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Abstract

We introduce a constrained nonlinear least-squares algorithm to be used in

estimating the parameters in the H;G 1;G2 phase function. As the algorithm

works directly in the magnitude space, it will surpass the possible bias problem

that may be present in the existing H;G 1;G2 �t procedure when applied to low-

accuracy observations with large magnitude variations. With constraints on the

photometric phase-curve shape parametersG1 and G2, it guarantees a physically

reasonable phase-curve estimate. With a new data set of 93 asteroids, we re-

assess the two-parameter version of theH;G 1;G2 function. Finally, we introduce

a one-parameter version of the phase function that can give a suggestion of

the asteroids taxonomic group based only on its phase curve. A statistical

model selection procedure is presented that can automatically select between

the di�erent versions of the photometric phase functions. An online tool that

implements these algorithms is introduced.
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1. Introduction

The reliable estimation of the absolute magnitudeH for an asteroid from

the photometric observations is extremely important. The absolute magnitude
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(the apparent magnitude at 1 au from the Sun and the Earth, observed in the

backscattering direction) relates the brightness of the asteroid to its size, if the

albedo of the target is known. Furthermore, the shape of the photometric phase

curve (i.e., magnitude as a function of the phase angle) can serve as a proxy

for the taxonomic type of the asteroid in cases when spectral information is not

available [see, e.g., 1, 2, and Sec. 3.5 below].

The International Astronomical Union (IAU) adopted the so-called H;G pho-

tometric phase function[3] in 1985 to be used when estimating the shape of the

photometric phase curve and the absolute magnitudeH . In 2012, the IAU

adopted the so-calledH;G 1;G2 function [4]. The H;G 1;G2 function improved

especially the backscattering behavior of the curve with high- and low-albedo

asteroids.

Both the H;G and the H;G 1;G2 phase functions can be applied to targets

with multiple high-quality observations. If the number of observations is small,

or their accuracy is low, problems may arise. The most apparent problem

is that, especially, the parameterG or the parameters G1; G2 might be poorly

estimated. The solution with the H;G has been to �x to value of G to a constant

value and estimate only theH . The H;G 1;G2 o�ers an improved solution with

a two-parameter H;G 12 function. Nevertheless, even theH;G 12 function �t can

be nonreliable with very small data sets, and procedures of using a �xedG12

values have been applied.

We o�er a solution that we believe to improve the current situation with

the photometric �ts with a small number of low-accuracy observations. After

a short de�nition of the H;G 1;G2 phase function in Sec. 2, we present a con-

strained nonlinear least-squares method for �tting the H;G 1;G2 function that

can improve the possible bias with low-accuracy data (Sec. 3). Then, we revisit

the two-parameter phase function with new data in Sec. 3.4 and o�er a new

version of that, the H;G �
12 phase function. In Sec. 3.5 we asses the problem

with �xed G or G1; G2 parameters by introducing one-parameter models that

relate to �ve taxonomic asteroid groups. We tie all the models with three, two

or one parameter together in Sec. 3.6 by introducing a statistical model selec-
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Table 1: H;G 1 ;G2 basis functions � 1;2;3 ( � ). For details about the splines � 1;2;3 ( � ), see

Appendix A, and for the tabulated basis function values, Appendix B.

range � 1(� ) range � 2(� ) range � 3(� )

0{7:5� 1 � 6
� � 0{7:5� 1 � 9

5� � 0{30� � 3(� )

7:5{150� � 1(� ) 7:5{150� � 2(� ) 30{150� 0

tion procedure to select the best version to be used with a particular data set.

We have developed an online tool that implements the algorithms (Sec. 4), and

show one application example with the near-Earth asteroid (144411) 2004 EW9

in Sec. 4.1.

2. The H;G 1 ;G 2 phase function

The H;G 1;G2 photometric phase function is already extensively presented

in Muinonen et al.[4], thus we recall here only a short summary of the key

concepts. The data to be modeled consists of triplets (� i ; V (� i ); � i ), where �

is the phase angle between the Sun and the observer, as seen from the target.

V (� ) is the reduced observed magnitude at phase angle� , and � is the error

(standard deviation) of the observation. Note that � is always included in the

H;G 1;G2. If it is not given in the data, an implicit value of 0.03 mag is used.

There is also an implicit assumption in the model that the error distribution in

the reduced magnitude value is symmetric.

In the (reduced) magnitude value space, theH;G 1;G2 model is of form

V (� ) = H � 2:5 log10 [G1� 1(� ) + G2� 2(� ) + (1 � G1 � G2)� 3(� )] ; (1)

where H , G1, and G2 are the parameters of the model, and �i are the basis

functions. The basis functions are composite functions consisting of linear parts

(in � 1;2), constant part (in � 3), and parts de�ned by cubic splines � (� ) (see

Appendix A for details of the spline implementation). The model is valid from

� = 0 � to 150� , and the basis functions are given in Table 1. For convenience,

we also give the tabulated values of the basis functions in Appendix B.

