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Abstract

Companies in the financial and insurance sector have to face a large amount and
a large variety of risks. Some of these risks are easy to estimate and model, but
there also exist risks that are unpredictable and hard to understand. Financial
crises in the past show that commonly used tools do not always suffice to model
such large risks.

In the insurance sector, for instance, the occurrence of unexpectedly large
claims can easily cause large losses that result in the insolvency of a company.
Catastrophic events such as earthquakes, floods, pandemics and terror or cyber-
attacks create big damages which lead to exceptionally large costs for insurance
and reinsurance companies. Observations and data from the past are not al-
ways sufficient to predict such extremal events in the future since, for example,
climate change affects the occurrence of natural disasters such as forest fires and
storms whereas the development of information technology enables cyber crime.
On financial markets, return rates of portfolios have similar properties. Most
often changes in return rates are small and follow expected trends, but it is not
uncommon that stock market crashes happen.

Therefore, one has to establish models that consider smaller claim sizes as
well as large ones caused by extremal events. Mathematically, heavy-tailed dis-
tributions meet these requirements. Heavy-tailed distributions are distributions
whose tail is not exponentially bounded and thus rare events with a large im-
pact have a substantially higher probability than similar events modelled by
light-tailed distributions such as the normal distribution.

Usually, insurance companies operate in different lines of business, offer prod-
ucts of different types of insurances or operate in different regions. Hence, the
companies do not only have to be aware of the risks in every single line of busi-
ness but also in their interactions and dependence. For instance, a catastrophic
event like a natural disaster might not only affect a single line of business, but
can cause large claims in different types of insurances at the same time. A
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thunderstorm with heavy rain can break down electricity, fell trees, flood build-
ings, and cause other damage in buildings and infrastructure. Furthermore, the
natural disaster might also cause injuries and deaths so it may affect different
non-life insurance contracts such as home-owner policies and forest insurances
as well as life insurance contracts. If the insurance company would visualise
each of these types of contracts in a different model, extreme events would oc-
cur in every model, but a possible dependence of the extreme events can not
be observed. Often, insolvency of a company is due to the fact that extreme
losses in one line of business occur simultaneously with extreme losses in other
lines of business. Therefore, the insurance company is not only interested in
the behaviour of one-dimensional risks but also in multivariate models with
heavy-tailed increments.

Other examples for applications of multivariate heavy-tailed distributions in
insurance and finance are return rates of different stocks in finance to model
portfolios, different types of insurances in insurance contracts and supervision
of companies operating in the financial or insurance sector. In such a model for
insurance supervision, each dimension could represent the risk reserve process
of one insurance company. In a multivariate model of an insurance company,
viewing the yearly net payout as a stochastic process with underlying heavy-
tailed random vectors permits us to model and analyse the long-term behaviour
of the solvency of the company.

This work aims to help to understand how one can model the long-term
activities of an insurance company in markets where large losses are possible
and investment returns from different industry sectors can collapse at the same
time. The work intends to analyse the nature and order of magnitudes of risks,
as well as their impacts on different lines of business.
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Chapter 1

Heavy-tailed random
variables

1.1 Introduction
Mathematically, risks appearing in the sector of finance and insurance are of-
ten modelled by random walks and their generalisations. A random walk is a
stochastic process (Sn)

∞
n=1,

Sn := X1 +X2 + · · ·+Xn,

where Sn is the sum of independent and identically distributed real-valued in-
crements X1, X2, . . . defined on a probability space (Ω,F ,P). In the classical
theory, one assumes that the random variables are regular in the sense that the
occurrence of extremal observations can be neglected. However, many real-life
applications do not follow these assumptions but extremal events like finan-
cial crises on stock markets or natural disasters in catastrophe insurance are
observed from time to time. Therefore, so-called "heavy-tailed" distributions,
which model extremal events in a more accurate way, play a central role in such
applications.

1.1.1 Definition
Heavy-tailed distributions are distributions whose tail functions converge much
slower to zero than the tail functions of light-tailed distributions such as the
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CHAPTER 1. HEAVY-TAILED RANDOM VARIABLES

normal distribution. We denote the tail function of a random variable with
distribution function F by F (x) := 1−F (x). The name heavy-tailed often refers
to the right-hand tail of the distributions, so that the tail function of a heavy-
tailed distribution exceeds the tail function of a light-tailed distribution from
some threshold onwards. In this dissertation, heavy tail refers to the right-hand
tail if nothing else is mentioned. Mathematically, heavy-tailed distributions are
most commonly defined through the non-existence of the moment-generating
function for any positive value.
Definition 1.1.1. A random variable X is light-tailed from the right, if E(esX) <
∞ for some s > 0. Otherwise, we call X a heavy-tailed random variable.

The condition of the finite moment generating function for some positive
argument is usually called Cramér’s condition in honour of the Swedish mathe-
matician and actuary Harald Cramér, who was one of the first mathematicians
to study random walks in the context of insurance. He introduced the classical
large deviations theory, the study of rare events, which deals with light-tailed
distributions that fulfil Cramér’s condition.

Lemma 1.1.2. Let X be a random variable for which Cramér’s condition holds.
Then, the right-hand tail of the random variable has an exponential upper bound

P(X > x) ≤ c1e
−c2x,

where c1, c2 > 0 are constant.

Proof. Cramér’s condition implies E(esX) for some s > 0. Therefore, it holds
that

E(esX) ≥ E(esX1(X > x)) ≥ esxP(X > x),

where 1 denotes the indicator function 1(X > x) = 1, if X > x and 1(X >
x) = 0 elsewhere. Rearranging the inequality yields the claim.

For heavy-tailed distributions, a similar upper bound of the tail function
does not exist.

The following example shows important examples of heavy-tailed distribu-
tions.
Example 1.1.3. (i) The distribution on the non-negative real axis R≥0 defined

by the tail function

F (x) =

(
K

K + x

)α

with scale parameter K > 0 and shape parameter α > 0 is called Pareto
distribution.
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1.2. OVERVIEW OF ONE-DIMENSIONAL HEAVY-TAILED DISTRIBUTIONS

(ii) The Cauchy distribution on R is defined by the density function

f(x) =
K

π((x− a)2 +K2)

with scale parameter K > 0 and position parameter a ∈ R.

(iii) The density function

f(x) =
1√
2πσx

exp

(
− (log(x)− μ)2

2σ2

)

with parameters μ ∈ R and σ > 0 defines the lognormal distribution on
the positive real axis R+. If a positive random variable X has a lognormal
distribution with the parameters above, log(X) has a normal distribution
with parameters μ and σ.

(iv) The Weibull distribution on R≥0 with shape parameter β in the open
interval (0, 1) is given by the tail function

F (x) = exp

(
−
( x

K

)β
)

where K > 0 is some scale parameter.
Additionally, generalisations of the lognormal distributions satisfying for

some p > 1
P(X > x) ∼ e−(log(x))p , as x → ∞, (1.1)

where f ∼ g refers to lim f(x)/g(x) = 1, as x → ∞, are heavy-tailed. Through-
out the thesis, we call these distributions lognormal type distributions.

The fact that the moment generating function of heavy-tailed distributions
does not exist does not imply that heavy-tailed distributions do not have finite
moments at all. Many heavy-tailed distributions, like the Pareto distribution
with a shape parameter greater than one, have a finite expected value and there
are even heavy-tailed distributions with finite moments of all orders such as the
lognormal distribution or the Weibull distribution.

1.2 Overview of one-dimensional heavy-tailed dis-
tributions

Instead of studying the class of heavy-tailed distributions as a whole, one often
focuses on a suitable subclass of heavy-tailed distributions whose members share

3



CHAPTER 1. HEAVY-TAILED RANDOM VARIABLES

the same probabilistic features. Examples of such commonly studied subclasses
are the class of subexponential distributions or its subclass, the class of regularly
varying distributions.

1.2.1 Subexponential distributions
The class of subexponential distributions is one of the most important subclasses
of heavy-tailed distributions. Subexponential distributions are defined by the
asymptotic behaviour of the convolution of the tail functions: the probability
that the sum of two subexponentially distributed random variables exceeds some
large threshold is asymptotically equivalent with twice the probability that one
of the random variables exceeds this threshold.
Definition 1.2.1. The distribution of a positive random variable X with distri-
bution function F belongs to the class of subexponential distributions S if

lim
x→∞

F ∗2(x)
F (x)

= 2. (1.2)

Here, F ∗2 denotes the convolution of the distribution function F with it-
self which is the distribution of the sum of two i.i.d. random variables with
distribution function F .

The class of subexponential distributions was first introduced in [14] and the
name refers to the fact that the tail functions of subexponential distributions
decay slower than the tail function of the exponential distribution. The distri-
bution class is a very rich class in the sense that it includes distributions with
regularly varying tails like Pareto distributions as well as distributions with
lighter, but still heavy, tails that have finite moments of all orders including
Weibull distributions and lognormal distributions.

A survey of the basic properties of subexponential distributions can be found
in [36] and the more recent book [29]. Below, we give an overview of the prop-
erties of subexponential distributions that are most important for our work.

The asymptotic relation in Definition 1.2.1 also holds in a more general way.
Exchanging the convolution of the tail function with its correspondent n-fold
convolution, the limit of the asymptotic relation (1.2) is n. The more general
asymptotic relation is also equivalent to the asymptotic relation

P(X1 + · · ·+Xn > x) ∼ P(max(X1, . . . , Xn) > x), (1.3)

as x → ∞, where X1, . . . , Xn are i.i.d. random variables with distribution func-
tion F . Asymptotic relation (1.3) is often referred to as the principle of a single
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1.2. OVERVIEW OF ONE-DIMENSIONAL HEAVY-TAILED DISTRIBUTIONS

big jump. Its interpretation is that the only significant way a sum of indepen-
dent random variables X1 + · · ·+Xn can exceed some large threshold x is that
one of the random variables itself exceeds the level.

Subexponentiality is preserved under tail equivalence for non-negative ran-
dom variables. Tail equivalence means that if F is a subexponential distri-
bution satisfying F (x) ∼ G(x), as x → ∞ for some distribution function G,
it follows that G is subexponential, too. Another important property is the
long-tailedness.

Definition 1.2.2. A distribution F belongs to the class of long-tailed distribu-
tions L if for any y ∈ R fixed

lim
x→∞

F (x+ y)

F (x)
= 1. (1.4)

While every subexponential distribution fulfils the long-tail property, the
converse is not true in general so S � L . See, for instance, Section 3.1 and 3.7
in [29].

The long-tail property plays an important role in extending the definition of
subexponential distributions from positive random variables to random variables
on the entire real axis R. Most commonly, one says that a distribution F with
support on the whole real line R is subexponential, if F+ with F+(x) = F (x)
if x ≥ 0 and F+(x) = 0 if x < 0 is a subexponential distribution. Lemma 3.4 in
[29] shows that this definition is equivalent to the fact that F is subexponential
and in addition F has a long-tail defined in (1.4).

