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Abstract

This doctoral dissertation is devoted to the study of the quotient algebra
of compact-by-approximable operators (the compact-by-approximable algebra) on
Banach spaces and related quotient algebras of linear operators. The compact-by-
approximable algebra is a radical Banach algebra that is non-trivial only within
the class of Banach spaces failing the approximation property, and it has not
been much studied prior to this thesis. The primary focus is on questions about
size, closed ideals, and other structural properties of such quotient algebras. We
also study non-classical approximation properties associated to explicit Banach
operator ideals.

In the first of four research articles included in the dissertation, we show
that the compact-by-approximable algebra is large for many Banach spaces. In
fact, there is a linear isomorphic embedding from the space of all null sequences
of scalars into the compact-by-approximable algebra for various Banach spaces,
including particular closed subspaces of classical sequence spaces and specific Ba-
nach spaces due to George Willis (1992) and William B. Johnson (1972). We also
exhibit an example of a non-separable compact-by-approximable algebra.

The second article studies closed ideals and related properties of the compact-
by-approximable algebra. We exhibit various examples of Banach spaces for which
the compact-by-approximable algebra carry explicit closed ideals, where many –
but not all – of the ideals are induced by Banach operator ideals. We also discuss
the existence of compact non-approximable operators between closed subspaces
of classical sequence spaces. The first and second article are joint works with
Hans-Olav Tylli.

The compact-by-approximable algebra can be generalised by considering an
analogous quotient algebra associated to a general Banach operator ideal and its
approximative kernel. The third article investigates such a quotient algebra for two
classes of Banach operator ideals; namely, for the class of quasi p-nuclear operators
introduced by Arne Persson and Albrecht Pietsch (1969), and for the class of Sinha-
Karn p-compact operators of Deba P. Sinha and Anil K. Karn (2002). Our focus
here is on questions about size, nilpotency, and closed ideals. The results also
yield new examples of closed ideals of the compact-by-approximable algebra.

Some of the results in the second and third article involve non-classical ap-
proximation properties associated to Banach operator ideals. Such approximation
properties were introduced by Eve Oja (2012) and they have recently been studied
for various Banach operator ideals. The fourth article focuses on approximation
properties related to the Banach operator ideals of unconditionally p-compact op-
erators introduced by Ju Myung Kim (2014) and the aforementioned Sinha-Karn
p-compact operators. For instance, we show that the respective approximation
properties associated to unconditionally 1-compact operators and Sinha-Karn 1-
compact operators are strictly weaker properties than the classical approximation
property.

All four research articles use various factorisation techniques for linear opera-
tors and results from Banach space theory. A comprehension of the constructions
of various Banach spaces failing the approximation property is also essential for
many of the results. This doctoral dissertation contributes to the branch of func-
tional analysis in pure mathematics, and hopes to bring new insights towards a
better understanding of the elusive gap between the compact operators and the
bounded finite-rank operators on infinite-dimensional Banach spaces.
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Introduction

The study of linear operators between Banach spaces belongs to the
branch of mathematics called functional analysis, which has applica-
tions in several other branches of mathematics and the natural sci-
ences. Banach spaces in their full generality were introduced by Ba-
nach [6] in 1922, and after the appearance of his monograph [7] 10
years later, Banach spaces and their linear operators has emerged into
a fascinating field of study in its own right, and they remain an active
subject of research.

Compact operators between Banach spaces, that is, linear opera-
tors that map bounded subsets into relatively compact subsets were
introduced by Riesz [70] already in 1916 (as Vollstetigen Transforma-
tionen) in connection with studies of integral operators on the space
C[a, b] of all continuous functions on the closed interval [a, b] of the
real numbers R. Although the concepts of general Banach spaces and
Banach algebras had not yet been introduced, it follows from observa-
tions of Riesz [70, p. 74] that the set K(X) of all compact operators
on the Banach space X forms a closed two-sided ideal of the Banach
algebra L(X) of all bounded linear operators on X.

Operators in the uniform operator norm closure A(X) := F(X) of
the class F(X) of all bounded finite-rank operators on X are called
approximable operators. According to Pietsch [63, 2.6.3], such opera-
tors were mentioned for the first time for general Banach spaces in a
paper of Hildebrandt [35] from 1931, where it was pointed out that
approximable operators are compact. In particular, one has

A(X) ⊂ K(X) ⊂ L(X) (0.0.1)

for every Banach space X. Moreover, it is evident, and appears to be
folklore, that also A(X) forms a closed two-sided ideal of L(X).

As a consequence of the well-known Riesz’s lemma, the right-hand
inclusion in (0.0.1) is strict for any infinite-dimensional Banach space
X, and the gap between K(X) and L(X) is naturally studied through
the Calkin algebra CX := L(X)/K(X). This quotient algebra is named
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after Calkin who established in [10] that K(H) for a separable infinite-
dimensional Hilbert space H is the only non-trivial closed ideal of
L(H). Here A(H) = K(H), which was known at that time.

The left-hand inclusion in (0.0.1) is more subtle. In fact, typically
A(X) = K(X) and already Hildebrandt points out on [35, p. 197]
that whether this identity holds "...without additional limitations on
the space considered seems to be still undetermined.". Questions of
this type were systematically considered, among many other things,
in the famous Memoir [34] of Grothendieck from 1955. In fact, a
number of equivalent formulations of the question whether all compact
operators between Banach spaces are approximable was established.
Whether one (and hence all) of these formulations is true was named
the Approximation Problem.

One formulation of the Approximation Problem in [34] is whether
all Banach spaces have the approximation property, that is, whether
the identity operator can always be approximated uniformly on com-
pact subsets by bounded finite-rank operators. In 1973 Enflo [25]
solved the Approximation Problem in the negative by constructing a
separable reflexive Banach space that fails the approximation property.
It follows that there are Banach spaces X for which A(X) ( K(X),
and the study of the quotient algebra

AX := K(X)/A(X)

of compact-by-approximable operators is relevant for such spaces. Un-
like the Calkin algebra, the quotient algebra AX is always non-unital
and moreover, the spectrum of every element T +A(X) ∈ AX is just
the singleton set {0}. In other words, the quotient algebra AX for any
given Banach space X belongs to the class of radical Banach algebras.
Incidentally, the radicality of the quotient algebra AX was established
by J.C. Alexander [2, Corollary 6.2] in the late 1960s before Enflo’s
solution to the Approximation Problem.

? ? ?

This doctoral dissertation is devoted to the study of the quotient alge-
bra AX = K(X)/A(X) and related quotient algebras described on the
following page. In particular, questions about size, structural proper-
ties and closed ideals of AX are studied for different classes of Banach
spaces X failing the approximation property. The results mostly draw
on Banach space theory and specific Banach operator ideals, and are
independent of the underlying scalar field. The four included Research
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Articles [A-D] listed on page v are summarized in the introductory part
of this work.

Chapter 1 of the introductory part outlines the results on size
and related structural properties of the quotient algebra AX , most of
which are established in Article [A]. It turns out that the quotient
algebra AX is infinite-dimensional for many Banach spaces X. In
fact, one can linearly embed the space c0 of all null sequences of scalars
isomorphically into the quotient algebra AX for various Banach spaces
X. Such spaces include particular closed subspaces of c0 and of the
space `p of all absolutely p-summable sequences of scalars for 1 ≤
p < ∞ and p 6= 2; the Banach spaces constructed by Willis [83]
that have the bounded compact approximation property but fail the
approximation property; and the dual space C∗1 of the complementably
universal separable conjugate space C1 constructed by Johnson [38].

Chapter 2 summarizes the results of Article [B] on closed ideals of
AX and K(X). In particular, it is established that the uniform closures
of specific instances of classical Banach operator ideals form non-trivial
closed ideals of K(X). Closed ideals of K(X) may not always be
ideals of L(X), and this is shown through a particular example of a
non-reflexive Banach space Z for which K(Z) contains an uncountable
family of closed ideals that are not ideals of L(Z). Also the existence of
compact non-approximable operators between closed subspaces X ⊂
`p and Y ⊂ `q for p 6= q is discussed in Article [B].

This work also initiates the study of the quotient algebras

AIX := I(X)/F(X)‖·‖I

for Banach operator ideals I = (I, ‖ · ‖I) contained in the ideal K =
(K, ‖ · ‖) of the compact operators. With this notation AX = AKX ,
so the compact-by-approximable algebra AX is a special instance of
such quotient algebras AIX . Moreover, AIX is a radical Banach algebra
whenever I ⊂ K, and one of the main objectives of this study, which
is carried out in Article [C], was to exhibit different phenomena for the
class of radical quotient algebras AIX which are not known to manifest
themselves for AX . The primary focus here is on the nilpotent quotient
algebras AQN pX and A

SKp
X , where QN p = (QN p, ‖·‖QN p) is the Banach

operator ideal of the quasi p-nuclear operators introduced by Persson
and Pietsch [60] and SKp = (SKp, ‖ · ‖SKp) is the Banach operator
ideal of the Sinha-Karn p-compact operators introduced by Sinha and
Karn [73] for real numbers p ∈ [1,∞). Chapter 3 elaborates on the
main results of Article [C].

The study of the quotient algebra AIX for the Banach operator
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ideals I = QN p and I = SKp involves new insights on the I-
approximation property, which is a property of Banach spaces that
has received a lot of attention for various Banach operator ideals
I = (I, ‖ · ‖I) over the past 20 years, see e.g. [21, 44, 47, 48, 50, 57]
and their references. Closely related to the SKp-approximation prop-
erty is the Kup-approximation property for the Banach operator ideal
Kup = (Kup, ‖ · ‖Kup) of the unconditionally p-compact operators intro-
duced by J.M. Kim [43], and new results on the Kup-approximation
property for 1 ≤ p < 2 are established in Article [D]. These results are
discussed in more detail in Chapter 4.

Prior to this doctoral dissertation very little was known about the
quotient algebra AX of compact-by-approximable operators and this
void in the theory of radical Banach algebras was highlighted by Dales
[16] in a collection of facts and problems from 2013. Dales’ collection
was the starting point of the research in this work, and it remains
an intriguing source for future investigations on this elusive class of
radical Banach algebras. Despite the progress made, there are many
questions left open, and some of the problems and related results are
discussed in the last section of each respective chapter.
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1. Compact-by-approximable oper-
ators

Given a pair (X, Y ) of Banach spaces, let L(X, Y ); K(X, Y ); and
A(X, Y ) denote the linear spaces of all bounded linear operators; all
compact operators; and all approximable operators X → Y , respec-
tively. These spaces are equipped with the uniform operator norm
||T || = supx∈BX ||Tx||, where BX denotes the closed unit ball of X,
which turns them into Banach spaces. Here

A(X, Y ) = F(X, Y )

by definition, where F(X, Y ) denotes the space of all bounded finite-
rank operators X → Y , so that

F(X, Y ) ⊂ A(X, Y ) ⊂ K(X, Y ) ⊂ L(X, Y ).

