the comoving frame (ϕ = a φ) in the
quartic inflaton potential. The amplitude is normalized to 1 at the initial point. Right: growth of the
inflaton quanta

∑
k nk that is proportional to the number density. The conformal time z is defined by

dz =
√

λφ Φ0 dt/a(t); λφ = 10−13 and Φ0 = 1.7 in Planck units.

reheating occurs. Therefore, in the inflaton dark matter model to be discussed in Sec. 3.1,
we exclude this possibility and focus on moderate and large λφh/(2λφ).

The resonant particle production at the early linear stage is followed by backreaction
and rescattering of the produced particles. One may define the end of the first linear
phase in preheating as the time when the interaction term becomes comparable to the
inflaton potential. We find that interactions can still be active due to the subsequent
non–linear effects until the system reaches the energetically stable state. Therefore, lattice
simulations are often essential to take such collective effects into account.

2.2 φ2–preheating

In the quadratic potential, one obtains an analog of the Lamé equation which has the
form of the Mathieu differential equation.

In the quadratic inflaton potential

Vφ =
m2

φ

2 φ2, (2.14)

the equation of motion is given by

φ̈ + 3Hφ̇ + m2
φφ = 0 . (2.15)

After a few oscillations, the solution becomes [7]

φ(t) = Φ(t) cos mφt, Φ(t) = Φ0

a(t)3/2 , (2.16)

with

a(t) =
(

mφt

mφt0

)2/3

, (2.17)
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Figure 2.3: Stability chart of the Mathieu equation (2.19), where the stable regions are shaded. The
red Ak = 2q line represents the trajectory for k = 0 modes.

where t0 is the initial time of the preheating epoch, a = 1. One may find the relation
between a and t by integrating dt = da/(aH) with H = mφΦ/

√
6. It follows

mφt0 =
√

8
3

1
Φ0

. (2.18)

The Higgs fields are quantized in the same way as in Sec. 2.1, but we take a different
background field value for φ and exploit a different rescaling scheme. Then, one may
derive the Mathieu equation [20]

X ′′
k + (Ak + 2q cos 4z) Xk = 0 , (2.19)

where a small term proportional to H2 has been neglected and the Fourier modes hk have
been traded for Xk: hk = a−3/2Xk. The other relevant quantities are defined by

z ≡ mφt

2 , q ≡ λφhΦ2

2m2
φ

, Ak ≡ 4k2

m2
φa2 + 2q . (2.20)

The characteristics of the solution are determined by q, Ak, and the corresponding
stability bands: for any modes in the “stable” regions, the solution oscillates, otherwise,
it grows exponentially. The stability chart is shown in Fig. 2.3. Note that the solution
is stable in the shaded regions, as opposed to the Lamé instability chart for the quartic
inflaton potential. Given the initial values of Ak and q � 1, the momentum modes
move towards the origin on this plane. Along the way, Xk goes through regions where it
oscillates or grows. In the weak coupling regime, the parametric∗ resonance is expected

∗The resonance in an expanding Universe due to a φ2 potential is often considered stochastic since the
occupation number can rise and fall, depending on the phase [20].
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Figure 2.4: Left: the energy fraction of the inflaton and Higgs for φ2–preheating with λφh ≈ 2 × 10−6,
Φ0 � 1, and mφ � 5 × 10−6. Right: evolution of the equation of state w. Its peak corresponds to the
even distribution of energy at mφt ∼ 300.

to end at the last stability zone when∗

q � 1 , (2.21)

after which the exponential growth stops.
However, the backreaction of the produced h–quanta has been neglected, even though

it can have a significant impact on the evolution of the system. That is, efficient particle
production leads to the rapid growth of 〈h2〉 which induces an effective inflaton mass
squared 1

2λφh〈h2〉. When it becomes comparable to m2
φ, the resonance is expected to

shut down since the inflaton term can no longer be expressed by a simple function. If
the interaction is sufficiently strong, this could happen before q reaches 1, so the end of
parametric resonance, in this case, corresponds to [20]

√√√√λφh〈h2〉
2m2

φ

∼ 1. (2.22)

As in the case of φ4–preheating, the backreaction effects do not simply induce an
effective mass but they also lead to rescattering of the DM and inflaton quanta [25]. We
take into account such effects treating the system semiclassically with lattice simulations
(for a recent related analysis, see [26]).

Fig. 2.4 represents a case of the strong coupling regime in φ2 preheating obtained with
lattice simulations. It is very difficult to describe the dynamics of the preheating system
analytically. One studies energy distribution, the end of preheating, and the evolution of
the equation of state from simulation results. The φ2–dominated system undergoes tur-
bulent particle interactions until the end of preheating when the total energy is shared by
each field component. The equation of state evolves from non–relativistic one, depending
on the interaction intensity.

∗Note that different conventions for z can be used [20].



3. Minimal extensions of the
Standard Model

3.1 Inflaton dark matter

In this section, we examine a minimal extension of SM where a single real scalar field φ

serves as both inflaton and dark matter [27–45]. The decay of the inflaton background
and the dynamics of particle interaction during preheating depend crucially on non–linear
and non–perturbative effects [19–21, 25, 46, 47]. To account for such effects, we perform
lattice simulations (see B). The main aim of this section is to see whether the inflaton
dark matter model can survive different constraints, and if so, what kind of parameters
could be allowed.

3.1.1 Non–minimal coupling to gravity

Inflationary models with a monomial inflaton potential are strongly disfavored by CMB ex-
periments [48]. However, one may retain such renormalizable interactions by introducing
the so-called non–minimal coupling to gravity [16]. In this model, a direct Higgs–inflaton
coupling is sufficient to reheat the Universe. The relevant Lagrangian in the Jordan frame
reads [29]:

LJ =
√

−ĝ
(

−1
2ΩR̂ + 1

2 ∂μφ∂μφ + (DμH)†DμH − V (φ, H)
)

. (3.1)

ĝμν is the Jordan frame metric and R̂ is the corresponding scalar curvature. In the unitary
gauge,

H(x) = 1√
2

⎛
⎝ 0

h(x)

⎞
⎠ , (3.2)

we impose Z2–symmetry on the potential to make φ stable,

V (φ, h) = 1
4λhh4 + 1

4λφhh2φ2 + 1
4λφφ4 + 1

2m2
hh2 + 1

2m2
φφ2 . (3.3)

The mass parameters are assumed to be much below the Planck scale. The function Ω in
Planck units (MPl = 1) is

Ω = 1 + ξhh2 + ξφφ2. (3.4)

15
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By a conformal metric rescaling gμν = Ω ĝμν , we can describe the system in the Einstein
frame where the scalar curvature term is minimal. The Einstein frame Lagrangian takes
the form in the large field limit (Ω � ξhh2 + ξφφ2) [49],

L = 3
4

(
∂μ ln(ξhh2 + ξφφ2)

)2
+ 1

2
1

ξhh2 + ξφφ2

(
(∂μh)2 + (∂μφ)2

)
− V

(ξhh2 + ξφφ2)2 . (3.5)

We rewrite the kinetic terms with the variables [50]

χ =
√

3
2 ln(ξhh2 + ξφφ2) ,

τ = h

φ
, (3.6)

as

Lkin = 1
2

(
1 + 1

6
τ 2 + 1

ξhτ 2 + ξφ

)
(∂μχ)2 + 1√

6
(ξφ − ξh)τ

(ξhτ 2 + ξφ)2 (∂μχ)(∂μτ)

+ 1
2

ξ2
hτ 2 + ξ2

φ

(ξhτ 2 + ξφ)3 (∂μτ)2 . (3.7)

In general, τ and χ can mix, but if the (local) minimum of the potential is at

τmin = 0 , (3.8)

the mixing vanishes. The Einstein frame potential at large χ,

VE = λhτ 4 + λφhτ 2 + λφ

4(ξhτ 2 + ξφ)2 , (3.9)

has a local minimum at τ = 0 if

λφhξφ − 2λφξh > 0 . (3.10)

The canonically normalized fields at this point are

χ′ = χ

√
1 + 1

6ξφ

, τ ′ = τ√
ξφ

. (3.11)

At leading order in 1/(ξhh2 +ξφφ2), the potential is flat with respect to χ: VE = λφ/(4ξ2
φ).

