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We study a system of cold high-density matter consisting purely of quarks and gluons. The math-
ematical construction of Quantum Chromodynamics (QCD) introduces interactions between the
fields, which modify the thermodynamic properties of the system. In the presence of interactions,
we can not solve the thermodynamic properties of the system analytically. The method is to expand
the result in a series in terms of the QCD coupling constant. This is referred to as the perturbation
theory in the context of thermal field theory (TFT). The coupling constant describes the strength
of the interaction.

We introduce the basic calculation methods used in the QCD and the TFTs in general. We will also
include the chemical potential associated with the number of quarks in the system in the calculation.
In the case of zero temperature, quarks form a Fermi-sphere such that energy states lower than the
chemical potential will be Pauli blocked. The resulting fermionic momentum integrals are modified
as a consequence. We can split these integrals into two parts, referred to as the vacuum and matter
parts.

We can split the calculation of the pressure into two distinct contributions: one from skeleton
diagrams and one from ring diagrams. The ring diagrams have unphysical IR divergences that we
can not cancel using the counterterms. This is why hard thermal loop (HTL) effective field theory
(EFT) is introduced. We will discuss this HTL framework, which requires the computation of the
matter part of the gluon polarization tensor, which we will also evaluate in this thesis.
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1. Introduction

Quantum Chromodynamics (QCD) is the theory of strong interaction between quarks and
gluons. A matter consisting of particles interacting predominantly via strong interactions is
referred to as QCD matter. Depending on the temperature and particle density of the system,
QCD matter can be in many different phases, which we depict in the QCD phase diagram,
see figure 1.1. In the least extreme of conditions, QCD matter is hadronic, where quarks form
composite particles, hadrons, while gluons keep these intact. When the energy density of the
system is increased, the quarks stop forming composite particles and start propagating freely.
This is referred to as color deconfinement [24]. In high temperatures and low densities, the
system is in a phase called quark-gluon plasma (QGP). Conditions required for formation of
QGP can be reached by colliding heavy nuclei at ultrarelativistic energies. As a consequence,
considerable progress on our understanding of QGP phase has been established. This is provided
by the first-princible non-pertrubative tool of lattice QCD [15]. In low temperatures and high
densities, the system is in a phase called quark matter. Lattice calculations at these conditions
is prevented by the sign problem [20, 7]. Exploring this region gives deeper insight into cold
and dense QCD matter found in the cores of neutron stars.

As lattice simulations are not applicable at high-densities, we must use another approach.
In the context of quantum field theory (QFT), a suitable method is to study the interactions
of the system perturbatively. It will not give the exact result but will act as a guideline on the
properties of the system at arbitrarily high loop order. This is referred to as perturbation theory
in the context of QFT and will only work if the coupling constant, describing the strength of the
interactions, is small enough. As QCD is an asymptotically free theory [26, 36, 32], the strong
coupling constant becomes smaller at high energy scales. Thus, the perturbative approach of
QCD is suitable for studying systems with high energies. If the energy density of the system is
lowered, we must evaluate higher-order perturbative corrections to get quantitative predictions
for the properties of the system. However, some phases of QCD, for example, hadronic matter
[28], and color superconducting phases [1], are non-perturbative, and the properties of these
phases can not be studied with the dynamics of QCD presented in this thesis.
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2 Chapter 1. Introduction

Figure 1.1: A schematic view of the QCD phase diagram. This is Figure 2 of [17]. The blue
region corresponds to hadronic matter, the yellow to QGP, and the orange to quark matter.
The latter two are deconfined, meaning that quarks do not form composite particles, so the
degrees of freedom are that of quarks and gluons.

Because the particles present in the system are all quarks and gluons, we will need a basic
understanding of the theory behind QCD. We will introduce ourselves to the basics of non-
Abelian gauge theories, introduced in section 2.1. It is important to note that in the context
of QCD, the dimension of the underlying symmetry group, Nc, is usually referred to as the
number of colors. The number of colors in the Standard Model of particle physics is three.
However, it is relatively easy to generalize the results for an arbitrary number of colors Nc.
Nothing prevents us from having more than one fermion field present in the theory, and these
different fields are referred to as quark flavors [32]. There are six quark flavors in nature, but
the baryons found inside atoms consists of the two lightest ones. We will then have the basic
idea behind the group theoretic understanding of the QCD and its differences from quantum
electrodynamics, QED. After this, we will proceed by introducing the Euclidean path integral
formulation of thermal field theory (TFT). Perturbative TFT works similarly to perturbative
QFT, with slight alterations [26]. In QFT, we evaluate the time evolution operator between two
asymptotic states [32], and in TFT, we evaluate the partition function of the system, known
from statistical physics [26].

We can use the partition to evaluate all the necessary equilibrium thermodynamic prop-
erties of the system. Non-equilibrium properties must be studied in another way [11]. We
can theoretically calculate the partition function at any loop order, but it will require increas-
ingly more computational power to even plot all the necessary diagrams. We will focus on
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the methodology to calculate the pressure of a cold system of massless quarks perturbatively.
As the pressure is a measurable quantity, it should have a finite numerical value. It turns
out that the perturbative expansion produces divergences in the calculations of the pressure
[12]. These divergences can arise from high-energy or low-energy limits of momentum integrals,
also referred to as the UV and IR sectors, respectively. The UV divergences are handled by
counterterms and the subsequent renormalization of the theory. The IR divergences require
effective field theories (EFT), which describe the low-energy behavior of the theory. In section
4, we will discuss the hard thermal loop, HTL, resummation needed in the presence of non-zero
chemical potentials.

The change of the propagator due to the field interactions is referred to as the self-energy
or polarization tensor. The calculation of the pressure requires the loop corrections of the
self-energies, which we will evaluate in one loop order. We will also calculate the quark-
antiquark-gluon vertex to one loop order, which, together with the self-energies, lead to three
different counterterms. With these counterterms, we end up with the renormalization group
equations [32] for the coupling constant and discuss its consequences. We will also discuss how
the inclusion of the chemical potential changes the gluon polarization tensor. This will be an
essential step in the derivation of the HTL EFT. With the discussed tools, it is then possible to
evaluate the pressure of a cold QCD system perturbatively to next-to-next-to-next-to leading
order (N3LO) [12]. We shall not evaluate the pressure in any fixed loop order.



2. Introduction to QCD

In this section, we will go through the basics of QCD. First, we will introduce ourselves to
the underlying structure of non-Abelian gauge theories, of which QCD is also part. From
this, we can solve the gluon part of the Lagrangian, meaning the gluon propagator and the
gluon self-interactions. Then we will briefly go through the basic idea behind the path integral
formulation of the QCD partition function. Then, by introducing the local gauge invariant
fermion Lagrangian and taking care of the gauge fixing, the calculation leads us to the QCD
partition function. We will then proceed to discuss systems, where the strong interaction is the
predominant force between particles, focusing on the cores of neutron stars.

2.1 Non-Abelian gauge theories

QCD is constructed with the special unitary group 3 or SU(3) symmetry group [18]. The quarks
then belong to the fundamental representation, while the gluons to the adjoint representation of
the underlying group. Thus, Quarks come in 3 different colors, while gluons come in 8 different
types consisting of a pair of color and anti-color. Anti-quarks will then carry the anti-color.

It is also easy to generalize these results to arbitrary symmetry group SU(Nc). This means
that the fermions have Nc different colors while the gauge bosons have N2

c − 1 different types.
We will still regard these fermions and gauge bosons as quarks and gluons for clarity. In the
derivation of the Lagrangian of the system, we need the generators Ta of the different Lie
algebras. These generators must satisfy

[Ta, Tb] = ifabcTc, (2.1.1)

where [A,B] = AB − BA means the commutator between the matrices, or operators, inside
the square brackets, and fabc are called structure constants. If some of the structure constants
are non-zero, the group is referred to as the non-Abelian group. SU(Nc) is a non-Abelian group
and consequently also the theory we construct is a non-Abelian gauge theory. The equation
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5 Chapter 2. Introduction to QCD

(2.1.1) is also referred to as the Lie algebra of the Lie group [32] as it tells the calculation rules
for the matrices Ta. It is instructive to mention that there are different choices for objects
Ta that satisfy the equation (2.1.1). These different choices are referred to as the different
representations of the group [32, 36]. Choosing Ta as the group generator leads to fundamental
representation. Using Jacobi identity it is also possible to show that setting (Ta)bc = −ifabc
also satisfies equation (2.1.1) and is referred to as the adjoint representation. The dimensions
of these representations are Nc and N2

c − 1, respectively. These indeed are the representations
for the quarks and gluons.

The structure constants are anti-symmetric is the change of any two labels [32]. We can
also calculate the number of allowed parameters of the theory for the complex matrices Ta.
For arbitrary Nc × Nc complex matrix, there are 2N2

c parameters. The Hermiticity condition
imposes N2

c constraints, one for each element. The trace equation further imposes one extra
condition, so we are left with 2N2

c −N2
c −1 = N2

c −1 different parameters. We can then conclude
that any element in SU(Nc) can be expressed as a linear combination of N2

c −1 matrices, referred
to as the Gell-Mann matrices. These generator matrices describe how different types of gluons
mix the different color components of the quark fields.

The equations discussed so far are not enough to fully define the generator matrices, so
some additional rules are also required. The normalization of the trace of the TaTb can be
chosen to be arbitrary, but the convention we use here is

Tr(TaTb) = 1
2δab. (2.1.2)

This factor of 1/2 defines the quadratic Casimir operator [32, 36], which will appear at one
point in the calculation we will perform in this thesis.

Similar to QED, QCD can also be constructed from a similar Field strength tensor with
slight alterations [26, 36, 32], namely

L = −1
4F

µν
a F µν

a , (2.1.3)

F µν
a = ∂µAνa − ∂νAµa + gfabcA

µ
bA

ν
c , (2.1.4)

where the third term of equation (2.1.3) appears only for non-Abelian gauge theories. Structure
constants vanish for the Abelian case, so the equation reduces to QED case, F µνF µν , provided
that label a can take only one value. We further assumed that the spacetime is Euclidean
such that tensors with up or down indices have the same components. This is the assumption
needed for the derivation of imaginary time formalism of TFT [26]. Here Aa stand for different
gluon fields and labels a take values from 1 to N2

c − 1 standing for different gluons. The last
term arises from the replacement of derivatives to covariant derivatives, Dµ = ∂µ − igAa,µTa.
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To show this, we first study F µν = F µν
a Ta = (DµAνa −DνAµa)Ta. Then opening up the covariant

derivatives and using equation (2.1.1), we get F µν
a Ta = (∂µAνa − ∂νAµa + gfabcA

µ
bA

ν
c )Ta, where

the term inside the brackets corresponds to F µν
a and is the same as in equation (2.1.4).

2.2 QCD partition function

In ordinary quantum field theory, one is interested in the evolution of the state from time ti to
time tf , where the sub-indices stand for initial and final times, respectively. In a sense, we are
interested in how the particles change from one to another in time. This evolution is given by
the unitary time evolution operator and will result in propagators of the form [36]

U(tf , xf ; ti, xi) = 〈xf | e−iĤ(tf −ti) |xi〉 , (2.2.1)

where convention that ~ = 1 has been used. We shall further assume that the speed of light c
and the Boltzmann constant kB are also equal to one, meaning that c = ~ = kB = 1. Extra
factors of ~, kB, and c can then be brought back with dimensional analysis if needed. The
states xi, xf stand for all the required degrees of freedom of the particles, as well as the number
of each particle type. The Ĥ in the exponent is the Hamilton operator of the system. Equation
(2.2.1), however, carries a slight notional abuse. This is because the time evolution operator
used in the equation (2.2.1) is of that form only if Ĥ is time-independent. This, however, does
not affect the procedure from which one solves the path integral formulation of QFT as the
time interval is split into arbitrary small time intervals δt.

In statistical physics, the state of the system is described in terms of partition functions,
usually denoted by Z [26, 5]. If one knows the partition function of the system, one can use
it to solve thermodynamic quantities of the system, such as free energy. The particle number
is technically the difference between the number of particles and anti-particles, as they can
annihilate pairwise. In the case of a system that can exchange particles with a reservoir, the
particle number might not be constant. This leads to the inclusion of the chemical potential into
the calculation. It is thus useful to consider the grand canonical ensemble with the partition
function [39]

Z = Tr[e−β(Ĥ−µN̂)]. (2.2.2)

Here N̂ is the particle number operator, and µ ∈ R is the chemical potential. The β-term in
the exponent of equation (2.2.2) is defined as β = 1/(KBT ) ≡ 1/T , where kB = 1 has been
used. We can write equation (2.2.2) in the bra-ket -notation as

Z =
∫
x

〈x| e−β(Ĥ−µN̂) |x〉 , (2.2.3)
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where x is some continuous parameter such that |x〉 states span the Hilber space such that the
integral is equivalent to the trace. One sees a clear resemblance between equations (2.2.1) and
(2.2.3); the time interval tf − ti has been replaced with −iβ and initial and final states are the
same. Also, the Hamilton operator now contains the chemical potential. This is why TFT can
be studied with similar methods as QFT [26].

It turns out that when evaluating the path integral formulation of TFT with the finite
chemical potential, the only difference is to replace p0 → p0 − iµ. This is because the fact that
Hamiltonian density of the Fermionic part of the partition function is given by [5]

Z =
∫
Dψ̄Dψ exp

[
−
∫ β

0
dτ
∫
x
ψ̄(γµ∂µ − γ0µ+m)ψ

]
. (2.2.4)

The inclusion of the chemical potential comes from the fact that the charge, or equivalently the
number between particles and anti-particles, is given by the integral of the zeroth component
of the Noether current for fermion fields [26]

Jµ = ψ̄γµψ, (2.2.5)

N =
∫
x

J0 =
∫
x
ψ̄γ0ψ. (2.2.6)

The inclusion of the Noether current requires a symmetry in the theory. In this case, the
symmetry is given by the global U(1) transformation ψ → eiαIψ, ψ̄ → e−iαIψ̄, where ψ is
the quark field with Nc color fields and as such an extra Nc × Nc identity operator must
be included beside α, denoted by I. This way the conserved charge will obey the continuity
equation, meaning that the change of particle density in a finite volume in space is always due
to the flow of particles. It turns out that setting µ → −µ, corresponding to switching the
definitions of particles and anti-particles, will result in the same answer, p0 → p0 ± iµ. This
fact stems from the charge conjugation invariance of the Dirac equation [36]. This leads to the
fact that any quantity we evaluate should be even in µ, so we can choose µ > 0.

We will work in imaginary-time formalism. The namesake is from the fact that the time
interval has been replaced with −iβ following the discussion around equation (2.2.3). Because
of the imaginary-time formalism, the metric is changed from the Minkowski metric to Euclidean
[26]. This means that the convention we use for the gamma matrices differs somewhat from
the usual gamma matrices. Additionally, there will not be any difference in the components of
covariant and contravariant vector fields, so we will use a convention that whenever the same
index repeats, we sum over it regardless of whether the indices are up or down. The properties
of the gamma matrices are discussed in appendix A.
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The way to proceed is to include pure SU(Nc) Yang-Mills sector to the path integral of
equation (2.2.4). It turns out that for any field, there is an infinite number of physically
equivalent field configurations [32, 26]. This redundancy must be canceled by inserting a term
restricting the evaluation to a single field configuration. This introduces a delta function and
a determinant of some operator, which depends on the gauge choice. The gauge choice used
in this thesis will be the Lorenz gauge. The delta function can be turned into an additional
term for the gauge field propagator, which makes the inverse propagator non-singular. This
procedure also results in an additional gauge parameter ξ, which we will in this thesis set to 1
to make the gluon propagator as simple as possible. The determinant term can be handled by
introducing two Grassmannian fields as additional degrees of freedom of the system, which are
anti-commuting with one another and periodic over an interval [0, β]. These are referred to as
the ghost fields.

Combining everything discussed so far in this section leads to the path integral formulation
of QCD [26]

Z =
∫
periodic

DAµa

∫
periodic

Dc̄aDca

∫
a−periodic

Dψ̄Dψ exp
[

−
∫ β

0
dτ
∫
x
(Lfree + Lint)

]
, (2.2.7)

Lfree = 1
4F

µν
a F µν

a + 1
2ξ ∂

µAµa∂
νAνa + ∂µc̄a∂

µca + ψ̄i(/∂ − γ0µi +mi)ψi, (2.2.8)

Lint = gfabc∂
µc̄aA

µ
b cc + g∂[µAν]fabcA

µ
bA

ν
c − igTa,ijψ̄i /A

µ
aψj + 1

4g
2fabcfadeA

µ
bA

ν
cA

µ
dA

ν
e . (2.2.9)

In equation (2.2.7) Aa are the gauge fields, c̄ and c are the two ghost fields, ψ̄ and ψ are the
Dirac fields. The notation of ∂[µAν] = 1

2(∂µAν − ∂νAµ) means the anti-symmetrization and
/∂ = γµ∂µ is the Feynman slash notation in Euclidean metric. The factor g is called the QCD
coupling constant and describes the strength of the interactions. In the upcoming chapters,
we will also assume the fermions to be massless so we can set mi = 0 in equation (2.2.8).
Then the energy of every particle is the ultrarelativistic limit of the relativistic energy, namely
Ep = p. This means that we are studying systems in energy ranges, where the lightest quarks
can be assumed to be massless, and the heavier quarks are not produced. It should be noted
that F µν

a are defined with ordinary derivatives rather than with gauge covariant derivatives,
F µν
a = ∂µAνa − ∂νAµa . This is because the additional factors arising from the group generators

are already included in the second and fourth terms of the interaction Lagrangian (2.2.9).

