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Abstract

The problem of determining an unknown physical quantity from indirect measure-
ments is called an inverse problem. A mathematical model that describes how a
quantity evolves in time is called a dynamical system. This thesis is about inverse
problems and dynamical systems.

Inverse problems research, as a subfield of mathematics, studies the mathemat-
ical theory of indirect measurements. It is an active area of research with exten-
sive mathematical theory and numerous applications. Many inverse problems are
concerned with physical systems that depend on time. These problems are called
dynamical inverse problems. Dynamical systems research, by itself, is a wide field
of mathematic that has its origins in the study of celestial mechanics.

In the first publication of this thesis, we consider an inverse problem in X-ray
computed tomography. This is a technique where a cross-section of an object is
imaged by X-ray measurements from different angles. The classical inverse problem
is to reconstruct the unknown object from these measurements. In the classical
problem it is assumed that the angles are known, in the problem we consider both
the object being imaged and the angles from which it was imaged are unknown.
This problem is called tomography with unknown view angles. This kind of problem
may arise due to unknown orientation of the object being imaged, as is the case in
cryogenic electron microscopy of viral particles, for example.

In the first publication we show that under certain assumptions it is possible to
reconstruct the unknown object from tomography with unknown view angles. We
also derive explicit conditions under which this is true. The proofs of these results
use the Helgason–Ludwig consistency conditions for the Radon transform and results
from algebraic geometry.

The second publication of the thesis considers dynamical inverse problems for
diffusion and anomalous diffusion. Diffusion is the flow of some substance from areas
of high concentration to areas of low concentration, and the diffusion equation is a
mathematical model of this process. The space–time fractional diffusion equation is
a generalization of the diffusion equation that covers anomalous diffusion processes,
such as those sometimes observed in porous or fractured geological formations.

In the second publication we consider an inverse problem for the space–time
fractional diffusion equation in the geometric setting. This means that the unknown
is a Riemannian manifold on which the space–time fractional diffusion equation is
defined. The measurement corresponds to applying a source supported on a fixed
open set of the manifold, and observing the restriction of the corresponding solution
for the equation on the same set. We show that it is possible to construct a source
such that a single measurement of this type determines the manifold uniquely.

In the third and fourth publications of the thesis we consider a dynamical system
that models injection locking in a laser. Injection locking is a technique where light
from one laser is injected into another laser’s cavity (the part of a laser where the



emitted light is created) with the intention of altering the laser’s properties. The
idea in the publications is to consider injection locking as a process that can provide
the basis for optical computing devices.

In the third publication we derive an approximation for the nonlinear relationship
between the injected light and the injection-locked emitted light, and we show that
it is possible to construct an optical logic gate based on this relationship. In the
fourth publication we do a detailed analysis of the dynamical system that models
injection locking in lasers, and based on this analysis, we propose a design for an
optical neural network.



Acknowledgments

I express my deepest gratitude to my advisor Matti Lassas whose guidance and sup-
port during these years has been invaluable. I am deeply grateful for the opportunity
to be part of the inverse problems research group of the University of Helsinki.

I also wish to thank my other collaborators for the pleasant cooperation. In
particular, I wish to thank Tapio Helin, Lars Lamberg, and Tuomo von Lerber for
all the inspiring discussions. I also thank Lassi Roininen and Otmar Scherzer for
their careful pre-examination of my thesis, and Jaan Janno for kindly agreeing to
be my opponent.

During the many years I have been involved in inverse problems research I have
had the pleasure to work with a lot of people. In particular, I wish to thank Lassi
Päivärinta and Gunther Uhlmann for their advice and support during the early years
of my studies. I am also indebted to all my friends and coworkers in Kumpula, and
my colleagues in the Finnish Inverse Problems Society.

I am grateful to my daughter Tiia and her mother Malla, my parents Satu and
Aarne, and my siblings Artturi, Tyyne and Väinö for their unconditional support.

Finally, I thank the Academy of Finland and the Centre of Excellence of Inverse
Modelling and Imaging for financial support.



List of Included Publications

I L. Lamberg and L. Ylinen. “Two-dimensional tomography with unknown view
angles”. In: Inverse Probl. Imaging 1.4 (2007), pp. 623–642. doi: 10.3934/
ipi.2007.1.623

II T. Helin, M. Lassas, L. Ylinen, and Z. Zhang. “Inverse problems for heat
equation and space–time fractional diffusion equation with one measurement”.
In: J. Differential Equations 269.9 (2020), pp. 7498–7528. doi: 10.1016/j.
jde.2020.05.022

III T. von Lerber, M. Lassas, V. S. Lyubopytov, L. Ylinen, A. Chipouline, K.
Hofmann, and F. Küppers. “All-optical majority gate based on an injection-
locked laser”. In: Scientific reports 9.1 (2019), pp. 1–7. doi: 10.1038/s41598-
019-51025-y

IV L. Ylinen, T. von Lerber, F. Küppers, and M. Lassas. “Analysis of a dynamical
system modeling lasers and applications for optical neural networks”. In: SIAM
J. Appl. Dyn. Syst. 21.2 (2022), pp. 840–878. doi: 10.1137/21M1405976

Author’s Contribution

I The authors had an equal role in proving the theoretical results. LY made
major contribution in writing the paper.

II LY had a leading role in analyzing the direct problem and the single measure-
ment problem. The authors had an equal role in the analysis of the inverse
problem with multiple measurements. LY made major contribution in writing
the proof sections of the paper.

III LY helped to derive the equation for the steady state solution. Simulations of
the full adder and ripple-carry adder were programmed by LY.

IV LY had a leading role in mathematical analysis, simulation, and writing of the
article.

https://doi.org/10.3934/ipi.2007.1.623
https://doi.org/10.3934/ipi.2007.1.623
https://doi.org/10.1016/j.jde.2020.05.022
https://doi.org/10.1016/j.jde.2020.05.022
https://doi.org/10.1038/s41598-019-51025-y
https://doi.org/10.1038/s41598-019-51025-y
https://doi.org/10.1137/21M1405976


Contents

1 Introduction 1
1.1 Inverse problems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The Radon transform and the X-ray transform . . . . . . . . . . . . . 3
1.3 Dynamical systems and diffusion models . . . . . . . . . . . . . . . . 8
1.4 The laser as a dynamical system . . . . . . . . . . . . . . . . . . . . . 13
1.5 Real- and complex-valued neural networks . . . . . . . . . . . . . . . 17

2 A review of the results of Publications I–IV 21
2.1 Publication I . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.2 Publication II . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.3 Publication III . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.4 Publication IV . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31





1 Introduction

1.1 Inverse problems

A ubiquitous problem in the natural sciences is to infer a physical quantity that
cannot be directly measured from quantities that can be directly measured. For
example, in geophysics one wants to know the deep structure of Earth, but the deep
structure is inaccessible and cannot be directly measured. Consequently, one has
to content with indirect measurements on the surface of Earth, like measuring the
propagation of seismic waves caused by earthquakes. The seismic waves are affected
by the medium where they propagate, and since some of the waves have traveled
deep into the mantle of Earth before surfacing, they bring with them information
from the deep.

The problem of determining a quantity from indirect measurements is called an
inverse problem. Inverse problems research, as a subfield of mathematics, studies
the mathematical theory of indirect measurements.

In the context of inverse problems the mathematical model of a measurement
is called a direct problem (also called a forward problem). In the above example
the mathematical model is the equation that governs the propagation of seismic
waves inside Earth. Solving the direct problem amounts to finding what the ob-
servations (seismic waves on the surface) would be given the process that produces
them (an earthquake and the equation for wave propagation inside Earth). The
inverse problem goes in the opposite direction: From the observation (seismic waves
on the surface) the problem is to recover the equation that governed their propaga-
tion. Usually the general structure of the direct problem is known from a physical
model of the measurement, but some specific information relevant to the particular
situation is unknown, such as the variable speed of wave propagation inside Earth.

A direct problem may be written in terms of an integral transform, or a distance
function on a boundary of a manifold, or a partial differential equation, for example.
An example of the last case is the Calderón problem—a problem that has motivated
many developments in the inverse problems. In 1980 Calderón published a paper [19]
where he asked whether it is possible to determine the electrical conductivity inside
a domain by making voltage and current measurements on the boundary. Given a
potential f on the boundary of a bounded domain Ω ⊂ RN , the potential u inside
the domain satisfies the Dirichlet problem for the conductivity equation:

∇ · (γ∇u) = 0 in Ω, u|∂Ω = f. (1)

Here γ(x) is the conductivity (a positive function). Equation (1) is the direct prob-
lem, its general form can be derived from the physical principles, but the conduc-
tivity γ depends on the particular domain. The inverse problem Calderón posed is
whether the map

f 7→
∫
Ω

γ|∇u|2 dx (2)
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uniquely determines the conductivity γ, and if so, how to calculate it. Often the
problem is posed in an equivalent form where (2) is replaced by the Dirichlet-to-
Neumann map f 7→ (γ∂νu)|∂Ω, where ∂ν is the boundary normal derivative.

In dimensions three and higher Calderón’s question about the uniqueness was
answered in the positive in 1987 in a breakthrough by Sylvester and Uhlmann [122].
They showed that a smooth conductivity is indeed uniquely determined by the
map (2). On the plane the question of uniqueness was solved in the positive in
2006 by Astala and Päivärinta [6]. Their result only assumes L∞-regularity of the
conductivity. Calderón’s second question, namely, how to actually calculate the
conductivity from the measurements, is still an active field of research. The mea-
surement method of recovering the conductivity from the boundary measurements
is known as electrical impedance tomography.

During the decades since the breakthrough by Sylvester and Uhlmann the field
of inverse problems has grown into an active area of research with extensive math-
ematical theory and many subfields of its own. The success of inverse problems
as a research field can in part be contributed to the endless supply of problems
from the many fields of sciences that rely on indirect measurements, like medical
imaging, astronomy, and remote sensing. On the other hand, the theory of inverse
problems contains deep and beautiful mathematics that gratifies those who find the
mathematical beauty as important as its potential application.

A rich source of deep and beautiful mathematics for inverse problems—at least in
the author’s opinion—have been the geometric inverse problems, which have become
an important subfield of inverse problems research. It was observed already in 1989
by Lee and Uhlmann [81] that a generalization of the problem posed by Calderón
has a geometric nature. Calderón’s original question assumed an isotropic (equal
in every direction) conductivity, but the same question can be asked for anisotropic
conductivities by replacing the scalar-valued function γ in (1) by a symmetric, pos-
itive definite matrix-valued function. Lee and Uhlmann realized that in three and
higher dimensions the equation can then be written equivalently as

∆gu = 0 in M, u|∂M = f. (3)

Here (M, g) is a compact Riemannian manifold with boundary ∂M , the Riemannian
metric g is related to the anisotropic conductivity γ, and ∆g is the Laplace–Beltrami
operator on the manifold. The geometric formulation allows one to take the mani-
fold M (with its topology, differentiable structure, and Riemannian metric) as the
unknown, and to ask whether the manifold is determined uniquely by the bound-
ary measurements. Calderón’s problem for anisotropic conductivity was solved in
the plane by Astala, Päivärinta, and Lassas [7], but, as of the time of writing, in
higher dimensions the problem is open. It is considered to be one of the major open
problems in the field.