3



In the original H;G 1;G2, the �t between the data and the model is not done

in the magnitude values, but in ux values. The magnitudes V are converted to

ux F with a nonlinear relation F = 10 � 0:4V . After the conversion, the model

in Eq. (1) can be written as

F (� ) = a1� 1(� ) + a2� 2(� ) + (1 � a1 � a2)� 3(� ) (2)

with relations

H = � 2:5 log10(a1 + a2 + a3); G1 =
a1

a1 + a2 + a3
; G2 =

a2

a1 + a2 + a3
: (3)

The error in the magnitude space,� , converts into the ux space, � F , depending

also on the corresponding magnitude valueV , by

� F = 10 � 0:4V �
100:4� � 1

�
: (4)

Finally, the H;G 1;G2 function in the ux space (Eq. (2)) is �tted to data ( � i ; Fi )

using the linear least-squares method with the weights 1=� 2
F;i , and the parameter

values in the magnitude space are received by applying Eq. (3) to the estimates

( ba1; ba2; ba3).

The error for the parameter estimates (bH; cG1; cG2), as well as other quantities

derived from the �t, such as the photometric phase coe�cient k = � 1
5�

30G1 +9 G2
G1 + G2

,

are estimated using Monte Carlo simulation with the H;G 1;G2 function. It

is assumed that the linear estimates (ba1; ba2; ba3) follow the three-dimensional

normal distribution. The covariance matrix of the distribution is � = ( X 0X ) � 1,

where X is the model matrix with the weighted values of the base functions at

observed phase angles, [X ]ij = � j (� i )=� 2
F;i .

As m values (a(k )
1 ; a(k )

2 ; a(k )
3 ); k = 1 ; : : : ; m are simulated, Eq. (3) can be

used to receive simulated sample (H (k ) ; G(k )
1 ; G(k )

2 ). The error for ( bH; cG1; cG2)

can then be assessed by computing standard deviation or quantiles from that

simulated sample. Using quantiles for error estimation is preferred since the

distribution for the nonlinear parameters can be non-symmetric.
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3. H;G 1 ;G 2 �ts with low-accuracy data

First of all, we like to stress that the original H;G 1;G2 photometric phase

function described in Sec. 2 works perfectly well in most cases. Usually, if we

have ’enough’ data (say, more than 5 to 10 observations) with modest variation

(� . 0:05 mag) and with enough spread in the phase angles, there are no

problems. However, there are issues related to sparse data with large variations

where an alternative approach in the way theH;G 1;G2 function is �tted to the

data can be fruitful. In what follows, we improve the usability of the H;G 1;G2

model in these problematic cases, revisit the simpli�ed versions of the model

with fewer parameters, and suggest an automated method of selecting between

the full model and models with fewer parameters.

3.1. Constraining the �t

In its original form the parameter values, either the ux space parameters

(a1; a2; a3) or the magnitude space parameters (H; G 1; G2), are not constrained

in any way. However, there are physical arguments to do so. Firstly, it is gen-

erally clear that the ux from the object should decrease when the phase angle

increases, since the projected illuminated area of the object, as seen by the ob-

server, is decreasing. Secondly, all the scattering processes that we can identify

(i.e., coherent backscattering, shadow-hiding) are amplifying the decrease of ux

when moving from exact backscattering. So, we can safely state that the ux

space modelF (� ) in Eq. (2) should have a negative �rst derivative with all � .

Thus, the magnitude space modelV (� ) in Eq. (1) should always have a positive

�rst derivative.

The requirement of F 0(� ) � 0 is possible to ful�ll by searching (numerically

in the case of splines) conditions for (a1; a2; a3). Unfortunately, since there

are three composite basis functions, the conditions become quite complicated.

To simplify the situation, we can take into account a mathematical or semi-

physical requirement that the basis functions � 1;2;3 in the ux space should

have positive coe�cients a1;2;3. The functions � 1 and � 2 should bracket the
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�š�Z���� �Œ�}�o���� �}�(�����u�}�š�]�}�v�•�� ���v���� ���}�u�‰���•�•�]�}�v�� �]�v�� �,�Z���X���/���š�Z���v�� �‰�Œ���•���v�š���E�µ�•�•�����µ�u�[�•�� �š�Z���}�Œ�Ç���}�(�� �‰�}�o�]�š�]�����o��

emotions as the central theoretical framework of the article, concentrating especially on the 

need to understand emotional dispositions such as compassion as connected to cognition and 

�‰�Œ�����š�]�����o�� �Œ�����•�}�v�]�v�P�X�� �d�Z���� �•�µ���•���‹�µ���v�š�� �•�����š�]�}�v�� ���]�•���µ�•�•���•�� �E�µ�•�•�����µ�u�[�•�� ���}�v�����‰�š�� �}�(�� �v���Œ�Œ���š�]�À����

imagination as a potential method for awakening compassion, and introduces contested 

considerations of this method. I then draw from these considerations, when I offer my 

�•�µ�P�P���•�š�]�}�v�•���}�v���Z�}�Á���,�Z�������}�µ�o�����������]�v�(�}�Œ�u���������Ç���E�µ�•�•�����µ�u�[�•���Á�}�Œ�l�X���/�v���š�Z�������]�•���µ�•�•�]�}�v�U���/���Œ���À�]�•�]�š To 

Kill a Mockingbird to conclude my reflection on political compassion and narrative 

imagination, proposing that these concepts provide an interesting and important perspective 

on contemporary HRE theory and practice.  