We split the Lagrangian into two parts. The first part is given in equation (2.2.8), which
can be solved in momentum space, resulting in the free particle propagators. The other part,
(2.2.9), of the Lagrangian is called the interaction part, which we will then study perturbatively
in this thesis. This means that we assume that g << 1. Additional theories must be used to
study confined QCD matter. However, these regions, where the perturbative analysis is not
valid, will not be the focus of this thesis.
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We denote the different fields with different periodicity conditions in equation (2.2.7), a-
periodic standing for anti-periodic. This has some implications in TFT. Note that in equation
(2.2.7), the upper limit of τ integral is finite. When moving to the momentum space, one
must use a Fourier series instead of a continuous Fourier transformation. This means that
the zeroth components of loop momenta are not integrated over, but they are summed over.
This summation over these discrete values is called Matsubara -formalism [26]. We must also
consider that the gauge fields and the ghost fields are periodic, while the Dirac fields are anti-
periodic [26]. This then leads, in the momentum space, to even and odd Matsubara summations,
respectively. We must also remember the chemical potential present in equation (2.2.8). This
affects the momentum in a way that the zeroth components of fermionic momenta experience
a shift of p0 − iµ, as already discussed with equation (2.2.4). However, as we are interested in
the zero-temperature case, we do not have to worry about the Matsubara summations, and all
the zeroth components of the loop momenta can be simply integrated over.

2.3 Feynman rules

The idea behind any quantum field theory is that each field is quantized. This means that
each field creates or annihilates a spectrum of particles with definite momenta [32]. These
annihilation and creation operators act similarly to the ones with the same name in quantum
harmonic oscillator (QHO), so we shall speak of them as ladder operators.

The calculation can be realized with the use of Feynman diagrams. These diagrams can
then be turned into mathematical expressions using the Feynman rules. The goal is to draw all
topologically in-equivalent diagrams, derive the corresponding equations, and sum the results
together. The rules used in this thesis can be found in [5], but other conventions exist [26, 24].
From the path integral formulation, some additional rules must be included.

From the free part of the QCD Lagrangian (2.2.8), it is difficult to make sense of how the
fields should be accounted for in the calculations because of the derivatives. Instead of working
in the position space, it is possible to move into momentum space via Fourier transformations.
To account for the helicity and the polarization, the quantized fields must be included with
eigenspinors u and v and polarization vector εµ, respectively. The eigenspinors have an interest-
ing property that will satisfy the vacuum Dirac equation. This means that the Dirac equation
appears in rather symmetric forms

/Pu(P ) = 0, /Pv(P ) = 0,

ū(P )/P = 0, v̄(P )/P = 0. (2.3.1)
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The polarization vector for gluons is not that useful in this thesis, as there are no similar
simplifications.

In the case that the fields connect to different points of the diagram, we are only left
with propagators. The propagator describes the dampening of a wave packet of particles when
it moves through space [32]. In the case of bosonic fields, the forms of the propagators in
equations are 1/P 2, while the fermionic ones have a form of −/P/P 2. Most notably, each
fermion propagator will include a factor of 1/P to power counting instead of 1/P 2 of the
bosons. This way the UV and IR behaviors of the diagrams of the different numbers of bosonic
and fermionic propagators are different. Also, the propagators will include a Kronecker delta
implicating that the field type is the same at both ends of the propagator line. The fermion
and ghost propagators also have an arrow in them to indicate the propagation direction as the
propagation is between two different fields, ψψ̄ or cc̄. Gluons, on the other have, do not have
any direction.

Not all derivatives are included in the propagator, as some vertex terms have derivatives.
In those cases, these derivatives change the momentum of the field in question, as can be seen
from the Fourier transform ∂µ exp{±iP · x} = ±iPµ exp{±iP · x}. For example, in the case of
ghost vertex, the first term of equation (2.2.9), the derivative acts only to the c̄. Consequently,
the Feynman rule contains the momentum of the propagator with the arrow away from the
vertex. Equivalently, we could integrate by parts of this vertex term to arrive at a different
form of this same term involving a sum of two terms. This is nothing more than changing
the momentum of the outgoing ghost field to the two other momenta with four-momentum
conservation. Note that in QFT and in TFT it is assumed that the fields vanish sufficiently
fast at the infinity, so we can discard the appearing boundary terms.

Another interesting property of fermions is that any appearing fermion loop introduces a
minus sign in the equations. This is because the fermions couple to the gauge field. This way,
they are included in the calculations as pairs of ψ̄(xi)ψ(xi). The propagators are, however,
defined as pairs ψ(xi)ψ̄(xj), where the position labels are different. In the case of fermion lines
contracted to two points x1, x2, we get

ψ̄(x1)ψ(x1)ψ̄(x2)ψ(x2) = (−1)3 · ψ(x1)ψ̄(x2)ψ(x2)ψ̄(x1) = −1 · SF (x1, x2)SF (x2, x1). (2.3.2)

The extra minus signs appear because of the anti-commuting nature of the fermion fields. This
result can also be generalized for an arbitrary number of points x1, x2...xn leading to the fact
that for each quark loop included in the diagram, the result must be multiplied by −1. This
fact will be used in sections 3.1 and 4.4.1 when evaluating diagrams with one quark loop.
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It is worth noting that the interaction vertices can be thought to appear from the Taylor
expansion of the interaction part of the QCD path integral (2.2.9). Using the simpler inter-
actions of the interaction Lagrangian (2.2.9), it would be possible to build more elaborate
interactions. In some cases, one or more vertex type appears more than once in a diagram.
If we now study the interaction part of the QCD path integral, we see that it is of a form
exp(−A) = 1 − A + A2/2! + ..., where A is one of the factors in (2.2.9). Thus, if we have nA
number of the same vertex, we must divide the result by 1/nA!. It turns out that this pre-factor
always cancels out when calculating the pre-factor arising from the Wick theorem [26, 32].

2.4 Renormalization of QCD

From the Feynman rules, it is possible to solve free propagators explicitly in the case of no
interactions. The exact solutions can not be found in the presence of interactions. Thus,
as we discussed earlier, the propagator corrections must be evaluated perturbatively. When
considering diagrams in higher order in g, they will consist of more and more loops formed by
different kinds of propagators. As we discussed earlier, we must integrate these loop momenta
to arrive at the correct result. However, there exists a slight complication to it. In some
spacetime dimensions D, the resulting integrals are divergent. We will now discuss how we can
deal with these infinities.

As discussed in many introductory QFT books, we need to renormalize the fields present in
the QCD partition function (2.2.7). The starting point is to define the fields in equation (2.2.7)
as bare fields and parameters, such as mass and the coupling constant, as bare parameters of
the theory. These will be denoted by a subscript 0. If we then scale the fields and parameters
in the following way,

A0 = Z
1/2
A A,

ψ0 = Z
1/2
ψ ψ,

ca,0 = Z1/2
c ca,

c̄a,0 = Z1/2
c c̄a,

g0 = ΛεZgg, (2.4.1)

we can write the resulting new renormalized Lagrangian. The spacetime integral of the La-
grangian, the action, must be dimensionless. Thus, the energy dimension of the Lagrangian is
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D. From this, we can solve the energy dimensions of the fields

[Aµ] = [c] = 1 − ε

[ψ] = [ψ̄] = 3
2 − ε. (2.4.2)

Using these in the interaction part of the Lagrangian, we can calculate that the dimension
of the renormalized coupling constant must be ε. By scaling it by some energy scale Λε, the
resulting renormalized coupling constant is dimensionless.

We must note that in this convention, the original Lagrangian had coupling equal to g0.
The new Lagrangian is of a form

Lfree,R =ZA
1
4F

µν
a F µν

a + 1
2ξ ∂

µAµa∂
νAνa + Zc∂

µc̄a∂
µca + Zψψ̄i(/∂ − γ0µ+mi)ψi (2.4.3)

Lint,R =gfabcZgZcZ1/2
A ∂µc̄aA

µ
b cc + Z

3/2
A Zg

1
2(∂µAν − ∂νAµ)gfabcAµbAνc

+gZgZcZ1/2
A ∂µc̄afabcA

µ
b cc + ZψZ

1/2
a ZgA

µ
aψ̄iγ

µ(−igTa,ij)ψj

+Z2
AZ

2
g

1
4g

2fabcfadeA
µ
bA

ν
cA

µ
dA

ν
e , (2.4.4)

where subscript R stands for renormalized. We also did not explicitly write Λε to every coupling
constant to avoid cluttering. As discussed in [36], we do not need renormalization factors for the
term ξ dependent term. We see that each interaction term will have a different Zi-dependent
pre-factors. We can denote these with new Z parameters. From this, it follows that some of
these new Z-terms can be expressed in terms of the scalings of equation (2.4.1). These equations
are called Callan-Symanzik equations [32, 36]. We can solve the renormalized coupling constant
g if we know the necessary Z-terms. There are many possibilities to solve the dynamic coupling.
In this thesis, we will use the second term of the second line of equation (2.4.4), meaning the
quark-antiquark-gluon -vertex. Introducing the new renormalization parameter for that term,
we will arrive at the following equation

Z2Z
1/2
3 Zg = Z1, (2.4.5)

where we have denoted ZA = Z3, Zψ = Z2 and Z1 is the factor for quark-antiquark-gluon vertex.
In this thesis, renormalization is done by using dimensional regularization. This means that
we are changing the dimension of spacetime from 4 to D = 4 − 2ε, where ε is the dimensional
regulator [32]. However, it turns out that one needs to include only the ultraviolet, UV,
divergences in the Z-terms. This is because infrared, IR, divergences will cancel out from other
physical processes, such as from Bremsstrahlung [32] or effective field theories [24].

Generally, in any renormalization method, one expands these Z-terms as power series in g,

Zi = 1 +
∑
n

ai,ng
n ≡ 1 + δi. (2.4.6)
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The first term is one because if there are no interactions, all the bare quantities would be the
physical ones. Here we also denote the non-trivial part of Zi as δi, which is referred to as the
counterterms. The g appearing in (2.4.6) is the renormalized coupling constant without the
factor of Λε. The energy scale Λ can be chosen arbitrarily, provided that its energy dimension
is 1. The convention we use is called modified Minimal Subtraction -scheme, or MS -scheme
[32], where

Λε →
(
eγΛ2

4π

)ε/2
(2.4.7)

The factor Λ in equation (2.4.7) is some arbitrary energy scale. Supposing that the loop
structure brings an additional g2n term to the diagram, then n is the number of loops the
diagram contains. What this means is that we can multiply any loop integral with an additional
factor of

(
eγΛ2

4π

)ε
to arrive at the desired result [12]. This will be the convention used in this

thesis and is used in appendix B in the calculation of elementary integrals.

As discussed earlier, the interactions with other fields modify the propagators. This brings
a correction usually referred to as the self-energy of the field. The definition of the gauge field
self-energy is given by the Dyson series [32]

Dµν = ∆µν − ∆µαΠαβDβν , (2.4.8)

where Dµν is the exact propagator with all the interactions, ∆µν is the free propagator, and
Πµν is the polarization tensor or the self-energy. In this thesis, we will evaluate this self-energy
for the gluon and quark fields in one-loop order to solve Z3 and Z2 of equation (2.4.5). As seen
from (2.4.8), the polarization tensors are always accompanied by external gluon or quark legs.
This can be thought of as if the self-energy is inserted into the propagator. This is why we will
also refer to these self-energies as self-energy insertions. The Dyson type equation in (2.4.8)
stems from an expression

D(P ) = 1
P 2 + Π(P ) , (2.4.9)

which we shall use in section 4. This means that in the case of on-shell particles, we have that
P 2 + Π(P ) = 0, which is referred to as the dispersion relation [12].

2.5 QCD matter inside neutron stars

In addition to the QCD on its own, it is regarded as one part of the Standard Model of particle
physics, and the force between quarks mediated by the gluons is one of the fundamental forces
in nature [32]. Although the Standard Model is constructed as a unification of weak and electric
interactions, SU(2) ×U(1), nothing prevents the existence of the QCD sector as a standalone.
In this thesis, we will not dwell on the technical details of the Standard Model and QCD
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incorporated into it. This is because we are studying systems with such high energies that the
system predominately interacts with the strong interaction [9]. A matter of this type is referred
to as the QCD matter.

The extreme conditions required for the formation of quark matter mean that it is found in
very specific places. In addition to the very extreme conditions, meaning high baryon density,
the system should also be very cold. At the end of their life cycles, stars can collapse into
objects known as neutron stars [27]. After the initial collapse, the emission of neutrinos and,
at later stages, photons begin to cool down the core of the newly formed neutron star. After
the cooling, the temperature of the neutron star is considerably smaller compared to its baryon
density of it [3], so the core of the neutron star can be assumed to be at zero temperature
throughout the calculations. After the collapse, the core of the newly formed neutron star will
reach such high densities that the matter is denser than that of atomic nuclei [24]. This point is
referred to as the saturation point of QCD [19]. The exact composition of the cores of neutron
stars is mostly unknown. In this section, we will discuss the recent developments on this topic.

Because of the relatively small energy density on the surface of neutron stars, the matter
is hadronic, which can not be studied perturbatively. Analytically, we can study these systems,
for example, using chiral effective field theories [28]. Studying both the perturbative and non-
perturbative regions may enlighten us on the conditions where the phase transition takes place
[24]. The properties of both limits were used in [2] to match equations of state inside the neutron
stars with quite promising results. The equation state describes the pressure of the system in
terms of its energy density, P (ε). By knowing the speed of sound squared, c2

s = ∂P/∂ε, where
P is the pressure and ε is the energy density, we can calculate the equation of state by knowing
either the pressure or the energy density.

As direct observations of the cores of neutron stars are impossible, indirect measurements
must be used. Assuming equilibrium inside the spherically symmetric non-rotating neutron
star, it is possible to solve the equation of the state as a function of the radius from the
pressure at the surface of the star [2, 24]. We can use this to find possible radii in terms of
known neutron star mass. In the case of very low-density matter, the pressure of the system
remains roughly the same. We can conclude that in this case cs ≈ 0. When the energy density
of cold hadronic matter increases, c2

s also increases, but not above 1(c2) to preserve causality.
Note that we include the speed of light c, which was assumed to be 1, to achieve the correct
dimension for c2

s. This behavior is very different from the systems of finite temperature and
zero chemical potential obtained via lattice simulations, which suggest that c2

s is always below
the conformal limit c2

s = 1/3 [10]. Theoretical predictions suggest that in quark matter at
arbitrarily high energy densities, c2

s approaches the conformal limit from below [40]. If c2
s

remains below this conformal limit, it restricts the maximum possible mass of a neutron star



15 Chapter 2. Introduction to QCD

to be around M ∼ 2Msun, where Msun is the mass of the sun [4, 2]. However, astrophysical
evidence suggests that the masses of neutron stars can be larger than that.

Two explanations can be made to resolve the mass problem. Firstly, we can assume that
some mechanism increases the speed of sound above the conformal limit at a density close to
twice the saturation density. This mechanism will then turn off at higher densities bringing the
c2
s below the conformal limit and asymptotically approaching it afterward. Secondly, we could

assume that neutron stars fall into two categories based on what type of matter they contain.
These are referred to as the hadronic stars, consisting of nucleons, hyperons, and delta baryons
[8], or strange quark stars, consisting of purely cold strange quark matter [24]. In the case of
strange quark stars, the energy density of the system never reaches zero on the surface as in
the case of hadronic stars, which is why they can be more massive [40].

The first case discussed in the previous paragraph suggests a phase transition at some
point inside relatively massive neutron stars. Assuming the speed of sound is a piecewise-
linear function of the chemical potential and solving all possible equations of state restricted
by experimental observations and theoretical predictions of cold quark matter and hadronic
matter leads to figure 2.1 [2]. In some cases, the speed of sound rises above the conformal limit,
which in turn supports neutron stars of mass greater than 2Msun. The evidence obtained in [2]
also suggests that the cores of neutron stars can exhibit properties of cold quark matter. This
is why it is also important to know the methodology to study cold quark matter, which we will
discuss in the following two chapters.
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Figure 2.1: A plot of the allowed ranges for the equation of state inside neutron stars. The color
coding corresponds to the maximum speed of sound reached at any point inside the neutron
star. The black lines correspond to matching only at the nuclear matter side found in different
articles mentioned in [2]. At very high energy densities, the system can be assumed to be quark
matter and can be studied with the methods of perturbative QCD. At low energy densities, the
system consists of hadronic matter. We can see a turning point at around ε = 400 Mev/fm3,
where the slope of the plot changes. This picture is figure 1 of [2]. εQGP illustrates the energy
density of the phase transition to the hot deconfined QGP.



3. Dynamic QCD coupling

As we will see in section 4.4, in the case of finite chemical potential, the first-order corrections
to the gluon propagator will consist of two parts. The First part has no dependence on the
chemical potential, while the second has. These are referred to as the vacuum part and the
matter part, respectively. As discussed in the previous section, the counterterms are used to
cancel the UV divergences to the counterterms. The matter part will have a form involving a
momentum integral running from 0 to µ. It is then evident that this integral can never reach
the UV sector and thus will not affect the counterterms in MS-scheme. Because the gluon
polarization tensor is only UV divergent, the matter part will be finite. The counterterms and
the resulting evolution of the coupling constant in terms of the energy scale are then calculated
solely from the vacuum part. This is why we can set the chemical potential to be strictly
zero to evaluate the counterterms. In section 4, we will then focus on the matter part of the
self-energy.

In this section, we derive self-energies for the gluon and quark up to one-loop order at zero
temperature and zero chemical potential. The result will be eligible also for non-zero temper-
atures as the integrals can be split into two parts similarly to finite chemical potential case
[38]. Each modification can have one or more contributions, which must be summed together
in the end. We will also evaluate the quark-antiquark-gluon vertex renormalization. These
are required for the Callan-Symanzik equation of equation (2.4.5). In the vertex renormaliza-
tion, we need to be careful as some of the divergences appear in the IR sector and can not
be canceled using the counterterms. These counterterms, together with the Callan-Symanzik
equation, cause the coupling constant to be a function of some energy scale. That is why we
can say that the coupling constant is dynamic. This is also usually referred to as the running
of the coupling constant [32].