The τ ′ field behaves as a heavy spectator and can be integrated out if mτ ′ � H, where H

is the inflationary Hubble rate,

λφh � λφ
12ξh + 1

6ξφ

. (3.12)

The dynamics of the system do not reduce to that of a single field χ′, if this inequality
is violated. The χ′ field is a natural inflaton candidate since the potential is almost flat
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in the χ′ direction. Let us take ξh = 0 which is allowed by (3.12), as long as λφh is large
enough.
Keeping the next to leading term in the 1/(ξhh2 + ξφφ2), one finds

VE = λφ

4ξ2
φ

(
1 + exp

(
−2γχ′

√
6

))−2

, (3.13)

where

γ =
√√√√ 6ξφ

6ξφ + 1 . (3.14)

Since ∂VE/∂τ = 0 at the minimum, there is no contribution to the potential from the
τ −χ mixing at this order. The above potential is the same as that for Higgs inflation [51]
which requires γ � 1, while in our case γ can be less than 1.

The slow–roll parameters determine the inflationary properties,

ε = 1
2

(
∂VE/∂χ′

VE

)2

,

η = ∂2VE/∂χ′ 2

VE

. (3.15)

Inflation ends when ε � 1, which defines χ′
end. In the slow–roll approximation, the number

of e–folds is given by

N =
∫ end

in
H dt = −

∫ end

in

VE

∂VE/∂χ′ dχ′ . (3.16)

For a given N , this equation defines the initial χ′
in, ε, and η,

N � 3
4γ2 exp(2γχ′

in/
√

6) , (3.17)

ε � 3
4γ2N2 , (3.18)

η � − 1
N

. (3.19)

The COBE constraint on inflationary perturbations requires VE/ε � 0.0274 at χ′
in [52],

which implies
λφ

4ξ2
φ

= 4 × 10−7 1
γ2N2 . (3.20)

The scalar spectral index n and the tensor to scalar ratio r are derived via

n = 1 − 6ε + 2η � 1 − 9
2γ2N2 − 2

N
,

r = 16ε � 12
γ2N2 . (3.21)

Fig. 3.1 shows that these predictions can explain very well the PLANCK data for N = 50
to 60 [48].
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Figure 3.1: Marginalized joint 68 % and 95 % CL regions for the scalar spectral index ns and the tensor
to scalar ratio r at the pivot scale k = 0.002 Mpc−1 [48].

Note that γ � 1 contradicts our approximations, i.e. the expansion in 1/(ξhh2 +
ξφφ2) = exp

(
−2γχ′/

√
6

)
is no longer valid. For γ � 1/

√
N , one finds from (3.17) that

inflation may take place in the regime exp
(
−2γχ′/

√
6

)
� 1, where higher order terms

are important.
The unitarity of the system imposes additional constraints on the model. One may

expand the scalar curvature in terms of the linearized metric perturbation and find that
the non–minimal coupling to gravity corresponds to a non–renormalizable dim–5 operator.
The model is relevant up to the unitarity cutoff, Λ ∼ 1/ξφ in Planck units [53], [54]. The
inflationary scale (λφ/4ξ2

φ)1/4 must be below the cutoff. It should be noted that Λ is
dependent on the inflaton background value [55]. However, at the end of inflation and
beginning of reheating, this background becomes insignificant, such that the cutoff is
around 1/ξφ (see also [56]). When combined with (3.20), this requires at the inflationary
scale [57]

λφ(H) < 4 × 10−5 (3.22)

and ξφ(H) < 300. We have set γ ∼ 1 since the bound is only meaningful for large ξφ.

3.1.2 Non–thermal inflaton dark matter and reheating

The central task in this model is to give an account of how the inflaton field converted
its energy into SM radiation in the early Universe and how it remains dark matter today.
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Since symmetry prevents the direct inflaton decay, this energy transfer can only occur
during the inflaton oscillation period. Due to its feeble interactions, the total number of
the inflaton quanta remains roughly constant after that.

In the case where ξh = 0 and λφh � λφ/(6ξφ), the inflaton amplitude decreases after
inflation such that ξφφ2, ξ2

φφ2 < 1 and

χ � φ . (3.23)

And the inflaton field oscillates in the quartic potential,∗

VE � 1
4λφ χ4 � 1

4λφ φ4 . (3.24)

From this point on, the Higgs quanta are produced by a time–dependent inflaton back-
ground, and the relevant analysis of particle production during preheating follows Sec. 2.1.

Slow Higgs decay, λh = 0

The Higgs self–coupling λh has yet to be determined. As it runs and decreases from
λh ∼ 0.1 at high energies, let us consider the situation where λh = 0 and the Higgs
decay is negligible on the timescale of the resonance and rescattering. The resonance
becomes intense for λφh � λφ, resulting in explosive Higgs production. Fig. 3.2 shows
that a considerable portion of the initial inflaton energy density can be transformed into
the four Higgs degrees of freedom hi available at high energies. We also observe that the
inflaton zero–mode decays quickly and converts into fluctuations.

At large couplings, λφh ∼ 10−10, the system tends to reach quasi–equilibrium on a
relatively short time scale, z ∼ 103. In other words, the energy is distributed almost
equally among the available degrees of freedom while the distribution is not yet Bose–
Einstein distribution. For λφh � 10−10, approximately 80% of the energy is carried by the
Higgs quanta and 20% by the inflaton, while for smaller couplings the inflaton fraction is
higher (Fig. 3.2). The maximal fraction of Higgs energy with a single d.o.f. is about 50%.

In a realistic scenario, we expect the Higgs field to transfer at least some of its energy
into other SM states. If this process proceeds quickly enough, the system may attain the
quasi–equilibrium with the SM fields, where the energy is distributed almost democrati-
cally among the SM relativistic degrees of freedom,

ρφ

ρtot
∼ 1

# d.o.f. (3.25)

When rescattering ends, the total number of the inflaton quanta remains approximately
constant. This allows us to set the lower bound on the dark matter abundance Y , which

∗The bare inflaton mass is assumed to be well below the Planck scale, allowing it to be neglected during
(p)reheating. However, the inflaton potential is quadratic for a short time at large ξφ: VE � λφχ2/(6ξ2

φ)
for the field range 1/(2ξφ) � |χ| � 1. We find that this feature is irrelevant for our purpose (see also [57]).
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Figure 3.2: Upper row: the energy fraction of 4 Higgs (h) d.o.f. and the inflaton (φ) as a function of the
conformal time z, dz =

√
λφ Φ0 dt/a(t) and Φ0 = 1.7 in Planck units, obtained with LATTICEEASY.

Lower row: decay of the classical inflaton background 〈ϕ〉2 in the comoving frame (ϕ = a φ). The
amplitude is normalized to 1 at the initial point.

is also invariant from this point. The relic abundance Y is defined by nφ/sSM, where nφ is
the inflaton number density and sSM is the entropy density of the SM fields. sSM is close
to the number density of the SM quanta nSM, up to a factor of a few. For 107 SM d.o.f.
at high temperature, we find

ρφ

ρtot
∼ nφ

nSM
∼ Y

(nSM/sSM) � 1
107 , (3.26)

Y � 10−3 . (3.27)

This number is far beyond the observed DM abundance Yobs = 4.4 × 10−10 GeV/mφ

for mφ � 10 keV required by the structure formation constraints. Thus, the resulting
Universe would be far too dark.

3.1.3 Thermal inflaton dark matter

As can be seen from right panels in Fig. 3.2, when λφh is large enough, the system enters
thermal equilibrium via processes like φh → φh, φφ → hh, and so on. The temperature
can then define the dark matter abundance, and therefore the standard freeze–out ap-
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proach applies as in [58], [59], [60]. From the direct detection bound and perturbativity
requirements, one finds the correct relic abundance of DM with parameter values that
result in efficient dark matter annihilation.