The role of political emotions and compassion in HRE  

Western philosophy has traditionally seen emotions as inferior to rationality (Boler, 1997). 

However, paying attention to moral sentiments and mobilising these passions for democratic 

designs has been proposed throughout history by a vast number of scholars, including 

Aristotle, Smith, Hume, Rousseau, Mill, Adorno, and Horkheimer. There has been increased 

discussion on the role of emotions in the political sphere in recent decades (Ahmed, 2014; 

Mouffe 2005; Westen, 2007). In the context of education, David Carr (2005) and Nussbaum 

(1997, 2010) have highlighted the importance of emotions, as have scholars representing 

more critical (Zembylas, 2013) or agonistic (Ruitenberg, 2009; Tryggvason, 2017) perspectives. 

In HRE, Richard Rorty (1998) was one of the first scholars to argue for the relevance of 

emotions and the outdatedness of rationality in human rights discourses, proposing 

�Z�•���v�š�]�u���v�š���o�������µ�����š�]�}�v�[�����•�������•�š�Œ���š���P�Ç���š�}�����µ�o�š�]�À���š���������Z�µ�u���v���Œ�]�P�Z�š�•�����µ�o�š�µ�Œ�������v�����u�}�Œ���o���•���v�š�]�u���v�š�•��

during the time of postmodernity and contemporary ba�š�š�o���•�� �(�}�Œ�� �Z�µ�u���v�� �Œ�]�P�Z�š�•�X�� �Z�}�Œ�š�Ç�[�•��

���‰�‰�Œ�}�����Z���]�•���v�}�š���Á�]�š�Z�}�µ�š���]�š�•�����Œ�]�š�]���•�U�����•���]�š���]�•���‹�µ���•�š�]�}�v�����o�����Á�Z���š�Z���Œ���Z�•���v�š�]�u���v�š���o�������µ�����š�]�}�v�[�������v��

address structural injustices and circumstances that lead to human hardship and suffering. For 

instance, in the context of using narratives, Troy Jollimore and Sharon Barrios (2006) have 

�‹�µ���•�š�]�}�v������ �š�Z�����µ�•���� �}�(�� ���Æ�����•�•�]�À���o�Ç���•���v�š�]�u���v�š���o���š���Æ�š�•�� �����À�}�����š���������Ç���š�Z���� �Z�•���v�š�]�u���v�š���o�]�•�š�•�[�� �š�Z���š��

follow Rorty. Following Nussbaum, they have argued for the pedagogical use of narrative art 

that presents the world in its complexities and considers divergent viewpoints. This pedagogy 

aims for a genuine understanding of the other, as opposed to advocating sentimental, 

�Z�µ�v�š�Z�]�v�l�]�v�P���P�}�}���Á�]�o�o�[���~�:�}�o�o�]�u�}�Œ�����˜�������Œ�Œ�]�}�•�U���î�ì�ì�ò�U���‰�X���ï�ô�í�•�X���,�}�Á���À���Œ�U���:�}�•� ���D���v�µ���o�������Œ�Œ���š�}���~�î�ì06) 

�Z���•�� ���š�š���u�‰�š������ �š�}�� ���Œ�]�v�P�� �Z�}�Œ�š�Ç�[�•�� �‰�Œ���P�u���š�]�•�š�]���� �]�������•�� �]�v�š�}�� ���]�•���µ�•�•�]�}�v�•�� �}�v�� �����}�Œ�v�}�[�•�� ���v����

Horkheimer's more critical ones in formulating human rights ethics. He has stressed that the 

language of suffering should be included in the theory of human rights (Barreto 2006, 2011) 

and that emotions should form the basis of the human rights ethos (2011, p. 13). Both reason 

and emotion have been seen to play a key role in the processes of rights assertion and 
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recognition, and in the experiences of those who perceive, mobilise or claim rights (Abrams, 

2011, p. 552). Viewing emotion and reason�v compassion and critical reflection�v together is 

�Œ���o���À���v�š�����o�•�}���(�}�Œ���µ�v�����Œ�•�š���v���]�v�P���E�µ�•�•�����µ�u�[�•���Á�}�Œ�l�����v�����(�}�Œ���š�Z�������Œ�P�µ�u���v�š���}�(���š�Z�]�•���‰���‰���Œ�X�� 

Numerous studies from diverse disciplines and epistemological interests have explored 
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