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Abstract

Cosmic inflation, a phase of accelerated expansion of the early universe, is the most

successful scenario for solving various issues in cosmology related to the observed cosmic

microwave background and the large-scale structure of the universe. Higgs inflation is a

particularly interesting model of inflation, as it is driven by the only fundamental scalar

field in the Standard Model of particle physics, the Higgs boson, and its predictions fit

the current observational constraints.

Inflationary models can be considered in different formulations of general relativity. In

addition to the metric curvature description of gravity, one could for example consider the

Palatini formulation of general relativity. For the Einstein–Hilbert action, the descrip-

tions are equivalent to each other. However, once a scalar field is non-minimally coupled

to gravity, these formulations branch off into their own theories with different predictions.

In this thesis, we show that the Higgs inflation scenario is successful in teleparallel gravity

only when non-minimal couplings satisfy a particular relation. When the relation is satis-

fied, we find a new inflationary model where the tensor-to-scalar ratio can be arbitrarily

large. We also consider Higgs inflation in a formulation of general relativity based on

loop quantum gravity, and find a wide range of models that fit observational constraints.

Cosmic inflation can also produce primordial black holes, a long-standing dark mat-

ter candidate, that can also act as seeds for supermassive black holes. We consider the

effect of stochastic noise in ultra-slow-roll inflation on the probability distribution of the

curvature perturbation, which determines the abundance of primordial black holes. We

discuss a number of models inspired by Higgs inflation for various masses of primordial

black holes, and show that the accurate calculation of stochastic effects changes the abun-

dance of primordial black holes by orders of magnitude compared to the approximations

commonly used in the literature.
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Chapter 1

Introduction

Cosmic inflation [5–19] is the most successful scenario for the very early universe in

modern cosmology. It is a phase of accelerated expansion of the universe, that solves

simultaneously the horizon, flatness and relic problems of the Big Bang model, which

are related to the age and homogeneity of the observed universe, and to the absence of

unwanted cosmic relics in the present day. Density perturbations sourced by primordial

quantum fluctuations were stretched to macroscopic scales during inflation, and they can

be observed today in the temperature anisotropies of the cosmic microwave background

(CMB) [20], and in the large-scale structure of the universe. These observations allow us

to deduce information about events that happened during the very earliest moments of

the universe about 13.8 billion years ago.

In most inflationary models, inflation is driven by a scalar field called the inflaton.

There is only one fundamental scalar field in the Standard Model of particle physics:

the Higgs boson, which gives elementary particles their masses. The Higgs boson was

detected by the ATLAS and CMS experiments at the Large Hadron Collider at CERN in

2012 [21, 22], although the theoretical formulation of the Higgs mechanism was already

proposed in 1964 [23–25]. As the only fundamental scalar field in the Standard Model,

the Higgs is a natural candidate for the inflaton. This idea of the Higgs as the inflaton

is known as Higgs inflation [26], and the main strength of the model is that it does not

require any new physics beyond what is already known.

The metric formulation of general relativity is a geometric description of gravity,

where gravitation is described as curvature of spacetime. However, gravitational degrees

of freedom can be equally well carried by non-metricity and torsion. This is possible in

1
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the Palatini formulation of general relativity [27–29], for example, where the metric and

the connection are considered independent degrees of freedom. Higgs inflation has been

studied in the metric and the Palatini formulation of general relativity [30, 31], and the

predictions have been found to be in excellent agreement with observational constraints

from the CMB and the large-scale structure of the universe. The predictions for these

two formulations are different, however, even though the formulations themselves are

equivalent for the simple case of the Einstein–Hilbert action. This is due to the fact that

in Higgs inflation, the inflaton is non-minimally coupled to gravity, which causes the two

formulations to branch off into separate theories with their own predictions. This means

that we can distinguish between different formulations of general relativity by looking

for their unique signatures in observational data, and possibly rule some of them out,

assuming that Higgs is the inflaton.

Teleparallel gravity is an alternative formulation of general relativity, proposed by

Albert Einstein in 1928 [32–35]. In Einstein’s teleparallel gravity, gravitational effects

are described by torsion acting as a force, and curvature is set to zero. The original mo-

tivation for the theory was to unite gravitation with electromagnetism, which ultimately

failed, and Einstein eventually abandoned the idea. However, as a theory of gravitation,

teleparallel gravity has gained popularity over the years, particularly in the field of cos-

mology. Other teleparallel theories have also emerged since Einstein’s 1928 papers: in

1999, Nester and Yo published the theory of symmetric teleparallel gravity [36], another

formulation of general relativity, where gravitational effects are due to non-metricity, and

both curvature and torsion are set to zero. The Higgs inflation scenario was considered

in teleparallel gravity for the first time in [1]. Another example of an alternative formu-

lation of general relativity is loop quantum gravity [37]. The connection of loop quantum

gravity can simultaneously support curvature, non-metricity and torsion. Higgs inflation

with the Holst and the Nieh–Yan term from loop quantum gravity was first considered

in [2].

Dark matter is one of the grand puzzles of modern cosmology, its form and origins cur-

rently unknown. After inflation ends, sufficiently strong density perturbations generated

during inflation will collapse into primordial black holes [38–53], which are a long-standing

dark matter candidate [54–63], and can constitute all or some fraction of the dark matter,

depending on the mass range. They can also act as seeds for supermassive black holes

[64–66]. The density of perturbations, and thus the abundance of primordial black holes,



3 CHAPTER 1. INTRODUCTION

can be quantified by the probability distribution of the primordial curvature perturbation.

The first stochastic calculation of this probability distribution in ultra-slow-roll inflation

was performed for asteroid mass primordial black holes in [3], and for solar mass, Planck

mass and supermassive black holes in [4].

In Chapter 2, we introduce the necessary background for discussing the content of the

articles [1–4]. We review the central ideas of general relativity and cosmic inflation, and

introduce Higgs inflation. In Chapter 3, we discuss Higgs inflation in teleparallel gravity.

In Chapter 4, we consider Higgs inflation with action terms from loop quantum gravity.

In Chapter 5, we discuss the effects of stochastic noise in ultra-slow-roll inflation on the

probability distribution of the curvature perturbation, and the resulting implications for

the abundance of primordial black holes. Finally, in Chapter 6 we give a summary of our

findings.
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1.1 Notation

Throughout the thesis, we use natural units such that the speed of light c and the reduced

Planck constant h̄ are set to unity,

c = h̄ = 1 . (1.1)

Additionally, we use the normalization

8πG = 1 , (1.2)

where G is the gravitational constant.

We use the (−,+,+,+) metric signature convention, so that the metric tensor of

Minkowski space is

ηαβ = diag(−1, 1, 1, 1) . (1.3)

We use Greek letters (α, β, . . .) to denote four-dimensional spacetime coordinate indices

and uppercase Latin letters (A,B, . . .) to denote four-dimensional tangent space indices.

Lowercase Latin letters (i, j, . . .) are reserved for three-dimensional spatial coordinate

indices.



Chapter 2

Cosmic inflation

In this chapter, we review the basic components of modern inflationary cosmology. We

first discuss the gravitational theory and the metric used to describe our universe. We

introduce the Big Bang model and motivate the need for cosmic inflation. We show how

cosmic inflation solves the problems of the Big Bang model, and how predictions for

cosmological observables can be derived from primordial perturbations. Finally, at the

end of the chapter, we introduce Higgs inflation.

2.1 General relativity

The standard theory of gravity used in modern cosmology is general relativity. The

fundamental action of general relativity is the Einstein–Hilbert action [67],

SEH =

∫
d4x

√−g

(
1

2
R̊ + Lmatter

)
, (2.1)

where g is the determinant of the spacetime metric gαβ, R̊ is the Ricci scalar for the Levi–

Civita connection, and Lmatter is a matter Lagrangian that describes the matter present

in the spacetime. We denote all quantities that are defined in terms of the Levi–Civita

connection by .̊

The Ricci scalar is an invariant that represents the curvature of spacetime, and it is

defined as

R ≡ δγαg
βδRα

βγδ , (2.2)

5



2.1. GENERAL RELATIVITY 6

where Rα
βγδ is the Riemann tensor, defined in terms of the spacetime connection Γγ

αβ as

Rα
βγδ ≡ Γα

δβ,γ − Γα
γβ,δ + Γα

γμΓ
μ
δβ − Γα

δμΓ
μ
γβ . (2.3)

In the metric formulation of general relativity, the connection is taken to be the Levi–

Civita connection, which is fully determined by the spacetime metric gαβ. However, a

general affine connection can be decomposed as

Γγ
αβ = Γ̊γ

αβ + Jγ
αβ +Kγ

αβ , (2.4)

where Γ̊γ
αβ is the Levi–Civita connection, Jγ

αβ is the disformation tensor and Kγ
αβ is the

contortion tensor, defined as

Jαβγ ≡ 1

2
(Qαβγ −Qγαβ −Qβαγ) , (2.5)

Kαβγ ≡ 1

2
(Tαβγ + Tγαβ + Tβαγ) . (2.6)

Disformation and contortion correspond to non-metricity Qαβγ and torsion Tαβγ , respec-

tively. Non-metricity and torsion are defined as

Qγαβ ≡ ∇γgαβ , (2.7)

T γ
αβ ≡ 2Γγ

[αβ] . (2.8)

Geometrically, connections are characterized by their effect on the parallel transport of a

vector. Curvature corresponds to the rotation of the vector, non-metricity to the change

in the length of the vector, and torsion to the non-closing of a parallelogram formed by

two consecutive parallel transports performed in two different orders.