Subexponential distributions can be characterised by their risk or hazard
functions which we study more precisely in Section 2.3.1. The following lemma,
which is stated in Theorem 2 in [73] gives a sufficient condition for subexponen-
tiality in terms of the risk function.

Lemma 1.2.3. If for some distribution F on R+ the following three conditions
hold, F is subexponential.

(i) The risk function h(x) := − log(F (x)) is concave for all x greater than
some x0 > 0.

(ii) There exists a function 0 < g(x) → ∞ with x− g(x) → ∞ as x → ∞ such
that

lim
x→∞

F (x− g(x))

F (x)
= 1.

5



CHAPTER 1. HEAVY-TAILED RANDOM VARIABLES

(iii) Additionally,
lim
x→∞h(x)e−h(g(x)) = 0,

where g is as in Condition (ii).

For distributions with a concave risk function, we can modify the sufficient
conditions in the following way.

Corollary 1.2.4. Let X be a random variable satisfying

− log(P(X > x)) = h(x)

for all x greater than some x0 > 0 where h(x) is a concave function such that
there exists α < 1 satisfying

lim
x→∞

h(x)

xα
= 0. (1.5)

Then, the random variable X is subexponential.

Proof. We prove Corollary 1.2.4 by showing that all conditions in Lemma 1.2.3
hold. Condition (i) in Lemma 1.2.3 is immediately valid. To show Condition (ii)
and (iii), we take g(x) =

√
x/h(x). Then, it follows g(x) → ∞ and x− g(x) →

∞, as x → ∞. Without loss of generality, we can assume h(0) ≥ 0. If h does
not fulfil this condition, one can easily construct a function h̃ with h̃(x) = h(x)
for x ≥ x0 and h̃(0) ≥ 0. Thus, h is a subadditive function and it holds that

lim
x→∞

P(X > x− g(x))

P(X > x)
= lim

x→∞ exp

(
−h

((
1− g(x)

x

)
x

)
+ h(x)

)

≤ lim
x→∞ exp

(
−
(
1− g(x)

x

)
h(x) + h(x)

)
= lim

x→∞ exp

(
g(x)

x
h(x)

)
= lim

x→∞ exp(g(x)−1) = 1.

The corresponding lower bound of the limit follows directly by definition so Con-
dition (ii) holds. Due to the assumptions on h, the term exp(−h(

√
(x/h(x))))

converges faster to 0 than h(x) to ∞, as x → ∞, so Condition (iii) holds which
concludes the proof.

In Section 2.3.1, we show that Pareto distributions, Weibull distributions
with parameter β ∈ (0, 1) and lognormal type distributions where (1.1) holds
with an equation belong to the class of subexponential distributions according
to Corollary 1.2.4.
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1.2. OVERVIEW OF ONE-DIMENSIONAL HEAVY-TAILED DISTRIBUTIONS

Another characterisation for the class of subexponential distributions gives
the following lemma, which can be found in Appendix A3 in [27]. It relies on
the hazard rate or mortality intensity q.

Lemma 1.2.5. Let F be an absolutely continuous distribution function with
density f . Furthermore, let the hazard rate

q(x) :=
d

dx
(− log(F (x))) =

f(x)

F (x)

be decreasing to 0.

(i) Then, F ∈ S if and only if

lim
x→∞

∫ x

0

eyq(x)f(y)dy = 1.

(ii) If the function x 	→ exq(x)f(x) is integrable on the non-negative real axis,
then F ∈ S .

Applying Lemma 1.2.5, one can show that Weibull distributions with shape
parameter β ∈ (0, 1) as well as the lognormal type distribution defined by (1.1)
belong to the class of subexponential distributions. Here, we show the subex-
ponentiality for distributions of the lognormal type for which (1.1) holds with
an equality for large enough values.
Example 1.2.6. (i) Weibull distribution: Let X be a random variable with

tail function G(x) = e−xβ

, where x ≥ 0 and 0 < β < 1. Then g(x) =

βxβ−1e−xβ

and q(x) = βxβ−1. Now, q′(x) = β(β − 1)xβ−2 < 0 im-
plies that q(x) is a decreasing function. It is easy to obtain that x 	→
exq(x)g(x) = βxβ−1e(β−1)xβ

is integrable on [0,∞) and thus G is a subex-
ponential distribution by Lemma 1.2.5.

(ii) Lognormal-type distribution: Let X be a positive random variable with
tail function F (x) = e−(log(x))p , where p > 1. Then, the probability
density function is

f(x) =
p(log(x))p−1

x
e−(log(x))p

and the hazard rate is q(x) = p(log(x))p−1

x which is a decreasing function.
One can see that

x 	→ exq(x)f(x) =
p(log(x))p−1

x
e(

p
log(x)

−1)(log(x))p

7



CHAPTER 1. HEAVY-TAILED RANDOM VARIABLES

is integrable on the positive real line so Lemma 1.2.5 implies the subex-
ponentiality of the distribution.

(iii) Let X be a positive random variable with tail function F (x) = e−xβ(log(x))p

for large enough x, where 0 < β < 1 and p > 0. Then, the probability
density function is

f(x) =

(
β +

p

log(x)

)
xβ−1(log(x))pe−xβ(log(x))p

and the hazard function q(x) =
(
β + p

log(x)

)
xβ−1(log(x))p. Computing

the derivative of the hazard function, it is easy to obtain that the function
is decreasing to 0. Furthermore, the mapping

x 	→ exq(x)f(x) =

(
β +

p

log(x)

)
xβ−1(log(x))pe(β+

p
log(x)

−1)xβ(log(x))p

is integrable on the non-negative real line and thus by Lemma 1.2.5 the
distribution is subexponential.

For other characterisations of subexponential distributions, see Lemma 1,
Proposition 3 and Theorem 5 in [7] and Corollary 2 in [73].

When calculating ruin probabilities, one needs the subexponentiality of the
integrated tail distribution of the claim size distribution. We define the inte-
grated tail distribution FI of the distribution F with positive expectation μ
as

FI(x) =
1

μ

∫ x

0

F (y)dy, x ≥ 0. (1.6)

The following lemma gives sufficient conditions for the integrated tail distribu-
tion FI to belong to the class S . The conditions are based on the hazard rate.
For proof, see Lemma 1.4.6 in [27].

Lemma 1.2.7. If limx→∞ q(x) = 0, limx→∞ xq(x) = ∞ and one of the follow-
ing conditions holds, then FI ∈ S :

(i) The hazard rate q is regularly varying with index α ∈ [−1, 0).

(ii) The hazard rate q is decreasing and slowly varying and in addition the
function − log(F (x))− xq(x) is regularly varying with index 1.

8



1.2. OVERVIEW OF ONE-DIMENSIONAL HEAVY-TAILED DISTRIBUTIONS

We define regularly varying distributions in Section 1.2.2. Regularly varying
functions are defined in a similar way, that is, a function f is regularly varying
with index α if

lim
x→∞

f(tx)

f(x)
= tα (1.7)

for any t > 0. If α = 0, the function is slowly varying. We show that the
distributions in (i) and (ii) in Example 1.2.6 fulfil these conditions.

Example 1.2.8. (i) Weibull distribution: Let F be as in Example 1.2.6(i). It
is easy to obtain that q(x) → 0 and xq(x) → ∞, as x → ∞. Moreover,
q is regularly varying with β − 1 and thus Condition (i) in Lemma 1.2.7
holds and thus the integrated tail distribution of a Weibull distribution
belongs to the class of subexponential distributions.

(ii) Lognormal type distribution: Let F be as in Example 1.2.6(ii). Then,
q(x) = p(log(x))p−1

x → 0 and xq(x) → ∞, as x → ∞. Furthermore, for any
t > 0

lim
x→∞

q(tx)

q(x)
= lim

x→∞
(log(tx))p−1

t(log(x))p−1
= t−1

so the hazard rate is regularly varying with index −1 and Condition (i) in
Lemma 1.2.7 holds. Thus, the integrated tail distribution of a lognormal
type distribution is subexponential.

1.2.2 Regularly varying distributions

An important and well-studied subclass of subexponential distributions are reg-
ularly varying distributions including distributions with power law tails. A
distribution belongs to the class of regularly varying distributions, if its tail
function is regularly varying in the sense of Equation (1.7). This definition
of regular variation was introduced and studied by the mathematician Jovan
Karamata in [45, 46, 47].

Definition 1.2.9. The distribution of a positive random variable X with distri-
bution function F has a regularly varying tail, if for any t > 0

lim
x→∞

F (tx)

F (x)
= tα

for some regular variation index α ≥ 0. We write X ∈ RVα.

9



CHAPTER 1. HEAVY-TAILED RANDOM VARIABLES

The class of distributions with regularly varying tails only includes distri-
butions that do not have finite moments of all orders. In general, the regular
variation index indicates which moments are finite: Moments of an order smaller
than the regular variation index are finite, whereas moments of greater order
than α are infinity. If the regular variation index is a natural number, the
moment of this order might be finite or not.

Important examples for distributions with regularly varying tails are Pareto
distributions. Furthermore, Cauchy distributions, Fréchet distributions, Burr
distributions, loggamma distributions and α-stable distributions with α > 2
belong to the class of regularly varying distributions.

Many properties and results of the asymptotic behaviour of regularly varying
distributions are presented in the monographs [70, 69] by Sidney Resnick. The
most important properties include the properties of subexponential distributions
as well as the fact that the tail function of every regularly varying distribution
can be represented as

F (x) = x−αL(x),

where α > 0 is the regular variation index and L is a slowly varying function
satisfying limx→∞ L(tx)/L(x) = 1 for every t > 0. Regularly varying distribu-
tions are studied a lot in the literature due to their central role in extreme value
analysis.

10



Chapter 2

Multivariate distributions

In practice, companies in the financial sector do not only deal with univariate
heavy-tailed distributions but use multivariate heavy-tailed models. For in-
stance, an insurance company can model their payout process as a multivariate
random walk, where each component of a random vector represents a different
line of business or a particular type of insurance. The risks of each line of busi-
ness could be presented in a one-dimensional model, but these models would
not reflect the dependence between several lines of business. Therefore, one
needs multivariate models where components of the random vectors might not
be independent of each other but depend on the same events.

This dissertation focuses on modelling and analysing such multivariate risks.
In the models, we are specifically interested in rare events of multivariate ran-
dom walks and their asymptotic probabilities. Throughout the dissertation, we
consider d-dimensional multivariate random walks (Sn)

∞
n=1, where

Sn := X1 + · · ·+ Xn

is generated by independent and identically distributed heavy-tailed increments
Xi ∈ Rd. We look at the extremal behaviour of the multivariate random walks
and estimate the probabilities of extremal events.