For X = Y denote L(X) := L(X,X) and K(X) := K(X,X) etc. As
mentioned in the Introduction, the spaces A(X) ⊂ K(X) form closed
two-sided ideals of L(X). Consequently, the quotient algebra

AX = K(X)/A(X)

of compact-by-approximable operators, also referred to as the compact-
by-approximable algebra, is a well-defined Banach algebra equipped
with the quotient norm

||T +A(X)|| = dist(T,A(X)) = inf
S∈A(X)

||T − S||.

The quotient algebra AX can only be non-trivial within the class of
Banach spaces X failing the approximation property, and thus a good
understanding of the approximation property is essential for studies
of the compact-by-approximable algebra. In Section 1.1 we review
relevant notions and results related to the approximation property,
and some of the early results on compact-by-approximable operators.
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For comprehensive treatments on the approximation property we refer
to the books [53, 54] which are also references for unexplained concepts
of Banach spaces, and the survey [12]. We also refer to [59, 63] for more
on the historical developments related to the approximation property.
In Sections 1.2–4 we present the main results and examples on the size
of AX that are established primarily in Article [A].

1.1 Approximation properties

The Banach space X is said to have the approximation property (AP
in short) if for all ε > 0 and all compact subsets K ⊂ X there is a
bounded finite-rank operator T ∈ F(X) such that

sup
x∈K
||Tx− x|| < ε. (1.1.1)

If the approximating operators T ∈ F(X) in (1.1.1) can be chosen to
satisfy ||T || ≤ λ for some universal constant λ > 0, then X is said
to have the bounded approximation property (BAP). If one instead
allows approximation by T ∈ K(X) in (1.1.1), then X is said to have
the compact approximation property (CAP), and similarly to the BAP,
if the approximating compact operators T ∈ K(X) satisfy ||T || ≤ λ
for some universal constant λ > 0, then X is said to have the bounded
compact approximation property (BCAP).

The approximation property was introduced by Grothendieck [34,
Section 1.5] together with a number of equivalent formulations of the
AP. In particular, the following characterisation holds.

Theorem 1.1.1 (Grothendieck). Let X be a Banach space. Then X
has the AP if and only if K(Y,X) = A(Y,X) for every Banach space
Y .

The following counterpart for dual spaces was also established in
[34].

Theorem 1.1.2 (Grothendieck). Let X be a Banach space. Then
the dual X∗ has the AP if and only if K(X, Y ) = A(X, Y ) for every
Banach space Y .

Evidently Theorem 1.1.1 implies that K(X) = A(X), that is, AX =
{0} whenever the underlying Banach space X has the AP. Thus the
quotient algebra AX is non-zero only within the class of Banach spaces
X failing the AP.
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At the time of Grothendieck’s Memoir [34], it was not known
whether or not all Banach spaces have the AP, and it would take
almost two decades before the first Banach space failing the AP was
constructed. This was referred to as the Approximation Problem: Do
all Banach spaces have the AP? The Approximation Problem was re-
formulated in many ways in [34, ”Proposition” 37], one of which is
contained in Theorem 1.1.1: Are all compact operators between Ba-
nach spaces approximable?

Questions of the above type had already been around for a while as
was seen in the Introduction with the question of Hildebrandt. Also
Banach essentially asked in his monograph [7] whether all Banach
spaces have the BCAP. In fact, on [7, p. 237] he poses the question
whether all separable Banach spaces X carry a sequence (Tk) ⊂ K(X)
of compact operators such that Tk → IX pointwise as k → ∞, where
IX denotes the identity operator on X. With a bit of work one can
show that a separable Banach space X carries such a sequence (Tk) ⊂
K(X) if and only if X has the BCAP.

In 1973 Enflo [25] constructed the first example of a Banach space
failing the approximation property. More precisely, he constructed a
separable reflexive Banach space that fails the AP. This was also the
first example of a separable Banach space without a Schauder basis,
and thus it solved the well-known Basis Problem of Banach [7, p.
111] in which it is asked whether every separable Banach space has a
Schauder basis.

Enflo’s solution of the Approximation Problem also immediately
implied that there is a closed subspace X ⊂ c0 that fails the AP, since
one of Grothendieck’s formulations of the Approximation Problem was
whether all closed subspaces X ⊂ c0 have the AP. Enflo’s construction
was soon thereafter simplified by Davie [17] using a probabilistic argu-
ment, and as noted by Davie [17, Remark (ii)], the new construction
also yields for each 2 < p <∞ a closed subspace X ⊂ `p that fails the
AP. Subsequently, Szankowski [75] constructed for each 1 ≤ p < 2 a
closed subspace X ⊂ `p that fails the AP.

A significant open question related to Theorem 1.1.1 is whether a
Banach space X has the AP whenever AX = {0}. This question seems
to be formally stated for the first time by Lindenstrauss and Tzafriri
[53, Problem 1.e.9], but it also appears in earlier papers [1] and [5] by
F. Alexander1 and Bachelis, respectively.

Relying on Davie’s construction, Alexander [1] showed that for

1F. Alexander suggests that the question is unlikely to be true, which is the
only explicit guess on this problem we found in the literature.
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2 < p <∞ there is a closed subspace X ⊂ `p such that A(X) ( K(X),
that is, AX 6= {0}. This result was generalised by Bachelis [5] using
the Cohen-Hewitt factorisation theorem.

Theorem 1.1.3 (Bachelis). If E is a Banach space with the BAP that
is linearly isomorphic to the direct sum E ⊕ E, and E has a closed
subspace Y that fails the AP, then there is a closed subspace X ⊂ E
such that AX 6= {0}.

Banach spaces E that satisfy the conditions in Theorem 1.1.3 in-
clude all sequence spaces `p for p 6= 2 and c0 due to the aforementioned
results of Enflo, Davie, and Szankowski. Consequently, the following
facts hold:

Facts 1.1.4. Suppose that 1 ≤ p <∞ and p 6= 2.

(i) Then there is a closed subspace X ⊂ `p such that AX 6= {0}.
(ii) Then there is a closed subspace X ⊂ c0 such that AX 6= {0}.

Part (ii) above can also be deduced by applying an earlier result
of Terzioğlu [78] from 1971 (or Randtke [68]), which states that every
compact operator T ∈ K(X, Y ) between arbitrary Banach spaces X
and Y admits a compact factorisation through a closed subspace of
c0, that is, there is a closed subspace M ⊂ c0 and A ∈ K(X,M),
B ∈ K(M,Y ) such that T = BA.

According to Johnson and Szankowski [41], Figiel had observed
that the Banach spaces failing the AP constructed by Enflo and Davie
even fail the CAP (see also [54, p. 102]). Also the subsequent spaces
of Szankowski [75] fail the CAP, see [54, Theorem 1.g.4]. Note that
the CAP is a weaker property than the AP, that is, if the Banach
space X has the AP, then X has the CAP. However, at the time of
Figiel’s observation it was not known whether the CAP is a strictly
weaker property than the AP. This is indeed so, due to Willis [83] who
constructed in 1992 a class of Banach spaces that have the BCAP (and
thus have the CAP) but fail the AP. These spaces are relevant for us,
since the quotient algebra AX is non-nilpotent and infinite-dimensional
for any Banach space X that has the BCAP and fails the AP as we
will see in the next section.

1.2 General results on the size of AX

This section presents general constructions of Banach spaces X for
which the compact-by-approximable algebra AX is large.

4



1.2.1 General constructions

The starting point for most results about the size of AX is the following
basic construction of a non-zero quotient algebra AX which we review
in detail for the convenience of the reader.
Example 1.2.1. Let Z be a Banach space that fails the AP. Thus
there is a Banach space Y together with a compact non-approximable
operator

T ∈ K(Y, Z) \ A(Y, Z) (1.2.1)
by Theorem 1.1.1. Consider the direct sum

X := Y ⊕ Z

equipped with the `p-norm ||(y, z)||p = (||y||p + ||z||p)1/p for any 1 ≤
p < ∞, or the supremum norm ||(y, z)||∞ = max{||y||, ||z||}. Define
the bounded operators

JY : Y → X, y 7→ (y, 0) and PY : X → Y, (y, z) 7→ y,

which means that JY is the natural isometric embedding from Y into
X, and PY is the corresponding natural projection from X onto Y .
There are also analogous natural mappings JZ : Z → X and PZ :
X → Z. We claim that

T̃ := JZTPY ∈ K(X) \ A(X).

Note first that T̃ ∈ K(X) by the operator ideal property for compact
operators (see Remark 1.2.2 below) since T ∈ K(Y, Z). Moreover,
assuming T̃ ∈ A(X) towards a contradiction, one gets

T = PZJZTPY JY = PZ T̃ JY ∈ A(Y, Z)

by the operator ideal property for approximable operators, which con-
tradicts (1.2.1). Thus the claim holds, which means that

AX 6= {0}.

Remark 1.2.2. The respective classes K and A of all compact opera-
tors and all approximable operators satisfy the operator ideal property,
which was used above. This means for K that for all Banach spaces
X, Y, Z and W , and all operators S ∈ L(X, Y ), R ∈ K(Y, Z) and
U ∈ L(Z,W ), one has URS ∈ K(X,W ).

Analogously, for A, it holds for all T ∈ A(Y, Z) and all compatible
bounded operators S and U as above, that UTS ∈ A(X,W ). In
addition, K and A are Banach operator ideals, which is an essential
feature of many classes of operators. We will discuss Banach operator
ideals in more detail later on in Section 2.2.

5



Example 1.2.1 can be generalised in many ways. This is illustrated
in the following example, which is a special case of a more general and
technical result established in [A, Proposition 2.2].

Example 1.2.3. Let 1 ≤ p ≤ ∞ and suppose that X1, X2, . . . is a
sequence of Banach spaces such that

A(Xk) ( K(Xk) (1.2.2)

for all k ∈ N. Consider the direct `p-sum

Z :=
( ∞⊕
k=1

Xk

)
`p
,

where `p is replaced by c0 in the case p = ∞. Then the quotient
algebra AZ contains a closed subspace which is linearly isomorphic to
c0. Here the linear isomorphic embedding φ : c0 → AZ is defined by

(ak) 7→
( ∞∑
k=1

akJkSkPk
)

+A(Z), (ak) ∈ c0,

where, for every k ∈ N, the operator Jk : Xk → Z is the natural
isometric embedding, Pk : Z → Xk is the corresponding natural pro-
jection, and Sk ∈ K(Xk) \ A(Xk) is a fixed operator which exists by
(1.2.2).

It is known that if X ⊂ `p is a closed subspace, then the direct `p-
sum (X ⊕X ⊕ · · · )`p is isometrically isomorphic to a closed subspace
of `p. The analogous fact holds for closed subspaces X ⊂ c0. In
particular, by applying Example 1.2.3 on the closed subspaces in Facts
1.1.4, one obtains closed subspaces X ⊂ `p for 1 ≤ p <∞, p 6= 2, and
X ⊂ c0 such that the respective quotient algebras AX even contain a
linearly isomorphic copy of c0.

1.2.2 Radicality and non-nilpotent examples

Let A be an algebra. The unitisation A# := K ⊕ A of A is a unital
algebra with unit 1 := 1 + 0, where the product of two elements
α + a, β + b ∈ A# is defined by

(α + a) · (β + b) = αβ + (αb+ βa+ ab).