If we consider constraints away from the narrow resonance region mφ � 62 GeV, then
efficient DM annihilation via φφ → SM combined with the XENON1T bound requires
(see Fig. 3.3) [61]

λφh(1 TeV) � 0.25 . (3.28)

This bound applies at the TeV scale and the couplings at the inflation scale can be
obtained by solving the renormalization group (RG) equations. The RG equations are
listed in [18], with the most important one for us being

16π2 dλφ

dt
= 2λ2

φh + 18λ2
φ , (3.29)

where t = ln μ and μ is the RG energy scale. This implies that λφh will generate the
inflaton self–coupling at least of the size λ2

φh/(8π2), ignoring a large log. So, by RG
running up to the inflationary scale, we have

λφ(H) � 10−3 . (3.30)

That is, the Higgs–inflaton coupling induces the Coleman–Weinberg contribution to the
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(Jordan frame) inflaton potential,

ΔV1−loop � λ2
φh

64π2 φ4 ln φ2

φ2∗
, (3.31)

where φ∗ is a reference field value and 4 Higgs degrees of freedom have been included.
The correction can be suppressed at one point by choosing φ∗ appropriately, but not
throughout the entire field range where the last 60 e–folds of inflation take place. The
generated coupling λφ in (3.30) is far above the unitarity bound (3.22), indicating that
the model is inconsistent.

However, the narrow Higgs resonance at mφ � 62 GeV can evade the above conclusion.
Suppose the mass of DM is close to half the Higgs mass

mφ � mh0/2 , (3.32)

where mh0 = 125 GeV is the physical Higgs mass. Then, resonant DM annihilation
φφ → h → SM will be very efficient even for small couplings λφh � 10−4 [61], although
one has to be careful with possible complications related to early kinetic decoupling [62].
The resulting correction to the inflaton self–coupling is much smaller and negligible, which
satisfies all of the constraints. To conclude, in this case, |mφ − mh/2| must be below a
few GeV, or mφ should be tuned to allow for the Higgs resonance. This scenario may be
considered unnatural, but still viable for a particular reason that we do not know yet.
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3.2 Inflaton and dark matter production via φ2s2

Let us study the next–minimal extension of SM where the inflaton field produces scalar
DM particles via direct couplings [63, 64]. During the inflaton oscillation epoch, non–
thermal production of DM via φ2s2 can be very efficient, as we discussed in Sec. 2. So,
one may explain the correct DM abundance in terms of non–thermal production of DM
during preheating and find a relation between the inflaton–DM coupling and observables
at the time of reheating epoch.
In this model, we mainly consider

Vφs = λφs

4 φ2s2 , Vφh = σφh

2 φh2 , (3.33)

where the inflaton potential during preheating is given by

Vφ = 1
2m2

φφ2 or 1
4λφφ4 . (3.34)

We assume that the process φ → hh reheats the Universe on a long timescale and
σφh is small enough so it does not influence the resonant DM production. Although the
dynamics of particle production depend crucially on the inflaton potential (see Sec. 2),
the following arguments on the relic abundance of dark matter apply to both inflaton
potentials.

As studied in Sec. 3.1.2, the dark matter abundance is given by

Y = n

sSM
, sSM = 2π2

45 g∗s T 3 , (3.35)

where n is the DM number density, sSM is the SM entropy density at temperature T and
g∗s is the effective number of SM degrees of freedom contributing to the entropy. Since we
are interested in non–thermal production of DM at very weak couplings, the SM entropy
is approximately conserved and Y also remains constant as long as the total number of
the DM quanta is conserved. The observed value today is [65]

Y∞ = 4.4 × 10−10
(

GeV
ms

)
, (3.36)

which sets a constraint on the input parameters.
We will derive Y at reheating, after which it stays constant and matches (3.36). To

compute Y , we need the DM number density and the temperature TR at reheating. Since
non–thermal production of DM involves non–perturbative and non–linear computation,
we perform lattice simulations to obtain the DM number density in preheating. On the
other hand, TR is computed via late time inflaton decay φ → hh.

The evolution of the system is divided into phases. First, right after the end of in-
flation, DM is produced via parametric or stochastic resonance, followed by rescattering.
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The system in the early Universe can become relativistic depending on the strength of
interactions but later return to the non–relativistic state with the energy density domi-
nated by the inflaton.∗ Reheating is assumed to occur almost instantaneously when the
Hubble rate decreases and becomes comparable to the φ → hh decay rate,

HR � Γφ→hh , Γφ→hh =
σ2

φh

8πmφ

, (3.37)

where HR is the Hubble rate at reheating and Γφ→hh includes 4 Higgs d.o.f. available at
high energies. This, in turn, fixes the reheating temperature via the Friedmann equation
in the thermal Universe

HR =
√

π2g∗
90 T 2

R , (3.38)

where g∗ is the effective number of SM degrees of freedom contributing to the energy
density.

Since σφh, mφ, and TR are to be fixed and constrained by the correct DM relic abun-
dance, we focus on expressing HR in terms of the lattice simulation output. The result
depends on the energy balance between the inflaton and DM after preheating. Let us
parametrize

ρe(s) = δ ρe(φ) , (3.39)

where ρe(s) and ρe(φ) represent the DM and inflaton energy densities, respectively, at the
end of the simulation. Then, the Hubble rate at the end of the simulation is given by
He =

√
1 + δ

√
ρe(φ)/3, and the subsequent evolution of the Hubble rate is determined

by the equation of state of the system, H ∼ a−3(w+1)/2. Let us use the step function
approximation to determine the equation of state,

ae
rel−→ a∗

nrel−→ aR , (3.40)

where the system evolves with w � 1/3 between the end of the simulation (ae) and the
onset of the non–relativistic regime (a∗), and with w � 0 after that till reheating (aR).
We can find the parameter a∗ at the onset of the non–relativistic regime

〈Ee(φ)〉 ae

a∗
∼ mφ , (3.41)

where 〈Ee(φ)〉 is the average energy of the inflaton quantum at the end of the simulation,
〈Ee(φ)〉 = ρe(φ)/ne(φ). Since the non–relativistic inflaton may dominate the energy
density of the Universe at reheating, ρ(s) is negligible and one finds

HR = He√
1 + δ

a2
e

a2∗

a
3/2
∗

a
3/2
R

. (3.42)

∗In the relativistic regime, s still carries a large fraction of the total energy density and inflaton decay
at this stage would generally lead to overabundance of dark matter. Note that in an expanding Universe,
the energy density of non–relativistic quantities falls as a−3 whereas that of relativistic ones scales as
a−4.
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Figure 3.4: σφh vs. λφs producing the correct DM relic abundance in a φ2 potential for DM mass
ms = 1 GeV and three values of the inflaton mass.

Solving for aR and taking g∗ � 107, we have

σφh � 1.6 × 10−8 √
mφ

H2
e

(1 + δ) ne

ae

a∗

(
GeV
ms

)
(3.43)

in Planck units. The simulation outputs He, ne, ae, δ and 〈Ee〉, which thus determine σφh

(see B.2). The results are shown in Fig. 3.4.
In Fig. 3.4, one may expect the above formula to adopt a particularly simple form

when the coupling λφs is sufficiently large. We find that the system has always reached
the quasi–equilibrium state for large λφs, with the inflaton and dark matter sharing about
equal amounts of energy, i.e. δ � 1 (see Fig. 2.4). Then, 3H2

e /((1 + δ)ne) determines the
average energy of the DM quantum at the end of the simulation and the average energy
of the inflaton quantum as well, which is equal to mφ(a∗/ae) in (3.41).
Therefore, (3.43) takes a universal form

σφh � 5 × 10−9 m
3/2
φ

(
GeV
ms

)
, (3.44)

independently of the coupling and initial conditions, as long as λφs is large enough. That
is, the “memory” of the early interactions is wiped away in equilibrium. In this strong
coupling regime, the reheating temperature is given by mφ/ms only, and the expression
for the DM abundance also takes a simple form,

TR ∝ mφ/ms , Y � 0.4
Γ1/2

φ→hh

mφ

. (3.45)
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Figure 3.5: σφh vs. λφs in φ4 potentials for DM mass ms = 10 keV and mφ = 1 TeV; Φ0 � 1.7.