For heavy-tailed distributions, large deviations of the sum of independent
random variables are often due to one random variable taking a large value as
the principle of a single big jump suggests. A similar behaviour can be observed
in the multivariate case, as well. If the sum of i.i.d. heavy-tailed random vectors
with expectation in the origin is far away from the origin, the reason is often
that one random vector dominates the behaviour of the sum. Therefore, such

11



CHAPTER 2. MULTIVARIATE DISTRIBUTIONS

extremal events can not be neglected, but have to be taken into account in
models with multivariate heavy-tailed distributions.

It turns out that studying multivariate models is not as straightforward as
studying one-dimensional models. Often, families of multivariate distributions
have to be defined in a much more complex way than one-dimensional distri-
bution families and it is not enough to characterise them by their marginal
distributions. Tools and methods that worked well in the one-dimensional case
are insufficient and extending concepts to a multivariate setting, properties that
hold in the one-dimensional case may not hold in a multivariate generalisation
any more or they hold only partially. In this chapter, we introduce different
concepts and models for multivariate heavy-tailed distributions. Chapter 3 in-
vestigates ruin probabilities in a multivariate setting and Chapter 4 focuses on
results from large deviations theory. In Chapter 5, we have a closer look at the
differences in tail behaviour in different directions.

In the multivariate case, we denote vectors by bold symbols and random
vectors by bold upper-case symbols. Components of vectors are denoted by
upper indices, so a d-dimensional vector x can be written as x = (x1, . . . , xd).
The origin will be denoted by 0 and relation symbols of vectors, for instance,
x < y are understood componentwise. For the positive orthant [0,∞)d we
use the additional notation Rd

≥0, Rd
+ := (0,∞)d denotes the positive orthant

without axes and we set Rd := [−∞,∞]d. For the unit sphere of Rd we use
the notation Sd−1 := {x ∈ Rd : ‖x‖ = 1}, where ‖ · ‖ denotes the used norm,
which depends on the model. The norm defines the metric and thus also open
and closed sets.

2.1 Multivariate regular variation

Perhaps the most commonly studied class of multivariate heavy-tailed distri-
butions are multivariate regularly varying distributions, which were introduced
in [68]. Multivariate regular variation turns out to be an important concept
because of its role in multivariate extreme value theory. There, multivariate
regular variation is used as the characterisation of certain maximum domains of
attraction.

2.1.1 Definition and properties

The definition of multivariate regular variation extends the one-dimensional def-
inition in a natural way such that many properties of one-dimensional regularly
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varying distributions find a correspondent multivariate extension. Usually, one
defines multivariate regular variation on the positive orthant, but the definition
can also be extended to the entire space Rd. The book [69] provides an overview
over the essential properties of multivariate regularly varying distributions and
introduces standard statistical tools.

There exist several equivalent formulations of the definition of multivariate
regular variation, see Theorem 2 in [68]. Here, we state the definition that
is based on the concept of vague convergence. We denote the σ-algebra, a
collection of measurable subsets, of the Borel sets of a space Σ as B(Σ). A
measure that is finite on compact sets is called Radon measure.
Definition 2.1.1. Let Σ be a locally compact Hausdorff space and μ, μn, n ∈ N

Radon measures on B(Σ). Then, μn is vague convergent to μ if for all continuous
functions with compact support f it holds that

lim
n→∞

∫
Σ

fdμn =

∫
Σ

fdμ.

Definition 2.1.2. Suppose there exists a nonnull Radon measure μ that is not
identically zero and not degenerated at a point on the σ-algebra B(Rd\{0}) of
the Borel-sets of Rd\{0} with μ(Rd\Rd) = 0. Then, a random vector X on Rd

is multivariate regularly varying, if there exists a sequence (an) of positive real
numbers with an → ∞, as n → ∞, for which

nP(a−1
n X ∈ ·) v−→ μ(·), (2.1)

as n → ∞, where v denotes vague convergence. Then, we also write X ∈
RV((an), μ,Rd\{0}).

We call μ the limit measure. The positive sequence (an) can always be
chosen as the inverse distribution function or quantile function of the norm of
the random vector X at n−1

n , so one can choose an as

G−1

(
1− 1

n

)
= inf

{
s ∈ R>0 : G(s) ≥ 1− 1

n

}
, (2.2)

where G is the distribution function of the norm of the random vector X denoted
by ‖X‖. Hence, the choice of the sequence (an) might depend on the choice of
the norm. In general, one can take any norm but for some examples a certain
norm might be more convenient than others. Choosing (an) as in (2.2), it holds
that nP(‖X‖ > an) → 1, as n → ∞. If X ∈ RV((an), μ,Rd\{0}), it follows that

P(X ∈ u·)
P(‖X‖ > u)

v−→ cμ(·) in B(Rd\{0}), (2.3)

13
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as n → ∞ where the set in the numerator of the left-hand side of (2.3) is defined
in (2.4). The constant c depends on the choice of the positive sequence (an).

With this notation, similarly to one-dimensional regular variation, we are
able to define a regular variation index in the multivariate case. For a set
B ⊂ Rd\{0} bounded away from the origin, we define

uB := {x : x = ub,b ∈ B} . (2.4)

Then, if X ∈ RV((an), μ,Rd\{0}), there exists α > 0 such that

μ(uB) = u−αμ(B) for all u > 0 and B ⊂ Rd\{0}.
We write X ∈ RV(α, μ) and call α the regular variation index.

Another way of defining multivariate regular variation is through weak con-
vergence to some probability measure σ and the regular variation index α: There
exists some index α > 0 and a probability measure σ of the set B(Sd−1) such
that for all x > 0

P(‖X‖ > ux,X/‖X‖ ∈ ·)
P(‖X‖ > u)

w−→ x−ασ(·) in B(Sd−1), (2.5)

as u → ∞, where Sd−1 := {x : ‖x‖ = 1} is the unit sphere of Rd and w−→ denotes
weak convergence. For a review of weak convergence, see Chapter 3 in [69]. The
definition using weak convergence is equivalent to Definition 2.1.2. For proof,
see, for instance, [53]. Writing the random vector in polar coordinates as in
(2.5), we call α the tail index of X and the probability measure σ is called
spectral or angular measure of X. The spectral or angular measure is defined
on the unit sphere Sd−1, whose shape depends on the choice of the norm.

Instead of the sequence (an) in Definition 2.1.2, it is also possible to define
multivariate regular variation by a scaling function b(t) ∈ RV1/α and a suitable
limit measure ν. With this equivalent definition, multivariate regular variation
is denoted by MRV(α, b(t), ν,Rd). We use this notation in Definition 2.1.3, the
definition of hidden regular variation.

If the random vector X is regularly varying with index α > 0, every linear
combination of the random vector is a one-dimensional regularly varying random
variable with the same index α > 0, see Theorem 1.1 in [8]. In particular, every
component of the random vector is regularly varying with index α > 0. This
means that Definition 2.1.2 and its equivalents imply tail equivalence for the
distribution tails of the components. However, in applications often the com-
ponents of the random vectors do not have the same index α, but the marginal

14



2.1. MULTIVARIATE REGULAR VARIATION

distributions might be regularly varying with different regular variation indices.
In this case, we speak of non-standard regular variation. Applying theoretical
results of regular variation to non-standard regularly varying observations can
be done after transforming the data to the standard case.

2.1.2 Asymptotic dependence

For multivariate regularly varying distributions, one is usually interested in
whether the components are asymptotically independent or not. If the regu-
larly varying components are asymptotically independent, extremal events are
concentrated around the axes because usually extremal outcomes do not occur
in several components simultaneously due to the independence of the compo-
nents for large outcomes. If X = (X1, X2) is a two-dimensional random vector
with identically distributed components, the components are said to be asymp-
totically independent, if

lim
x→∞P(X1 > x|X2 > x) = 0,

see [66]. Although, components might be dependent on each other, they can
still be asymptotically independent of each other. Asymptotic independence
reduces risks in applications since for asymptotically dependent components
the simultaneous occurrence of extremal events in several components involves
large risks that can not be neglected.

There are many different ways in which the components can depend on each
other asymptotically. The most commonly discussed types of dependence are
asymptotic full and asymptotic strong dependence. For an overview on asymp-
totic full and strong dependence, see [21]. Roughly speaking, if the components
are asymptotically fully dependent on each other, the extremal events are con-
centrated on the neighbourhood of a single ray that is the subspace spanned
by a single vector. In this case, one would usually scale the components such
that the ray is the diagonal. If the components are asymptotically strongly de-
pendent, the extremal events can be observed inside a cone spanned by certain
linear combinations of the dependent components. As in the case of asymptotic
full dependence, one would typically transform the components in such a way
that the cone is mirrored along the diagonal ray. For full asymptotic dependence
the multivariate regular variation limit measure is concentrated on a single ray,
whereas for strong asymptotic dependence the limit measure concentrates on a
cone.
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2.1.3 Hidden regular variation
An important concept for models with multivariate regular variation is hidden
regular variation [66, 58, 54]. A random vector that is regularly varying can
additionally have hidden regular variation for example in the case of asymptotic
independence. If the components of the random vector turn out to be asymp-
totically independent, one analyses whether there are some regularly varying
features in the positive quadrant after reducing the axes from the set.

Definition 2.1.3. A multivariate random vector X has hidden regular variation
if it is regularly varying (X ∈ MRV(α, b(t)ν,Rd)) and in addition there exists
a non-decreasing function b0(t) → ∞ with b(t)/b0(t) → ∞ as t → ∞ and a
positive radon measure ν0 on Rd

+ the positive orthant with removed axes such
that

tP

(
X

b0(t)
∈ ·

)
v−→ ν0

on Rd
+. Then, there exists some regular variation index α0 ≥ α such that

b0(t) ∈ RV1/α0
and X ∈ MRV(α0, b0(t), ν0,R

d
+).

As in Definition 2.1.3, hidden regular variation is often considered when the
components of multivariate heavy-tailed data are asymptotic independent, but
it is not restricted to that case.

In [21], Das and Resnick extend the definition of hidden regular variation for
distributions in R2

+ also to the case where the components are not independent
of each other. If the components possess asymptotic full or strong dependence,
hidden regular variation can occur in the space that remains after removing
the ray or the cone of the limit measure with its neighbourhood. For an exact
definition, see Definition 3.1 in [21].

2.2 Multivariate subexponential distributions
For a multivariate counterpart of subexponential distributions, no definition has
been established in the literature. However, there exist at least three different
approaches for defining multivariate subexponentaility which have their own
advantages over the others.

