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Abstract
The Earth is surrounded by doughnut-shaped regions of charged particles trapped

in the geomagnetic field, called the radiation belts. These belts are highly dynamic
and can have major space weather effects. The electrons that form the outer radiation
belt have a huge range of energies, with some of them approaching the speed of light.
A large number of satellites orbit through the radiation belts and these high-energy
electrons can damage their sensitive electronics. It is therefore essential to thoroughly
understand the particle dynamics within the radiation belts to protect the satellites.

The dynamics of radiation belt electrons can be broadly divided into three cate-
gories: acceleration, transport, and loss. Acceleration of particles to higher energies
can occur due to local interactions with plasma waves, or by being transported radi-
ally inwards in a non-adiabatic process called radial diffusion. Loss of particles from
the radiation belts can occur when the particles travel along the Earth’s magnetic
field lines and enter the atmosphere, in a process called precipitation. Loss can also
occur when the particles cross the outer boundary of the Earth’s magnetosphere
and are swept away by the solar wind. This is called magnetopause shadowing, and
can be enhanced when particles are transported outward beyond the magnetopause.
Radial diffusion therefore contributes both to the loss and acceleration of radiation
belt particles. Acceleration, transport and loss of particles all often enhance when
an interplanetary coronal mass ejection (ICME) - a large-scale heliospheric transient
originating from solar eruptions - impacts the Earth, causing large disruptions to the
radiation belt environment.

This thesis uses spacecraft observations and simulations of near-Earth space to
study the transport and loss of radiation belt electrons. Observational data of elec-
tron fluxes were obtained from Polar Orbiting Environmental Satellites (POES),
Meteorological Operational (MetOp) satellites, the Van Allen Probes (RBSP) and
the Global Positioning System (GPS). The Vlasiator model, a hybrid-Vlasov model
of near-Earth space, and the Fokker-Planck DREAM3D simulation were used to ob-
tain the inner magnetospheric wave activity and the phase space density (PSD) of
radiation belt electrons respectively.

Three first-author articles are included in this thesis, which have all been pub-
lished in peer-reviewed journals. The first article uses POES / MetOp data to obtain
the precipitating electron fluxes in the 30 - 300 keV energy range during the impact
of two ICMEs that have rotating magnetic fields of opposite polarity. The timing,

ii



strength and location of the electron precipitation was closely tied to the magnetic
field orientation, with the strongest precipitation occurring during the southward
phase of the ICME These precipitating fluxes were studied in relation to the ra-
diation belt electron fluxes observed by the RBSP during these two events. The
greatest variations in electron fluxes at energies ranging from 33 keV to 3.4 MeV also
occurred during the southward phase of the ICME. This shows that the substructure
of ICMEs can be a major factor controlling the radiation belt response.

The second article included in this thesis used the hybrid-Vlasov Vlasiator sim-
ulation to develop a methodology to evaluate radial diffusion, using a theoretical
formalism that goes beyond quasilinear theory. The vast majority of radial diffusion
formalisms are based on quasilinear theory, which assumes that any changes in the
particle’s location are small and occur slowly. During ICME-driven storms however,
it is possible that radial diffusion of particles occurs more quickly and to a greater
degree than can be accurately studied under quasilinear theory. The methodology
developed in the second article enables a more accurate evaluation of radial diffusion
during these times, using electric and magnetic field data directly from a simulation.
Evaluation of radial diffusion beyond quasilinear theory allows in turn a more precise
understanding of the role that radial diffusion plays in the acceleration and loss of
radiation belt particles.

The final paper included in this thesis studied a dropout of relativistic electrons
during the impact of the ICME. This paper specifically examined the loss to the mag-
netopause and the effect of different treatments of the Earth’s magnetic field on the
calculated loss. The outward radial diffusion, which transported particles across the
magnetopause, was treated according to two models. The first radial diffusion model
assumed that the Earth’s magnetic field was a dipole, while the second radial diffu-
sion model allowed a non-dipolar geomagnetic field that accounted for features such
as dayside compression and nightside stretching of the Earth’s magnetic field. Up to
10% more loss of a given electron population to the magnetopause occurred when ra-
dial diffusion was modelled with a non-dipolar geomagnetic field than with a dipole.
This study shows that over-simplified treatment of the Earth’s magnetic field can
significantly affect the modelled radial diffusion of electron populations, which can
then have large impact on phenomena such as dropout events, highlighting the im-
portance of accurate treatment of both the Earth’s magnetic field and radial diffusion.

Key words: Space Physics, Space Weather, Radiation Belts, Magnetosphere,
Coronal Mass Ejection
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Tiivistelmä
Säteilyvyöt ovat osa maapallon lähiavaruutta ja koostuvat maapallon magneet-

tikentän vangitsemista varatuista hiukkasista. Säteilyvöiden hiukkasten energia
vaihtelee suuresti hyvin hitaista hiukkaisista hiukkasiin, jotka liikkuvat lähes val-
onnopeudella. Suuri määrä jokapäiväiselle elämälle tarpeellisia satelliitteja, kuten
GPS-satelliitit, kiertävät maapalloa säteilyvöiden alueella, jolloin on eittäin tärkeää
suojata näitä satelliitteja vahingollisilta korkeaenergisiltä hiukkasilta. Tämän vuoksi
meidän tulee ymmärtää säteilyvöiden hiukkasten käyttäytymistä.

Säteilyvöiden olosuhteet riippuvat hiukkasiin kohdistuvien vuorovaikutusten
summasta. Kulkeutuessaan lähemmäksi maapalloa hiukkaset kiihtyvät ja saavat en-
ergiaa. Jos taas hiukkaset kulkeutuvat ulospäin, ne voivat ylittää maapallon mag-
neettikentän vaikutusalueen rajan, jolloin hiukkaset poistuvat säteilyvöistä. Hiukka-
sia häviää säteilyvöistä myös niiden iskeytyessä ilmakehään lähellä napa-alueita.

Auringon pinnalla tapahtuu voimakkaita purkauksia, jotka syöksevät valtavia
määriä magnetisoitunutta materiaa planeettainväliseen avaruuteen. Näiden koro-
nan massapurkausten törmätessä maapalloon säteilyvöiden olosuhteissa tapahtuu
huomattavia muutoksia. Hiukkasia voi kiihtyä hyvin korkeille energioille, häviöt
voivat olla hyvin suuria ja nopea hiukkasten kulkeutuminen voi järjestää uudelleen
säteilyvöiden hiukkasjakauman. Tällä auringonpurkausten aiheuttaman säteilyvöi-
den vasteen ymmärtämisellä on tärkeä osa satelliittien suojauksen kehittämisessä.

Tässä väitöskirjassa tutkitaan elektronien kulkeutumista ja häviöitä säteilyvöissä,
erityisesti koronan massapurkausten vaikutuksen aikana. Häviöt ilmakehään ri-
ippuvat erityisesti massapurkausten magneettikentän suunnasta. Laskennallisiin
arvioihin häviöiden määrästä säteilyvöistä planeettainväliseen avaruuteen vaikuttaa
merkittävästi maapallon magneettikentän mallintamistapa. Yksinkertainen dipo-
likenttä aliarvio häviöiden määrän. Lisäksi väitöskirjassa kehitetään menetelmä,
joka mahdollistaa elektronien kulkeutumisen tutkimisen aiempaa tarkemmalla teo-
reettisella pohjalla. Tätä menetelmää sovelletaan tietokonemallinnukseen maapallon
lähiavaruudesta.
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1 Introduction

The Earth’s radiation belts were discovered in the early days of the Space Race, with
a comic ray detector onboard the first US satellite, Explorer 1. Traditionally, the
belts are divided into an inner belt and an outer belt. They consist of two donut-
shaped regions of charged particles (primarily protons and electrons) that are trapped
in the Earth’s geomagnetic field to orbit the Earth. The inner edge of the inner belt
is located at approximately 7600− 12, 700 km and the outer edge of the outer belt is
highly variable, moving between ∼ 38, 000 km and ∼ 102, 000 km. Electrons in the
outer radiation belt can reach extremely high (multiple MeV) energies, making this
an infamously harsh and dangerous region of space for humans and technology alike.

Many satellites, such as the Global Positioning System (GPS) satellites or those
on geosynchronous trajectories, orbit through the outer radiation belt so their deli-
cate electronics must be specifically shielded to protect them from energetic radiation
belt particles. The radiation belt environment can also pose health risks to astro-
nauts, particularly during geomagnetically active conditions, so crewed spacecraft
must also be carefully shielded to protect the people inside. Protecting satellites
and people from the dangerous radiation belt environment will become increasingly
important in the coming decades due to the rapidly increasing number of satellites
around the Earth and the growing interest in crewed space missions.

Particles from the radiation belts can also indirectly affect us here on Earth when
they are knocked out of a stable orbit and into the atmosphere, in a process called
“preciptiation”. When these energetic electrons enter the atmosphere, they trigger a
series of chemical reactions that can lead to the destruction of atmospheric ozone.
Scientists are currently trying to understand the link between precipitation from the
radiation belts, and the atmospheric ozone balance and incorporate it into climate
models.

These impacts of the space environment on our lives and technology are examples
of “space weather”. In general, space weather refers to varying conditions at the Sun,
interplanetary space and in planetary space environments that can lead to a variety
of hazards at Earth, affecting modern technological systems and human lives. One
of the major drivers of space weather are massive explosions on the Sun that emit
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huge amounts of solar material, which then travels through interplanetary space.
These are a phenomena called interplanetary coronal mass ejections (ICMEs) and
they can cause huge disruptions to the radiation belts if they impact the Earth. For
example, they can cause massive losses (“dropouts”) of radiation belt particles and
induce wave activity that drives the acceleration or transport of these particles. In
order to reduce the damage caused by space weather during ICME-driven storms,
we must understand the response of the radiation belts to these events.

Beyond space weather effects, study of the radiation belts is useful for our un-
derstanding of fundamental physics. The radiation belts, like all space and astro-
physical environments, are composed of plasma. Plasma is a quasi-neutral gas that
contains large numbers of free-moving charged particles, causing plasma dynamics
to be dominated by electric and magnetic fields. The Earth’s radiation belts pro-
vide an excellent natural laboratory to improve our understanding of plasma physics
that is located conveniently nearby and from which we can make direct observations.
Studying the motion of radiation belt electrons and protons that are trapped in the
Earth’s geomagnetic field will enlighten us on fundamental plasma properties, which
could then be directly applied to other fields involving plasma physics.

The research reported in this thesis evaluates the loss and radial transport of
electrons in the outer radiation belt. There are two mechanisms by which particles
can be lost from the radiation belts: precipitation into the atmosphere and magne-
topause shadowing. Precipitation occurs due to interaction between electrons and
various plasma waves in the inner magnetosphere, while magnetopause shadowing
occurs when a radiation belt population crosses the outer boundary of the Earth’s
magnetic field’s influence over space to be swept away by the solar wind. Both of
these loss mechanisms can be enhanced during an ICME impact. These events are
highly complex because electron populations of different energies can have different
responses to the same ICME.

The motion of particles that remain trapped within the radiation belts is also
highly complex, with the radial transport of these particles playing an important role
in the radiation belt response to these events. There are two primary mechanisms of
radial transport of radiation belt electrons: the reversible transport that arises from
weakening and strengthening of the geomagnetic field during large disturbances in
the geomagnetic field, and the irreversible transport due to a process called “radial
diffusion”. Both of these transport mechanisms can act on a given population when
an ICME impacts and travels past the Earth, redistributing electrons throughout
the radiation belts.

The studies included in this thesis address both the fundamental physics underly-
ing plasma dynamics and the response of the radiation belts to ICMEs, contributing

2



to both our understanding of space weather and fundamental plasma physics. The
specific scientific issues that the papers included in this thesis address are:

• Mechanisms of rapid, permanent loss of radiation belt electrons during ICME-
driven storms (Paper I; Paper III).

• Evaluation of the theory underlying radial diffusion studies (Paper II) and its
impact on the radiation belt electron response (Paper III).

• Development of a methodology to evaluate radial diffusion beyond the currently
widely-used but limited theoretical formalism (Paper II).

This thesis is divided broadly into two sections, first an introductory section and
then three original research articles referred to as Papers 1, 2 and 3. The introductory
portion is divided into five chapters. Chapter 2 summarises the key features of near-
Earth space and radiation belt processes relevant to this thesis. Chapter 3 details
the observational datasets and simulations used in Papers 1, 2 and 3. Chapter 4
covers an in-depth exploration of transport via radial diffusion and how it can be
studied in a more theoretically rigorous way. Chapter 5 discusses the permanent
loss of radiation belt electrons in response to ICME impact, both by precipitating
into the atmosphere and by magnetopause shadowing. Finally, Chapter 6 provides
some concluding remarks and explores potential future avenues of study that could
continue the research presented in this thesis.
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2 Background

This chapter discusses the near-Earth space environment and radiation belt dynam-
ics. It will give an overview of how the Sun and solar wind transients affect the
Earth’s magnetosphere and presents the basics of the motion of radiation belt parti-
cles, the waves present in the inner magnetosphere and key processes that can lead
to transport and loss of electrons in the Earth’s outer radiation belt.

2.1 Near-Earth space

2.1.1 Sun and interplanetary space

The vast majority of near-Earth space (and indeed the universe) is made up of
plasma. Plasma is a quasi-neutral gas of free-moving charged particles, and particles
within a plasma have much greater thermal energy than electrostatic energy. The
Debye length – the characteristic scale where the Coulomb field from a charged
particle is shielded – is much smaller than the macroscopic dimensions of the plasma,
and a sphere with radius equal to the Debye length contains many particles in a
plasma. These conditions result in electromagnetic effects dominating the spatial
and temporal evolution of a plasma.

The Sun dominates the plasma dynamics throughout the solar system. One
reason for this is that the Sun is the source of both the solar wind and interplanetary
magnetic field (IMF) that propagate through interplanetary space. Another major
reason is the immense impact that solar eruptions, which include phenomena such
as coronal mass ejections, high speed streams and solar flares, can have on planetary
magnetospheres. There is a constant outflow of plasma from the Sun that forms
the solar wind, which flows through our entire solar system. The solar wind can
be divided into fast (∼750 kms−1) and slow (∼350 kms−1) types, with the slow
solar wind also being denser than the fast solar wind. The conductivity in the solar
wind plasma is very high, and this results in the magnetic field being “frozen” into the
solar wind plasma. This frozen-in condition, also called Alfvèn’s theorem, states that
the magnetic flux passing through a surface that moves with the fluid is conserved
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(Alfven, 1942). In practice, this means that the outflowing solar wind drags the
magnetic field from the Sun outward into interplanetary space, carrying the effects
of the Sun throughout the solar system. This magnetic field forms the IMF, which
curves into a spiral shape called the Parker spiral as it propagates through space
due to the footpoints of the magnetic field lines being attached to the rotating Sun
(Parker, 1958). At the Earth, there is approximately a 45◦ angle between the IMF
and the Sun-Earth line.

The solar activity levels vary in approximately 11-year cycles. Solar cycles are
typically defined by the number of sunspots, which are temporary dark spots that
form on the solar surface. They are associated with active regions of complex and
strong magnetic fields, where solar eruptions occur. When there are many sunspots,
the Sun is more active and more solar eruptions occur; this is referred to as solar
maximum. Solar minimum, by contrast, occurs when there are few or no sunspots
at all. At this time the Sun is calm and produces fewer and less intense eruptions.
The sunspot numbers from 2000 – 2022 are shown in Figure 3.1, which includes the
second half of Cycle 23, all of Cycle 24 and the beginning of Cycle 25.

Coronal mass ejections are massive eruptions of plasma from the Sun. The ejected
plasma (hereafter simply referred to as the ejecta) travels through interplanetary
space, interacting with the solar wind as it propagates. The higher speed of the
ejecta relative to the solar wind can result in the solar wind plasma being pushed
ahead of the ejecta and compressed to form a turbulent sheath region. The combined
sheath and ejecta forms an interplanetary coronal mass ejection (ICME), which is
illustrated in Figure 2.1. Approximately a third of ICMEs have a magnetic cloud
signature when they reach the Earth (Burlaga, 1988), which can be visualised as a
tube of magnetic flux that is anchored to the Sun at either end and is characterised
by an elevated, smoothly rotating magnetic field (Burlaga et al., 1981).

The occurrence rate of ICMEs is linked to the solar activity levels, with the most
ICMEs occurring during solar maximum. ICMEs typically take approximately 2 – 4
days to reach the Earth after being ejected (Brueckner et al., 1998) and, if they impact
the Earth, can drive intense geomagnetic storms. Geomagnetic storms are significant
disturbances in near-Earth space that typically last for several days (e.g., Reeves
et al., 2013) and can cause a wide variety of space weather effects (e.g., Tsurutani
et al., 2003; Boteler, 2019). Another driver of geomagnetic storms are high speed
solar wind streams (HSS). These are extended periods of fast (> 500 km/s) solar
wind emitted from large regions of open magnetic field of the Sun, called coronal holes
(Snyder et al., 1963). HSS are more common than ICMEs during the declining and
minimum phases of the solar cycle (Gonzalez et al., 1999), so are the dominant cause
of geomagnetic disturbances during these stages of the solar cycle. The geomagnetic
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Figure 2.1: Illustration of the ejecta of a coronal mass ejection as it propagates
through interplanetary space, forming a compressed sheath ahead of it due to inter-
action with the solar wind. Reproduced from Kilpua et al. (2017).

storms driven by HSS are typically weaker than those driven by ICMEs (Tsurutani
et al., 2006), but HSS-driven storms can have a major effect on the magnetosphere
and radiation belts (e.g. Morley et al., 2010; Grandin et al., 2019).

2.1.2 Magnetosphere

In order to understand the effects of the Sun through the solar wind and solar wind
transients such as ICMEs on near-Earth space, we must first understand the Earth’s
magnetic field. This magnetic field arises because of the Earth’s geodynamo, the flow
and rotation of huge amounts of magnetic materials within the Earth. The region
of space where the Earth’s field dominates over the IMF forms the Earth’s magneto-
sphere. The Earth’s geomagnetic field is approximately dipolar, with magnetic field
lines emerging from near the geographic south pole and entering the near geographic
north pole. The magnetic axis is slightly shifted from the Earth’s rotational axis,
currently creating a dipole tilt of ∼ 11◦. Multiple plasma regions arise in and near
the Earth’s magnetic field, which are briefly summarised here, and Figure 2.2 shows
these key features of near-Earth space. The radiation belts, which are the focus
of this thesis and are detailed in Section 2.2, are highlighted here in green and are
located within the inner magnetosphere.
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Figure 2.2: Near Earth space in the polar plane with the Sun to the left. This shows
an overview of near Earth space, with key features in the Sun-Earth chain labeled
and the radiation belts, which are the focus of this thesis, are highlighted in green.
Reproduced from Grandin (2017)

The Earth’s magnetic field becomes distorted from its nominal dipolar configu-
ration under the influence of the solar wind. The key consequences of the solar wind
impinging on the Earth’s magnetic field are 1) compression on the dayside, and 2)
stretching on the nightside. However, the Earth’s magnetic field can still be treated
as approximately dipolar at radial distances below 4 RE (Roederer and Zhang, 2014),
where RE is the Earth’s radius and 1 RE = 6371 km, due to the weaker influences
of the solar wind this far within the magnetosphere and the greater strength of the
Earth’s field this close to the Earth. The distortion of the Earth’s field becomes
increasingly significant at greater radial distances. Current systems within the mag-
netosphere also generate magnetic fields that further distort the Earth’s field from
the dipole configuration and affect particles in the radiation belts, and some of these
current systems and their effects are discussed in Section 2.2.