Substituting the general affine connection (2.4) into the definition of the Ricci scalar

(2.2) yields the general Ricci scalar

R = R̊ +Q+ T + ∇̊α(Q
α − Q̂α + 2T α)− Tα(Q

α − Q̂α) +QαβγT
γαβ . (2.9)

The non-metricity and torsion scalars are defined as

Q ≡ 1

4
QαβγQ

αβγ − 1

2
QαβγQ

γαβ − 1

4
QαQ

α +
1

2
QαQ̂

α , (2.10)

T ≡ 1

4
TαβγT

αβγ − 1

2
TαβγT

γαβ − TαT
α , (2.11)
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where the non-metricity and torsion vectors are defined as

Qγ ≡ gαβQ
γαβ , (2.12)

Q̂β ≡ gαγQ
αβγ , (2.13)

T β ≡ gαγT
αβγ , (2.14)

T̂ α ≡ 1

6
εαβγδTβγδ . (2.15)

In the metric formulation of general relativity, gravity is described by curvature, and

torsion and non-metricity are taken to be zero. However, the gravitational degrees of

freedom can be equally well represented by torsion or non-metricity alone. By using the

general Ricci scalar expression (2.9), we find the relationships

R̊ = −T − 2∇̊αT
α , (2.16)

R̊ = −Q− ∇̊α(Q
α − Q̂α) . (2.17)

The first expression (2.16) is for the case where curvature and non-metricity are taken to

be zero, and gravity is described by torsion alone. This formulation of general relativity

is called teleparallel gravity [28, 32–35]. The second expression (2.17) is for the case

where curvature and torsion vanish, and the gravitational degrees of freedom are carried

by non-metricity. This formulation is known as symmetric teleparallel gravity [36]. By

replacing the Levi–Civita Ricci scalar in our action with one of the above expressions, we

get a theory that, while conceptually different from the curvature formulation of general

relativity, still yields the same equations of motion. The three formulations are therefore

equivalent. This equivalence has been titled the geometric trinity of gravity [68].

The torsion and non-metricity vector terms in (2.16)–(2.17) are vanishing boundary

terms in a linear, minimally coupled action such as the Einstein–Hilbert action (2.1). In

this case, the Ricci scalar relationships can be simplified to

1

2

∫
d4x

√−gR̊ = −1

2

∫
d4x

√−gT = −1

2

∫
d4x

√−gQ . (2.18)

However, in a more complicated action, such as the non-minimally coupled case, the

vector terms do not vanish, and these simplified relationships lead to new kinds of theories

which are no longer equivalent to each other. For the remainder of this chapter, we will

use the metric formulation of general relativity. Alternative formulations involving torsion

and non-metricity will be discussed in Chapter 3 and Chapter 4.
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By varying the Einstein–Hilbert action (2.1) with respect to the metric, we can derive

the equations of motion that relate the geometry of spacetime to its matter content,

known as the Einstein field equations,

R̊αβ − 1

2
gαβR̊ = Tαβ , (2.19)

where R̊αβ is the Ricci tensor, and Tαβ is the energy-momentum tensor, defined as

Tαβ ≡ − 2√−g

δ (
√−gLmatter)

δgαβ
. (2.20)

The left-hand side of the field equations represents the curvature of spacetime, deter-

mined by the metric, and the right-hand side represents the matter content. Given the

energy-momentum tensor, the components of the metric tensor can then, in theory, be

solved from the Einstein field equations. Solving the equations for an arbitrary geometry

can be extremely challenging, however, and one typically needs to consider simplifying

symmetries to make the problem solvable. In cosmology, a commonly used metric ansatz

is the Friedmann–Lemâıtre–Robertson–Walker metric.

2.2 Friedmann–Lemâıtre–Robertson–Walker metric

The Copernican principle states that we, as observers, are not in a privileged position in

the universe. When we observe the universe, we see that the number and the distribution

of galaxies is approximately the same in all directions. The CMB radiation also appears to

be highly uniform in every direction [69]. These observations lead us to the cosmological

principle: the universe is statistically homogeneous and isotropic on large scales.

The metric that is used to describe such a homogeneous and isotropic universe is the

Friedmann–Lemâıtre–Robertson–Walker (FLRW) metric [70],

ds2 = − dt2 + a2(t)

[
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θ dϕ2

)]
, (2.21)

where t is cosmic time, r, θ and ϕ are spatial coordinates, a(t) is the scale factor and

K is the curvature constant of space. The scale factor describes the expansion of the

universe. Different values of K correspond to different shapes for the universe: the case

K = 0 corresponds to an infinite, spatially flat universe, the case K < 0 to an infinite,

negatively curved universe, and the case K > 0 to a finite, positively curved universe.
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Current observational data strongly supports a flat universe [20]. Matter in this spacetime

is described by a perfect fluid,

T α
β = (ρ+ P )uαuβ + Pδαβ , (2.22)

where ρ is the energy density, P is the pressure, and uα is the fluid four-velocity. Due to

homogeneity, ρ = ρ(t) and P = P (t), and due to isotropy, uα = (1, 0, 0, 0).

With these choices, the Einstein field equations (2.19) reduce to a set of just two

equations for the scale factor a, known as the Friedmann equations,(
ȧ

a

)2

+
K

a2
=

ρ

3
, (2.23)

ä

a
= −1

6
(ρ+ 3P ) , (2.24)

where dot denotes derivative with respect to cosmic time t. Given the energy density

and pressure content of the universe, the Friedmann equations tell us the corresponding

expansion behavior, characterized by the scale factor a.

2.3 Big Bang model

In the Big Bang model of cosmology [70], the universe began from an extremely dense

and hot state, and expanded into its current state over a timeframe of about 13.8 billion

years. During its evolution, the universe went through a radiation-dominated epoch, a

matter-dominated epoch, and a dark energy -dominated epoch, which is the one we are

still in today. The expansion history, i.e. the time evolution of the scale factor, can be

traced through these epochs all the way back up until we approach the initial singularity

at a = 0 by using the Friedmann equations (2.23)–(2.24).

By itself, the Big Bang model has trouble explaining some observations, however.

From the first Friedmann equation (2.23), we can derive an expression that relates the

total energy density of the universe Ω ≡ ρ
ρcrit

= ρ
3H2 to the curvature constant K,

Ω− 1 =
K

a2H2
, (2.25)

where we have introduced the Hubble parameter H ≡ ȧ/a. In the case of a spatially flat

universe, we have Ω = 1 at all times. However, if K deviates from zero even slightly, the

total energy density grows over time during the radiation- and matter-dominated epochs.



2.4. COSMIC INFLATION 10

Given that the observed value of Ω is of order unity today, it can be shown that at the

time of Big Bang Nucleosynthesis, when the first light element nuclei were formed, we

must have had

|Ω(tBBN)− 1| ≤ 10−16 . (2.26)

Such a finely tuned initial value of Ω demands an explanation, as most random initial

conditions lead to either a positively curved universe that recollapses very quickly, or

alternatively, to a negatively curved universe that cools to the CMB temperature observed

today, T = 2.7 K, within a second. This is known as the flatness (or oldness) problem.

Another issue is that in the Big Bang model, regions of space separated by more

than about a degree in the sky could not have been causally connected before the CMB

radiation was emitted [70], yet the CMB appears to be statistically homogeneous and

isotropic to a high degree: the observed relative temperature variations of the CMB are

of the order 10−4. Since these regions of space could not have interacted with each other,

the implication is that they must have shared an initial condition. This is known as the

horizon (or homogeneity) problem.

The Big Bang model has a third problem related to so-called unwanted cosmic relics.

Assuming that the early universe was very hot, particles such as the gravitino or topolog-

ical defects such as magnetic monopoles, cosmic strings or domain walls may have been

produced. Such cosmic relics could be present today, but they have not been detected in

observations.

To explain these observations, one needs to go beyond the Big Bang model and con-

sider additional ideas. Out of all such ideas, the most successful one is called cosmic

inflation.