The above results apply to both φ2 and φ4 preheating potential, as long as λφs is suf-
ficiently large. However, if λφs is too large, loop corrections would affect the inflaton
potential significantly by ΔVφ ∼ (λ2

φs/64π2) φ4 ln(φ2/φ2
∗) with some reference value φ∗,

and it would also induce significant DM self–interaction which can lead to DM thermaliza-
tion, depending on ms. For example, at ms ∼ 1 GeV, non–thermalization sets a constraint
λs ∼ λ2

φs/(16π2) � 10−4, and for lighter DM, the bound gets even stronger [66].
Note that the coupling between inflaton and DM should not be too weak either. Small

occupation numbers of DM invalidate the semiclassical description of the system and the
resulting large σφh at weak coupling regimes may affect the dynamics of inflaton and DM
during preheating. We found that σφh larger than 10−8 could cause efficient tachyonic
production in φ2–preheating.

Fig. 3.5 illustrates the allowed range of the main interactions in the quartic inflaton
preheating where both inflaton and dark matter fields can be relatively light. The flat
curves of σφh imply that the system reaches the quasi–equilibrium state for large λφs/λφ.
For the weak interaction (the outlying point on the purple curve), however, resonant pro-
duction of DM would be less efficient than self–fragmentation of the inflaton background
and could generate insufficient particle number for a successful semiclassical study.

To conclude, we found that the non–thermal production of DM during preheating is
very efficient so even tiny interaction with inflaton can lead to the correct relic abundance
of DM. We took into account the collective preheating effects with lattice simulations and
presented the allowed parameter space for inflaton–DM interaction and inflaton–Higgs
coupling where their relation at strong coupling is expressible in an universal formula.
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3.3 Inflaton freeze–out

We study another possibility: a thermal inflaton φ freezes–out of the SM thermal bath
via annihilation channels to the SM fields, then decays into DM s subsequently. As in the
Weakly Interacting Massive Particle (WIMP) paradigm [67], annihilation processes help
to reduce the energy contribution of particles and this is particularly important to explain
the relic density of DM today. And if the frozen–out inflaton is the only source of dark
matter, we may also evade strong constraints on direct DM–SM couplings in experiments.
In our scenario, the inflaton should decay into DM after freeze–out, so its decay width
has to be sufficiently small. This scenario bears a resemblance to the super–WIMP idea
put forward in [68,69].

The renormalizable interactions in the Higgs portal framework [18,58,70] are given by

Vφh = 1
4λφhφ2h2 + 1

2σφhφh2 , (3.46)

Vφs = 1
4λφsφ

2s2 + 1
2σφsφs2 , (3.47)

where we have assumed the unitary gauge for the Higgs field H = (0, h/
√

2)T and Z2

symmetry s → −s to stablize DM. We consider the possibility that dark matter is non–
thermal and the Higgs–DM interaction

Vsh = 1
4λshh2s2 (3.48)

is negligibly small, λsh → 0, with the other couplings in a specific range, as summarized
in Table 1.

Coupling regime Feature
λsh � 10−11 Present model
λsh � 10−11 DM freeze–in or freeze–out
λφs � λφh Too much DM
λφs � λφh Present model
σφs � σφh Present model (no BBN constraint)
σφs � σφh Present model (with BBN constraint)

Table 1: Coupling regimes in the Higgs portal model.

Let us consider inflaton freeze–out in the non–relativistic regime. In this case, using
the Maxwell–Boltzmann distribution function, one may solve the Boltzmann equation
where the reaction rates take a simple form. Assuming that the inflaton contribution to
the total energy density is negligible, we have

ṅφ + 3Hnφ = 2〈σ(φφ → SM)v〉 (n2
φ eq − n2

φ) − Γφ · (nφ − nφ eq)
ṅs + 3Hns = 2Γ(φ → ss) nφ , (3.49)



28 Chapter 3. Minimal extensions of the Standard Model

Yeq

Y

Ys

-

-

-

-

/
Figure 3.6: Illustration of the inflaton (φ) and DM (s) abundance evolution. Here inflaton is converted
to DM 100% with BR(φ → ss) = 1.

where Γφ is the total inflaton decay width, σ(φφ → SM) is the inflaton annihilation cross
section and nφ eq is the equilibrium number density. Note that we define 〈σ(φφ → SM)v〉
including a symmetry factor of 1/2 to account for identical particles in the initial state,
so it has a factor of 2 in the Boltzmann equation which corresponds to a particle number
change by 2 units.

In Fig. 3.6, we show an example of the solution in terms of

Yi = ni

sSM
, (3.50)

where sSM is the SM entropy density. Freeze–out happens when nφ begins to deviate from
its equilibrium. In this example, the deviation seems to occur around mφ/T ∼ 10, leading
subsequently to nφ � nφ eq. After freeze–out, Yφ remains approximately constant as both
nφ and sSM scale as a−3 with the scale factor until the Hubble rate becomes comparable
to Γφ. As can be deduced from (3.49), one may neglect the annihilation term in the
Boltzmann equation since it decreases by a−6, while the decay term and the Hubble term
scale as a−3 and a−5, respectively. The Hubble constant H is assumed to be larger than
Γφ before freeze–out, so at some point, Γφ ∼ H and the inflaton decays into pairs of DM
particles very efficiently.

The resulting DM relic density fits observations for a wide range of the input param-
eters, since DM does not directly couple to the SM fields. However, the DM mass is
restricted to the range between mφ/2 due to kinematics and about 10 keV as required by
the structure formation constraints. Its couplings to itself and other fields are assumed to
be feeble since otherwise DM could thermalize, affect the system in the early stage, and
result in observable signatures.



29 Chapter 3. Minimal extensions of the Standard Model

We compute the inflaton annihilation with micrOMEGAs [71]. micrOMEGAs is orig-
inally designed to compute the relic abundance of DM for models with fixed coupling
constants. One may utilize it in the opposite way to obtain the coupling constant that
corresponds to a certain relic density. Therefore, the calculation is similar to that for
the “singlet scalar dark matter” [58–60], but with different relic densities. The dominant
process for large inflaton masses is φφ → hihi, thus 〈σ(φφ → hihi)v〉 = λ2

φh/(32πm2
φ). For

lower inflaton masses, other channels must also be taken into account.
Although we consider stable inflatons when using micrOMEGAs, the frozen–out infla-

ton quanta should decay subsequently into dark matter, at least in part. The decay rate
into the DM states is given by

Γ(φ → ss) =
σ2

φs

32πmφ

, (3.51)

assuming mφ � ms. If the inflaton is heavy enough, it can also decay directly into the
Higgs pairs, Γ(φ → hihi) = σ2

φh

8πmφ
, where 4 Higgs d.o.f. have been included. The lighter

inflaton would interact with lighter SM states at 1–loop level. The significance of this
channel depends on σφh/σφs.

We parametrize the results in terms of the branching ratio BR(φ → ss) = Γ(φ →
ss)/(Γ(φ → ss) + Γ(φ → SM)). The inflaton energy and number densities after freeze–
out are assumed to be small compared to those of the SM states. Therefore, the entropy
and energy injection resulting from its decay can be neglected. Since the SM sector
entropy is conserved, one may find

Ys = Y FO
φ × 2 BR(φ → ss) , (3.52)

where Y FO
φ is the inflaton abundance after freeze–out. Imposing the observational con-

straint on Ys (the relic abundance of DM today) and parametrizing Y FO
φ in terms of R as

Ys = 4.4 × 10−10 GeV
ms

, Y FO
φ = 4.4 × 10−10 GeV

mφ

× R , (3.53)

we have
mφ

R
= 2ms BR(φ → ss) . (3.54)

For R = 1 (Ωh2 = 0.12), the energy density of the inflaton after freeze–out is the same as
that of DM, so if the inflaton were stable, it would be a good DM candidate. Since the
branching ratio is bounded from above at 1 and mφ > 2ms as required by kinematics, we
have

R ≥ 1 . (3.55)

For a fixed R larger than 1, the correct DM density imposes a constraint on a product of
ms and BR(φ → ss) at a fixed mφ, which leads to a one–parameter family of solutions.
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Figure 3.7: λφh vs mφ reproducing the correct DM relic density for fixed R = 1, 102, 104, and 106 (Ωh2 =
0.12, 12, 1200, and 120000, respectively, in micrOMEGAs). The shaded parameter choices are forbidden
by perturbativity at the inflation scale (H = 1014 GeV), invisible Higgs decay and thermalization through
φφ → hihi , φφ → h. The dark matter mass ms is determined by (3.54).