2.2.1 Definition using vague convergence
The first definition introduced in Cline and Resnick [15] uses a similar approach
as the definition of multivariate regular variation and defines multivariate subex-

16



2.2. MULTIVARIATE SUBEXPONENTIAL DISTRIBUTIONS

ponential distributions using vague convergence. Therefore, we consider the
compactified Euclidean space E = [−∞,∞]d\{−∞}, the closed space Rd where
the point −∞ is removed. Hence, relatively compact sets are sets bounded away
from −∞, the point with −∞ in every component. Similarly to the extension of
positive subexponentially distributed random variables to subexponential ran-
dom variables on the entire real axis, also the extension to multivariate distri-
butions needs some kind of long-tailedness.

Definition 2.2.1. For a multivariate function b(t), where bi(t) → ∞ as t → ∞
for all components i = 1, . . . , d, a probability distribution F is said to be long-
tailed if

tF (b(t) + ·) v−→ ν, (2.6)

as t → ∞, where v−→ denotes vague convergence. Here, ν is a finite measure on
E concentrated on the points {−∞,∞}d\{−∞} such that for all components
i = 1, . . . , d it holds that ν(x ∈ E : xi = ∞) > 0.

The definition of multivariate subexponentiality in terms of vague conver-
gence uses this extension of the long-tail property to the multivariate setting.
As in the one-dimensional setting, the symbol ∗ denotes convolutions.

Definition 2.2.2. The distribution function F is subexponential if

tF ∗ F (b(t) + ·) v−→ 2ν,

on E as t → ∞ with respect to the same measure ν and function b.

A distribution function F is then multivariate subexponential in the sense
of Definition 2.2.2, if and only if it has the multivariate long-tail property (2.6)
and its marginal distributions all belong to the class of one-dimensional subex-
ponential distributions.

This definition of multivariate subexponential distributions extends many
properties of one-dimensional subexponential distributions in a natural way.
For instance, distributions with support on the positive quadrant that are reg-
ularly varying belong to the class of multivariate subexponential distributions
according to (2.2.2).

2.2.2 Subexponentiality along lines

The approach by Omey [62] defines multivariate subexponentiality in a more
direct way for distributions with support in the positive orthant Rd

+.
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Definition 2.2.3. A random vector has a subexponential distribution, if for all
x > 0,x = ∞,

lim
t→∞

F ∗2(tx)
F (tx)

= 2.

This approach defines multivariate subexponentiality along lines through
the origin of the form tx. Instead of lines, one can define subexponentiality
also along curves or along regions. The curves are defined by c(t) ∗ x, where ∗
denotes the dot product and ci(t) → ∞, as t → ∞ for all components of c. For
more details on these variations of the definition, see [62].

All variations of the definition introduced by Omey assume subexponential
marginals. In addition, a multivariate long-tail property holds. The correspon-
dent multivariate long-tail property of Definition 2.2.3 is the following.

Definition 2.2.4. For every x > 0,x = ∞ and a ∈ [0,∞)d, it holds that

lim
t→∞

F (tx − a)
F (tx)

= 1,

as t → ∞.

Theorem 7 and Corollary 11 in [62] show that a distribution is subexpo-
nential according to Definition 2.2.3 if and only if the marginal distributions
are subexponential and the multivariate long-tail property in Definition 2.2.4
holds. Although Definition 2.2.3 implies subexponentiality of the marginal dis-
tribution, it does not guarantee the one-dimensional subexponentiality of any
linear combination of the random vector as in the case of multivariate regular
variation. For an example, see Example 3.1 in [71].

With Definition 2.2.3, the principle of a single big jump in a multivariate
setting is shown in [63].

2.2.3 Definition motivated by applications to ruin proba-
bilities

The definition by Samorodnitsky and Sun introduced in [71] is motivated by
applications to ruin probabilities. In order to extend one-dimensional subex-
ponentiality to a multivariate setting, ruin probabilities are considered and a
one-dimensional distribution is defined using a so called ruin set. In applications
such a ruin set could be, for instance, the set that the sum of the components
exceeds a threshold or the set where at least one of the components exceeds the
threshold. Mathematically, a ruin set is an open increasing set A such that Ac
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is convex and the origin does not belong to the closure A of A. Here, increasing
set means that if x ∈ A also x + a ∈ A for all a ∈ [0,∞)d. For a d-dimensional
distribution F with support on the positive quadrant (0,∞)d, one defines then

FA(t) := 1− F (tA), t ≥ 0,

which is a probability distribution function on [0,∞). We use this one-dimensional
distribution function to define multivariate subexponentiality.

Definition 2.2.5. A multivariate distribution is subexponential with respect to
the ruin set A, if the corresponding one-dimensional distribution FA(t) is subex-
ponential. The distribution F is subexponential, if FA(t) is subexponential for
all A in

R := {A ∈ Rd : A is an open increasing set, Ac is convex,0 /∈ A}

the set of ruin sets.

The following picture shows three examples of ruin sets in R2, which can be
easily extended to higher dimensions.

A B C

Figure 2.1: Examples of ruin sets in R2

In the model where each line of business of an insurance company is repre-
sented by one component, the half space in Rd, {x : x1 + · · · + xd > 1} or Set
A in Figure 2.1 refer to the case where ruin occurs if the sum of losses of all
lines of business exceed some threshold. This can be interpreted such that the
initial capital of the insurance company can be freely moved from one line of
business to another to cover the losses. In insurance supervision where every
insurance company is represented by one component, Set B in Figure 2.1 or
in higher dimensions the set {x1 > 1} ∪ · · · ∪ {xd > 1} is associated with the
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case that the losses of one insurance company exceed the threshold. Thus, the
initial capital of the insurance company in question does not suffice to cover the
costs and the insurance company gets insolvent. As a consequence, insurance
supervision fails. Set C in Figure 2.1 again has a natural interpretation in the
model where different lines of business are represented by different components.
The set represents the case where transferring capital from one line of business
to another line of business is possible, but always creates some costs. Ruin
probabilities for this framework are studied in [41].

Similarly to Definitions 2.2.2 and 2.2.3, also Definition 2.2.5 implies one-
dimensional subexponentiality of the marginals. Moreover, it follows from Def-
inition 2.2.5 that every linear combination with non-negative coefficients of a
multivariate subexponential vector X is subexponential itself. In addition, it
holds the following multivariate long-tail property.

Definition 2.2.6. For any a ∈ Rd, it holds that

lim
u→∞

F (uA+ a)
F (uA)

= 1.

Furthermore, the class of distributions for which FA is subexponential for
every A ∈ R includes the class of multivariate regularly varying distributions.

All presented definitions of multivariate subexponentiality have in common
that they imply subexponential marginal distributions. Additionally, every ap-
proach presented above defines a corresponding long-tail property, but these do
not coincide with each other.

2.3 Polar coordinates
In models for multivariate heavy-tailed data such as the framework of multivari-
ate regular variation, one often uses polar coordinates to distinguish between the
angular components of random vectors and its heavyness. In this dissertation,
we usually write the random vectors using polar coordinates as the product

X = RΘ (2.7)

of the random variable R and the random vector Θ. In this representation,
the random variable R indicates the length of the random vector R := ‖X‖ or
the distance from the origin and the random vector Θ := X/‖X‖ its angle or
direction. The assumptions on the random variable R and the random vector
Θ vary in the different articles as well as the exact definition of length and

20



2.3. POLAR COORDINATES

direction. Representation (2.7) ensures that we can study the heavy-tailedness
of the random vectors in terms of the heavy-tailedness of the one-dimensional
random variable R.

This product model defined by (2.7) suggests studying the probabilities of
sets of the form

Vr,S :=

{
x ∈ Rd : ‖x‖ > r,

x
‖x‖ ∈ S

}
, (2.8)

where r ∈ R+ and S is a subset of the unit sphere Sd−1. These truncated cones
Vr,S generate the same σ-algebra as the usual Borel σ-algebra of the Euclidean
space Rd and can thus be used to state any probability of the random vector
X in terms of its length represented by the random variable R and its direction
indicated by the random vector Θ.

2.3.1 Risk function
One way to define the distribution of the length R of the random vector X is to
study the risk or hazard function h(x) := − log(P(R > x)) and its asymptotic
behaviour. In the literature, the risk or hazard function is often denoted by
R(x), but we avoid this notation and use h(x) instead to prevent confusion with
the random variable R itself.

If and only if R is heavy-tailed with risk function h, it holds that

lim inf
x→∞

h(x)

x
= 0.

This is an immediate consequence of the definition of heavy-tailed distributions,
see, for instance, Lemma 5 in [18].

The risk function indicates which moments are finite through the moment
index κ := sup{s ≥ 0 : E((R+)s) < ∞}. For a proof of Lemma 2.3.1, see, for
example, the proof of Lemma 3.6 in [5].

Lemma 2.3.1. If R is heavy-tailed, its moment index κ is

κ = lim inf
x→∞

h(x)

log(x)
.

It turns out that if R is a heavy-tailed random variable, its risk function
can be approximated asymptotically from below by a smooth, concave function
which is called natural scale. In large deviations theory, the natural scale and
risk functions are natural ways to describe the behaviour of extremal events of
random walks.
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Lemma 2.3.2. Let R be a heavy-tailed random variable with risk function
h. Then, there exists a non-negative, strictly increasing concave function h̃ :

[0,∞) → [0,∞) that satisfies h̃(0) = 0 and limx→∞
h̃(x)
x = 0. Furthermore, it

holds that
lim inf
x→∞

h(x)

h̃(x)
= 1

which is equivalent to the condition

sup
{
s ≥ 0 : E(esh̃(R))

}
= 1.

This concave function, the natural scale, is also subadditive. For proof of
Lemma 2.3.2, see the proof of Theorem 2.1 in [49].

The following example states the risk function of some common subexpo-
nential distributions. The lognormal type distribution is defined in (1.1).
Example 2.3.3. (i) Pareto distribution: If P(R > x) = x−α for some α > 0

and x large enough, the risk function converges to h(x) = α log(x).

(ii) Weibull distribution: Assume P(R > x) = e−xβ

for some β ∈ (0, 1) and x
large enough. Then, the risk function is h(x) = xβ for x large enough.

(iii) Lognormal type distribution: Let P(R > x) = e− log(x)q for some q > 1
and x large enough. Then, the risk function is h(x) = log(x)q for large x.

Applying Corollary 1.2.4 to the risk functions determined in Example 2.3.3,
one can easily see that all risk functions are convex and fulfil Condition (1.5).
Hence, all distributions of Example 2.3.3 belong to the class of subexponential
distributions.