It follows from the Riesz-Fredholm theory that the quotient algebra
AX is radical for any Banach space X in the sense that the spectrum

σ(S +A(X)) : = {λ ∈ K | λ1− (S +A(X)) ∈ A#
X is not invertible}

= {0} (1.2.3)
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for all S ∈ K(X), where K = C or K = R is the scalar field of the
underlying Banach space X. Note that (1.2.3) is equivalent to the
usual definition of a radical algebra in the case K = C, see e.g. [15,
Proposition 1.5.32.(iv)].

The radicality of AX was established by J.C. Alexander [2] in the
complex case K = C, see also [15, Theorem 2.5.8.(iv)]. The real case
K = R is included in [B, Proposition 2.8] where it is more gener-
ally shown that the quotient algebra J /I is a radical Banach algebra
whenever I and J are closed ideals of L(X) that satisfy

A(X) ⊂ I ⊂ J ⊂ R(X). (1.2.4)

Above R denotes the class of all inessential operators introduced by
Kleinecke [49], where S ∈ R(X, Y ) by definition if IX − TS is a
Fredholm operator on X for all T ∈ L(Y,X), that is, the kernel
ker(IX − TS) is finite-dimensional and the range Ran(IX − TS) has
finite codimension in X. Note that K(X) ⊂ R(X) for any Banach
space X.

One can use the radicality (1.2.3) of AX to establish that the quo-
tient algebra AX is infinite-dimensional for a given Banach space X.
Namely, it is known that if A is a finite-dimensional radical Banach
algebra, then A is nilpotent; see [15, Proposition 1.5.6.(iv)]. Here the
Banach algebra A is nilpotent by definition if there is n ∈ N such that
the products

a1 · · · an = 0
for any a1, . . . , an ∈ A. We also recall the following characterisation
of nilpotency due to Grabiner [33]: a Banach algebra A is nilpotent if
and only if for every a ∈ A there is n ∈ N such that an = 0. Thus,
a non-nilpotent radical Banach algebra A is infinite-dimensional and
contains an element a ∈ A such that an 6= 0 for all n ∈ N.

We proceed by presenting non-nilpotent examples of compact-by-
approximable algebras. Recall from Section 1.1 that there exist Ba-
nach spaces that have the BCAP but fail the AP, due to Willis [83].
One can verify in different ways that the quotient algebra AX is non-
nilpotent for such a space X. An elementary proof is given in [A,
Proposition 3.1] and another proof, using bounded left approximate
identities of K(X), was provided by Shulman and Turovskii [72, Ex-
ample 5.24]. Moreover, Dales [16] suggested a short proof using the
full power of the Cohen-Hewitt factorisation theorem. It follows by the
discussion above that if the Banach space X has the BCAP but fails
the AP, then dimAX =∞ and there is a compact operator T ∈ K(X)
such that T n /∈ A(X) for all n ∈ N. We will see in Section 1.3 that
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for the specific class of spaces constructed by Willis [83], one can even
embed c0 isomorphically into AX .

It is shown in Article [B] that one also encounters non-nilpotent
quotient algebras AX within the closed subspaces of `p and c0, which
is crucial for some of the results on closed ideals of AX that are out-
lined in Chapter 2. The following result displays a special case of [B,
Theorem 2.9]. We use the notation X ≈ Y for two linearly isomorphic
Banach spaces X and Y .
Theorem 1.2.4. Let 1 ≤ p ≤ ∞. Suppose that E has the BAP, and
that

E ≈
( ∞⊕
k=1

E
)
`p
,

where `p is replaced by c0 in the case of p = ∞. If E has a closed
subspace X that fails the AP, then there is a closed subspace Z ⊂ E
for which the quotient algebra AZ is non-nilpotent.

The assumptions apply e.g. to E = `p for 1 ≤ p < ∞ and p 6= 2,
or E = c0.

The proof of Theorem 1.2.4 is based on a factorisation result of
Bachelis [5] which is also used in the proof of Theorem 1.1.3. In fact,
suppose that X is a closed subspace of E that fails the AP, so that
there is an operator

T ∈ K(W,X) \ A(W,X) (1.2.5)
for a suitable Banach space W . By [5, Theorem 2’], the compact
operator T admits a compact factorisation T = V0U0 through a closed
subspace Z0 ⊂ E. By iteration one obtains for all k ∈ N a closed
subspace Zk ⊂ E together with compact operators Uk ∈ K(Zk−1, Zk)
and Vk ∈ K(Zk, X) such that Vk−1 = VkUk. This is illustrated in
the following commuting diagram (where J : X → E is the inclusion
map):

W X E

Z0 Z1 · · · Zn · · ·

U0

T J

V0

U1

V1

U2 Un

Vn

Un+1

Here Uk /∈ A(Zk−1, Zk) for all k ∈ N by the operator ideal property,
since T /∈ A(W,X) by (1.2.5). The desired closed subspace in Theo-
rem 1.2.4 is the direct `p-sum

Z := (
∞⊕
k=0

Zk)`p ⊂ (
∞⊕
k=1

E)`p ≈ E,

with the analogous direct c0-sum in the case p =∞.
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1.3 The quotient algebra AZ for Willis spaces Z

This section elaborates on the main result of Article [A] which states
that the quotient algebra AZ contains an isomorphic copy of c0 when-
ever Z belongs to the class of Banach spaces that have the BCAP but
fail the AP constructed by Willis [83]. We start by reviewing the rel-
evant details of the construction of such spaces. Towards this, recall
that the convex hull and the absolutely convex hull of a subset D ⊂ X
are defined, respectively, by

conv(D) : =
{ n∑
k=1

λkxk | λk ≥ 0,
n∑
k=1

λk = 1, xk ∈ D, n ∈ N
}
,

absconv(D) : =
{ n∑
k=1

λkxk | λk ∈ K,
n∑
k=1
|λk| ≤ 1, xk ∈ D, n ∈ N

}
.

Let X be a Banach space that fails the AP. By definition, there is a
compact subset K ⊂ X and a constant c > 0 such that

sup
x∈K
||x− V x|| ≥ c

for every V ∈ F(X). Here one may assume that

K = conv{xk | k ∈ N},

where 0 < ||xk|| ≤ 1 for all k ∈ N and ||xk|| → 0 as k →∞. In fact, a
classical result of Grothendieck [34] states that every compact subset
K of an arbitrary Banach space X is contained in conv{xk | k ∈ N}
for some null sequence (xk) ⊂ X.

For 0 < t < 1 consider the norm closure

Ut := absconv

{
xk
||xk||t

| k ∈ N

}
,

which is a compact subset of X by Mazur’s theorem. Let Yt ⊂ X be
the linear span of Ut normed by the Minkowski functional |·|t : Yt → R
defined by

|x|t = inf{λ > 0 | x ∈ λUt}, x ∈ Yt.

Here | · |t defines a complete norm on Yt, and Ut is the closed unit ball
of the Banach space Yt = (Yt, | · |t).

It holds by the definition of Ut that |xk|t ≤ ||xk||t for all k ∈ N.
Moreover, for any 0 < s < t < 1 one has Us ⊂ Ut ⊂ BX and Ys ⊂
Yt ⊂ X, so that

||x|| ≤ |x|t ≤ |x|s, x ∈ Ys. (1.3.1)
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Thus the inclusion maps Ys → Yt and Yt → X are bounded for all
0 < s < t < 1.

Next define for 0 < s < t < 1 and y ∈ Ys the function

yχ(s,t) : (0, 1)→ X, yχ(s,t)(x) =

y if x ∈ (s, t),
0 otherwise.

Consider the linear space

Z := span{yχ(s,t) | 0 < s < t < 1, y ∈ Ys}

equipped with the norm

||f || =
∫ 1

0
|f(r)|r dr, f ∈ Z.

The integral above exists in the Riemann sense, since f(r) ∈ Yr for
all r ∈ (0, 1), and the map r 7→ |f(r)|r is piecewise decreasing, which
follows from (1.3.1).

Finally, let Z denote the completion of (Z, ‖ · ‖). By constructing
a sequence (Tk) ⊂ K(Z) of vector-valued convolution operators for
which Tk → IZ pointwise as k → ∞, Willis [83] established that the
Banach space Z has the BCAP but fails the AP.

The following theorem is the main result of Article [A]. For other
results and applications concerning the Willis spaces we refer to e.g.
[13, 14, 52, 58, 80].

Theorem 1.3.1. ([A, Theorem 3.2]) Suppose that X fails the AP and
let Z = ZX be the above Willis space associated to X. Then there is
a linear isomorphic embedding φ : c0 → AZ .

The crucial ingredient in the proof of Theorem 1.3.1 is the fact
that there is a specific sequence Z1, Z2, . . . of complemented closed
subspaces of Z for which AZk 6= {0} for all k ∈ N. The claim of
Theorem 1.3.1 then follows by an argument similar to Example 1.2.3.

1.4 Further examples on infinite-dimensional quo-
tient algebras

In this section we discuss the duality between the quotient algebras
AX and AX∗ . We also present a universal factorisation space ZFJ ,
arising from the works of Johnson [37] and Figiel [26], that carries a
non-separable quotient algebra AZFJ .
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A classical result of Grothendieck [34] states that a Banach space
X has the AP whenever its dual X∗ has the AP. The converse does not
hold in general; for instance, the space of all nuclear operators N (H)
on a separable infinite-dimensional Hilbert space H has the AP, but
the dual N (H)∗ ∼= L(H) fails the AP due to Szankowski [76].

The analogous facts hold for the respective quotient algebras AX

and AX∗ . Indeed, it follows from the principle of local reflexivity that

dist(S∗,A(X∗)) = dist(S,A(X))

for all S ∈ K(X), see e.g. [11, Proposition 2.5.2]. Consequently, the
mapping

θ : AX → AX∗ , T +A(X) 7→ T ∗ +A(X∗)

defines an isometric embedding for any Banach space X. In particular,
AX = {0} whenever AX∗ = {0}.

We next demonstrate an example where the difference between
AX and AX∗ is large. Towards this, let G1, G2, . . . be a sequence of
finite-dimensional Banach spaces with the following properties:

(i) (Gk)∞k=1 is dense in the Banach-Mazur distance dBM in the class
of all finite-dimensional spaces.

(ii) For each k ∈ N there is an infinite subset J ⊂ N such that
Gk
∼= Gj for all j ∈ J .

Here condition (i) means that for all ε > 0 and all finite-dimensional
Banach spaces E there is r ∈ N such that the Banach-Mazur distance

dBM(E,Gr) := inf{||T || · ||T−1|| | T ∈ L(E,Gr) is invertible}

between E and Gr satisfies dBM(E,Gr) < 1 + ε.
Next, fix 1 ≤ p ≤ ∞ and consider the direct `p-sum

Cp := (
∞⊕
k=1

Gk)`p ,

where the direct `p-sum is replaced by a direct c0-sum in the case
p = ∞. Due to Johnson [37] and Figiel [26], every compact operator
T ∈ K(X, Y ) between arbitrary Banach spaces X and Y admits a
compact factorisation through a closed subspace of Cp. Here Cp has
the AP since it is a property that passes to `p-sums and c0-sums and
finite-dimensional spaces have the AP.
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Johnson [38] established that C∗1 is complementably universal for
separable spaces in the sense that the dual space X∗ is isometric to
a 1-complemented subspace of C∗1 for any separable Banach space X.
Now, since there are separable spaces X for which the quotient algebra
AX∗ contains a linear isomorphic copy of c0, also AC∗1

contains a linear
isomorphic copy of c0 due to the universal property of C∗1 . But since
C1 has the AP, we have AC1 = {0}.