The results are conveniently presented in terms of λφh, mφ, and R. Once these are fixed,
the dark matter mass and BR(φ → ss) are determined by (3.54). The numerical results of
micrOMEGAs are illustrated in Fig. 3.7. The curves with fixed R exhibit non–relativistic
inflaton freeze–out, leading to the correct DM relic density via (3.54). The large mφ

behavior can be readily understood: the dominant annihilation channel is φφ → hihi and
one finds

λφh � 3 × 10−4 mφ/GeV√
R

, (3.56)

where the logarithmic dependence on λφh has been neglected. Other channels become
important at low masses, while the annihilation becomes resonantly enhanced at mφ �
mh/2.

Near the resonant annihilation region, kinetic equilibrium may be lost before inflaton
freeze–out and it complicates precision calculations of the relic density [62]. This is due
to the fact that the elastic scattering rate scales as nφnSM〈σelv〉, while the annihilation
rate is proportional to n2

φ〈σannv〉. Away from the resonance, the elastic (σel) and anni-
hilation (σann) cross sections are not much different, while the annihilation rate has an
additional suppression factor nφ. As a result, kinetic equilibrium is normally maintained
at freeze–out, apart from the resonant annihilation region where σann � σel. The above
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complication, however, does not make a crucial impact at the level of our precision.

3.3.1 Thermalization constraint

As shown in Fig. 3.7, λφh and mφ are subject to different constraints. One of them is
the thermalization requirement that the inflaton should first reach thermalization before
freeze–out. One may expect that the inflaton–Higgs system reaches thermal equilibrium
when λφh is larger than a certain value at fixed mφ. The relevant processes are

φφ ↔ hihi , φφ ↔ h , (3.57)

where hi represents 4 Higgs degrees of freedom at high energies, while h denotes a single
Higgs d.o.f. at low energies. If the rate of these processes is faster than the Hubble rate
H, the Higgs particles are rapidly produced and achieve thermalization. Let us discuss
the two main processes separately.

φφ → hihi

The thermalization condition for the process φφ → hihi can be formulated by

3nφH < 2Γ(φφ → hihi) , (3.58)

where Γ(φφ → hihi) is the reaction rate per unit volume and nφ is the inflaton number
density.

Let us approximate nφ by the thermal number density at temperature T and neglect
the Higgs number density. Then, the relevant reaction rate of φφ → hihi is equivalent to
that for freeze–in production in the relativistic regime [72]. If the Higgs sector populates
faster than the Hubble expansion as described in (3.58), one expects thermalization. The
full Bose–Einstein distribution for the inflaton quanta is [72]

Γ(φφ → hihi) = 4 × 1
2!2!

λ2
φhT

16π5

×
∫ ∞

mφ

dE E
√

E2 − m2
h

∫ ∞

0
dη

sinh η

e
2E
T

cosh η − 1
ln

sinh E cosh η+
√

E2−m2
φ

sinh η

2T

sinh E cosh η−
√

E2−m2
φ

sinh η

2T

, (3.59)

where E is half the center–of–mass energy. To be explicit, we have factored out the
symmetry factor 1/(2!2!) corresponding to two identical particles in the initial and final
states as well as a factor of 4 representing 4 Higgs d.o.f. in the symmetric phase. Thermal
corrections should be included in the mass parameters at the high temperature

m2
h → m2

h

∣∣∣∣
v=0

+
( 3

16g2 + 1
16g′2 + 1

4y2
t + 1

2λh

)
T 2 , (3.60)

m2
φ → m2

φ +
(1

4λφ + 1
6λφh

)
T 2 , (3.61)
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Figure 3.8: Inflaton–Higgs thermalization constraint. The system thermalizes through φφ → hihi for
large mφ, while for small mφ, φφ → h leads to thermalization.

where v = 〈h〉 is the vacuum expectation value (VEV) of the Higgs field; g, g′, yt are the
electroweak gauge couplings and the top quark Yukawa coupling, respectively. We ignore
the variation of the Higgs mass at the electroweak crossover, which has a negligible effect
on the results.

To find the lower bound on the coupling required by thermalization, we consider (3.58)
with variation in T . For fixed couplings and zero–temperature masses, we maximize the
ratio

2Γ(φφ → hihi)
3nφH

→ max (3.62)

with respect to T . The required condition for thermalization is met if the ratio exceeds
one. In the above expression, nφ is computed with the full Bose–Einstein distribution and
H is given by

H =
√

π2g∗
90

T 2

MPl
, (3.63)

where we set g∗ = 1 which assumes that the energy density is dominated by a thermal
bath of φ.

The lower bound on the coupling for the process φφ → hihi is presented in Fig. 3.8. We
find that, for large mφ, the above ratio is maximized at T ∼ mφ, while for mφ � mh, it
reaches its maximum at T ∼ mh. The thermal mass corrections do not play a significant
role in this case. These results are largely consistent with those obtained by a somewhat
different method in [73], taking into account the difference in the active d.o.f. g∗. In
particular, at mφ � mh, thermalization requires

λφh � 4 × 10−8
√

mφ/GeV . (3.64)



33 Chapter 3. Minimal extensions of the Standard Model

The obtained constraint is subject to some uncertainty due to a non–thermal momen-
tum distribution for the inflaton field or neglected Bose–Einstein enhancement for the
Higgses, and a variation of g∗ during thermalization. While these factors contribute O(1)
uncertainty to the bound, they are not likely to have a substantial impact on the results.

φφ → h

At temperatures below the electroweak crossover critical temperature Tc, the Higgs field
develops a non–zero VEV and generates the interaction term v

2λφhhφ2. This term activates
the fusion reaction φφ → h for mφ < mh/2. The corresponding reaction rate per unit
volume is [73]

Γφφ→h =
λ2

φhv2mhT

32π3 θ(mh − 2mφ)
∫ ∞

0
dη

sinh η

e
mh cosh η

T − 1
ln

sinh mh cosh η+
√

m2
h

−4m2
φ

sinh η

4T

sinh mh cosh η−
√

m2
h

−4m2
φ

sinh η

4T

.

(3.65)
We consider a single Higgs d.o.f. and neglect the contribution of the gauge boson at low
energies.

The fusion process is efficient at temperatures below the critical temperature, but not
much below the Higgs mass. On the other hand, the fusion reaction is enhanced by the
phase space factor compared to the 2 → 2 reaction rate. Since φφ → h is active at
T � Tc, the Higgs mass and VEV variation near the critical temperature must be taken
into account. Considering the lattice study in [74], we take Tc � 162 GeV and parametrize
the Higgs VEV by

v(T ) = α T
√

162 GeV − T for 96 GeV < T < 162 GeV, (3.66)
v(T ) = 246 GeV for T < 96 GeV, (3.67)

where α is a fitted constant. Similarly, we parametrize the Higgs mass as

mh(T ) = β T (175 GeV − T ) for 96 GeV < T < 162 GeV, (3.68)
mh(T ) = 125 GeV for T < 96 GeV, (3.69)

where β is another fitted constant. We then maximize the ratio

2Γ(φφ → h)
3nφH

→ max (3.70)

with respect to T in the allowed range and derive the lower bound on λφh, requiring that
this ratio be greater than one.