In this thesis we consider two types of inverse problems. The first inverse prob-
lem is a problem with direct problem given in terms of an integral transform called
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the Radon transform. This is the content of the next section. The second inverse
problem is a geometric inverse problem with direct problem given in terms of a
(fractional) partial differential equation—the so-called space–time fractional diffu-
sion equation. This problem will be introduced in section 1.3.

1.2 The Radon transform and the X-ray transform

In 1917 Radon introduced an integral transform that takes a function f on the plane
to a function Rf on the space of lines in the plane [100] (see [99] for an English
translation). For a line ` he defined the value of Rf(`) as the integral of f over `.
This transform is now known as the Radon transform. An analogous transform for
a function on the sphere had been introduced earlier [37], but the Radon transform
has become the most influential transform of its type.

Main reason for the present-day importance of the Radon transform is its rele-
vance to imaging applications. Computed tomography (CT) is a medical imaging
technique where multiple X-ray images of a cross-section of a body are measured
in various directions, and these one-dimensional images are processed on a com-
puter to reconstruct a two-dimensional image of the (X-ray attenuation coefficient
of the) cross-section of the body [62]. In a mathematical idealization of CT, the
X-ray images determine the Radon transform of the cross-section of the body, and
the reconstruction corresponds to inverting the Radon transform. The first clinical
CT scan was performed in 1971, however, the relevance of Radon’s work for the
application was realized only later [27, 62].

In N dimensions the Radon transform is defined by

Rf(θ, s) :=
∫
θ⊥
f(sθ + y) dy,

where θ ∈ SN−1, the (N − 1)-dimensional unit sphere of RN , and s ∈ R. The
direction θ is sometimes called the view angle. The integral is over θ⊥, the hyperplane
of RN perpendicular to θ, and it is with respect to the Euclidean measure. The
function f : RN → R is taken from some suitable function space in which the
integral makes sense. The other obvious generalization of Radon’s original transform
to higher dimensions, namely the one where one integrates over lines instead of
hyperplanes, is called the X-ray transform. For (θ, x) ∈ SN−1 × RN and for a
suitable function f : RN → R, the X-ray transform of f is

Pf(θ, x) :=
∫
R
f(x+ tθ) dt. (4)

Because the integral in (4) does not change if x moves along the direction θ, the
x-variable is often restricted to θ⊥. In two dimensions R and P coincide, except for
the notation of their arguments.

For a mathematical exposition on the Radon transform, the X-ray transform,
and their applications, we refer the reader to [49, 92, 30]. For an illustration of the
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(a) (b)

(c)

Figure 1: Illustration of the Radon transform and two related inverse problems.1 (a)
Radon transform of the characteristic function of the letter ‘A’ in one direction.
Values of the transform (in blue) are obtained by integrating along the parallel
lines. (b) The inverse problem of determining an unknown function from a set of its
Radon transforms in known directions. (c) The inverse problem of determining an
unknown function from a set of its Radon transforms in unknown directions.

Radon transform and two related inverse problems, see figure 1.
The Radon and X-ray transforms enjoy nice mapping properties. For exam-

ple, the Radon transform maps the Schwartz space S(RN) into the Schwartz space
S(SN−1 × R). Between these spaces the range of the Radon transform admits
an elegant characterization: If f ∈ S(RN), then Rf is an even function, i.e.,
Rf(−θ,−s) = Rf(θ, s), and for m = 0, 1, 2, . . .

∫

R
smRf(θ, s) ds =

∫

R
sm

∫

θ⊥
f(sθ + y) dy ds

=

∫

RN

(x · θ)mf(x) dx

=
∑
|α|=m

(
|α|
α

)
θα

∫

RN

xαf(x) dx =: pm(θ),

(5)

where pm is a homogeneous polynomial of degree m. The second equality above
follows from the Fubini’s theorem and the change of variable x = sθ + y, and the
last equality follows from the multinomial theorem. On the last line the sum is taken

1Figures were created with code by Samuli Siltanen.
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over all multiindices α = (α1, α,2 , . . . , αN) with |α| = m, and

θα := θα1
1 θα2

2 · · · θαNN and
(
|α|
α

)
:=

|α|!
α1!α2! · · ·αN !

.

Conversely, if g ∈ S(SN−1 × R) is even and for every m = 0, 1, 2, . . . the integral∫
R
smg(θ, s) ds

is a homogeneous polynomial of degree m in θ, then g = Rf for some f ∈ S(RN) [92,
Section II.4].

Condition (5), which characterizes the range of the Radon transform, and the
corresponding condition for the X-ray transform together are called the Helgason–
Ludwig consistency conditions. The integral

mα(f) :=

∫
RN
xαf(x) dx (6)

on the last line of (5) is called the geometric moment of order α of the function f .
Interestingly, calculation (5) together with some elementary algebraic properties

of polynomials already imply the injectivity of the Radon transform on, say, L1(B),
where B ⊂ RN is the unit ball. Namely, if we define

cα :=

(
|α|
α

)
mα(f), (7)

then (5) and the fact that a homogeneous polynomial is determined by its values on
the unit sphere imply that the Radon transform Rf determines the homogeneous
polynomials

pm(z) =
∑
|α|=m

cαz
α, z ∈ RN , m = 0, 1, 2, . . .

The polynomials pm uniquely determine their coefficients cα, and consequently the
geometric moments mα(f). The geometric moments in turn uniquely determine the
integral of f against any polynomial, and therefore also f itself.

It is possible to derive explicit inversion formulas for the Radon transform, which
is significant for the development of inversion algorithms. A way to calculate a
function from its Radon transform is as follows [92]. Let H denote the Hilbert
transform of a function h ∈ S(R) defined by

F(Hh)(σ) := −i sgn(σ)Fh(σ),

where F is the Fourier transform. For a function g ∈ S(SN−1 × R) define

(Λg)(θ, s) :=

{
d(N−1)

ds(N−1) g(θ, s), N odd,

H d(N−1)

ds(N−1) g(θ, s), N even,
(8)

5



where the Hilbert transform H acts on the variable s. Then

f(x) = cN

∫
SN−1

h(θ, θ · x) dθ, (9)

where the measure is the (unnormalized) spherical measure, h := ΛRf , and

cN :=

{
1
2
(2π)1−N(−1)(N−1)/2, N odd,

1
2
(2π)1−N(−1)(N−2)/2, N even.

Note that, for a fixed θ, the integrand in (9) is constant in x on each affine hyperplane
parallel to θ⊥, i.e., it is a plane wave. Therefore, the inverse Radon transform (9)
can be interpreted to represent f as a superposition of plane waves.

Numerous other inversion formulas for the Radon transform have been derived,
for example, to allow for computationally more efficient implementations, or to
enlarge the domain of the inverse transform [49]. Some boundedness condition in
the infinity for the function being transformed is nevertheless essential; for example,
there exists smooth functions on the plane that are integrable on every line of the
plane, but for which the integral over each line vanishes [135].

The X-ray transform also enjoys various inversion formulas [49, 92].
In the strict mathematical sense the Radon (or X-ray) transform of a function in

finitely many directions never determines the function uniquely. Yet, in applications
excellent reconstruction resolution is obtained if a large number of measurements
distributed uniformly in all directions is available. Nevertheless, in some applications
such data cannot be obtained. In sparse angle tomography only a small number
of measurements are performed. In this case the data is a function of the form
{θ1, θ2, . . . , θn} × R 3 (θ, s) 7→ Rf(θ, s), where n ∈ N is small. In limited angle
tomography measurements are obtained only from some restricted angular range,
the data is then a function of the form U × R 3 (θ, s) 7→ Rf(θ, s) ∈ R, where
U ⊂ SN−1 is a proper subset such as an arc in the two-dimensional case. Examples
of reasons leading to sparse or limited angle tomography in applications are concerns
over radiation dosage and occlusion by an external object, respectively. Both of these
problems are an active field of research, see [116, 102, 63] and references therein.

In tomography with unknown view angles the directions in which the object is
imaged are unknown. In this case the data is a family of functions

(Rf(θj, ·))j∈J ,

where the index set J is known, but the map J 3 j 7→ θj ∈ SN−1 as well as the
function f are unknown. In an application the view angles θj may be unknown or
known only approximately, for example, due to uncontrollable motion of the object
being imaged, such as involuntary movement of the patient in a CT scan [48], or
the random movement of particles trapped by acoustic or optical forces [123, 34].

In three dimensions tomography with unknown view angles is particularly rel-
evant for cryogenic electron microscopy (cryoEM) of viral particles [127, 111]. In
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cryoEM of viral particles multiple images of identical virus specimen are imaged, but
the relative orientations of the specimen are unknown. As the specimen is destroyed
in the measurement by the beam of electrons that penetrates it, it is not possible to
image the same specimen in many directions.

A method to recover the angles in tomography with unknown view angles was
proposed in [41, 106]. The method is based on the geometric moments and the
Helgason–Ludwig consistency conditions, however, no theoretical justification for
the method was given (see also [11, Section VII]). In two dimensions the idea can
be explained as follows. Let f, f̃ ∈ L1(B) be two functions, and let cα ∈ R and
c̃α ∈ R be defined by (7) for f and f̃ , respectively. If Rf(θj, s) = Rf̃(θ̃j, s), j ∈ J ,
then by the Helgason–Ludwig consistency condition (5) the system of homogeneous
polynomials

y21 + y22 − z21 − z22 = 0, (10a)∑
|α|=m

(
cαy

α − c̃αz
α
)
= 0, m = 0, 1, 2, . . . , (10b)

has at least the zeros (y, z) = (θj, θ̃j) ∈ S1 × S1, j ∈ J . Bézout’s theorem [29] in
algebraic geometry provides an upper bound for the number of zeros of a system of
polynomials with no common factor. Consequently, if the cardinality of J is large
enough, then the polynomials (10) must have a common factor, and the idea is to
show that this implies that the view angles (θj)j∈J and (θ̃j)j∈J must agree up to a
common orthogonal transformation.

A theoretical justification for the aforementioned method was provided in [11].
There the authors prove that there exists a “generic” set of functions for which nine
measurements from unknown view angles suffice for unique recovery of the view an-
gles. In Publication I, among others, we improve this number to five measurements,
and we provide a simple explicit condition for the function being imaged under
which the results hold. Justification for the method in the three-dimensional case
was considered in [77], and an algorithm implementing the method was proposed
in [66].

In three dimensions an entirely different approach, the common line method, for
the problem of (X-ray) tomography with unknown view angles is also available [128,
117]. This approach is based on the Fourier slice theorem [92, Theorem 1.1].

The Radon transform and the X-ray transform have many generalizations. These
include integrating over different geometrical objects than lines or hyperplanes, such
as the k-dimensional subspaces of RN , where 1 < k < N − 1, or spheres, see [49, 36,
1] and references therein. Another class of generalizations is obtained by replacing
the underlying space RN and its hyperplanes by a manifold and a subset of its
submanifolds. The field of mathematics studying these transformations is called
integral geometry, see e.g. [49, 113].

The usefulness of the Radon transform is not limited to imaging applications.
In fact, the Radon transform was found useful in the study of partial differential
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equations well prior to any imaging applications [61]. This stems from the fact that
the inverse Radon transform (9) decomposes a function into a sum (or integral)
of plane waves (see [49, Ch. I, §7 A] for an overview of the main idea). In [114]
and [101] the Radon transform and the X-ray transform, respectively, were used to
solve an inverse problem for the wave equation. The Radon transform has been used
also in the theory of neural networks, which is relevant to Publication IV. This will
be explained further in Section 1.5.