The following calculations are performed in the Feynman gauge. This is achieved by
setting ξ = 0 in equation (2.2.8). This leads to the gluon propagator being of the form δµνδab

P 2

[12]. Then all the propagators contain only Kronecker deltas of their respective degrees of
freedom. As a result, we may only label the different propagators in the diagrams and not care

17
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about the labeling of the individual vertex contractions. The fermionic propagators will still
contain the /P terms, and we need to be careful at which point these propagators appear in the
product of gamma matrices because of their anti-commuting nature. A rule of thumb is to pick
any fermion line and follow it backward. If we end up where we started, we have a fermion
loop. This means that we have to take a trace over all corresponding indices and multiply the
result by −1 as explained in section 2.3. In the diagrams, we shall denote Minkowskian indices
with Greek letters, for example, µ, ν, indices of the adjoint representation with letters of the
English alphabet, for example, a, b... or by m,n... and the fundamental indices by, for example,
i, j, k. We will need some elementary integrals to evaluate the polarization tensor. These are
introduced in appendix B.1.

3.1 Gluon propagator at one-loop order

There exists a diagram consisting of two quark-antiquark-gluon vertices

Figure 3.1: One-loop contribution to the gluon propagator arising from two quark-antiquark-
gluon vertices. Wavy lines are gluons, and solid lines are fermions. Positive momentum in
the loop flows clockwise. Note that the factors arising from the vertex rules involve terms
(Tm)ij(Tn)ji = Tr(TmTn). This is why in the end result they are not included explicitly.

Following the Feynman rules for the finite temperature QCD [12], we get an equation of
the form

Πµν
f,mn = −2g2

2 Tr(TmTn)Tr(γµγαγνγβ)
∫
P

(P −K)αP β

(P −K)2P 2 . (3.1.1)

The 1/2 term appears as the diagram contains two vertices, appearing from the Taylor expansion
of the interaction terms exp(−A) discussed in section 2.3. The 2 factor appears because of the
two ways to contract the gluon field to the vertices, thus canceling the 1/2 factor. The two
propagators both include a factor of −1, thus cancelling each other. The −1 from the closed
fermion loop is then left in the final result. The Tm stand for the generator matrices discussed
in section 2.1 and, with our convention (2.1.2), Tr(TmTn) = δmn/2. Also, as we assume the
fermions to be massless, every quark flavor brings an equal amount of contribution to the
gluon self-energy, so the result should be multiplied by Nf , the number of quark flavors. In
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the appendix, we show the proof of contraction formula for the trace of four gamma matrices
(A.1.4),

Tr(γµγαγνγβ) = 4(δµαδνβ − δµνδαβ + δµβδαν). (3.1.2)

Using this and opening the terms in (3.1.1) and contracting the α and β indices, we arrive at
an expression

Πµν
f,mn = −2g2NF δmn

∫
P

1
(P −K)2P 2

[
(P 2 − P ·K)δµν + P µKν +KµP ν − 2P µP ν

]
. (3.1.3)

Using integrals (B.1.8) and (B.1.9), equation (3.1.3) simplifies to

Πµν
f,mn = g2NF δmn

D − 2
D − 1(K2δµν −KµKν)I2(K2). (3.1.4)

Notably, we see that this equation satisfies the Ward-identity, KµΠµν = 0 [32]. This is a
consequence of BRST-symmetries of QCD [5], so the full one-loop polarization tensor should
also satisfy the Ward identity. As we will mention in section B.1, the elementary integral I2(K2)
is divergent and must be regulated. This can be performed by expanding the dimension of the
Euclidean spacetime from strictly 4 to D = 4 − 2ε. The integral I2(K2) can then be expanded
in terms of dimensional regulator ε. We also note that some of the usual simplifications are not
valid anymore. These are discussed in appendix A. This is why in equation (3.1.4), we have
left the forms where D:s are still intact. When expanding these in terms of ε, all the D:s must
be simultaneously replaced by 4 − 2ε.

In addition to the fermionic loop contribution, there also exists a similar diagram consisting
only of gluons

Figure 3.2: One-loop contribution to the gluon propagator arising from two-three gluon vertices.
Wavy lines are gluons. Positive momentum in the loop flows clockwise.

Because of the field contractions, there exist 6 · 3 · 2 = 36 ways to contract the gluon fields.
Because this diagram also contains two vertices, we must divide the result by two, meaning that
an overall factor of 18 remains. Also, by choosing the vertex rule accounting for the interchange
of the gluon fields, we must divide this result by 3! · 3! = 36, resulting in an overall factor of
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1/2. Introducing a notation for the Minkowskian part of the 3-gluon vertex

Dµνρ(P,Q,R) = δµν(P −Q)ρ + δνρ(Q−R)µ + δµρ(R − P )ν , (3.1.5)

and using the resulting Feynman rules, we arrive at an expression

Πµν
g,mn = g2

2 fmacfnac
∫
P

( 1
P 2

1
(P −K)2

)
Dµαδ(K,−P, P −K)Dαδν(P,K − P,−K), (3.1.6)

where we used different indices on the incoming and outgoing gluons to get the factors for the
vertices correctly. Here fmac stand for the structure constant discussed in section 2.1. Further
simplification can be made using fmacfnac = Ncδmn. Now a bit more tedious task is to simplify
the Minkowskian part of (3.1.6). This can be rather easily computed using Mathematica [21]
package Feyncalc [35, 34, 29] with the result

Dµαδ(K,−P, P −K)Dαδν(P,K − P,−K) =

− δµν(4K2 + (K − P )2 + P 2) + (2D − 3)(KµP ν + P µKν)

− (4D − 6)P µP ν − (D − 6)KµKν . (3.1.7)

This can also be evaluated by hand. Using this and equations (B.1.8) and (B.1.9), we arrive at
an expression

Πµν
g,mn = −Ncg

2δmn
[
K2δµν

(5 − 6D)
4(1 −D) +KµKν (7D − 6)

4(1 −D)
]
I2(K2) (3.1.8)

The ghost fields discussed in section 2.4 also contribute with the following diagram.

Figure 3.3: One-loop contribution to the gluon propagator arising from two ghost-antighost-
gluon vertices. Wavy lines are gluons, and dotted lines are ghosts. Positive momentum in the
loop flows clockwise.

The Feynman rules give us an equation of the form

Πµν
c,mn =g2fmadfnda

∫
P
P µ(P −K)ν 1

P 2
1

(P −K)2

=g2Ncδmn

∫
P

P µP ν − P µKν

P 2(P −K)2

=g2Ncδmn
[
K2δµν

1
4(1 −D) + (D − 2)

4(1 −D)K
µKν

]
I2(K2). (3.1.9)
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There is an extra minus sign coming from the Grassmannian nature of the ghost field similar to
the fermionic loop, but it will cancel with the i2 coming from the ghost vertex rule [12]. When
using Feynman rules for the ghosts, we should be careful to assign the momenta correctly, so
the vertex rule involves the momentum of the outgoing ghost, such that the vertex rules give
P µ and (P −K)ν terms as in (3.1.9). The Minkowski index should also be the same as in the
contracted gluon.

In addition to the diagrams consisting of 3 field vertices, there also exists, as discussed in
section 2.2, four gluon vertex

Figure 3.4: One-loop contribution to the gluon propagator arising from one four gluon vertex.
Wavy lines are gluons. Positive momentum in the loop flows clockwise. As explained below,
the contribution of this diagram vanishes, so we will not write the indices explicitly.

The resulting integrals are proportional to∫
P

1
P 2 , (3.1.10)

which vanishes in dimensional regularization. We can write 1/P 2 = 1/(P 2 + Λ2) + Λ2/(P 4 +
P 2Λ2). The resulting integrals can be evaluated explicitly, resulting in the same value with
different signs, thus canceling each other. When evaluating higher-order diagrams, whenever a
diagram contains this type of loop with only one gluon propagator, the result will always be
zero.

Summing the ghost and gluon loop contributions, we arrive at the expression

Πµν
c+g,mn = g2Ncδmn

(6D − 4)
4(1 −D)(K2δµν −KµKν)I2(K2), (3.1.11)

which satisfies the Ward identity. This reflects the fact that ghosts include some polarization
degrees of freedom of gluons, and only after summing the results together, the result satisfies
the Ward identity [32]. Thus, we arrive at the total contribution of

Πµν
mn = −g2δmn(KµKν −K2δµν)

[
Nc

(6D − 4)
4(1 −D) −Nf

(D − 2)
(1 −D)

]
I2(K2) (3.1.12)

Expressing the pre-factor in terms of ε, we arrive at an expression

Πµν
mn = g2δmn(KµKν −K2δµν)

[
Nc

(5
3 + ε

9
)

−Nf

(2
3 − 2ε

9
)]
I2(K2) (3.1.13)
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Expanding then the I2(K2) in terms of epsilon results in the total contribution of

Πµν
mn = g2

16π2 δmn(KµKν −K2δµν)
[
Nc

( 5
3ε + 5

3 lnS + 31
9
)

−Nf

( 2
3ε + 2

3 lnS + 10
9
)]
, (3.1.14)

where S is defined as S = Λ2/K2.

3.2 Quark propagator at one-loop order

There exists only one contribution to the quark propagator at one-loop order, which is

Figure 3.5: One-loop contribution to the quark propagator arising from two quark-antiquark-
gluon vertices. Wavy lines are gluons, and solid lines are fermions. Positive momentum is
defined from left to right.

The resulting self-energy is of the form

Dij = g2(TaTa)jiγµ
∫
P

1
(K − P )2

−/P

P 2 γ
µ

= −g2Cfδij(2 −D)γν
∫
P

P ν

(K − P )2P 2

= −g2

2 Cfδij(2 −D) /KI2(K2)

= −g2

2 Cfδij(2ε− 2) /KI2(K2), (3.2.1)

where Cf is the quadratic Casimir -factor Cf = (N2
c − 1)/2Nc [32]. Expanding also here the

I2(K2) integral in powers of ε results in

Dij = + g2

16π2Cfδij /K
(1
ε

+ lnS + 1
)
. (3.2.2)

3.3 q̄qg-vertex at one-loop order

All the previous integrals were quite easily reduced to involve only the integral I2(K2). The
integrals of this section are a bit more complicated as the diagrams will involve three propagators
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instead of two. This raises the total power of the denominators. Additionally, some of the
three gluon vertex Feynman rules and the quark propagators in the diagrams involve their
complications in the numerators. This is why we split our calculation by first solving the
necessary integrals and then plugging these into the original equations to arrive at the result.

As we discussed at the beginning of this section, q̄qg-vertex has contributions from two
different diagrams. The first of these is depicted in figure 3.6

Figure 3.6: One-loop contribution arising to the qq̄g-vertex from three quark-antiquark-gluon
vertices. Wavy lines are gluons, and solid lines are fermions. Positive momentum is defined
from left to right. The momentum of the external gluon is flowing into the graph.

After Feynman rules, the equation becomes

V µ
a,mi(K,Q) = g3(TbTaTb)mi

∫
P

(P +Q)αP β

(P +Q)2(P −K)2P 2 (ū(K +Q)γνγαγµγβγνu(K)). (3.3.1)

Here ū(K +Q) and u(K) stand for the quark eigenspinors discussed in section 2.3 and satisfy
equations (2.3.1). These ensure that the matrix element we are calculating is a number and not
a matrix in Dirac space [32]. Here one should notice that the symmetry factor of the diagram
is only 6. That is because when choosing the contractions of the gluon-fields, it should not be
included as bremsstrahlung, so there is only one way to contract the gluon-field after 3 · 2 ways
to contract the quark-fields. We must also divide the result by 6 = 3! to account for the three
vertices.

As we are assuming that the quarks are massless, the spinors will satisfy equations

/Ku(K) = 0 (3.3.2)

ū(K +Q)( /K + /Q) = 0, (3.3.3)

where the second equation can be used to change some K-terms in the numerators to Q-terms.
These are the same as in equation (2.3.1), but we will include them separately here to refer
more precisely which one of these we use in the calculations.
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Now we can expand the product of color matrices by using the Fierz-identity (A.2.1)
introduced in appendix A and the fact that, by definition of the generators of SU(Nc), the
matrices are traceless. The product simplifies to

(TbTaTb)mi =
(
(Tb)mj(Tb)li

)
(Ta)jl

=1
2
(
δmiδlj − 1

Nc

δmjδli
)
(Ta)jl

=1
2
(
δmiTr(Ta) − 1

Nc

(Ta)mi
)

= − 1
2Nc

(Ta)mi. (3.3.4)

The convention used here is such that {γµ, γν} = 2δµν . Also, by using the fact that in D

dimensions, δµµ = D, we can simplify the gamma matrix part of equation (3.3.1) as

γνγαγµγβγν = −2γβγµγα + (4 −D)γαγµγβ ≡ Bαµβ(D). (3.3.5)

Thus we end up at

V µ
a,mi = − g3

2Nc

(ta)miū(K +Q)Bαµβ(D)u(K)Iαβvertex1(K,Q), (3.3.6)

where
Iαβvertex1(K,Q) =

∫
P

(P +Q)αP β

(P +Q)2(P −K)2P 2 . (3.3.7)

The vertex correction gets an additional contribution from a diagram containing a 3-gluon
vertex

Figure 3.7: one-loop contribution to the qq̄g-vertex arising from two quark-antiquark-gluon
vertices and one three gluon vertex. Wavy lines are gluons, and solid lines are fermions. Positive
momentum is defined from left to right. The momentum of the external gluon is flowing into
the graph.

The resulting equation is of the form

Uµ
a,mi = ig3(TcTb)mifabcū(K +Q)γργσγνu(K)

∫
P

(P −K)σDµνρ(Q,P,−P −Q)
P 2(P −K)2(P +Q)2 , (3.3.8)
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where Dµνρ(P,Q,R) is defined in equation (3.1.5). The symmetry factor of 1 can be obtained
by the following simple calculation. As the diagram consists of two bare q̄qg-vertices, we must
divide the result by two. The diagram also contains 1-3-gluon vertex, so we must divide the
result by 1, but again we must account for the gluon exchange and thus the extra factor of 1/3!
appears, so the total contribution is 1/(3! · 2) = 1/12. Next, there are two ways to contract the
fermion fields and 3 · 2 ways to contract the gluon fields resulting in a total factor of 12, thus
canceling the 1/12 term.

Performing the color algebra, we end up with

ifabc(TcTb)mi = i

2

(
fabc(TcTb)mi + fcba(TbTc)mi

)
(3.3.9)

= i

2fabc[Tc, Tb]mi = −1
2fabcfcbd(Td)mi (3.3.10)

= Nc

2 (Ta)mi. (3.3.11)

The main part of this previous calculation was to split the first equation into two parts and
switch the indices. This works because we are summing over b, c in the equation.

We end up with an equation for (3.3.8) of the form

Uµ
a,mi = g3Nc

2 (Ta)miū(K +Q)γργσγνu(K)Iσµνρvertex2(K,Q), (3.3.12)

Iσµνρvertex2(K,Q) =
∫
P

(P −K)σDµνρ(Q,P,−P −Q)
P 2(P −K)2(P +Q)2 . (3.3.13)

In the following two chapters, we will evaluate the integrals of (3.3.7) and (3.3.13).

3.3.1 Evaluating Ivertex1

The integral we must calculate is of the form

Iαβvertex1(K,Q) =
∫
P

(P +Q)αP β

P 2(P +Q)2(P −K)2 . (3.3.14)

Performing Feynman parametrization introduced in appendix B.1 on this results in

Iαβvertex1(K,Q) = 2
∫ 1

0
dx
∫ 1

0
dy
∫ 1

0
dzδ(1 − x− y − z)

∫
P

(P +Q)αP β

(L2 + ∆2)3 , (3.3.15)

where L = P +Qy−Kx and ∆2 = Q2y(1 − y) +K2x(1 −x) + 2Q ·Kxy. Now, as the incoming
and outgoing fermions are on-shell, we can simplify this equation by using K2 = (K+Q)2 = 0,
where we assume the fermion fields are massless. This also results in 2K · Q = −Q2 and
thus ∆2 = Q2yz. It is now more convenient to change the integration variable from P to L,
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P = L − Qy + Kx. We will also from now on write
∫ 1

0 dx
∫ 1

0 dy
∫ 1

0 dzδ(1 − x − y − z) =
∫
dω3.

This then results in an expression of the form

Iαβvertex1(K,Q) = 2
∫
dω3

∫
L

(L+Kx+ (1 − y)Q)α(L+Kx−Qy)β
(L2 + ∆2)3 . (3.3.16)

As the denominator of this equation is even in L, the numerator should also be even in L. We
can thus ignore terms linear in L, resulting in

Iαβvertex1(K,Q) = 2
∫
dω3

∫
L

LαLβ +
(
Kx+ (1 − y)Q

)α(
Kx−Qy

)β
(L2 + ∆2)3 . (3.3.17)

We immediately recognize that the numerator consists of 2 terms: LαLβ, and one L-independent
term. Considering now the L-dependent part and supposing α 6= β. Then there would exist
coordinate directions, which are odd under Lµ → −Lµ. Thus, it must be that α = β, and thus
we only need to evaluate integrals of the form

Iquad =
∫
L

L2

(L2 + ∆2)3 , (3.3.18)

Iconst =
∫
L

1
(L2 + ∆2)3 . (3.3.19)

One also needs to take into account that as now α = β in (3.3.18), we must divide the total
result by D. As we concluded earlier, the integral quadratic in L must be of the form Aδαβ.
Contracting now both sides of ∫

L

LαLβ

(L2 + ∆2)3 = Aδαβ (3.3.20)

with δαβ. The left side results in an integral over L2 in the numerator. The contraction of the
Dirac deltas in the right results in D. Hence

A = 1
D

∫
L

L2

(L2 + ∆2)3 . (3.3.21)

We can then carry out the integrals in (3.3.18) and (3.3.19), resulting in

Iquad
D

=
(
eγΛ2

)ε 1
(4π)2

Γ(ε)
Γ(3)

1
2∆−2ε (3.3.22)

Iconst =
(
eγΛ2

)ε 1
(4π)2

Γ(1 + ε)
Γ(3) ∆−2−2ε. (3.3.23)

Now, we should also integrate with respect to the Feynman parameters 2
∫
dω3. The quadratic

part of this integral is rather trivial and results in

Jquad,1 =
(
eγΛ2

)ε 1
(4π)2

Γ(ε)
Γ(3)

Q−2ε

1 − ε
B(1 − ε, 2 − ε). (3.3.24)



27 Chapter 3. Dynamic QCD coupling

One must also remember that the tensorial structure multiplying this factor is δαβ. When
contracting this with Bαµβ(D), it results in (2−D)2γµ. Thus, next time we write this equation,
we also include this pre-factor up to order necessary to pick up the divergent parts.