As a final result of Chapter 1 we exhibit an example of a non-
separable compact-by-approximable algebra. Following Aron et al.
[4] and [55] we consider the direct sum

Zp
FJ :=

( ⊕
W⊂Cp

W
)
`p
,

where 1 ≤ p ≤ ∞ and W runs through all closed infinite-dimensional
subspaces W ⊂ Cp. Due to the aforementioned factorisation property
of Cp, the space Zp

FJ has the following universal compact factorisation
property: Every compact operator T ∈ K(X, Y ) between arbitrary Ba-
nach spaces X and Y admits a compact factorisation through Zp

FJ .

Theorem 1.4.1. ([A, Theorem 4.5]) There is an uncountable set Γ so
that c0(Γ) embeds isomorphically as a linear subspace into AZpFJ

for
any 1 ≤ p ≤ ∞.

Here c0(Γ) consists of all bounded functions f : Γ → K such that
for all ε > 0 the set {γ ∈ Γ | |f(γ)| > ε} is finite. The space c0(Γ)
is a Banach space equipped with the supremum norm || · ||∞ which
is non-separable, and consequently also the quotient algebra AZpFJ

is
non-separable. Theorem 1.4.1 is established by showing that there
exists an uncountable family {Zγ | γ ∈ Γ} of distinct closed subspaces
of Cp such that AZγ 6= {0} for all γ ∈ Γ. Here the aforementioned
universal compact factorisation property of Zp

FJ is used. The claim
of Theorem 1.4.1 then follows by an analogue of Example 1.2.3 for
uncountable direct sums.

1.5 Concluding remarks

As demonstrated in Chapter 1, there are many Banach spaces X of dif-
ferent type for which the quotient algebra AX is infinite-dimensional,
and some of the examples are in addition non-nilpotent. It remains
unsolved whether there is a Banach space X failing the AP that carries
a finite-dimensional or a nilpotent quotient algebra AX . These ques-
tions were asked by Dales in his collection [16] of facts and problems
and we restate them here.
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Question 1.5.1. (Dales [16])

(i) Is there a Banach space X that fails the AP such that AX is
finite-dimensional?

(ii) Is there a Banach space X with a nilpotent non-zero quotient
algebra AX?

We recall in connection to Question 1.5.1.(i) that Argyros and
Haydon [3] constructed a celebrated example of a Banach space XAH

with a Schauder basis for which the Calkin algebra

CXAH = L(XAH)/K(XAH)

is 1-dimensional. Moreover, Tarbard [77] constructed for each natural
number k ≥ 2 a Banach space Xk such that dim(CXk) = k and

dim(S(Xk)/K(Xk)) = k − 1

for the class S of all strictly singular operators. Here T ∈ S(X, Y )
by definition if the restriction operator T |Z : Z → Y is not bounded
from below for any infinite-dimensional closed subspace Z ⊂ X. The
class S of all strictly singular operators is contained in the class R
of all inessential operators, which means by (1.2.4) that the quotient
algebra S(X)/K(X) belongs to the class of radical quotient algebras
for all Banach spaces X.
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2. Closed ideals of the compact-by-
approximable algebra

In this chapter we outline the main results and examples on closed
ideals of the compact-by-approximable algebra AX = K(X)/A(X),
which are obtained in Article [B]. Recall that a closed subspace I of
a Banach algebra A is called a closed ideal of A if ax ∈ I and xa ∈ I
for all a ∈ A and x ∈ I.

It is known that if I is a non-zero closed ideal of K(X), then
A(X) ⊂ I which means that A(X) is the minimal non-zero closed
ideal of K(X), see e.g. [15, Theorem 2.5.8.(i)]. It follows that the rule
I 7→ q(I) defines a bijective correspondence between non-zero closed
ideals of K(X) and closed ideals of AX , which preserves inclusions in
both directions. Here q denotes quotient map K(X)→ AX defined by
q(T ) = T +A(X) for all T ∈ K(X). We call a closed ideal I of K(X)
non-trivial if

A(X) ( I ( K(X),
or equivalently, if {0} ( q(I) ( AX (i.e. q(I) is a non-trivial closed
ideal of AX).

2.1 Non-trivial closed ideals of AX

In this section we exhibit non-trivial closed ideals of the quotient al-
gebra AX for a large class of Banach spaces X. Moreover, we describe
a particular Banach space Z for which K(Z) carries an uncountable
family F = {IA | A ⊂ N} of non-trivial closed ideals, where none of
the ideals IA ∈ F are ideals of L(Z).

Towards the first result we recall that a Banach space X is said to
have type 2 if there is a constant C > 0 such that( ∫ 1

0
||

n∑
k=1

rk(t)xk||2dt
)1/2
≤ C ·

( n∑
k=1
||xk||2

)1/2

for all finite subsets {x1, . . . , xn} ⊂ X. Here rk : [0, 1] → R denotes
k:th Rademacher function defined by rk(t) = sign(sin 2kπt) for all
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t ∈ [0, 1]. If instead there is a constant D > 0 such that

( n∑
k=1
||xk||2

)1/2
≤ D ·

( ∫ 1

0
||

n∑
k=1

rk(t)xk||2dt
)1/2

for all finite subsets {x1, . . . , xn} ⊂ X, then X is said to have cotype
2. We refer to [24, 67] for more on the notions of type and cotype of
Banach spaces.

Suppose that X has type 2 and Y has cotype 2. Then every
bounded operator T ∈ L(X, Y ) admits a bounded factorisation T =
BA through a Hilbert space H due to a classical result of Kwapien
and Maurey, see e.g. [67, Corollary 3.6]. Moreover, John [36] observed
in connection with studies on compact operators on Pisier spaces [66],
that if a compact operator T ∈ K(X, Y ) between arbitrary Banach
spaces X and Y admits a bounded factorisation through a reflexive
Banach space Z having the AP, then T ∈ A(X, Y ). By combining
these facts, one obtains that

K(X, Y ) = A(X, Y ) (2.1.1)

wheneverX has type 2 and Y has cotype 2, see [B, Theorem 2.2]. Note
that (2.1.1) holds independently of any approximation properties. A
result of a similar type has been obtained by Godefroy [32] and a
special instance of (2.1.1) is mentioned on [24, p. 248]. Moreover,
in Section 4.2 a complementary result will be presented in connection
with the results of Article [D].

The following result exhibits a large class of Banach spaces X and
Y for which K(X ⊕Y ) contains two incomparable closed ideals I and
J of a specific form. Here the identity displayed in (2.1.1) is essential
for verifying that I and J are indeed ideals of K(X ⊕ Y ). We recall
that two ideals I and J of an algebra A are said to be incomparable if
I 6⊂ J and J 6⊂ I.

Theorem 2.1.1. ([B, Theorem 2.6]) Suppose that X and Y are Ba-
nach spaces such that X has cotype 2, Y has type 2, as well as
A(X) ( K(X) and A(Y ) ( K(Y ). Let

I :=
(
K(X) A(Y,X)
K(X, Y ) A(Y )

)
and J :=

(
A(X) A(Y,X)
K(X, Y ) K(Y )

)
,

where K(Y,X) = A(Y,X) in view of (2.1.1).
Then I and J are non-trivial incomparable closed ideals of K(X⊕

Y ), and q(I) and q(J ) are non-trivial incomparable closed ideals of
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AX⊕Y . In particular, for 1 ≤ p < 2 < q < ∞ there are closed
subspaces X ⊂ `p and Y ⊂ `q for which K(X⊕Y ) and thus also AX⊕Y
contains (at least) two non-trivial incomparable closed ideals.

We note that Theorem 2.1.1 provides a negative answer to a ques-
tion of Dales [16] whether the lattice of the closed ideals of AZ is
always totally ordered by inclusion.

By using the aforementioned Kwapien-Maurey factorisation result
for bounded operators and the fact that Hilbert spaces have the AP,
one can further show that I and J in Theorem 2.1.1 are closed ideals
of L(X ⊕ Y ). However, it is not always the case that closed ideals of
K(X) are closed ideals of L(X) as the following result demonstrates.

Theorem 2.1.2. (Part of [B, Theorem 4.5]) There is a non-reflexive
Banach space Z such that K(Z) carries an uncountable family

F = {IA | ∅ 6= A ( N}

of closed ideals, which are not ideals of L(X).

The desired Banach space in Theorem 2.1.2 is a direct `p-sum

Z = (Y ⊕X ⊕X ⊕ · · · )`p

for any fixed 1 < p < ∞, where X is a Banach space that has the
AP for which the dual X∗ fails the AP, and Y is a Banach space
such that K(X, Y ) 6= A(X, Y ). Recall from page 11 that such Banach
spaces X exist, and the Banach space Y is then obtained by applying
Grothendieck’s characterisation of the AP for dual spaces (Theorem
1.1.2). For each ∅ 6= A ( N the corresponding closed ideal IA ∈ F in
Theorem 2.1.2 is defined as follows:

IA := {U ∈ K(Z) | P0UJ0 ∈ A(Y ) and
P0UJk ∈ A(Xk, Y ) for all k ∈ A}.

Here J0 : Y → Z is the natural isometric embedding, P0 : Z → Y is
the corresponding projection, and Jk : Xk → Z is the natural isometric
embedding from the k:th copy Xk of X into Z for all k ∈ N.

2.2 Closed ideals induced by Banach operator ide-
als

One drawback in the quest for non-trivial closed ideals of K(X) or,
equivalently, the quotient algebra AX of the type presented in Section
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2.1 is that it can be difficult to verify the ideal property of a potential
ideal. Another method of finding closed ideals is to consider Banach
operator ideals I = (I, ‖ · ‖I) contained in the class K of all com-
pact operators. In fact, the uniform closure I(X) of the component
I(X) := I(X,X) is always a closed ideal of L(X) (and thus also of
K(X)). Here the challenge is to find Banach spaces X for which the
strict inclusions A(X) ( I(X) ( K(X) hold.

In this section we present some of the results on non-trivial closed
ideals of K(X) obtained by considering the uniform closures QN p(X)
and SKp(X), where QN p and SKp denote the respective Banach op-
erator ideals of the quasi p-nuclear operators and the Sinha-Karn p-
compact operators for real numbers p ∈ [1,∞).

2.2.1 Banach operator ideals

Banach operator ideals were introduced by Pietsch in the late 1960s,
and with the appearance of the monograph [62] the study of various
classes of operators through the systematic framework of Banach op-
erator ideals was established. In this subsection we recall relevant
definitions and notions related to general Banach operator ideals, and
also introduce the classes QN p and SKp mentioned above.