1.3 Dynamical systems and diffusion models

The study of a (continuous time) dynamical system often starts with a differential
equation of the form

d

dt
u(t) = Φ(t, u(t)), (11)

where t is a real variable on some interval I ⊂ R, and Φ : I × X → X is a given
function on a vector space X. The task is to find all functions u : I → X that
satisfy (11) and to understand their properties. Usually the variable t is interpreted
as time, in which case the function Φ is seen to govern the time evolution of u. For
a general exposition of dynamical systems we refer the reader to [120, 94, 132].

The field of dynamical systems theory breaks into numerous subfields, two of
which are particularly relevant to this thesis. In section 1.4 we consider a system
that models the dynamics of semiconductor lasers. That system is an example of a
nonlinear dynamical system, that is, a system in which the function Φ is nonlinear
in u. Nonlinear systems can manifest rich dynamical behavior, such as chaos, even
in low dimensional spaces like X = R3.

In a linear dynamical system the function Φ is affine in u, so that equation (11)
can be written as

d

dt
u(t) = A(t)u(t) + f(t), (12)

where t ∈ I, A(t) is a linear operator on X for every t, and f : I → X is a
function independent of u. Finite-dimensional linear dynamical systems, that is,
those in which dimX < ∞, are quite restricted in their behavior and they are
covered by the classical theory, but the infinite-dimensional linear systems are more
complicated. In infinite-dimensional linear systems the space X is often a function
space, and the operator A(t) on X may be unbounded and only densely defined.
Frequently the operator A(t) is a partial differential operator. Diffusion equation,
the subject of this section, is an example of such a system.

Diffusion—the flow of some substance from areas of high concentration to ar-
eas of low concentration—is a commonly observed phenomenon in nature. Heat
spreading in a metal rod and salt dissolving in water are examples of diffusion, as
is the spreading of an animal population from an area of high population growth to
the surroundings. Surprisingly, for various types of diffusion, a single mathematical
equation is able to capture the essence of the phenomenon.
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A general mathematical model for diffusion is the diffusion equation (also called
the heat equation):

∂tu(x, t)−∆gu(x, t) = f(x, t). (13)

Here u(x, t) is the density of the diffusing material at location x and time t, and
f(x, t) is a source term that represents the rate of injection or extraction of diffusing
material at (x, t). Operator ∂t is the partial derivative in t, and ∆g is the Laplace–
Beltrami operator on the underlying Riemannian manifold (M, g), where g is the
Riemannian metric. Recall that for a smooth function v on M the Laplace–Beltrami
operator is defined in local coordinates by

∆gv :=
∑
j,k

|g|−1/2∂j(|g|1/2gjk∂kv),

where |g| is the determinant of g. A comprehensive account of the diffusion equation
in the manifold setting is [44].

Equation (13) can be written in the form (12) as an infinite-dimensional linear
dynamical system by considering u and f as functions of time t only, with values
in, say, X = L2(M). Operator A is then the time-independent densely defined
unbounded linear operator H2(M) =: D(A) 3 v 7→ ∆gv ∈ L2(M).

As a physical example, the diffusion equation (13) could model changes in the
temperature distribution (represented by function u) caused by an external heat
source (function f) being applied on some object (manifold M). The heat conduc-
tivity of the object would be represented by the metric g, and the tensor nature of
g makes it possible to consider nonconstant and anisotropic (heat flows differently
in different directions) conductivities, also. See figure 2.

In 1905 Einstein published his theory that explained Brownian motion, the ran-
dom motion of microscopic particles suspended in a liquid, as a result of thermal
molecular motions [33]. This theory, together with experimental verification of its
predictions by Perrin in 1908 [95], confirmed the atomic nature of matter. A key
result of Einstein’s theory is that the mean-square displacement of the particle is
proportional to time. At the continuum limit, it follows that the concentration of a
large number of independent particles is governed by the diffusion equation.

Despite the great applicability of the diffusion equation, there are a number of
experimental observations of diffusion processes that are not governed by it. Anoma-
lous diffusion is a diffusion process where the mean square displacement does not
scale linearly in time. In nature such processes have been observed in various settings
such as in porous or fractured geological formations, turbulent fluids and plasma,
and biological tissues, see [15, 136, 31, 22, 88, 109] and references therein. Contin-
uous time random walk (a random walk in which waiting time and step length are
sampled from given probability distribution), random walk in a space with fractal
structure, and percolation are examples of mathematical processes giving rise to
anomalous diffusion, see [14] and references therein.
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M
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(a) t < 0

M

V
f

(b) t = 0

M

V
f

u

(c) t > 0

Figure 2: Schematic illustration of diffusion of heat on an object, and a related
inverse problem. In the beginning (t < 0) there are no heat sources on object M ,
and the object is uniform in temperature. At t = 0 a heat source f is applied in
a region V of M . Immediately (t > 0) the heat starts to spread out from V , the
temperature distribution u evolves according to the diffusion equation (13). The
inverse problem is to deduce the global structure (shape and heat conductivity) of
the whole object by observing the evolution of the temperature distribution only
within the region V .

A so-called (space–time) fractional diffusion equation,

∂α
t u(x, t) + (−∆g)

βu(x, t) = f(x, t), (14)

has been introduced to model anomalous diffusion. Above 0 < α ≤ 1 and 0 < β ≤ 1.
Operator ∂α

t is a partial fractional derivative of order α in variable t, and it is defined
in the sense of Caputo [21]. The Caputo fractional2 derivative dα/dtα of a smooth
scalar function y is defined by

dα

dtα
y(t) :=

{
1

Γ(1−α)

∫ t

0
(t− τ)−αy′(τ) dτ, 0 < α < 1,

y′(t), α = 1,
(15)

where Γ is Euler’s gamma function and y′ is the derivative of y. The space fractional
part (−∆g)

β is defined in the sense of spectral theory [104]. In particular, if M is
compact and (λk)

∞
k=1 are the eigenvalues of (−∆g), listed according to their multi-

plicities, and if (ϕk)
∞
k=1 ⊂ L2(M) is a complete orthonormal sequence consisting of

associated eigenfunctions, then

(−∆g)
βv =

∞∑
k=1

λβ
k〈v, ϕk〉L2(M)ϕk, (16)

2The term fractional derivative is in use because of historical reasons, the order α can also be
irrational.
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with domain

D((−∆g)
β) :=

{
v ∈ L2(M) :

∞∑
k=1

λ2βk |〈v, ϕk〉L2(M)|2 <∞

}
= H2β(M).

It follows immediately from the definitions that equations (13) and (14) coincide if
α = 1 and β = 1.

There are in use various nonequivalent definitions of the time fractional deriva-
tive. Beside the Caputo fractional derivative, another common fractional derivative
is Dα

RL, the Riemann–Liouville fractional derivative [107]:

Dα
RLy(t) :=

{
1

Γ(1−α)
d
dt

∫ t

0
(t− τ)−αy(τ) dτ, 0 < α < 1,

y′(t), α = 1.

In general the Caputo and Riemann–Liouville fractional derivatives are different op-
erators, however, for a smooth function y with the zero initial value (y(0) = 0) they
agree. Mathematical work on fractional calculus is extensive, for a general overview
see textbooks [32, 75, 107, 74], reviews [17, 52] and references therein. Various gen-
eralizations of fractional diffusion equation also exist, such as space dependent time
fractional orders where the order α depends on x [121].

Some aspects of linear systems theory generalize to the fractional differential
case. For example, for λ ∈ R and a smooth function g the solution for the fractional
initial value problem

dα

dtα
y(t) + λy(t) = g(t), (17)

y(0) = 0, (18)

for t ≥ 0 is

y(t) =

∫ t

0

(t− τ)α−1Eα,α(−λ(t− τ)α)g(τ) dτ, (19)

where Eα,α is the two parameter Mittag–Leffler function [43], which is defined for
general a > 0, b > 0, and z ∈ C by

Ea,b(z) :=
∞∑
k=0

zk

Γ(ka+ b)
. (20)

In the fractional order case the Mittag–Leffler function often assumes the role
of the exponential function in the standard differential equations. This is because
the eigenfunctions of the fractional differential operator can be expressed in terms
of Ea,b(z). Namely, if λ ∈ R and y(t) := Eα,1(λt

α), t ≥ 0, then

dα

dtα
y(t) = λy(t).

Note that if α = 1, then Eα,α is the exponential function, and equation (19) is
the standard variation of parameters formula for a linear inhomogeneous differential
equation.
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On the other hand, many aspects from the case α = 1 do not carry over to
the fractional case. In particular, if 0 < α < 1, then the value of the fractional
derivative dα

dtα
y(t) depends on the values y(t′) for all t′ ∈ (0, t), i.e., on the history of

y. Extending the theory of fractional differential equations to Sobolev spaces also
requires a substantial amount of work [75].

There are also different ways to generalize the Laplace–Beltrami operator to
fractional orders. In RN , where the Fourier transform is available, the fractional
Laplacian of order β, (−∆)β, is often defined as the Fourier multiplier associated to
symbol |ξ|2β:

(−∆)βv := F−1(|ξ|2β v̂(ξ)) (21)

(here v̂ = Fv is the Fourier transform of v, and F−1 is the inverse Fourier transform).
Another common definition is the principal value integral [18]

(−∆)βu(x) := cN,β P.V.

∫
RN

u(x)− u(y)

|x− y|N+2β
dy,

where cN,β is a certain constant. Other definitions involving semigroups of operators,
Bochner integrals, or harmonic extensions are also in use, but unlike the different
time fractional derivatives, all the above definitions agree, see the comprehensive
account [76]. For fractional Laplacians in bounded domains see [103], and for frac-
tional Laplacians arising as limits of random walks see [126]. A variable coefficient
version of the fractional Laplacian in RN has been considered in [38, 28].

In Publication II we consider an inverse problem for the fractional diffusion
equation (14). There we consider sources f that vanish for x outside of some fixed
subset V ⊂ M , and we observe uf (x, t) for (x, t) ∈ V × (0,∞), where uf is the
solution for the fractional diffusion equation (14) with the zero initial value. The
inverse problem is to recover the Riemannian manifold M from this data, or more
generally, from only a single measurement. Considering sources supported on V and
observing the corresponding solutions only on V is motivated by the fact that in an
application this data could be measured with access to only a part (represented by
V ) of an object, as depicted in figure 2.

Inverse problems for the diffusion equation, especially in the setting of boundary
measurements, have been studied by several authors. In the Euclidean setting Av-
donin and Seidman [9] proved that uniqueness of the potential q(x) in ∂tu = ∆u−qu
from boundary observations follows from the corresponding uniqueness result for the
wave equation. They also constructed a source so that a single measurement suffices
to determine q. This idea was extended by Cheng and Yamamoto in the planar
case to recover a convection term from a single boundary measurement [25]. Our
construction of the source for the determination of the manifold from a single mea-
surement uses similar ideas as [9], but the situation is more complicated because
classical results about time-analycity of solutions of parabolic differential equations
are not available in the fractional case.