2.4 Cosmic inflation

Cosmic inflation [5–19] is a period of accelerated expansion of the very early universe.

Formally, it is defined as

ä > 0 . (2.27)
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To see how inflation solves the problems of the Big Bang model described in the previous

section, let us note that during inflation, the comoving Hubble length (aH)−1 decreases,

d

dt

(
1

aH

)
=

d

dt

(
1

ȧ

)
= − ä

ȧ2
< 0 . (2.28)

It then follows from the energy density relation (2.25) that the quantity Ω− 1 is driven

towards zero during inflation, regardless of the initial value of Ω. This solves the flatness

problem.

Let us then assume that in the beginning of inflation, the universe was causally con-

nected within a small region in near-equilibrium state inside the Hubble radius. As the

universe grows exponentially during inflation, previously neighboring parts of the region

are stretched out faster than light can propagate between them, causing them to become

causally disconnected. This explains the homogeneity and isotropy of the CMB, and

therefore solves the horizon problem.

Finally, assuming that unwanted cosmic relics are produced before inflation, their

abundances are diluted by the exponential expansion to the extent that the relics do not

show up in observations in the present day. Thus inflation also solves the cosmic relic

problem.

From this point on, we restrict ourselves to the experimentally supported spatially

flat universe, K = 0. Let us see what is required to satisfy the inflation condition (2.27).

By applying the condition to the second Friedmann equation (2.24), we find

ρ+ 3P < 0 . (2.29)

The energy density ρ is positive, so we see that in order to drive inflation, we need matter

with negative pressure. A mathematically simple choice for a matter field that has this

property is a scalar field. We thus consider a homogeneous and isotropic scalar field

φ = φ(t). Our matter Lagrangian for the Einstein–Hilbert action (2.1) is

Lφ = −1

2
gαβ∇̊αφ∇̊βφ− V (φ) , (2.30)

where V (φ) is the potential energy. The Friedmann equations (2.23)–(2.24) become

H2 =
1

3

[
1

2
φ̇2 + V (φ)

]
, (2.31)

ä

a
= −1

3

[
φ̇2 − V (φ)

]
. (2.32)
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From the Friedmann equations, we can also derive an equation of motion for the scalar

field φ,

φ̈+ 3Hφ̇+ V ′(φ) = 0 , (2.33)

where prime denotes derivative with respect to the scalar field.

Recalling the definition of inflation, ä > 0, we see from the second Friedmann equation

(2.32) that we have inflation when φ̇2 < V (φ). That is, the kinetic energy of the scalar field

needs to be small compared to the potential energy. This condition leads us naturally

to slow-roll inflation, a commonly used approximation in inflationary cosmology. The

slow-roll approximation is based on the following two assumptions:

φ̇2 � V (φ) , (2.34)∣∣∣φ̈∣∣∣ � ∣∣∣3Hφ̇
∣∣∣ . (2.35)

The Friedmann equations (2.31)–(2.33) then become the slow-roll equations,

H2 =
1

3
V (φ) , (2.36)

3Hφ̇ = −V ′(φ) . (2.37)

The two non-linear second-order equations (2.31)–(2.33) have thus reduced to linear first-

order equations. We also define the slow-roll parameters

ε =
1

2

(
V ′

V

)2

, (2.38)

η =
V ′′

V
, (2.39)

ζ =
V ′

V

V ′′′

V
, (2.40)

σ =

(
V ′

V

)2
V ′′′′

V
, (2.41)

which are convenient for computing predictions for cosmological observables, as we will see

later on. The conditions ε � 1 and |η| � 1 are necessary (but not sufficient) conditions

for the slow-roll approximation to hold. The conditions are not sufficient, because the

scalar field φ may have a large velocity regardless of how flat the potential is.

Finally, the amount of inflation is measured in the number of e-foldings N of the scale

factor. This is typically defined as

N ≡ ln
a(tend)

a(t)
≈

∫ φ

φend

V

V ′ dφ , (2.42)
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where the second equality holds in the slow-roll approximation. In this definition, N

represents the number of e-folds of inflation left at time t. However, in Chapter 5 we

will be using another definition, where we are counting e-folds up from some fixed event

of interest (where N = 0) until the end of inflation. In typical models of inflation, we

consider observable perturbations to have been generated about 50 to 60 e-folds before

the end of inflation [71].

2.5 Perturbations

The small anisotropies seen in the CMB are due to quantum vacuum fluctuations, which

were stretched to large scales during the inflationary expansion of the universe. These

anisotropies can be described by cosmological perturbation theory [70, 72]. Let us split

the inflaton field into a background part φ̄(t) and a small perturbation δφ(t, xi) around

the background,

φ = φ̄(t) + δφ(t, xi) . (2.43)

This implies perturbation of the energy-momentum tensor, and therefore, through the

Einstein field equations (2.19), perturbation of the metric tensor,

gαβ = ḡαβ + δgαβ , (2.44)

where ḡαβ is the background metric and δgαβ is a small metric perturbation. Taking the

background to be the spatially flat FLRW spacetime, the perturbed metric is

ds2 = −(1 + 2A) dt2 + 2aBi dt dx
i + a2 [(1− 2ψ)δij + 2Eij] dx

i dxj , (2.45)

where the perturbations A, ψ, Bi and Eij are all functions of time and space, e.g. A =

A(t, xi).

By transforming the perturbations into Fourier space, we can consider the behavior

of individual perturbation modes of comoving wave number k, as Fourier modes evolve

independently of each other in linear perturbation theory. A perturbation of a given

comoving scale k is taken to be initially in the Bunch–Davies vacuum state, deep inside

the Hubble radius, k � aH. During inflation, aH grows, and the perturbations evolve

according to the equation of motion

Q̈k + 3HQ̇k +

[
k2

a2
+ V ′′(φ)− 1

a3
d

dt

(
a3

H
φ̇2

)]
Qk = 0 , (2.46)
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where Q is the Sasaki–Mukhanov variable,

Q = δφ+
φ̇

H
ψ . (2.47)

For as long as inflation goes on, the perturbations eventually exit the Hubble radius and

freeze in, i.e. stop evolving.

A practical quantity for computing these perturbations is the gauge-independent co-

moving curvature perturbation R,

R = −H

φ̇
Q . (2.48)

Assuming slow-roll, the comoving curvature perturbation remains constant at super-

Hubble scales for adiabatic perturbations, and its power spectrum can be computed as

PR(k) =
k3

2π2

〈|Rk|2
〉
=

(
H

φ̇

)2 (
H

2π

)2

k=aH

, (2.49)

where the angle brackets denote expectation value. The primordial power spectrum PR(k)

describes scalar perturbations. The corresponding quantity for tensor perturbations is

the primordial tensor power spectrum,

PT (k) =
k3

2π2

〈
hαβ(k)h

αβ(k)∗
〉
= 8

(
H

2π

)2

k=aH

, (2.50)

where hαβ(k) is a metric tensor perturbation. Physically, tensor perturbations represent

gravitational waves.

After inflation, the comoving Hubble length grows again, and the super-Hubble per-

turbations begin crossing back through the Hubble radius during the radiation-dominated

epoch. The primordial power spectra (2.49)–(2.50) can then be used as initial conditions

for the perturbations, which begin evolving once again, linking the primordial fluctuations

to the perturbations that we observe in the CMB today.

2.6 Observables

The cosmological observables that are most relevant for this thesis are the tensor-to-scalar

ratio r, the spectral index ns, the running of the spectral index αs, and the running of

the running βs. These observables are defined in terms of the power spectra (2.49)–(2.50)
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as [73]

r ≡ PT

PR
= 8

(
φ̇

H

)2

≈ 16ε , (2.51)

ns ≡ 1 +
dPR
d ln k

≈ 1 + 2η − 6ε , (2.52)

αs ≡ dns

d ln k
≈ 16εη − 24ε2 − 2ζ , (2.53)

βs ≡ dαs

d ln k
≈ −192ε3 + 192ε2η − 32εη2 − 24εζ + 2ηζ + 2σ . (2.54)

By combining observational data analyses from the Planck, BICEP2, Keck Array, and

BICEP3 experiments, evaluated at the pivot scale k∗ = 0.05 Mpc−1, we get the following

observational limits [20, 74]:

As ≡ PR(k∗) = 2.1× 10−9 , (2.55)

r < 0.036 (95% CL) , (2.56)

ns = 0.9625± 0.0048 (68% CL) , (2.57)

αs = 0.002± 0.010 (68% CL) , (2.58)

βs = 0.010± 0.013 (68% CL) . (2.59)

These limits and the expressions (2.51)–(2.54) allow us to directly compare predictions

from our inflationary models to observational data, which ultimately determines whether

the models are successful at describing reality.