An operator ideal I is an assignment that associates with each pair
of Banach spaces (X, Y ) a linear subspace I(X, Y ) ⊂ L(X, Y ) with
the following properties:

(O1) x∗ ⊗ y ∈ I(X, Y ) for all x∗ ∈ X and y ∈ Y .
(O2) for all Banach spaces E and F ; and all operators S ∈ L(E,X),

T ∈ I(X, Y ), and U ∈ L(Y, F ); one has UTS ∈ I(E,F ).

Above x∗ ⊗ y denotes the bounded rank-one operator x 7→ x∗(x)y.
Further, if each component I(X, Y ) is equipped with a complete norm
‖ · ‖I that satisfies the following properties:

(N1) ||x∗ ⊗ y||I = ||x∗|| · ||y|| for all x∗ ∈ X∗ and y ∈ Y ;
(N2) ||UTS||I ≤ ||S|| · ||U || · ||T ||I for all Banach spaces E and F ;

and all operators S ∈ L(E,X), T ∈ I(X, Y ), and U ∈ L(Y, F );

then I = (I, ‖ · ‖I) is called a Banach operator ideal. As before, ‖ · ‖
denotes the uniform operator norm. We refer to the monographs [19,
62] and the survey [23] for comprehensive sources on Banach operator
ideals.

A Banach operator ideal I = (I, ‖ · ‖I) is called a closed operator
ideal if ‖ · ‖I = ‖ · ‖. Moreover, the condition (O2) above is referred
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to as the operator ideal property, which was already mentioned in
Remark 1.2.2 for the respective closed operator ideals K = (K, ‖ · ‖)
and A = (A, ‖ · ‖) of the compact operators and the approximable
operators. Note that the operator ideal property implies that any
component I(X) is an algebraic ideal of L(X), and thus the uniform
closure I(X) is a closed ideal of L(X).

Following Pietsch [62, 6.7.1], we define the inclusion

I ⊂ J

between two Banach operator ideals I = (I, ‖·‖I) and J = (J , ‖·‖J )
as follows: I ⊂ J if I(X, Y ) ⊂ J (X, Y ) and ||T ||J ≤ ||T ||I for all
Banach spaces X and Y , and all T ∈ I(X, Y ). Moreover, the identity

I = J

means that I ⊂ J and J ⊂ I, that is, I(X, Y ) = J (X, Y ) and
||T ||I = ||T ||J for all Banach spaces X and Y , and all T ∈ I(X, Y ).

The ideal norm ‖ · ‖I for any Banach operator ideal I = (I, ‖ · ‖I)
relates to the uniform operator norm in the following way:

||T || ≤ ||T ||I , T ∈ I(X, Y ).

In particular, the approximative kernel F‖·‖I of I defined by the com-
ponents

F‖·‖I(X, Y ) = F(X, Y )‖·‖I

and equipped with the ideal norm ‖ · ‖I satisfies F‖·‖I ⊂ A.
Let I = (I, ‖ · ‖I) be an arbitrary Banach operator ideal. The fol-

lowing three standard procedures of constructing new Banach operator
ideals are used in Articles [B–D]:
(IH) The injective hull I inj = (I inj, ‖ · ‖Iinj) of I is defined by the

components

I inj(X, Y ) = {T ∈ L(X, Y ) | j0T ∈ I(X, `∞(BY ∗))},

where j0 : Y → `∞(BY ∗) is the canonical isometric embedding,
and the associated ideal norm is defined by ||T ||Iinj = ||j0T ||I
for all T ∈ I inj(X, Y ).

(SH) The surjective hull Isur = (Isur, ‖ · ‖Isur) of I is defined by the
components

Isur(X, Y ) = {T ∈ L(X, Y ) | TQ ∈ I(`1(BX), Y )},

where Q : `1(BX) → X is the canonical metric surjection, and
the associated ideal norm is defined by ||T ||Isur = ||TQ||I for all
T ∈ Isur(X, Y ).
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(DI) The dual Banach operator ideal Idual = (Idual, ‖ · ‖Idual) of I is
defined by the components

Idual(X, Y ) = {T ∈ L(X, Y ) | T ∗ ∈ I(Y ∗, X∗)},

and the associated ideal norm is defined by ||T ||Idual = ||T ∗||I
for all T ∈ Idual(X, Y ).

Towards the definitions of the Banach operator ideals QN p and SKp,
let p ∈ [1,∞) be a fixed real number and suppose that X is a Banach
space. We denote by `pw(X) the space of all weakly p-summable se-
quences in X, and by `ps(X) that of all strongly p-summable sequences
in X. Here `pw(X) and `ps(X) are Banach spaces equipped with their
respective natural norms:

||(xk)||p,w = sup
x∗∈BX∗

( ∞∑
k=1
|x∗(xk)|p

)1/p
, (xk) ∈ `pw(X),

||(xk)||p =
( ∞∑
k=1
||xk||p

)1/p
, (xk) ∈ `ps(X).

Following Persson and Pietsch [60], the operator T ∈ L(X, Y ) is called
quasi p-nuclear if there is a strongly p-summable sequence (x∗k) ∈
`ps(X∗) such that

||Tx|| ≤
( ∞∑
k=1
|x∗k(x)|p

)1/p
, x ∈ X. (2.2.1)

The class QN p = (QN p, ‖ · ‖QN p) of all quasi p-nuclear operators is a
Banach operator ideal equipped with the quasi p-nuclear norm

||T ||QN p = inf{||(x∗k)||p | (2.2.1) holds for (x∗k) ∈ `ps(X∗)}.

Following Sinha and Karn [73], the p-convex hull of a weakly p-
summable sequence (xk) ∈ `pw(X) is defined by

p-co{xk} :=
{ ∞∑
k=1

λkxk | (λk) ∈ B`p′

} (
if p = 1, then (λk) ∈ Bc0

)
.

Here p′ denotes the dual exponent of p, i.e., 1/p+ 1/p′ = 1. A subset
K ⊂ X is called relatively p-compact if K ⊂ p-co{xk} for a strongly
p-summable sequence (xk) ∈ `ps(X).

We call the operator T ∈ L(X, Y ) a Sinha-Karn p-compact opera-
tor if T (BX) is a relatively p-compact subset of Y , that is, if there is
a strongly p-summable sequence (yk) ∈ `ps(Y ) such that

T (BX) ⊂ p-co{yk}. (2.2.2)
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The class SKp = (SKp, ‖ · ‖SKp) of all Sinha-Karn p-compact op-
erators is a Banach operator ideal equipped with the ideal norm

||T ||SKp := inf{||(yk)||p | (2.2.2) holds for (yk) ∈ `ps(Y )}.

We point out that Sinha-Karn p-compact operators were intro-
duced by Sinha and Karn [73] as p-compact operators and with the
notation (Kp, κp) for the corresponding Banach operator ideal. How-
ever, the terminology we use here is introduced in Article [B] in order
to obtain a clear distinction from the historically earlier class of (clas-
sical) p-compact operators [29, 62], which will be defined in Chapter
4.

Due to results of Delgado et al. [22] and [31] (see also Pietsch [64]),
the classes QN p and SKp are dual to each other; namely,

QN p = SKdualp and SKp = QN dual
p (2.2.3)

for all 1 ≤ p <∞. Moreover,

QN p ⊂ A and SKp ⊂ A (2.2.4)

whenever 1 ≤ p ≤ 2 so only the cases p > 2 are relevant for studies of
non-trivial closed ideals of K(X). In addition to the references above,
we refer to [14, 44, 50, 61] for more results on Sinha-Karn p-compact
operators.

2.2.2 Non-trivial closed operator ideals of K(X)

In this subsection we present two situations where the classes QN p

and SKp induce non-trivial closed ideals of K(X). Since both QN p

and SKp are contained in K, one has

A(X) ⊂ QN p(X) ⊂ K(X), (2.2.5)
A(X) ⊂ SKp(X) ⊂ K(X), (2.2.6)

for any Banach space X and 1 ≤ p <∞, and the remaining challenge
is to find spaces for which the inclusions above are strict.

We first observe that the right-hand inclusion in (2.2.5), as well as
in (2.2.6), is strict for Banach spaces X for which the quotient algebra
AX is non-nilpotent. Recall from Section 1.2 that such Banach spaces
X exist. Indeed, for n ∈ N, 1 ≤ n ≤ p and S1, . . . , Sn ∈ QN p(X) the
product

Sn · · ·S1 ∈ QN p/n(X) (2.2.7)
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by a multiplication rule of Persson and Pietsch [60, Satz 48]. Now,
by choosing a sufficiently large n ∈ N and appealing to (2.2.4), one
verifies that the quotient algebra

QN p(X)/A(X)

is nilpotent for all Banach spaces X and 1 ≤ p < ∞ (the case p ≤
2 follows directly from (2.2.4)). By duality, also SKp(X)/A(X) is
nilpotent for any X and p ≥ 1.

In order to find Banach spaces X for which the left-hand inclusions
in (2.2.5) and (2.2.6) are strict one can use known results on the p-
approximation property. Here the Banach space X is said to have
the p-approximation property (p-AP) if for all ε > 0 and all relatively
p-compact subsets K ⊂ X there is a bounded finite-rank operator
T ∈ F(X) such that

sup
x∈K
||Tx− x|| < ε.

The p-AP was introduced by Sinha and Karn [73], and it was subse-
quently studied by Delgado et al. [20], and Y.S. Choi and J.M. Kim
[14]. The pertinent characterisation of the p-AP obtained in [20] is as
follows: A Banach space X has the p-AP if and only if

SKp(Y,X) ⊂ A(Y,X) (2.2.8)

for every Banach space Y . It follows that the p-AP coincides with
the uniform SKp-AP, which is a special case of the uniform I-AP for
Banach operator ideals I = (I, ‖ · ‖I). The uniform I-AP is briefly
discussed later on in Section 4.2.

If 1 ≤ p ≤ 2, then every Banach space has the p-AP, which follows
from (2.2.4) and (2.2.8). However, for 2 < p < ∞ there are Banach
spaces that fail the p-AP, and if X is such a space, then there is by
(2.2.8) an associated Banach space Y such that SKp(Y,X) 6⊂ A(Y,X).
A similar argument as in Example 1.2.1 then yields that

A(X ⊕ Y ) ( SKp(X ⊕ Y ).

It follows for the direct sum Z = X ⊕ Y ⊕W that SKp(Z) is a non-
trivial closed ideal of K(Z) whenever X is a Banach space that fails
the p-AP, Y is the associated Banach space for which (2.2.8) fails, and
W is chosen so that AW is non-nilpotent. Moreover, by choosing X, Y
and Z above to be reflexive (which is possible), the closure QN p(Z∗)
is a non-trivial closed ideal of K(Z∗).

The method just described, as well as variants of it, is used in
Article [B] in order to obtain several results on non-trivial closed ideals
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of K(X) and, equivalently, of AX . The first result we present here uses
the fact, established by Y.S. Choi and J.M. Kim [14], that a variant
of the closed subspace E ⊂ `q that fails the AP constructed by Davie
[17] even fails the p-AP whenever 2 < p, q <∞ and q > 2p/(p− 2).