The other integral, where the numerator is constant in L, will result in 4 different integrals.
Luckily one of the integrals proportional to KαKβ will vanish as it must be contracted with
(3.3.5). Using (3.3.2), the resulting integral is identically 0. We can write the results in a table
to more easily pick them up later. The integrals can be expressed in terms of the beta functions
and will result in the following table.

Term Integral Prefactor
KαQβ −B(1 − 2ε, 2)B(−ε, 1 − ε) −2ε
QαKβ B(−2ε, 2)B(−ε, 1 − ε) +B(−2ε, 3)B(1 − ε,−ε) 2
QαQβ −B(1 − ε, 1 − ε)B(1 − 2ε, 1) −B(2 − ε,−ε)B(1 − 2ε, 2) −2 + 2ε

Table 3.1: Table of Integrals and pre-factors of equation (3.3.17) after integrating over the Feyn-
man parameters. The term KαKβ is left out because Bαµβ(D)KαKβu(K) ≈ f(D,K) /Ku(K) =
0, where f(D,K) is some D-dependent function of K.

Arriving at these equations might be a bit tricky. First integrate over z to transform
z → 1 − x − y. The next step is to change the integration variable via y → u(1 − x). This
then transforms the upper limit of the previous y-integral to 1. Then the observation that z =
(1−x−y) → (1−x−u(1−x)) = (1−x)(1−u) helps to separate the integrals. Most complications
arise, as the term 1 − y is not separated immediately. Luckily 1 − y → (1 − u) + (ux), so we
can transform every integral with this term into two different beta functions. A consequence
of this can also be seen in the table 3.1 in the last two terms, where we have a sum of terms
with two beta functions.

Next, we need to contract the terms in the table with Bαµβ(D). After using the identities
(3.3.2) and (3.3.3), every term can be expressed in terms of a quantity /Qγµ /Q with the ε-
dependent pre-factors given in the table 3.1. Expanding the results in powers of ε in the table
with the help of Mathematica [21] and collecting only divergent contributions of the divergent
functions, we end up with the result

Jquad,1 = 1
16π2 ū(K +Q)γµu(K)

(1
ε

+ lnS + 1
)

(3.3.25)

Jconst,1 =
(
eγΛ2

)ε 1
16π2 Γ(1 + ε)Q−2−2ε

(
...
)
ū(K +Q)/Qγµ /Qu(K), (3.3.26)

where the (...) term contains the integrals and the pre-factors of table 3.1. The cancellation of
2Γ(3) = 4 in the denominator of the first equation comes from the expansion of (2 − D)2 to
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order O(ε2). It is also possible to express the appearing structure in the second equation as

/Qγµ /Q = 2Qµ /Q− γµQ2. (3.3.27)

Now a key observation is that the first term results in zero contribution. This is because this
term is sandwiched between the spinors. By writing Q = (K +Q) −Q, we see that because of
equations (3.3.2) and (3.3.3), both K +Q and Q terms will cancel. It is also important to note
that a similar equation also holds for non-zero quark masses. Thus, we end up with a simpler
form for the constant integral

Jconst,1 = − 1
16π2

( 2
ε2 + 4 + 2 lnS

ε
+ 9 − π2

6 + 4 lnS + ln2 S
)
ū(K +Q)γµu(K) (3.3.28)

Summing together this and equation (3.3.25), we arrive at the expression

V µ
a,mi = −g(ta)miū(K+Q)γµu(K)

 1
Nc

g2

16π2

( 2
ε2 +3 + 2 lnS

ε
+8−π2

6 +3 lnS+ln2 S
). (3.3.29)

A keen observer might notice a familiar π2/6 = ζ(2). This is from the Riemann zeta function,
as the expansion of the gamma function contains some particular values of the Riemann zeta
function in its expansion [6].

The form of equation (3.3.29) turns out to be of order O(ε−2) instead of the expected
O(ε−1). This is because, in addition to the counterterms, some of these divergences are IR,
meaning that they appear in the low momentum regime. As explained in many textbooks in
quantum field theory, these divergences are unphysical [32, 36]. In the case of UV divergences,
the addition of the counterterms can be justified, for example, by Wilson’s renormalization
group procedure [32].

3.3.2 Evaluating Ivertex2

As the denominator is the same as for Ivertex1, we can immediately write the denominator as
(L2 + ∆2)3, where L = P + Qy − Kx and ∆2 = Q2yz. Similarly to before, we need to change
integration variables again from P to L, where P = L+Kx−Qy. Thus, the resulting integrals
are of the form

Iσµνρvertex2 =
∫
L

(L+K(x− 1) −Qy)σDµνρ(Q,L+Kx−Qy,−L−Kx+Q(y − 1))
(L2 + ∆2)3 . (3.3.30)

The resulting integrals are of the same form as in (3.3.17), and with the same arguments as
previously, the non-zero contributions arise only when the total power of L in the numerator
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is even. Thus we can write the quadratic part of the integral as

Iσµνρvertex2,quad =
∫
L

Lσ
(

− 2Lµδνρ + Lνδµρ + Lρδµν
)

(L2 + ∆2)3 (3.3.31)

= 1
D

(
− 2δµσδνρ + δνσδµρ + δρσδµν

) ∫
l

L2

(L2 + ∆2)3 (3.3.32)

=
(

− 2δµσδνρ + δνσδµρ + δρσδµν
)Iquad
D

. (3.3.33)

The integral over the Feynman parameters is then the same as for vertex1 resulting in (3.3.24).
We must also contract this equation with γργσγν in accordance with (3.3.12). This results in
a pre-factor of 4D − 4 = 12 − 8ε. The total result simplifies drastically to

Jquad,2 = 1
16π2

(3
ε

+ 3 lnS + 4
)
. (3.3.34)

The constant part of the integral is way more complicated. To simplify things, we can split
the integral into three terms, each appearing from the definition of Dµνρ(Q,P,−P −Q). Also
using the equations (3.3.2) and (3.3.3), the integrals simplify to

J2,1 ∝ ū(K +Q)
[
a/Q+ b /K

]
u(K) = 0 (3.3.35)

J2,2 = Iconst
∆−2−2εQ

−2εū(K +Q)γµu(K)
∫
dω3(1 + y − x)(2 − y)(yz)−1−ε (3.3.36)

J2,3 = Iconst
∆−2−2εQ

−2εū(K +Q)γµu(K)
∫
dω3y(1 + x+ y)(yz)−1−ε (3.3.37)

Now we can trivially take care of the first one as Q = (K + Q) − K, so the square bracketed
quantity gets canceled because of (3.3.3) and K-terms get canceled because of (3.3.2). In the
end, there are only two integrals we have to compute. After quite a lengthy calculation, we
arrive at

J2,2 ∝ B(1 − 2ε, 1)
(

2B(1 − ε,−ε) +B(−ε,−ε) +B(1 − ε, 1 − ε)
)

+B(1 − 2ε, 2)
(
B(1 − ε,−ε) +B(2 − ε,−ε)

)
(3.3.38)

J2,3 ∝ B(1 − 2ε, 1)
(
B(1 − ε,−ε) +B(2 − ε,−ε)

)
+B(1 − 2ε, 2)B(1 − ε, 1 − ε). (3.3.39)

We can then expand these results in powers of ε either by hand or with the help of Mathematica
[21] results in

J2,2 + J2,3 ∝ −7
ε

− 15. (3.3.40)

As we are calculating only up to order O(ε0) we can consider the expansions of the pre-factor
Iconst

∆−2−2εQ
−2ε up to order O(ε1), resulting in

Iconst
∆−2−2εQ

−2ε = 1
32π2

(
1 + ε lnS

)
. (3.3.41)
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Combining now the results of the quadratic part of the second vertex function, we arrive at the
total expression of

Jconst,2 = − 1
32π2

(7
ε

+ 15 + 7 lnS
)
. (3.3.42)

Combining with this also the quadratic contribution (3.3.34), we arrive at the total expression
of

Uµ
a,mi = −g(ta)miū(K +Q)γµu(K)Nc

2
g2

32π2

(1
ε

+ 7 + lnS
)
. (3.3.43)

Contrary to V µ
a,mi of equation (3.3.29), this integral is O(ε−1), but some of the integrals will still

be IR type. However, the scope of this thesis is not to show that these IR divergences cancel
but to extract the UV divergent parts of these vertex corrections. Then we can calculate the
counterterms of the theory.

3.4 Extracting UV divergences

In order to evaluate the QCD counterterms, we must extract the UV divergent parts of the
corresponding integrals. Some of the divergences we encountered in the preceding sections are
IR divergences. In order to evaluate the UV divergences, we study the behavior of the integrals
in the limit of large integrated momenta. As discussed earlier, in the vertex calculations, these
integrals are either of the form (3.3.18) or (3.3.19). In the limit of large L, these integrals can
be modified to

Iquad =
∫
L

L2

L6 , (3.4.1)

Iconst =
∫
L

1
L6 . (3.4.2)

In the high momentum limit, only the first integral is logarithmically divergent. While the other
integral is strictly speaking divergent, the divergence arises in the IR section where we can not
ignore the effect of ∆2. We can conclude that the UV divergences we are seeking appear only
from the quadratic parts of the vertex integrals. It is also important to note that the integrals
arising from the propagator corrections to one-loop order are purely UV divergent.

It is convenient to write the results in terms of αs = g2

4π , which is analogous to the fine
structure constant in QED. From (3.1.14), we must choose the counterterm

δ3 = αs
4π

(5Nc

3ε − 2Nf

3ε

)
(3.4.3)

It is important to note the sign in front. This is because the counterterm is defined as

δ3δab(K2δµν −KµKν). (3.4.4)
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A similar computation can also be made for the quark propagator counterterm. This results in

δ2 = −αs
4π

Cf
ε
, (3.4.5)

where the extra minus sign appears because of the definition of the counterterm, δ2 /Kδij [32, 12].
Also, as introduced earlier, Cf = N2

c −1
2Nc

.

Now combining the results from the UV divergent parts of the vertex contributions from
equation (3.3.25) and (3.3.34) results in

V µ
mi,a,UV = −g(ta)miū(K +Q)γµu(K)

(
g2

32π2
1
Nc

)(1
ε

+ lnS + 1
)

(3.4.6)

Uµ
mi,a,UV = g(ta)miū(K +Q)γµu(K)

(
g2

32π2Nc

)(3
ε

+ 3 lnS + 4
)
. (3.4.7)

The terms in the last brackets can be read from (3.3.25) and from (3.3.34), respectively. The
total contribution to the one-loop order of the qq̄g-vertex is the sum of these. As the pre-factors
of these are different, these are written more clearly separately. From these, we conclude that
the qq̄g-vertex counterterm is

δ1 = −αs
4π

(3Nc

2 − 1
2Nc

)1
ε
. (3.4.8)

This comes from the fact that the qq̄g-vertex part of the Lagrangian is of the form

Z1g(ta)miγµ, (3.4.9)

so the counterterm comes with a relative minus sign to cancel with the divergences.

From the definition of the renormalized Lagrangian, we know that the Callan-Symanzic
equation (2.4.5) holds,

Z2Z
1/2
3 Zg = Z1, (3.4.10)

where Zi are the renormalization factors, Zi = 1 + δi. Expanding this equation to powers of
g2 by writing Zn

i = 1 + nδi. Also we only consider the lowest order correction in g, namely
δiδj = O(g4) ≈ 0. From this, we can get the equation

Zg = 1 + δ1 − δ2 − 1
2δ3 (3.4.11)

= 1 + αs
4πε

(
− 11Nc

6 + Nf

3

)
(3.4.12)

≡ 1 + k
αs
ε

(3.4.13)

From the definition of the renormalized coupling constant, we can write g0 as

g0 = ΛεZgg, (3.4.14)
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where, as usual, g0 is the bare coupling constant and thus independent of the scale Λ. This also
holds for the quantity αs,0 = Λ2εZ2

gαs. Taking now the derivative with respect to ln Λ2, using
the fact that dZg/d ln Λ2 = (dZg/dαs)(dαs/d ln Λ2) and by denoting dαs

d ln Λ2 = β(αs), we arrive
at the expression

β(α) =
−αsε(1 + kαs

ε
)

1 + 3kαs

ε

. (3.4.15)

Expanding this equation to powers in αs and afterward setting ε → 0, we arrive at the expression

β(αs) = dαs
d ln Λ2 = 2kα2

s, (3.4.16)

which is a differential equation for αs in terms of the energy scale Λ. Suppose now that we set
up the scale such that αs(Λ0) = αs,0. This then imposes an initial condition on αs, and the
differential equation (3.4.16) can be solved. Using the separation of variables results to

αs(Λ2) = αs,0

1 − 2kαs,0 ln Λ2

Λ2
0

, (3.4.17)

where k = 1
24π

(
− 11Nc + 2NF

)
. Equation (3.4.17) is referred to as the QCD running coupling,

telling the magnitude of the coupling constant in terms of the energy scale Λ.

From the preceding calculation leading up to the running coupling and the beta function, D.
Gross and F. Wiltzek [16] and H. Politzer [33] were awarded the 2004 Nobel prize in physics [31].
This happened nearly 30 years after their discovery. Their main result was that non-Abelian
gauge theories would experience asymptotic freedom, meaning that they are perturbative only
at relatively high energies.

There exists a critical behavior in the values of Nc and Nf , namely whether k is negative
or positive. In the Standard Model QCD Nc = 3 and Nf = 6. This then results in k being
positive, k = 7/(4π). The result can be plotted and will result in a decreasing graph as shown
in figure 3.8 below.

The decreasing behavior of this running is known as the asymptotic freedom of QCD [32].
This means that in the high-scale limit, or equivalently, at small distances, the coupling of
QCD is small, so the interaction between fields is weak in comparison to some other scales.
Increasing the distance scale increases the coupling, possibly growing arbitrarily large. This
means that in these scales we can not use perturbation theory anymore. Some other methods,
such as lattice gauge theories [23], must then be used to analyze the system.

If we move away from the Standard Model and focus on arbitrary numbers Nc, Nf , we see
that if Nf > 11Nc/2, the coefficient k becomes negative. In the case of SU(3), this happens
when Nf ≥ 17. We can plot a similar plot to the Standard Model case. Now the situation is
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opposite to that in the Standard Model, namely that the coupling constant is large in the high
energy limit. This means that the theory behaves similarly to the QED case.

The goal of this section was to show that the coupling constant of QCD runs. As we can
see from (3.4.17), the result depends on both the number of quarks and the number of colors.
In the Standard Model of particle physics, it is assumed that the number of colors is three. This
is the reason why in figures 3.8 and 3.9 we set Nc = 3. In the case of relatively high energies,
it can be assumed that only some quark flavors inhabit the medium [24]. In this thesis, we
further assumed that all of them are massless. Even in the case of massive quarks, the running
of the coupling is still the same [24]. This is because the running stems from the UV sector,
and in that limit, the fermion masses in the propagators are much smaller than the integrated
loop momenta. Thus, the result calculated here will work even more massive fermions. The
interesting feature is that when evaluating diagrams, for example, for the pressure, it is possible
to replace all appearing coupling constants according to equation (3.4.14) to arrive at a finite
result [24]. This way the calculations of the counterterms explicitly is not mandatory.
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Figure 3.8: Plot of the running of the QCD fine structure constant αs according to equation
(3.4.17) with Nc = 3 and Nf = 6 in accordance with the Standard Model. The plot is drawn
in terms of the renormalization scale x = Λ2/Λ2

0 with αs,0 = 1. The plot is monotonically
decreasing.

Figure 3.9: Plot of the running of fine structure constant αs according to equation (3.4.17) with
Nc = 3 and Nf = 30. The plot is drawn in terms of the renormalization scale x = Λ2/Λ2

0 with
αs,0 = 1. The plot is monotonically increasing.



4. Pressure of cold and dense QCD
matter

In the following section, we will discuss how we can calculate the pressure of a system from
the partition function. In section 4.2, we will introduce hard thermal loop (HTL) effective field
theory (EFT) [12, 26]. This allows soft gluon propagators to be dressed with arbitrary number
of quark loops, while preserving the overall order in the QCD coupling constant. In section 4.3
we will discuss the calculations up to next-to-next-to-next-to leading order (N3LO). Finally in
section 4.4, we will evaluate the chemical potential dependent part of the gluon polarization
tensor and study its features.

4.1 Evaluation of the pressure

As we are considering a system with the chemical potential, the partition function Z in equation
(2.2.7) is the grand canonical partition function. It then follows from the basic thermodynamic
relations that

F = −T lnZ = −PV, (4.1.1)

where F is the free energy, T is the temperature, V is the volume, and P is the pressure
of the system. We are usually not interested in the free energy itself but rather its density
f = F/V = −P . As in the zero temperature QFT, the logarithm in equation (4.1.1) means
that the diagrams we need to evaluate must be connected [26, 32]. It turns out that the equation
(4.1.1) works even in the case of zero temperature, as the temperature can be absorbed into
the extra momentum integral appearing in the connected diagrams [26, 38].

35
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From the discussion of the previous paragraph, it is evident that some simplification in
the classification of the diagrams could be made. Namely, there are different ways to construct
connected diagrams. The simplest ones are the so-called ring diagrams. These are diagrams
consisting of propagators dressed with some number of self-energy insertions. As we will discuss
in section 4.3, the inclusion of the free propagators modifies the diagrams to be two-particle-
reducible, as the diagram can be separated by cutting around one self-energy insertion with two
cuts. Graphically cutting means removing a propagator line from a diagram. The other type
of diagrams will then be so-called skeleton diagrams [22], which are two-particle-irreducible
(2PI) diagrams. The notion of n-particle-reducible diagram means that the diagram remains
connected when cutting any n lines from the diagram. If there exists any n lines such that when
they are removed and the diagram separates into at least two parts, the diagram is referred
to as being n-particle-irreducible. Because the skeleton diagrams are 2PI, it is evident that
they can not be constructed similarly to the ring diagrams, so they must be classified as their
own group. Note that one-particle-reducible diagrams do not appear in the evaluation of the
pressure [26, 22].