Fig. 3.8 includes the resulting thermalization bound for mφ < mh/2. In this mass
range, the fusion channel gives the dominant contribution to the Higgs production rate.
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3.3.2 Further constraints

The parameter space is subject to further constraints, aside from thermalization. Our
framework must be perturbative from low energies to at least the Hubble scale H. The
couplings at high energies are found via renormalization group equations [18]:

16π2 dλh

dt
= 24λ2

h − 6y4
t + 3

8
(
2g4 + (g2 + g′2)2

)
+ (12y2

t − 9g2 − 3g′2)λh + 1
2λ2

φh ,

16π2 dλφh

dt
= 4λ2

φh + 12λhλφh − 3
2(3g2 + g′2)λφh + 6y2

t λφh + 6λφλφh ,

16π2 dλφ

dt
= 2λ2

φh + 18λ2
φ . (3.71)

Here t = ln μ with μ being the RG scale; g, g′, yt are the electroweak gauge couplings
and the top quark Yukawa coupling, respectively, which are calculated by solving the SM
RG equations. We require that all the couplings remain perturbative (λi < 4π) between
μ ∼ mφ where inflaton annihilation occurs and H ∼ 1014 GeV. Assuming λφ(mφ) ∼ 0, we
find that the values λφh(mφ) � 1 are forbidden as illustrated in Fig. 3.7.

Another constraint is imposed by the Higgs invisible decays. If the inflaton is suffi-
ciently light, h → φφ is kinematically allowed and we can write the Higgs decay rate
as

Γh→φφ =
λ2

φhv2

32πmh

√
1 −

(2mφ

mh

)2
θ(mh − 2mφ) . (3.72)

The experimental bound on the branching ratio of the invisible Higgs decay BRinv(h) < 0.1
[75] rules out a light inflaton for λφh > 10−2 (purple region in Fig. 3.7).

We note that our non–relativistic inflaton freeze–out approximation breaks down at
very large R ∼ 108 since mφ/TFO decreases steadily as R increases. Although this does
not rule out the corresponding parameter space, a more thorough examination with the
full Bose–Einstein distribution function would be required.

Finally, there are constraints from the standard nucleosynthesis. Late inflaton decay
into the SM states can disrupt the nucleosynthesis in the early Universe. Therefore, if the
branching ratio BR(φ → SM) is non–negligible, one would require

τφ < 0.1 sec . (3.73)

Parametrizing the total width (Γ = 1/τ) in terms of BR(φ → ss) and σφs, we find

σφs > 3 × 10−11
√

BR(φ → ss) mφ GeV . (3.74)

The upper bound on σφs is determined by requiring that the inflaton decay occur not too
early but after freeze–out. Considering the corresponding Hubble rate around freeze–out
and ignoring a logarithmic λφh–dependence, one may find

σφs � O(1) × mφ

(
mφ BR(φ → ss)

MPl

)1/2

. (3.75)



35 Chapter 3. Minimal extensions of the Standard Model

Thus, the trilinear coupling is suppressed by the factor (mφ/MPl)1/2 relative to the inflaton
mass. For σφh of the same order or smaller than σφs, the resulting Higgs–inflaton mixing
[57] is so small that one cannot observe.

In summary, inflaton freeze–out is an efficient and economical mechanism to explain
the current DM relic density, allowing for a wide range of the inflaton and DM masses.
The direct detection bound is not relevant in this scenario and the inflaton energy density
can exceed the energy of dark matter by orders of magnitude.



4. Conclusions

The subject of particle production after inflation is of fundamental importance. If DM
has feeble couplings, it never reaches thermal equilibrium and thus retains the memory
of how it was created. That is, the current DM abundance is a result of a short period
of intense particle production immediately after inflation. We have examined this idea in
detail within the minimal extension of the SM, with the simplest set of renormalizable
interactions. The thesis is devoted to post–inflationary particle production and related
questions. In particular, we have studied an intriguing possibility that the inflaton plays
the role of dark matter, the option that turned out to be severely constrained by particle
production considerations. Another model analyzed features a thermalized inflaton that
eventually freezes out and decays into dark matter.

In the Inflaton dark matter model, non–thermal production of DM quanta tends to
make our Universe too dark, that is, with over–abundant dark matter. Thermal DM is
viable, yet the unitarity constraint forces the DM mass to be close to half the Higgs mass
in which case resonant annihilation helps avoid the strict experimental bounds.

In a more general framework, we have studied non–thermal DM production by an
oscillating inflaton background. Particle production during preheating crucially depends
on non–perturbative phenomena such as resonances, backreaction, and rescattering of the
produced particles. To take them into account, we have performed lattice simulations
and delineated parameter space for the correct DM density. We find that the total energy
of the system can be shared democratically by each field component, depending on their
couplings and the inflaton potential. As long as the system retains the quasi–equilibrium
state, the constraint imposed by the correct DM abundance is represented by a universal
formula independent of the initial conditions and the inflaton–DM coupling.

Lastly, we have studied the possibility that inflaton freezes–out first and then decays
into DM. We find that this possibility is viable in a wide range of model parameters
despite constraints from perturbativity, invisible Higgs decay, thermalization, etc.

The results obtained in this thesis underline the importance of resonant effects in dark
matter production, which has direct implications for modern cosmology. The approach,
technique, and methodology of this work can be applied to a less minimalistic set–up (e.g.
Palatini formalism) and more fundamental theories in future studies.

36



Appendix A. Inflaton equations

A.1 Equation of motion

We solve the equation of motion for the inflaton background field in an expanding Uni-
verse, assuming the quartic inflaton preheating potential (V (φ) = λ

4 φ4). See [7] for the
quadratic case.

The equation for the classical field φ(t) [21] is

φ̈ + 3H φ̇ + λφ3 = 0 . (A.1)

In the conformal time and field

η =
∫ dt

a(t) , ϕ = aφ, (A.2)

(A.1) for ϕ reads
ϕ′′ + λϕ3 − a′′

a
ϕ = 0 , (A.3)

where ′ stands for the derivative with respect to the conformal time, d
dη

.
Assuming a′′ is negligible, one may have

�ϕ + λϕ3 = 0. (A.4)

With the substitution of u ≡ p · η and denoting ′ for the derivative with respect to u, we
obtain an autonomous ordinary differential equation (ODE), where μ and θ are integration
constants,

p2ϕ
′′ + λϕ3 = 0 (A.5)

⇒ 2p2ϕ
′′
ϕ

′ + 2λϕ3ϕ
′ = 0 (A.6)

⇒ p2(ϕ′)2 + 1
2λϕ4 = μ4 (A.7)

⇒ pϕ
′ =

√
μ4 − 1

2λϕ4 (A.8)

⇒
∫ p√

μ4 − 1
2λϕ4

dϕ =
∫

du (A.9)

⇒ p

μ2

∫ 1√
1 − λ

2μ4 λϕ4
dϕ =

∫
du (A.10)

⇒ p

μ2

∫ 1√
(1 −

√
λ

2μ4 ϕ2)(1 +
√

λ
2μ4 ϕ2)

dϕ =
∫

du (A.11)
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Defining t2 ≡
√

λ
2μ4 ϕ2 and making the above integral definite, one may have

1√
2

p

μ

(
λ

2

)− 1
4 ∫ t2

t1

√
2√

(1 − t2)(1 + t2)
dt =

∫ u2

u1
du . (A.12)

Let us set t2 = 1, t1 = t, u2 = 0, and u1 = u for the boundary conditions. It simplifies to

1√
2

p

μ

(
λ

2

)− 1
4 ∫ 1

t=± 1
μ(λ

2 )
1
4 ϕ

√
2√

(1 − t2)(1 + t2)
dt =

∫ 0

u
du (A.13)

⇒ 1√
2

p

μ

(
λ

2

)− 1
4

arccn

⎛
⎝± 1

μ

(
λ

2

) 1
4

ϕ, k = 1√
2

⎞
⎠ = −u (A.14)

⇒ ± 1
μ

(
λ

2

) 1
4

ϕ = cn

⎛
⎝(−u + θ) × √

2μ

p

(
λ

2

) 1
4

,
1√
2

⎞
⎠ (A.15)

⇒ ϕ(η) = ±μ
( 2

λ

) 1
4
cn

(
−p · η + θ,

1√
2

)
, (A.16)

where cn and arccn represent the Jacobi elliptical cosine function and its inverse function
respectively, and we chose μ in such that p2 = 2μ2

(
λ
2

) 1
2 .