Studying the dominating tail behaviour of multivariate distributions in ar-
ticle [III], we compare the risk function of the distribution in different cones
with each other. Example 2.3.3 shows that the ratio of the risk functions of two
Pareto distributions with different tail index is a positive constant smaller or
greater than one. The ratio of the risk functions of two different distribution
types such as Pareto and Weibull or Weibull and Lognormal type is either zero
or infinity. This indicates that these different distribution types belong to a
different class of order of magnitude considering the logarithmic tail.

2.3.2 Distribution of length R

In the context of ruin probabilities, the assumptions on the random variable R
are usually stated in terms of integrated tails instead of the risk function. The
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integrated tail of the random variable R with distribution function F is defined
as

F I(u) := min

(
1,

∫ ∞

u

P(R > v)dv

)
. (2.9)

We use a similar assumption in [I], the article investigating ruin probabilities in
a multivariate setting. In [II] and [III], the assumptions on the length R of the
random vector are defined in terms of the risk function.

In articles [I] and [II], we focus on distributions that are heavy-tailed, but
have a lighter tail than the tail of regular varying distributions. We formulate
this restriction in [I] by the condition F I(γu) = o(F I(u)) for all γ > 1 and in
[II] by the conditions h(x) = o(x) and log(x) = o(h(x)), as x → ∞. These
additional conditions exclude regularly varying distributions, but hold, for in-
stance, for heavy-tailed Weibull distributions and lognormal or lognormal-type
distributions that possess finite moments of all orders. The assumption on R in
article [III] admits a larger class of distributions.

2.3.3 Distribution of direction and dependence structure
The assumptions on the distribution of the directional component, the random
vector Θ vary between the different articles. In general, we assume that prob-
ability mass can occur in any direction, but we do not necessarily assume any
uniform distribution of the random vector Θ.

For multivariate models an important feature is the dependence between
components of the random vector. The assumed dependence structure differs
in the different articles.

Article [I] analyses a model where the dominating tail behaviour is concen-
trated on a subset θ of the positive orthant, which means that for large values
of R observations belong most likely to the subset θ whereas observations closer
to the origin are not restricted to any set of directions. This assumption resem-
bles strong asymptotic dependence as it is used in the context of multivariate
regular variation. However, article [I] focuses on distributions with lighter tails
than power laws.

In article [II], we study asymptotically spherical and elliptical distributions
which are introduced in Section 2.3.4. Spherical distributions have a similar tail
behaviour in every direction. The tail behaviour of elliptical distributions in
different directions differs only by a constant. We assume asymptotic indepen-
dence in the sense that the limit

lim
x→∞P(Θ ∈ S|R > x) = P(Θ ∈ S)
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exists for any measurable subset S of the support of the random vector Θ.
Article [III] presents an algorithm to find the set that dominates the tail

behaviour of the random vector. This approach is applicable to models with
different tail dependence structures and does not require any strong assumptions
on the directions of the random vectors.

2.3.4 Elliptical distributions
For applications where observations are not concentrated on the positive or-
thant, the framework of elliptical distributions turns out to be useful. In a
bivariate setting, a random vector X = (X1, X2) is said to be elliptically dis-
tributed if

XT = μ+RΛU

where μ ∈ R2 is a location vector, R > 0 is a random variable, Λ is a (2 × 2)-
dimensional deterministic matrix and U is a two-dimensional random vector
independent of R. Usually one assumes that U is uniformly distributed on the
unit sphere Sd−1 generated by the L2-norm and the matrix Λ is such that ΛΛT

is a non-negative definite symmetric matrix. The use of the Euclidean norm
guarantees that the matrix Λ transforms observations from the unit sphere to
an ellipsoid. In the literature, heavy-tailed behaviour of elliptical distributions
is often modelled using regular variation, see, for instance, [48, 40].

For asymptotically elliptical distributions in [II], we assume that μ = 0 and
define the directional component of the random vector on the boundary Ω of an
ellipsoid as Θ = ΛU. Moreover, we do not need the assumption of uniformly
distributed normed random vectors, but it is enough to assume that any subset
of the unit sphere with positive Lebesque measure has positive probability mass.
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Chapter 3

Ruin probabilities and review
of [I]

3.1 Ruin probabilities

Classical ruin theory studies the risk process of an insurance company. Com-
mon models used in ruin theory are the Cramer-Lundberg model, a compound
Poisson risk model, and the Sparre-Andersen model. These models consider
incoming premiums and outgoing claims and represent them by compounded
random variables. Ruin probabilities are then defined as the probability that
the risk process exceeds a large threshold which represents the initial capital.

The classical Cramer-Lundberg theorem for large claims considers random
variables with subexponentially distributed integrated tails. It studies the Cramer-
Lundberg model with the total claim amount process defined as

S(t) =

{ ∑N(t)
i=1 Xi, N(t) > 0,

0, N(t) = 0,

where the claim sizes (Xi)i∈N are i.i.d. positive random variables with finite
mean μ and distribution function F and the number of claims N(t) is a Pois-
son process. More precisely, the number of claims it is defined as the sum of
exponentially distributed i.i.d. inter-arrival times with finite mean 1/λ. In this
model, the claim sizes and the inter-arrival times are assumed to be indepen-
dent of each other and the integrated tail function (2.9) of the claim sizes Xi

25



CHAPTER 3. RUIN PROBABILITIES AND REVIEW OF [I]

is assumed to belong to the class of subexponential distributions. One is then
interested in the risk process

U(t) = u+ ct− S(t),

for t ≥ 0 where u ≥ 0 denotes the initial capital and c > 0 denotes the premium
income rate. In this setting, the ruin probability is the probability that the initial
capital together with the premium income are not enough to cover the total
claim amount. Mathematically, this is the probability P(U(t) < 0 for some t),
where t ≥ 0. The classical result in the one-dimensional case as stated in
Theorem 3.1.1 presents the relation between the ruin probability in infinte time
and the integrated tail distribution FI(x) =

1
μ

∫ x

0
F (y)dx for x ≥ 0. For proof

of the classical result see Theorem 1.3.6 in [27].

Theorem 3.1.1. Under the assumptions of the Cramer-Lundberg model with
net profit condition ρ := c/(μλ) − 1 > 0 where the integrated tail of the claim
size distribution F is subexponentially distributed, it holds that

P(U(t) < 0 for some t) ∼ ρ−1F I(u),

as u → ∞.

The constant ρ in the net profit condition is also called the safety loading.
Remark that the subexponentiality assumption does not refer to the distribution
of the claim size process, but to the integrated tail distribution of the claim size
distribution. For many subexponential distributions such as regularly varying
distributions and Weibull distributions, also the integrated tail distribution is
subexponential. However, this is not true in general, but requires additional
conditions, see Lemma 1.4.6 in [27] and Theorem 4.32 in [29].

Literature on ruin probabilities in the univariate setting considers problems
under different assumptions on risk processes. Book [2] gives a broad overview of
the topic. In the multivariate setting, significant contributions can be found in
the light-tailed case in [16] and [17]. For multivariate heavy-tailed distributions,
ruin probabilities were studied mostly under the assumption of multivariate
regular variation. Theorem 3.1 in [43] states a multivariate extension of the
result in a multivariate heavy-tailed setting. To state the theorem, we restrict
the sets B to the space Rd\Kδ

c , for some δ > 0 and a vector c > 0 where
Kδ

c := {x ∈ Rd : |x/‖x‖+ c/‖c‖| < δ} to avoid sets that can be hit by drifting
into the direction of the vector −c. Here, we use ‖ · ‖ for the norm of a vector.
Then, we set μ∗(B) :=

∫∞
0

μ(cv + Bc)dv and Bc := {x + tc,x ∈ B, t ≥ 0} for
any set B ∈ B(Rd\Kδ

c) that is any Borel set on the space Rd\Kδ
c .
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Theorem 3.1.2. Let X be a multivariate regularly varying random vector with
regular variation index α > 1 and probability measure μ, so X ∈ MRV(α, μ).
Furthermore, assume E(X) = 0 and c > 0. Then, for any set A ∈ B(Rd\Kδ

c)
bounded away from 0, it holds that

μ∗(A◦) ≤ lim inf
u→∞

P(Sn − nc ∈ uA for some n ≥ 1)

uP(‖X‖ > u)

≤ lim sup
u→∞

P(Sn − nc ∈ uA for some n ≥ 1)

uP(‖X‖ > u)
≤ μ∗(A),

where Sn = X1 + · · ·+Xn as before, A◦ denotes the interior and A the closure
of the set A.

In applications, the random vector X could be interpreted as the difference
between some sufficient premium and the total claim amount. The fixed vector
−c would then correspond to a safety loading and together with the sufficient
premium it would determine the premium rate of the insurance company. In
the one-dimensional setting, Theorem 3.1.2 coincides with the classical result
of Theorem 3.1.1. The multivariate counterpart of the integrated tail func-
tion in Theorem 3.1.2 is given in terms of the norm of the random vector as
uP(‖X‖ > u). This term coincides in the univariate setting with the integrated
tail function.

Other results under the assumption of multivariate regular variation can be
found, for instance, in [52, 10] considering finite-time ruin probabilities and [42]
for infinite-time ruin probabilities.

3.2 Precise asymptotics of ruin probabilities
In [I], we study asymptotic approximations of ruin probabilities in a multivariate
setting. We derive ruin probabilities for random walks where the increments of
the random walk are closely connected to multivariate subexponentiality as
it is presented in Definition 2.2.5. Therefore, we write X as the product of
a heavy-tailed random variable R and a random vector θ supported by the
unit sphere according to the L1-norm. Assuming that the random variable
R is subexponenitally distributed, the increments of the random walk admit
dependence between components.

The main result presented in [I] considers random vectors with lighter tails
than regularly varying tails, but is similar to the result in Theorem 3.1.2 for
regularly varying distributions.
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Writing X = Rθ, setting c := −E(X) and

A :=

{
x ∈ Rd :

d∑
k=1

xk > 1

}
,

the assumptions on X are:

(A1) R is subexponentially distributed with distribution function F .

(A2) F I(γu) = o(F I(u)) for all γ > 1.

(A3) There exists a set Θ with Θ ⊂ Sd−1
>0 such that

lim
h→∞

P (θ ∈ Θε|R > h) = 1 for all ε > 0, (3.1)

where Θ denotes the closure of the set Θ and Θδ is defined in (3.2) below.

(A4) c = −E(X) > 0.

(A5)
∫∞
0

P(X ∈ A+ vc)dv < ∞.

(A6) The distribution defined by H(u) = max
(
0, 1− ∫∞

0
P(X ∈ uA+ vc)dv

)
is subexponential.