Figure 4.1: In the left we have an example of a skeleton diagram. In the right we have an
example of a ring diagram. Notice that the skeleton diagram remains connected when any two
propagator lines are removed. In the case of the ring diagram, removing the two horizontal
gluon propagator lines separate the two loop parts. Notice that, for example, cutting the two
gluon propagators on the right loop will produce a connected diagram. However, this does not
affect the classification of the diagram, as only one reducible cut is enough for the classification
of the diagram.

An interesting thing about these skeleton graphs is that by cutting a single propagator from
the diagram, the newly formed diagram corresponds to 1PI self-energy of one less order [22].
When evaluating the skeleton graphs with free propagators, the diagrams are all some order n.
The additional diagrams can then be constructed from the skeleton graphs by dressing some
of the propagators with some self-energy insertions. For example, the first skeleton diagram,
denoted as Φ2[D] in [22], where D is the full propagator, has a loop order of at least two. When
we set the full propagators to free ones, we will get the skeleton graphs we desire. However, the
inclusion of the full propagator raises the loop and leads to the conclusion that the resulting
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diagrams will be ring diagrams as they will be two-particle-reducible. Thus, both the ring
diagrams and the skeleton diagrams contribute to the ring diagram class by modifying the
necessary prefactors in the calculation. As a neat example, we shall do the evaluation to the
five-loop order. We shall use the same convention as in [22], namely that the Dyson series
(2.4.8) will have a plus sign instead of a minus.

The free energy is a functional of the full propagator and can be written as [22, 37]

F [D] =
∑
i

ci(Tr lnD−1
i + TrΠi[D]Di) − Φ[D], (4.1.2)

where the index i corresponds to different particle types, Di corresponds to the corresponding
full propagator, D−1 = ∆−1 − Π its inverse, ∆ being the free propagator, and ∆−1 its inverse.
Φ[D] stands for the dressed skeleton diagrams. The factor ci is a factor accounting for the
number of degrees of freedom of the field divided by two. One must also remember that a
closed fermion or ghost loop will introduce a minus sign, so the ci = 1/2 for bosons, ci = −1/2
for ghosts, and ci = −1 for fermions. The formula for the inverse propagator comes from
equation (2.4.9). Using these formulas, we can simplify the equation (4.1.2) to a form

F [D] = F0 +
∑
i

ciTr
(∑
n≥2

(1 − 1
n

)(Π∆)n
)

− Φ[∆
∑
n≥0

(Π∆)n]. (4.1.3)

The steps to derive this is as follows. First, we express every appearing D as a Dyson series.
Then, from the logarithm term, we take a common factor of ∆−1 to the right leaving us with
ln
(
(1 − Π∆)∆−1

)
. Using the rules of logarithms, we can take the inverse propagator part in

front, denoting it as F0, corresponding to the free energy in the case of no interactions. Then we
can expand the logarithm as a Taylor series and noting from the Dyson series that Π[D]D =
Π∆ + Π∆Π∆ + ... = ∑

n≥1(Π∆)n. Noting that the expansion of ln(1 − x) = −∑
n≥1 x

n/n

introduces as overall minus sign, the formula simplifies to (4.1.3).

We like to study what happens in four-loop order. As can be seen from (4.1.3), the skeleton
diagrams must be dressed with the full propagators instead of free propagators. This way these
graphs are only 1PI. It is therefore convenient to Taylor expand the result in terms of the free
propagators, namely

Φ[D] = Φ[∆] +
∑
n≥1

1
n!δ

n
∆i

Φ[D]∆(Π∆)n, (4.1.4)

where δnDi
denotes the n:th functional derivative with respect to a propagator Di. The functional

derivative is equivalent to the cutting of a graph. Now it is possible to expand Φ in orders of
two and three, denoting them with subscripts. Using the fact that differentiating one of these
skeleton diagrams produces a self-energy term of one fewer order [22], namely

δDi
Φn[D] = ciΠ0

n−1[D]. (4.1.5)
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With this, we can expand the Φ functionals as

Φ2[D] = Φ2[∆] + ciΠ0
1∆Π0∆ + ci(Π0

1∆)3 + ci
2 Π1

2∆Π0
1∆ (4.1.6)

Φ3[D] = Φ3[∆] + ciΠ0
2∆Π0

1∆ (4.1.7)

Φ4[D] = Φ4[∆], (4.1.8)

where we denote with the superscript 0 that the self-energy is 1PI and with the consequent
superscripts the cases where some propagator lines of the self-energy are dressed with different
self-energies insertions themselves, as explained in [22]. The factor of 1/2 appears from the
Taylor expansion. Here we used the fact that as we are considering only up to four-loop order,
the sum of subindices of the self-energies Π must be three, fixing some of the polarization tensors.
This is because the ring itself contributes as one loop. The term without any subindices means
the sum of the reduced contributions Π0 = Π0

1 + Π0
2 and similarly Π2 = Π0

2 + Π1
2. The upper

indices denote self-energies, which are obtained by dressing some propagator lines of lower-order
self-energies. For example, Π2

3 can be obtained by dressing two propagator lines of one-loop
self-energy, giving rise to three loop results, denoted by the subindices.

We can thus write the ring diagram contribution as

ciTr
[1
2Π∆Π∆+ 2

3Π0
1∆Π0

1∆Π0
1∆−Π0

1∆Π0∆−Π0
1∆Π0

1∆Π0
1∆− 1

2Π1
2∆Π0

1∆−Π0
2∆Π0

1∆
]
, (4.1.9)

where a sum over i for bosons and fermions is assumed. We can further simplify the result by
setting Π = Π0

1 + Π0
2 + Π1

2 and adding the contributions of the skeleton diagrams resulting in a
total to

−F = −F0+Φ2+Φ3+Φ4+ciTr
[1
2Π0

1∆Π0
1∆+1

3Π0
1∆Π0

1∆Π0
1∆+1

2Π1
2∆Π0

1∆+Π0
2∆Π0

1∆
]
, (4.1.10)

which is the same as in [22]. Here we also, for simplicity, denote Φi ≡ Φi[∆]. The prefactors
are by no means trivial, and a proper calculation from the Taylor expansion is a secure way
to obtain the prefactors. The simplest one is the diagram with one-loop self-energies in a
ring. The prefactors for those are always 1/n, where n is the number of self-energy insertions,
corresponding to terms of the form (Π0

1∆)n/n. Note that the terms with only self-energies are
all of the order of the sum of the subscripts plus one. The factor of ci in front stands for whether
the loop in question is a bosonic or fermionic and it is implicitly assumed that the self-energy
insertions and the propagators following are for that field type.

It is worth mentioning that the free energy density initially comes from the logarithm of
partition function F = −T lnZ. Yet, only the F0 = ciTr[ln ∆−1] part has a logarithm. Thus, in
the evaluation of these higher-order diagrams, we would not need to consider this logarithm but
needs to only focus on the prefactors of equation (4.1.10) and, in the case of skeleton diagrams,
to the symmetry factors. The self-energies also involve some symmetry factors, but the main
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point is that once we have taken them into account in the evaluation of the self-energies, they
are not needed anymore.

Even the five-loop expression is rather easy to evaluate. For that, additional formulae
are needed for the definition of reduced self-energies. The three-loop twice reduced can be
obtained by cutting two lines from Π0

1 and inserting ∆Π0
1∆ to both. One must also remember

that because we are cutting two lines, we must divide the result by two. The once-reduced
three-loop result is the most complicated one needed at the five-loop level. It can be formed
in three ways. Either we dress one line of Π0

2 with ∆Π0
1∆ or we dress one line of Π0

1 with
∆Π0

1∆Π0
1∆ or with ∆Π0

2. Using these formulas for the derivative terms appearing from the
Taylor expansion (4.1.4), we obtain the same three-loop contribution as in (4.1.10) with the
additional five-loop contribution

−F5 = Φ5 +ci
[
Π0

1Π0
3 + 1

2Π1
3Π0

1 + 1
3Π2

3Π0
1 + 1

2Π0
2Π0

2 + 1
2Π1

2Π0
2 +Π0

1Π0
1Π0

2 + 1
2Π0

1Π0
1Π1

2 + 1
4Π0

1Π0
1Π0

1Π0
1

]
,

(4.1.11)
where we have denoted Π ≡ Π∆ for simplicity. This result is also the same as in [22]. Every
term inside the square brackets, both in (4.1.10) and in (4.1.11), all have plus signs. There is
not any apparent reason why it is so. It is worth noting that using the different sign in the
Dyson series (2.4.8) means that some of the terms in (4.1.10) and in (4.1.11) have alternating
signs depending on the number of self-energy insertions. We can also express the different ring
diagram contributions pictorially, which we depict in figure 4.2.

Figure 4.2: Diagrammatic representation of equations (4.1.10) and (4.1.11) combined. Note
that we will not open up the skeleton graphs explicitly as there are so many of them. This is
equation (29) of [22].
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In this section, we assumed that the self-energies of some loop order directly correspond
to the order of the coupling constant. That is why it was possible to expand the free energy
in terms of the loop order. In the following chapter, we will discuss the situation where this
assumption is wrong. This leads to a hard thermal loop (HTL) effective field theory (EFT).

4.2 Soft and hard modes

As we saw in section 3, some calculations result in IR divergences. This stems from the fact
that, in low energies, EFT:s must be used to analyze the system. This low-energy theory will
be IR finite and, as it turns out, will cancel the unphysical IR divergences of the original theory.
In the case of HTL, this induces an additional effective field referred to as the soft gluon field.
It is constructed by dressing the gluon lines with arbitrarily many quark loops.

In this section, we clarify the emergence of these seemingly different fields. The idea is that
in the QCD partition function (2.2.7), the functional integrals, denoted by DX, where X can
be any field, mean that one must integrate over all the possible different field configurations in
terms of some parameter. This parameter can be, for example, the position or the momentum
of the field, including its spin and color degrees of freedom. In the case of position, no position
in space is any more significant than another. However, in the case of momentum, the energy of
the particles generated by the fields depends on the momentum. Thus, it is natural to assume
that the different momentum modes are not equivalent. Therefore, in this section, we set the
functional integrals to be parameters of momentum, meaning

DX =
∏
k0,k

dX(k0,k). (4.2.1)

This will be the starting point for us to unravel the difference between soft and hard modes.
The main difference between these is that the magnitude of the momentum is of order O(Λ) or
O(gΛ), respectively. The Λ is some scale of the system. In the zero-temperature case, the only
relevant scale is the chemical potential, so we can thus set Λ = µ.

If we study the momentum of different fields, we will get a clearer picture of the different
relevant scales for each field. As we have discussed thus far, the gluon momentum is P 2 =
p2

0 + |p|2. Setting both the p0 ≈ gµ and |p| ≈ gµ, we get that the magnitude of the total
momentum is also P = gµ. Thus, for gluons, both hard, P ≈ µ, and soft scales, P ≈ gµ, exist.
In the case of fermions, we have to remember that, in the case of finite chemical potential,
P 2 = (p0 − iµ)2 + |p|2. Setting p0 = |p| = 0 results in O(µ2) contribution. Thus, fermions
do not have soft modes nor IR problems. However, setting |p| = µ, p0 = 0, results in P 2 = 0.
Thus, the fermions can have soft modes only in the very vicinity of the point where |p| = µ.
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As we will later see in the calculation of the matter part of the gluon polarization tensor, the
residue calculations induce a step function θ(|p| − µ). It is clear how one should deal with
the appearing poles away from the |p| = µ region. However, how should we deal with them
on |p| = µ when the contour runs over the pole? By using principal value integrals, this pole
would contribute with only a half weight. However, as this happens only at the surface |p| = µ,
it does not contribute to the integrals.

Supposing we have a soft gluon propagating in the medium. We can denote its momentum
by K = O(gµ). It is possible to evaluate the vacuum and matter parts of the polarization tensor
Πµν(K,µ) = Πµν

V (K) + Πµν
M (K,µ), where V and M sub-indices stand for vacuum and matter

parts, respectively. We have also explicitly written that the vacuum part is µ-independent. As
we saw in section 3, the vacuum part of the polarization tensor is of order O(g2K2), so it is of
order O(g2 · g2µ2) = O(g4µ2). On the contrary, the matter part is only O(g2µ2) = O(K2), as
we will see in section 4.4. Thus the momentum and the self-energy are of the same order, so it
is no longer possible to expand the dressed propagator as a series.

Let us then consider the resummed pressure, pQCDres , where all the propagators are dressed
with sufficiently many self-energy insertions. Also the vertex corrections must be evaluated at
a sufficiently high orders. This pressure is equivalent to [25]

pQCDres = (pQCDres − pHTLres ) + pHTLres , (4.2.2)

where we just added zero of the form 0 = −pHTLres + pHTLres . What we mean by the resummed
contributions in the case of the HTL is that each gluon propagator is of the form 1/(P 2+ΠHTL).
We will then study the UV and IR behaviors of these terms. As we will discuss in the next
section 4.3, the IR behavior of QCD is described by the HTL. This means that in equation
(4.2.2), the bracketed quantity is IR-safe, and no resummation needs to be done. This means
we can instead use the naive pressures for both quantities, resulting in

pQCDres = (pQCDnaive − pHTLnaive) + pHTLres . (4.2.3)

What does the pHTLnaive term mean then? The answer is that instead of simply writing propagators
as 1/(P 2 + ΠHTL), we can naively expand them as power series 1/P 2 − Π/P 4 + .... In the UV
sector, the naive and resummed HTL pressures cancel as the power expansion is justified. As
explained earlier, the bracketed quantity disappears in IR, leaving the resummed HTL pressure
as the only contribution. Now nothing restricts us from using the full integration contours
throughout the calculations. This is because the naive power series contributions are canceled by
the resummed contributions in the regions where the power series is not justified. Furthermore,
in the diagrams where the semisoft region does not exist, the diagrams will involve scaleless
integrals, which vanish in dimensional regularization. This assures that no double counting
occurs anywhere in the calculations.
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In the case of non-zero temperatures, effective field theories are needed for the zero Mat-
subara modes. These are referred to as the magnetostatic-QCD EFT and electrostatic-QCD
EFT[26, 24]. As there are no distinct Matsubara modes, these EFT:s will not appear. The
HTL limit discussed is valid also in the zero temperature limit and is necessary to cancel the
unphysical IR divergences. In the next section, we shall closely follow the discussion presented
in [12] on how it is possible to calculate the pressure of cold and dense quark matter of massless
quarks. As we will not compute the pressure explicitly, we will focus on the methodology of
the calculation.

4.3 Pressure of cold quark matter

It turns out that for all the diagrams needed to be evaluated, they must contain at least one
fermion loop either in the naive perturbation theory or in the HTL gluon. This is because if
there are no fermion loops, the resulting diagram will not have any external scale the pressure
can depend on. Consequently, all the integrals would be scaleless and vanish in dimensional
regularization, similarly to equation (3.1.10). The fermions bring the chemical potential into
the calculations, and the pressure will be a function of it. We can thus ignore all the bosonic
diagrams not containing any quarks, which decreases the number of diagrams needed to be
evaluated.

However, as in the zero temperature case, the quarks form a Fermi sphere, and the states
with momenta lower than the chemical potential µ are already occupied. This means that only
quarks with momenta of the order of the chemical potential can propagate [12]. This appears
in the calculations as step functions. This is another way to see why no IR problems appear
for quarks. In the case of gluons, such a restriction on the momentum is absent, and all the
gluons can propagate. We can study the gluonic hard modes with naive perturbation theory,
but the gluonic soft modes require HTL treatment. This is because the medium will modify
the propagation of these long-wavelength gluons due to the screening effects [38, 12].

As we will later see, most of the diagrams considered will be 1PI, and the gluon and fermion
propagators will have 1PI self-energy insertions. We can write the full propagator as

Dµν(K) = δµν
1
K2 − Π(K)µν

K4 + Πµα(K)Παν(K)
K6 ..., (4.3.1)

where the first term corresponds to a propagator without any polarization tensor, the second
to a case of one polarization tensor, and so on. The extra factors of 1/K2 appear because the
polarization tensors parts must be connected with free gluon propagators. These free gluon
propagators will make the diagrams one-particle-reducible, but the self-energy insertions are
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1PI. It is rather easy to see that equation (4.3.1) corresponds to a Taylor expansion of a term
(K2 + Π(K))−1, just like in equation (2.4.8). The mass is, by definition, achieved in the zero-
momentum limit of the polarization tensor because of the dispersion relation P 2 + Π(P ) = 0.
As we will later see in the calculation of the HTL limit of the one-loop polarization tensor, the
zero-momentum limits are non-vanishing. Both of these will be of the form ΠL,T = m2

EFL,T ( |k|
K0

),
where m2

E = ∑
f µ

2
fg

2/(2π2) is the thermal mass and subscripts L, T denote the longitudinal and
transverse parts, respectively. We can say that gluons develop effective mass in the presence of
the quark chemical potential.

In the soft sector, the radial loop momentum integrals are restricted to an interval from 0
to mE. Every loop in the soft scale is included with an integral∫ mE

0
d4P ∼ α2

sµ
4. (4.3.2)

Suppose we introduce a soft gluon loop to a soft gluon loop. Via power counting, we can
conclude that the vertices introduce a factor of g2 ∼ αs. One of the propagators involving
solely the loop momentum includes a factor of (P 2 + Π(P ))−1, while the other propagator
introduces a factor of similar nature with different momentum R = K−P . In the HTL regime,
the vertex functions induce a modification of order m2

E [12]. There are two of these vertices,
which result in a contribution of αsm4

E. We must also multiply this result by αs appearing from
the 3-gluon vertices resulting in a total contribution of O(αsm2

E). Because the original integral
would be one soft propagator, it would be of order m2

E. From this, we conclude that the soft
sector works perturbatively in the sense that including more soft gluon to diagrams will raise
the power of the diagrams by powers of αs. As discussed in [14], these soft contributions will
appear starting from the N2LO contributions.