The above solution is generic, so considering realistic initial conditions for the inflaton
dynamics after inflation (μ

(
2

λφ

) 1
4 = Φ0, θ = 0, etc.), one finds

φ(t) = Φ0

a(t) cn
(

x,
1√
2

)
, (A.17)

where x = (48λφ)1/4√
MPlt is the conformal time.

A.2 Decay rate

We calculate the decay rate of inflaton following Appendix A in [76] and [77] for a coupling
of the form Lint = −hφ2χ2. One may regard the inflaton field as spatially homogeneous
classical field oscillating around the minimum, and write φ(t) as a sum of infinite number
of oscillators,

φ(t) =
∞∑

n=−∞
φne−iωnt, (A.18)

where ω ≡ 2π/T with T being period of the oscillations. And the interaction Hamiltonian
is given by

V̂ = hφ2(t)
∫

d3x χ̂χ̂, (A.19)
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where

χ̂(x) =
∫ d3p

(2π)3
√

2Ep

(
ape−ipx + a†

peipx
)

(A.20)

represents scalar decay products and ap (a†
p) denotes the annihilation (creation) operator

in Minkowski space. Let us consider the S–matrix element to leading order,

−i
∫ ∞

−∞
dt 〈f |V (t)|i〉 = −i

√
2Ep2Eq

∫ ∞

−∞
dt 〈0|aqaphφ2(t)

∫
d3x χ̂χ̂|0〉

= −i
√

2Ep2Eq

∫ ∞

−∞
dt 〈0|aqaphφ2(t)

∫
d3x

×
∫ d3jd3k

(2π)6
√

2Ej2Ek

(
e−i(j+k)xa†

j
a†

k

)
|0〉

= −2ih
∫ ∞

−∞
dt

( ∞∑
n=−∞

ζne−inω′t + 〈φ2〉
)

e−i(Ep+Eq)t

×
∫

d3x ei(p+q)x

= −2ih(2π)4 δ(�p + �q)
∞∑

n=−∞
ζnδ(Ep + Eq + nω′)

= −2ih(2π)4 δ(�p + �q)
∞∑

n=1
ζnδ(Ep + Eq − nω′). (A.21)

We approximated φ2(t) as another periodic function with frequency ω′ = 2ω,

φ2(t) − 〈φ2〉 =
∞∑

n=−∞
ζne−inω′t, (A.22)

and denoted 〈· · · 〉 for the average of · · · over one period of the oscillations.
From the relation between the S–matrix and the matrix amplitude, one finds

Mn = −2hζn. (A.23)

Therefore, we obtain the total production rate

Γ =
∫

dΓ (A.24)

= 1
(# of identical particles)!

∫ ∞∑
n=1

|Mn|2dΠn (A.25)
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= 1
2

∫ d3pd3q

(2π)32Ep(2π)32Eq

∞∑
n=1

|−2hζn|2 (2π)4δ(Ep + Eq − nω′)δ(�p + �q) (A.26)

= h2 4(2π)4

2(2π)64

∫ d3pd3q

EpEq

δ(�p + �q)
∞∑

n=1
|ζn|2δ(Ep + Eq − nω′) (A.27)

= h2

2(2π)2

∫ 4π|�p|2d|�p|
E2

p

∞∑
n=1

|ζn|2δ(2Ep − nω′) (A.28)

= h2

2π

∫
d|�p|

∞∑
n=1

|ζn|2δ(2|�p| − nω′) (A.29)

= h2

4π

∞∑
n=1

|ζn|2. (A.30)

In the case of decay into two massive scalar particles, we have
∫

dΠ =
∫ d|�p||�p|2dΩ

(2π)32Ep2Eq

(2π)δ(Ecm − Ep − Eq) (A.31)

= 1
4(2π)2

∫ d|�p||�p|2dΩ
E2

p

δ(2Ep − Ecm). (A.32)

We define x ≡ 2Ep − Ecm and dx
dp

= 2p
Ep

to get

∫
dΠ = 1

4(2π)2

∫
dΩ

∫ ∞

2m−Ecm

Ep

2|�p|
|�p|2
E2

p

δ(x)dx (A.33)

= 1
8(2π)2

∫
dΩ

∫ ∞

2m−Ecm

|�p|
Ep

δ(x)dx (A.34)

= 1
8(2π)2

∫
dΩ |�p|

Ep

θ(Ecm − 2m) . (A.35)

Hence, in the massive case, where Ecm = nω′, the transition rate per unit time and unit
volume will be

Γ = 1
2

∫
|M|2dΠ = 1

2 · 8(2π)2

∫ ∞∑
n=1

|Mn|2dΩ |�p|
Ep

θ(Ecm − 2m) (A.36)

= 4π

16(2π)2

∞∑
n=1

|−2hζn|2 |�p|
Ep

θ(nω′ − 2m) = h2

4π

∞∑
n=1

|ζn|2 |�p|
Ep

θ(nω′ − 2m) (A.37)

= h2

4π

∞∑
n=1

|ζn|2
√

1 −
( 2m

nω′

)2
θ(nω′ − 2m). (A.38)

Note that this represents the production rate of two scalar particles from an external
source. To compute the decay rate of inflaton, one may exploit the energy conservation
relation

ρφ(Γφ)nΔt = (Ecm)n(Γ)nΔt. (A.39)
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Finally, we are left with

Γφ =
∞∑

n=1

(Ecm)n

ρφ

(Γ)n (A.40)

= 1
ρφ

h2

4π

∞∑
n=1

nω′|ζn|2
√

1 −
( 2m

nω′

)2
θ(nω′ − 2m). (A.41)

Just to simplify the formula, we remove the Heaviside step function in the last equation
and put back the frequency ω′ = 2ω:

Γφ = h2ω

2πρφ

∞∑
n=1

n|ζn|2
√

1 −
(

m

nω

)2
. (A.42)
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We present a brief guide to utilizing lattice programs for those wanting to easily under-
stand and reproduce physical observables of particle interaction in the post–inflationary
Universe. For simplicity, we focus on the interaction of scalar fields in monomial inflaton
potentials, and details of technical difficulties will be excised from the discussion. We
have performed lattice simulations with CLUSTEREASY, the parallel computing version
of LATTICEEASY [24].

B.1 Basics

What lattice simulations do for us is to solve a series of field equation together with the
Friedmann equations in an expanding Universe which is embodied in a discrete spatial
grid (lattice) on computer.

f̈ + 3 ȧ

a
ḟ − 1

a2 ∇2f + ∂V

∂f
= 0 (B.1)

ä = −4πa

3 (ρ + 3p) (B.2)
(

ȧ

a

)2
= 8π

3 ρ (B.3)

where

ρ = T + G + V ; p = T − 1
3G − V (B.4)

T = 1
2 ḟ 2 ; G = 1

2a2 |∇f |2 . (B.5)

T and G represent kinetic and gradient energy respectively. The discrete D–dimensional
space of Universe is formed into a line (D = 1), a square (D = 2), or a cube (D = 3) with
N grid points per edge whose length is L in rescaled units. The lattice tool will process
a sequence of the above computation at a fixed time and iterate it varying the time by
dt. So, after coding a model in computer language, one should find by trial and error a
moderate time step that is small enough to capture realistic physics, but not too small
because the smaller time step makes running time longer.

The output variables that are averaged over the whole spatial lattice points include
field means (〈f〉), variances (〈f2〉 − 〈f〉2), the scale factor (a), its derivatives (ȧ, ä), and
energy densities (K, G, V ).