Theorem 2.2.1. ([B, Theorem 3.12]) Let p > 2 and q > 2p/(p − 2).
Then there are closed subspaces X ⊂ `q, Y ⊂ `p and Z ⊂ `p such that

A(W ) ( QN p(W ) ( K(W ), (2.2.9)
A(W ∗) ( SKp(W ∗) ( K(W ∗), (2.2.10)

for the direct sum W = X ⊕Y ⊕Z. In particular, for p = q > 4 there
is a closed subspace W ⊂ `p such that (2.2.9) and (2.2.10) hold.

We point out that SKp(W ) = A(W ) for the direct sum W =
X ⊕ Y ⊕ Z in Theorem 2.2.1, which follows from the following fact:

SKp(E) = F(E)‖·‖SKp

for all 1 ≤ p < ∞ whenever E is a Banach space such that the dual
E∗ has cotype 2. Results of this type are established in Article [C],
which is summarized in Chapter 3. On the other hand, there are
closed subspaces X ⊂ c0 for which both SKp(X) and QN p(X) are
non-trivial closed ideals of K(X) as the following result shows. Here
the classical compact factorisation results of Terzioğlu and of Johnson
and Figiel, which were described on pages 4 and 11, respectively, are
used.

Theorem 2.2.2. ([B, Theorem 3.13]) Let 2 < p < ∞. Then there is
a closed subspace X ⊂ c0 such that

A(X) ( SKp(X) ( K(X) and A(X) ( QN p(X) ( K(X),

where SKp(X) and QN p(X) are incomparable closed ideals.

2.3 Concluding results and remarks

Motivated by the identity displayed in (2.1.1) we also discuss the fol-
lowing natural question in Article [B]: For which p 6= q are there closed
subspaces X ⊂ `p and Y ⊂ `q such that

A(X, Y ) ( K(X, Y ) ? (2.3.1)

Note that (2.3.1) cannot hold for 1 ≤ q < 2 < p < ∞ by (2.1.1).
However, it turns out that such closed subspaces exist in the respective
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cases p, q ∈ [1, 2) and p, q ∈ (2,∞). The cases p, q ∈ (2,∞) are
established in [B, Theorem 3.9] by applying a slightly modified version
of a construction due to Reinov [69]. Other similar modifications are
also used in the subsequent Articles [C] and [D], and we will review
the relevant details of Reinov’s construction in Section 3.1. The case
1 ≤ p < 2 < q <∞ of (2.3.1) is left unsolved:

Question 2.3.1. ([B, Question 5.2]) Suppose that 1 ≤ p < 2 <
q < ∞. Are there closed subspaces X ⊂ `p and Y ⊂ `q such that
A(X, Y ) ( K(X, Y )?

For the following question recall from Section 1.5 that there are no
known examples of nilpotent quotient algebras AX for Banach spaces
X failing the AP.

Question 2.3.2. Is there a Banach space X that fails the AP such
that QN p(X) = K(X) or SKp(X) = K(X) for some p ≥ 1? In this
event the quotient algebra AX would be nilpotent as QN p(X)/A(X)
and SKp(X)/A(X) are nilpotent, see page 22.

Remark 2.3.3. When writing the introductory part of this disserta-
tion, we became aware of the articles [84] and [72] by Wojtyński, and
by Shulman and Turovskii, respectively, which both contain relevant
results that complement the results on closed ideals of the quotient
algebra AX obtained in Article [B].

In fact, in [84, Theorem] the following result for general Banach
algebras is established (see also Turovskii [79] for an alternative proof)
by applying the Lomonosov invariant subspace theorem: Let A be a
radical Banach algebra containing a non-zero compact element a. If
dim A > 1, then A has a non-trivial closed ideal.

Above an element a of a Banach algebra A is called compact if the
operator

φ : A→ A, φ(x) = axa

is a compact operator, see [81, 82]. It follows from a theorem of Vala
[81, Theorem 3] that every compact operator T ∈ K(X) is a compact
element of the Banach algebra K(X) for any Banach space X. This
property passes to the quotient algebra AX , that is, T +A(X) ∈ AX

is a compact element of the quotient algebra AX for every T ∈ K(X).
Now, by combining the above theorems of Vala and Wojtyński one
obtains the following essential result: If X is a Banach space such
that dim AX > 1, then AX has a non-trivial closed ideal.

Furthermore, in [72] radical Banach algebras with compactness
properties are studied, among many other things, and [72, Corollary
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5.23] contains relevant results on closed ideals of the quotient algebra
AX . For instance, according to [72, Corollary 5.23.(i)] the following
holds: If dim AX = n, where n ∈ N or n = ∞, then K(X) carries a
chain of n different closed ideals.

In particular, Shulman and Turovskii established that if Z is the
Willis space described in Section 1.3, then AZ carries an infinite chain
of closed ideals, see [72, Corollary 5.23.(iii) and Example 5.24]. Recall
from Section 1.5 that it is unknown whether there is a non-trivial
finite-dimensional quotient algebra AX . The closed ideals constructed
in [72] arise from techniques in Banach algebra theory and they appear
to require that the underlying scalar field is the complex numbers.

We conclude Chapter 2 by pointing out some of the significant
advances in the study of the closed ideals of L(X) for classical Banach
spaces X. For instance, it has recently been shown that the lattice
of closed ideals of L(X) contained in S(X) has size 2c e.g. in the
following cases:

(i) X = `p ⊕ `q for 1 < p < q < ∞ by Freeman, Schlumprecht and
Zsák [30].

(ii) X = Lp for 1 < p < ∞ and p 6= 2 by Johnson and Schechtman
[40].

Note that closed ideals of the radical quotient algebra S(X)/K(X)
correspond to closed ideals K(X) ⊂ I ⊂ S(X). We refer the reader
to e.g. [8, 39, 42, 71] and their references for further results on closed
ideals of L(X). It should be emphasized that the results in these
papers concern Banach spaces with the AP, and thus they are not
relevant in the study of the quotient algebra AX . Also the methods
and techniques are very different from the ones used for the compact-
by-approximable algebra.
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3. Quotient algebras of Banach
operator ideals

Let X be a Banach space and let I = (I, ‖ · ‖I) be a Banach opera-
tor ideal. The closure F(X)‖·‖I is a ‖ · ‖I-closed ideal of I(X), and
consequently, the quotient algebra

AIX := I(X)/F(X)‖·‖I

is a well-defined Banach algebra equipped with the quotient norm

||T + F(X)‖·‖I || = inf
{
||T − S||I | S ∈ F(X)‖·‖I

}
, T ∈ I(X).

It follows from the Riesz-Fredholm theory that AIX is a radical Banach
algebra whenever I ⊂ K. Note also that AX = AKX , so the compact-by-
approximable algebra is a special instance of the class {AIX | I ⊂ K}
of radical quotient algebras.

This chapter presents the main results of Article [C] on the quotient
algebras

A
QN p
X = QN p(X)/F(X)‖·‖QNp and A

SKp
X = SKp(X)/F(X)‖·‖SKp

for the Banach operator ideals QN p = (QN p, ‖ · ‖QN p) and SKp =
(SKp, ‖ · ‖SKp) of the quasi p-nuclear operators and the Sinha-Karn
p-compact operators, respectively, for real numbers p ∈ [1,∞). Recall
from page 21 that QN p = (SKp)dual and SKp = (QN p)dual so a si-
multaneous study of the quotient algebras AQN pX and A

SKp
X is relevant.

3.1 The I-approximation property and the quo-
tient algebra AIX for specific Banach operator
ideals

Let I = (I, ‖ · ‖I) be an arbitrary Banach operator ideal. Following
Oja [57], the Banach space X is said to have the I-approximation

27



property (I-AP) if
I(Y,X) = F(Y,X)‖·‖I

for every Banach space Y . It follows from Theorem 1.1.1 that the AP
coincides with the K-AP, and thus the I-AP is a natural version of
the AP associated to the Banach operator ideal I. Observe that the
quotient algebra AIX is non-zero only within the class of Banach spaces
X failing the I-AP.

The I-AP was considered for I = SKp by Delgado et al. [21], and
it has since then been studied in several papers, see e.g. [44, 45, 50,
51, 57]. On the other hand, the QN p-AP has received less attention,
although, as pointed out in [21], it coincides with the approximation
property of type p, which was introduced by Sinha and Karn [74]. Here
the QN p-AP and the SKp-AP are weaker properties than the AP for
all 1 ≤ p < ∞. Moreover, every Banach space has the QN 2-AP and
the SK2-AP, so the case p = 2 is not of interest.

The following theorem states useful characterisations of the QN p-
AP and the SKp-AP for dual spaces, which are similar to the one
obtained by Grothendieck for the AP (Theorem 1.1.2). Here part (i)
presents one of many equivalent conditions obtained by Delgado et al.
[21, Theorem 2.3], and part (ii) follows from results of Sinha and Karn
[74], see [C, Fact 3.8].

Theorem 3.1.1 (Delgado et al.). Suppose that X is a Banach space
and 1 ≤ p <∞. Then

(i) X∗ has the SKp-AP if and only if QN p(X, Y ) = F(X, Y )‖·‖QNp
for all Banach spaces Y .

(ii) X∗ has the QN p-AP if and only if SKp(X, Y ) = F(X, Y )‖·‖SKp
for all Banach spaces Y .

Relying on Enflo’s [25] and Davie’s [17] constructions of Banach
spaces failing the AP, Reinov [69, Lemma 1.1] established for 1 ≤ p <
∞ and p 6= 2 that there are Banach spaces X and Y such that

F(Y,X)‖·‖QNp ( QN p(Y,X). (3.1.1)

In particular, for every 1 ≤ p < ∞ and p 6= 2 there exist Banach
spaces that fail the QN p-AP.

The strict inclusion above was shown in [69] separately for the
cases 1 ≤ p < 2 and 2 < p <∞, since they require different methods.
For 2 < p <∞ one even obtains Banach spaces Y and X such that

QN p(Y,X) 6⊂ A(Y,X). (3.1.2)
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Different modifications of Reinov’s construction in the case 2 < p <∞
are used in Articles [B–D], and we review in Construction 3.1.2 below
the relevant details of a condensed version of part 1 of [69, Lemma
1.1]. The following identity will be used:

QN p = N inj
p , (3.1.3)

where N inj
p denotes the injective hull of the Banach operator ideal

Np = (Np, ‖ · ‖Np) of the p-nuclear operators. Here the operator T ∈
Np(X, Y ) by definition if there is a strongly p-summable sequence
(x∗k) ∈ `ps(X∗) and a weakly p′-summable sequence (yk) ∈ `p

′
w (Y ) such

that T = ∑∞
k=1 x

∗
k ⊗ yk, that is,

Tx =
∞∑
k=1

x∗k(x)yk, x ∈ X, (3.1.4)

where p′ again denotes the dual exponent of p. Moreover, the p-nuclear
norm || · ||Np is defined by

||T ||Np = inf{||(x∗k)||p||(yk)||p′,w | (3.1.4) holds}.