2.7 Higgs inflation

The tree-level Higgs quartic potential is

V (φ) =
λ

4
(φ2 − v2)2 , (2.60)

where λ is a self-coupling constant and v ≈ 246 GeV is the vacuum expectation value. Let

us first consider this potential with the Einstein–Hilbert action (2.1) and the scalar field

Lagrangian (2.30). To satisfy the observed amplitude of the primordial power spectrum

(2.55), we find that we must have λ ≈ 10−13. However, we know that the Standard Model

Higgs self-coupling at the electroweak scale is λ ≈ 0.129. Even when taking quantum

corrections and the running of the self-coupling into account, this contradiction cannot
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be resolved [75–77]. It follows that this straightforward Higgs inflation model does not

agree with observations.

Fortunately, there is a natural way around this issue. For our action to be renormaliz-

able in curved spacetime, we need to include an additional term: a non-minimal coupling

of the inflaton field to gravity [78]. This additional term comes with its own coupling

constant, which we denote by ξ. The non-minimally coupled action reads [26]

S =

∫
d4x

√−g

[
1

2

(
1 + ξφ2

)
R̊ + Lφ

]
. (2.61)

This Jordan frame action can be transformed into the minimally coupled Einstein–Hilbert

form, or the Einstein frame, by making a conformal transformation of the metric and then

redefining the scalar field φ to transform the kinetic term back into its canonical form.

All information about the non-minimal coupling has then been shifted into the Einstein

frame Higgs potential, which is asymptotically flat for large field values. This large field

limit, or plateau inflation, is the usually considered inflationary regime. Once we have

the Einstein frame potential, we can use the slow-roll parameter expressions (2.51)–(2.54)

to compute our observables.

The model that we considered first is the minimally coupled special case ξ = 0. With-

out fixing the value of this coupling constant a priori, the constraint from the observed

amplitude of the primordial power spectrum yields ξ ≈ 800N
√
λ in the large field limit.

With the amplitude of the scalar perturbations satisfied, we can compute the rest of the

observables (2.51)–(2.54) and find, to leading order [26],

r =
12

N2
, (2.62)

ns = 1− 2

N
, (2.63)

αs = − 2

N2
, (2.64)

βs = − 4

N3
. (2.65)

By comparing these predictions to the latest observational limits (2.55)–(2.59) for N =

50 . . . 60 e-folds of inflation, we find that the tree-level non-minimally coupled Higgs

inflation model is in excellent agreement with observations. The tensor-to-scalar ratio for

this model is r ≈ 4× 10−3 for N = 55.

The results above are for the metric formulation of general relativity. However, we

could equally well use the Palatini formulation [27–29], where the metric and the con-

nection are considered independent degrees of freedom. While these two formulations
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of general relativity are equivalent for the Einstein–Hilbert action (2.1), the equivalence

no longer holds once we consider more complicated actions, such as the non-minimally

coupled case (2.61). Indeed, the Palatini formulation yields a different set of predictions

for Higgs inflation [30]:

r =
2

ξN2
, (2.66)

ns = 1− 2

N
, (2.67)

αs = − 2

N2
, (2.68)

βs = − 4

N3
, (2.69)

where ξ ≈ 4 × 106N2λ. Compared to the metric case, the tensor-to-scalar ratio is sup-

pressed by about ten orders of magnitude in the Palatini case: r ≈ 4× 10−13 for N = 55

and λ = 0.129. Both cases agree with the observational constraints, but their cosmolog-

ical signatures are different. Assuming that the Higgs boson is the inflaton, we can use

these signatures to distinguish between different formulations of general relativity, and

rule out the ones that do not agree with observations. While current experiments are not

sensitive enough to resolve this particular difference, more accurate measurements are

expected in the near future. Motivated by this prospect, we consider other formulations

of general relativity in the next two chapters.



Chapter 3

Higgs inflation and teleparallel

gravity

In this chapter, we consider cosmic inflation with a non-minimally coupled scalar field in

a general teleparallel theory of gravity, where the connection can have both torsion and

non-metricity, but no curvature. See [79] for a recent review on teleparallel theories of

gravity. We derive the classes of theories that lead to healthy inflationary models, and

highlight the Higgs inflation case in particular. These results were presented for the first

time in [1].

3.1 Connection and tetrad postulate

Teleparallel gravity is usually formulated in terms of tetrads eAα. The Greek letters

denote spacetime indices as before, and the uppercase Latin letters denote tangent space

indices. The spacetime metric is related to the tetrad as

gαβ = ηABe
A
αe

B
β , (3.1)

where ηAB is the Minkowski metric.

The unique curvature-free connection of teleparallel gravity, formulated in terms of

the tetrad, is the Weitzenböck connection [80]

Γγ
αβ = eA

γ∂αe
A
β + eA

γωA
αBe

B
β , (3.2)

where ωA
αB is the spin connection. In the original Einstein’s formulation of teleparallel

gravity, non-metricity is assumed to vanish. However, in this work we consider a more

18
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general teleparallel theory of gravity, where both torsion and non-metricity can be si-

multaneously non-zero. To accomplish this, we include a coupling function P (φ) in the

so-called tetrad postulate, [1]

∇β[P (φ)eAα] = 0 . (3.3)

The affine connection Γγ
αβ then becomes

Γγ
αβ = eA

γ∂αe
A
β + eA

γωA
αBe

B
β + δγβ∂α lnP , (3.4)

with non-metricity

Qγαβ = −2
P ′

P
gαβ∂γφ . (3.5)

The inclusion of the coupling function P allows us to consider a wider range of models.

When P is set to any non-zero constant, there is no non-metricity in the theory.

3.2 Action

In [1], we consider the non-minimally coupled teleparallel action

S =

∫
d4x e

[
−1

2
F (φ)T −G(φ)∇̊αT

α − 1

2
K(φ)gαβ∂αφ∂βφ− V (φ)

]
, (3.6)

where e is the determinant of the tetrad eAα, and F , G and K are coupling functions.

Given the relation (2.16), we have included a separate coupling function G for the torsion

vector term, in addition to the torsion scalar coupling F . We have also allowed for an

arbitrary kinetic function K for the kinetic term.

By using the Ricci scalar relation (2.9), we can express this action in terms of the

Levi–Civita Ricci scalar R̊,

S =

∫
d4x e

[
1

2
FR̊ +

(
2F

P ′

P
+G′ − F ′

)
T α∂αϕ

− 1

2

{
K + 6F

P ′

P

(
P ′

P
− F ′

F

)}
gαβ∂αϕ∂βϕ− V

]
, (3.7)

where we have dropped a boundary term. We discover two fundamentally different classes

of theories depending on whether the vector torsion term vanishes or not, and they require

different approaches.
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3.3 Vanishing vector torsion

For the vector torsion term in the action (3.7) to vanish, the coupling functions must

satisfy the relation

P ′

P
=

F ′ −G′

2F
. (3.8)

The Jordan frame action (3.7) can then be transformed into the minimally coupled form

via the conformal transformation eAα → F−1/2eAα. The transformed action reads

S =

∫
d4x e

[
1

2
R̊− 1

2

(
K

F
+

3

2

G′2

F 2

)
gαβ∂αφ∂βφ− V

F 2

]
, (3.9)

where the effect of the non-minimal coupling F has been shifted into the kinetic term

and the potential.

The coupling function relation (3.8) can be satisfied in a number of ways. For P ′ = 0

and G = F , we recover the non-minimally coupled action of the metric formulation of

general relativity. The choice P = F and G = −F also yields the same action. We

recover the corresponding action for the Palatini formulation of general relativity with

P 2 = F and G = 0. There are further possibities for P 
= 0 and |G′| 
= F ′ 
= 0, which

lead to a new type of modification for the kinetic term. In this case, almost any potential

can be made flat enough for successful inflation, when the coupling functions have been

chosen appropriately.

The Higgs inflation case corresponds to the tree-level Higgs potential (2.60) and the

choicesK = K0, F = F0(1+ξφ2) and G = G1φ
2, whereK0, F0, and G1 are constants, and

we have only considered terms up to dimension four. The constants K0 and F0 are simply

rescaling other constants in our Einstein frame potential, thus we can set K0 = F0 = 1.

In the large field limit, ξφ2 � 1, we find

As =
N2

12π2

λ

ξ + 6G2
1

, (3.10)

ns = 1− 2

N
, (3.11)

r =
12

N2

ξ + 6G2
1

6ξ2
=

λ

6π2Asξ2
. (3.12)

The spectral index is the same as in the metric and the Palatini formulation of general

relativity (2.63), but the tensor-to-scalar ratio now depends on both ξ andG1. If ξ � 6G2
1,

we recover the Palatini formulation result r = 2
ξN2 with λ/ξ = 10−10 from the primordial
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power spectrum amplitude constraint. If 6G2
1 � ξ, however, we find a new result with

r = 12
N2

G2
1

ξ2
and λ/G2

1 = 6 × 10−10. Since ξ is not observationally constrained by As in

this case, but only by 6G2
1 � ξ, the tensor-to-scalar ratio r can be increased to any value

compared to the Palatini case result.