However, it is not yet possible to determine whether those quantities represent a real
physical system, or not. One may want to discuss relevant physics in momentum space.
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To this end, we Fourier–transform field values and their derivatives to fabricate another
grid object in discrete momentum space. The new momentum lattice inherits properties
from three simulation parameters, N , L and D. That is, the grid spacing is determined
by

kmin = 2π

L
; (B.6)

kmax = kmin ×
√

D

2 N (B.7)

represents the largest characteristic momentum scale of the system; and the power spectra
(ω2

k, |fk|2, |f ′
k|2, nk, and ρk) are isotropic, thereby given in terms of |k|.

Just as reducing the time step leads to better accuracy of the outcome, running simulations
with large L and N in 3–dimensional space in general allows one to achieve a wider
momentum window at the expense of longer simulation time, which is proportional to
ND.

One might wonder how to choose a set of proper simulation parameters required to
capture the relevant physics we want. One of the standard measures is to increase N

and L, and to repeat simulations until the spectral picture remains unchanged. However,
this can be very challenging from a practical point of view, especially when one wants to
vary other physical parameters such as coupling constants. Furthermore, it could become
worse if one obtains completely wrong but static power spectra. Note that the power
spectra also vary over time naturally due to interactions, so one will need to check the
entire traces of the power spectra at the end of simulations.

A strategy we adopted to validate simulations is to secure maxima of k2n|k| in 0 <

|k| < kmax/
√

3. This is mainly because we want to make use of spherically symmetric
part of the momentum cube whose length is kmin × N or, equivalently, 2√

3kmax. The
largest possible sphere inside the cube has a radius of kmax/

√
3. Therefore, only within

the domain 0 < |k| < kmax/
√

3, k2 corresponds to the multiplicity of the lattice points
that have the same |k|, and the maximum value of k2n|k| contributes most to such a term
like

∫
nkd3k.

B.2 Application

Let us take a brief look at how the outcome of lattice simulations can be applied to a
physics model. In Sec. 3.2, we discussed a relation between inflaton–DM coupling and
inflaton–Higgs interaction as the final outcome of the model. Working out (3.35)–(3.38),
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one may obtain explicit expressions of the outcome in terms of input parameters

Γφh(a) =

√√√√8π3g∗/90/M2
pl

(
45nea3

e

2π2g∗Y0

)4/3

a−2 (B.8)

σφh(mφ, a) =
√

32πmφ/4(8π3g∗/90/M2
pl)1/4

(
45nea

3
e

2π2g∗Y0

)1/3

a−1, (B.9)

where ne and ae denote the number density of dark matter and the scale factor at the
end of simulation. Note the difference in notation: Mpl is 1.22 × 1019GeV.

From the continuity equation, one may derive the Hubble rate in terms of a generic
equation of state w(a)

H(a) = He√
1 + δ

exp
[∫ a

ae

−3
2 (1 + w(a)) a−1da

]
, (B.10)

where δ denotes energy fraction of DM to inflaton field. The subscript e stands for the
end of simulation.

Using a Mathematica code, we solve H(aR) = Γ(aR) to find the scale factor at reheat-
ing, aR, and output σ(mφ, aR) accordingly. The equation of state of the system w(a) can
be any function of the scale factor a. As an example, we take w(a) as a product of the
Heaviside step function θ(a∗ − a) times 1/3 with a∗ being equal to the scale factor when
the Universe becomes non–relativistic.

Defining comoving effective energy of inflaton qunata as

E =
∑

ρk∑
nk

, (B.11)

we expect at a = a∗

E

ae

ae

a∗
∼ mφ, (B.12)

→ a∗ ∼ E/mφ. (B.13)

Therefore, in this case

H(a) = He√
1 + δ

exp
[∫ a

ae

−3
2

(
1 + 1

3θ(E/mφ − a)
)

a−1da
]

(B.14)

is equivalent to (3.42).
One of the information files for lattice simulations reads

--------------------------
Model Specific Information
--------------------------
f0=1.930000e-01
initderiv=0.000000e+00
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massPhi=4.000000e-06
massChi=8.190612e-25
lambdaPhi=0.000000e+00
lambdaPhiHig=0.000000e+00
lambdaPhiChi=1.000000e-06
kcutoff=4.130248e+00
beta=2.000000e+00
sigmaPhiChi=0.000000e+00
sigmaPhiHig=0.000000e+00

--------------------------
General Program Information
-----------------------------
Grid size=128^3
Number of fields=6
L=4.215842
dt=0.005000, dt/dx=0.151808
Expansion calculated self-consistently
MPI version run with 32 processors

Run began at Sun Jul 11 00:08:20 2021
Run ended at Sun Jul 11 19:10:55 2021

Run from t=0.000000 to t=1000.002500 took 19 hours, 2 minutes, 35 seconds

This set–up corresponds to a case for non–thermal production of DM via φ2s2 in φ2

preheating (Sec. 3.2), where Chi represents dark matter s, so λφs is set to 10−6, etc.
We found that the relevant physics scale is generally proportional to the interaction

strength, λφs. Therefore, the size of the box L in rescaled distance units was set to

L = π
√

DN

40

(
λφsΦ2

0

8m2
φ

)−0.25

, (B.15)

such that
kmax = kmin ×

√
D

2 N = 2π

L

√
D

2 N = 40 ×
(

λφsΦ2
0

8m2
φ

)0.25

, (B.16)

where the prefactor 40 has been determined empirically.
The initial amplitude of inflaton background field f0 is determined by solving the EOM

numerically when the initial velocity of inflaton becomes zero. And the distribution of
initial field values with field fluctuations is given according to the Rayleigh distribution.
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Figure B.1: Upper left: fraction of the energy density of the inflaton and dark matter as a function
of the conformal time mφt. Upper right: comoving number density of dark matter obtained by summing
over all occupation numbers in momentum space. Lower row: power spectra of fields. The red and blue
curves represent the power spectra at the early and late stage of preheating, respectively.

We set the initial momentum cutoff, kcutoff, to be large enough so the relevant (e.g.
parametric) particle production could occur at k < kcutoff.

The results of lattice simulations are illustrated in Fig. B.1. One may infer that even
the weak interaction could lead to explosive production of DM particles without harming
the energy dominance of inflaton field. The next step is to refine the rescaled output
variables into physical ones and solve equations for observables at reheating.

B.3 Limitations

Even though lattice simulations lead us to various interesting phenomena in the early
Universe, there are still a few concerns that one should keep in mind.

Firstly, simulation parameters (L, N , dt, etc.) are very subtle and can be subject to
practical or technical constraints. In some cases, it is difficult to predict the proper size
of the momentum window, before implementing simulations. So, one wants to extend it
as much as possible. However, a slight change in those parameters can lead to an increase
in the running time by orders of magnitude (e.g. a day → a few weeks). This is not
only because kmin and kmax are correlated, but also because a certain combination of the
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parameters can violate the Courant stability condition dt < dx√
D

= L
N

√
D

[78], for which one
should inevitably set smaller dt. This is the case when the interaction is very strong, so
backreaction and rescattering of the produced particles make a broad separation between
infrared (IR) and ultraviolet (UV) scales in momentum space [26]. However, the transition
progresses over time from IR to UV, so we could focus on the late time behavior of the
system assuming that intense backreaction and rescattering due to strong couplings erase
the memory of IR events at the early stage of simulations.

Second, both IR and UV scales can be equally and simultaneously important in some
models that contain multiple interactions. The system may become very complicated
especially when the difference among interaction strengths is substantial.

Third, the interaction terms themselves can be problematic in analyzing results. Each
interaction term usually belongs to more than a single field. And their presence makes it
hard to define the occupation number for each k because the EOMs in momentum space
are coupled by the convolution of interaction terms.

Lastly, one should check that the entire potential is positive definite. For instance, a
trilinear term of the form σφh2 will make a negative contribution to the potential and we
sometimes have to add an unpleasant offset term in the Lagrangian to prevent the total
energy of a model from being negative [23,79].

Having said that, most of the issues are concerned with the simulation running time.
Recent developments in lattice simulations have led to a significant improvement in the
performance of computation and functionality [80,81].
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