Uniqueness and reconstruction of a scalar conductivity a(x) in ∂tu = a(x)∆u

was shown in [8] using the boundary control method [12, 13], and joint uniqueness
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of several coefficients was considered in [20]. In [65] Katchalov, Kurylev, and Las-
sas consider uniqueness and reconstruction problems in the manifold setting. The
authors relate the inverse problem for the diffusion equation to an inverse boundary
spectral problem and an inverse problem for the wave equation. In [64] it was shown
that these three inverse problems are, in fact, equivalent.

Inverse problems for fractional PDEs have attracted major attention in recent
years. The review [60] summarizes work on some common fractional inverse prob-
lems. Particularly relevant to our work is article [68] by Kian, Oksanen, Soccorsi,
and Yamamoto, where they prove the uniqueness of the Riemannian metric for a
time fractional PDE given Dirichlet-to-Neumann map at a fixed time at the bound-
ary of the manifold. In [70] the same was done using a single measurement observed
over a time interval. Inverse source problems were considered in [59, 71, 73, 84,
58], and an inverse problem with space-dependent order (α = α(x)) was considered
in [72]. Simultaneous unique determination of several coefficients, sources, and ob-
stacles was considered in [69]. In the static case, the fractional Calderón problem
was studied by Ghosh, Salo, and Uhlmann in [40]. They show global uniqueness in
the partial data problem where measurements are taken in an arbitrary open subset
of the exterior. The fractional Calderón problem with a single measurement was
considered in [39].

1.4 The laser as a dynamical system

The laser is a complex physical system whose description from the first principles
involves at least electromagnetic theory, atomic physics, condensed matter physics,
quantum theory, many-body theory, and plasma physics [26]. Constructing a math-
ematical model for a laser inevitably involves trade-offs between simplicity and ac-
curacy of the model, with different objectives of the model giving rise to different
trade-offs.

On the one hand, an analytical study of the laser as a dynamical system neces-
sitates a relatively simple model, but on the other hand, lasers are known to exhibit
complex behavior such as chaos [35, 67]. These things are not exclusive, however,
as a simple model may exhibit complex behavior. The chaotic solutions of the well-
known three-dimensional system of ordinary differential equations by Lorenz [86] is
a standard example of such a system. Fortunately, there exist relatively simple mod-
els for lasers that capture their physical behavior with adequate accuracy for many
purposes. In fact, the laser has been said to be a nearly ideal system for studying
nonlinear phenomena, because they are easy to construct, and they exhibit com-
plex behavior accurately modeled by models simple enough to be mathematically
tractable [105]. Interestingly, a certain model of a laser is in fact mathematically
equivalent to the Lorenz model [46].

Injecting external light from one laser into another laser’s cavity (the part of a
laser where the emitted light is created) alters the behavior of the laser that receives
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the light. It is well-known that oscillatory systems tend to synchronize with external
periodic perturbations, a fact whose first documented observation is by Christiaan
Huygens from 1665 [56, 96]. As the laser is an optical oscillator, and as the injected
external light creates a source of periodic perturbation, it is expected that under
appropriate circumstances the two lasers may synchronize with each other. The first
experimental demonstration of this phenomenon is from 1966 [119], and nowadays
this technique of altering laser’s phase or amplitude (or other properties) is called
optical injection locking [131, 85]. As an example, this technique can be used to
stabilize a strong but unstable laser by a weak but stable laser [35, 79]. Lasers are
known to exhibit a rich dynamical behavior under external optical injection, see the
comprehensive report [131] and the references therein.

Following [108, 89], we present a mathematical model of optical injection locking
in the so-called Vertical-Cavity Surface-Emitting Lasers (VCSEL). In the model the
electric field emitted by a laser is written as

E(x, t) = E(t)e−i(kx−ωt), (22)

where E(t) is a C2-valued slowly varying amplitude that multiplies the scalar carrier
wave e−i(kx−ωt). The model assumes that E(t) varies slowly in time compared to
the carrier wave, which allows one to model the system in terms of E(t) only. This
is the so-called slowly varying envelope approximation. In (22) parameter k is the
wave number, x is the spatial coordinate, ω is the angular frequency, and t is the
time. The real-valued physical electric field emitted by a laser is

E(x, t) = Re
(
E(t)e−i(kx−ωt)

)
.

One should note that slowness in the slowly varying amplitude E(t) is relative
to the carrier wave. Typically, the timescale for the slowly varying amplitude is in
the nanosecond range, whereas for the carrier wave it is in the femtoseconds.

The C2-valued slowly varying amplitude E(t) can be expressed in various physi-
cally meaningful bases. We choose to express E(t) in the circular polarization basis
(E−, E+), where the basis vectors correspond to electric fields that are constant in
magnitude and rotating at a constant rate in a plane perpendicular to the propa-
gation direction of the wave. The basis vectors E± are the right (+) and left (−)

circularly polarized components, where the name denotes whether the rotation of the
electric field is related to the direction of propagation by the right-hand or left-hand
rule.

Another commonly used basis is the linear polarization basis (Ex, Ey) that con-
sists of two linear polarizations that are perpendicular to each other. They are
related to the circularly polarized components E+ and E− by

Ex =
E+ + E−√

2
and Ey = −iE+ − E−√

2
.
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The temporal behavior of a VCSEL under external optical injection is expressed
with so-called spin-flip rate equations [108, 89] as

d

dt
E±(t) = κ

(
1 + iα

) (
N(t)± n(t)− 1

)
E±(t) + κηu±(t), (23a)

d

dt
N(t) = −γ

(
N(t)− µ

)
− γ
(
N(t) + n(t)

)
|E+(t)|2

− γ
(
N(t)− n(t)

)
|E−(t)|2,

(23b)

d

dt
n(t) = −γsn(t)− γ

(
N(t) + n(t)

)
|E+(t)|2

+ γ
(
N(t)− n(t)

)
|E−(t)|2.

(23c)

Here E±(t) are the component functions of the slowly varying amplitude E(t) in the
circular polarization basis, N(t) and n(t) are real-valued functions related to internal
dynamics of the laser, and u± are the circularly polarized components of the electric
field of an external injection u ∈ C2, that is, the amplitude of the external light
that is injected into the laser. The fields E± and u±, as well as the functions N and
n are written in a non-dimensionalized form so they are dimensionless. The other
parameters are η > 0 (the coupling efficiency factor), α ≥ 0 (Henry factor), µ > 1

(the normalized injection current), κ > 0 (decay rate of the cavity electric field),
γ > 0 (decay rate of the total carrier number), and γs > 0 (the excess in the decay
rate that accounts for the mixing in the carriers with opposite spins).

Interaction between the injected field u and the emitted field E in model (23) is
unidirectional—the injected field u affects the behavior of the laser that emits the
field E, but the field E does not affect u. An electric field E corresponding to a
stable equilibrium point (a time-independent solution, also called a steady state) of
system (23) is said to be injection-locked.

Figure 3 depicts a simulation of system (23) with an injected field u that is
piecewise constant in time.3 Parameter values were chosen to be realistic for a
typical VCSEL. Simulation shows that after a change in the injected field u, injection
locking (stabilization to a new stable equilibrium point of (23)) happens within a
nanosecond.

System (23) is a six-dimensional (counting real dimensions) fully nonlinear sys-
tem of ordinary differential equations. When considering linearly polarized injected
fields u, one often restricts to linearly polarized solutions of system (23), in which
case the system reduces to a three-dimensional system [35]. The equations can also
be augmented with extra terms to model material birefringence or frequency detun-
ing (injecting a field u with different frequency), or they can be modified to account
for the Gaussian transverse profile of the laser beam.

In Publication III we propose a design for an optical logic gate that can be used
as a building block for optical circuits. The operational principle of the logic gate
is based on the physical process of injection locking. In the publication we derive

3The simulation was programmed in Julia [16] using the suite DifferentialEquations.jl [98].
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Figure 3: Time evolution of the components E± (blue lines) of the slowly varying
amplitude of the electric field emitted by a laser with injected electric field u (olive
lines) that is piecewise constant in time, and corresponding time evolution of the
parameters N and n (red lines) of the laser. The electric fields are expressed in the
circular polarization basis. The injected field u is chosen so that it is real-valued in
this basis, N and n are real-valued, E± are complex-valued and only their real parts
are shown. The values of the y-axes are unitless.
For the first 16 ns the injected field u changes every 4 ns. The black dotted lines
denote the value of the stable equilibrium point of system (23) corresponding to the
currently injected field u. After every change in u the emitted electric field E and
the functions N and n quickly stabilize to the new equilibrium point. At t = 16 ns

the injected field u is switched off. After that the emitted field E as well as N and
n are no more locked into a specific value, and they start to fluctuate.
In this figure, η = 1, κ = 1000 ns−1, µ = 1.2, α = 3, γ = 1 ns−1, and δ = γs/γ = 50.
These values are realistic for a VCSEL.
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an approximation for the relationship between the linearly polarized injected field
u ∈ C2 and the corresponding injection-locked field E ∈ C2. The approximation is

E = c u/|u|−1, (24)

where c = c(µ, α) ∈ C is a constant. The idea of the design of the optical logic gate
is to consider (24) as an input–output map that is computed by the laser.

A fundamental challenge in optical computing is that photons do not interact
with each other in the vacuum but require a nonlinear medium. In this respect,
the idea in Publication III is that the laser and the process of injection locking can
provide the nonlinearity. In the publication it is experimentally demonstrated that
an optical logic gate using the nonlinearity (24) is achievable, and the cascadibility of
these gates is studied by simulation. For an overview of optical computing, see [124,
3, 24, 118], and references therein.

In Publication IV we analytically study system (23) with injected field u of
arbitrary polarization. There we derive an exact form for the input–output map (24),
and we also study the stability properties of the equilibrium points of (23). Based
on this analysis we propose a design for an optical neural network.

1.5 Real- and complex-valued neural networks

Artificial neural networks (henceforth just neural networks) are the basis of deep
learning, a machine learning technique that during the last decade has made major
advances in solving problems in domains traditionally hard for computers, such as
speech recognition, image recognition, and natural language processing [80]. Cur-
rently, there is a vast ongoing interest in deep learning due to how it has revolution-
ized machine learning in the aforementioned and other domains. This explosion of
interest is relatively recent, it has only been made possible by advances in computer
hardware and availability of vast datasets to train the networks, as well as advances
in the theory [112]. However, the concept of a neural network has a long history.
Modeled after a biological neuron, the (artificial) neuron—the elementary unit of
neural networks—was introduced already in 1943 [90]. See [42, 93] for introduction
to the theory of neural networks, and [112] for their history.

Most research and applications of neural networks have considered real-valued
neural networks, meaning that the numbers that propagate through the network are
real numbers. The definition of a neural network generalizes immediately to scalars
from any field (or even more generally, a ring), however. In those applications where
the inputs are naturally complex-valued, as for example any data represented in the
frequency domain is, a complex-valued neural network seems natural. Indeed, in
this kind of applications the complex-valued neural networks have been observed to
sometimes perform better than the real-valued networks [129, 125, 133, 45]. See [53,
2] for more on complex-valued neural networks.