The magnetopause forms the magnetic boundary between the solar wind and
Earth’s magnetosphere, and thus it represents the outermost extent of the influence
of the Earth’s magnetic field. The magnetopause arises due to the pressure balance
between the dynamic pressure of the solar wind and the magnetic pressure of the
Earth’s field (Schield, 1969). Magnetic reconnection, a fundamental plasma pro-
cess, allows energy and material to pass between the solar wind and magnetospheric
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plasma across the magnetopause. One of the key factors determining the rate of
reconnection at the magnetopause is the orientation of the IMF, with the most ef-
fective reconnection occurring when the IMF is oriented southward (Milan et al.,
2007). The magnetopause is eroded during periods of strong reconnection, moving
closer to the Earth. The solar wind can also compress the magnetosphere inward,
with faster and denser solar wind (equivalently, higher dynamic pressure) causing
stronger compression (Shue et al., 1998). The subsolar magnetopause location is
therefore variable, ranging approximately from 6 – 16 RE for particularly strong or
weak driving solar wind conditions respectively (e.g., Dmitriev et al., 2005; Lugaz
et al., 2016), and the average subsolar magnetopause location is 11.0 RE (Fairfield,
1971).

Upstream of the magnetopause is the bow shock, which forms the outermost
boundary of the Earth’s influence over the heliosphere in the Sunward direction.
The bow shock is a collisionless shock front that forms due to the supersonic and
superalfvenic nature of the solar wind, meaning that the solar wind speed is greater
than the propagation speed of the waves within this plasma. The subsolar bow
shock nose is located at an average distance of 14.6 RE (Fairfield, 1971), but, similar
to the subsolar magnetopause, its location varies substantially based on the solar
wind conditions. The solar wind is slowed and deflected by the bow shock, forming a
turbulent region between the bow shock and magnetopause called the magnetosheath.
Additionally, particles from the solar wind can be reflected upstream at the bow shock
to form a region called the foreshock.

On the other side of the Earth, the stretched nightside magnetic field forms a
region called the magnetotail that could extend as far outward as 1000 RE (Dungey,
1965). The magnetotail is a source of substorm activity, which are brief (a few hours)
but major disruptions to the coupled magnetosphere-ionosphere system. Substorms
are not, as the name suggests, merely components or “building blocks” of geomagnetic
storms but are distinct events that may occur either independently or in tandem with
geomagnetic storms. There are two major, hotly debated, theories of substorm gen-
eration, each of which involve magnetotail reconnection but disagree on the sequence
of events (see reviews by Baker et al., 1996; Lui, 1996). In either case, the substorm
consists of several distinct phases that are defined according to the evolution of the
aurora (Akasofu, 1964). Substorms are relatively frequent when compared to geo-
magnetic storms and multiple substorms can occur in rapid succession when there is
a fast driving solar wind (Tsurutani et al., 1995; Chu et al., 2015), separated by only
a few hours (e.g., Miyashita et al., 2011).

The plasmasphere is another plasma environment that is located close to the
Earth. This is a toroidal region of cold and dense plasma that is primarily formed
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by ionospheric outflow, and is highlighted in cyan in Figure 2.2. The plasmasphere
is one of the major components of the inner magnetosphere and has a substantial
impact on the wave activity and particle dynamics within the radiation belt environ-
ment. The location of the outer boundary of the plasmasphere, the plasmapause, is
dependent on geomagnetic activity; the plasmapause is located at ∼ 4− 5RE along
the magnetic equator in quiet conditions, while more active conditions result in equa-
torial plasmapause location of ∼ 2− 3RE (Chappell, 1972; Kotova et al., 2018). The
difference in the background plasma results in different wave activity within and
outside the plasmasphere (discussed in Subsection 2.2.5) A bulge on the plasmas-
phere forms semi-regularly, creating a plasmaspheric plume that extends from the
plasmasphere to the dayside magnetopause (Moldwin et al., 2016) and often persists
for days or weeks (Borovsky et al., 2014). This typically occurs in the afternoon
sector and during periods of elevated geomagnetic activity (Li et al., 2022). Particles
in the outer radiation belt may pass through the plasmasphere, depending on the
geomagnetic conditions, exposing them to a range of waves that can then affect the
particle’s motion.

2.2 Radiation belts

2.2.1 Overview

The radiation belts, also called the Van Allen belts, are formed by charged parti-
cles that are trapped in the Earth’s magnetic field. They are contained within the
magnetosphere, with the subsolar magnetopause defining the outer boundary of the
radiation belt environment. The traditional picture of the radiation belt environ-
ment is two toroidal belts - inner and outer belts that are divided by a nearly empty
region of space called the slot region (Van Allen and Frank, 1959), which is shown in
Figure 2.3. Today we know that the structure of the radiation belts is highly variable;
a prominent example of this variability is the occasional formation of a temporary
third belt that can persist for up to several months (Baker et al., 2013).

The outer radiation belt is the focus of this thesis, and this belt extends from
approximately 3 RE to the subsolar magnetopause. Electrons dominate the outer
radiation belt. The fluxes of these electrons are most intense at 4 – 5 RE , so this
region is often called the “heart” of the radiation belts. Electrons in the outer radia-
tion belts have a broad range of energies, and they are divided into different energy
populations based on their origin and dynamics. The key populations discussed in
this thesis are source (∼10’s keV), seed (∼10’s – 100’s keV), core (∼ 500 keV – 1-2
MeV) and ultrarelativistic (> 2 MeV) electrons, following the naming conventions in
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Figure 2.3: The inner and outer radiation belts of the Earth, divided by the empty
slot region. The configuration shown here depicts the temporary division of the outer
belt into two parts, i.e., the three belt structure. Image courtesy of NASA.

e.g. Jaynes et al. (2015); Boyd et al. (2016). Source and seed electrons are divided
in relation to their interactions with chorus waves (outlined in Section 2.2.5); chorus
waves are generated from source electrons and these waves then accelerate the seed
electrons to higher energies, as summarised in Figure 2.10. The core population can
be formed by this acceleration of lower energy electrons, and these core electrons are
relativistic, with Lorentz factors (γ) of 2 – 5. Ultrarelativistic populations are made
up of electrons with even higher energies than this, and these electrons can travel at
speeds > 98% of the speed of light (γ > 5).

The solar wind and IMF exert a high degree of influence over the outer radiation
belt due to its proximity to the magnetopause. The inner belt, by contrast, is much
more stable. This is in large part due to the location of the inner belt; it forms at
radial distances of 1.2 – 2 RE , i.e. further from the magnetopause in a much stronger
region of the Earth’s magnetic field. The inner radiation belt is predominantly
composed of protons, the majority of which have energies extending from 10 – 50
MeV, although other ion species and protons of lower energies are also located in the
inner belt. Although protons in the inner belt can reach much higher energies than
electrons in the outer belt, they typically have lower velocity due to their greater
mass. Another key difference is their motion as they travel through the Earth’s
magnetic field. The positive charge of protons combined with the geomagnetic field
that emerges from the geographic south pole and enters the geographic north pole
means that protons flow westwards around the Earth. The electron’s negative charge
means that they flow in the opposite direction around the Earth, traveling east.

The flow of charges around the Earth forms the ring current, a magnetospheric
current system located in the equatorial plane at ∼ 2 − 9 RE , peaking at ∼ 3 RE
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(Daglis et al., 1999). All charged particles that drift around the Earth contribute
to the ring current, but the majority of the total current density is provided by
10 keV – few hundreds keV protons (Williams, 1987). Electrons also contribute to
the ring current although their contribution is minor due to their comparatively low
energy density (Baumjohann, 1993). Molecular ions additionally contribute to the
ring current, although their fluxes are typically low compared to proton fluxes (Seki
et al., 2019), so their total contribution to the current density is also minor. The ring
current generates a magnetic field, which distorts the Earth’s field from a dipolar
configuration. The ring current enhances during intense geomagnetic activity, which
results in it generating a stronger magnetic field. The magnetic field generated by the
ring current opposes the Earth’s geomagnetic field, so the global geomagnetic field is
weakened and distorted further from the dipole configuration during periods of ring
current enhancement. The effect of ring current enhancements on the magnetic field
is observed by low-latitude ground based magnetometers (Sugiura and Kamei, 1991),
and these observations are used to define the geomagnetic Dst index that is one of
the most widely used geomagnetic storm proxies (Subsection 3.1.4). These changes
to the global magnetic field due to the ring current can affect the motion of charged
particles within the radiation belts through the Dst effect, which will be explored in
Subsection 2.2.3.

Another important magnetospheric current system is the Chapman-Ferraro cur-
rent, also called the magnetopause boundary current (Chapman and Ferraro, 1931).
The Chapman-Ferraro current arises due to the sudden change in magnetic field
strength and direction as the solar wind impacts the magnetosphere. The current
flows from the dawn to the dusk across the subsolar magnetopause in the equatorial
plane, with opposite flow at high latitudes to form a closed loop. Strongest currents
arise at the nose of the magnetopause as the Earth’s field is stronger here than at
any other location along the magnetopause, and the current strength also increases
when the solar wind dynamic pressure is elevated. The Chapman-Ferraro current
generates a magnetic field that increases the total magnetic field strength within
the magnetopause in the equatorial plane (e.g., Chapman and Bartels, 1941), which
can then affect the bounce motion of radiation belt particles, as will be discussed in
Subsection 2.2.2.

While this thesis specifically focuses on the Earth’s radiation belts, it is worth
noting that radiation belts can also form in other planetary magnetospheres. Jupiter,
for example, has a very intense and complex radiation belt environment where elec-
trons undergo intense enhancement to reach energies up to 70 MeV (Roussos et al.,
2021, and references within). Additionally, processes in near-Earth space, such as
reconnection at the magnetopause and interactions bewteen magnetospheric waves
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and radiation belt particles, are examples of fundamental plasma processes. The
results presented here therefore have significance beyond the Earth’s radiation belts.

2.2.2 Adiabatic Theory

Particles in the radiation belts carry out three distinct forms of motion in relation to
the Earth’s magnetic field. These are gyromotion, bounce motion and drift motion,
which are illustrated in Figure 2.4 in relation to the Earth’s magnetic field lines. The
guiding center approximation describes the total motion of a charged particle in an
electromagnetic field as a superposition of these three forms of motion (Northrop,
1961), which can directly be applied to the dynamics of radiation belt particles. The
application of adiabatic theory to radiation belt particles is outlined in e.g. Roederer
and Zhang (2014); Koskinen and Kilpua (2022a).

Each of these three forms of motion occurs on a different characteristic timescale
and has a corresponding adiabatic invariant. Adiabatic invariants are properties of
a system that remain constant while changes to the system occur slowly. In plasma
physics, “slowly” means slowly relative to the characteristic period of motion cor-
responding to a given adiabatic invariant. Adiabatic motion occurs when all three
adiabatic invariants are conserved, while non-adiabatic motion violates at least one
of the invariants. Violation of an adiabatic invariant occurs when fluctuations in
the background electromagnetic field occurs on timescales comparable to the char-
acteristic timescale of the corresponding type of motion. Waves present in the inner
magnetosphere, for example, can cause violation of any of the three invariants de-
pending on their frequency, while the impact of solar wind transients (e.g. the leading
shock of ICMEs) can cause changes in the Earth’s magnetic field on timescales of
minutes and so can violate the second or third adiabatic invariant of radiation belt
particles.

Gyromotion

Gyromotion is the circular motion of a particle in a background magnetic field, which
is also referred to as cyclotron motion or Lamor motion. This is the most rapid form
of motion that radiation belt particles undergo; for example, a 1 MeV electron at
radial distance of 5 RE will have a gyration period (τG) of approximately 0.42 ms.
The first adiabatic invariant, µ, relates to this motion and is defined as

µ ≡ q2

2πm
ϕ, (2.1)
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Figure 2.4: The three forms of motion executed by radiation belt particles in relation
to the Earth’s magnetic field lines. Subplot a shows gyromotion around a field line
and identifies the Larmor radius, rL. Subplot b illustrates bounce motion along a
magnetic field line, with the magnetic mirror points (BM ) identified near the mag-
netic poles. Subplot c shows the drift orbit of a particle drifting around the Earth
across magnetic field lines. In subplots a and c, the shaded region illustrates the
surface through which the magnetic flux is calculated to determine µ and Φ respec-
tively.

which has unit MeV/G. Here, q and m are the charge and mass respectively of the
particle in question. The magnetic flux corresponding to gyromotion (ϕ) is defined
as

ϕ ≡
∫∫

S
B · dS = 2πB

∫ rL

0
dr = Bπr2L. (2.2)

Here, rL is the radius of gyromotion (also called Lamor radius) in the plane
perpendicular to the magnetic field. We assume that rL is so small that the magnetic
field is uniform within the surface (S) that it bounds. The Lamor radius itself is
defined as

rL ≡ mv⊥
|q|B

, (2.3)

where v⊥ is the velocity component that is perpendicular to the magnetic field
such that v⊥ = vsinα. The perpendicular velocity is therefore dependent on both
the pitch angle (α) and kinetic energy (W ) of a particle, where the pitch angle is the
angle formed between the magnetic field vector and the particle’s velocity vector.
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Consequently, the first adiabatic invariant µ depends on the pitch angle and energy
of the evaluated population. Additional useful expressions for the first adiabatic
invariant include

µ =
q2r2LB

m
=

p2⊥
2mB

=
W⊥
B

, (2.4)

where p = γmv is the momentum and γ = 1/
√

1− v2/c2 is the Lorentz factor.
These expressions for µ are non-relativistic; generalisation to the relativistic case
requires multiplication by γ2 (Koskinen and Kilpua, 2022a).

Bounce motion

The second characteristic form of motion is back and forth along a given magnetic
field line (travelling along an arc of length s) between magnetic mirror points that
have magnitude BM . This bounce motion is slower than gyromotion but faster
than drift motion: a 1 MeV particle at 5 RE has a bounce period of τB ∼ 0.33 s.
As a particle travels towards one of the Earth’s magnetic poles, it will experience
an increasingly stronger magnetic force that opposes its motion. Eventually, this
magnetic force will become so great that it causes the particle to reverse its motion,
bouncing from a “magnetic mirror” and returning toward the equatorial plane. The
particle will then travel toward the opposite magnetic pole and bounce from the
magnetic mirror point in the other hemisphere. The geomagnetic field thus forms a
“magnetic bottle” where charged particles are trapped by their bounce motion.

Under the guiding center approximation, we can evaluate only the bounce motion
of a particle without considering its gyromotion or drift motion. With this treatment,
the motion of the particle is purely (anti)parallel to the magnetic field and so the
momentum of the particle is purely in the parallel direction. We can then define the
second adiabatic invariant as

J ≡
∮

p∥ds. (2.5)

This integral is performed over a full bounce cycle, so here
∮
= 2

∫ sM
s′M

, where sM

and s′M are the spatial locations of the magnetic mirror points in each hemisphere.
Another key quantity is the integral I, which is defined as

I =

∫ s′M

sM

√
1− B(s)

BM
ds. (2.6)
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We can then further define the geometric field quantity K as

K ≡
∫ sM

s′M

√
BM −B(s)ds =

J√
8mµ

= I
√
BM , (2.7)

which has units of REG
1/2. K is a purely field-geometric quantity, although it

is physically exactly equivalent to J due to the conservation of µ and m during a
particles bounce motion. We use the K value of a population as its second adiabatic
invariant throughout this thesis, unless otherwise specified.

Drift motion

Drift motion is the third type of motion of a charged particle in a magnetic field.
Drift motion occurs as particles travel across magnetic field lines about the Earth
due to gradient and curvature drifts. This is the slowest form of motion, with the
1 MeV electron at 5 RE taking τD ∼13 minutes to complete a drift orbit. As the
particle drifts, it encloses a magnetic flux through its guiding center drift path (Γ)
such that

Φ ≡
∫∫

S
B · dS, (2.8)

where S is the surface bounded by Γ. As for gyromotion, this integral is performed
over the surface bounded by radial distance of the particle in the plane perpendicular
to the magnetic field (here the equatorial plane). Unlike gyromotion however, we are
unable to assume that the magnetic field is uniform across this surface and so do not
simplify this expression further. Instead, we define the L∗ coordinate such that

L∗ =
2πB0R

2
E

|Φ|
, (2.9)

which is a unitless quantity and is directly equivalent to the third adiabatic in-
variant (Roederer, 1967). B0 is the mean magnetic field strength of the Earth’s
geomagnetic field at geocentric distance of 1 RE , which has a value of 0.311 G. The
L∗ coordinate depends on the energy of a particle and its initial spatial location. We
contrast this with the L-shell coordinate, which is a spatial quantity that is equiva-
lent to the geocentric, equatorial radial distance in Earth radii. L-shell and L∗ are
numerically equal when L∗ is computed with a dipolar magnetic field. However,
when the Earth’s geomagnetic field is significantly non-dipolar, such as during storm
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conditions and at high radial distances, L-shell and L∗ increasingly numerically di-
verge. These quantities therefore can not be treated as equal in a non-dipolar field,
as discussed in Lejosne and Kollmann (2020).

The drift shell of a population is the path traced by the guiding center of a charged
particle as it drifts around the Earth. In a static magnetic field, a drift shell can
be uniquely identified as the global collection of magnetic field lines with constant I
and BM values. The L∗ coordinate is only defined for particles that complete a full
drift orbit around the Earth (closed drift shell). If the particle’s drift orbit intersects
the magnetopause (open drift shell), it does not have a defined L∗ because there is
no longer a closed surface for the flux integral to be performed over.

Phase space density

The adiabatic invariants, µ,K and L∗, can be used to specify a single population that
has the same gyromotion, bounce motion and drift motion. We can then compute
the phase space density (PSD) of the electron population, which is defined as the
electron flux divided by the square root of the momentum and is typically given
as a function of the adiabatic invariants (calculation summarised in Hartley and
Denton, 2014). The electron fluxes, by contrast, are a function of pitch angle, energy
and location that are not conserved during the motion of radiation belt particles.
Multiple populations (with different adiabatic invariants) may be included in the
same flux measurement, so one advantage of the use of PSD over flux is the ability
to isolate the temporal evolution of a single population.