From the above discussion, we can then proceed to discuss the calculation of the pressure
order by order. In the leading order, we would have a diagram consisting only of a single fermion
loop. We note that this diagram is that of the theory without any interactions, meaning the
contribution arising from the Fermi sea of quarks. In the NLO, the contribution arises from
the fermion loop with one gluon inside of it. There are three other two-loop contributions, but
they do not contain any fermions and consequantly will not contribute to the pressure at zero
temperature [38].

At the N2LO, the contributions arise both from the soft and the hard scale. In the soft
scale, the only contributing diagram is that of a soft gluon loop, which should be treated in
the HTL regime. In the hard scale, we have four gluonic ring diagrams, one fermionic ring
diagram, and two skeleton diagrams. Because the IR problems arise only for gluons, we can
conclude that the latter two diagram classes are IR-safe. The diagram consists of a gluon ring
dressed with two quark loops is obviously part of the HTL gluon propagator. Because of this,
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the hard diagrams are IR divergent, but this IR divergence will cancel with the UV divergence
of the corresponding HTL diagram, resulting in an IR finite contribution.

From the preceding discussion around equation (4.3.2), we note that in any given diagram,
when a soft gluon loop is inserted into another soft gluon propagator, it is of order αs. The
soft gluon loop by itself is of order α2

s. We will need this in the discussion of the soft scale
contribution at the N3LO. Supposing we first have a soft gluon loop. We can insert another
soft gluon loop to it by either adding two three-gluon vertices or one four-gluon vertex. These
result in the overall order of α3

s. These vertices should also be treated in the HTL regime as
we are in the soft scale where every gluonic propagator and vertex should not be treated in the
naive perturbation theory but rather within the HTL theory. Another contribution may arise
from a ghost or fermion loop dressed with a soft gluon propagator. However, as discussed in
[13], the fermionic contribution vanishes as the soft fermionic modes are Pauli-blocked. Thus
only the diagram with a ghost loop with one soft gluon loop in it will contribute, resulting in
a total of three fully soft diagrams [12, 14].

At this level, it is wise to use a labeling system to distinguish different diagrams from
one another. A reasonable choice is to use the same convention as in [12]: any diagram can
be classified with the number of soft loop momenta they contain. Thus, we can denote the
diagrams by pp3,i, where the first subscript tells the overall power of the diagram, in this case,
α3
s. The second subscript denotes the number of hard gluons or ghost loop momenta, which

can be modified to be soft. The upper index is there to distinguish which type of contribution
the diagram is. It may be s for purely soft contributions where every gluon is dressed. When
all the gluonic momenta are hard, we will denote this class of diagrams as h. This class
can then be evaluated in the naive perturbation theory. In addition to these, there are so-
called mixed contributions, denoted by m. These stand for cases, where some gluon lines are
dressed, but some other momenta are still treated hard. Softer contributions can be reached by
changing gluon lines with some number of fermion loops to soft gluon propagators. Additionally,
whenever three or four soft gluon lines meet at a vertex, it can be changed to HTL vertex. HTL
vertices consist of the usual three and four gluon interactions with a hard fermion loop instead
of a pointlike interaction. This will be of the same order as the bare vertex.

It turns out that these different classes have different types of divergences in UV and in IR.
In the soft sector, the diagrams are all IR-safe. The intermediate region will have both IR and
UV divergences. The IR divergences cancel with the UV divergences of the soft sector, and the
UV divergences with the IR divergences of the hard sector. We can handle the hard-scale UV
divergences with the counterterms. Instead of calculating the counterterms explicitly, we can
use the renormalized coupling constant of equation (3.4.14) after evaluating everything using
the bare coupling constant [24]. The end result should then be finite.
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Figure 4.3: An example of a HTL treatment. In the first diagram all momenta are hard. In the
step (i) we assume that the upper gluon propagator is soft, so we can dress it with arbitrary
number of quark loops while preserving the overall order in g. In step (ii) we denote this
propagator by the HTL propagator, denoted by a double line. Some of the momenta of the
diagram are soft, some are hard, so the diagram is of the mixed type. In step (iii) we also
assume that the other two gluon propagators are soft, so we can also dress them. Notice that
in the left vertex we then have three soft gluons in a vertex, so we can replace the vertex by
the HTL vertex [12]. In step (iv) we then replace everything by the soft gluons, resulting in a
fully soft diagram. Notice that the vertices have also been changed to HTL vertices containing
a hard fermion loop. This is FIG. 1. of [13].

From what we know from ordinary QFT, the number of different diagrams rises rapidly,
the higher order in αs we consider. In the leading order and in the NLO, only one diagram
contributes. In the N3LO, the number of hard diagrams is already 51. This is truly a daunting
task to evaluate all the diagrams. In addition to the naive perturbation theory contribution,
the intermediate and the soft scales bring their own complications. We note that due to the
definition of the soft sector, some of the diagrams can be topologically equivalent. Namely,
in the three-loop soft contribution, one diagram is a ghost loop with dressed gluon running
through it. The difference is whether the ghost momentum is soft or hard.

In the hard contributions, it is possible to split the evaluation between the QED part and
the QCD part. In the QED part, only vertex with two fermions and one gluon is allowed, while
the ghosts are decoupled from the system. In the QCD part ghosts, three gluon and four gluon
vertices are allowed. In this way, the calculation becomes more systematic and easier to follow.
It is evident that the inclusion of the QCD part is much more laborious than the QED part
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on its own, as the number of different vertices rises from one to four. As explained earlier,
some diagrams will not contribute because they do not involve any quark loops. As we saw in
the case of the scaleless integral of (3.1.10), the diagram consisting of four gluon vertex with
a gluon loop will never contribute. This can be used to remove some of the diagrams as their
value will be identically zero.

From the discussion of this section, it is evident that in the calculation of thermodynamic
properties of the system, the matter part of the gluon propagator is an essential part of the
calculation. In the higher orders of perturbation theory, the soft gluon propagators may be
needed to be evaluated using polarization tensors of two or even more loops. As discussed
in this section, the current calculation proceeds at four-loop order [12], which requires only
one-loop polarization tensors. In this thesis, we will evaluate the vacuum part of the gluon
polarization tensor at D = 4 − 2ε spacetime dimension. This is because the result diverges at
a strict D = 4 limit and must thus be regulated. As the matter part is convergent at D = 4,
we will evaluate it at the strict D = 4 limit.

The renormalization scale Λ is introduced in the calculation as a pre-factor of momentum
integrals. Any thermodynamic quantity must be a function of Λ and the chemical potential,
or equivalently the thermal mass mE, as they are the only quantities with energy dimensions.
Using dimensional arguments, the pressure density has an energy dimension of four. This leads
to the conclusion that the pressure can be expressed as P = µ4f(mE/Λ) [12, 24]. This has an
interesting consequence. Changing the value of mE/Λ will result in different expressions for the
pressure. If we have some experimental data concerning systems of cold quark matter, it should
satisfy the equation of state for some mE/Λ. This will also modify the renormalized QCD cou-
pling constant. Therefore we can choose some suitable interval for it and consequently achieve
an interval for the possible pressure curves [24]. These are not similar kinds of uncertainty
bands as in experimental physics, as they do not have similar probabilistic interpretations.

4.4 Matter part of the gluon polarization tensor

As we discussed earlier, the only contribution of the gluon propagator depending on the chemical
potential is from the quark loop. Thus, we proceed by evaluating the µ dependent part of it,
which is referred to as the matter part. As we will see, the µ independent part results in the
calculations of section 3. Because of the quite a technical calculation involved, we will not
calculate the pressure at any order in this thesis. The leading order and NLO results can be
found in [26].
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The inclusion of the chemical potential will make the integrals more difficult and they
will require complex analysis to evaluate. We introduce the integrals necessary for this section
in appendix B.2 and in B.3. In the evaluation of these diagrams, apart from the simplest
one, we assume strictly that D = 4, as the matter part will be finite. This simplifies the
calculations. However, when calculating higher loop orders, one will also need O(ε) in terms
of this polarization tensor matter part. This is because the factor of ε might cancel with some
factors arising from the vacuum divergences. All the loop diagrams involving quark propagators
will have their own matter parts. However, we are not interested in those, as they are not used
in the context of HTL resummation.

4.4.1 Polarization tensor projections

When evaluating the gluon self-energy, one needs to take into account that the quark loop
contribution also has a µ dependent matter part. Noting the discussion around equation (2.2.6),
the inclusion of the chemical potential affects the zeroth component of the quark momenta by
replacing p0 → p0 − iµ. We will also study the only diagram, containing a fermion loop, namely
that of figure (3.1). This results in an overall integral similar to that of the µ = 0 case in
(3.1.3),

Πµν
f,ab,M = −2g2δab

∫
P

1
(P̃ −K)2P̃ 2

[
(P̃ 2 − P̃ ·K)δµν + P̃ µKν +KµP̃ ν − 2P̃ µP̃ ν

]
. (4.4.1)

The main difference to equation (3.1.3) is that instead of the usual four-momentum, we instead
have P̃ = (p0 − iµ,p). We will not sum over all the flavors yet, but instead will consider
one individual fermion flavor. The total result is then reached by summing over all the flavor
contributions. We see from equation (4.4.1) that we need to evaluate ten integrals as the
integrand is symmetric. Luckily there is a shortcut.

The inclusion of the thermal matter breaks Lorentz-symmetry [5]. This means that tensor
basis will be four dimensional instead of the two, δµν and KµKν , used in section 3. This is
because the matter itself moves at some velocity, which we choose to be nµ = (1,0), meaning
that we study the matter in its comoving frame. This new four-velocity brings about two new
components to the tensor basis: Kµnν + Kνnµ and nµnν . The polarization tensor will satisfy
the Ward-type -identity in the one-loop order. Because of the Ward identity, we know that
there exists total projection type object P µν

T+L = δµν − KµKν/K2, which trivially satisfies the
Ward identity. The component of nµnν is non-zero only if µ = ν = 0. This means that the
00 component is somewhat special and thus it is convenient to define one of the projection
operators as only the spatial part of the total projection, namely P µν

T = δµiδνj
(
δij − k̂

i
k̂
j),

where k̂ = k/|k|. The other projection is then defined as P µν
L = P µν

T+L −P µν
T . There is also one
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more advantage to using this basis. As we saw in section 3, the vacuum part of the polarization
depends solely on the total projection. This means that we can write Πµν = f(K)P µν

T+L =
f(K)(P µν

T + P µν
L ) for the vacuum part.

We can now express the self-energy in terms of transverse and longitudinal parts. We can
thus write the self-energy as

Πµν = ΠLP
µν
L + ΠTP

µν
T . (4.4.2)

As stated above, in the higher loop orders equation (4.4.2) will contain two additional terms
[38, 5]. As we are calculating only the one-loop polarization tensor, it will be enough to just use
equation (4.4.2). Now from the definition of the projection operators, equations it is evident
that P 0ν

T = P µ0
T = 0 and P 00

L = 1 − (k0)2/K2 = |k|2/K2. Evaluating also the traces of these
tensors results in

P µµ
T = D − 2 (4.4.3)

P µµ
L = D − 1 − (D − 2) = 1. (4.4.4)

With these identities, we can immediately write equations to solve ΠL,ΠT

Π00 = |k|2

K2 ΠL (4.4.5)

Πµµ = ΠL + (D − 2)ΠT (4.4.6)

From these equations together with (4.4.2) it is possible to solve all the components of the self-
energy by evaluating two of the components. We can immediately solve for the polarization
tensor components

ΠL = K2

|k|2
Π00 (4.4.7)

ΠT =
Πµµ − K2

|k|2 Π00

D − 2 . (4.4.8)

We then proceed by evaluating Π00 and Πµµ, from which it is possible to solve ΠL and ΠT . From
these, we can then solve the full polarization tensor. We can readily set D = 4 in equation
(4.4.8). At higher loop orders, the chemical potential dependent parts may also diverge, so
keeping the space-time dimension arbitrary would be necessary.

4.4.2 Evaluation of Π00

We can immediately write from equation (4.4.1)

Π00
f,ab,M = −2g2δab

∫
P

1
(P̃ −K)2P̃ 2

[
P̃ 2 − P̃ ·K + 2p̃0k0 − 2(p̃0)2

]
. (4.4.9)
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Because of the residues in the p0 integrals, it is convenient to replace all the p̃0. This can be
performed by using (p̃0)2 = P 2 − p2 and p̃0k0 = P̃ · K − p · k. Most notably, in this section,
we shall denote the four momenta with a big letters and the zeroth component and the three
momenta with small letters. After this, we can write the resulting integral in a form

Π00
f,ab,M = −g2δab

∫
P

1
(P̃ −K)2P̃ 2

[
− (P̃ −K)2 − P̃ 2 +K2 + 4|p|2 − 4p · k

]
. (4.4.10)

We can write the first three terms in terms of the known integrals I1(µ) and I2(K,µ), introduced
in appendix B. This results

Π00
f,ab,M = g2δab

[
2I1(µ) −K2I2(−K,µ) − 4

∫
P

|p|2 − p · k

(P̃ −K)2P̃ 2

]
. (4.4.11)

It is important to note that from the definition of the I2(K,µ)-integral that it is possible
to change the integration variable to P → P − K, which leads to the fact that I2(K,µ) =
I2(−K,µ). The first integral resulting from the second line gives the matter part

J00
1 = 1

4π2|k|

∫ µ

0
dpp2 ln

(
K2 + 4pK sin Φ + 4p2

K2 − 4pK sin Φ + 4p2

)
. (4.4.12)

It is important to note that we have made a crucial simplification. If we explicitly evaluate
this integral, the integration limits turn out to be from µ to ∞. As we already discussed in
section 2.4, all the diagrams consisting of at least one fermion loop contain both a vacuum
and a matter part. The exact calculation would be the combination of these two. Using the
properties of the integration, we can change∫ ∞

µ
=
∫ ∞

0
−
∫ µ

0
. (4.4.13)

The first integral corresponds to the vacuum integral and is thus independent of µ. Note that
the equation (4.4.13) also states that the matter part comes with an additional minus sign.
Also the angle Φ in equation (4.4.12) is defined as tan(Φ) = |k|/k0. This angle is discussed
more in appendix B.2.

The second integral involving p · k results in

J00
2 = 1

2π2

∫ µ

0
dpp

∫ 1

−1
dz
[

pkz

K2 + 2ipk0 − 2pkz − pkz

K2 − 2ipk0 + 2pkz

]
. (4.4.14)

The extra minus sign appears because when we evaluate the second pole of equation (B.2.7),
we use a substitution P ′ = P −K. Because of this

p2 − p · k = p · (p− k) → p′ · (p′ + k) = p′2 + p′ · k, (4.4.15)

wo the sign in front of p · k changes. It is important to note that the change of variable is
done here with an opposite sign as it was in (B.2.7), because the integrals are defined here with
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P −K in the second propagator. Integrating now (4.4.14) over z results to

J00
2 = 1

2π2

∫ µ

0
dpp

[
2 − K

4p sin Φ ln
(K2 + 4Kp sin Φ + 4p2

K2 − 4Kp sin Φ + 4p2

)
− arctan

( 4p2 sin(2Φ)
K2 + 4p2 cos(2Φ)

)
cot Φ

]
. (4.4.16)

In the calculation, we first multiply the numerator and denominator with the complex conjugate
of the denominator in the first term of (4.4.14). Then we make the obvious substitution
u = K2 − 2pK sin(Φ)z. After this, the integral can be split into two integrals, one being of
the form u/(u2 + 4p2K2 cos2(Φ)) and the other being u2/(u2 + 4p2K2 cos2(Φ)). The first one
results in the logarithm while the second results in the constant term 2 and an arctangent. The
imaginary parts cancel, leaving us with a real result.

We can now combine the results from (4.4.11), (4.4.12) and (4.4.16) to arrive at an expres-
sion

Π00
f,ab,M = g2

2π2 δab

∫ µ

0
dpp

[
1 + 4p2 −K2

8pK sin Φ ln
(
K2 + 4pK sin Φ + 4p2

K2 − 4pK sin Φ + 4p2

)

− arctan
( 4p2 sin(2Φ)
K2 + 4p2 cos(2Φ)

)
cot Φ

]
, (4.4.17)

which is the same result as in [38]. As this equation is a solution to a function with complex
numbers, it is not obvious why the arctangent term appearing in (4.4.17) is only arctangent
instead of complex argument-function atan 2(x). This stems from the fact that this arctangent
term appears from an elementary integral of 1

x2+a2 , as explained above.

However, if we explicitly write out the integral, we arrive at an expression of the form

arctan
(
K2 + 2pK sin(Φ)

2pK cos(Φ)

)
− arctan

(
K2 − 2pK sin(Φ)

2pK cos(Φ)

)
, (4.4.18)

in place of the arctangent term. The way to proceed is to use the addition formula for arct-
angent, which leads to the form in (4.4.17). It turns out that this arctangent addition formula
does not hold for every angle. This can be seen by considering the angle φ = π/3. If we sum
arctan(φ) + arctan(φ), we would get a result which is greater than π/2. Thus, we can not use
the main branch of arctangent in the addition formula. This then leads to a conclusion that
every time we write arctan

(
4p2 sin(2Φ)/

(
K2 + 4p2 cos(2Φ)

))
, we instead mean the quantity

in equation (4.4.18). At low enough momenta p, the left and right sides of (4.4.18) are equal.
We discuss this term more in appendix B.4.

We can write this integral in terms of integrals Ji introduced in appendix B.3. This will
result to

Π00
f,ab,M = g2

2π2 δab

[
J1 + 4J2 −K2J3

8K sin Φ − J4 cot Φ
]
. (4.4.19)
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Using these elementary integrals, we end up with

Π00
f,ab,M = g2

2π2 δab

[2
3µ

2 + 1
24K sin Φ(4µ3 − 3K2µ) ln

(4µ2 + 4µK sin Φ +K2

4µ2 − 4µK sin Φ +K2

)

−K2

24 sin2 Φ ln
(

1 + 8µ2

K2 cos(2Φ) + 16µ4

K4

)
−cot Φ

2

(
µ2 − K2

12 (1 + 2 sin2 Φ)
)

arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)]
. (4.4.20)

This result is the same as in [38].