We define the δ-swelling Θδ of the set Θ in the subset of Sd−1 in the positive
orthant by

Θδ :=
{
x ∈ Sd−1

>0 : |x − y| < δ for some y ∈ Θ
}
. (3.2)

Applying the model to an insurance company, we can interpret the distribu-
tion of X as the yearly net-payout, the difference between the collected premium
and the total claim amount. In this setting, Assumption (A4) corresponds to
a positive safety loading and ensures that the stochastic process drifts to the
negative orthant. Assumption (A3) excludes the possibility of asymptotically
independent components. In a two-dimensional setting, Assumption (A3) can
be seen as an analogue to full or strong asymptotic dependence in the frame-
work of multivariate regular variation depending on the shape of the set Θ.
Finally, Assumption (A6) can be understood as an extension of the integrated
tail function to a multivariate setting where one integrates along the set uA+vc.

Assumption (A2) does not hold for regularly varying distributions of R as
the following example shows.
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Example 3.2.1. Let R be Pareto distributed with P(R > x) = x−α and α > 1.
Then, the integrated tail distributions is∫ ∞

u

x−αdx =
u1−α

α− 1
.

For any γ > 1, it holds that

lim
u→∞

F I(γu)

F I(u)
= lim

u→∞
(γu)1−α

α− 1

(
u1−α

α− 1

)−1

= γ1−α > 0

so Assumption (A2) does not hold.

Under Assumptions (A1) - (A6), we derive a multivariate generalisation of
the ruin probability result for the probability that the random walk Sn hits the
truncated cone Vu,Θδ defined in (2.8).

Theorem 3.2.2. Set δ > 0 such that for all y ∈ Θδ it holds for all components
that yk > δ/(4 + δ). Set Vu,Θδ as in (2.8) and assume (A1) - (A6) hold. Then,
it holds that

lim
u→∞

P(Sn ∈ Vu,Θδ for some n ≥ 1)
1

‖c‖
∫∞
u

P(R > v)dv
= 1. (3.3)

Theorem 3.2.2 is a multivariate extension of the classical ruin probability
result for random vectors fulfilling Assumptions (A1) - (A6). The integrated
tail of the claim size distribution in the classical result presented in Theorem
3.1.1 corresponds in the multivariate case to the integrated tail of the length of
the random vectors X. A partial reverse result of Theorem 3.2.2 holds.

Theorem 3.2.3. Suppose (A1), (A2), (A4) - (A6) hold and limh→∞ P(θ ∈
Sd−1
>0 |R > h) = 1. Assume further that the limit in (3.1) exists for all Θδ ⊂ Sd−1

>0

and that u2F (u) = o(1). Then, there exists some set Θ for which Equation (3.3)
is equivalent to Condition (3.1).
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Chapter 4

Large deviations theory and
review of [II]

4.1 Large deviations theory

The theory of large deviations deals with rare or "unlikely" events. It exam-
ines how fast or at which rate the probabilities of such rare events decay and
offers techniques to estimate other properties of these rare events such as their
frequency and most likely manner of occurrence. A large deviation principle
characterises the limiting behaviour of a family of probability measures in terms
of a rate function. In the terminology of large deviations theory, a function I
is said to be a rate function if it is lower semi-continuous. A rate function I
is good if the sub-level sets {x ∈ Rd : f(x) ≥ α} are compact for all α ∈ R.
Intuitively, the rate function is a function that quantifies the probabilities of
rare events. A large deviations principle is then defined as follows:

Definition 4.1.1. A distribution family {Pn} fulfils a large deviations principle
with rate function I, if

lim inf
n→∞ n−1 log(Pn(G)) ≥ − inf

x∈G
I(x)

for all open sets G ⊂ Rd and

lim sup
n→∞

n−1 log(Pn(F )) ≥ − inf
x∈F

I(x) (4.1)
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for all compact sets F ⊂ Rd. If Inequality (4.1) holds for all closed sets F ⊂ Rd,
the distribution family {Pn} fulfils a full large deviations principle with rate
function I.

Book [22] gives an overview of large deviations theory focusing more on the
case of light-tailed distributions. Large deviations principles in heavy-tailed
frameworks have been studied, for instance, in [39, 32] and precise large devia-
tions in [59, 55] and the monograph [12].

In a one-dimensional setting, a full large deviations principle for distributions
with a regularly varying risk function was shown in Theorem 2.7 in [49].

Theorem 4.1.2. Suppose X is a random variable for which E(X) = 0, the ran-
dom variable X− = max(0,−X) is light-tailed and the risk function − log(P(X >
x)) is regularly varying with index α ∈ (0, 1). Then,

lim
n→∞

− log(P(Sn > na))

− log(P(X > n))
=

{
0, a < 0
aα, a ≥ 0

and the process {Sn/n} satisfies a full large deviations principle with good rate
function

I(x) =

{ ∞, x < 0
xα, x ≥ 0

and the risk function as scale.

In [II], we extend this one-dimensional result to spherical and elliptical dis-
tributions where the tail decreases at a similar rate as the tail of the random
variable in Theorem 4.1.2.

In the multivariate setting, large deviations are often examined under as-
sumptions close to multivariate regular variation as in [61, 57]. [43] studies
precise asymptotics in the setting of regular variation.

4.2 Large deviations for asymptotically elliptical
risk processes

In [II], we study the random walks generated by the random vectors X = RU
or X = RΘ, where R has a moderate heavy tail. For the random vectors, we
assume in the spherical framework that U is supported by the d−1 dimensional
unit sphere and in the elliptical case Θ is supported by the boundary of an
ellipsoid. This ellipsoid is centred at the origin and we denote its boundary by
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Ω. We represent the length of the random vector using the L2-norm because it
treats ellipsoids as such. The moderate heavy tail distributions of the random
variable R include Weibull distributions with parameter β ∈ (0, 1) and lognor-
mal type distributions defined by the asymptotic relation (1.1). The central
assumptions on R and U are:

(A1) The tail function of the random variable R satisfies

− log(P(R > x)) ∼ h(x), (4.2)

as x → ∞, where h(x) is an increasing and concave function such that

(i) h(x) = o(x) and

(ii) log(x) = o(h(x)), as x → ∞.

(A2) The random vector U ∈ Sd−1 has a distribution on the d-dimensional unit
sphere Sd−1. Let S ⊂ Sd−1 be a subset with positive Lebesgue measure.
Then, we assume that P(U ∈ S) > 0. In addition, U is assumed to be
asymptotically independent of the random variable R in the sense that
the limit

lim
x→∞P(U ∈ S|R > x) = P(U ∈ S)

exists and E(RU) = 0.

The following example shows that Assumption (A1) does not hold in general
for regularly varying random variables.

Example 4.2.1. A Pareto distributed random variable R with regular variation
index α > 0 has the risk function h(x) = α log(x). Thus, the risk function is
concave and h(x) = o(x) holds, but h(x) decreases at the same rate as log(x).

Moreover, the fact that log(x) = o(h(x)) implies that E(Rs) < ∞ for all
s > 0, see Lemma 2.3.1. Thus, the random variable R has finite moments of
all orders and Assumption (A1) does not hold for regularly varying random
variables. Lemma 1.2.3 ensures that R has a subexponential distribution if its
risk function is equal to the concave function h.

To derive large deviations principles for asymptotically spherical and ellipti-
cal distributions, we have to investigate the asymptotic behaviour of the norm
of the random walk generated by random vectors RU. The following theorem
shows the asymptotic relation between the norm of the random walk and the
length R of a single random vector.
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Theorem 4.2.2. Let a > 0 be a fixed number. Suppose the increment of the
random walk {Sn} is of the form X = RU, where assumptions (A1) and (A2)
hold. Then,

lim
n→∞

log(P(‖Sn‖2 > na))

h(na)
= −1.

The asymptotic relation in Theorem 4.2.2 yields a full large deviations prin-
ciple for asymptotically spherical distributions. Applying the contraction princi-
ple, we can extend that full large deviations principle to asymptotically elliptical
distributions. Therefore, we have to modify the assumption on the random vec-
tor.

(A2’) The d-dimensional random vector Θ is distributed on an ellipse or ellipsoid
Ω centred at the origin fulfilling E(RΘ) = 0. It holds for every set S ⊂ Ω
with positive Lebesgue measure on Ω that P(Θ ∈ S) > 0, and Θ is
asymptotically independent of the random variable R in the sense that
limx→∞ P(Θ ∈ S|R > x) = P(Θ ∈ S) exists.

In Theorem 4.2.3, we denote by B◦ the interior of the set B and B means
its closure.

Theorem 4.2.3. Let X = RΘ where R and Θ fulfil assumptions (A1) and
(A2’), a > 0 be a fixed number and the limit

lim
x→∞

h(ax)

h(x)

exists. Let A be a symmetric, positive definite d×d matrix and define Λ : Rd →
Rd by Λ(x) = Ax such that Λ maps Sd−1 to Ω. Then, the process {Sn/n}
satisfies the large deviations principle with scale h, so for all Borel sets B ⊂ Rd

− inf
y∈Λ−1(B◦)

I(y) ≤ lim inf
n→∞

log(P(Sn/n ∈ B))

h(n)

≤ lim sup
n→∞

log(P(Sn/n ∈ B))

h(n)
≤ − inf

y∈Λ−1(B)
I(y)

where

I(x) =

{
limn→∞

h(n‖x‖2)
h(n) , if x = 0

0, if x = 0

and Λ−1 : Rd → Rd with Λ−1(x) = A−1x.
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If R has a Weibull distribution with β ∈ (0, 1), the rate function in Theorem
4.2.3 is I(x) = ‖x‖β2 and hence good. For a lognormal type distribution, the
rate function is constant everywhere except at the origin.

As an application of Theorem 4.2.3, we study optimal Quota Share risk
sharing strategies. Quota Share is a widely used reinsurance concept, where the
insurance company and the reinsurance company agree to share a random risk
X with a fixed ratio q ∈ [0, 1]. One contract partner pays the share qX whereas
the other contract partner pays the remaining part (1−q)X. We derive optimal
ratios q1, . . . , qd for Quota Share contracts of d-dimensional insurance portfolios
under the assumption of elliptical risk processes from the point of view of both,
the insurance company and its counterpart the reinsurer.

Remark 4.2.4. In the proof of Lemma 1 in [II] there are two typing errors. The
inequality in the calculation should be less or equal and in the last sentence we
mean the corresponding lower bound instead of the corresponding upper bound.
Lemma 1 remains true.

35



CHAPTER 4. LARGE DEVIATIONS THEORY AND REVIEW OF [II]

36



Chapter 5

Multivariate heavy-tailed
data and review of [III]

5.1 Overview of the analysis of multivariate heavy-
tailed data

Analysing multivariate heavy-tailed data, a broadly used approach is to study at
first the norm of the observations using tools for one-dimensional data. In this
way, one gets an intuition about the dominating tail behaviour of the multivari-
ate distribution. Knowing the asymptotic behaviour of the norm of the random
variables helps to find a suitable model. However, the distribution of the norm
of the random vector does only reflect the heaviness of the tail of the normed
vector, but it does not tell anything about the asymptotic dependence structure
between the individual components. Usually, one wants to know whether the
tail behaviour depends on the direction and if so, how it changes in different
directions. Mathematically, one is interested in the asymptotic distribution of
the directional component on the unit sphere.