Another advantage of PSD over flux is that the shape and temporal evolution
of the PSD enables distinction between different processes acting on the population.
Figure 2.5 illustrates the temporal variation of electron PSD in response to different
processes; the PSD here is shown as a function over L∗ for given µ and K values.
These temporal variations in PSD can only occur when a non-adiabatic process acts
on a population as the PSD remains constant during adiabatic processes. In each
subplot, the slot region at low L∗ marks the region from which electrons have been
precipitated into the atmosphere (precipitation is summarised in Subsection 2.2.4).
Subplot a shows the change in PSD upon enhancement of electrons at high L∗, which
can happen during, for example, injection of electrons from the magnetotail during
substorm activity. Subplot b shows the influence of local acceleration acting on
a population. During local acceleration, non-adiabatic energisation of a population
occurs in a confined L∗ range, which results in a peak in PSD arising that is localised
around a specific L∗. Radial diffusion, which is explained in Subsection 2.2.3, is a
transport process that acts to diffuse the population away from a peak in PSD,
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with net diffusion acting to transport particles down the PSD gradient, and this is
illustrated in subplot c.

(a) (b) (c)

Figure 2.5: Illustrations of how the temporal evolution of the PSD can be used to
identify the processes acting on a population. In each plot, the solid, dark pink line
shows the initial PSD distribution (at time t1) and the dashed, light pink line is
the PSD at some later time (t2). In subplot a, the initial population is enhanced
at high L∗ due to the injection of particles. Subplot b illustrates the effect of local
acceleration to enhance a population to a peak at localised L∗, and subplot c shows
how radial diffusion acts to transport the population away from the peak PSD,
smoothing the PSD distribution over L∗. The purple arrows indicate non-adiabatic
enhancement processes while the blue arrows show non-adiabatic transport.

Shabansky particles

However, not all particles in the Earth’s radiation belts have defined adiabatic invari-
ants, and thus cannot be expressed as PSD. This can occur due to the disruption of
particle motion due to the induced magnetic field of magnetospheric currents, which
distort the Earth’s magnetic field further from a compressed/stretched dipole. For
example, the local equatorial maximum generated near the dayside magnetopause
by the Chapman-Ferraro current can disrupt particle’s bounce motion (Shabansky,
1971). The relative strength of this local maximum to a particle’s BM value deter-
mines whether or not a particle can complete its bounce motion, and this disruption
of the bounce motion leads to distinctly different forms of motion. These are illus-
trated in Figure 2.6 that shows bounce motion along three field lines; one with no
local maximum (traditional bounce), one with a local maximum less than BM and
one with a local maximum greater than BM .
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Figure 2.6: Bounce motion of particles along magnetic field lines of various config-
urations. Magnetic field lines are shown in green, particle motion is illustrated in
gold and the magnetic mirror value is shown by the dashed line. Subplot a shows
the bounce motion executed by non-Shabansky particles throughout their drift orbit
and Shabansky particles on the nightside. Subplot b shows bounce motion of Sha-
bansky 1 particles on the dayside. Subplot c shows the motion of Shabansky 2 and
3 particles, where particles are confined to bounce in a single hemisphere instead of
completing their full bounce.

If the local maximum is larger than the BM value of a given population, the
particles will be unable to complete their traditional full bounce motion between the
two high-latitude BM points in each hemisphere and instead will bounce between
the local maximum and a BM in one hemisphere (Shabansky, 1971). The disrupted
bounce motion in this scenario is shown in Figure 2.6c. This splits the drift of the
population into two branches on the dayside of the Earth in a process called drift
orbit bifurcation. These particles do not have a defined K or L∗ values due to their
incomplete bounce motion. Particles that undergo drift orbit bifurcation are referred
to here as Shabansky type 2 or 3 particles, following the nomenclature of McCollough
et al. (2012). The division between Shabansky type 2 and 3 particles arises due to the
different dynamics of initially non-equatorial or equatorial populations respectively
upon drift orbit bifurcation, although discussion of these populations are beyond the
scope of this thesis.

A particle may also experience a local maximum during its bounce motion that is
less than its BM value. These are called Shabansky type 1 particles and they complete
a full bounce motion between the two magnetic mirror points in each hemisphere,
illustrated in Figure 2.6b. We note that the same magnetic field line can have
Shabansky type 1, 2 and 3 type particles bouncing along it, as populations with
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a range of αeq (and thus different BM ) occur in the same physical location and
thus experience the same equatorial magnetic field. The complete bounce motion of
Shabansky type 1 particles means that these particles have a defined K value (which
also enables L∗ to be defined McCollough et al., 2012).

Traditional bounce motion (along a field line with no local maximum, Figure 2.6a)
is executed by non-Shabansky particles throughout their drift orbit and Shabansky
particles on the nightside of the Earth where they are not affected by the dayside
magnetic field distortion induced by the Chapmann-Ferraro current. Non-Shabansky
and Shabansky 1 particles can have all three adiabatic invariants defined and thus can
be expressed as PSD. The primary difference between non-Shabansky and Shabansky
type 1 particles is that Shabansky type 1 particles develop temperature anisotropy
in the region of the local magnetic field maximum (McCollough et al., 2012).

2.2.3 Transport processes

We will discuss two radial transport processes here. The first is the Dst effect, which
is an adiabatic transport process, and the other is radial diffusion, which causes
non-adiabatic radial transport.

The Dst effect occurs due to the enhancement of the ring current, which occurs
in geomagnetically active times. The ring current enhancements typically occur on
time scales of hours, significantly greater than the characteristic times of the three
forms of motion, so gyromotion, bounce and drift motion are all conserved. The
magnetic field of the ring current opposes the Earth’s magnetic field, so the total
magnetic field strength in a given location decreases as the ring current enhances.
This means that the guiding center drift path must move radially outwards in order
to conserve the magnetic flux through the path and thus conserve the third adiabatic
invariant of the population. The Dst effect therefore results in a change in L-shell of
the population but does not change L∗, so no changes to the PSD of a population
occur as a result of this transport process. When ring current weakens after the
geomagnetic storm wanes, particles adiabatically return to their original locations.

Radial diffusion, by contrast, is a transport process that occurs upon violation of
the third adiabatic invariant. This occurs, for example, due to strong compressions
or relaxations of the geomagnetic field that occur on timescales comparable to the
characteristic time of drift motion. It can therefore be driven due to the impact of a
shock wave or wave activity with periods comparable to the drift period of radiation
belt particles, thus violating the drift motion. Particles undergoing radial diffusion
are transported along the negative PSD gradient, smoothing the PSD distribution
over L∗. This is a rather complicated process that is the central focus of Paper II, and
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it is explained in depth in Chapter 4. If radial diffusion acts to transport a population
inwards, it will cause the population to become energised. If it transports a popula-
tion outward, radial diffusion may transport particles across the magnetopause and
contribute to the loss of the population. Radial diffusion therefore contributes to the
enhancement and loss of radiation belt populations, and is a key component of the
overall radiation belt dynamics.

2.2.4 Loss processes

Dropout events are intense depletions of radiation belt electrons that are typically
correlated with geomagnetic storms (e.g., Morley et al., 2010; Turner et al., 2014).
There are two ways that particles can be permanently lost from the radiation belts:
precipitating into the upper atmosphere and crossing the magnetopause into the
solar wind. The dominant loss process varies between dropout events; it is possible
for either precipitation or magnetopause losses to dominate the dropout event, or
for both mechanisms to be of roughly equal importance for the total loss (Xiang
et al., 2017). Thorough understanding of these hugely disruptive events therefore
requires examination of both mechanisms for permanent loss. Loss via precipitation
is explored in Paper I, while Paper III focuses on loss to the magnetopause.

Precipitation is a loss process that occurs when a particle’s bounce motion results
in it entering the upper atmosphere. This typically occurs at high latitudes and the
precipitating fluxes become more intense during geomagnetically active conditions,
as shown in Figure 2.7. Precipitation is defined in terms of the pitch angle of a
population. If a trapped particle’s pitch angle changes so that its magnetic mirror
point is located within the atmosphere, it will be permanently lost from the radia-
tion belts, as the high molecular density of the atmosphere means that a chemical
reaction between an atmospheric constituent and radiation belt electron is essentially
guaranteed within a few bounces. We can express µ in terms of pitch angle as

µ =
mv2

2B
sin2α, (2.10)

which we assume to be constant throughout the bounce motion. At the magnetic
mirror point, the velocity is purely in the perpendicular direction so the pitch angle
value at the magnetic mirror point (αM ) is 90◦. We can then use the conservation
of µ to define the equatorial pitch angle (αeq) such that
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Figure 2.7: Global distribution of median > 100 keV electron fluxes measured by the
POES/MetOp satellite constellation (see Subsection 3.1.2). These fluxes have been
processed to remove proton contamination, resulting in the lack of data over South
America, and show the global variation from median electron fluxes from 1 January,
2005, to 13 December, 2006. The top subplot shows the precipitation for quiet and
moderate geomagnetic conditions (KP ≤ 5) while the bottom subplot shows active
conditions (KP > 5). Reproduced from Rodger et al. (2013).

sin2αeq =
Beq

BM
. (2.11)

(2.12)

In this equation, αeq is the maximum equatorial pitch angle that corresponds to
stably trapped bounce motion, Beq is the magnetic field strength on the equatorial
plane and BM is located immediately above the atmosphere. If a particle has an
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equatorial pitch angle such that α ≤ αeq, it will encounter the atmosphere before
reaching its magnetic mirror point and so will react with atmospheric constituents
and be lost. This forms the bounce loss cone that depends only on the pitch an-
gle of the particle and not, for example, its mass or speed. Pitch-angle scattering
due to wave-particle interactions is therefore a major cause of precipitation. The
wave-particle interactions that can lead to pitch angle scattering are summarised in
Subsection 2.2.5.

Particles are also lost from the radiation belts when they cross the magnetopause
and are swept away by the solar wind. There are two processes that can cause this,
which often act in tandem. First is inward compression / erosion of the magnetopause
due to increased solar wind forcing or impact of a solar wind transient. Second is
increased radially outward transport, which can occur through increased driving
wave activity that causes radial diffusion or enhancement of the ring current that
causes outward motion of particles via the Dst effect. In either case, particles that
were previously on closed drift paths will end up on drift paths that intersect the
magnetopause, resulting in their loss.

The magnetopause location can be determined both in physical space and in
adiabatic space. In Paper I, the Shue et al. (1998) magnetopause model is used to
define the radial distance of the magnetopause from the Earth (RMP ). This model
depends on dynamic pressure and velocity of the driving solar wind, as well as the
strength and orientation of the IMF (Shue et al., 1998). If a particle is located at
a physical distance beyond RMP , it means that the particle is no longer trapped in
the radiation belts and instead is lost to the solar wind. Alternatively, Paper III
defines the magnetopause location in adiabatic space. This is done by calculating
the last closed drift shell (LCDS) of a population; this essentially gives the greatest
L∗ that is defined for a population with a given K value. Particles with closed drift
paths have L∗ ≤ LCDS and are trapped within the radiation belts. If a particle
is more distant in adiabatic space, its drift orbit intersects the magnetopause, as
illustrated in Figure 2.8a. In this case, the particle does not have a closed drift path
(or a defined L∗) and is lost to the magnetopause. The LCDS is calculated in Paper
III with the LANLGeoMag LCDS code, which is described in Subsection 3.2.3. A
comparison between the LCDS and magnetopause location is shown in 2.8b for the
October, 2012, geomagnetic storm that was studied in Paper III.

2.2.5 Inner magnetospheric waves

There are many waves within the inner magnetosphere that have the ability to in-
teract with radiation belt particles. We will briefly discuss the selected waves that
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(a) (b)

Figure 2.8: Comparison between the magnetopause location (black) and last closed
drift shell (green). Subplot a illustrates the drift shells and magnetopause, while
subplot b shows the magnetopause location (calculated from the Shue et al. (1998)
model) and last closed drift shell (calculated with the LANLGeoMag LCDS code)
during the October 2012 storm studied in Paper III. In subplot a, the solid green
contours are closed drift paths while the dashed contour represents a drift path that
intersects the magnetopause (open drift path), and the LCDS is shown in dark green.
Subplot b shows the LCDS for three K values (K = 0.075, 0.1 and 0.125 REG

1/2)
that were calculated with the TS04 geomagnetic field model, with darker hues of
green corresponding to higher K values. The spatial magnetopause location is shown
in black and corresponds to the right axis of subplot b.

are relevant to the papers included in this thesis, the global distribution of which
are illustrated in Figure 2.9. We additionally confine the discussion of these waves
to their interactions that lead to loss or transport of outer radiation belt electrons,
noting that additional wave-particle interactions can occur beyond those discussed
here. The energisation of radiation belt particles due to wave-particle interactions,
for example, is beyond the scope of this thesis and so is not discussed here.

We begin with ultralow frequency (ULF) waves. These waves are divided into
period bands as either irregular (Pi) or continuous (Pc) fluctuations (Jacobs et al.,
1964), of which we solely focus on Pc waves. ULF Pc1 waves have frequencies of
0.2–5 Hz, ULF Pc2 waves are 0.1 – 0.2 Hz, ULF Pc3 waves are 0.022 – 0.1 Hz,
ULF Pc4 waves are 6.7 – 22 mHz and ULF Pc5 waves occur in the frequency range
1.7 – 6.7 mHz. ULF Pc4 and Pc5 waves have periods that enable drift-resonant
interaction with relativistic outer radiation belt electrons and they can efficiently
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Figure 2.9: Illustration of selected inner magnetospheric waves and their approximate
location in relation to the plasmasphere and magnetopause. Reproduced from Li and
Hudson (2019).

violate the third adiabatic invariant and drive non-adiabatic transport via radial
diffusion. These Pc4 and Pc5 waves are magnetohydrodynamic (MHD) and occur
on global scales, with wavelengths on the order of Earth radii. ULF waves have
a range of generation mechanisms. For example, dynamic pressure fluctuations in
the solar wind at Pc4 or Pc5 frequencies can result in compression and relaxation
of the magnetopause, which in turn drives magnetospheric waves at comparable fre-
quencies (Agapitov and Cheremnykh, 2013; Kepko and Viall, 2019; Kessel, 2008).
Another source of magnetospheric ULF wave activity is foreshock waves that are
generated by backstreaming ions; these foreshock waves are carried back towards the
Earth by the solar wind, and they enter the dayside magnetosphere as fast-mode
waves. These foreshock-generated waves are a major source of magnetospheric ULF
Pc3 waves (Francia et al., 2012; Takahashi et al., 1984; Villante et al., 2011). Sub-
storm activity can also lead to internal generation of magnetospheric ULF Pc5 waves.
Suprathermal ions are injected from the magnetotail into the inner magnetosphere
during substorms, and the instability of these injected ions and ring current ions
results in generation of ULF Pc5 waves (Chen and Hasegawa, 1991). The impact of
solar wind transients (e.g., ICMEs and HSS) is another major driver of ULF Pc4 -
Pc5 waves, with the greatest ULF amplitudes typically occurring due to the impact
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of these interplanetary shocks (Hao et al., 2014). ULF waves are therefore elevated
during geomagnetically active conditions, although they additionally occur during
more quiet conditions. The phase of the geomagnetic storm also impacts the ULF
wave power; significant differences in ULF activity occur during the initial, main
and recovery phases of geomagnetic storms (Sandhu et al., 2021). ULF waves are
found throughout the inner magnetosphere (e.g., Agapitov and Cheremnykh, 2013;
Liu et al., 2016; Sandhu et al., 2021), although it is difficult to generalise the radial
distances or magnetic local time (MLT) where they are most intense due to the dif-
ficulties of observing such large spatial scales, the range of generation mechanisms
and the dependence of ULF activity on the phase of geomagnetic storms.

The ULF Pc1-2 bands also include electromagnetic ion cyclotron (EMIC) waves.
EMIC waves are generated by 10’s – 100’s keV anisotropic ions that have perpendic-
ular temperature greater than the parallel temperature (Cornwall, 1965). H+, He+

and O+ ions are the most significant sources of inner magnetospheric EMIC activity
and different frequency bands of EMIC waves arise that correspond to the different
gyrofrequencies of the source ions. Inner magnetospheric EMIC waves tend to have
frequencies in the range 0.1 - 5 Hz, although they can reach higher frequencies (Sak-
aguchi et al., 2013). The H+ band EMIC wave occurrence probability peaks in the
dawn/morning sectors and the He+ band occurrence probability peaks in the after-
noon/dusk sectors, with low probability of EMIC wave occurrence on the nightside
(Keika et al., 2013; Min et al., 2013). H+ band EMIC waves have a similar occur-
rence rate regardless of geomagnetic activity, while the occurrence rate of He+ band
EMIC waves is enhanced during geomagnetically active conditions, causing the after-
noon/dusk peak to enhance further during geomagnetic storms (Keika et al., 2013).
EMIC waves can gyro-resonate with electrons of energies greater than 1–2 MeV (e.g.,
Meredith et al., 2003; Summers and Thorne, 2003), leading to pitch angle scattering
(Cornwall et al., 1970) of these energetic electron populations into the bounce-loss
cone (e.g., Shprits et al., 2009; Usanova et al., 2014).

Very low frequency (VLF) whistler-mode chorus waves are electromagnetic elec-
tron cyclotron waves, named chorus waves due to their distinct rising and falling
tones. These waves occur outside the plasmasphere. Chorus waves are most in-
tense in the equatorial plane and only propagate away from the equator, so are
most likely generated in the equatorial plane (e.g., Lauben et al., 1998; Li et al.,
2013a). Anistropic 1 –100 keV electrons injected from the magnetotail are the source
of chorus wave activity, causing this electron population to be termed the “source”
population. These anisotropic electrons are injected from the magnetotail near mid-
night and propagate eastward, thus causing chorus waves to occur predominantly in
the midnight-dawn-noon sectors (Meredith et al., 2012, 2020). A key factor of cho-
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rus wave activity is their distinct two-band structure. Upper band chorus are at fre-
quencies 0.5fce−1.0fce and lower band chorus waves have frequencies 0.1fce−0.5fce,
where fce is the electron cyclotron frequency. Chorus frequencies in the inner magne-
tosphere are approximately ∼ 0.5−10 kHz, and so cause bounce-resonant interaction
with lower energy (few 10’s of keV) electrons (Lam et al., 2010), which can lead to
precipitation (Kennel and Petschek, 1966; Li et al., 2013b). Large amplitude chorus
waves can cause microburst precipitation of 100’s keV – few MeV electrons through
non-linear interactions (Osmane et al., 2016; Douma et al., 2017). Chorus waves
also accelerate seed electrons to relativistic energies (e.g., Jaynes et al., 2015; Rodger
et al., 2016; Bingham et al., 2019), which is why the 100’s keV population is referred
to as the “seed” population. The relationship between chorus wave activity and these
radiation belt electron populations are summarised in Figure 2.10. In geomagneti-
cally active conditions, substorm activity leads to greater rates of electron injection
that subsequently elevates chorus activity (e.g., Meredith et al., 2020) and further
increases loss via precipitation, as shown in Figure 2.7.

Figure 2.10: Illustration of the relationship between chorus wave activity and differ-
ent populations of radiation belt electrons. Reproduced from Jaynes et al. (2015).