Construction 3.1.2. Let 2 < p <∞ be fixed. The starting point is
the infinite matrix A = (ai,j)i,j∈N of scalars due to Davie [17, 18] with
the following properties:

(D1) A2 = 0, that is, ∑∞k=1 ai,kak,j = 0 for all i, j ∈ N.
(D2) trA := ∑∞

k=1 ak,k 6= 0.
(D3) ∑∞k=1 λ

α
k < ∞ for all α > 2/3, where λk := supj∈N |ak,j| > 0 for

all k ∈ N.

The matrix A defines a 1-nuclear operator

A =
∞∑
k=1

ak ⊗ ek : `1 → `1,

where ak := (ak,j)∞j=1 ∈ `∞ = (`1)∗ for all k ∈ N and (ek)∞k=1 denotes
the unit vector basis of `1. Moreover, A admits a factorisation A =
∆V , where V : `1 → `∞ and ∆ : `∞ → `1 are defined by

V x = (λ−1
k 〈ak, x〉)∞k=1 and ∆x = (λkxk)∞k=1.

Above ∆ is a 1-nuclear operator by (D3) and it can further be fac-
torised as ∆ = ∆2∆1, where ∆1 ∈ Np(`∞, `p) and ∆2 ∈ N1(`p, `1).
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Here the assumption that p > 2 is crucial. Consider the canonical
factorisation of V :

V : `1 Q−→ `1/ kerV Ṽ−→ V `1 j1−→ `∞,

where Q is the quotient map and j1 is the inclusion map. Consider also
the canonical factorisation of the injective p-nuclear operator ∆1j1:

∆1j1 : V `1 T−→ ∆1V `1 j2−→ `p,

where j2 is the inclusion map. By putting Y := V `1 and X := ∆1V `1

we obtain the following commuting diagram:

`1 `∞ `1

`1/ kerV Y X `p.

A

V

Q
∆1

∆

Ṽ

j1

T j2

∆2

Here T ∈ QN p(Y,X) by (3.1.3) since ∆1j1 ∈ Np(Y, `p). Moreover, by
applying the properties (D1) and (D2) of the initial matrix A, it is
possible to show that T /∈ A(Y,X). Thus the Banach spaces X and
Y satisfy the condition QN p(Y,X) 6⊂ A(Y,X) in (3.1.2).

The strict inclusion (3.1.1) yields by duality for every 1 ≤ p < ∞
and p 6= 2 a Banach space that fails the SKp-AP. More recently,
Oja [57] established the following surprising result: If X is a closed
subspace of Lp(µ) for 1 ≤ p <∞, then X has the AP if and only if X
has the SKp-AP. Consequently, for p 6= 2 there is a closed subspace
X ⊂ `p that fails the SKp-AP, as there are such subspaces that fail
the AP (see Section 1.1).

Although there are, as we have seen, various examples of Banach
spaces failing the QN p-AP and the SKp-AP, the corresponding quo-
tient algebras A

QN p
X and A

SKp
X turn out be trivial for large classes of

Banach spaces as the following result demonstrates.

Theorem 3.1.3. ([C, Theorem 3.10]) Let X be a Banach space.

(i) If X has cotype 2, then A
QN p
X = {0} for all 1 ≤ p <∞.

(ii) If X∗ has cotype 2, then A
SKp
X = {0} for all 1 ≤ p <∞.
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The cases 2 < p < ∞ of part (i) of Theorem 3.1.3 follow imme-
diately from the following result [C, Proposition 3.4]: If the Banach
space X has cotype 2, then X has the QN p-AP for every 2 < p <∞.

The cases 1 ≤ p < 2 on the other hand rely on the characterisation
of the SKp-AP for dual spaces displayed in Theorem 3.1.1; and the
case p = 2 is trivial, since every space has the QN 2-AP (as already
mentioned on page 28). Part (ii) of Theorem 3.1.3 is established by
analogous methods for the class SKp and the characterisation of the
QN p-AP for dual spaces in Theorem 3.1.1.

We note that Theorem 3.1.3 yields for 1 ≤ p < 2 interesting exam-
ples where A

QN p
X = {0} although the underlying Banach space fails

the QN p-AP. Similar examples are obtained for the Sinha-Karn p-
compact operators SKp for 2 < p < ∞. Recall from Section 1.1 the
long-standing open question whether there is a Banach space failing
the AP for which AX = {0}.

In fact, for 1 ≤ p < 2 there is a closed subspace X ⊂ `p that fails
the QN p-AP. However, AQN pX = {0} by part (i) of Theorem 3.1.3 as
`p and its closed subspaces have cotype 2. Moreover, for 2 < p < ∞
one obtains a similar example for SKp by applying the result of Oja
stated on the previous page.

3.2 Closed ideals of QN p(X) and SKp(X) and their
uniform norm closures

Let I = (I, ‖·‖I) be a Banach operator ideal and let q denote the quo-
tient map I(X)→ AIX . As for the compact-by-approximable algebra
AX , the rule J 7→ q(J ) defines a bijective correspondence between
the non-zero closed ideals of I(X) and the closed ideals of AIX which
preserves inclusions in both directions. We emphasize here that by a
closed ideal of a given Banach algebra A = (A, ‖ · ‖A) we always mean
a ‖ · ‖A-closed two-sided ideal of A.

In this section we present the main results on closed ideals of
QN p(X) and SKp(X) obtained in Article [C]. We also exhibit new
examples of closed ideals of K(X) and AX that complement the re-
sults of Article [B] presented in Chapter 2.

The following key observation is based on a modified version of
the construction of Reinov [69] which was reviewed in Section 3.1. We
denote dxe := min{n ∈ N | n ≥ x} for any x > 0.

Proposition 3.2.1. ([C, Proposition 4.3]) Suppose that 2 < p < ∞
and let m := dp/2e. Then there is a closed subspace X ⊂ c0 together
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with operators T ∈ QN p(X) and U ∈ SKp(X) such that Tm−1 /∈
A(X) and Um−1 /∈ A(X).

For any Banach operator ideal I = (I, ‖ · ‖I) and Banach space X
we denote

I(X)k := span{Tk · · ·T2T1 | T1, . . . , Tk ∈ I(X)}, k ∈ N. (3.2.1)

The operator ideal property implies that (I(X)k | k ∈ N) is a decreas-
ing chain of algebraic ideals of L(X). Consequently,

(I(X)k‖·‖I | k ∈ N) and (I(X)k | k ∈ N) (3.2.2)

are decreasing chains of closed ideals of I(X) and L(X), respectively.
Here, the challenge is to find examples where these chains contain non-
trivial ideals. For instance, due to the product rule (2.2.7) of Persson
and Pietsch one has

QN p(X)k‖·‖QNp = F(X)‖·‖QNp and QN p(X)k = A(X)

for any Banach space X whenever k ≥ dp/2e.
The following two results exhibit chains of closed ideals of the

form (3.2.2). The results are based on Proposition 3.2.1 and the fact
established in Article [B] that there are closed subspaces X ⊂ `p with
a non-nilpotent compact-by-approximable algebra AX , see Theorem
1.2.4.
Theorem 3.2.2. ([C, Theorem 5.3]) Suppose that 6 < p < ∞. De-
note m := dp/2e so that 2(m− 1) < p ≤ 2m.
(i) Then there is a closed subspace Z ⊂ `p for which

A(Z) ( QN p(Z)m−2 ( · · · ( QN p(Z)2 ( QN p(Z) ( K(Z),

A(Z∗) ( SKp(Z∗)m−2 ( · · · ( SKp(Z∗)2 ( SKp(Z∗) ( K(Z∗).
Moreover, the following hold:

F(Z)‖·‖QNp QN p(Z)m−2||·||QNp · · · QN p(Z)2||·||QNp QN p(Z),

F(Z∗)||·||SKp SKp(Z∗)m−2||·||SKp · · · SKp(Z∗)2||·||SKp SKp(Z∗).

( ( ( (

( ( ( (

(ii) Then there is a closed subspace Z ⊂ `p for which the compact-
by-approximable algebras

AZ = K(Z)/A(Z) and AZ∗ = K(Z∗)/A(Z∗)

both contain a chain of m−2 non-trivial nilpotent closed ideals.
Furthermore, the quotient algebras AQN pZ and A

SKp
Z∗ both contain

a chain of m− 3 non-trivial closed ideals.
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For closed subspaces X ⊂ c0 one obtains even more closed ideals
of the form (3.2.2) as the following main result of Article [C] demon-
strates.

Theorem 3.2.3. ([C, Theorem 5.6]) Let 2 < p <∞.

(i) Then there is a closed subspace X ⊂ c0 together with two de-
creasing chains {Ir | r ∈ N} and {Jr | r ∈ N} of algebraic ideals
of L(X) such that the following holds for the uniform norm clo-
sures:

· · · Ir+1 Ir · · · I1 QN p(X)

A(X) K(X).

· · · Jr+1 Jr · · · J1 SKp(X)

( ( ( ( (
(

(

(

( ( ( ( (
(

(3.2.3)

The two chains of closed ideals in (3.2.3) are incomparable in the
sense that each closed ideal in the upper chain is incomparable
with each closed ideal in the lower chain. Moreover, the following
hold:

F(X)‖·‖QNp · · · Ir+1
‖·‖QNp Ir

‖·‖QNp · · · I1
‖·‖QNp QN p(X),

F(X)‖·‖SKp · · · Jr+1
‖·‖SKp Jr

‖·‖SKp · · · J1
‖·‖SKp SKp(X).

( ( ( ( ( (

( ( ( ( ( (

(ii) Then there is a closed subspace X ⊂ c0 such that the compact-
by-approximable algebra AX = K(X)/A(X) contains two in-
comparable countably infinite chains of nilpotent closed ideals.
Moreover, the quotient algebras AQN pX and A

SKp
X both contain a

countably infinite chain of closed ideals.

The ideals Ik and Jk in Theorem 3.2.3 are of the following form:

Ik = QN 2k+1+λ+1(X)2k+λ−1 and Jk = SK2k+1+λ+1(X)2k+λ−1

for all k ∈ N where λ :=
⌈
log2

(
p+1
p−2

)⌉
. Here λ is chosen in this way in

order to establish, together with Proposition 3.2.1, the strict inclusions
I1 ( QN p(X) and J1 ( SKp(X).

3.3 Concluding remarks

We conclude Chapter 3 with two questions that are related to the
results presented in this chapter. The first question asks whether the
analogue of Proposition 3.2.1 holds for closed subspaces X ⊂ `p.
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Question 3.3.1. Let 6 < p < ∞ and denote m = dp/2e. Is there a
closed subspace X ⊂ `p that carries a quasi p-nuclear operator T ∈
QN p(X) such that Tm−1 /∈ A(X)? By a similar argument as in
Theorem 3.2.2 such a space would yield a closed subspace Z ⊂ `p

together with the chain

A(Z) ( QN p(Z)m−1 ( · · · ( QN p(Z)2 ( QN p(Z) ( K(Z).

of non-trivial closed ideals of K(Z). The above chain would have
maximal length in the sense that QN p(Z)n = A(Z) for every n ≥ m
which is a consequence of (2.2.7).