Multiple different models have been introduced to analyse multivariate data
with heavy-tailed features. Many of them rely on the assumption of multivariate
regular variation [69], which is introduced in Section 2.1. Beside the concepts of
full and strong asymptotic dependence [21], copulas [28, 76] and other methods
including estimating methods for the limit measure [26], its support [50, 21],
the tail dependence coefficient [30] and the tail dependence function [64, 72] are
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used to describe the tail dependence of heavy-tailed data.
In addition to the framework of multivariate regular variation, other mul-

tivariate models such as elliptical distributions [48, 40] briefly introduced in
Section 2.3.4 and parametric models [1] are applied to multivariate observations
to understand their underlying distributions. Elliptical distributions assume a
uniform distribution of the normed random vectors. Due to this property, they
are used to explain heavy-tailed features in applications where observations oc-
cur in all directions such as financial data representing return rates of stock
portfolios.

In the framework of multivariate regular variation, one wants to verify that
the multivariate data with the assumption on independent and identically dis-
tributed observations is due to an underlying generalized Pareto distribution.
Therefore, one would take the one-dimensional data gained from the norm of
the observations and proceed in analysing the mean excess plot [19]. The mean
excess plot is a diagnostic tool that takes thresholded data and visualises the
mean excess function E(X − u|X > u). A linear-looking mean excess plot with
positive slope indicates generalized Pareto assumptions, see [34, 35]. If the one-
dimensional data turns out to be regularly varying, a hill plot [24] or other
statistical methods like QQ-estimators and plots [69] help to identify the regu-
lar variation indices of the marginal distributions. Via rank transform [68, 38],
the data is transformed from non-standard regular variation to the standard
case, where the angular measure can be estimated and tail dependence can be
characterised.

For multivariate heavy-tailed models not necessarily based on regular vari-
ation, [III] presents a method to find the set of directions that contains the
dominating tail behaviour of the multivariate distribution.

5.2 Identifying the riskiest directional components

For multivariate heavy-tailed data, the question is not only how the dominating
tail behaves and how thick the tail is, but the directional component also plays
a role. One needs to understand what produces the largest sources of risks to
find ways to reduce riskiness.

Insurance companies with different lines of business or offering insurance
contracts including different policies would like to know where the major risks lie
in order to find a suitable reinsurance strategy. Companies and stakeholders on
financial markets might be interested in which directions extremal observation
of their portfolios occur to find good hedging strategies.
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In [III], we write the random vector X = RΘ using polar coordinates as in
Equation (2.7) in Section 2.3. The length of X is determined by the random
variable R and its directional component by the random vector Θ on the unit
sphere. If the conditional distribution exists, we can present the conditional risk
or hazard function for x ≥ 0 as

h(x,θ) = − log(P(R > x | Θ = θ)),

where h(x,θ) is a positive and increasing function for fixed θ ∈ Sd−1.
The main focus of [III] is to detect the set of directions that dominates

the tail behaviour of the norm of the random vector. Mathematically we are
interested in set S defined by{

v ∈ Sd−1 : lim
x→∞

log(P(R > x|Θ ∈ B(v, ε)))
log(P(R > x))

= 1, P(Θ ∈ B(v, ε)) > 0, ∀ε > 0

}
,

(5.1)
where B(v, ε) denotes the ε-environment of the vector v ∈ Sd−1. We call set S
the set of the most risky directions or the minimal set that dominates the tail
behaviour of the random vector X.

In the main results, we use the following assumptions:

(A1) R is a positive random variable with right-unbounded support. For any
k ∈ R, it holds that P(R > k) > 0 and R is heavy-tailed in the sense that
limk→∞ − log(P(R > k))/k = 0.

(A2) Θ is a random vector on the unit sphere Sd−1 such that the quantity

P(Θ ∈ A|R > k)

remains constant for all k > k0 where k0 > 0 is a fixed number that
does not depend on the Borel set A ⊂ Sd−1. In particular, the limiting
probability distribution of Θ |R > k exists, as k → ∞. In fact, the limiting
distribution on Sd−1 is reached once k > k0.

(A3) The limit limk→∞ g(k,A) exists in [0,∞] for all Borel sets A ⊂ Sd−1,
where g : (kR,∞)× B(Sd−1) → R is defined as

g(k,A) =
log(P(R > k,U ∈ A))

log(P(R > k))
(5.2)

and kR = sup{k : P(R > k) = 1}.
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(A4) Firstly, we assume that there exists an open set in Sc. Secondly, we assume
that S in (5.1) can be written as

S = T1 ∪ T2,

where T1 is an open subset (possibly empty) of Sd−1 and T2 is a finite
collection of individual points (possibly empty) of Sd−1. We assume that
each point in T2 contains positive probability mass of the limit distribution
of Θ |R > k, as k → ∞.

One of the main results of [III] shows how the set of the most risky directions
S can be defined in terms of the limit of the ratio of risk functions

g(k,A) :=
log(P(R > k,Θ ∈ A))

log(P(R > k))
,

where k > 0, A ⊂ Sd−1. To state the result, we define the collection A of testing
sets A ⊂ Sd−1 as follows. A set A is an element of A if A is a finite union
of open balls such that for all x ∈ Ac and for all ε > 0 the open ball B(x, ε)
contains an open ball B that belongs to Ac. In particular, this guarantees that
Ac does not contain any isolated points.

Theorem 5.2.1. Let X = RΘ ∈ Rd, d ≥ 2 be such that Assumptions (A1)-(A4)
hold. Set

S̃ = ∩
{
A ∈ A : lim

k→∞
g(k,A) < lim

k→∞
g(k,Ac)

}
. (5.3)

Then, S = cl(S̃), where S is as in (5.1). Furthermore, for all δ > 0,

lim
k→∞

log
(
P(R > k,Θ ∈ S̃δ)

)
log(P(R > k))

= 1 (5.4)

and

lim
k→∞

log
(
P(R > k,Θ ∈ (S̃δ)c)

)
log(P(R > k))

> 1. (5.5)

Set S in Theorem 5.2.1 is minimal in the sense that it is the smallest set that
dominates the tail behaviour of the random vector in a logarithmic scale since it
is the intersection of all sets A ∈ A for which limx→∞ g(x,A) < limx→∞ g(x,Ac)
holds.

Besides studying set S and its properties, [III] discusses an idea to find
the minimal set S of the most risky directions in practical applications. This
approach is based on the following corollary of Theorem 5.2.1.
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Corollary 5.2.2. Let X = RΘ be such that Assumptions (A1)-(A4) hold and
A ⊂ Sd−1 is a Borel set. If there exists δ > 0 such that S̃δ, the δ-swelling of the
set S̃, is a subset of A, it holds that

lim
k→∞

g(k,A) < lim
k→∞

g(k,Ac).

We define the empirical counterpart of the function g(k,A) as

ĝ(k,A) :=
log

(
�{xi : ‖xi‖ > k, xi

‖xi‖ ∈ A}/n
)

log (�{xi : ‖xi‖ > k}/n) ,

where k is the threshold to identify the tail and A ⊂ Sd−1 and suppose a fixed
tolerance threshold c > 0 and large sample size n.

Corollary 5.2.2 indicates that if ĝ(k,A) > 1+ c for a set A, it gives evidence
for A being in the complement of S and if ĝ(k,A) > 1 + c we gain evidence
for A containing at least some subset of S. In [III], we apply this idea to two-
dimensional simulated data with heavier Pareto distributed radial components
and lighter Weibull distributed components. Therefore, we divide R2 into half
spaces A,Ac by taking some vector v and increasing the radius r of the closed
ball B(v, r) on Sd−1 until at least half of the observations belong to the ball
B(v, r) and set A = B(v, r). For these sets A and Ac, we check whether the
empirical functions ĝ(k,A) and ĝ(k,Ac) are greater or less than 1+ c and reject
all sets for which ĝ(k,A) > 1 + c. Splitting R2 in different pairs of half spaces
Ai, A

c
i , we get a preliminary estimate for S by taking the complement of the

union of the rejected sets.
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[6] Baltrūnas, A., and Klüppelberg, C. Subexponential distributions—large deviations
with applications to insurance and queueing models. Aust. N. Z. J. Stat. 46, 1 (2004),
145–154. Festschrift in honour of Daryl Daley.

[7] Baltrunas, A., Omey, E., and Van Gulck, S. Hazard rates and subexponential
distributions. Publ. Inst. Math. (Beograd) (N.S.) 80(94) (2006), 29–46.

[8] Basrak, B., Davis, R. A., and Mikosch, T. A characterization of multivariate regular
variation. Ann. Appl. Probab. 12, 3 (2002), 908–920.

[9] Bazhba, M., Blanchet, J., Rhee, C.-H., and Zwart, B. Sample path large devia-
tions for Lévy processes and random walks with Weibull increments. Ann. Appl. Probab.
30, 6 (2020), 2695–2739.

[10] Biard, R. Asymptotic multivariate finite-time ruin probabilities with heavy-tailed
claim amounts: Impact of dependence and optimal reserve allocation. Bulletin Français
d’Actuariat 13, 26 (2013), 79–92.

[11] Bingham, N. H., Goldie, C. M., and Teugels, J. L. Regular variation, vol. 27 of
Encyclopedia of Mathematics and its Applications. Cambridge University Press, Cam-
bridge, 1989.

[12] Borovkov, A. A., and Borovkov, K. A. Asymptotic analysis of random walks,
vol. 118 of Encyclopedia of Mathematics and its Applications. Cambridge University
Press, Cambridge, 2008. Heavy-tailed distributions, Translated from the Russian by O.
B. Borovkova.

[13] Bregman, Y., and Klüppelberg, C. Ruin estimation in multivariate models with
Clayton dependence structure. Scand. Actuar. J., 6 (2005), 462–480.

[14] Chistyakov, V. A theorem on sums of independent positive random variables and

43



BIBLIOGRAPHY

its applications to branching random processes. Theory Probab. its Appl. 9, 4 (1964),
640–648.

[15] Cline, D. B. H., and Resnick, S. I. Multivariate subexponential distributions.
Stochastic Process. Appl. 42, 1 (1992), 49–72.

[16] Collamore, J. F. Hitting probabilities and large deviations. Ann. Probab. 24, 4 (1996),
2065–2078.

[17] Collamore, J. F. Importance sampling techniques for the multidimensional ruin prob-
lem for general Markov additive sequences of random vectors. Ann. Appl. Probab. 12, 1
(2002), 382–421.