Despite the fact that real- and complex-valued neural networks formally look
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Figure 4: Illustration of a neural network. The network consists of three layers: an
input layer, a hidden layer, and an output layer. The input layer contains inputs
zi ∈ F. The m:th node in the hidden layer receives the inputs zi multiplied by
weights ami ∈ F, and calculates the sum xm =

∑
i amizi + bm, where bm ∈ F is a

bias term. It then applies the activation function ρ to xm and outputs ρ(xm). The
single node in the output layer receives the values ρ(xj) multiplied by weights cj,
and outputs the sum of these as the final value N (z) =

∑
j cjρ(xj) of the network.

similar, they have, in fact, quite different properties. Below we introduce both the
real- and the complex-valued neural networks and indicate some their differences.

Let F be either R or C. An F-valued neural network is determined by following
objects (also see figure 4):

(i) numbers i0 ∈ Z+ and j0 ∈ Z+, the number of inputs of the network and the
width of the network, respectively,

(ii) a set E ⊂ Fi0 , the domain of inputs of the network,

(iii) an activation function ρ : U → F, where U ⊂ F, and

(iv) parameters aj = (aj1, aj2, . . . , aji0) ∈ Fi0 , j = 1, 2, . . . , j0, and b, c ∈ Fj0 that
are required to satisfy

aj · z + bj ∈ U for every z ∈ E and j = 1, 2, . . . , j0, (25)

where aj · z :=
∑

i ajizi (if U = F, then (25) is redundant).

A neural network determined by (i)–(iv) computes the function N : E → F
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defined by

N (z) :=

j0∑
j=1

cjρ(aj · z + bj). (26)

Often the function N itself is also called a neural network.
The neural network described above is more precisely a shallow feedforward neu-

ral network with a single output. A shallow feedforward neural network with multiple
outputs computes a function N : E → F`0 whose component functions are of the
form (26). Several shallow neural networks (with multiple outputs) connected in
sequence form a deep neural network (we omit the exact definitions, for more details
we refer the reader to [42]).

For an activation function ρ, number of inputs i0, and domain E ⊂ Fi0 , the
associated class NN (ρ, i0, E) of neural networks is the set of functions

NN (ρ, i0, E) :=
{
E 3 z 7→

j0∑
j=1

cjρ(aj · z + bj) ∈ F :

j0 ∈ Z+, and aj ∈ Fi0 , b, c ∈ Fj0
}
.

A class NN (ρ, i0, E) of neural networks is said to have the universal approximation
property, if for every continuous function f : E → F, every compact set K ⊂ E, and
every ε > 0, there exists a neural network N ∈ NN (ρ, i0, E) such that

sup
z∈K

|f(z)−N (z)| < ε.

Note that the activation function ρ is not required to be continuous, so in general
NN (ρ, i0, E) is not a subset of the continuous functions on E.

Approximation capabilities of neural networks have been studied also with re-
spect to other topologies than the above, such as Lp(E) (with respect to the Lebesgue
measure, for example) [54, 23], or the Sobolov space W k,p(E) [55, 91]. Also, there
exist qualitative results about how the approximation error is related to the width
of the network [10, 87, 47]. See [97, 110] for surveys on various approximation
properties of neural networks

Regarding the universal approximation property, for real -valued neural networks
it was proved in the 1990s that under very general assumptions a necessary and
sufficient condition for the universal approximation property to hold is that the
activation function is not a polynomial [83, 54]. This is the so-called universal
approximation theorem. Perhaps surprisingly, the same is not true for complex-
valued neural networks [4]. Several sufficient conditions for very specific types of
complex-valued activation functions that lead to classes of neural networks with the
universal approximation property were proved4 also in the 1990s [4, 5], but the exact

4Unfortunately the literature contains several often cited results that are not entirely correct,
see [130, Section 1.2].

19



characterization (for a globally defined activation function ρ : C → C) was proved
only recently [130]. In Publication IV we extend the result of [130] to a locally
defined activation function ρ : U → C, where U ⊂ C is an open set. It turns out
that for the complex-valued case instead of nonpolynomiality, the correct condition
is that the activation function should not be polyharmonic. Recall that by definition
the function ρ is polyharmonic if ∆kρ ≡ 0 for some k ∈ Z+, where ∆ is the Laplacian
on C = R2.

Many of the aforementioned results about the universal approximation property
are nonconstructive in nature, and consequently they are of limited use in practice.
In practice one would be given a function f : E → F, or more often just a set of
samples (xi, f(xi))

n
i=1 of a function, and one is faced with the challenge of finding

parameters for a network that approximates f satisfactorily (in a real world appli-
cation one is usually free to choose also the activation function and the topology
of the network). Interestingly, one of the first constructive methods for choosing
the parameters of a neural network is based on an inversion formula for the Radon
transform [23]. We next outline the idea behind this method.

Consider a smooth compactly supported function f on RN . Recall from sec-
tion 1.2 that then

f(x) = cN

∫
SN−1

h(θ, θ · x) dθ, (27)

where h := ΛRf (see equation (9)). Integral (27) can be approximated by a Riemann
sum as ∫

SN−1

h(θ, θ · x) dθ ≈
∑
k

µkh(θk, θk · x), (28)

where µk ∈ R is the measure of the element of the partition of SN−1 containing
θk. Assuming that ρ is a so-called sigmoidal activation function, it is furthermore
possible to approximate each of the scalar functions hk(s) := h(θk, s) by a linear
combination of scaled translates of ρ:

hk(s) ≈
∑
j

ck,jρ(ak,js− bk,j), where ak,j, bk,j ∈ R. (29)

In practice this approximation can be constructed by first approximating hk by a
linear combination of translates of the Heaviside step function, and then approxi-
mating each of the step functions by the sigmoidal activation function.

Combining equations (27) to (29) shows that

f(x) ≈ cN
∑
k

∑
j

µkck,jρ(ak,jθk · x− bk,j),

which is of the form (26), i.e., a neural network. In [23] it was shown that for a square
integrable compactly supported function f and a sigmoidal activation function ρ the
above approximations can be justified in the L2-norm, which yields an algorithm to
construct a neural network that approximates a given function in the L2-norm (for
nonsmooth f the argument also involves a smoothing step).
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The inverse Radon transform can also be applied to construct neural networks
with other approximation properties, such as networks that approximate a function
together with its derivatives [57].

In Publication IV we consider the dynamics of injection-locked semiconductor
lasers, and show that the physical process of injection locking can be used to build an
optical neural network. The electric fields in the laser are inherently complex-valued,
which means that the resulting neural network is also complex-valued. We show
that this type of optical neural network satisfies the assumptions of the universal
approximation theorem with locally defined activation functions, meaning that, in
principle, it is possible to approximate an arbitrary continuous function with such
an optical neural network.

2 A review of the results of Publications I–IV

2.1 Publication I

In this paper we study uniqueness of tomography with unknown view angles in
two dimensions. Our main instruments in this study are the Helgason–Ludwig
consistency conditions (5) and the (geometric) moments (6). A moment of order
(k, l) of a compactly supported integrable function ξ will be denoted by mk,l(ξ), i.e.,

mk,l(ξ) :=

∫
R2

xk1x
l
2ξ(x) dx.

We denote by B the unit disk of R2 and call a function in L1(B) an object. If
U ∈ O(2), the group of real orthogonal 2× 2-matrices, the transformed object ξU is
defined by ξU(x) := ξ(UTx), x ∈ R2, where UT is the transpose of U . For θ ∈ R we
define

R(θ) :=

[
cos θ sin θ

− sin θ cos θ

]
∈ SO(2),

and
ξθ := ξR(θ) and mk,l(ξ; θ) := mk,l(ξθ).

The (parallel-beam line integral) projection of object ξ at view angle θ ∈ R is the
function P (ξ; θ) ∈ L1(R) defined almost everywhere by

P (ξ; θ)(x1) =

∫
R
ξθ(x) dx2, x1 ∈ R.

The connection between moments and tomography comes from the fact that the
moments mk,0(ξ; θ) are determined by a projection from the view angle θ. Indeed,

mk,0(ξ; θ) =

∫
R
xk1

(∫
R
ξθ(x) dx2

)
dx1 =

∫
R
xk1P (ξ; θ)(x1) dx1. (30)

A matrix U ∈ O(2) is either a rotation or the composition of a rotation with a
reflection. The reason why we above do not restrict to rotations only, i.e., to the
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special orthogonal group SO(2), is that an object ξ and the transformed object ξU
are indistinguishable as far as tomography with unknown view angles is concerned.

Given projections P (ξ; θi), i ∈ I, with an unknown object ξ and unknown view
angles θi, it is our aim to study if the projections determine the object and the view
angles uniquely. We are most interested in the case where the index set I is finite, in
this case we usually represent the indexed set (θi)i∈I in the form of a vector θ ∈ Rn.

There are two obstructions for the uniqueness of the object and the view angles.
The first obstruction is that they can be uniquely determined only at most up to a
common orthogonal transformation. This motivates the following definition:

Definition 1. Two vectors of view angles θ, θ̂ ∈ Rn are equivalent, denoted θ ∼ θ̂,
if there exists σ ∈ {−1, 1} and α ∈ R such that for all i = 1, 2, . . . , n it holds that
θ̂i ≡ σθi + α mod 2π.

The second obstruction is that uniqueness for the view angles cannot hold unless
there is some asymmetry in the object ξ. Our uniqueness considerations are based
on the object’s moments, so what we assume is asymmetry in the moments:

Definition 2. Let ξ ∈ L1(B) and d ≥ 1 be odd. The object ξ admits spherical
inertia, if for every U ∈ O(2) and k + l = 2 it holds that mk,l(ξ;U) = mk,l(ξ). The
object ξ admits (2, d)-asymmetric moments, if it does not admit spherical inertia
and if the only matrix U ∈ O(2) that satisfies mk,l(ξ;U) = mk,l(ξ) for all k+ l = 2, d

is the identity matrix.

Our main result for uniqueness for an object in tomography with unknown view
angles is that a sufficiently asymmetric object is uniquely determined (up to an
orthogonal transformation) by infinitely many projections with unknown view angles
(Theorem 2.2 in Publication I):

Theorem 1. Suppose ξ ∈ L1(B) admits (2, d)-asymmetric moments for some odd
d ≥ 1. Let I be an infinite index set and suppose θi ∈ R satisfy θi 6≡ θj mod 2π

for i 6= j, i, j ∈ I. If η ∈ L1(B) and θ̂i ∈ R are such that P (ξ; θi) = P (η; θ̂i) for all
i ∈ I, then there exists S ∈ O(2) such that η = ξS.

An object is never uniquely determined by finitely many projections even if the
view angles are known. Nevertheless, the view angles themselves can be uniquely
determined by finitely many projections, at least in the generic case. Here “generic”
is defined as follows:

Definition 3. Let D ⊂ N be a nonempty finite set and denote by mD(ξ) a vector
that contains (in some fixed order) all d:th order moments of object ξ, for all d ∈ D.
Let k be the dimension of mD(ξ). A set S of objects in L1(B) is said to be D-generic
if the set {mD(ξ) : ξ ∈ L1(B)\S} ⊂ Rk is a nowhere dense set of Lebesgue measure
zero.
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Above definition quantifies the size of a set of objects in L1(B) by measuring the
size of the set of corresponding moments in Rk. This is quite natural in this context,
since the information about an object we use to determine the view angles are its
d:th order moments for finitely many d.