3.4 Non-vanishing vector torsion

The case where the torsion vector term in the action (3.7) does not vanish is more

complicated, because such an action cannot be transformed into the Einstein frame. To

study this case, linear cosmological perturbation theory was used in [1] to calculate scalar

perturbations of a FLRW spacetime for the Jordan frame action (3.6). It was found that

to first order in perturbations, if there is no other matter in the spacetime apart from

the scalar field φ, there are no scalar perturbations in the theory: the expression for the

comoving curvature perturbation (2.48) is identically zero. This result was previously

discussed in [81–83]. In [1], it was shown that this is true for any model that does not

satisfy the coupling constraint relation (3.8).

3.5 Non-linearity in the torsion scalar

Finally, we consider the case where the action may be non-linear in the torsion scalar T .

We replace the torsion scalar term with a general function f(T + 2μ∇̊αT
α, φ), which in-

cludes another torsion vector contribution, parametrized by the constant μ. Such models

have been considered in [84–94]. The action becomes

S =

∫
d4x e

[
1

2
f(T + 2μ∇̊αT

α, φ)−G(φ)∇̊αT
α − 1

2
K(φ)gαβ∂αφ∂βφ

]
. (3.13)

By introducing an auxiliary field θ and making the conformal transformation eAα →
F−1/2eAα, this action can be transformed into [95, 96]

S =

∫
d4x e

[
1

2
R̊− F−2T α

{
F∂α lnP

2 + ∂α[G+ (μ− 1)F ]
}

− 3

4
gαβ∂α ln

P 2

F
∂β ln

P 2

F
− 1

2

K

F
gαβ∂αφ∂βφ− U

]
, (3.14)

where F , P and U are functions of φ and θ, while G and K are functions of φ only.
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As in the linear case, there is a specific relationship that the coupling functions have

to satisfy for the vector torsion term to vanish. In the non-linear case, it is

P 2 = F 1−μ , G = 0 . (3.15)

If this expression is satisfied, the theory is generally healthy and produces scalar perturba-

tions like the linear case. For μ = 1, we recover the two-field f(R, φ) model of the metric

formulation of general relativity [97]. For μ = 0, we get the single-field f(R, φ) model of

the Palatini formulation [97–100]. Other choices for μ lead to other viable models. If we

remove the scalar field φ from the function f (considered in [87, 101–105]), the choices

μ = 1 and μ = 0 lead to the f(R) models of the metric and the Palatini formulation,

respectively. Only in this Palatini special case are there no perturbations (unless the

action contains additional matter that produces them), any other choice μ 
= 0 leads to

a healthy theory even when the scalar field φ is not initially present.

If the coupling function relationship (3.15) is not satisfied, our theory has a derivative

coupling to the torsion vector. This leads to a set of perturbation equations that is more

complicated than in the linear case, and it is not clear whether such theories can produce

scalar perturbations or not.



Chapter 4

Higgs inflation and loop quantum

gravity

Loop quantum gravity [37] is a theory of quantum gravity that aims to unite general rela-

tivity with quantum mechanics. In the theory, general relativity is quantized: spacetime

is atomic in structure, consisting of a tightly woven network of tiny loops. Loop quantum

gravity is non-perturbative and manifestly background independent, which means that

geometry emerges from the equations of the theory without reference to a background

metric. See [106] for a recent review.

Instead of considering the full quantized theory, in [2] we look at the action of loop

quantum gravity at the classical level. In particular, there are two new terms that emerge

from loop quantum gravity when torsion is present: the Holst term [107] and the Nieh-

Yan term [108–114]. These terms allow for a wide range of possible inflationary models,

which were discussed in the Higgs inflation context for the first time in [2].

In this chapter, we discuss Higgs inflation with the Holst and the Nieh-Yan term.

The gravitational degrees of freedom are carried by curvature and torsion, and there is

no non-metricity. We first derive the connection for the theory, and then discuss the

range of allowed inflationary models that can be found from the theory.

4.1 Holst and Nieh-Yan terms

In the Hamiltonian formulation of loop quantum gravity, the typically considered action

is the Palatini Einstein–Hilbert action with the Holst term R̂ added. The Holst term is

23
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one of the two possible geometrical scalars (the other one being the Ricci scalar) that are

linear in the Riemann tensor, but quadratic in the connection, and it is defined as

R̂ ≡ 1

2
gαμε

μβγδRα
βγδ = −3∇̊αT̂

α +
1

4
εαβγδTμαβT

μ
γδ +

1

2
εαβγδQαβμT

μ
γδ . (4.1)

Another term that sometimes appears in the action of loop quantum gravity is the

Nieh-Yan term, ∇̊αT̂
α. This term is reminiscent of the torsion vector term that was

central in the teleparallel case, but in the Nieh-Yan case we consider the axial torsion

vector instead.

When there is no torsion, both the Holst term and the Nieh-Yan term are identi-

cally zero. As in teleparallel gravity, non-metricity is usually assumed to vanish in loop

quantum gravity. We do not make such a choice a priori.

4.2 Action and connection

In [2], we consider the non-minimally coupled action

S =

∫
d4x

√−g

[
1

2
F (φ)R +

1

2
H(φ)R̂ +

3

2
Y (φ)∇̊αT̂

α − 1

2
K(φ)gαβ∂αφ∂βφ− V (φ)

]
,

(4.2)

where F , H, Y and K are coupling functions. The numerical coefficients are chosen such

that the Nieh-Yan term and the similar axial torsion vector term inside the Holst term

cancel when H = Y .

Since we consider a Palatini action, our connection is not fixed a priori, and it needs

to be solved from the equations of motion. We thus vary the action (4.2) with respect to

the connection Γγ
αβ. The resulting equations of motion have the general solution

Qγαβ = q1(φ)gαβ∂γφ+ 2q2(φ)gγ(α∂β)φ , (4.3)

Tαβγ = 2t1(φ)gα[β∂γ]φ+ t2(φ)εαβγ
μ∂μφ . (4.4)

By substituting this general solution into the equations of motion, we get

q2 = 0 , (4.5)

2t1 − q1 =
FF ′ +H(H ′ − Y ′)

F 2 +H2
, (4.6)

t2 =
HF ′ − F (H ′ − Y ′)

F 2 +H2
. (4.7)
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The functions t1 and q1 are not fixed separately by the equations of motion due to the

projective invariance of the action under the transformation Γγ
αβ → Γγ

αβ + δγβAα, where

Aα is an arbitrary vector [115]. We can therefore set q1 = 0 with no loss of generality,

setting non-metricity to zero.

With the connection solved, we can transform the action (4.2) into the Einstein frame

by making the conformal transformation gαβ → F−1gαβ. The Einstein frame action reads

S =

∫
d4x

√−g

[
1

2
R̊− 1

2

{
K

F
+

3

2

[HF ′ − F (H ′ − Y ′)]2

F 2(F 2 +H2)

}
gαβ∂αφ∂βφ− V

F 2

]
. (4.8)

Once again the effect of the couplings has been shifted into the kinetic term and the

potential. As was the case with teleparallel gravity, the metric and the Palatini formu-

lation of general relativity can be recovered as special cases of this action. The metric

formulation is recovered when

F ′ = (Y ′ −H ′)(H/F ±
√

(H/F )2 + 1) , (4.9)

and the Palatini formulation corresponds to the choice

Y ′ = F (H/F )′ . (4.10)

4.3 Higgs inflation

The Higgs inflation case corresponds to the tree-level Higgs potential (2.60) and the

coupling constant choicesK = K0, F = F0(1+ξφ2), H = F0(H0+H1φ
2) and Y = F0Y1φ

2,

where K0, F0, H0, H1 and Y1 are constants, and we have only considered terms up to

dimension four. As already discussed in the teleparallel case, we can set K0 = F0 = 1

without loss of generality, as these constants only rescale other contants in our Einstein

frame potential. We do not consider running of the couplings, but the quartic coupling

λ is allowed to take any positive value limited by λ < 0.1.

The number of e-folds until the end of inflation is given by [2, 116]

N = 56−ΔN − 1

4
ln

0.067

r
, (4.11)

where ΔN is the length of reheating. In this work we consider instant reheating. The

value 0.067 inside the logarithm refers to the observational limit for the tensor-to-scalar

ratio r at the time when [2] was in preparation. This observational limit was recently

updated to r < 0.036 [74].
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We first look at some special cases that can be considered analytically, and then

discuss the general case, which is based on a numerical scan of the parameter space.