4.4.3 Evaluation of Πµµ

We can express the resulting trace as

Πµµ
f,ab,M = −(D − 2)g2δab

∫
P

1
(P̃ −K)2P̃ 2

[
(P̃ −K)2 + P̃ 2 −K2

]
= −(D − 2)g2δab

[
2I1(µ) −K2I2(−K,µ)

]
. (4.4.21)

Setting D = 4 and plugging in the required integral results in

Πµµ
f,ab,M = g2

2π2 δab

µ2 − Kµ

8 sin(Φ) ln
(4µ2 + 4µK sin Φ +K2

4µ2 − 4µK sin Φ +K2

)

+ K2

8 ln
(

1 + 8µ2

K2 cos(2Φ) + 16µ4

K4

)

+ K2

4 cot(Φ) arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

) (4.4.22)

This result is the same as in [38], except for the factor of 1
8 in the second term in the first line

of equation (4.4.22).

4.4.4 One-loop polarization tensor

We can now express the components ΠL and ΠT in terms of the calculated Πµµ and Π00. In
the calculations for ΠL, we plug in equation (4.4.20) to equation (4.4.7) using the fact that
|k| = K sin(Φ), we arrive at an expression

ΠL,ab = g2

2π2 sin2(Φ)δab
[2
3µ

2 + 1
24K sin Φ(4µ3 − 3K2µ) ln

(4µ2 + 4µK sin Φ +K2

4µ2 − 4µK sin Φ +K2

)

−K2

24 sin2 Φ ln
(

1 + 8µ2

K2 cos(2Φ) + 16µ4

K4

)
−cot Φ

2

(
µ2 − K2

12 (1 + 2 sin2 Φ)
)

arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)]
. (4.4.23)
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Evaluating ΠT is a bit more tedious: we plug in both of equation (4.4.22) and (4.4.23) to
equation (4.4.8) resulting in

ΠT,ab = g2

4π2 sin2(Φ)δab
[
µ2
(

sin2(Φ) − 2
3
)

+

(
3K2µ cos2(Φ) − 4µ3

)
24K sin(Φ) ln

(4µ2 + 4µK sin Φ +K2

4µ2 − 4µK sin Φ +K2

)

+K
2

6 sin2 Φ ln
(

1 + 8µ2

K2 cos(2Φ) + 16µ4

K4

)
+cot(Φ)

24
(
K2(4 sin2(Φ) − 1) + 12µ2

)
arctan

( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)]
(4.4.24)

From these results, it is possible to solve the gluon polarization tensor to one-loop order ex-
plicitly using equation (4.4.2). As the loop calculations are performed only for one fermionic
flavor, we must also sum over the chemical potentials of each flavor. This can be performed by
labeling chemical potentials as µ → µf and summing over f , the quark flavors. As explained
in appendix B.4, the arctangent terms both in (4.4.23) and in (4.4.24) are of the form as in
(4.4.18).

A notable property of these functions is that they, despite their look, are even in µ, meaning
that ΠI(K,−µ) = ΠI(K,µ). This is expected as the system should not change if all the particles
are changed to anti-particles and vice-versa. This is a way to check whether we have calculated
the factors in front of different terms correctly.

One can see that both the equation (4.4.23) and (4.4.24) are relatively complicated. One
might ask what would the contribution arising at a nonzero temperature be. The resulting
integrals would weighted with Bose-Einstein or Fermi-Dirac distributions depending on the
type of loop momentum [38]. In this case, the other one-loop diagrams would then receive
temperature-dependent contributions [26, 38]. Some integrals can be evaluated explicitly, but
there is no general way to integrate arbitrary functions weighted with these two distributions.
We could expand the result as a series over the temperature, but that would only be a part of
the solution. This could be used to probe what happens near the zero temperature axis of the
QCD phase diagram of figure 1.1.

4.4.5 Limiting behavior

Hard thermal loop, or HTL, is an effective theory of QCD, where we consider the limit of
soft, or low energy, external momenta [5, 26]. To arrive at the HTL approximation, we only
integrate out the hard modes of the quark loops. Practically this means that we Taylor expand
the self-energy components in the limit of low external momentum, K << µ.
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Luckily the polarization tensors contain only three types of non-trivial terms. We are only
calculating the leading order corrections to equations (4.4.20) and (4.4.22). For the first term,

ln
(4µ2 + 4µK sin Φ +K2

4µ2 − 4µK sin Φ +K2

)
≈ 2K

µ
sin Φ. (4.4.25)

The other logarithm terms vanish as they are only of order O(ln µ
K

), while the leading order is
O(µ2). To simplify the arctangent term, we use the series representation derived in equation
(B.2.20) without the series part. Thus, we are left with

arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)
≈ 2 arctan(tan Φ). (4.4.26)

From this, we can immediately write the results for longitudinal and transversal polarization
tensors given by (4.4.23) and (4.4.24) as

ΠL0 = m2
Eδab csc2 Φ

(
1 − cot Φ arctan(tan Φ)

)
(4.4.27)

ΠT0 = m2
E

2 δab cot Φ
(

csc2 Φ arctan(tan Φ) − cot Φ
)

(4.4.28)

m2
E =

∑
f

µ2
fg

2

2π2 . (4.4.29)

These results are the same as in [12]. This HTL approximation can then be used to cancel out
infrared divergences arising from the loop integrals. Here the arctangent branch is given by
arctan(tan(x)) = x, when 0 ≤ x ≤ π/2 and arctan(tan(x)) = x+ π/2 for π/2 ≤ x ≤ π.

In addition to these strictly HTL limits, there exists additionally so-called power correction.
As we have already discussed, it is possible to include the arbitrary number of HTL fermion
loops into a soft gluon propagator, preserving the same order as the original diagram. One
might ask what will happen if the original diagram is of a lower order than we initially wanted.
The answer is that we can replace some of the propagators as NLO HTL approximations,
namely ΠHTL(K,µ) = ΠHTL,0(0, µ) +K2Πpow(K,µ), where the power terms stem from Taylor
expanding the initial full polarization tensor around K = 0. This way the power term raises
the order of the diagram by g2. Thus, calculating the necessary derivatives leads us to

ΠL,pow = g2K2

72π2 csc2(Φ)δab
∑
f

[
−3 − sin2(Φ)(5 + 6 ln(2|µf |/K))

)
+3 arctan

(
tan(Φ)

)
cot(Φ)

(
2 sin2(Φ) + 1

)]
(4.4.30)

ΠT,pow = g2K2

144π2 csc2(Φ)δab
∑
f

[
3 + sin2(Φ)

(
− 4 + 24 ln(2|µf |/K)

)
+3 arctan

(
tan(Φ)

)
cot(Φ)

(
4 sin2(Φ) − 1

)]
(4.4.31)
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Note that the expansion includes a logarithmic ln(µf/K) term. This stems from the fact that
some of the derivatives of the polarization tensor components are divergent around the origin.
Note that these expansions include the absolute values of µ. This is an artifact from the
simplification that ln(16µ4/K4) = 4 ln(2µ/K), which works only if µ > 0. If µ < 0, the correct
expression is the same, except µ is replaced by −µ. This way the results of (4.4.30) and (4.4.31)
work always when K ≥ 0.

Another interesting limit is when the external momentum K >> µ. It can be shown that
in this limit ΠL = O( µ4

K2 ). However, ΠT has a term proportional to µ2, namely

ΠT = m2
E

2 (1 + 2 cos(2p)) +O( µ
4

K2 ). (4.4.32)

This high momentum limit is interesting because it says that the matter part of the momentum
is at most of the order µ2, while the vacuum part is of order K2, as can be seen from equation
(3.1.14). To get a better picture, let us also calculate the O( µ4

K2 ) contributions. The results are

ΠL = m2
E

[2
3
µ2

K2

]
(4.4.33)

ΠT = m2
E

[1
2(1 + 2 cos(2p)) + µ2

K2
1
3
(

− 48 sin4(Φ) + 52 sin2(Φ) − 10
)]
. (4.4.34)

With the approximations in hand, it is instructive to see their expressions plotted against
the full solution. First we plot with value Φ = π/4. The results are in figure 4.4. We see that
the expansions together describe the full function relatively well. There are some differences in
the intermediate regions.

The shape of the Longitudinal part remains the same regardless of the value of Φ. The
transverse part, however, experiences some interesting properties. At Φ = π/2, the transverse
part will have a pole at K = 2µ. Close to this critical angle, for example Φ = 3π/7, the function
starts curving upwards, but at values K ≈ µ, the function starts bending downwards, obtaining
a minimum value around K ≈ 2µ and approaching asymptotically to ΠT = −0.4m2

E. The
interesting part is the transition from K ≈ µ to K ≈ 2µ because neither of the approximations
seems to describe it well. The results are shown in figure 4.5. Changing the value closer to
Φ = π/2 will result in even worse approximations in the intermediate region. It should be
noted that this angle Φ = π/2 corresponds to the case that k0 = 0, |k| 6= 0.

Using Mathematica [21], it is also possible to plot the graphs in three dimension plots
depicting the polarization tensor components as surfaces in terms of variables K/µ and Φ. We
can achieve this by setting the axis as Πi/m

2
E, K/µ, Φ. We end up with the plots shown in

figure 4.6. We could include the high and low momentum expansions, but choose to avoid them
to keep the plots as simple as possible.
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Figure 4.4: The plot of the matter parts of the gluon polarization tensor at Φ = π/4. Left is the
Transverse part of the matter part of the polarization tensor. Right is the Longitudinal part of
the matter part of the polarization tensor. Solid blue line describes the full solutions, equations
(4.4.24) and (4.4.23), respectively. The dotted black line describes the low momentum, K << µ,
expansions, equations (4.4.28)+(4.4.31) and (4.4.27)+(4.4.30), respectively. The dotted red
line describes the high momentum, K >> µ, expansions, equations (4.4.34) and (4.4.34),
respectively.

Figure 4.5: The plot of the matter parts of the gluon polarization tensor at Φ = 3π/7. A solid
blue line describes the full solution, equation (4.4.24). The dotted black line describes the low
momentum, K << µ, expansion, equation (4.4.28)+(4.4.31). The dotted red line describes the
high momentum, K >> µ, expansion, equation (4.4.34). One can see that neither of the lines
describes the intermediate region from K/µ ≈ 1 to K/µ ≈ 2 well.
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Figure 4.6: 3D plots of the matter parts of the gluon polarization tensor. Left is the Transverse
part of the matter part of the polarization tensor. Right is the Longitudinal part of the matter
part of the polarization tensor. The orange surfaces describe the full solutions, equations
(4.4.24) and (4.4.23), respectively. The earlier 2D plots were cross-sections of these graphs for
specific values of Φ, shown with green lines for Φ = π/4 and blue line for Φ = 3π/7. In the
transverse part, there is a pole at K = 2µ,Φ = π/2. Near this pole, the values become highly
negative, so we cut the transverse plot at values ΠT/m

2
E = −1. This is shown as a blue region

near the viewer in the left plot. The plots also are only for Φ ∈ [0, π/2], as the functions are
symmetric around Φ = π/2: Π(Φ) = Π(π − Φ).



5. Conclusions

In this thesis we have studied QCD in one-loop order and solved the QCD coupling constant
as a function of the energy-scale. The inclusion of the chemical potential complicates the
calculations involving quarks, but the equation for the dynamic coupling constant remains the
same. The gluon polarization tensor splits into two parts, referred to as the vacuum part and
the matter part. We evaluated both of these parts at one-loop order. In the HTL framework,
soft gluon polarization tensors are dressed using arbitrary many matter parts. When the gluon
momentum is soft, the order of the diagrams are independent of the number of quark loops in
the propagators. This limit is referred to as the HTL limit of the polarization tensor. We studied
this HTL limit of the one-loop gluon polarization tensor. This HTL framework is necessary in
order to cancel unphysical IR divergences arising from the calculation of the pressure. When
evaluating hard diagrams, the polarization tensor should be used in its entirety.

It is possible to calculate the two-loop polarization tensors. As we already saw in this
thesis, the one-loop diagrams themselves are rather hard to compute as they are. However,
when moving to higher and higher order diagrams, we must also know the O(ε1) of the one-
loop polarization tensors. This is because these terms can be combined with O(ε−1) from the
divergent vacuum parts resulting in finite contributions. These O(ε1) terms can be obtained
by integrating over the angle z = cos(θ) with a weight (1 − z2)−ε [12]. This result can then
be expanded as a Taylor series around ε = 0 resulting in an expansion in all powers of ε.
Equivalently, one could evaluate the resulting integral by keeping the (1 − z2)−ε term intact
during the integration and afterward expand it as a power series in ε. The resulting integrals
are highly non-trivial and closed forms might not exist.
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A. Matrix simplifications

In this section, we discuss the simplifications for gamma matrices in D dimensions. We will
also derive the Fierz identity for the generator of SU(Nc) used in section 3.3.

A.1 Gamma matrices in D dimensions

In D dimensions, the equations for gamma matrices change from the usual ones. This most of
the time boils down to the fact that in D dimensions, {γµ, γν} = 2δµνI4, where the Kronecker
delta should also be understood as a D-dimensional object, namely δµνδµν = δµµ = D. We only
explicitly write the D-dimensional unit matrix I4 for the final results.

From the anti-commutator relations for the (Euclidean) gamma matrices [26], it is trivial
to show that

γµγµ = DI4. (A.1.1)

It is important to note that the dimension of the gamma matrices is still 4, but there is
essentially D number of them. With this identity and the anti-commutator relations, we can
also simplify other structures arising from the Dirac algebra. The ones we need are of the form
where some number of gamma matrices are sandwiched between two gamma matrices with the
same index. First, we calculate with one gamma matrix in between, resulting in

γµγνγµ = γµ(2δµν − γµγν) = (2 −D)γν . (A.1.2)
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We will also need the one with three gamma matrices sandwiched, resulting in

γνγαγµ(γβγν)

=γνγαγµ
(
2δβν − γνγβ

)
=2γβγαγµ − γνγα

(
2δµν − γνγµ

)
γβ

=2γβγαγµ − 2γµγαγβ + γν
(
2δαν − γνγα

)
γµγβ

=2γβγαγµ − 2γµγαγβ + (2 −D)γαγµγβ

= − 2γβγµγα + (4 −D)γαγµγβ

≡Bαµβ(D). (A.1.3)

This tensor Bαµβ(D) appears in the equation (3.3.6).

We can also simplify the trace of 4 gamma matrices using the cyclicity of the trace. This
results to

Tr(γµγαγνγβ) = Tr(γµγα(2δνβ − γβγν))

= 2δνβTr(γµγα) − Tr(γµ(2δαβ − γβγα)γν)

= 8(δνβδµα − δαβδµν + δµβδαν) − Tr(γβγµγαγν)

= 8(δνβδµα − δαβδµν + δµβδαν) − Tr(γµγαγνγβ)

→ Tr(γµγαγνγβ) = 4(δνβδµα − δαβδµν + δµβδαν), (A.1.4)

where we repeatedly used the anti-commutator relations for gamma matrices and the cyclicity
of the trace. This will be used in equation (3.1.1). Most notably, the pre-factor of (A.1.4) is D
independent.
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A.2 Fierz identity

From the equations (2.1.1) and (2.1.2), it is also possible to show some additional simplifications
for the generators and structure constants. For example, one relation we need for the product
of two same fundamental generators is

(Ta)ij(Ta)kl = 1
2(δilδjk − 1

N
δijδkl). (A.2.1)

For the derivation of this, we shall follow an article [30]. First, consider an arbitrary matrix X.
Because the identity matrix and the generators span the N ×N matrix space, we can write X
as a linear combination

X = X0I +XaTa, (A.2.2)

where the constants X0 = 1
N
Tr(X) = 1

N
(X)ii and Xa = 2Tr(TaX) = 2(Ta)ijXji. These can

be solved by only taking the trace of equation (A.2.2) or by first multiplying it by Tb and
then taking the trace, respectively. In both cases, we must use the fact that the generators
themselves are traceless and equation (2.1.2). From this, we can arrive at an equation

Xij = 1
N
Xaaδij + 2(Ta)klXlk(Ta)ij. (A.2.3)

Solving now for the component Xlk will, after some relabeling, result in equation (A.2.1).



B. Elementary integrals

As the calculations of the one-loop gluon self-energy can be split between the µ independent
and dependent parts, we also split this part of the appendix into two parts. The first part of the
calculations is needed to solve the QCD beta function, the evolution of the coupling constant
in terms of the energy scale. The rest of this appendix are then dedicated on the topics of the
finite µ calculation.

B.1 Zero chemical potential

The integrals can be evaluated by a method called the Feynman parametrization. This method
relies on the fact that any function of the form 1

AB
can be expressed as an integral over some

auxiliary variables, namely that

1
AB

=
∫ 1

0
dx

1
(Ax+ (1 − x)B)2 =

∫ 1

0
dx
∫ 1

0
dy
δ(1 − x− y)
(Ax+By)2 . (B.1.1)

The second integral expression can be used to generalize the result for more than two propa-
gators. In this thesis, the form for three propagators is also required. This reads

1
ABC

= 2!
∫ 1

0
dx
∫ 1

0
dy
∫ 1

0
dz

δ(1 − x− y − z)
(Ax+By + Cz)3 . (B.1.2)

After the Feynman parametrization, the next step is to change the order of the momentum and
the parameter integrals. This is allowed only if the integrals are sufficiently well-behaved. It is
then possible to change the variable over the momentum integral such that the terms nonlinear
in the momentum vanish. The integral can then be performed using the integral representations
of the beta functions.
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However, these integrals tend to diverge in the spacetime dimension of 4. The method
of avoiding this is to use a dimensional regulator, which shifts the integration dimension away
from a whole number. These divergences arising from the poles of the gamma functions are
finite and expressed in terms of the dimensional regulator ε, such that D = 4 − 2ε, where D is
the spacetime dimension. Setting ε to zero would still produce divergent integrals. Thus the
divergences are regulated by poles in terms of ε, for example 1/ε. Note that some of the usual
relations, such as for gamma matrices in appendix A, are D-dependent. In this thesis, we will
only need the D-dimensional generalization for the gamma matrices, but extra attention should
be paid to what other quantities might depend on D [32].