A vector θ ∈ Rn of view angles is called π-distinct if it holds that

θi 6≡ θj mod π for all i, j = 1, 2, . . . , n, i 6= j.

Two projections from opposite view angles contain jointly the same information as
each of them individually. In the following theorem we are interested in determining
the unknown view angles from the least number of projections possible, therefore
we assume π-distinct view angles (Theorem 2.6 in Publication I):

Theorem 2. Let d ≥ 1 be odd, θ ∈ Rn be π-distinct and suppose n ≥ 4d+ 1. Then
there exists a {2, d}-generic set E = E(θ) ⊂ L1(B) such that if ξ ∈ E and there
exist another object η and a vector θ̂ ∈ Rn such that mk,0(ξ; θi) = mk,0(η; θ̂i) for all
i = 1, 2, . . . , n and k = 2, d, then θ̂ ∼ θ.

Note that by (30) the equality mk,0(ξ; θi) = mk,0(η; θ̂i) above is implied by
P (ξ; θi) = P (η; θ̂i).

There are classes of objects for which the view angles cannot be uniquely de-
termined by any number of projections; consider the class of objects with n-fold
rotational symmetry, for example. For an object that admits (2, d)-asymmetric mo-
ments our final theorem provides a necessary and sufficient condition under which
the view angles in tomography with unknown view angles are determined by mo-
ments of certain orders. The precise definition for what this means is as follows:

Definition 4. Let ξ ∈ L1(B), D ⊂ N and n ∈ N, n ≥ 2. We say that view angles
of object ξ are determined uniquely from n projections by D-order moments if the
following holds for all π-distinct θ ∈ Rn: If η is an object and θ̂ ∈ Rn a vector of
view angles such that mk,0(ξ; θi) = mk,0(η; θ̂i) for all i = 1, 2, . . . , n and all k ∈ D,
then θ̂ ∼ θ.

The result is as follows (Theorem 2.7 in Publication I):

Theorem 3. Let c, d, c 6= d, be odd positive integers.

1. Suppose ξ ∈ L1(B) admits (2, d)-asymmetric moments. Let D be any finite
set such that {2, c, d} ⊂ D ⊂ N. Let n ∈ N, n ≥ maxD+3d+1. View angles
of object ξ are determined uniquely from n projections by D-order moments if
and only if the following implication is true: α, β ∈ R and

mk,0(ξ;α) = mk,0(ξ; β) for all k ∈ D

implies
α ≡ β mod 2π.

2. Suppose d < c and let n ≥ c+3d+1, n ∈ N. The set of objects for which view
angles are determined uniquely from n projections by {2, c, d}-order moments
is {2, c, d}-generic.
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2.2 Publication II

In this paper we consider a direct problem and an inverse problem for the inho-
mogeneous space–time fractional diffusion equation (14) with the zero initial value:

∂αt u(x, t) + (−∆g)
βu(x, t) = f(x, t), (x, t) ∈M × (0,∞), (31a)

u(x, 0) = 0, x ∈M. (31b)

Here (M, g) is a compact Riemannian manifold (without boundary), and 0 < α ≤ 1

and 0 < β ≤ 1. The Caputo fractional derivative ∂αt and the fractional power of the
Laplace–Beltrami operator, (−∆g)

β, are defined by (15) and (16), respectively.
The direct problem consists of proving the existence and uniqueness of a solution

for (31). The inverse problem is motivated by the following question: Suppose
the manifold M is unknown, except for an open set V ⊂ M where one can do
measurements. A measurement means applying a source f with spatial support in
V , and observing the corresponding solution uf on V × (0,∞). Is it possible with
such measurements to uniquely determine the global structure of the manifold M?

The main result of Publication II is that it is possible, and in fact it is possible
even with a single measurement (Theorem 1 in Publication II):

Theorem 4. Let (M, g) be a connected compact smooth Riemannian manifold with-
out boundary, with metric g and dimM ≥ 2, let V ⊂M be a nonempty open subset
with smooth boundary and let T > 0. Denote by uf the solution of (31) correspond-
ing to a source f .

It is possible to construct a source h ∈ C∞
c ((0, T );L2(V )) such that the smooth

manifold with boundary cl(V ) together with the function uh|V×[0,T ) determine the
manifold (M, g) up to a Riemannian isometry.

The proof of Theorem 4 consists of three steps. First, in order to be able to
state the inverse problem we need to prove that (31) admits a unique solution. This
means deciding on a function space from which the source f is chosen, as well as
finding an appropriate function space from which the solution is sought. This is the
first step.

Next we formalize the measurements in the form of a measurement operator LV ,
the so-called local source-to-solution operator, defined by

C2
c ((0,∞);L2(V )) 3 f 7→ uf |V×[0,∞) =: LV f ∈ C1([0,∞);L2(V )).

Here uf is the unique solution for (31) corresponding to the source f , and the domain
and range of LV correspond to the choices of the function spaces made in the first
step. The second step in the proof of Theorem 4 is to show that it is possible
to construct a source h ∈ C∞

c ((0, T );L2(V )) so that the operator LV is uniquely
determined by the single measurement (LV h)|[0,T ).
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The third step in the proof of Theorem 4 is to show that the local source-to-
solution operator LV uniquely determines the manifold (M, g) up to a Riemannian
isometry.

We briefly outline the execution of each of the steps.
The function u in (31) is a function of time t and space x, but it is conve-

nient to consider it as a function of t only, with values in a function space in x,
usually L2(M). The Caputo derivative of order α of an L2(M)-valued function
y ∈ C1([0,∞);L2(M)), denoted by ∂αt y(t), is defined analogously to the scalar case:

∂αt y(t) :=

{
1

Γ(1−α)

∫ t

0
(t− τ)−αy′(τ) dτ, 0 < α < 1,

y′(t), α = 1.

Here the derivative y′ is in the sense of the derivative of an L2(M)-valued function
of a real variable, and the integral is in the sense of Bochner.

Consider a source f ∈ C2
c ((0,∞);L2(M)). The function u ∈ C1([0,∞);L2(M))

is said to be a strong solution for the initial value problem (31), if

(i) u(0) = 0,

(ii) u(t) ∈ D((−∆g)
β) for every t ≥ 0, and

(iii) ∂αt u(t) + (−∆g)
βu(t) = f(t) for every t ≥ 0.

The manifold M is compact by assumption, so the spectrum of (−∆g) is discrete
and we can order its eigenvalues into an increasing sequence (λk)

∞
k=1 ⊂ [0,∞) where

the eigenvalues are listed according to their multiplicities. Let (ϕk)
∞
k=1 ⊂ L2(M) be

an orthonormal basis of L2(M) consisting of corresponding eigenfunctions.
Because the functions ϕk are also eigenfunctions of (−∆g)

β, we can prove the
uniqueness and existence of a strong solution for (31) using an eigenfunction expan-
sion. This also yields a representation formula for the solution (Proposition 6 in
Publication II):

Proposition 5. For every source f ∈ C2
c ((0,∞);L2(M)) there exists a unique strong

solution uf ∈ C1([0,∞);L2(M)) for the fractional diffusion equation (31). This
solution can be represented as

uf (t) =
∞∑
k=1

ufk(t)ϕk, t ≥ 0, (32)

where the series converges in L2(M) for every t ≥ 0, and

ufk(t) :=

∫ t

0

(t− τ)α−1Eα,α(−λβk(t− τ)α) 〈f(τ), ϕk〉L2(M) dτ, t ≥ 0, (33)

where Eα,α is the Mittag–Leffler function (20).

25



h1(t) h2(t) h3(t) h4(t)

Figure 5: Examples of functions hk, k ≥ 1, are plotted in blue with the choice of n
being a Gaussian bump. The exponential decay of the amplitude of hk as k increases
is illustrated by the red dashed line. The values of hk are not presented in scale.

Next we explain the construction of a source h ∈ C∞c ((0, T );L2(V )) such that
the operator LV is uniquely determined by the measurement (LV h)|[0,T ). This con-
struction uses similar ideas as a construction for a parabolic equation in [9], but now
the situation is complicated by the fact that standard results about time-analycity
of solutions for the parabolic equation are not available for the fractional case.

Fix numbers 0 < S < T , a nonzero non-negative function n ∈ C∞c (−1, 1), and
a bounded sequence (ψk)

∞
k=1 ⊂ L2(V ) of functions that spans a dense subspace of

L2(V ). Let (r(k))∞k=1 be the sequence of positive integers that begins

1, 1, 2, 1, 2, 3, 1, 2, 3, 4, . . .

(grouping of the terms is chosen to emphasize the pattern). Define the source h by

h(t) :=
∞∑
k=1

hk(t)ψr(k), t ∈ R, (34)

where

hk(t) :=
Sk

2k(k+2)mk

· n
(

2k+1

(
t

S
− 1

)
+ 3

)
with mk := max0≤l≤k ‖n(l)‖∞. See figure 5. Then h ∈ C∞c ((0, T );L2(V )) (Proposi-
tion 15 in Publication II).

The rationale behind the construction of h is following. Properties related to the
time-analycity of solutions for (31) imply that (LV h)|[0,T ) uniquely determines the
measurements corresponding to the individual terms of h, i.e., the functions

LV (hkψr(k)), k = 1, 2, . . . (35)

(Lemma 18 in Publication II). From this and the representation formulas (32)
and (33) it follows that (LV h)|[0,T ) uniquely determines also the measurements

LV (hk(· − t0)ψr(k)), (36)
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Figure 6: A function (in black) and its approximation (in purple) by a linear combi-
nation of translates of a bumb function. The approximation is the sum of the blue
bumb functions.

where t0 ∈ R is such that hk(· − t0) is supported on (0,∞) (Lemma 16 in Publica-
tion II).

Consider a function a ∈ C2
c (0,∞). The sequence (hr(k))

∞
k=1 consists of smooth

positive bumb functions with shrinking supports, which implies that it is possible
to uniformly approximate the function a by a linear combination of functions from
the set

{hk(· − t0) : t0 ∈ R, supphk(· − t0) ⊂ (0,∞), k = 1, 2, . . .}

(Lemma 19 in Publication II). See figure 6. This approximation property holds also
for any subsequence (hr(kj))

∞
j=1 of (hr(k))

∞
k=1.

Let us now group the terms of h as

h(x, t) = h1(t)ψ1(x) +

h2(t)ψ1(x) + h3(t)ψ2(x) +

h4(t)ψ1(x) + h5(t)ψ2(x) + h6(t)ψ3(x) +

h7(t)ψ1(x) + h8(t)ψ2(x) + h9(t)ψ3(x) + h10(t)ψ4 + . . .

(37)

Above reasoning implies that the source a(t)ψ1(x) can be approximated by a linear
combination of sources of the form

{hk(· − t0)ψ1 : t0 ∈ R, supphk(· − t0) ⊂ (0,∞), k = 1, 2, 4, 7, . . .},

i.e., by time translates of the sources in the first column in (37). Using this ap-
proximation, continuity properties of LV (Proposition 13 in Publication II), and
the fact that (LV h)|[0,t) uniquely determines the functions (36), it can be shown
that (LV h)|[0,t) also uniquely determines LV (a(t)ψ1(x)). The same is true if ψ1 is
replaced by ψk for any k, which together with the fact that the sequence (ψk)

∞
k=1

spans a dense subspace of L2(V ) can be used to complete the proof of the following
(Proposition 2 in Publication II):

Proposition 6. Let h ∈ C∞c ((0, T );L2(V )) be the source constructed above. The
function (LV h)|[0,T ) uniquely determines the local source-to-solution operator LV .
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The third and final step is to prove that the operator LV uniquely determines
the manifold (M, g). This proof is based on a reduction to the wave equation on
the same manifold (M, g). Similar reduction was considered in [9] for a parabolic
equation in the Euclidean space, and in the manifold setting in [65, 64].