Plateau inflation. The potential becomes asymptotically flat for ξφ2 � 1, allowing

for inflation on the plateau. In this limit, we find the observables

As =
N2

12π2

λ

ξ +
6ξ2Y 2

1

H2
1+ξ2

, (4.12)

ns = 1− 2

N
− 3r

16
, (4.13)

r =
2

N2

(
1

ξ
+

6Y 2
1

H2
1 + ξ2

)
=

λ

6π2Asξ2
. (4.14)

If both the Holst and the Nieh-Yan term are zero, i.e. H = Y = 0, we recover the Palatini

formulation of general relativity. If only the Holst term is zero, H = 0, we recover the

teleparallel Higgs inflation case (3.10)–(3.12). In these cases, plateau inflation is the only

successful inflationary scenario. We consider other possibilities for the coupling functions

in the following sections.

Y = 0. If the Nieh–Yan term is zero, but the Holst term is not, we have two possible

inflationary regimes. The first one is the plateau case discussed in the previous section.

When Y = 0, the observables (4.12)–(4.14) effectively get reduced to those of the Palatini

case of general relativity. However, if the Holst coupling term is very large, it can lower

the value of the spectral index ns on the plateau. In the standard formulation of loop

quantum gravity this is not the case, because then Y = 1/γ ≈ 3.6, where γ = 0.274 is

the Barbero–Immirzi parameter determined from black hole entropy [117].

The second inflationary regime is possible when the Holst coupling H0 is large enough

to dominate the kinetic term. For this regime, the field value φ at the pivot scale can be

very small compared to the plateau case, down to 2× 10−3. If H0 dominates over all the

other couplings and |ξ|φ2 � 1, this case recovers the predictions of the metric formulation

of general relativity in the plateau regime, otherwise the value of the spectral index ns

can be reduced from the metric case, and the runnings αs and βs can take different values

as well.

ξ = 0. If the coupling ξ vanishes, the potential is no longer asymptotically flat, but

there can be a flat intermediate region if the other couplings are chosen suitably. In
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particular, we find the limiting case

As =
λΔ2H2

0

72π2H2
1

N2 , (4.15)

ns = 1− 2

N
− r

4
, (4.16)

r =
12

Δ2N2
=

λH2
0

6π2AsH2
1

, (4.17)

where Δ ≡
∣∣∣ H1

H1−Y1

∣∣∣. In this limit, we see that the value of the tensor-to-scalar ratio

r can be freely adjusted up or down via the Holst couplings. If, on the other hand,

Y = 0 as discussed in the previous section, then Δ = 1 and the observables become

those of the metric formulation of general relativity in the plateau regime. The case

ξ = H0 = H1 = 0 does not lead to succesful inflation due to a tensor-to-scalar ratio that

exceeds the observational limit (2.56).

General case. In the general case, where all of the couplings may be simultaneously

non-zero, we find a wide range of possible inflationary models, including inflection point

inflation and α-attractor behaviour [118–120]. To map the space of models that yield

successful inflation, we perform a numerical scan over the five-dimensional parameter

space (φ, ξ, H0, H1, Y1) using an adaptive Monte Carlo method based on importance

sampling. The effective scanned range is [0, 1010] for the field φ and Y1, and [−1010, 1010]

for the rest of the couplings. We only scan for positive values of Y1, because it is possible

to fix a single sign among the couplings H0, H1 and Y1 without affecting the physics. The

Higgs coupling λ is allowed to take any value in the range [10−5, 10−1], and the number

of e-folds is taken to be (4.11) with a tolerance of ±1.

The results of the scan are presented in Figure 4.1. The left panel corresponds to the

case ξ < 0, and the right panel to ξ > 0. Each point corresponds to a set of coupling

function values for which the observational constraints (2.55)–(2.59) are satisfied, with the

exception of ns, which is allowed to also take values outside of this range for illustrative

purposes. The color corresponds to the minimum value of |ξ| for which those parameter

values are possible. The black solid line traces the analytical plateau inflation case, the

dashed line shows the special case ξ = 0, and the star indicates the prediction for the

metric formulation of general relativity. When the parameter space scan was made, the

observational constraint for the tensor-to-scalar ratio was still r < 0.067. Given the

updated constraint (2.56), there is a thin slice of models at the top edge of Figure 4.1
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Figure 4.1: The (ns, r) plane for ξ < 0 (left panel) and ξ > 0 (right panel). Each point

corresponds to an inflationary model that satisfies all observational constraints, except

for ns, which is allowed take a slightly wider range of values. The color corresponds to

the minimum value of |ξ| for which the constraints are satisfied. The solid line is the

plateau inflation case, the dashed line is the case ξ = 0, and the star indicates the metric

case.

that are now ruled out by observations.

The (ns, r) plane in the general case covers almost the full range to be probed by future

experiments. This will allow us to further constrain our parameter space of coupling

functions, and rule out a range of inflationary models discussed here.



Chapter 5

Stochastic effects in ultra-slow-roll

inflation

Primordial black holes (PBHs) can form from strong density perturbations generated

during inflation [38–53], as the perturbations re-enter the Hubble radius during the

radiation-dominated epoch. Such strong perturbations can be generated by an ultra-

slow-roll (USR) region [121–125], a flat section or a local minimum of the inflationary

potential, where the inflaton field decelerates exponentially. In particular, stochastic ef-

fects during USR inflation may generate strong density perturbations, leading to PBH

abundances that surpass the commonly used Gaussian approximation by orders of mag-

nitude. See [126, 127] for recent reviews. The first consistent calculation of stochastic

effects in ultra-slow-roll inflation was done in [3] and further expanded on and detailed

in [4].

In this chapter, we discuss the effect of stochastic noise in USR inflation on the

abundance of PBHs. We first review the stochastic formalism, and show how we calculate

the PBH abundance. We then introduce our inflationary models, and discuss how the

accurate calculation of stochastic effects changes the predictions for primordial black hole

abundance in relation to the usually considered methods.

5.1 Equations of motion

Because the density perturbations generated during USR can be very strong, standard

perturbation theory (where the perturbations are assumed to be small) is not the right

29
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tool for describing such scenarios. Stochastic inflation, on the other hand, is a non-

perturbative approach well suited for the task. We consider a spatially flat FLRW back-

ground with scalar perturbations. In the stochastic formalism, the inflaton field φ is split

into a long-wavelength part φ̄ and a short-wavelength part δφ as [4]

φ(t,x) = φ̄(t,x) + δφ(t,x) ,

=

∫
d3k

(2π)
3
2

[
1−W

(
k

σaH

)]
φk(t)e

−ik·x +
∫

d3k

(2π)
3
2

W

(
k

σaH

)
φk(t)e

−ik·x ,

(5.1)

where W
(

k
σaH

)
is some window function, and σ � 1 is the coarse-graining parameter.

The coarse-graining parameter determines the coarse-graining scale kc ≡ σaH, which

separates the long-wavelength, coarse-grained modes from the short-wavelength pertur-

bations. Throughout this chapter, all field quantities with a bar over them refer to the

long-wavelength part.

As the universe expands during inflation, short-wavelength modes are stretched to

super-Hubble scales. Once a mode gets stretched beyond the coarse-graining scale, it

becomes part of the local coarse-grained background, and the background receives a

stochastic kick. The kicks are random, which represents the quantum origins of the

perturbations. Since the short-wavelength perturbations evolve on the background with

stochastic noise, the stochastic process becomes non-Markovian: each stochastic kick is

affected by the full history of previous kicks.

The equations of motion for the coarse-grained background field are effectively the

FLRW background equations with additional stochastic noise terms. The equations are

φ̄′ = π̄ + ξφ , (5.2)

π̄′ = −
(
3 +

H ′

H

)
π̄ − V,φ̄

H2
+ ξπ , (5.3)

2V = (6− π̄2)H2 , (5.4)

where prime denotes derivative with respect to the number of e-folds N , and ξφ and ξπ are

the stochastic noise terms for the field and its momentum, respectively. The equation of

motion for the short-wavelength perturbations is derived from linear perturbation theory

in the spatially flat gauge (ψ = E = 0), and it reads

δφ′′
k +

(
3 +

H ′

H

)
δφ′

k + ω2
kδφk = 0 , (5.5)
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where

ω2
k ≡ k2

(aH)2
+ π̄2

(
3 + 2

H ′

H
− H ′

H2

)
+ 2π̄

V,φ̄

H2
+

V,φ̄φ̄

H2
. (5.6)

Because the perturbation modes evolve on the stochastic background, the FLRW back-

ground field has been replaced by the coarse-grained background φ̄ in these equations.