The last wave type that will be discussed here is plasmaspheric hiss. This is
a structureless wave mode that is confined to the plasmasphere and plasmaspheric
plumes (Thorne et al., 1973). These waves occur at all MLT in a wide L-shell range
(L ≈ 2 − 6 Yu et al., 2017) but are typically strongest on the dayside (Thorne
et al., 1973; Yu et al., 2017) and at larger L-shell values, nearer the plasmapause
and in plumes (Tsurutani et al., 2015). Plasmaspheric hiss activity is dependent on
geomagnetic activity level, with substorms driving greater dayside wave activity and
weakening the nightside hiss (Li et al., 2015; Yu et al., 2017). These waves have
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a frequency range of approximately ∼10 Hz to several kilohertz (Li et al., 2015).
Hiss waves can drive pitch angle scattering and so cause the precipitation of a broad
range of energies due to its wide frequency range. Gyroresonance can occur with
populations ranging from ∼100 keV – few MeV energies, while bounce resonance can
occur between multi-MeV populations and hiss waves (Koskinen and Kilpua, 2022b).
Hiss waves are largely responsible for the empty slot region that divides the inner
and outer radiation belts due to their highly efficient pitch-angle scattering that
causes high rates of loss via precipitation in this region (Lyons et al., 1972; Abel and
Thorne, 1998). The generation mechanism(s) of plasmaspheric hiss are yet unclear.
The similarities in spatial distribution and geomagnetic activity dependence between
chorus and hiss waves indicate that plasmaspheric hiss may be generated by chorus
waves penetrating into the plasmasphere (Meredith et al., 2021), which is supported
by ray tracing studies (Bortnik et al., 2008; Zhou et al., 2016), although internal
generation of hiss within the plasmasphere likely also contributes (Tsurutani et al.,
2015).
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3 Datasets

The primary observational datasets utilised in the studies included in this thesis
were obtained from the Van Allen Probes (RBSP), the Medium Energy Proton and
Electron Detector (MEPED) onboard the Polar Orbiting Environmental Satellites
(POES) and Meteorological Operational (MetOp) constellations, and the Global
Positioning System (GPS). Paper I was centered around a combination of RBSP and
POES / MetOp data, while Paper III used both RBSP and GPS data to provide an
overview of the radiation belt environment during the evaluated dropout event. The
temporal coverage of these constellations is shown in Figure 3.1.

Simulations were also prominently used in the studies included in this thesis.
Paper II utilised data provided by Vlasiator, a hybrid-Vlasov simulation of near Earth
space, while Paper III used DREAM3D, a Fokker-Planck model of the radiation belts.
These data sources, with other models and observational datasets utilised in these
studies to supplement these data, are discussed in more detail below.

3.1 Observational data

3.1.1 Van Allen Probes

The Van Allen Probes were twin satellites, denoted as RBSP-A and RBSP-B, that
were operated by National Aeronautics and Space Administration (NASA). These
probes passed through the radiation belt environment on highly elliptical orbits with
a period of approximately 9 hours. Their orbits had a perigee of 605 and 618 km
(geocentric distance ∼ 1.1RE) and an apogee of 30,410 and 30,540 km (∼ 5.8RE)
with an inclination of 10◦ from the equatorial plane, so covered the heart of the
outer radiation belt and a major portion of the slot region. A visualisation of this
orbit is shown in pink in Figure 3.2. The orbits of these satellites were configured
such that one probe trailed the other, allowing two measurements to be taken in
approximately the same location in quick succession. This enabled observations of
changes in the radiation belt environment on short timescales, which could then be
used to identify the processes and wave-particle interactions taking place to alter
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Figure 3.1: Timeline of key satellite constellations in the radiation belts that were
utilised in Paper I and Paper III; RBSP (pink), POES / MetOp (orange) and GPS
with CXD instruments (purple). We only show POES / MetOp and GPS satellites
that were active between January, 2000, and the preparation of this thesis. This
includes GPS numbered from ns53 – ns75, POES satellites NOAA-15 – NOAA-19
and MetOp-01–03. The semi-transparent section of the GPS data, beginning at
November, 2020, indicates the dates that these satellites were active but publicly
available data were not available. The satellite temporal coverage is shown against
the daily sunspot number (grey) to indicate the phase of the solar cycle during this
period. Adapted from Figure 1 of Morley et al. (2017).

the electron dynamics. Both probes were launched on 30 August, 2012, near the
maximum of solar cycle 24. RBSP-A was deactivated on 18 October, 2019, and
RBSP-B was shut down on 19 July, 2019. The lifespan of these satellites is shown in
pink in Figure 3.1 in relation to the sunspot number and lifespans of other satellites
used in these studies.

The Van Allen Probes carried a number of scientific instruments to enhance
our understanding of the radiation belts. The instruments utilised in Paper I and
Paper III are the Magnetic Electron Ion Spectrometer (MagEIS), the Relativistic
Electron-Proton Telescope (REPT) and the Electric and Magnetic Instrument Suite
and Integrated Science (EMFISIS). The Van Allen probes spun on their axis at pe-
riods of ∼ 11 s, increasing the field of view of the instruments onboard. EMFISIS
(Kletzing et al., 2013) measured the wave electric and magnetic fields in all three
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Figure 3.2: Orbits of the satellite constellations used in Paper I and Paper III,
showing an example orbit of a single satellite in each constellation. The RBSP orbit
is shown in pink, the polar, sun-synchronous orbit of the POES and MetOP satellites
are in orange and the inclined geosynchronous orbits of the GPS are in purple.

directions, covering a frequency range of 10 Hz – 12 kHz. MagEIS (Blake et al.,
2013; Claudepierre et al., 2021) and REPT (Baker et al., 2013, 2021) both provided
measurements of electron fluxes in the radiation belt environment. The MagEIS mea-
sured the middle energy electron fluxes, with energy channels ranging from 19.5 keV
to 3750 keV, while the REPT instrument measured high energy electrons with en-
ergy channels from 1.6 – 18.9 MeV. The fluxes measured by MagEIS and REPT are
pitch angle resolved in the Level 3 data product (Boyd et al., 2021), with 11 pitch
angle bins for MagEIS (pitch angle resolution of 16.3◦) and 17 pitch angle bins for
REPT (pitch angle resolution of 10.6◦). Additionally, the MagEIS electron fluxes
are background-corrected to remove contamination that primarily arose from inner
belt protons and bremsstrahlung X-rays (Claudepierre et al., 2015, 2019), and these
background-corrected data were used in Paper I and Paper III when available.

3.1.2 POES and MetOp

The Medium Energy Proton and Electron Detector (MEPED, Green, 2013) instru-
ment is a component of the Space Environment Monitor 2 (SEM-2) suite, which
is onboard the Polar Orbiting Environmental Satellites (POES, Robel, 2009), that
measures proton and electron fluxes. These satellites are on Sun-synchronous orbits
at altitudes of ∼800-850 km. POES is operated by National Oceanic and Atmo-
spheric Administration (NOAA) with continuous data available from the SEM-2
suite from 13 May, 1998, until the present. The SEM-2 suite is also included in the
Meteorological Operational (MetOp) satellites (Edwards and Pawlak, 2000), which
are operated by the European Space Agency (ESA). The MetOp constellation be-
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gan providing data on 19 October, 2006, and includes the same instrumentation as
NOAA-POES for data continuity. These data were used in Paper I to examine the
events that began on 30 December, 2015 and 26 June, 2013. The December 2015
event was studied with NOAA-15, NOAA-18, NOAA-19, METOP-01, and METOP-
02, and the June 2013 analysis additionally used data from NOAA-16.

The MEPED instrument measures electron fluxes in three integral energy chan-
nels: > 30 keV, > 100 keV and > 300 keV. It contains two telescopes with 30◦ field
of view: the 0◦ telescope is oriented approximately radially outward from the Earth,
and the 90◦ telescope is nearly antiparallel to satellite velocity. An important feature
of this configuration is that it enables measurements of particles in the bounce loss
cone. The Van Allen probes, for example, are not suited to measure precipitating
fluxes as their pitch angle resolution is not sufficient to measure particles in the
bounce loss cone near the equatorial plane where they orbit (Rodger et al., 2013).
The MEPED 0◦ telescope, by contrast, captures particles in the bounce-loss cone at
mid- to high latitudes, as shown in Figure 3.3.

Figure 3.3: Global distribution of the ratio between the field of view of the 0◦ MEPED
telescope to the bounce loss cone angle. Reproduced from Rodger et al. (2013).

However, there are several major issues with the MEPED instrument. The
bounce-loss cone often excedes the telescope field of view, resulting in the 0◦ tele-
scope underestimating the total precipitation. The size of the bounce loss cone
increases with increasing latitudes, which means that the 0◦ telescope’s 30◦ field
of view captures a smaller proportion of the precipitating particles as the satellite
moves towards the poles, shown in Figure 3.3. At latitudes of ∼ 60◦, approximately
half of the bounce-loss cone is captured by the 0◦ telescope (Rodger et al., 2013),
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as illustrated in Figure 3.4, which means that only half of the precipitating fluxes
would be measured by the 0◦ telescope when the satellite is in these locations. The
true precipitating fluxes at ∼ 60◦ latitudes is in fact better represented by the geo-
metric mean of the fluxes measured by the 0◦ and 90◦ telescopes (Hargreaves et al.,
2010), so Paper I used this geometric mean of MEPED fluxes to evaluate the electron
precipitation from POES/MetOP data.

Proton contamination of the electron channels is another major issue with the
MEPED instrument. There are also proton detectors included in MEPED, but these
have degraded over time so it is difficult to determine the amount of contamination
in the electron channels. The MEPED electron flux data used in Paper I were
corrected for proton contamination and sensor degradation (Asikainen and Mursula,
2011; Asikainen et al., 2012; Asikainen and Mursula, 2013) and Paper I additionally
used auxiliary data, which includes the L-shell and MLT of the satellite, that had
been processed for increased accuracy compared to the original data (Asikainen,
2017).

Figure 3.4: Simplified illustration of the 0◦ and 90◦ telescopes of the MEPED instru-
ment on-board the NOAA POES / MetOP satellites, in relation to a high-latitude
bounce loss cone.

3.1.3 GPS

The GPS constellation is composed of satellites on inclined circular orbits. Their
orbits are at geocentric radial distance of 4.2 RE with a 12 hour period. Unlike the
POES / MetOP and RBSP constellations, the GPS constellation is not a scientific
mission but rather is intended for communication purposes. However, GPS satellites
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from late 2000 onward include the Combined X-ray and Dosimeter (CXD, Distel
et al., 1999) instrument, which nominally measure electron counts from energy range
140 keV to above 5.8 MeV. The high numbers of satellites in this constellation (11
satellites with active CXD during the October 2012 event studied in Paper III) means
that the GPS provide comprehensive spatial coverage at high time resolution. The
advantages of this high time resolution data for outer radiation belt fluxes has been
demonstrated in, for example, Morley et al. (2010).

The GPS data product was de-classified in 2016. At the time of writing this
thesis, these data are publicly available from February, 2002, until November, 2020.
In addition to the electron counts, the GPS data product includes a pre-calculated
flux at selected energies. This calculation of electron flux from count data is non-
trivial; to briefly summarise Morley et al. (2014), the instrument response is modelled
with Monte Carlo methods and then a flux spectrum is iteratively determined to
find the best parameters that reproduce the observed electron counts, in a process
called flux-forward modelling. These flux data are then calibrated against RBSP
data during satellite conjunctions, as described in Morley et al. (2016). The pre-
calculated 1 MeV electron flux provided in the GPS data product was utilised in
Paper III.

When combined with a pitch angle model, electron PSD can additionally be ob-
tained from GPS data. The pitch angle model is required because the CXD detector
does not include any way to determine the pitch angle of the electrons, which is
necessary to define the first and second adiabatic invariants. Additionally, the incli-
nation of the GPS orbit means that any particles with high equatorial pitch angles
(i.e. particles that remain near the equatorial plane) are not measured when the
satellite is at high latitudes. At these times, the CXD electron counts can signifi-
cantly underestimate the total population. The RBSP satellites, for example, did not
have these issues as they orbited near the equatorial plane so they always measured
a representative sample of the population, and the spinning of the satellite combined
with the instrument design allowed for calculation of pitch-angle resolved fluxes. In
Paper III, the pre-calculated electron flux was combined with the empirical relativis-
tic electron pitch angle distribution model (REPAD, Chen et al., 2014) to compute
the PSD according to the procedure outlined in Hartley and Denton (2014).

3.1.4 Additional observational datasets

Several other observational datasets are utilised in Paper I and Paper III to comple-
ment the in-situ observations of electron fluxes.

Observations of the solar wind and IMF from the Wind spacecraft were used in
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Paper I and Paper III during the ICME-driven storms evaluated in these studies.
This NASA-operated spacecraft is located at the L1 point, where it has been since
May 2004. The Solar Wind Experiment (SWE, Ogilvie et al., 1995) instrument
was used for solar wind speed and dynamic pressure data, while the Magnetic Fields
Observation (MFI, Lepping et al., 1995) instrument was used for magnetic field
data. These data were accessed in one-hour time resolution through the OMNIWEB
database (https://omniweb.gsfc.nasa.gov/).

In-situ magnetic field data from the Geostationary Operational Environmen-
tal Satellite (GOES) constellation were used to supplement the wave observa-
tions in Paper I, specifically from the GOES-13 and GOES-15 satellites. These
are geosynchronous equatorial satellites with orbital periods of 24 hours (geosta-
tionary orbit) that are operated by NOAA. Magnetometer (MAG, Singer et al.,
1996) data were used for this analysis. These data were accessed through https:
//www.ngdc.noaa.gov/stp/satellite/goes/.

Geomagnetic indices were also used in Paper I and Paper III. The specific in-
dices utilised were the KP , Dst and auroral electrojet indices, which were accessed
from the World Data Center (WDC) Kyoto (https://wdc.kugi.kyoto-u.ac.jp/)
and the OMNI database. KP is a measure of global geomagnetic activity that is
calculated from deviations in the horizontal geomagnetic field, and it is currently
calculated at three hour time resolution from 13 geomagnetic observatories that are
located at subauroral locations (Matzka et al., 2021). The Dst index is a measure
of the ring current strength that is calculated using data from four equatorial mag-
netic observatories that are approximately evenly spaced in longitude (Sugiura and
Kamei, 1991). The Dst data are provided at one hour time resolution. There are a
number of auroral electrojet indices, of which the AL and AE indices were used in
the papers included in this thesis, and these are calculated from data provided by 10
– 13 magnetic observatories in the auroral zone of the northern hemisphere (Odagi
et al., 2020). The AL index represents the strongest current intensity of the west-
ward auroral electrojet, while the AE index gives the overall activity of the auroral
electrojets (Davis and Sugiura, 1966).

Finally, Paper I and Paper III use key times of ICMEs obtained from the Richard-
son and Cane (2010) and Nieves-Chinchilla et al. (2018) catalogues respectively,
accessed from http://www.srl.caltech.edu/ACE/ASC/DATA/level3/icmetable2.
htm and https://wind.nasa.gov/ICMEindex.php. These ICMEs were identified
from observations of the upstream solar wind conditions and the key times, specifi-
cally the timing of sheath impact (i.e. the arrival of the leading shock wave), ejecta
leading edge and ejecta trailing edge, and these were timeshifted to the Earth’s
bowshock nose.
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3.2 Simulations

3.2.1 Vlasiator

Vlasiator is a hybrid-Vlasov model of near-Earth space (von Alfthan et al., 2014).
In this model, ions are treated kinetically while electrons are treated as a massless,
charge-neutralising fluid. The ion time evolution is modelled by solving the Vlasov
equation (Equation 3.1) and self-consistently coupled to the electromagnetic fields
(Palmroth et al., 2018). Here, fs is the distribution function of a given ion species
that has charge qs and mass ms, which evolves over time t, ordinary space x and
velocity space v in six-dimensional phase space. The electric (E) and magnetic
(B) fields evolve according to Maxwell’s equations under the Darwin approximation
(provided in differential form in Equations 3.2 – 3.5) and Ohm’s law, with the Hall
term included (Equation 3.6). In these equations, J is the current density, ϵ0 is the
permittivity of free space, µ0 is permeability of free space, ne is the electron number
density and e is the electron charge.

δfs
δt

+ v · δfs
δx

+
qs
ms

(E + v × B) · δfs
δv

= 0 (3.1)

∇ · E =
ρ

ϵ0
(3.2)

∇ · B = 0 (3.3)

∇× E = −δB
δt

(3.4)

∇× B = µ0J (3.5)

E + v × B =
J × B
nee

(3.6)

The simulation used in Paper II is spatially two dimensional (2D) and three
dimensional in velocity space. The spatial resolution is 227 km and the velocity
resolution is 30 km/s. The simulation lies in the ecliptic XY plane of the Geocentric
Solar Ecliptic (GSE) coordinate system, which defines the Earth’s dipole moment
as being oriented in the Z direction with the Sun in the +X direction. The sim-
ulation domain in this run is −7 – 60RE in the X direction and ±30RE in the Y
direction. The −X and ±Y boundaries have Neumann outflow conditions and the
±Z (out-of-plane) boundaries are periodic. The inner boundary in this simulation is
located at radial distance of 5 RE and is a perfectly conducting sphere, with the dis-
tribution function in each cell at the inner boundary retaining its initial Maxwellian
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distribution throughout the run. The electric field is set to 0 at the inner boundary,
and the magnetic field tangential to the boundary is defined by the Earth’s dipole
field at this location. A steady solar wind flows in at the +X boundary, which is
initialised according to the parameters provided in Table 3.1; the Earth’s magneto-
sphere then self-consistently forms through the interaction between the solar wind
and the Earth’s magnetic field. This simulation had total duration of 685 s with time
resolution of 0.5 s, however Paper II began evaluation at t = 350 s to allow time for
magnetosphere formation, leaving an evaluated duration of 335 s. Figure 3.5 gives
an overview of this simulation and shows key parameters within the magnetosphere.

Parameter Value
Velocity (−600, 0, 0) km/s

Proton number density 3.3× 106 m−3

Temperature 5× 105 K
IMF magnitude 5 nT
IMF orientation (−cos 5◦, sin 5◦, 0)

Table 3.1: Parameters used to initialise the Vlasiator simulation utilised in Paper II.

3.2.2 DREAM3D

The three dimensional Dynamic Radiation Environment Assimilation Model
(DREAM3D) was used in Paper III to model the October 8 – 9, 2012, geomag-
netic storm. This is a Fokker-Planck simulation that returns the electron PSD as
a function of the three adiabatic invariants. The earlier iteration of this model is
DREAM, a one-dimensional model that couples a 1D radial diffusion physics model
to spacecraft observations using data assimilation (Reeves et al., 2012). DREAM3D
uses the same approach to convert spacecraft observations to PSD for use as ini-
tial and boundary conditions in DREAM, but DREAM3D simulation output is not
merged with the spacecraft data in a data assimilative framework. The initial con-
ditions of the simulations used in Paper III were specified from RBSP data, and the
TS04 model (Tsyganenko and Sitnov, 2005) was used to model the Earth’s geomag-
netic field during this storm. The µ and K grids spanned from 10−2 − 105 MeV/G
and 10−3 − 103 REG

1/2 respectively, equally spaced over a logarithmic scale. The
L∗ grid spanned from 1 – 11 with 0.1 resolution, and an open outer boundary was
set as df/dL∗ = 0 at L∗ = 11 in the same way as in Tu et al. (2014, 2019).