Let (λqk)
∞
k=1 be the increasing sequence of distinct eigenvalues of (−∆g), and

let Pk : L2(M) → L2(M) be the orthogonal projection onto the eigenspace cor-
responding to the eigenvalue λqk . Define the operator PV,k : L2(V ) → L2(V ) by
PV,kv := (Pkv)|V , v ∈ L2(V ) ⊂ L2(M). Then using the representation formulas (32)
and (33) it is possible to show that

LLV f(s) =
∞∑
k=1

PV,kLf(s)
sα + λβqk

, Re(s) > 0, (38)

where L is the Laplace transform (Proposition 21 in Publication II). From the poles
and residues of the analytic continuation of (38) it can be deduced that LV uniquely
determines the data

(λqk , PV,k)
∞
k=1 (39)

(Proposition 22 in Publication II).
The data (39) uniquely determines the local source-to-solution operator Lhyp

V

for the wave equation on (M, g) (see proof of Theorem 3 in Publication II). This
operator is defined for a source p ∈ C∞

c (V × (0,∞)) by

Lhyp
V p := wp|V×(0,∞),

where wp is the unique solution for the wave equation

(∂2t −∆g)w(x, t) = p(x, t), (x, t) ∈M × (0,∞),

w(x, 0) = 0, x ∈M,

∂tw(x, 0) = 0, x ∈M.

(40)

This is enough to prove Theorem 4 due to a result by Helin, Lassas, Oksanen, and
Saksala in [50], where they show that Lhyp

V uniquely determines the manifold (M, g)

up to a Riemannian isometry.

2.3 Publication III

This paper consists of an experimental part and a theoretical part. The author of
this thesis had no part in the experimental work.

In the theoretical part of the paper we derive an approximation, starting from
system (23), for the injection-locked field E of a laser that is injected with a weak
electric field u of linear polarization. The principal idea in the paper is to consider
the laser as a computing device that computes, by the physical process of injection
locking, the operation u 7→ E. We show that by using this operation, it is possible
to implement an optical logic gate that can be used as a building block in optical
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Figure 7: (a) Schematic illustration of an optical logic gate that implements the
majority gate. Purple rectangle denotes the majority gate. The inputs are zj ∈
{−1,+1}, j = 0, 1, 2. In the majority gate the inputs are first combined into a
single field with value z0 + z1 + z2, which is then injected into a laser. The output
of the gate is the injection-locked field (z0 + z1 + z2)0 ∈ {−1,+1} of the laser. (b)
Table of values of the map (z0, z1, z2) 7→ (z0 + z1 + z2)0. Only the sign of the value
is shown. With the interpretation + = true and − = false this is the truth table
of the majority gate.

computing devices. Furthermore, we study the cascadibility of this optical logic
gate by simulating two different optical circuits that are composed of several of
these gates.

The experimental part of the paper is the demonstration of the optical logic gate
based on vertical-cavity surface-emitting lasers (VCSEL).

To understand the computation u 7→ E that the laser performs, let us suppose
that the injected field u is of the form u = z u0, where z ∈ C, and u0 ∈ C2, |u0| = 1,
is a fixed linear polarization. In Supplement S1 of Publication III we show that the
injection-locked field E of a laser that is injected with this field u = z u0 can be
approximated as

E = c
z

|z|
u0, where c := eiθ

√
µ− 1 and θ := − arg(1 + iα). (41)

Because c and u0 are constants that are independent of z, we can think that the
laser computes the operation

C \ {0} 3 z 7→ z

|z|
=: (z)0 ∈ C. (42)

The operator (·)0 in (42) is called the normalization operator (also called the signum
function).

The logic gate that we implement is the majority gate, which is a logic gate that
takes in an odd number of Boolean inputs (with values denoted by true/false),
and outputs true if the majority of its inputs are true, and false otherwise. We
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explain the principle on which the implementation of this optical logic gate is based
using three inputs, the generalization for any odd number of inputs is immediate.
See figure 7.

The three inputs of the optical logic gate are electric fields. They could be,
for example, the electric fields emitted by three different semiconductor lasers in
an integrated optical circuit. The fields are assumed to share a common linear
polarization, have an equal intensity, and each of the fields is assumed to have a
phase difference of either 0 or π with respect to some common reference signal.
From these assumptions it follows that the inputs can be written as zj u0, where
zj = ±1, j = 0, 1, 2, and u0 ∈ C2.

In the optical logic gate the inputs zj u0 are first combined into a single field u,

u = (z0 + z1 + z2) u0,

and then the combined field u is injected into a laser. According to approxima-
tion (41), the injection-locked field E of the laser is then

E = c′ (z0 + z1 + z2)
0 u0, (43)

where c′ ∈ C is a constant. The output of the logic gate is this injection-locked field
E.

Again, by ignoring the constants c′ and u0 in (43), we can think that the logic
gate computes the map

{−1,+1}3 3 (z0, z1, z2) 7→ (z0 + z1 + z2)
0 ∈ {−1,+1}. (44)

An input–output table for this map is shown in figure 7. If we there interpret +1

as true and −1 as false, then the table is exactly the truth table of the majority
gate.

Another way to interpret the 3-input majority gate is to think it as a pro-
grammable logic gate where, say, z0 is the control, and z1 and z2 are the inputs.
If z0 = +1, then the output is z1 ∨ z2 (logical disjunction), and if z0 = −1, then the
output is z1 ∧ z2 (logical conjunction). That is, depending on the value of z0 the
gate computes either the or-gate or the and-gate.

In Supplement S2 of Publication III we simulate two optical circuits that are
build with the majority gate as the basic building block. These circuits are:

1. A full adder (see figure 8a). This circuit has three binary inputs (A, B, and Cin)
and two binary outputs (S and Cout). The inputs and outputs are interpreted
to be 0/1-valued, and they are related by

A+B + Cin = CoutS, (45)

where on the right-hand side the binary representation CoutS is identified with
the number 2Cout + S ∈ {0, 1, 2, 3}. This circuit is built with three majority
gates.
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(a) (b)

Figure 8: Schematic diagrams of a full adder and a ripple-carry adder implemented
with the majority gate. (a) A full adder composed of three majority gates (M1,
M2, and M3). A box labeled with ‘−1’ denotes a phase-shift of π. (b) A 3-bit
ripple-carry adder composed of three full adders. In simulations C0 is set to 0.

2. A 3-bit ripple-carry adder (see figure 8b). This circuit has six inputs, Ai and
Bi, i = 0, 1, 2, and four outputs, Si, i = 0, 1, 2 and Cout. The input and output
are related by

A2A1A0 + B2B1B0 = CoutS2S1S0,

where the expression is interpreted analogously to (45). This circuit is built
with nine majority gates.

The simulations show that the optical circuits correctly implement the adders
with response times measured in nanoseconds, see figure S2 and figure S3 in Sup-
plement of Publication III.

2.4 Publication IV

In the first part of this paper we do a detailed analysis of the dynamics of injection
locking in a semiconductor laser by analyzing system (23). In Publication III we
considered injection locking with a weak injected field u that is linearly polarized,
and we derived approximation (41) for the injection-locked field E that is valid in
the limit |u| → 0. Here we consider an injected field with arbitrary polarization, and
we derive asymptotic expressions (up to o(u)-terms) for the injection-locked field in
the limits |u| → 0 and |u| → ∞.

In the second part of the paper we consider optical neural networks. We propose
a design for an optical neural network in which the nonlinear activation function
is computed by the physical process of injection locking. Based on the dynamical
properties of system (23) that we prove in the first part of the paper, and a local
version of the universal approximation theorem for complex-valued neural networks
that we also prove, we show that such an optical neural network can, in principle,
uniformly approximate an arbitrary continuous function.

Recall that determining the value of the injection-locked field E means finding
the equilibrium point of (23), i.e., the zero of its right-hand side. In fact, in the
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general situation the right-hand side can have several zeros, and we want to find
them all.

In Proposition 3 of Publication IV we reduce the problem of finding the zeros of
the right-hand side of (23) to a problem of finding the zeros of a system of polynomi-
als. This bears similarity to the problem considered in Publication I. There we had
a system of unknown polynomials (obtained from the Helgason–Ludvig consistency
conditions), and the knowledge that they share a certain number of common zeros.
From that information we wanted to deduce information about the coefficients of the
polynomials (the geometric moments of the objects being imaged). Here we have a
system of known polynomials, and we want to deduce information about their zeros
in terms of some coefficients (related to the injected field u) of the polynomials.

For finding the equilibrium points of (23), it is convenient to introduce the
matrix-valued functions X, Y : C2 → C2×2 defined by

X(z) :=

[
1− (z1 − z2) 0

0 1− (z1 + z2)

]
, (46a)

Y (z) :=

[
1 + |z|2 |z2|2 − |z1|2

|z2|2 − |z1|2 δ + |z|2

]
, (46b)

where δ := γs/γ > 0 and |z| is the Euclidean norm of z ∈ C2. Then the four
equations (23) can be written as a pair

d

dt
E(t) = −κ

(
(1 + iα)X(N(t), n(t))E(t)− u

)
, (47a)

d

dt

[
N(t)

n(t)

]
= −γ

(
Y (E(t))

[
N(t)

n(t)

]
−
[
µ

0

])
, (47b)

where E = (E−, E+). In (47) we have assumed without loss of generality η = 1

for the coupling efficiency factor, because this constant can be incorporated in the
field u. The pair (47) is more amenable to algebraic manipulations than the four
equations (23), particularly because the matrix Y is always invertible. When solving
for the zeros of the right-hand sides of (47), we can first solve (N, n) in (47b) in
terms of E, [

N

n

]
= Y (E)−1

[
µ

0

]
=: y(E),

and then substitute y(E) for (N, n) in (47a). This way we get an equation for the
equilibrium points in terms of only E ∈ C2.

The reason for originally writing system (23) in terms of the circularly polarized
basis states E± is that in this basis the matrix X(N, n) is diagonal.

Our main result about the asymptotics of the equilibrium points corresponding
to weak injected fields is the following (Theorem 2 in Publication IV):
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Theorem 7. Consider injected external field with amplitude λû, where λ ∈ C and
û = (û−, û+) ∈ C2 satisfies û− 6= 0 and û+ 6= 0. There exists a constant ` = `(û) > 0

and a family {E(j)
û }j∈J of nine continuous functions

E
(j)
û : {λ ∈ C : 0 < |λ| < `} → C2, j ∈ J := {0,±l,±r,±x,±y}, (48)

with pairwise distinct values that have the following properties:

(i) If in system (47) the injected field is of the form u = λû with 0 < |λ| < `, then
a triple (E,N, n) ∈ C2 × R × R is an equilibrium point (a time-independent
solution) of the system, if and only if

E = E
(j)
û (λ) for some j ∈ J , and (N, n) = y(|E−|, |E+|).