In connection to Theorem 3.2.2 we recall that Dales [16] asked
whether there is a Banach space X for which the decreasing chain
(K(X)k | k ∈ N) contains non-trivial closed ideals of K(X).

Question 3.3.2. (Dales) Is there a Banach space X such that

K(X)2 ( K(X) ? (3.3.1)

A Banach space X for which (3.3.1) holds would have to fail both
the AP and the BCAP, since K(X)2 = K(X) for any Banach space X
with the BCAP due to the Cohen-Hewitt factorisation theorem. We
point out that there is an unpublished example of a Banach space XR

for which K(XR)2 has infinite codimension in K(XR) due to Read,
which is outlined on [15, p. 238].
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4. Approximation properties
related to unconditionally
p-compact operators

The class Kup of all unconditionally p-compact operators was intro-
duced by J.M. Kim [43], and the study of the corresponding Kup-AP
was subsequently initiated in [44]. Due to results of Kim [44, 45]
and Lassalle and Turco [51], it holds for all 1 ≤ p < ∞ that X has
the Kup-AP whenever the dual space X∗ has the SKp-AP, and inter-
changeably, X has the SKp-AP whenever X∗ has the Kup-AP. These
duality results connect the Kup-AP to the Sinha-Karn p-compact op-
erators which, as we have seen in Sections 2.2 and 3.1, have recently
been studied in several papers. The final chapter of the introductory
part of this doctoral dissertation summarizes the main results of Ar-
ticle [D] in which the Kup-AP, as well as the SKp-AP, is studied in
particular for 1 ≤ p < 2.

4.1 Unconditionally p-compact operators

Let 1 ≤ p < ∞. A weakly p-summable sequence (xk) ∈ `pw(X) is
called unconditionally p-summable, denoted (xk) ∈ `pu(X), if

lim
k→∞
||(0, . . . , 0, xk, xk+1, . . .)||p,w = 0.

Following Kim [43], the bounded operator T ∈ L(X, Y ) is called un-
conditionally p-compact if there is an unconditionally p-summable se-
quence (yk) ∈ `pu(Y ) such that

T (BX) ⊂ p-co{yk}, (4.1.1)

where p-co{yk} denotes the p-convex hull of (yk) introduced on page
20. The class Kup = (Kup, || · ||Kup) of all unconditionally p-compact
operators is a Banach operator ideal equipped with the ideal norm

||T ||Kup = inf
{
||(yk)||p,w | (4.1.1) holds for (yk) ∈ `pu(Y )

}
.
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Muñoz et al. [56] (also Fourie [28]) showed that

Kur = Ksurr′ , 1 ≤ r <∞; (4.1.2)

where r′ denotes the dual exponent of r, and Kp = (Kp, ‖ · ‖Kp) for
any 1 ≤ p ≤ ∞ denotes the Banach operator ideal of the p-compact
operators introduced by Fourie and Swart [29], and Pietsch [62]. Here
the operator T ∈ Kp(X, Y ) by definition if there are compact operators
A ∈ K(X, `p) and B ∈ K(`p, Y ) such that T = BA, where `p is
replaced by c0 in the case of p = ∞. Moreover, the p-compact norm
is defined by

||T ||Kp = inf ||A|| ||B||,
where the infimum is taken over all such compact factorisations T =
BA.

In [46] Kim established that unconditionally p-compact opera-
tors admit a factorisation similar to the p-compact operators above;
namely, every T ∈ Kup(X, Y ) between arbitrary Banach spaces X and
Y admits a factorisation

T = BA (4.1.3)
where A ∈ Kup(X,Z), B ∈ Kup(Z, Y ), and Z is a suitable Banach
space. Moreover,

||T ||Kup = inf ||A||Kup ||B||Kup ,

where the infimum is taken over all such factorisations T = BA. This
property is useful in the study of the associated Kup-AP which is
discussed in the next section.

4.2 The Kup-approximation property

This section contains the main results on the Kup-AP established in
Article [D]. By applying duality results of Fourie [28] on the identity
(4.1.2) above one gets that

Kup = (Kinjp )dual and (Kup)dual = Kinjp (4.2.1)

for all 1 ≤ p <∞. Our results on the Kup-AP are primarily established
through the characterisations in (4.2.1), which allow for the use of
classical compact factorisation results related to p-compact operators
of e.g. Johnson [37] and Fourie [27, 28].

Recall that the Banach space X has the Kup-AP by definition if

Kup(Y,X) = F(Y,X)‖·‖Kup
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for every Banach space Y . The Kup-AP is a weaker property than
the AP for all 1 ≤ p < ∞ and, similarly as for the QN p-AP and the
SKp-AP, the case p = 2 is not of interest since every Banach space
has the Ku2-AP.

Let I = (I, ‖ · ‖I) be an arbitrary Banach operator ideal. The
Banach space X is said to have the uniform I-approximation property
(uniform I-AP) if

I(Y,X) ⊂ A(Y,X) (4.2.2)

for every Banach space Y . This property was considered by Lassalle
and Turco [50] with a slightly different terminology, and it is also
used in Article [B]. Note that the p-AP coincides with the uniform
SKp-AP due to the characterisation of the p-AP displayed in (2.2.8).
Moreover, Reinov’s result (3.1.2) can be stated in the following way:
For all 2 < p < ∞ there is a Banach space that fails the uniform
QN p-AP.

The uniform I-AP is a weaker property than the I-AP, and it
is strictly weaker e.g. for I = SKp whenever 1 ≤ p < 2, since all
Banach spaces have the uniform SKp-AP for such p but there are
spaces failing the SKp-AP. However, surprisingly enough the Kup-AP
and the uniform Kup-AP coincide for all 1 ≤ p < ∞, which is a
consequence of the factorisation property (4.1.3).

Using the above observation on the Kup-AP one obtains character-
isations of the Kup-AP for dual spaces, which complement the analo-
gous characterisations of the SKp-AP and the QN p-AP due to Del-
gado et al. presented in Theorem 3.1.1. The most relevant character-
isation of the Kup-AP is as follows.

Theorem 4.2.1. (Part of [D, Theorem 2.10]) Let X be a Banach
space and let 1 ≤ p <∞. Then the dual space X∗ has the Kup-AP if
and only if K(X,M) = A(X,M) for all closed subspaces M ⊂ `p.

We proceed towards the main two results of Article [D]. The first
one exhibits a monotonicity property of the Kup-AP for 1 ≤ p < 2.
Here the proof relies on a classical fact which states that `q embeds
isometrically into Lp[0, 1] whenever 1 ≤ p < q < 2. This fact is also
used in Article [B] in the quest of closed subspaces X ⊂ `p and Y ⊂ `q

such that A(X, Y ) ( K(X, Y ), which was briefly discussed in Section
2.3.

Theorem 4.2.2. ([D, Theorem 3.1]) Suppose that 1 ≤ p < q < 2
and let X be a Banach space. If X has the Kup-AP, then X has the
Kuq-AP.
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We point out that one cannot extend the range of parameters in
Theorem 4.2.2 to 1 ≤ p < 2 < q, since in that case there are Banach
spaces X that have the Kup-AP but fail the Kuq-AP.

Towards the second main result of Article [D], recall that an op-
erator T ∈ L(X, Y ) is called compactly approximable, denoted T ∈
CA(X, Y ), if for all ε > 0 and all compact subsets K ⊂ X there is a
bounded finite-rank operator F ∈ F(X) such that

sup
x∈K
||Tx− Fx|| < ε.

Note that the Banach space X has the AP if and only if the identity
operator IX ∈ CA(X). Compactly approximable operators were con-
sidered by Pisier [65, 67], see also [19, Section 31]. In particular, he
showed that if X and Y are Banach spaces such that X∗ and Y have
cotype 2, then every T ∈ CA(X, Y ) admits a bounded factorisation
through a Hilbert space. This factorisation result together with John’s
lemma [36] stated on page 16 yields the following counterpart to the
identity in (2.1.1).

Theorem 4.2.3. ([D, Theorem 3.2]) Let X and Y be Banach spaces.
Suppose that X∗ has cotype 2 and that Y has cotype 2 and the AP.
Then K(X,M) = A(X,M) for any closed subspace M ⊂ Y .

The second of the main results of Article [D] is established by using
Theorem 4.2.3 and the dualities in (4.2.1).

Theorem 4.2.4. ([D, Theorem 3.3]) Suppose that X is a Banach
space with cotype 2. Then X has the Kup-AP for all 1 ≤ p < 2.

It follows from Theorem 4.2.4, for instance, that any closed sub-
space X ⊂ `r that fails the AP, where 1 ≤ r < 2, has the Ku1-AP.
This gives a positive answer to the question whether the Ku1-AP is a
strictly weaker property than the AP. This and other similar questions
have recently been asked by Kim and we discuss these in more detail
in the following concluding section.

4.3 Concluding remarks

In [45, Section 5] Kim discusses the relationship between the AP, the
SKp-AP and the Kup-AP. In particular, the author demonstrates for
all 1 < p < 2 that the Kup-AP implies neither the SKp-AP nor the
AP, and vice versa, the SKp-AP implies neither the Kup-AP nor the
AP. Whether or not the same holds for p = 1 or for 2 < p < ∞ was
stated as the following problem (presented here with our notation):
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(Q) Let p = 1 or 2 < p < ∞. If X has the Kup-AP (respectively,
the SKp-AP), then does X have the SKp-AP (respectively, the
Kup-AP) or the AP?

By applying Theorems 4.2.2 and 4.2.4 one obtains a reflexive Banach
space X that has the Ku1-AP but fails the SK1-AP. It follows by
reflexivity that the dual X∗ has the SK1-AP but fails the Ku1-AP.
This answers the questions in (Q) in the negative for the case p = 1;
namely, the Ku1-AP implies neither the SK1-AP nor the AP, and the
SK1-AP implies neither the Ku1-AP nor the AP.

However, the cases 2 < p <∞ remain unsolved, and furthermore,
it appears unknown whether the uniform SKp-AP is a strictly weaker
property than any of the approximation properties in (Q) for such p.

Since the AP is (formally) the strongest of the four approximation
properties: the AP; the SKp-AP; the Kup-AP; and the uniform SKp-
AP, and the uniform SKp-AP is (formally) the weakest, it is natural
to consider the following question:

Question 4.3.1. Let 2 < p < ∞. Is there a Banach space X that
has the uniform SKp-AP but fails the AP?

Finally, in connection to Question 4.3.1 we recall that it is a long-
standing open problem whether the Hardy space H∞ of all bounded
analytic functions on the open unit disc has the AP. Using results of
Bourgain and Reinov [9], Delgado et al. [20, Corollary 2.10] showed
that the dual space (H∞)∗ has the uniform SKp-AP for all 1 ≤ p <∞.
It follows that H∞ has the uniform SKp-AP for all 1 ≤ p < ∞ by
a duality result due to Y.S. Choi and Kim [14]. Moreover, it can be
shown by a similar argument as in [20] that H∞ even has the Kup-AP
for all 1 < p <∞, see [D, Section 5].
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