Determining L∗ in DREAM3D involves tracing magnetic field lines to determine
the magnetic mirror point as a function of K for each field line, and then connecting
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Figure 3.5: Outputs of the Vlasiator simulation in the equatorial plane with a steady
solar wind, 400 s after simulation initialisation. Subplot a shows the magnetic field
over the full simulation domain while subplot b zooms in to show the magnetic field
in the magnetosphere, with the same colour scale in each subplot. The red contours
in subplot b shows the guiding center drift paths evaluated in Paper II, with the red
dots on the outermost contours indicating the locations where the local magnetic
field fluctuations and dL∗/dt were evaluated. Subplot b is reproduced from Paper
II.

magnetic field lines with corresponding values of BM and K at adjacent longitudes to
construct a drift shell. The default behaviour of DREAM3D is to reject any magnetic
field lines with local maxima from drift shell construction, which is equivalent to
evaluating PSD composed solely of non-Shabansky electrons. Another criteria for
drift shell construction enables inclusion of magnetic field lines with local maxima less
than BM ; this is equivalent to evaluating PSD that consists of both non-Shabansky
and Shabansky type 1 electrons.

Six DREAM3D simulations were used in Paper III, evaluating three treatments
radial diffusion with both drift shell construction criteria. The pitch-angle and mo-
mentum diffusion due to interactions with VLF waves were removed from all simula-
tions, so radial diffusion was the only non-adiabatic transport process that could act
on the electron PSD. The radial diffusion was modelled according to three criteria;
first with no radial diffusion enabled in the simulation, then with a radial diffusion
model that assumed a dipolar magnetic field and finally with a radial diffusion model
that could be used in combination with an arbitrary geomagnetic field model. This
enabled evaluation of the importance of radial diffusion when evaluating the radia-
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tion belt response to geomagnetic storms, and also evaluation of the impact that the
treatment of the Earth’s magnetic field (either dipolar or with the TS04 model) has
on radial diffusion. The two drift shell criteria additionally enabled evaluation of the
importance of Shabansky type 1 particles during this event.

3.2.3 LANLGeoMag LCDS

Paper III utilised the LCDS calculated using the LANLGeoMag Software Library
(Henderson et al., 2017). The LCDS is population specific due to drift-shell split-
ting, so one of the key inputs to this model is the K value of the population being
evaluated. Paper III evaluated K values of 0.075, 0.1 and 0.125 REG

1/2, which are
significantly off-equatorial populations. The other key input is the geomagnetic field
model, which was set as the TS04 model.

The LANLGeoMag LCDS calculation is based on constructing a series of drift
shells at a given time until it eventually finds a location where a closed drift shell can
not be constructed. The first step of this process involves tracing a single magnetic
field at a set MLT and radial distance to ensure that it is closed, i.e. that both
footpoints of the magnetic field line intersect the Earth’s surface. The magnetic field
line is then traced from its minimum value to the BM value that corresponds to the
pitch angle defined by the input K value. The integral I is next calculated (Equation
2.6). These BM and I values along the initial magnetic field lines are used as targets
to construct the drift shell, as they uniquely define the drift shell in a static field.

Next, the code takes a step in longitude and conducts a latitudinal search for the
footpoint of a magnetic field line that produces the same BM and I values for the
input K. Once a magnetic field line has been found at this new longitude with the
target BM , I values, the code takes another longitudinal step and conducts the same
search. This process is repeated at a default of 96 MLT points to find a collection of
magnetic field lines with the same BM and I values around the entire Earth. The
magnetic flux through the footpoints of these magnetic field lines is then computed,
which is then used to calculate the L∗ coordinate. This approach broadly follows
the general approach for the calculation of L∗ summarised in Roederer and Lejosne
(2018) and is described in detail in Albert et al. (2018).

The code then returns to the initial MLT and takes another magnetic field line
that is radially more distant from the Earth (footpoints at higher latitudes). The
same process is repeated to construct a new drift shell and define L∗ in this location.
Eventually, the code will be unable to construct a closed drift shell at a given radial
distance and initial MLT, which means that L∗ can not be defined at this location.
The largest defined L∗ value is then set as the LCDS at this time.

38



In Paper III, the default settings were used to evaluate the LCDS, such as MLT
resolution of 96 points and 30 minute time resolution. The exception to this was
the treatment of magnetic field lines with local maxima. The default treatment of
LANLGeoMag LCDS is to reject all magnetic field lines with local maxima in drift
shell construction, so closed drift shells corresponding to Shabansky type 1, 2 and 3
particles can not be constructed. However, it is also possible to allow magnetic field
lines with local maxima less than BM in drift shell construction in the LANLGeoMag
LCDS code. This treatment corresponds to having defined L∗ for non-Shabansky
and Shabansky type 1 particles, while drift shells corresponding to Shabansky type
2 or 3 particles (local maxima greater than BM ) can not be constructed. Paper III
evaluated the LCDS with both of these settings for the treatment of magnetic field
lines in drift shell construction.
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4 Radial diffusion

Radial diffusion is the net motion of particles across drift shells towards or away
from the Earth. This occurs upon violation of the third adiabatic invariant and can
be driven by multiple processes, such as magnetospheric wave activity or sudden
compression of the magnetosphere. The perturbation must be magnetic local time
dependent (asymmetric) and occur on timescales comparable to the drift period of
a given population in order to drive radial diffusion of that population. The effect
of radial diffusion is quantified through the radial diffusion coefficient (DLL), which
is defined as

DLL =
1

2

d

dt
⟨∆L∗2⟩. (4.1)

Here, ∆L∗ is the net change in L∗ of a population at a given magnetic local
time and the ⟨⟩ brackets represent that this quantity is being averaged over the
guiding center drift path of the population. DLL has units of inverse time and is
typically expressed in units of day−1. The radial diffusion coefficient is a key input
to the Fokker-Planck equation, which describes the temporal evolution of a particle
population (Parker, 1960; Walt and MacDonald, 1961). The general form of this
equation for radiation belt particles that neglects all non-adiabatic motion except
for radial diffusion is

δf

δt
= L∗2 δ

δL∗

(
1

L∗2DLL
δf

δL∗

)
(4.2)

(Schulz and Lanzerotti, 1974). Physically, this equation means that the evolution of
a particle distribution function (f) over time can be described through the evolution
of f over L∗ under the influence of radial diffusion. The accurate determination of
the radial diffusion coefficients is essential for understanding the time evolution of
radiation belt electrons and is therefore a key concern in radiation belt studies.

The vast majority of radial diffusion studies evaluate this process under quasi-
linear theory. Quasilinear theory requires that the magnetic field fluctuations (∆B)
driving radial diffusion are sufficiently small compared to the total magnetic field
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in a given location, i.e. ∆B/B << 1, and for the perturbation in L∗ to be small,
so ∆L∗/L∗ << 1. Additionally, under quasilinear theory, all terms of higher order
than ⟨∆L∗2⟩ are assumed to be so small that they do not contribute to particle
transport. Finally, the radial diffusion coefficient must be evaluated over time scales
that are much greater than the driving fluctuations. The evolution of the distri-
bution function in a quasilinear theory of radial diffusion is therefore only valid on
timescales that are much greater than the drift period of the particles and ULF wave
period. The ULF Pc5 waves have periods of up to ten minutes, so quasilinear theory
of radial diffusion can not be rigorously applied to systems undergoing changes on
timescales of minutes, which can occur to the radiation belts upon impact of a solar
wind transient (e.g. Olifer et al., 2018).

4.1 Historical development and theory

The development of the theory of radial diffusion started soon after the discovery of
the radiation belts. The first theoretical descriptions of radial diffusion and deriva-
tions of DLL, such as those by Parker (1960) and Davis Jr. and Chang (1962),
assumed that radial diffusion was driven by a time-varying magnetic field and the
electric field that was induced through Faraday’s Law. Fälthammar (1965) next
showed that radial diffusion could also occur in a stationary magnetic field under
the influence of time-varying electric potential fields that can be generated from
convective motion. These early theoretical descriptions led to the radial diffusion
coefficients being divided into electrostatic (DE

LL) and electrodynamic (DM
LL) com-

ponents, summarised in Figure 4.1. The electrostatic component has theoretical
L-shell dependency of DE

LL ∝ L6, while the electrodynamic component has depen-
dency DM

LL ∝ L10 (Fälthammar, 1965). These dependencies were derived under the
assumption of a dipole geomagnetic field, where L-shell and L∗ are numerically equal.
The generation mechanisms of electrostatic and electrodynamic fields were assumed
to be uncoupled and thus statistically independent, so the total radial diffusion co-
efficient could be obtained by summing DE

LL and DM
LL.

Developments in satellite and instrumentation technology in the late 20th century
allowed for more detailed in-situ measurements of electron fluxes and wave activity in
the Earth’s radiation belt region. These new data were then used to develop empirical
models of radial diffusion based on the earlier theoretical works. For example, the
radial diffusion model by Brautigam and Albert (2000) was determined using in-
situ measurements of magnetic field and electron fluxes at two locations (4 RE and
6.6 RE) within the outer radiation belt during the 9 October 1990 geomagnetic storm.
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This model applies to an equatorial population and assumes a dipolar geomagnetic
field. The DE

LL expression was theoretically determined with dependence of L6,
based on the Fälthammar (1965) derivation, and used a KP dependent expression
for the root mean square of the electric field (Erms). The DM

LL was obtained from the
expression DM

LL = 10aKP−bL10, where a and b were determined to best fit DM
LL with

L10 dependence to the two point measurements. This L-shell dependency was also
based on the Fälthammar (1965) expression, despite the in-situ data not displaying
a L10 dependency. The complete expressions for DM

LL and DE
LL are

DE
LL =

1

4

(
cErms(KP )

B0

)2( T

1 + (ωDT/2)2

)
L6 (4.3)

DM
LL = 100.506KP−9.325L10, (4.4)

which is valid for KP values of 1 – 6. T is the exponential decay time that
has a constant value here of 0.75 hour, B0 is the Earth’s dipole moment and ωD is
the µ-dependent drift frequency of the population. The outcome of Brautigam and
Albert (2000) work is a simple radial diffusion model with only a single time-varying
parameter, and the radial diffusion coefficients produced from this model are plotted
in brown in Figure 4.2. This model can be easily implemented into simulations and
was quickly adopted by the radiation belt community (e.g. Lam et al., 2007; Kim
et al., 2011; Tu et al., 2019).

One major limitation of the division of radial diffusion into electrostatic and elec-
trodynamic components was the difficulty in dividing observational electric field data
between these two terms, i.e. separating the induced electric field from the electro-
static components. Fei et al. (2006) attempted to address this issue by dividing the
radial diffusion coefficients into those driven by magnetic field fluctuations and those
driven by electric field variations, again under quasilinear theory. The notation for
electrostatic, electromagnetic, magnetic and electric radial diffusion coefficients is not
clearly defined in the literature; often electrodynamic / magnetic and electrostatic
/ electric radial diffusion coefficients are used interchangeably and represented with
the same symbol. As an example, Fei et al. (2006) uses the DE

LL symbol to mean
the electric diffusion coefficient, while Brautigam and Albert (2000) used the same
symbol to represent the electrostatic diffusion coefficient. Here we will use De

LL to
describe electric radial diffusion coefficients (contrasted with DE

LL for the electro-
static term) and Db

LL to describe magnetic radial diffusion (contrasted with DM
LL for

electrodynamic radial diffusion).
The Fei et al. (2006) model determined the De

LL and Db
LL as functions of the

power spectral density of the electric and magnetic fluctuations respectively, shown
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Figure 4.1: Contributions from different electric and magnetic fields to the radial
diffusion components under the Fälthammar (1965) and Fei et al. (2006) formalisms,
which are then summed to obtain the total radial diffusion coefficient. The red arrow
shows where the coupling between terms occurs due to Faraday’s Law.

in Figure 4.1. The induced electric field was assumed to be negligible compared
to the electrostatic fields during the derivation, so the De

LL and Db
LL terms were

treated as uncoupled and summed to give the total radial diffusion coefficient. This
better suited for observational studies than the Fälthammar (1965) formalism, as
observational electric field data can be directly input into the model without requiring
division into the electrostatic and induced components, which is a rather difficult
undertaking. The Fei et al. (2006) approach has consequently been widely used in
radial diffusion studies based on observational data (e.g. Ozeke et al., 2012; Ali et al.,
2016; Sandhu et al., 2021).

One prominent radial diffusion model that uses the Fei et al. (2006) formalism
is the Ozeke et al. (2014) radial diffusion model, which provides a statistical, KP -
parametrised radial diffusion model. Ground-based electric data collected over a 15
year period were used to determine an expression for De

LL and ten years of in-situ
magnetic field data were used to develop the Db

LL expression. The Ozeke et al. (2014)
model gives DLL as a function of L-shell and is valid for KP values of 0 - 6, and
the resulting radial diffusion coefficients are shown in light blue in Figure 4.2. This
model performs similarly to the Brautigam and Albert (2000) model (Drozdov et al.,
2017), and has also become a popular radial diffusion model within the radiation
belts community (e.g. Li et al., 2016; Katsavrias et al., 2019).
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However, the assumption made by Fei et al. (2006) that the induced electric field
is negligible is lacking theoretical and observational justifications. The implications
of this assumption were investigated by Lejosne (2019), who evaluated radial diffusion
driven purely by magnetic field fluctuations and the resulting induced electric field.
In this scenario, the electrostatic radial diffusion coefficient is zero (so DLL = DM

LL

according to the Fälthammar (1965) treatment) and the electric radial diffusion
component (De

LL) is solely due to the induced electric field under the Fei et al.
(2006) formalism. The total radial diffusion coefficient obtained under the Fei et al.
(2006) treatment by summing De

LL and Db
LL was approximately half that obtained

under the Fälthammar (1965) treatment, so De
LL + Db

LL ≈ 0.5DM
LL. The Fei et al.

(2006) formalism is therefore erroneous due to the neglect of Faraday’s law. The
erroneous formalism has implications for all radial diffusion models that use the
electric / magnetic division of radial diffusion, including the widely-used Ozeke et al.
(2014) model.

The radial diffusion coefficients obtained with different models vary by several
orders of magnitude for a given L-shell, as demonstrated by Figure 4.2. Part of
this variation is due to the different levels of geomagnetic activity, including the
different storm drivers and wave activity generated during the various storms, as
illustrated by the dependence of geomagnetic indices. Some radial diffusion models,
such as the Brautigam and Albert (2000) model discussed earlier, use a single storm
to constrain their total radial diffusion coefficient. This is expected to introduce
inaccuracies in the model as the radiation belt response can vary significantly between
storms (Xiong et al., 2015), particularly based on the driver of a given storm (Turner
et al., 2019). Additionally, order of magnitude variation in the ULF wave power in
a given location can occur between storm phases (Sandhu et al., 2021), which is not
taken into account by statistical radial diffusion models such as Ozeke et al. (2014).
The vast majority of radial diffusion models, including the popular Brautigam and
Albert (2000) and Ozeke et al. (2014) models, evaluate radial diffusion over L-shell
instead of L∗; the consequences of this L-shell dependence are the focus of Paper
III. We propose that part of the variation between different radial diffusion models
is also due to the limitations of the theoretical framework that they are built on.
For example, the assumption of relatively small magnetic field fluctuations under
quasilinear theory may not apply to radial diffusion in storm conditions, as there
can be large and rapid magnetic field variations and intense ULF wave activity.
Additionally, the varying autocorrelation times between ULF fluctuations and the
radiation belt electron response can lead to radial diffusion coefficients with different
functional dependencies (Osmane and Lejosne, 2021), even within the confines of
quasilinear theory.
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Figure 4.2: Comparison of radial diffusion coefficients obtained by different mod-
els. In addition to the models discussed throughout this thesis, the radial diffusion
coefficients shown here are obtained from the models developed by Selesnick et al.
(1997), Elkington et al. (2003), Huang et al. (2010) and Sarma et al. (2020). Dashed
lines give the DLL obtained with KP parametrised models, which are shown here for
the upper and lower KP values used to develop a given model. Higher KP values
produce larger DLL values for a given radial diffusion model. Dotted lines show the
radial diffusion coefficients which are obtained for different solar wind speeds; Huang
et al. (2010) developed these coefficients for vsw = 400 km/s and vsw = 600 km/s,
with higher vsw corresponding to larger DLL values.

4.2 Time derivative of L∗

The fundamental property governing radial diffusion is the time-varying derivative
of L∗ that is sampled by a particle in motion, or the Lagrangian L∗ derivative. Due
to the MLT-asymmetry of the driving wave activity (which is required for radial
diffusion to occur), the variation of L∗ over time for a given population is also MLT-
dependent. We refer to the instantaneous L∗ time derivative at a single MLT point
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along a guiding center drift path as dL∗/dt. From this, the radial diffusion coefficient
can be calculated to a first order approximation according to

DL∗L∗ ≈
1

2∆t

〈(
dL∗

dt
∆t

)2〉
. (4.5)

Here, dL∗/dt is the instantaneous Lagrangian derivative of L∗ at a specific point
along the guiding centre drift path. ∆t is a sufficiently small timestep such that
dL∗/dt×∆t ≈ ∆L∗ and 1/∆t ≈ d/dt, recovering Equation 4.1. The brackets ⟨⟩ again
represent the instantaneous drift average, which is the average along the drift orbit of
a collection of particles at a given time. We use the notation DL∗L∗ for radial diffusion
coefficients here to emphasise that this is the radial diffusion coefficient evaluated
from transport across L∗, rather than the DLL notation used in the previous section
that refers to transport across L-shell due to the assumption of the dipole field used
in these studies. The quantity dL∗/dt can not be determined from DL∗L∗ as the
radial diffusion coefficient is an average over dL∗/dt, and information is lost during
this process that can not be recovered. The dL∗/dt of a population is therefore the
fundamental property underlying radial diffusion.

4.2.1 Derivation

We use the theoretical expression for dL∗/dt derived in Lejosne and Kollmann (Ap-
pendix, 2020). The underlying principles of this derivation are outlined here, and
the full derivation is reproduced in the Appendix.

This derivation of dL∗/dt only requires the following assumptions:

1. The population has defined adiabatic invariants.

2. The characteristic time (τC) of electromagnetic field fluctuations is significantly
greater than the gyro or bounce period and significantly shorter than the drift
period.

3. The plasma obeys the frozen-in condition.

These assumptions are also utilised in the Fälthammar (1965) and Fei et al.
(2006) formalisms. Point 1 excludes any particles that intersect the magnetopause
during their drift motion or populations that are undergoing drift orbit bifurcation.
The characteristic time referred to in Point 2 is the autocorrelation time of the elec-
tromagnetic field, which quantifies how long it takes for electromagnetic fluctuations
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to decorrelate. This can be understood as the time needed for the system to “forget”
its original state. Here we assume the following relation

τG << τB << τC << τD, (4.6)

which means that the fluctuations are short-lived when sampled by a population
during its drift motion.