(ii) The functions E(j)
û have following asymptotics as λ→ 0:

E
(0)
û (λ) = eiθ

λ

|λ|
(
|λ|ŵ(0) + o(λ)

)
, (49a)

E
(±l)
û (λ) = eiθ

λ

|λ|

(
±
√
δ(µ− 1)

1 + δ

[
û−/|û−|

0

]
+ |λ| ŵ(l) + o(λ)

)
, (49b)

E
(±r)
û (λ) = eiθ

λ

|λ|

(
±
√
δ(µ− 1)

1 + δ

[
0

û+/|û+|

]
+ |λ| ŵ(r) + o(λ)

)
, (49c)

E
(±x)
û (λ) = eiθ

λ

|λ|

(
±
√
µ− 1

2

[
û−/|û−|
û+/|û+|

]
+ |λ| ŵ(x) + o(λ)

)
, (49d)

E
(±y)
û (λ) = eiθ

λ

|λ|

(
±
√
µ− 1

2

[
û−/|û−|

−û+/|û+|

]
+ |λ| ŵ(y) + o(λ)

)
, (49e)

where θ := − arg(1 + iα) and

ŵ(0) :=
−1

|1 + iα|(µ− 1)
û

ŵ(l) :=
1

2|1 + iα|(µ− 1)

[
µ û−

−(1 + δ) û+

]
,

ŵ(r) :=
1

2|1 + iα|(µ− 1)

[
−(1 + δ) û−

µ û+

]
,

ŵ(x) :=
1

4|1 + iα|(µ− 1)

[(
2µ+ δ − 1 + (1− δ)|û+|/|û−|

)
û−(

(1− δ)|û−|/|û+|+ 2µ+ δ − 1
)
û+

]
,

ŵ(y) :=
1

4|1 + iα|(µ− 1)

[(
2µ+ δ − 1 + (δ − 1)|û+|/|û−|

)
û−(

(δ − 1)|û−|/|û+|+ 2µ+ δ − 1
)
û+

]
.

(iii) Furthermore, if |û−| = |û+| and j ∈ {0,±x}, then for every λ with 0 < |λ| < `

it holds that
E

(j)
û (λ) = ρ(j)(λ)û

for some ρ(j)(λ) ∈ C.
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(a)

(â)

(b)

(b̂)

Figure 9: Illustration of amplitudes of injected field u and corresponding injection-
locked field E on the normalized Poincaré sphere [115]. Points (a) and (b) denote two
different values for the injected field u = λû, and (â) and (b̂) are the corresponding
values for the injection-locked field E = E

(+x)
û (λ). In (a) the field u is weak, then

the injection-locked field E is obtained by projecting (a) onto the equator. In (b)

the injected field u is stronger, then the amplitude E of the injection-locked field
moves from u toward the equator, yet, does not reach it.

Above the condition |û−| = |û+| in the last item means that the injected field is
linearly polarized. From the asymptotics (49) it follows that in the limit |λ| → 0 the
amplitude E(0)

û (λ) vanishes, the amplitudes E(±l)
û (λ) and E(±r)

û (λ) become left and
right circularly polarized, respectively, and the amplitudes E(±x)

û (λ) and E
(±y)
û (λ)

become linearly polarized and orthogonal to each other. The index set J is chosen
to reflect this fact.

Following theorem says that, assuming α = 0, only one of the above equilibrium
points is asymptotically stable, while the rest are unstable. The stable equilibrium
point corresponds to the injection-locked field; unstable equilibria are not physical,
but they are important because they help to understand the phase space of the
system. The result is as follows (Theorem 12 in Publication IV):

Theorem 8. Consider system (47) under the assumption that α = 0 and that the
injected field u is of the form u = λû, where λ ∈ C \ {0} and û = (û−, û+) ∈ C2

satisfies û− 6= 0 and û+ 6= 0. With reference to Theorem 7, let ` > 0 be a constant
and E(j)

û (λ), j ∈ J , the functions with asymptotics (49) such that for 0 < |λ| < `

they determine the nine equilibrium points of system (47) with injected field u = λû.
There exists a constant 0 < `0 ≤ ` such that for every 0 < |λ| < `0 the equilib-

rium point corresponding to E(+x)
û (λ) is asymptotically stable, and the other eight

equilibrium points corresponding to E(j)
û (λ) with j ∈ {0,±l,±r,−x,±y} are unsta-

ble.

See figure 9 for a geometric interpretation about the relationship between the
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injected field u = λû and the injection-locked field E, which is the unique stable
equilibrium point E(+x)

û (λ).
There exists only a single equilibrium point if the injected field is strong enough

(Theorem 17 in Publication IV):

Theorem 9. Consider û = (û−, û+) ∈ C2 with û− 6= 0 and û+ 6= 0. There exists a
constant L = L(û) > 0 and a continuous function

Eû : {λ ∈ C : |λ| ≥ L} → C2

with the following property: If in system (47) the injected field u is of the form
u = λû with |λ| ≥ L, then a triple (E,N, n) ∈ C2 × R × R is an equilibrium point
of the system, if and only if

E = Eû(λ) and (N, n) = y(|E−|, |E+|).

Furthermore, there exists a constant C = C(û) > 0 such that the function Eû

satisfies

Eû(λ) =
λeiθ

|1 + iα|
(û+ e(λ)), where |e(λ)| ≤ C

|λ|2/3
and θ := − arg(1 + iα). (50)

In the second part of the paper we propose a design for an optical neural network.
The signals in this network are complex-valued electric fields (generated by lasers),
and the activation function is computed by the physical process of injection locking.
See figure 10 for an illustration of the design of the optical network.

The electric fields in the optical network are assumed to share a common linear
polarization û. If α = 0 and the injected field λû is weak enough, then by Theorem 7
and Theorem 8 there exists a unique stable equilibrium point, and that equilibrium
point is of the form ρ(+x)(λ) û. This is the injection-locked field. We interpret this
so that the process of injection locking computes the function λ 7→ ρ(+x)(λ) =: ρ(λ)

(in Publication III we approximated ρ by the normalization operator (·)0). Note
that ρ is a function

ρ : {λ ∈ C : 0 < |λ| < `} → C,

so that it is defined only in some punctured neighborhood of the origin of the complex
plane.

The optical network illustrated in figure 10 computes the map M,

Ci0 3 (λ
(I)
i )i0i=1 7→ (λ

(K)
k )k0k=1 =: M((λ

(I)
i )i0i=1) ∈ Ck0 , (51)

where the k:th component function Mk of M is

Mk((λ
(I)
i )i0i=1) :=

j0∑
j=1

ckj ρ

(
i0∑
i=1

ajiλ
(I)
i + bj

)
. (52)
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E
(J)
j E

(K)
k

E
(ext)
j

Figure 10: Schematic illustration of an optical neural network. The fields E(I)
i

are inputs, they are of the form E
(I)
i = λ

(I)
i û, where λ(I)

i ∈ C and û is a fixed
linear polarization. The inputs are passed through passive optical elements (which
correspond to multiplication by aji ∈ C) and joined with fixed external fields E(ext)

j =

bjû to form a field (
∑

i ajiλ
(I)
i +bj)û = λ

(J)
j û injected into the j:th laser in the hidden

layer J . Due to injection locking, the corresponding injection-locked field E
(J)
j is

ρ(λ
(J)
j )û, where ρ := ρ(+x). The injection-locked fields are passed through passive

optical elements (which correspond to multiplication by ckj ∈ C) and joined to form
outputs E(K)

k = λ
(K)
k û, λ(K)

k =
∑

j ckjρ(λ
(J)
j ), of the network.

Here aji, bj, ckj ∈ C. Because ρ is not globally defined, we assume that the inputs
(λ

(I)
i )i0i=1 satisfy

(λ
(I)
i )i0i=1 ∈ {z ∈ Ci0 : |z|Ci0 ≤ R} =: BR

for some fixed R > 0, and that the parameters aji, bj, ckj have been chosen so that∣∣∣∣∣
i0∑
i=1

ajiλ
(I)
i + bj

∣∣∣∣∣ < ` for every j = 1, 2, . . . , j0 and (λ
(I)
i )i0i=1 ∈ BR. (53)

The activation function ρ is not defined at zero, and for some input values (λ
(I)
i )i0i=1

it may happen that
∑i0

i=1 ajiλ
(I)
i + bj = 0. However, the set of those inputs has

measure zero in Ci0 (the measure is the 2i0-dimensional Lebesgue measure)
We are interested in what kind of functions can be approximated with an optical

neural network of the form (51). A universal approximation theorem for complex-
valued neural networks was recently proved in [130], however, that theorem assumes
that the activation function ρ is globally defined on the complex plane. In our case
ρ is defined only locally, so we first extend the universal approximation theorem for
locally defined activation functions (Theorem 19 in Publication IV):
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Theorem 10. Consider a complex-valued neural network N : BR → Ck0 whose k:th
component function is of the form

Nk(z) :=

j0∑
j=1

ckjσ(aj · z + bj), (54)

where aj ·z :=
∑

i ajizi, and σ : U → C, where U ⊂ C is an open set, is the activation
function, and the parameters aj = (aj1, aj2, . . . , aji0) ∈ Ci0, j = 1, 2, . . . , j0, b ∈ Cj0,
and (ckj) ∈ Ck0×j0 are required to satisfy

aj · z + bj ∈ U for every z ∈ BR and j = 1, 2, . . . , j0. (55)

Suppose that

1. σ is locally bounded and continuous almost everywhere in the nonempty open
set U ⊂ C = R2 (the measure is the two-dimensional Lebesgue measure), and

2. ∆mσ does not vanish identically in U for any m = 0, 1, 2, . . . (here ∆ =

∂2/∂x2 + ∂2/∂y2, z = x + iy, is the Laplace operator defined in the sense
of distributions).

If f : BR → Ck0 is continuous and ε > 0, then there exists an integer j0 > 0 and
parameters aj ∈ Ci0, j = 1, 2, . . . , j0, b ∈ Cj0, and (ckj) ∈ Ck0×j0 such that (55)
holds, and that the complex-valued neural network N defined componentwise by (54)
satisfies

sup
z∈BR

∣∣N (z)− f(z)
∣∣
Ck0 ≤ ε. (56)

Based on the asymptotics of the equilibrium points we proved in Theorem 7,
we can conclude that ρ satisfies the conditions in Theorem 10. This implies that
the optical neural network (51) is capable of approximating an arbitrary continuous
function (Theorem 18 in Publication IV):

Theorem 11. Consider an arbitrary continuous function f : BR → Ck0. Let ε > 0.
There exists an integer j0 > 0 and numbers aji, bj, ckj ∈ C, j = 1, 2, . . . , j0, i =
1, 2, . . . , i0, k = 1, 2, . . . , k0, such that following holds:

1. The two-sided inequality

0 <

∣∣∣∣∣
i0∑
i=1

ajiλ
(I)
i + bj

∣∣∣∣∣ < `

holds for a.e. (λ
(I)
i )i0i=1 ∈ BR (the measure on BR ⊂ Ci0 = R2i0 is the 2i0-

dimensional Lebesgue measure), and

2. the function M defined componentwise a.e. in BR by (52) is measurable and
satisfies ∥∥M− f

∥∥
L∞(BR;Ck0 )

≤ ε. (57)
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