The perturbation modes are taken to get their initial values deep inside the Hubble radius

by the Bunch–Davies vacuum, δφk = 1√
2ka

and (aδφk)
′ = −i k

H
δφk.

5.2 Stochastic noise

In this work, we choose the step function W
(

k
σaH

)
= θ(k − σaH) as our window func-

tion. This choice makes the stochastic process relatively straightforward, as the noise

contributions for different scales are not correlated. The noise correlators for ξφ and ξπ

are then given by

〈0|ξ̂φ(N)ξ̂φ(N
′)|0〉 = 1

6π2

d(σaH)3

dN
|δφk=σaH |2δ(N −N ′) , (5.7)

〈0|ξ̂π(N)ξ̂π(N
′)|0〉 = 1

6π2

d(σaH)3

dN
|δφ′

k=σaH |2δ(N −N ′) , (5.8)

〈0|ξ̂φ(N)ξ̂π(N
′)|0〉 = 1

6π2

d(σaH)3

dN
δφk=σaHδφ

′∗
k=σaHδ(N −N ′) . (5.9)

These correlators determine the amplitudes of the stochastic kicks.

What is typically considered in the literature, however, is a simplified case where the

perturbation modes are evolved on a non-stochastic background, and their amplitudes

are fixed to the asymptotic slow-roll super-Hubble limit, |δφk|= H/(
√
2k3/2). In this case,

the momentum kicks are absent, and the noise correlator for ξφ simplifies to

〈0|ξ̂φ(N)ξ̂φ(N
′)|0〉 =

(
H

2π

)2

δ(N −N ′) . (5.10)

See [128–140] for some examples of work where such correlators are considered. Ignoring

the stochasticity of the background, i.e. the non-Markovian nature of the noise, does not

make a noticeable difference for the models that we consider in this thesis [4], but the

other simplifications do, as we will see when we discuss our results in section 5.5.

The stochastic formalism only applies if the perturbation modes have effectively be-

come classical by the time they reach the coarse-graining scale. When perturbation modes

exit the Hubble radius, their wave functions become increasingly more squeezed in phase
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space the more super-Hubble the modes become [141–148]. Squeezing also drives the

momentum kicks to be strongly correlated with the field kicks, Δπ̄ = Re(δφ′
k/δφk)Δφ̄,

where Δ indicates a realization of a stochastic kick. In [3, 4] we consider squeezing as

a measure of classicalization, although the issue is generally more complicated and not

fully understood at the time of writing [149–155]. Given that the coarse-graining pa-

rameter σ sets the distance between the Hubble radius and the coarse-graining scale,

the classicalization requirement imposes a limit on the maximum value of σ. This is

model-dependent, and in [3, 4] the value was solved numerically for each of the potentials

considered. As long as this constraint is satisfied, the results should be independent of

the value of σ, assuming that the split between the stochastic background and the short-

wavelength perturbations is consistently applied. Since the methods used in [3, 4] still

involve some approximations, the results corresponding to different choices of σ should

be considered different approximations of the consistent result.

5.3 PBH abundance

After inflation has ended, the expansion of the universe slows down, and the perturbation

modes begin crossing back through the Hubble radius during the radiation-dominated

epoch. During re-entry, a sufficiently strong perturbation will collapse into a PBH of

mass [48, 156]

M =
4

3
πγH−3

k ρk ≈ 5.6× 1015γ

(
k

k∗

)−2

M� , (5.11)

where γ ≈ 0.2 is an efficiency factor, Hk and ρk are the Hubble parameter and the energy

density related to the perturbation mode of wavenumber k, and M� ≈ 2× 1033 g is the

mass of the Sun.

Many treatments and variations of the PBH collapse process have been considered

in the literature [42, 156–177]. In the approach considered in [3, 4], the collapse process

can be quantified by the comoving curvature perturbation R in a straightforward way:

if R > Rc for some collapse threshold value Rc, a PBH forms. In the stochastic ΔN

formalism [178–181], the comoving curvature perturbation is given by

R = N − N̄ ≡ ΔN , (5.12)

where N is the number of e-folds (in a single stochastic realization) from a fixed initial

hypersurface φ̄i to a fixed final hypersurface φ̄f, and N̄ is the mean number of e-folds
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across all realizations. In [3, 4], we fix φ̄i to the Hubble radius exit of the pivot scale k∗,

φ̄f to the end of inflation, and set Rc = 1.

Once we know the probability distribution P (N), we can calculate the initial PBH

energy density fraction β as

β = 2

∫ ∞

ΔN>Rc

dNP (N) . (5.13)

The probability distribution P (N) is often assumed to be Gaussian [161, 182] in the

literature. Under this assumption, the initial energy density fraction calculated from the

power spectrum PR reads

β = 2

∫ ∞

Rc

dR 1√
2πσR

e
− R2

2σ2
R ≈

√
2σR√
πRc

e
− R2

c
2σ2

R , (5.14)

where σ2
R is the variance. As we will see in section 5.5, the Gaussian approximation

can severely underestimate the energy density fraction compared to the one calculated

from the true distribution P (N). This is due to the fact that stochastic effects generate

an exponential tail for the probability distribution P (N), and the density fraction β is

extremely sensitive to the shape of the tail.

Finally, the energy density fraction β grows during the radiation-dominated epoch,

as PBHs are considered non-relativistic matter, and the energy density fraction today is

given by [48]

ΩPBH ≈ 9× 107γ
1
2β

(
M

M�

)− 1
2

. (5.15)

5.4 Inflationary models

We first considered asteroid mass PBHs in [3]. In [4], we improved the asteroid mass

case analysis by increasing the amount of data, and we added three other cases: solar

mass and Planck mass PBHs, and black holes of mass 1.8 × 103M�, which may act as

seeds for supermassive black holes [64–66]. In all of these cases except for the relic case,

the potential is based on a quantum corrected non-minimally coupled Higgs inflation

model discussed in [48], which has then been adjusted by hand to produce PBHs of a

specific mass and abundance, as well as to fit the CMB observables (2.55)–(2.59). The

relic case uses the quantum corrected Higgs inflation model directly, and does not require
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any adjustment by hand. Each potential features an USR region that has been tuned to

produce a realistic abundance of PBHs based on the Gaussian approximation (5.14).

The value of the coarse-graining parameter was set to σ = 0.01 for the asteroid, solar

and supermassive cases. In the relic case, the USR phase is at the very end of inflation.

For this reason, the coarse-graining parameter for this model was set to σ = 0.35 to

guarantee that the relevant perturbation modes give their stochastic kicks before the end

of inflation. We found our results to be generally insensitive to the value of σ, as long as

the stochastic kicks are not delayed so much that they are pushed off to the very end of

inflation or beyond.

5.5 Numerical setup and results

To produce our results, we numerically solved discretized versions of the equations of

motion (5.2)–(5.5) while consistently applying stochastic kicks according to (5.7)–(5.9)

at each time step. The equations of motion were numerically integrated using an explicit

Runge–Kutta method [183–186] of order four with a fixed time step. We considered

a few thousand unique perturbation modes per simulation, the longest wavelength one

being the CMB pivot scale k∗, and the shortest wavelength one being the last relevant

scale that contributes to the production of primordial black holes of a specific mass. The

perturbations were evolved from deep within the Hubble radius, 100 aH, up until the

moment they exit the coarse-graining scale and give their kicks.

We generated a large number of realizations of N , from which we constructed the

probability distribution P (N). We ran 1.024×1011 simulations each for the asteroid mass

and supermassive cases, 2.56 × 1010 simulations for the solar mass case, and 2.56 × 107

simulations for the relic case. In total, the simulations took over two million CPU hours

to compute. We then calculated the PBH abundance from the probability distribution

by fitting an exponential to the tail of the distribution. We also compared our results

to the simplified noise case (5.10) as well as to the Gaussian approximation (5.14). The

numerical setup, including the algorithm, is described in more detail in [4].

The probability distributions for the four models are displayed in Figure 5.1, and

the numbers are summarized in Table 5.1. In Figure 5.1, the solid blue line shows

the probability distribution computed using the full noise correlators (5.7)–(5.9). The

black dashed line is an exponential fit to the tail of the distribution, which gives us
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the PBH abundance. The simplified noise case (5.10) is indicated by the red dash-

dotted line, and the Gaussian approximation (5.14) corresponds to the dotted black line.

For each model, Table 5.1 lists the mass of the primordial black hole, the cosmological

observables, the energy density fraction today for the Gaussian approximation, the full

stochastic calculation, and the simplified stochastic calculation, as well as the ratios to

the Gaussian approximation for the two stochastic treatments. The errors are based on

a jackknife analysis, where the data was divided into 20 subsamples.