Quasilinear theory is not utilised in this derivation. This means that the resulting
theoretical formalism can be applied to large amplitude wave activity (∆B/B ∼ 1,
∆L∗/L∗ ∼ 1). This additionally enables a non-zero advection term and non-zero
higher order terms, so this formalism of dL∗/dt could be applied to study transport
due to advection or the ⟨∆L∗3⟩, ⟨∆L∗4⟩, etc., terms. Finally, this formalism enables
the study of radial diffusion on shorter timescales than possible with quasilinear
theory. Radial diffusion must be evaluated over timescales much longer than the
driving wave activity under quasilinear theory, but this formalism enables radial
diffusion studies that are evaluated over timescales on the order of a few drift periods.

We begin our derivation by taking an initial guiding center drift path of an
equatorial population that is located at r0 at time t, Γ(r0, t). The guiding center drift
path moves distance dr0 in timestep dt, so the drift path is now Γ(r0 + dr0, t+ dt)).
The total change in flux through the guiding center drift path in dt is

dΦ = Φ(r0 + dr0, t+ dt)− Φ(r0, t). (4.7)

We divide the change in magnetic flux through Γ in time dt into spatial and
temporal components. The temporal and spatial changes in flux are uncoupled and
their sum is exactly equal to the total change in flux (see Equations A6 – A11).
The spatial change in flux, dΦA, evaluates the change in magnetic flux due to the
change in spatial location of Γ while the magnetic field remains temporally constant.
The temporal change in flux, dΦT , holds the guiding center drift path stationary at
location r0 and evaluates the change in flux from the magnetic field variation in time
dt.

The spatial change in magnetic flux is

dΦA(r0, t) =
∫∫

S(r0+dr0)
B(r, t+ dt) · dS −

∫∫
S(r0)

B(r, t+ dt) · dS (4.8)

dΦA(r0, t) = dt

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
δB

δt
(r, t)− dB

dt
(r0, t)

)
dl. (4.9)
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See Equations A12 – A18 for this derivation. dl is a line element that is parallel
to Γ(r0) at point r along the drift path and S is the surface bounded by the drift
path. The dB/dt term includes both the temporal variation in the magnetic field
(δB/δt) and the contribution of the drift motion of the charged particle to variations
in the magnetic field.

The temporal change in magnetic flux is

dΦT (r0, t) =
∫∫

S(r0)
B(r, t+ dt) · dS −

∫∫
S(r0)

B(r, t) · dS (4.10)

dΦT (r0, t) = dt

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
dB

dt
(r, t)− δB

δt
(r, t)

)
dl, (4.11)

as shown in Equations A19 – A25. The variation in magnetic flux in time dt due
to the combined motion of the drift path and temporal variation in the magnetic
field can then be expressed as

dΦ(r0, t) =dΦA(r0, t) + dΦT (r0, t) (4.12)

dΦ(r0, t) =dt

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
dB

dt
(r, t)− dB

dt
(r0, t)

)
dl. (4.13)

To first order, the instantaneous flux time derivative is

dΦ

dt
(r0, t) =

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
dB

dt
(r, t)− dB

dt
(r0, t)

)
dl. (4.14)

We then introduce the operator ⟨⟩φ that takes the spatial average along the
guiding center drift path, or “drift average”, of some quantity g

⟨g⟩φ(t) =
1

τD

∫ τD

0
g(r(τ), t)dτ, (4.15)

where dτ is a small timestep in which the particle drifts distance dl along Γ and
τD is the drift period of the particle. With this, the time derivative of the magnetic
flux becomes

dΦ

dt
(r0, t) =

µτD
γq

(〈
dB

dt

〉
φ

(t)− dB

dt
(r0, t)

)
(4.16)
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Now, we invoke the derivative of L∗ with respect to Φ from the definition of L∗

(Equation 2.9) to obtain

dΦ =
2πB0R

2
E

L∗2 dL∗, (4.17)

which gives the time derivative of L∗ as

dL∗

dt
=

µτD
qγ

L∗2

2πB0R2
E

(〈
dB

dt

〉
φ

− dB

dt

)
. (4.18)

Equation 4.18 gives the instantaneous L∗ time derivative of a particle with given
µ, τD and γ values (which can be determined from particle energy) from both the
local and drift averaged magnetic field fluctuations. The dL∗/dt value is given at
the same location on the guiding center drift path where the local fluctuations were
evaluated.

4.3 Methodology for dL∗/dt

Paper II developed a methodology to implement the theoretical framework to eval-
uate dL∗/dt from global electromagnetic field data. The application of this to the
calculation of DL∗L∗ is also demonstrated in Paper II. Global electric and magnetic
field data from the hybrid-Vlasov Vlasiator simulation (described in Subsection 3.2.1)
were used for the methodology development. The methodology obtained in this study
can be applied to any simulation that provides the necessary electric and magnetic
field data on a long enough timescale, i.e. a magnetohydrodynamic (MHD) or hybrid
simulation of near-Earth space that runs for many hours.

This methodology involves first calculating the initial L∗ of a population and
then evaluating the local and drift-averaged wave activity that a population drifting
at this L∗ would encounter. The drift period, first adiabatic invariant and Lorentz
factor of the population are then calculated, which are used to finally calculate the
dL∗/dt value. Each of these steps are explained in more depth in the following
subsections. Four guiding centre drift paths located in the outer radiation belt were
evaluated here, pictured in Figure 3.5b, and a relativistic electron population was
used for the methodology development and calculation of DL∗L∗.

The major generation mechanisms of ULF waves in the inner magnetosphere are
through substorm activity, pulsations in the solar wind at corresponding frequencies,
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impact of solar wind transients and transfer of foreshock waves through the magne-
topause, as discussed in Subsection 2.2.5. The simulation setup (spatially 2D with
steady driving solar wind) meant that foreshock-generated waves were the primary
source of inner magnetospheric ULF waves in the simulation used for Paper II. Ad-
ditionally, the ∼ 5 minute duration of the simulation meant that all ULF waves in
the Pc5 period range and the majority of ULF Pc4 waves were affected by temporal
edge effects of the simulation. Wave activity that were affected by these temporal
edge effects were removed, so the inner magnetospheric wave activity for the major-
ity of this simulation were ULF waves in the Pc1–Pc3 ranges. The wave amplitude
generally increased with increasing period, so the dynamics evaluated in Paper II
were predominantly driven by foreshock-generated ULF Pc3 waves.

4.3.1 Initial L∗

First, the guiding center drift path (Γ) of a population must be identified. This can be
obtained directly from the global magnetic field data by identifying a magnetic field
isocontour, which defines the drift path of an equatorial population. Four magnetic
field isocontours were evaluated in Paper II. These isocontours were taken at values
of 210 nT, 140 nT, 100 nT and 80 nT. The time and MLT averaged L-shells of these
isocontours are 5.28, 6.04, 6.75 and 7.27 respectively. To ensure that bounce motion
is conserved as the population undergoes radial diffusion, we take the running mean
of the spatial location of the guiding center drift path over a ten second interval.
Relativistic electrons in the outer radiation belt have characteristic bounce period
on the order of a tenth of a second, so this ten-second running mean indeed ensures
that this assumption holds true.

The L∗ of each drift path are calculated from the integral of the flux through
the surface bounded by the guiding center drift path. One popular way to do this is
to trace the field lines back to the Earth’s surface near the poles and compute the
flux integral over the Earth’s surface (Roederer and Lejosne, 2018). This was not
possible with the simulation utilised in Paper II due to its two-dimensional nature.
Instead, the global magnetic field data were used to directly evaluate the flux through
Γ according to

Φ(t) = −
2πB0R

3
E

R(t)
+
∑
n(t)

cAδBz(t), (4.19)

The first term in this equation gives the flux from the dipole magnetic field
through R(t), the MLT-averaged radial distance of Γ(t). The second term gives the
flux contribution from the perturbed magnetic field δBz through the n cells of area
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Figure 4.3: Subplot a shows the third adiabatic invariant (both flux and L∗) at each
timestep throughout the evaluated portion of the simulation. Subplot b shows the
wavelet power spectrum as calculated from the Morlet transform of the z component
of the magnetic field at 12 MLT. The black mesh shows the cone of influence and
the red dashed lines show the boundaries between the ULF Pc ranges. Subplot c
shows the local instantaneous magnetic field time derivative at noon and midnight,
and additionally shows the drift averaged dB/dt calculated from 8 MLT points along
the drift path. Subplot d shows the instantaneous time derivative of L∗ at noon and
midnight.
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cA that were contained within Γ at a given time. This approach assumes a dipolar
magnetic field within the inner boundary (i.e. δB = 0 at r less than 5 RE). This is
reasonable given the low distortion from a dipolar field in this simulation and given
that the Earth’s field is generally assumed to be dipolar below 4 RE Roederer and
Zhang (2014). The resulting L∗ coordinates (in order of increasing radial distance
and averaged over the simulation duration) are 5.21, 5.97, 6.67 and 7.18. The L∗

and flux through the 100 nT isocontour are shown in Figure 4.3a as an example of
the results for the third adiabatic invariant that were obtained with this approach.

4.3.2 Local dB/dt

The next step is to evaluate the driving wave activity that a particle encounters
during its drift motion. This driving wave activity must be evaluated at multiple
(N) points along the guiding center drift path to obtain the local fluctuations. These
points must be equally spaced in MLT to capture the global wave activity that a
particle experiences as it drift around the Earth. In general, the value of N must be
determined on a case-by-case basis in order to fully capture the wave activity across
the complete guiding center drift path in a given simulation. In the simulation used
in this study, the primary source of ULF waves was foreshock wave activity that
was transmitted to the magnetosphere. The smooth global distribution of the wave
activity (as opposed to highly localised peaks in wave activity) meant that N = 8
points were sufficient to capture the variations in wave activity along the drift path.

The electric and magnetic data at each MLT point on the drift path are extracted
from the simulation at each timestep. The temporal edge effects of the simulation
must then be removed from the data. This is done by first transforming the timeseries
of data into a wavelet power spectrum, then masking all data within the cone of
influence (COI), and finally reconstructing the timeseries according to Equation 11
of Torrence and Compo (1998). The COI is the wave period at a given time that is
affected by temporal edge effects; the duration of the simulation used in Paper II is
such that all Pc5 waves and the majority of Pc4 waves are within the COI, which is
indicated by the black mesh in Figure 4.3b. Therefore, radial diffusion in this study
is largely driven by ULF Pc3 waves.

The reconstructed electric and magnetic field data were then used to evaluate
the magnetic field time derivative according to

dB

dt
=

∂B

∂t
+

E× b̂

B
· ∇B. (4.20)

The analysis of the driving electromagnetic fluctuations in this study used the
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total electric field without requiring the division between electrostatic and induced
electric fields that is necessary under the Fälthammar (1965) approach. This ap-
proach is also consistent with Faraday’s law, unlike the Fei et al. (2006) formalism.
The wave activity is weaker on the nightside than on the dayside for each guiding
center drift path, and wave activity at a given MLT tends to decrease with decreasing
radial distance. This is consistent with foreshock-generated waves being the domi-
nant source of magnetospheric wave activity in the simulation used in Paper II. This
results in the magnetic field time derivative also having lower amplitude at low radial
distances and on the nightside. Figure 4.3b shows the wave activity at noon of the
guiding center drift path at L∗ = 6.67, and Figure 4.3c shows examples of the dB/dt
at noon and midnight along the same drift path.

4.3.3 Drift-averaged dB/dt

The drift-averaged wave activity along each drift path was then determined according
to 〈

dB

dt

〉
φ

=
1

N

∑
N

dB

dt
, (4.21)

which directly averages the local dB/dt along the drift path to determine the
drift-averaged activity at each timestep of the simulation. This is evaluated as the
mean of the local fluctuations at N points along the drift path. This is shown for
the drift path at L∗ = 6.67 in Figure 4.3c. Visual inspection of this figure shows that
the drift averaged wave activity has a longer period around the temporal midpoint
of the evaluated portion of the simulation than immediately at the start and end of
the evaluated time frame. This is a direct result of the masking performed in the
previous step. The longer period waves are only outside the COI near the middle of
the evaluated time period, while at the start and end of the evaluated time they are
inside the COI.

4.3.4 Population specific quantities

The population-specific quantities required to compute dL∗/dt are the first adiabatic
invariant, drift period and Lorentz factor, which can all be calculated from the pop-
ulation energy. A key factor to consider when selecting the population energy is the
corresponding drift period, which must enable the population to complete multiple
drift orbits within the simulation duration so that radial diffusion can take place.
The simulation utilised in Paper II however was a relatively short duration, limiting
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the energy of the population that could be evaluated as well as limiting the wave
periods resolved in the simulation.

A 3 MeV electron population was selected for analysis in Paper II. This energy
corresponds to drift periods that range from 210 – 290 s in the locations studied
here, so could complete at least one full drift orbit during the evaluated duration
(335 s) of the simulation. Table 4.1 summarises these quantities for a 3 MeV electron
population travelling along each of the evaluated guiding centre drift paths.

L∗ µ (MeV/G) τD (s) γ

5.21 14800 290 6.87
5.97 11800 253 6.87
6.67 8430 226 6.87
7.18 5620 210 6.87

Table 4.1: Key variables for a 3 MeV electron population travelling along the selected
drift paths that were used in the calculation of the L∗ time derivative. These values
are given to three significant figures.

4.3.5 Calculation of dL∗/dt

The final step is to combine the initial L∗, local and drift-averaged magnetic field
fluctuations and population specific quantities to compute dL∗/dt according to Equa-
tion 4.18. The dL∗/dt for the 3 MeV population at noon and midnight at initial L∗

of 6.67 is shown in Figure 4.3d. We can see a clear asymmetry over MLT in dL∗/dt,
which shows that radial diffusion does indeed occur here.

4.3.6 Applications of dL∗/dt

The most direct application of dL∗/dt is to compute the radial diffusion coefficients.
The DL∗L∗ of a 3 MeV electron population travelling along each of the four drift paths
to first order approximation (Equation 4.5) is given in Table 4.2 as a demonstration of
this application. These values are lower than those typically provided in the literature
by several orders of magnitude (see Figure 4.2). This occurred because ULF Pc5
waves, the primary driver of radial diffusion, were not present in the simulation used
in the development of this methodology due to its short duration.

Another key application of dL∗/dt is to evaluate radial diffusion beyond quasilin-
ear theory. Both the Fälthammar (1965) and Fei et al. (2006) formalisms are derived
under quasilinear theory, which assumes that all higher order terms are negligible.
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Magnetic isocontour (nT) L-shell Roederer L∗ DL∗L∗ (day−1)
210 5.28 5.21 1.25 × 10−6

140 6.04 5.97 2.01 ×10−6

100 6.75 6.67 1.00 ×10−5

80 7.27 7.18 5.68 ×10−5

Table 4.2: L-shell and Roederer L∗ coordinates for the four guiding center drift paths
and the radial diffusion coefficients calculated from dL∗/dt for a 3 MeV population.
These values are averaged over time and are given to three significant figures.

With the Lejosne and Kollmann (2020) formalism, we are able to evaluate these
higher order terms to assess if they are indeed negligible. The importance of the
advection term could also be evaluated here, as this is also assumed to be zero under
quasilinear theory. Radial diffusion is important not only for the transport of radia-
tion belt particles, but also for their enhancement and loss. Inward radial diffusion is
a major mechanism that causes particles to become energised (Lejosne et al., 2022),
while outward radial diffusion can transport particles across the magnetopause. Full
evaluation of the overall dynamics of the Earth’s radiation belt therefore requires
thorough evaluation of radial diffusion, which is now possible through the method-
ology outlined here and in Paper II. Some avenues of future study applying this
methodology are discussed in more depth in Section 6.2.
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5 Loss processes during ICMEs

The permanent loss of electrons from the radiation belts can occur through either
precipitation to the atmosphere or by passing through the magnetopause to be swept
away by the solar wind. Each of these loss processes can be significantly enhanced by
the impact of an ICME to the magnetosphere, causing intense dropouts of radiation
belt electrons. Different electron populations interact with different waves and have
different trajectories through space due to drift shell splitting, leading to energy
dependent losses and subsequent recovery during these dropout events. The internal
structure of the ICME, such as the shock, sheath and ejecta and the polarity of the
magnetic cloud, further complicates the magnetospheric response, which will be also
discussed in this chapter.

5.1 Loss via precipitation

Paper I studied the response of radiation belt electrons and precipitation from the
belts during two ICME-driven events on 26 June, 2013, and 30 December, 2015.
These ICMEs both had a leading shock that was followed by a sheath and then a
magnetic cloud where the north-south field (BZ) changed sign (also called a bipolar
magnetic cloud). The focus of Paper I was to understand the immediate impact of
the polarity of the magnetic cloud on the Earth’s radiation belts, in terms of both
the in-situ and precipitating electron fluxes.

During the December 2015 event, the magnetic cloud rotated from south to north
(S-N, Figure 5.1a), while the June 2013 event had Bz rotation from north to south (N-
S) during the cloud passage (Figure 5.1g). Each of these ICMEs drove a geomagnetic
storm of comparable intensity (consistent with Kilpua et al., 2012), as seen by the
Dst index in Figure 5.1b, h, with the most intense geomagnetic activity occurring
during the southward phase of the magnetic cloud in each case. RBSP observations
showed that chorus and plasmaspheric hiss wave activity were elevated during the
sheath and ejecta of each event. Higher wave power was observed during in the
December 2015 event (Figure 5.1c, d) than during the June 2013 event (Figure 5.1i, j),
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Figure 5.1: Magnetospheric and solar wind conditions during each of the two events
evaluated in Paper I. Subplots a and g show the total magnetic field and Bz compo-
nent, while subplots b and h show the magnetopause location (calculated from the
Shue et al., 1998, model) and the Dst index. In each of these subplots, the orange
line corresponds to the left axis and the green plot corresponds to the right axis.
Subplots c, d, i and j show the plasmaspheric hiss and chorus wave power measured
by the two Van Allen probes. The plasmaspheric hiss is shown in pink, and the upper
and lower band chorus waves are plotted in purple and blue, respectively. Subplots
e, f, k and l show the L-shell coverage of the RBSP with the MLT sector (in two hour
bins) indicated by the colour scale. The vertical red lines indicate the impact of the
leading shock, ejecta leading edge and ejecta trailing edge of the driving ICME.
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which is expected to correspond to greater precipitation of 10’s – 100’s keV electrons
(Kennel and Petschek, 1966). However, the wave activity was likely underestimated
during the June 2013 due to the RBSP being predominantly located in the afternoon
– midnight sectors (Figure 5.1k, l), where lower levels of chorus activity typically
occur (Yu et al., 2017; Meredith et al., 2020). Peak chorus and hiss waves generally
occur in the midnight – noon sectors (Yu et al., 2017; Meredith et al., 2020), so the
location of the RBSP during the December 2015 event (predominantly pre-dawn –
early afternoon, Figure 5.1e, f) was more favourable to detect these waves.