[18] Daley, D., and Goldie, C. M. The moment index of minima (ii). Statist. Probab.
Lett. 76, 8 (2006), 831–837.

[19] Das, B., and Ghosh, S. Detecting tail behavior: mean excess plots with confidence
bounds. Extremes 19, 2 (2016), 325–349.

[20] Das, B., Mitra, A., and Resnick, S. Living on the multidimensional edge: seeking
hidden risks using regular variation. Adv. in Appl. Probab. 45, 1 (2013), 139–163.

[21] Das, B., and Resnick, S. I. Hidden regular variation under full and strong asymptotic
dependence. Extremes 20, 4 (2017), 873–904.

[22] Dembo, A., and Zeitouni, O. Large deviations techniques and applications. Jones and
Bartlett Publishers, Boston, MA, 1993.

[23] Denisov, D., Dieker, A. B., and Shneer, V. Large deviations for random walks
under subexponentiality: the big-jump domain. Ann. Probab. 36, 5 (2008), 1946–1991.

[24] Drees, H., de Haan, L., and Resnick, S. How to make a Hill plot. Ann. Statist. 28,
1 (2000), 254–274.

[25] Einmahl, J. H. J., de Haan, L., and Piterbarg, V. I. Nonparametric estimation
of the spectral measure of an extreme value distribution. Ann. Statist. 29, 5 (2001),
1401–1423.

[26] Einmahl, J. H. J., and Segers, J. Maximum empirical likelihood estimation of the
spectral measure of an extreme-value distribution. Ann. Statist. 37, 5B (2009), 2953–
2989.

[27] Embrechts, P., Klüppelberg, C., and Mikosch, T. Modelling extremal events,
vol. 33 of Applications of Mathematics (New York). Springer-Verlag, Berlin, 1997. For
insurance and finance.

[28] Embrechts, P., Lindskog, F., and McNeil, A. Modelling dependence with copulas.
Rapport technique, Département de mathématiques, Institut Fédéral de Technologie de
Zurich, Zurich 14 (2001).

[29] Foss, S., Korshunov, D., and Zachary, S. An introduction to heavy-tailed and
subexponential distributions. Springer Series in Operations Research and Financial En-
gineering. Springer, New York, 2011.

[30] Frahm, G., Junker, M., and Schmidt, R. Estimating the tail-dependence coefficient:
Properties and pitfalls. Insur. Math. Econ. 37, 1 (2005), 80 – 100. Papers presented at
the DeMoSTAFI Conference, Québec, 20-22 May 2004.

[31] Gantert, N. Functional erdős-renyi laws for semiexponential random variables. Ann.
Probab. 26, 3 (07 1998), 1356–1369.

[32] Gantert, N. A note on logarithmic tail asymptotics and mixing. Statist. Probab. Lett.
49, 2 (2000), 113–118.

[33] Gantert, N., Ramanan, K., and Rembart, F. Large deviations for weighted sums
of stretched exponential random variables. Electron. Commun. Probab. 19 (2014), no.
41, 14.

[34] Ghosh, S., and Resnick, S. A discussion on mean excess plots. Stochastic Process.

44



BIBLIOGRAPHY

Appl. 120, 8 (2010), 1492–1517.
[35] Ghosh, S., and Resnick, S. I. When does the mean excess plot look linear? Stoch.

Models 27, 4 (2011), 705–722.
[36] Goldie, C. M., and Klüppelberg, C. Subexponential distributions. In A practical

guide to heavy tails (Santa Barbara, CA, 1995). Birkhäuser Boston, Boston, MA, 1998,
pp. 435–459.

[37] Hardy, M. R. A regime-switching model of long-term stock returns. N. Am. Actuar.
J. 5, 2 (2001), 41–53.

[38] Heffernan, J., and Resnick, S. Hidden regular variation and the rank transform.
Adv. in Appl. Probab. 37, 2 (2005), 393–414.

[39] Hu, Y., and Nyrhinen, H. Large deviations view points for heavy-tailed random walks.
J. Theoret. Probab. 17, 3 (2004), 761–768.

[40] Hult, H., and Lindskog, F. Multivariate extremes, aggregation and dependence in
elliptical distributions. Adv. in Appl. Probab. 34, 3 (2002), 587–608.

[41] Hult, H., and Lindskog, F. Heavy-tailed insurance portfolios: buffer capital and
ruin probabilities. Tech. rep., Cornell University Operations Research and Industrial
Engineering, 2006.

[42] Hult, H., and Lindskog, F. On regular variation for infinitely divisible random vectors
and additive processes. Adv. in Appl. Probab. 38, 1 (2006), 134–148.

[43] Hult, H., Lindskog, F., Mikosch, T., and Samorodnitsky, G. Functional large
deviations for multivariate regularly varying random walks. Ann. Appl. Probab. 15, 4
(2005), 2651–2680.

[44] Jensen, M. J., and Maheu, J. M. Risk, return and volatility feedback: A bayesian
nonparametric analysis. J. risk financ. manag. 11, 3 (2018).

[45] Karamata, J. Sur un mode de croissance régulière des fonctions. Mathematica (Cluj)
4 (1930), 38–53.

[46] Karamata, J. Neuer Beweis und Verallgemeinerung einiger Tauberian-Sätze. Math. Z.
33, 1 (1931), 294–299.

[47] Karamata, J. Sur un mode de croissance régulière. théorèmes fondamentaux. Bulletin
de la Société Mathématique de France 61 (1933), 55–62.

[48] Klüppelberg, C., Kuhn, G., and Peng, L. Estimating the tail dependence function
of an elliptical distribution. Bernoulli 13, 1 (2007), 229–251.

[49] Lehtomaa, J. Large deviations of means of heavy-tailed random variables with finite
moments of all orders. J. Appl. Probab. 54, 1 (2017), 66–81.

[50] Lehtomaa, J., and Resnick, S. I. Asymptotic independence and support detection
techniques for heavy-tailed multivariate data. Insurance Math. Econom. 93 (2020), 262–
277.

[51] Li, H., and Sun, Y. Tail dependence for heavy-tailed scale mixtures of multivariate
distributions. J. Appl. Probab. 46, 4 (2009), 925–937.

[52] Li, X., Wu, J., and Zhuang, J. Asymptotic multivariate finite-time ruin probability
with statistically dependent heavy-tailed claims. Methodol. Comput. Appl. Probab. 17,
2 (2015), 463–477.

[53] Lindskog, C. F. Multivariate extremes and regular variation for stochastic pro-
cesses. ProQuest LLC, Ann Arbor, MI, 2004. Thesis (Ph.D.)–Eidgenoessische Technische
Hochschule Zuerich (Switzerland).

[54] Maulik, K., and Resnick, S. Characterizations and examples of hidden regular vari-
ation. Extremes 7, 1 (2004), 31–67 (2005).

[55] Mikosch, T., and Nagaev, A. V. Large deviations of heavy-tailed sums with appli-
cations in insurance. Extremes 1, 1 (1998), 81–110.

45



BIBLIOGRAPHY

[56] Mikosch, T., and Rodionov, I. Precise large deviations for dependent subexponential
variables, 2020.

[57] Mikosch, T., and Wintenberger, O. A large deviations approach to limit theory for
heavy-tailed time series. Probab. Theory Related Fields 166, 1-2 (2016), 233–269.

[58] Mitra, A., and Resnick, S. I. Hidden regular variation and detection of hidden risks.
Stoch. Models 27, 4 (2011), 591–614.

[59] Nagaev, S. V. Large deviations of sums of independent random variables. Ann. Probab.
7, 5 (1979), 745–789.

[60] Nguyen, T., and Samorodnitsky, G. Tail inference: where does the tail begin?
Extremes 15, 4 (2012), 437–461.

[61] Nyrhinen, H. On large deviations of multivariate heavy-tailed random walks. J. Theoret.
Probab. 22, 1 (2009), 1–17.

[62] Omey, E. Subexponential distribution functions in Rd. J. Math. Sci. (N.Y.) 138, 1
(2006), 5434–5449.

[63] Omey, E., Mallor, F., and Santos, J. Multivariate subexponential distributions
and random sums of random vectors. Adv. in Appl. Probab. 38, 4 (2006), 1028–1046.

[64] Peng, L. A practical way for estimating tail dependence functions. Statist. Sinica 20, 1
(2010), 365–378.

[65] Peters, G. W., and Shevchenko, P. V. Advances in heavy tailed risk modeling.
Wiley Handbook in Financial Engineering and Econometrics. John Wiley & Sons, Inc.,
Hoboken, NJ, 2015. A handbook of operational risk.

[66] Resnick, S. Hidden regular variation, second order regular variation and asymptotic
independence. Extremes 5, 4 (2002), 303–336 (2003).

[67] Resnick, S. The extremal dependence measure and asymptotic independence. Stochastic
Models 20, 2 (2004), 205–227.

[68] Resnick, S. I. On the foundations of multivariate heavy-tail analysis. J. Appl. Probab.
41A (2004), 191–212. Stochastic methods and their applications.

[69] Resnick, S. I. Heavy-tail phenomena. Springer Series in Operations Research and
Financial Engineering. Springer, New York, 2007. Probabilistic and statistical modeling.

[70] Resnick, S. I. Extreme values, regular variation and point processes. Springer Series
in Operations Research and Financial Engineering. Springer, New York, 2008. Reprint
of the 1987 original.

[71] Samorodnitsky, G., and Sun, J. Multivariate subexponential distributions and their
applications. Extremes 19, 2 (2016), 171–196.

[72] Schmidt, R., and Stadtmüller, U. Non-parametric estimation of tail dependence.
Scand. Stat. Theory Appl. 33, 2 (2006), 307–335.

[73] Teugels, J. L. The class of subexponential distributions. Ann. Probability 3, 6 (1975),
1000–1011.

[74] Veraverbeke, N. Asymptotic behaviour of Wiener-Hopf factors of a random walk.
Stochastic Processes Appl. 5, 1 (1977), 27–37.

[75] Wan, P., and Davis, R. A. Threshold selection for multivariate heavy-tailed data.
Extremes 22, 1 (2019), 131–166.

[76] Weng, C., and Zhang, Y. Characterization of multivariate heavy-tailed distribution
families via copula. J. Multivariate Anal. 106 (2012), 178–186.

[77] Zachary, S. A note on Veraverbeke’s theorem. Queueing Syst. 46, 1-2 (2004), 9–14.

46


	Acknowledgments
	Abstract
	List of articles
	Contents
	Chapter 1 - Heavy-tailed random variables
	Chapter 2 - Multivariate distributions
	Chapter 3 - Ruin probabilities and review of [I]
	Chapter 4 - Large deviations theory and review of [II]
	Chapter 5 - Multivariate heavy-tailed data and review of [III]
	Bibliography