In each case, the energy density fraction for the full stochastic calculation is orders of

magnitude larger than the Gaussian approximation result. More importantly, the results

from the full stochastic calculation also differ from the simplified noise case by orders

of magnitude, although the direction of the correction is model-dependent. This result

shows the importance of the consistent treatment of stochastic effects in ultra-slow-roll

inflation.

Let us make two final remarks. When the solar mass model was constructed, the

observational constraint for the tensor-to-scalar ratio was still r < 0.067. The solar mass

model has r = 0.05, which does not agree with the updated constraint (2.56), but it

would be possible to further adjust the model to fit this new constraint as well. Also, as

discussed in [4], there are multiple issues with the Planck relic model, mostly related to

the fact that the USR phase ends only about two e-folds before the end of inflation. Due

to these difficulties, the results for this particular model should be taken as inconclusive.
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Figure 5.1: The probability distribution of N for the asteroid (top left), solar (top right),

supermassive (bottom left) and relic (bottom right) cases. The blue solid line is the

probability distribution generated from the full simulations. The black dashed line is an

exponential fit to the tail of the distribution. The red dash-dotted line is the distribution

for the simplified noise case (5.10), and the black dotted line is a Gaussian fit to the full

data. The vertical dashed line indicates the collapse threshold Rc.
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Asteroid Solar Supermassive Relic

M 7.2× 10−15M� 4.7 M� 1.8× 103M� 1.4× 103 kg

ns 0.966 0.965 0.962 0.958

r 0.01 0.05 8× 10−3 5× 10−3

αs −3× 10−4 7× 10−4 −7× 10−4 −9× 10−4

Gaussian

ΩG
PBH 0.13 0.17 1.4× 10−5 0.11

Full

Ωf
PBH (1.6± 0.4)× 104 1.58± 0.06 0.049± 0.01 (2.38± 0.06)× 107

Ωf
PBH/Ω

G
PBH 105 10 103 108

Simplified

Ωs
PBH 26± 12 (1.25± 0.01)× 102 17± 5 (5.5± 4.9)× 10−24

Ωs
PBH/Ω

G
PBH 102 103 106 10−23

Table 5.1: The initial mass M , cosmological observables, and the energy density fraction

today ΩPBH for the Gaussian approximation, the full stochastic treatment, and the sim-

plified stochastic treatment, as well as the ratios to the Gaussian approximation for the

two stochastic cases.
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Conclusions

In this thesis, we have considered cosmic inflation in alternative formulations of general

relativity, and stochastic inflation beyond the slow-roll regime. In the former case, we

considered true Higgs inflation models, and in the latter case, models inspired by Higgs

inflation. In each case, we have derived models that agree with observational constraints,

and can be further probed with data from future experiments.

In Chapter 3, we discussed Higgs inflation in a general teleparallel theory of gravity,

where the connection can have both torsion and non-metricity. We found that the theory

yields linear scalar perturbations and thus a successful inflationary model only for partic-

ular combinations of coupling functions. When the coupling functions satisfy the required

relationship, we recover the results of the metric and the Palatini formulation of general

relativity, as well as a new model, where the value of the tensor-to-scalar ratio can be

arbitrarily large. In Chapter 4, we discussed Higgs inflation with action terms from loop

quantum gravity. The general case offers a parameter space full of models that fit current

observational constraints, including the results from the teleparallel case. Once future

experiments such as the Simons Observatory [187], LiteBIRD [188] and CMB-S4 [189]

provide tighter constraints for cosmological observables, we may be able to distinguish

between the observational signatures of these and other formulations of general relativity,

and rule some of the formulations out, assuming that the Standard Model Higgs is the

inflaton.

In Chapter 5, we discussed stochastic effects in ultra-slow-roll inflation, and their

implications for primordial black hole production. We considered four models inspired

by Higgs inflation: asteroid mass, solar mass and Planck mass primordial black holes,

38
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and black holes of mass 1.8 × 103M�, which may act as seeds for supermassive black

holes. For each model, we numerically computed the probability distribution of the

curvature perturbation, which determines the primordial black hole abundance. In each

case, we found that the accurate calculation of stochastic effects changes the abundance

by orders of magnitude compared to the approximations that are commonly used in the

literature. Therefore, it is necessary to take the full stochastic effects into account in

ultra-slow-roll inflation to accurately determine primordial black hole abundance. Future

spectral distortion experiments [190, 191], 21cm cosmology observations [192, 193] and

next-generation gravitational wave detectors [194–196] will provide further constraints on

primordial black holes.
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ating cosmology in teleparallel gravity, Phys. Rev.D88 (2013) 084042, [arXiv:1308.
5789].

[85] G. Otalora, A novel teleparallel dark energy model, Int. J. Mod. Phys. D25 (2015)
1650025, [arXiv:1402.2256].

[86] B. Fazlpour and A. Banijamali, Non-minimally Coupled Tachyon Field in Telepar-
allel Gravity, JCAP 1504 (2015) 030, [arXiv:1410.4446].

[87] S. Bahamonde and M. Wright, Teleparallel quintessence with a nonminimal cou-
pling to a boundary term, Phys. Rev.D92. [Erratum: Phys. Rev.D93,no.10,109901(2016)]
(2015) 084034, [arXiv:1508.06580].



45 BIBLIOGRAPHY

[88] M. Marciu, Dynamical properties of scaling solutions in teleparallel dark energy
cosmologies with nonminimal coupling, International Journal of Modern Physics
D 26 (2017) 1750103.

[89] H. Abedi and S. Capozziello, Gravitational waves in modified teleparallel theories
of gravity, Eur. Phys. J. C78 (2018) 474, [arXiv:1712.05933].

[90] B. Fazlpour and A. Banijamali, Dynamical system analysis for an interacting
scalar-torsion theory, Chinese Journal of Physics 56 (2018) 1322 –1330.

[91] M. Hohmann, L. Järv, and U. Ualikhanova, Covariant formulation of scalar-
torsion gravity, Phys. Rev. D97 (2018) 104011, [arXiv:1801.05786].

[92] M. Hohmann, Scalar-torsion theories of gravity I: general formalism and conformal
transformations, Phys. Rev. D98 (2018) 064002, [arXiv:1801.06528].

[93] M. Hohmann and C. Pfeifer, Scalar-torsion theories of gravity II: L(T,X, Y, φ)
theory, Phys. Rev. D98 (2018) 064003, [arXiv:1801.06536].

[94] M. Hohmann, Scalar-torsion theories of gravity III: analogue of scalar-tensor grav-
ity and conformal invariants, Phys. Rev. D98 (2018) 064004, [arXiv:1801.06531].

[95] R.-J. Yang, Conformal transformation in f(T ) theories, EPL 93 (2011) 60001,
[arXiv:1010.1376].

[96] M. Wright, Conformal transformations in modified teleparallel theories of gravity
revisited, Phys. Rev. D93 (2016) 103002, [arXiv:1602.05764].

[97] T. P. Sotiriou and V. Faraoni, f(R) Theories Of Gravity, Rev. Mod. Phys. 82
(2010) 451–497, [arXiv:0805.1726].

[98] B. Shahid-Saless, First-Order Formalism Treatment of R + R2 Gravity, Phys. Rev.
D35 (1987) 467–470.

[99] T. P. Sotiriou and S. Liberati, Metric-affine f(R) theories of gravity, Annals Phys.
322 (2007) 935–966, [arXiv:gr-qc/0604006].

[100] G. J. Olmo, Palatini Approach to Modified Gravity: f(R) Theories and Beyond,
Int. J. Mod. Phys. D20 (2011) 413–462, [arXiv:1101.3864].

[101] R. Ferraro and F. Fiorini, Modified teleparallel gravity: Inflation without inflaton,
Phys. Rev. D75 (2007) 084031, [arXiv:gr-qc/0610067].

[102] R. Ferraro and F. Fiorini, On Born-Infeld Gravity in Weitzenbock spacetime, Phys.
Rev. D78 (2008) 124019, [arXiv:0812.1981].

[103] G. R. Bengochea and R. Ferraro, Dark torsion as the cosmic speed-up, Phys. Rev.
D79 (2009) 124019, [arXiv:0812.1205].

[104] Y.-F. Cai et al., f(T) teleparallel gravity and cosmology, Rept. Prog. Phys. 79
(2016) 106901, [arXiv:1511.07586].
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[183] C. Runge, Über die numerische Auflösung von Differentialgleichungen, Mathema-
tische Annalen 46 (1895) 167–178.

[184] K. Heun et al., Neue Methoden zur approximativen Integration der Differential-
gleichungen einer unabhängigen Veränderlichen, Z. Math. Phys 45 (1900) 23–38.

[185] W. Kutta, Beitrag zur naherungsweisen integration totaler differentialgleichungen,
Z. Math. Phys. 46 (1901) 435–453.
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