The precipitating electron flux (Jprecip) during the two events is shown in Figure
5.2. These were obtained from the logarithmic mean of the fluxes measured by the
0◦ (J0) and 90◦ (J90) telescopes of the MEPED instrument of the POES/MetOp
satellites (Equation 5.1). This was evaluated for the three integral energy channels
(>30 keV, >100 keV and >300 keV) at latitudes of 55 – 69◦, which corresponds to
equatorial L-shell of 3.4 – 8.8.

log10(Jprecip) =
1

2

(
log10(J0) + log10(J90)

)
(5.1)

Figure 5.3 shows the equatorial electron fluxes within the radiation belts from
the RBSP for four energy channels: 33 keV, 346 keV, 1079 keV and 3.4 MeV. These
energies correspond to the source, seed, core and relativistic populations respectively.
The 33 – 1079 keV fluxes were obtained from MagEIS while the 3.4 MeV electron
flux was measured by REPT.

The most intense mid-latitude electron precipitation in the December 2015 event
(S-N magnetic cloud) began quickly after the sheath ended, during the southward
phase of the magnetic cloud. The strongest precipitation response began around
the time when the Bz component was the most strongly southward. This precipita-
tion response was energy and latitude dependent. An enhancement in precipitating
fluxes occurred at mid-latitudes, and this enhancement began later for higher en-
ergy populations. There was a simultaneous decrease in the precipitating fluxes at
high latitudes. This high-latitude decrease in precipitation is visible in all popula-
tions but the intensity, duration and spatial extent of the depleted fluxes increased
with increasing energy. The precipitating fluxes stabilised during the northward por-
tion of the magnetic cloud. The region of strong enhancement in the >30 keV and
>100 keV precipitating fluxes moved to higher latitudes as Bz rotated northward and
the intensity of the precipitating fluxes also decreased. The mid-latitude >300 keV
precipitation remained consistently elevated throughout the northward phase of the
cloud. The high-latitude precipitating fluxes also recovered during this time, becom-
ing comparable to the pre-storm levels by the end of the ejecta.
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Figure 5.2: Precipitating fluxes during the two ICME-driven events studied in Paper
I, as calculated from the logarithmic mean of the electron fluxes in the 0◦ and 90◦

MEPED telescopes. The left y-axis in each subplot gives the latitude of the satellite,
while the right y-axis gives the L-shell corresponding to the satellite altitude. The
overlaid magneta line gives the plasmapause location, calculated according to the
O’Brien and Moldwin (2003) model, and the orange line gives the Shue et al. (1998)
magnetopause location. The vertical red lines indicate the timing of the leading
shock, ejecta leading edge and ejecta trailing edge. The colour map gives flux in
units of cts cm−2sr−1keV−1.

The largest changes to the outer belt electron fluxes also occurred during the
southward phase of the magnetic cloud of the December 2015 event. The 33 keV
fluxes were immediately enhanced upon the cloud arrival and intensified in concert
with the increased mid-latitude > 30 keV precipitation. The 346 keV radiation belt
population gradually enhanced during the southward phase of the cloud, which
is in agreement with previously described energy dependence in the precipitation
response. The 33 keV electron fluxes then smoothly decreased during the northward
portion of the magnetic cloud, while the 346 keV fluxes remained elevated, which
directly corresponds to the precipitation of the > 30 keV and >300 keV populations
respectively during this storm phase. No significant changes were observed in radia-
tion belt or precipitating fluxes after the trailing edge of the magnetic cloud, showing
the quick recovery time of the radiation belt environment to the S-N magnetic cloud.
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Figure 5.3: Outer radiation belt electron fluxes during the two ICME-driven events
studied in Paper I. RBSP data were used to obtain the electron fluxes, which are
given here in units of cts cm−2sr−1keV−1, with the 33 keV, 346 keV and 1079 keV
fluxes obtained from MagEIS and the 3.4 MeV fluxes from REPT. The left y-axis
in each subplot gives the RBSP L-shell, while the right y-axis gives the correspond-
ing latitude. The overlaid magneta line gives the plasmapause location, calculated
according to the O’Brien and Moldwin (2003) model, and the orange line gives the
Shue et al. (1998) magnetopause location. The vertical red lines indicate the timing
of the leading shock, ejecta leading edge and ejecta trailing edge.

In the June 2013 event, the N-S rotation of the magnetic cloud results in signifi-
cantly different timing and coherence of the electron response, for both the trapped
and precipitating fluxes, compared to the S-N rotation of the December 2015 event.
While some minor response occurred upon the ejecta arrival, the clearest changes did
not occur until the arrival of the southward field in the trailing part of the magnetic
cloud. The overall response of the precipitating fluxes to the N-S cloud were sim-
ilar to the S-N response, with features such as mid-latitude enhancement and high
latitude depletion also occurring during the June 2013 event. The different timing
of this strong precipitation response is the key distinction between the precipitating
fluxes during the S-N and N-S magnetic clouds.

The outer belt electron fluxes during the June 2013 event also have their greatest
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response to the driving ICME during the time of the southward fields in the trailing
half of the magnetic cloud. A distinct difference to the December 2015 event is the
patchiness of the intensification of the 33 keV population, with little coherence in
the enhancement over time or space. This lack of coherence is likely due to the
combination of injection of ∼10’s keV electrons, perhaps from the magnetotail, and
their strong precipitation due to the elevated chorus activity. Energy-dependent
depletion of the radiation belt populations at high L-shell also occurs during the
southward portion of the ejecta, with higher energy populations having more intense
depletions that spread lower in L-shell. The location, timing and energy dependence
of the radiation belt electron dropout corresponds to the disappearance of high-
latitude precipitation, which suggest that the loss is due to magnetopause shadowing.

There was a long recovery time for the June 2013 event, in contrast to the rapid
recovery from the December 2015 event. The geoeffectiveness of magnetic clouds
with north-south field rotation is known to enhance when trailed by the fast stream
(Kilpua et al., 2012). Therefore, the long recovery is likely due to the close proximity
of the southward magnetic fields at the end of the cloud to the elevated solar wind
speed interval following the ICME (see Figure 1c of Paper I).

Paper I shows that there is a strong link between the timing, strength and location
of the electron precipitation and the polarity of the magnetic cloud. Additionally,
the post-storm electron dynamics are significantly affected by the orientation of the
magnetic cloud and the following solar wind stream pattern. The radiation belt
electron fluxes and precipitation already stabilised during the ejecta with the south-
north magnetic cloud rotation, while the ejecta with the north-south rotation that
was followed by a faster stream had the most intense disruptions to the trapped and
precipitating fluxes occurring near the end of the ejecta and long recovery. These case
studies illustrate the importance of considering the magnetic polarity of the driving
solar wind transients when evaluating geomagnetic storms, both to understand the
electron dynamics during the storm and the subsequent recovery.

5.2 Loss to magnetopause

Paper III assessed the effects of the treatment of the geomagnetic field on the com-
puted loss of radiation belt electrons to the magnetopause. The primary focus was
a comparison of the treatment of the geomagnetic field as dipolar or non-dipolar
during radial diffusion, which acted to transport particles outward across the mag-
netopause. This study also assessed the contribution of Shabansky type 1 particles
to the total loss across the magnetopause. These effects were evaluated during an
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ICME-driven event, when the strong solar wind forcing is expected to significantly
distort the Earth’s magnetic field from the dipolar configuration.

The ICME that drove this event impacted on October 8, 2012, and caused a
strong dropout of relativistic electrons from the radiation belts. Figure 5.4 shows an
example of the deep dropout of a relativistic electron population during this event,
using PSD calculated from GPS data.

This study used the DREAM3D model, which is outlined in Subsection 3.2.2,
combined with the LANLGeoMag LCDS code (Subsection 3.2.3). The DREAM3D
model provided the electron PSD that was used to evaluate the magnitude of the
dropout, while the LANLGeoMag LCDS code provided the K-dependent location
of the magnetopause in adiabatic space. A comparison of the LCDS to the mag-
netopause location calculated from the Shue et al. (1998) model is shown in Figure
2.8b. The DREAM3D simulations and LANLGeoMag LCDS calculations were run
with the TS04 geomagnetic field model from October 8 – 9, 2012. The DREAM3D
simulations were evaluated with and without radial diffusion, and the simulations
with radial diffusion were evaluated with either the Brautigam and Albert (2000)
or the Cunningham (2016) model. All wave-particle interactions and non-adiabatic
processes other than radial diffusion were turned off in DREAM3D in order to isolate
the effects of radial diffusion on the loss across the magnetopause. This additionally
meant that particles were not lost via precipitation in these simulations. When ra-
dial diffusion was turned off, the loss only occurred due to inward incursion of the
magnetopause. When radial diffusion was enabled, the loss resulted from a combina-
tion of inward motion of the magnetopause and outward transport of radiation belt
electrons.

The Brautigam and Albert (2000) radial diffusion model is outlined in Section 4.1,
but to briefly summarise: this is an empirical model that is based on observations of
the electric and magnetic fields and fit to the theoretical L∗ dependencies obtained
under the Fälthammar (1965) formalism. The Fälthammar (1965) derivation was
performed under the assumption of a dipolar magnetic field, so the Brautigam and
Albert (2000) model in turn evaluates radial diffusion in a dipole. The Cunningham
(2016) radial diffusion model is a semi-empirical model that directly evaluates the
variation in the adiabatic invariants of a population against an arbitrary background
magnetic field model.

These three radial diffusion criteria (no diffusion, Brautigam and Albert (2000),
Cunningham (2016)) were each evaluated with two treatments of magnetic field lines
with local maximum, resulting in a total of six simulations. For each radial diffusion
criteria, all magnetic field lines with local maximum were first excluded from drift
shell construction; this is equivalent to only including non-Shabansky particles in
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Figure 5.4: PSD of a relativistic electron population (K = 0.1REG
1/2, µ =

2300 MeV/G) during the October 2012 dropout event. This PSD was obtained
from GPS data that were combined with the REPAD pitch angle model and the
TS04 geomagnetic field model. The semi-transparent bins indicate the times and lo-
cations where these data represent less than 10% of the total population. The LCDS
of the three K values considered in Paper III are also plotted here (0.075, 0.1 and
0.125 REG

1/2), with higher K being plotted in darker shades. The vertical red lines
indicate the the times that the leading shock, leading edge of the ejecta and trailing
edge of the ejecta impacted the Earth’s magnetosphere. Reproduced from Paper III.

the PSD and excluding particles on Shabansky type 1, 2 and 3 orbits (the three
Shabansky orbits are described in Subsection 2.2.2). Next, the magnetic field lines
with a local maximum were allowed in drift shell construction, but only if the local
maximum were less than the magnetic mirror value of a given population. This
is equivalent to including both non-Shabansky and Shabansky type 1 particles in
the PSD while excluding the Shabansky type 2 and 3 particles that undergo drift
orbit bifurcation. This approach enabled evaluation of the role of Shabansky type 1
particles to loss across the magnetopause.

Three K values were considered in this study: K = 0.075 REG
1/2, K =

0.1 REG
1/2 and K = 0.125 REG

1/2. The LCDS calculation for these K were
evaluated both with and without local maximum in magnetic field lines (for local
maximum less than BM ), although little difference was found, consistent with Albert
et al. (2018). The LCDS during the dropout event are shown in Figure 5.4. The key
quantity obtained from the LCDS code was the minimum LCDS (minLCDS) dur-
ing the investigated event. The minLCDS values in order of increasing K are 5.38,
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5.35 and 5.32. The timing of minLCDS was also K-dependent, occurring at 13:00
October 8 for K = 0.075REG

1/2 and at 9:00 October 8 for the other two evaluated
K values. The value and timing of minLCDS for a given K was the same for both
treatments of magnetic field lines with local maximum evaluated in this study.

The minLCDS value for a given K was then combined with the DLL from a
given radial diffusion model to compute L∗

loss. The L∗
loss value is the greatest L∗

where a particle can be located at the initial time (ti) and remain trapped within the
radiation belts at the time of minLCDS (tf ), accounting for both the outward radial
diffusion and the inward magnetopause motion. The initial PSD was obtained from
the DREAM3D simulations at initial time of 00:15, October 8, which was the first
simulation output and was therefore the same for each simulation. Any differences in
the loss of a given population (with given µ and K values, and including / excluding
Shabansky type 1 particles from the initial population) was therefore solely due to
the radial diffusion criteria.

In the scenario with no radial diffusion, the L∗
loss value was equal to minLCDS

as no transport across drift shells occurred in the simulation. When radial diffusion
was enabled, the radial diffusion coefficients from either Brautigam and Albert (2000)
or Cunningham (2016) were used to calculate L∗

loss, assuming that radial diffusion
always acted to transport particles outward to obtain an upper limit to the loss
across the magnetopause. A particle that is initially located at L∗ ≤ L∗

loss will
remain trapped within the radiation belts, while any particles initially located at
L∗ > L∗

loss would be located beyond the minLCDS at tf and so are lost across the
magnetopause. The total loss was then calculated by summing the initial PSD that
was located at L∗ > L∗

loss.
The loss of relativistic electron populations to the magnetopause during the Oc-

tober 2012 dropout is shown in Figure 5.5. The total loss of relativistic electrons
is shown in the top row, which immediately shows that the total loss to the mag-
netopause is almost an order of magnitude higher when radial diffusion is included.
This emphasises the essential role that outward transport via radial diffusion plays
in the loss of radiation belt particles across the magnetopause. The percentage of
the initial PSD that was lost is shown in the bottom row of Figure 5.5 to better show
the impact of the choice of radial diffusion model on loss across the magnetopause.
There is up to 10% more loss with the Cunningham (2016) model than with the
Brautigam and Albert (2000) model for a given population, showing the significance
of the treatment of the geomagnetic field when evaluating radial diffusion

The importance of geomagnetic field treatment arises due to the interplay
between the Dst effect and radial diffusion. One of the assumptions the Brautigam
and Albert (2000) model, which derives from Fälthammar (1965), is that ULF
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Figure 5.5: Comparison between loss to the magnetopause with no radial diffusion,
radial diffusion with the Brautigam and Albert (2000) model, and radial diffusion
with the Cunningham (2016) model during the October 2012 dropout event. The
Brautigam and Albert (2000) model assumes a dipolar magnetic field while the Cun-
ningham (2016) model was here evaluated against the (non-dipolar) TS04 geomag-
netic field model. The initial PSD used to calculate the loss here was composed only
of non-Shabansky particles, excluding particles on Shabansky type 1, 2 and 3 orbits.
Reproduced from Paper III.

wave activity increases with radial distance from the Earth. This assumption
was also used in the statistical ULF field model that was combined with the
Cunningham (2016) model in this study. When the Dst effect acts on a population,
the particles remain at a constant L∗ while moving to higher L-shell. The DLL

at a fixed L∗ then increases because of the greater driving wave activity at higher
radial distances. The Dst effect arises due to the magnetic field generated by the
ring current, and is thus a consequence of the non-dipolar geomagnetic field. A
major avenue of future study however involves validation of the assumed spatial
variation of ULF wave activity in the Fälthammar (1965) approach, as this is
likely majorly simplified from the true wave distribution, particularly geomagnetic
storms. Obtaining a more realistic, event-specific ULF wave model will enable more
thorough evaluation of radial diffusion, including its importance in dropout events.
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Figure 5.5 shows the loss calculated from initial PSD composed solely of non-
Shabansky particles; including Shabansky type 1 particles in the initial PSD popula-
tion results in slightly more loss (increase of ∼ 1− 2% for a given µ and K from the
non-Shabansky population) but the same overall trends hold for this population as
for the non-Shabansky population. Shabansky type 2 and 3 particles are located at
greater radial distances than Shabansky type 1 particles, for the same initial (night-
side) K value, so inclusion of these particles would therefore likely further increase
the loss to the magnetopause. Modelling Shabansky type 2 and 3 orbits presents
significant challenges; the undefined K and L∗ values of particles undergoing drift
orbit bifurcation mean that they can not currently be incorporated into Fokker-
Planck simulations, such as DREAM3D, without major assumptions. This could be
addressed, for example, by combining test particle tracing with a global MHD or
hybrid magnetospheric simulation to evaluate the role of particles undergoing drift
orbit bifurcation to electron dropout events.
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6 Conclusions

The Earth’s radiation belts are a complex environment that can have highly damag-
ing space weather effects. Mitigation and prevention of these space weather effects
requires a comprehensive understanding of the dynamics of energetic charged parti-
cles in this environment. More specifically, we must understand the processes that
lead to the enhancement, loss and transport of radiation belt electrons and how mag-
netospheric and solar wind conditions control these processes. Interplanetary coronal
mass ejections (ICMEs) can cause extreme space weather effects, so it is particularly
important to understand the radiation belt response to these powerful solar wind
transients. The studies included in this thesis examine the permanent loss of radi-
ation belt electrons in response to ICMEs and their non-adiabatic transport, which
can result in both enhancement and loss of radiation belt particles. The conclusions
and impact of this thesis work to the field is outlined below, which is followed by a
discussion of future avenues of research.

6.1 Main conclusions and impacts of conducted research

Paper I was the first study to investigate in detail the effect of the magnetic cloud’s
polarity to electron precipitation and in-situ radiation belt fluxes during the ICME
impact. This study compared the electron flux components during two bipolar mag-
netic clouds with opposite rotation, comparing a south-north polarity magnetic cloud
to a north-south cloud (December 2015 and June 2013, respectively). While the
overall radiation belt response to the two events was reasonably similar, consistent
with Kilpua et al. (2012), some key differences occurred during the ICMEs due to
the opposite rotation of the BZ component of the magnetic cloud. In each case,
the southward portion of the magnetic cloud corresponded to a strong increase in
the mid-latitude precipitation and a decrease in high-latitude precipitation, which
directly reflected the dynamics of radiation belt fluxes of corresponding energies.
In the December 2015 event, with south-north magnetic cloud rotation, there were
smooth variations in both the electron precipitation and the in-situ radiation belt
fluxes within the magnetic cloud that rapidly recovered after the trailing edge of the
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ICME. There were energy and L-shell / latitude dependent enhancements and de-
pletions in the precipitating and in-situ fluxes, which primarily occurred during the
southward portion of the magnetic cloud. The June 2013 event, with north-south
magnetic cloud rotation, had a much longer recovery time following the end of the
ICME and a significantly less coherent radiation belt response. The greatest electron
flux response (precipitating and within the radiation belts) also occurred during the
southward phase of the magnetic cloud during this storm, again with enhancements
and depletions that varied with energy and location. These case studies illustrate
the complex response of radiation belt electron fluxes to ICMEs and the importance
of considering the internal structure when interpreting this response. The response
of radiation belt electrons to the leading sheath of ICMEs has been a focus recently
(e.g. Kilpua et al., 2019; Kalliokoski et al., 2020, 2022), and Paper I shows that the
magnetic cloud polarity is another key factor that additionally needs to be consid-
ered.

Paper II developed a novel methodology to compute radial diffusion based on the
theoretical formalism outlined in Lejosne and Kollmann (2020). This formalism goes
beyond quasilinear theory, and is therefore suitable for evaluating radial diffusion on
short timescales that is driven by large amplitude magnetic field fluctuations. The
methodology developed in Paper II used magnetic and electric field data output from
the hybrid-Vlasov Vlasiator simulation, but the method can be directly applied to
any global magnetospheric simulation that gives the required electric and magnetic
field data. This presents a major advancement from the Fälthammar (1965) and Fei
et al. (2006) formalisms for estimating radial diffusion. Both of these formalisms are
derived under quasilinear theory and they have been used in the development of the
vast majority of radial diffusion models (e.g., Brautigam and Albert, 2000; Ozeke
et al., 2014). Evaluating radial diffusion beyond quasilinear theory to more thor-
oughly evaluate its impact on radiation belt enhancements (through inward trans-
port) and losses (through outward transport) is an important step toward a more
comprehensive understanding of our near-Earth space environment.