As we discuss in section 2.4, these UV divergences can be absorbed into counterterms.
There are many ways of setting these counterterms; some are chosen only to subtract the
divergent parts, while some counterterms are chosen such that the resulting finite contribution
is the physical contribution. In this thesis, we are interested in the dynamics of the QCD
coupling constant, which requires only the divergent part. We shall use the MS-scheme, read
as MS-bar -scheme. In this scheme, in addition to the divergent contributions, we will also
take some extra factors of Euler-Mascheroni constant γ and factors of π in the expansion to
lower the number of convergent terms. Practically this is done by multiplying every momentum
integral by a factor of

(
eγΛ2/4π

)ε
. This ultimately stems from the discussion around equation

(2.4.7). After absorbing the divergences into the counterterms, the remaining quantity is of
O(ε0), and setting ε = 0 leads to finite contribution we seek.

Starting from
I2(L2

1) =
∫
L

1
L2(L+ L1)2 , (B.1.3)

where
∫
L =

(
eγΛ2/4π

)ε ∫
dDL/(2π)D in MS-scheme, where γ is the Euler-Mascheroni constant,

and Λ is an arbitrary scale parameter. Using the Feynman parametrization, this integral can
be modified to ∫ 1

0
dx
∫
L

1
(L2 + ∆2)2 , (B.1.4)

where ∆2 = x(1 − x)L2
1 and a shift L → L − L1x has been introduced. The D-dimensional

integral can be expanded in terms of beta functions containing gamma functions [26]. The
result is

I2(L2
1) = 1

(4π)2

(
eγΛ2

L2
1

)ε
Γ(ε)

∫ 1

0
dxxD/2−2(1 − x)D/2−2. (B.1.5)

Now, also the x integral can be expanded in terms of gamma functions, resulting in an integral

I2(L2
1) = 1

(4π)2 (eγS)εΓ(ε)Γ(1 − ε)2

Γ(2 − 2ε) , (B.1.6)
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where S = Λ2

L2
1
. Expanding this result in ε, we end up with

I2(L2
1) = 1

(4π)2

[
1
ε

+ lnS + 2
]

+O(ε). (B.1.7)

From the definition of the integral I2(L2
1) we can actually solve two other integrals∫

L

Lµ

L2(L+ L1)2 = −Lµ1I2(L2
1)

2 , (B.1.8)

∫
L

LµLν

L2(L+ L1)2 = 1
4(1 −D)

[
L2

1δ
µν −DLµ1L

ν
1

]
I2(L2

1). (B.1.9)

When evaluating these equations, one needs to take into account that integrals off the form∫
L

1
(L+A)2 =

∫
L

1
L2 vanish, as they do not contain any scale and will thus vanish in dimensional

regularization. In order to evaluate these integrals, one needs to know the resulting tensorial
structure. In the case of the (B.1.9), we can write the integral in a form Aδµν + BLµ1L

ν
1, and

contract with δµν and Lµ1 to show the forms of A,B. This procedure is known as the Passarino-
Veltman reduction [32, 36]. These could be generalized also for massive propagators, but as we
assumed all the particles were massless, we only need massless limits.

B.2 Finite chemical potential

To calculate the one-loop polarization tensor, we also need to consider the integral

I1(µ) =
∫
P

1
P̃ 2
, (B.2.1)

where P̃ = (p̃0, |p|) with p̃0 = p0 − iµ, and µ is the chemical potential. If µ = 0, the integral
vanishes, as it will be the scaleless integral of equation (3.1.10). Now we can expand the
denominator resulting in

I1(µ) =
∫
P

1
(p0 − i(µ− |p|))(p0 − i(µ+ |p|)) . (B.2.2)

Because of the numerator of this integral, we can use complex analysis to change the integral
from p ∈ R to a closed contour integral in the complex plane. This can be done as the integral
of the function vanishes in the arc of radius R → ∞. The integrand has poles in p0 = i(µ−|p|)
and in p0 = i(µ+|p|). Supposing now that we close the contour in the lower half complex plane.
This then means that only contribution comes from the p0 = i(µ−|p|) pole if µ−|p| < 0. This
can be included with the help of the step function

θ(x) =

0, x < 0

1, x ≥ 1
. (B.2.3)
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The definition of the step function at x = 0 is a choice of convention, but we will not need a
specific one. We need to remember also the fact that D-dimensional momentum integrals are
defined with a factor of 1/(2π)D. Thus if we drag out the p0 integral, we must also include the
1/2π term, which nicely cancels with the 2π from the residue theorem. Because of the clockwise
integration on the complex plane, an extra minus sign appears in the residue calculation. With
this, we are left with

I1(µ) =
∫

p

θ(|p| − µ)
2|p|

=
∫

p

1 − θ(µ− |p|)
2|p|

, (B.2.4)

where we used the common property of the step function θ(x) = 1 − θ(−x). This equation
can also be obtained by integrating over the upper half-plane. Now the emergence of the two
integrals, one with the step function and one without, stems from the splitting of these integrals
into the matter part and the vacuum parts, respectively. We can easily see that the constant
integral is independent of the chemical potential µ and can produce divergent results. As we
have already discussed the dynamics of the system in the vacuum part in section 3, we shall
only consider the contribution arising from the matter part. Thus we are only left with integrals
over the step functions. These change the upper limits of the radial integrals from ∞ to µ.
Using the MS-scheme, we arrive at an expression

I1(µ) = −
(
eγΛ2

4π

)ε ∫ ddp

(2π)d
θ(µ− |p|)

2|p|

= −
(
eγΛ2

4π

)ε 1
Γ(d2)

1
(4π) d

2

∫ µ

0
dppd−2

= −
(
eγΛ2

4π

)ε 1
Γ(d2)

1
(4π) d

2

1
d− 1µ

d−1

= − µ2

8π2 +O(ε). (B.2.5)

It is worth noting that the emergence of these steps functions is not a coincidence. Namely,
these step functions are zero temperature limits of the Fermi-Dirac distribution [26].

The second integral we need to evaluate is of the form

I2(K,µ) =
∫
P

1
P̃ 2(P̃ +K)2

. (B.2.6)

To make things easier, we denote S̃ = P̃ + K, with s̃0 = p̃0 + k0 = p0 + k0 − iµ = s0 − iµ.
Writing this integral in terms of S results in

I2(K,µ) =
∫
P

1
(p0 − i(µ− |p|))(p0 − i(µ+ |p|))(s0 − i(µ− |s|))(s0 − i(µ+ |s|)) , (B.2.7)
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To evaluate this integral, we first need to integrate over the zeroth component of the momentum
P . To do this, we consider the case for the p0 poles and s0 poles separately. The p0 pole is in the
lower half plane if µ < |p| and there p0 = i(µ− |p|). Evaluating the residue and remembering
to integrate over

∫ dp0
2π results in

I2(K,µ)1 =
∫
p

θ(|p| − µ)
2|p|

1
(k0 − i|p|)2 + |s|2

= 1
16π2|k|

∫ ∞

µ
dp ln

(
K2 − 2ik0|p| + 2|p||k|
K2 − 2ik0|p| − 2|p||k|

)
. (B.2.8)

Here we computed the integral in strictly three dimensions. This is because when expanding
|s|2 = |p|2 + |k|2 + 2p · k, the dot product gives an extra z-term, which must be integrated over
which in turn brings in the logarithm. In d = 3 − 2ε dimensions, this integration over z would
be non-trivial. Note that we have already integrated out the zeroth momentum component, so
only the space parts of the integrals remain.

To calculate the second residue, we change variables P ′ = P −K such that we can change
all the s terms in the integrals to p′. Using this fact we can evaluate the second residue now
situation also in p0 = i(µ − |p|). To simplify things, we denote the new arising momentum
P −K = T . With this, the result is

I2(K,µ)2 =
∫
p

θ(|p| − µ)
2|p|

1
(k0 + i|p|)2 + |t|2

= 1
16π2|k|

∫ ∞

µ
dp ln

(
K2 + 2ik0|p| + 2|p||k|
K2 + 2ik0|p| − 2|p||k|

)
. (B.2.9)

The only difference between (B.2.8) and (B.2.9) is the whether to use s of t and the sign in front
of k0. Because of the residue theorem, we need to sum these contributions together. Using the
logarithm rules, we can combine the sum of logarithms to the logarithm of the product resulting
in

I2(K,µ) = 1
16π2|k|

∫ ∞

µ
dp ln

(
K2 + 4|p||k| + 4|p|2

K2 − 4|p||k| + 4|p|2
)
. (B.2.10)

From this, we can conclude that the matter part contribution of this expression is given by

I2,M(K,µ) = − 1
16π2|k|

∫ µ

0
dp ln

(
K2 + 4|p||k| + 4|p|2

K2 − 4|p||k| + 4|p|2
)
. (B.2.11)

To calculate this integral, we first write this in terms of polar coordinates of K, namely that

|k| = K sin Φ, k0 = K cos Φ. (B.2.12)

From this it is easy to conclude that tan Φ = |k|
k0

. Because of the different branches of arctangent,
we can choose the range Φ ∈ [0, π]. Expressing now the integral in terms of these coordinates
results in

I2,M(K,µ) = − 1
16π2|k|

∫ µ

0
dp ln

(
K2 + 4|p|K sin Φ + 4|p|2

K2 − 4|p|K sin Φ + 4|p|2
)
. (B.2.13)
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To proceed with the integration, one must note that the integrals are of logarithms of
second-degree polynomials. Because of this, we can express these polynomials in terms of their
zero point. There are exactly 4 of these zero points; 2 for the numerator and two for the
denominator. Label the numerator ones with p1+, p1− and the denominator ones with p2+, p2−.
The sub-indices ± tell whether one picks a positive or a negative sign in front of the square
root in the quadratic formula. The results can be shown to be

p1+ = −1
2ike

−iΦ

p1− = 1
2ike

iΦ

p2+ = 1
2ike

−iΦ

p2− = −1
2ike

iΦ. (B.2.14)

With this, we can factor the integral to a sum of logarithms, ignoring the prefactor of − 1
16π2|k|

for a while. We should also point out that these factors of eiφ are only for notational simplicity.
What we really mean is that eiφ = cos(φ) + i sin(φ) for all angles φ. The resulting integral is of
the form

I2 =
∫ µ

0
dp ln (p− p1+) + ln (p− p1−) − ln (p− p2+) − ln (p− p2−), (B.2.15)

where the extra minus signs in front of the two last terms appear because the corresponding
polynomial is in the denominator of the logarithm. Each of the logarithms can be integrated
separately with the standard integral

∫
ln x = x ln x− x. This results in a form

I2(K,µ) =
∑
i

µ ln (µ− pi) − pi ln
(
1 − µ

pi

)
, (B.2.16)

where one needs to remember to include the extra minus sign if the corresponding zero point
has a label 2, as in (B.2.15). The first term is quite easy and will result in

∑
i

µ ln (µ− pi) = µ ln
(4µ2 + 4µK sin Φ +K2

4µ2 − 4µK sin Φ +K2

)
. (B.2.17)

The second factor of (B.2.16) is much harder to compute but will result in

−
∑
i

pi ln
(
1 − µ

pi

)
=K2 sin Φ ln (1 + 2a cos 2Φ + a2)

−K cos Φ arctan
( a sin 2Φ

1 + a cos 2Φ
)

(B.2.18)

where a = 4µ2

K2 .

One can also show that there exist series expansions for the function (B.2.18)

−
∑
i

pi ln
(
1 − µ

pi

)
= K

∞∑
n=1

(−1)nan
n

sin ((2n− 1)Φ), 2µ < K. (B.2.19)
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and

−
∑
i

pi ln
(
1 − µ

pi

)
= K

(
sin Φ ln a− 2 arctan(tan(Φ)) cos Φ

−
∞∑
n=1

(−1)n(a)−n

n
sin ((2n+ 1)Φ)

)
, 2µ > K. (B.2.20)

One must note that because Φ is defined in the interval [0, π], we can not simply use the fact
that arctan(tan(x))) = x and extra factors must be included if one wants to simplify equation
(B.2.20). This arctangent stems from ln(e2ip) term appearing in the series expansion in the
large values. For the case of 2µ = K, we can use the exact result while plugging in a = 1.

B.3 Integrals in polarization components

In the evaluation of the components of the polarization tensor in (4.4.1), we additionally need
some more elementary integrals:

J1 =
∫ µ

0
dpp = µ2

2 (B.3.1)

J2 =
∫ µ

0
dpp2 ln

(
K2 + 4pK sin Φ + 4p2

K2 − 4pK sin Φ + 4p2

)
(B.3.2)

J3 =
∫ µ

0
dp ln

(
K2 + 4pK sin Φ + 4p2

K2 − 4pK sin Φ + 4p2

)
(B.3.3)

J4 =
∫ µ

0
dpp arctan

( 4p2 sin(2Φ)
K2 + 4p2 cos(2Φ)

)
. (B.3.4)

The first of these, J1, is already evaluated in the list. We have also calculated the third integral,
J3, as the integral appearing from the elementary integral (B.2.6).

The J2 integral can also be evaluated analytically. This can be done by first partially
integrating, differentiating the logarithm part. Then after the p2 = u substitution on the
remaining integrals, we obtain

J2 = µ3

3 ln
(
K2 + 4µK sin Φ + 4µ2

K2 − 4µK sin Φ + 4µ2

)

+ K

3 sin(Φ)
∫ µ2

0
du

16u2 − 4K2u

16u2 + 8uK2 cos(2Φ) +K4 . (B.3.5)

At first glance, it may seem that the dimension of this equation is not consistent. However, we
must remember that the dimension of u is µ2, K2. The integrand has a dimension of 0, and
integrating with respect to u results in the dimension of µ3 after multiplying with the prefactor
of K, so the dimensions are indeed correct.
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Evaluating the remaining integrals results in

J2 = µ3

3 ln
(
K2 + 4µK sin Φ + 4µ2

K2 − 4µK sin Φ + 4µ2

)

+ Kµ2

3 sin(Φ) + K3

12 cos 3Φ arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)

− K3

24 sin(3Φ) ln
(

1 + 8µ2

K2 cos(2Φ) + 16µ4

K4

)
. (B.3.6)

We note that the arctangent term here means

arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)
≡ arctan

(
4µ2 +K2 cos(2Φ)

K2 sin(2Φ)

)
− arctan(cot(2Φ)). (B.3.7)

Note that the right side can be simplified to the equation on the left side only with particular
values of K,µ, and Φ. As explained in B.4, the term in right side of (B.3.7) is equivalent to
the right side of (4.4.18).

The fourth integral can be evaluated using partial integration and then integrating the
terms one by one resulting in

J4 = µ2

2 arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)

+ K2

8 cos(2Φ) arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)

− K2

16 ln
(
1 + 8µ2

K2 cos(2Φ) + 16µ4

K4

)
sin(2Φ). (B.3.8)

Here it is necessary to use the same integrals as for the J2 case. The first arctangent term is of
the form (4.4.18), and the second arctangent term is of the form (B.3.7) because of the reasons
stated around the said equations. Combining the results from (B.2.18), (B.3.1), (B.3.6), and
(B.3.8) and plugging them to equation (4.4.19) gives us (4.4.20).

B.4 Notes on the arcustangent term

If we plot these functions, we see that the arctan
(

4µ2 sin(2Φ)
K2+4µ2 cos(2Φ)

)
is not continuous, rather it

jumps at some values of µ. Now the issue is whether these jumps appear or not. We see that
this function is not correct for high enough values of the chemical potential, so we approximate
the limit µ >> K. In this limit, we notice that the limits of the right and left sides of (B.3.7)
differ when Φ ∈ [π/4, 3π/4[. Thus if Φ is not in this interval, the equation (B.3.7) holds for all
values of K,µ.
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As we noticed in (B.3.8), the two arctangent terms are not the same. We now show that
they are equivalent for all values of K,µ,Φ. First of all, we would like to show the equality

arctan
(
K + 2µ sin(Φ)

2µ cos(Φ)

)
− arctan

(
K − 2µ sin(Φ)

2µ cos(Φ)

)

= arctan
(

4µ2 +K2 cos(2Φ)
K2 sin(2Φ)

)
− arctan(cot(2Φ)), (B.4.1)

for all K ≥ 0, 0 ≤ Φ ≤ π and µ ∈ R. One way to compare these functions is to look at their
Taylor expansions. We will show the equivalence of these equations in the following way.

We know from the arctangent addition formula that both of the function in (B.4.1) func-
tions can be combined to the function

arctan
( 4µ2 sin(2Φ)
K2 + 4µ2 cos(2Φ)

)
(modπ).

At values µ = 0, all the three functions agree to a result of 0. The only ambiguity that may
arise is from the zero point of the denominator K2 + 4µ2 cos(2Φ). Thus it is enough to show
that in the left and right limits around the zero-points K2 + 4µ2 cos(2Φ) = 0, the functions
agree. Thus, we are showing that in the three intervals

1) 4µ2 cos(2Φ) < −K2, (B.4.2)

2) 4µ2 cos(2Φ) > −K2, µ > 0, (B.4.3)

3) 4µ2 cos(2Φ) > −K2, µ < 0, (B.4.4)

the equation (B.4.1) is satisfied. As we explained earlier, the interval 1) holds. The two
functions of (B.4.1) can be expanded to the Taylor series around the points 4µ2 cos(2Φ)+K2 =
0. With this, it becomes evident that the two functions are indeed continuous over the said
point. Thus we may conclude that the two functions are indeed equivalent, so we can choose a
preferred description for the arctan

(
4µ2 sin(2Φ)/K2 + 4µ2 cos(2Φ)

)
term. The convention we

shall use is the one in (4.4.18).

It is important to note that these different arctangent terms stem from the seemingly
unrelated topic. Using Mathematica [21] function Arctan(x, y), which gives the argument
of the complex number z = x + yi, we see that the equations in (B.4.1) are equivalent to
Arctan(K2 + 4µ2 cos(2Φ), 4µ2 sin(2Φ)). This is not surprising as we use this kind of complex
number in the evaluation of the integrals in section (B.2).
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