Paper III evaluated the treatment of the Earth’s geomagnetic magnetic field on
the quantification of loss during an electron dropout event that occurred in October
2012. The central focus of this paper was the impact that treatment of the Earth’s
field as dipolar or non-dipolar had on outward transport across the magnetopause
via radial diffusion, and it also addressed the contribution of Shabansky type 1
particles, which bounce along magnetic field lines with local maxima, to the electron
dropout event. This study found that evaluating radial diffusion against a non-
dipolar geomagnetic field increased the loss of a given population by up to 10%, as
compared to radial diffusion in a dipole. Including Shabansky type 1 particles in
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the loss calculation increased the loss by ∼ 1%, compared to an initial population
that was composed solely of non-Shabansky particles. Radial diffusion is typically
evaluated under a dipole; the popular Brautigam and Albert (2000) model has L∗

dependence that was derived by Fälthammar (1965) in a dipole field, and the Ozeke
et al. (2014) model has L∗ dependence that is similarly based on a dipole assumption.
Paper III shows for the first time that this underlying assumption of radial diffusion
models is majorly limited and can significantly impact the evaluation of loss across
the magnetopause. This is particularly important during the impact of solar wind
transients, as these can cause major disturbances in the Earth’s geomagnetic field.
The results of Paper III imply that the accurate modelling of the radiation belt
response during such strong driving requires radial diffusion modelling to take into
account the strongly non-dipolar configuration of the geomagnetic field.

6.2 Future avenues of research

A key open question in radiation belt physics is “what is the dominant mechanism
of radiation belt enhancements?”. This debate was recently summarised in Lejosne
et al. (2022), which concluded that it is not yet possible to determine the relative
importance of inward radial diffusion and local acceleration to electron energisation.
A more comprehensive examination of radial diffusion is necessary to answer this
question, including moving beyond quasilinear theory and accounting for the non-
dipolar configuration of the Earth’s geomagnetic field.

The methodology outlined in Paper II provides the ability to evaluate dL∗/dt,
the fundamental quantity underlying radial diffusion, beyond quasilinear theory. The
radial diffusion coefficients can then be calculated from dL∗/dt. This methodology
can be used with either magnetohydrodynamic or hybrid simulations of the magne-
tosphere, which could be run for a range of solar wind conditions. Radial diffusion
coefficients are commonly parametrised with only the geomagnetic KP index (e.g.
Brautigam and Albert, 2000; Ozeke et al., 2014), but in reality there is a more
complex interplay between various solar wind parameters (such as speed, dynamic
pressure and polarity) and the inner magnetospheric ultralow frequency (ULF) wave
activity (Dimitrakoudis et al., 2022) that drives radial diffusion. These solar wind
parameters should also be taken into account when evaluating and parametrising
radial diffusion. Case studies on the impact of these solar wind parameters on the
radial diffusion coefficients are an important avenue of future research, and this topic
could be examined in-depth with the Paper II methodology.

Another important avenue of research enabled by the Paper II methodology is the
radial diffusion response to different phases of a given solar wind transient. Sandhu
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et al. (2021) showed that the radial diffusion coefficients in a given location vary by
orders of magnitude between the initial, main and recovery phases of ICME-driven
geomagnetic storms, based on statistical analysis of Van Allen probes observations.
This study was however based on quasilinear theory, and it is unclear if this theo-
retical formalism is applicable to examine the radiation belt response within ICMEs
due to the relatively short time scales and large-amplitude wave activity. A case
study of the radial diffusion response to a simulated ICME-driven storm (or other
solar wind transient) beyond quasilinear theory, with focus on the response during
different storm phases, would extend on this research. This would additionally allow
the radial diffusion response within an ICME to be examined at greater MLT and
L∗ resolution than is currently possible with observational data.

The improved evaluation of the radial diffusion coefficients is only one of the
applications of the methodology developed in Paper II. This methodology could also
be directly applied to evaluate radial transport through advection or higher order
changes in L∗ (⟨(∆L∗)3,4,etc⟩). These terms are assumed to be zero under quasilin-
ear theory but this assumption does not have experimental or observational valida-
tion. Evaluating the advection and higher order terms would enable determination
of whether these assumptions underlying quasilinear theory are generally reasonable
and under what (if any) solar wind driving conditions they do not hold. Of partic-
ular interest is whether or not quasilinear theory holds during geomagnetic storms
driven by solar wind transients, as it is important to accurately model these events
to correctly predict their space weather events.

It is also essential to thoroughly consider the underlying drivers of radial diffusion,
i.e. the magnetospheric ULF waves. The importance of accurate ULF models for
radial diffusion was a central point discussed in Drozdov et al. (2022). Magnetic
local time (MLT) asymmetry of these waves is essential for radial diffusion to occur.
The occurrence of ULF waves varies also with the radial distance from the Earth
and the effectiveness of diffusion depends on the wave power and frequency. The
global distribution of ULF waves have been previously studied (e.g. Agapitov and
Cheremnykh, 2013; Liu et al., 2016; Sandhu et al., 2021), but these are typically
statistical studies that examine a single frequency range. The complex and varying
response of the radiation belts even to relatively similar drivers, illustrated by Paper
I, however means that there may be significant variations between events that are
not captured well by statistical models. Untangling the dependence of ULF wave
activity on MLT, radial distance and solar wind conditions during individual events
is severely hampered by the limited spatial coverage of satellites. The need for multi-
point satellite observations to better evaluate the ULF wave activity and its impact on
radial diffusion and broader radiation belt dynamics was one of the main conclusions
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of Drozdov et al. (2022). This work also emphasised that the observations need
to be made at high sampling time, with satellites observing approximately the same
location with ≤∼ 1 hour separation, to distinguish the effects of radial diffusion from
local acceleration during enhancements. A suitable spacecraft fleet to determine the
global ULF distribution would be composed of a large number of spacecraft (≥ 4)
that are equally spaced in MLT and that move across L-shells while measuring the
electric and magnetic fields within the Earth’s inner magnetosphere.

Another transport mechanism that has the potential to majorly influence the
outer radiation belt is radial transport that arises directly from drift orbit bifur-
cation. Drift orbit bifurcation can directly lead to outward radial transport in the
absence of magnetic field fluctuations (Ukhorskiy et al., 2011) and increase the rate
of radial transport by an order of magnitude for particles with large pitch angles
when magnetospheric ULF waves are present (Ukhorskiy et al., 2014). Shabansky
type 2 and 3 particles (which undergo drift orbit bifurcation) are typically found
within ∼ 1RE of the subsolar magnetopause (Desai et al., 2021), so they are ex-
pected to be effectively removed during a sudden compression of the magnetopause.
An important extension of the research presented in Paper III is to include Sha-
bansky 2 and 3 particles in the evaluation of dropout events, including the effects
of this bifurcation-induced radial transport to loss across the magnetopause. This
could be done by combining test particle tracing codes with global MHD or hybrid
simulations, in the same manner as in studies such as Ukhorskiy et al. (2014); Desai
et al. (2021). Implementation of Shabansky 2 and 3 particles into Fokker-Planck sim-
ulations, such as the DREAM3D simulation used in Paper III, by estimating the K
partitioning of these particles to define their adiabatic invariants could also provide
a way to investigate these phenomena.

Moving beyond Earth, the radiation belt dynamics at Jupiter are an active field
of research. There have recently been white papers submitted to calls from both
NASA (Kollmann et al., 2021) and ESA (Roussos et al., 2021) for spacecraft mis-
sions to observe Jupiter’s radiation belts. One major reason why Jupiter’s radiation
belts are of special interest is the extremely high energies that electrons here can
reach (up to 70 MeV, Bolton et al., 2002), the mechanism for which is yet unknown.
The methodology of Paper II, while developed with a simulation of Earth’s magneto-
sphere, could be directly applied to simulations of Jupiter’s magnetosphere to study
radial diffusion in this environment. It is possible that radial diffusion could play
a similar role in radiation belt enhancements at Jupiter as in the Earth’s radiation
belts. Evaluation of radial diffusion in this environment with the Paper II method-
ology could lead to improved understanding of the acceleration, transport and loss
mechanisms acting on particles in Jupiter’s radiation belts.
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Appendix: Full derivation of dL∗/dt

We reproduce here the derivation for dL∗/dt in Lejosne and Kollmann (Appendix,
2020). This derivation assumes that the population always has defined µ,K and
L∗ with an autocorrelation time of the magnetic field that is significantly greater
than the period of gyromotion or bounce motion and significantly less than the
period of drift motion. It also assumes that the frozen-in condition (alternatively,
Alfven’s theorum, Alfven, 1942) is obeyed throughout the the duration of motion
and that the first and second adiabatic invariants remain conserved while the third
is violated. These assumptions are typical of radiation belt studies; the Fälthammar
(1965) and Fei et al. (2006) formalisms of radial diffusion (described in Section 4.1)
also make these assumptions. We emphasise however that the Lejosne and Kollmann
(2020) formalism does not require any assumptions beyond this, so is not confined
to quasilinear scenarios (small perturbations on long timescales) as in these other
prominent radial diffusion formalisms.

The third adiabatic invariant, the magnetic flux through the guiding center drift
path, changes when a population undergoes radial diffusion. There are two contribu-
tions to this: 1) the spatial motion of the drift path, and 2) the temporal variation in
the magnetic field strength. The objective of this derivation is to express the dL∗/dt
that results from the motion of the drift path and changing magnetic field, following
sections A.2 and A.4 of Lejosne and Kollmann (2020).

For this derivation, we evaluate an equatorial electron that is travelling along a
guiding center drift path Γ, where Γ is dependent on the initial spatial location of
the electron’s guiding center drift path (r0). During timestep dt, which is on the
timescale of the characteristic fluctuations of the electromagnetic field, the particle’s
guiding center drift path will move distance dr0 due to radial diffusion and will be
located on a final guiding center drift path defined as Γ(r0 + dr0). This derivation
is performed for radial diffusion driven by a time-varying magnetic field (electro-
dynamic radial diffusion under the Fälthammar, 1965, formalism). However, we
calculate the instantaneous time derivative of the magnetic field in the Lagrangian
formalism, which includes the total electric field (i.e. both the induced field and the
electrostatic components), and so this Lagrangian derivative encompasses all of the
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driving wave activity. This formalism therefore includes both the electrostatic and
electrodynamic drivers of radial diffusion in a single equation, going beyond the need
to divide the drivers of radial diffusion into electrostatic / electrodynamic or electric
/ magnetic components as in Fälthammar (1965) or Fei et al. (2006) respectively.

The flux through the surface S bounded by initial guiding center drift path (at
location r0 at time t) is

Φ(r0, t) =
∫∫

S(r0)
B(r, t) · dS. (A1)

After time dt, the drift path is now located at r0 + dr0 so the flux through the
surface that it bounds is

Φ(r0 + dr0, t+ dt) =

∫∫
S(r0+dr0)

B(r, t+ dt) · dS. (A2)

The change in magnetic flux in time dt is therefore

dΦ(r0, t) = Φ(r0 + dr0, t+ dt)− Φ(r0, t). (A3)

This can be divided into a spatial contribution (dΦA), from the movement of
the drift path through space, and a temporal component (dΦT ), from the changing
magnetic field through the initial drift contour. These spatial and temporal changes
in flux are then summed to obtain the total change in flux in time dt.

To determine the spatial contribution of the change in flux, we consider the area
A(r0) that makes up the difference between the surface bounded by the initial, Γ(r0),
and final, Γ(r0 + dr0), drift paths. The flux through area A(r0) is

dΦA(r0, t) =
∫∫

S(r0+dr0)
B(r, t+ dt) · dS −

∫∫
S(r0)

B(r, t+ dt) · dS. (A4)

The temporal change in flux then arises due to the variation in magnetic field
strength in time dt. This change in flux is evaluated through a stationary drift path,
so Γ remains at its initial position

dΦT (r0, t) =
∫∫

S(r0)
B(r, t+ dt) · dS −

∫∫
S(r0)

B(r, t) · dS. (A5)

73



To verify this division into spatial and temporal changes in flux, we evaluate the
sum of these changes in flux:

dΦ(r0, t) =dΦA(r0, t) + dΦT (r0, t) (A6)

dΦ(r0, t) =
(∫∫

S(r0+dr0)
B(r, t+ dt) · dS −

∫∫
S(r0)

B(r, t+ dt) · dS
)

(A7)

+

(∫∫
S(r0)

B(r, t+ dt) · dS −
∫∫

S(r0)
B(r, t) · dS

)
(A8)

dΦ(r0, t) =ϕ(r0 + dr0, t+ dt)−
∫∫

S(r0)
B(r, t+ dt) · dS (A9)

+

∫∫
S(r0)

B(r, t+ dt) · dS − ϕ(r0, t) (A10)

dΦ(r0, t) =ϕ(r0 + dr0, t+ dt)− ϕ(r0, t), (A11)

which successfully reproduces Equation A3. The sum of the temporal and spatial
changes in flux is therefore exactly equal to the total change in flux through the
guiding center drift path.

We next separately evaluate the spatial and temporal contributions to the total
change in flux. The spatial contribution can be expressed in terms of the surface
integral over A(r0) as

dΦA(r0, t) =
∫∫

A(r0)
B(r, t+ dt) · dS (A12)

dΦA(r0, t) =
∮
Γ(r0)

B(r, t+ dt) · (dh(r0, r)× dl). (A13)

Here, dl is a line element that is parallel to Γ(r0) at point r along the drift path,
and dh is perpendicular to dl and spans the width of surface A(r0). This allows us to
parametrise the area integral from only r, which is the footpoint of both dl and dh,
reducing the degrees of freedom in the integral from two to one. With this definition,
dh is parallel to the gradient of the magnetic field, as Γ(r0) of an equatorial particle
is defined as a magnetic field isocontour. The difference between the magnetic field
strength at point r along the initial drift path, Γ(r0), and the corresponding point on
the final drift path, Γ(r0 + dr0), at a given time is therefore equal to the magnitude
of the magnetic field gradient multiplied by the length of the vector dh. We can
therefore define the length dh as
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B(r, t+ dt)− |∇B(r, t+ dt)|dh(r0, r) = B(r0 + dr0, t+ dt) (A14)
(A15)

The guiding center drift path being equivalent to magnetic isocontour also means
that B(r, t) = B(r0, t) at all points r along Γ(r0). The magnetic field strength at
point r along the drift path after time dt is therefore

B(r, t+ dt) = B(r0, t) +
δB

δt
(r, t)dt. (A16)

We can then express the length dh(r0, r) in terms of the magnetic field variations
as

dh(r0, r) =
1

|∇B(r, t+ dt)|

(
δB

δt
(r, t)− dB

dt
(r0, t)

)
dt. (A17)

Substituting this in to Equation A13 and recalling that dh and dl are perpen-
dicular gives the spatial component of the change in flux at time t to first order
as

dΦA(r0, t) = dt

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
δB

δt
(r, t)− dB

dt
(r0, t)

)
dl. (A18)

Next, we examine the temporal change in flux. We rewrite Equation A5 as

dΦT (r0, t) = dt

∫∫
S(r0)

δB(r, t)
δt

· dS. (A19)

This can be written in terms of the induced electric field (Eind) using the integral
form of the Maxwell-Faraday equation

dΦT (r0, t) = −dt

∮
Γ(r0)

Eind(r, t) · dl. (A20)

The drift velocity (vD) is related to the induced electric field (Eind) as

vD = −µ
∇B × B
γqB2

+
Eind × B

B2
(A21)
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Calculating vD × B and projecting this term onto the magnetic field isocontour
gives

Eind · dl = − B(r, t)
|∇B(r, t)|

vD(r, t) · ∇B(r, t)dl. (A22)

Substituting this expression for the induced electric field into Equation A20 gives

dΦT (r0, t) = dt

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

vD(r, t) · ∇B(r, t)dl (A23)

The contribution of the induced electric field to the total magnetic field fluctua-
tions at every point along the guiding center drift path at a given time can also be
expressed in terms of the drift velocity according to

dB

dt
(r, t) =

δB

δt
(r, t) + vD(r, t) · ∇B(r, t). (A24)

The temporal change in magnetic flux can therefore be expressed in terms of the
driving magnetic fluctuations as

dΦT (r0, t) = dt

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
dB

dt
(r, t)− δB

δt
(r, t)

)
dl (A25)

The total change in magnetic flux is then obtained by summing Equations A18
and A25, so

dΦ(r0, t) =dt

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
dB

dt
(r, t)− dB

dt
(r0, t)

)
dl. (A26)

To first order approximation, the instantaneous time derivative of the magnetic
flux through the guiding center drift path is

dΦ

dt
(r0, t) =

∮
Γ(r0)

B(r, t)
|∇B(r, t)|

(
dB

dt
(r, t)− dB

dt
(r0, t)

)
dl. (A27)

We now move into the reference frame of the particle. The particle will not
experience any electric fields in this reference frame when it undergoes radial diffusion
driven by electrodynamic fluctuations, and so its drift velocity becomes
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vD,s = − µ

γq

∇B(r, t)× ê0
B(r, t)

(A28)

With this velocity, the particle will travel distance dl in time dτ along the drift
path. We can now reformulate Equation A27 as an integral over the drift period
(τD) of the particle such that

dΦ

dt
(r0, t) =

∫ τD

0
|vD,s|

B(r, t)
|∇B(r, t)|

(
dB

dt
(r, t)− dB

dt
(r0, t)

)
dτ (A29)

dΦ

dt
(r0, t) =

∫ τD

0

µ

γq

(
dB

dt
(r, t)− dB

dt
(r0, t)

)
dτ (A30)

Here, the variable r is a function of τ while r0 is constant over τ , although for
readability of the equations we will not explicitly write in this dependence. We now
introduce the operator ⟨⟩ to represent the spatial average of a given quantity along
Γ, weighting the average by the time spent at a given location along the drift path
under stationary conditions. We refer to this as the “drift average”, and it is defined
as

⟨g⟩φ(t) =
1

τD

∫ τD

0
g(r(τ), t)dτ. (A31)

The instantaneous time derivative of the third adiabatic invariant can now be
expressed in terms of the local and drift averaged magnetic field fluctuations such
that

dΦ

dt
(r0, t) =

µτD
γq

(〈
dB

dt

〉
φ

(t)− dB

dt
(r0, t)

)
(A32)

Now, we invoke the derivative of L∗ with respect to Φ from the definition of L∗

(Equation 2.9) to obtain

dΦ =
2πB0R

2
E

L∗2 dL∗, (A33)

which gives the time derivative of L∗ as
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dL∗

dt
(r0, t) =

µτD
γq

L∗2

2πB0R2
E

(〈
dB

dt

〉
φ

(t)− dB

dt
(r0, t)

)
. (A34)

This is the final equation that is used in Paper II and Chapter 4.
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