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Abstract

The near-future of observational cosmology lies in extensive galaxy surveys that will map the
dynamic evolution of the Universe for large part of its history. An example of such a survey is
the European Space Agencys (ESA) Euclid mission. It is a space telescope scheduled to launch in
2023. The Euclid wide survey will cover 15 000 square degrees, which is more than one third of the
sky. It is expected to observe photometrically roughly 1.5 billion galaxies for the purposes of weak
lensing analysis. In addition, 50 million galaxies will be observed spectroscopically, which will allow
accurate determination of their three-dimensional distribution. The spectroscopic measurements
will reach above a redshift of 2 – covering over 75% of the history of the Universe – and photometric
measurements to even higher redshifts.

An important aspect of measuring the galaxy distribution is that its evolution reflects the
expansion history of the Universe. It is thus a powerful tool for understanding the processes that
drive the expansion. To be able to compare the evolution of the distribution with predictions
from, for example, models of dark energy, we need to extract various statistics of the galaxy
distribution. An important quantity is the two-point correlation function, which is a measure of
amount of clustering at different spatial scales. Estimators for the two-point correlation functions
rely on counting pairs of objects, usually galaxies or their clusters. The large number of galaxies
Euclid is going to observe will make the clustering analysis a non-trivial computational task. The
situation becomes even more challenging when one needs to estimate the covariance of the two-
point correlation function estimates. This is usually done by measuring clustering of mock galaxy
samples. To reach the parameter accuracy Euclid is aiming for, the number of samples needed is
of the order of many thousands, thus in principle increasing the cost of a two-point correlation
function estimate by the same factor. It is therefore of paramount importance to perform this
analysis step as efficiently as possible.

Two of the three publications included in this thesis deal with this need for efficiency. A central
part of methods introduced in them is the so-called random catalog. It is a counterpart to the
measured galaxy catalog that is used to model the survey geometry and various selection effects.
We show that it is possible to use the random sample in clever ways to significantly speed up
the computation with negligible loss of accuracy. We present one method for a single two-point
correlation function estimate and another one for its covariance. We show that in a situation
representative of a spectroscopic galaxy sample we can reach speed-up by a factor of order of ten –
for each method. The combined factor of hundred could already be decisive in whether the analysis
is computationally feasible or not.

In the end, the computational efficiency is only a tool for reaching more and more precise
scientific results. The third paper in this thesis offers an example of a clustering-based cosmological
analysis. Within the current theoretical understanding of the large scale structure of the Universe
it is possible to obtain relations between the clustering of clusters of galaxies and the masses of
their hosting dark matter halos. Generally, the more massive the halos, the more strongly clustered
they are. In the paper we study this connection in detail using an X-ray selected, already-published
sample of galaxy clusters. We find that the cosmological predictions for the clustering of clusters
gives results that are compatible with the observations and the cosmological parameters inferred
from the measurements are consistent with those obtained from the cluster mass function and the
Cosmic Microwave Background.
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Chapter 1

Introduction

Throughout the 20th century physical cosmology matured from a field of speculation into a pre-
cision science, where theoretical models of the origin and the evolution of the Universe provide
testable predictions and parameters can be constrained observationally down to a percent level at
best. Important milestones in this development were the discoveries of the Cosmic Microwave Back-
ground (CMB) in 1964 (Penzias and Wilson, 1965) and its temperature fluctuations by NASA’s
Cosmic Background Explorer (COBE) satellite in 1992 (Smoot et al., 1992). The CMB temperature
fluctuations offer a snapshot of the Universe in its infancy, roughly at the age of 380 000 years. The
small variations in the temperature correspond to density fluctuations in the primordial plasma.
The overdense regions act as seeds that gradually accumulate matter through gravitational pull
and eventually form structures that we observe today, such as galaxies and their clusters.

After COBE the temperature fluctuations have been studied extensively by various telescopes.
Important contributions were made by, for example, the balloon-born experiment BOOMERANG
(Balloon Observations Of Millimetric Extragalactic Radiation ANd Geophysics, Netterfield et al.,
2002) that greatly improved on resolution of COBE and measured the CMB polarization signal.
The first all-sky maps that had the necessary resolution for the temperature fluctuations to be fully
exploited were produced by NASA’s Wilkinson Microwave Anisotropy Probe (WMAP, Spergel et
al., 2003; Spergel et al., 2007; Komatsu et al., 2011; Bennett et al., 2013). These measurements
shrank the volume of the allowed cosmological parameter space by orders of magnitude. Currently,
the CMB temperature fluctuations have been measured practically exhaustively by ESA’s Planck
satellite (Planck Collaboration, 2020a). There is still room for improvement in the CMB polar-
ization measurements, both with ground-based telescopes (Abazajian et al., 2016) and satellite
missions, such as LiteBIRD (JAXA, selected) (Hazumi et al., 2020) and CORE (ESA, proposal)
(Delabrouille et al., 2018).

However, in the years to come the focus is going to shift more and more from CMB to large
galaxy surveys. Such surveys have already been conducted, notable examples being the Sloan
Digital Sky Survey (SDSS) (York et al., 2000; Abazajian et al., 2003; Abazajian et al., 2004;
Tegmark et al., 2004) and the Two-degree-Field Galaxy Redshift Survey (2dFGRS) (Percival et
al., 2001; Cole et al., 2005). In the near future the data quality and volume in the field will be
significantly increased by next generation surveys such as the Legacy Survey of Space and Time
(LSST) (Ivezić et al., 2019), the Dark Energy Spectroscopic Instrument (DESI) survey (DESI
Collaboration, 2016), Nancy Grace Roman Space Telescope (Akeson et al., 2019) and the Euclid
satellite (Laureijs et al., 2011).

Whereas the CMB measurements most directly tell us about the initial conditions and the early
stages of the Universe, galaxy surveys offer direct observational information of a much larger span
of the history of the Universe. They are thus well-suited for studying the dynamic evolution of the
Universe that could shed light on, for example, the problem of dark energy. In the context of galaxy
surveys the expansion history of the Universe is mapped by the time evolution of the large-scale
distribution of matter. The two most important probes for this evolution are galaxy clustering
and weak gravitational lensing. The former has a more intuitive connection to the overall matter
distribution; the distribution of galaxies traces the underlying matter distribution. The situation is,
however, more convoluted. The correspondence between the matter density and the galaxy number
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2 CHAPTER 1. INTRODUCTION

density is not one-to-one and the complex nature of galaxy formation obscures the exact relation
between the two distributions. Gravitational lensing, on the other hand, is directly caused by the
total mass between the observer and the source. The effect of the gravitational lensing on observed
galaxy shapes is known as the cosmic shear and it has already been studied by various surveys,
such as the ones conducted at the Canada France Hawaii Telescope (CFHT) (Van Waerbeke et
al., 2000; Semboloni et al., 2006; Hoekstra et al., 2006; Heymans et al., 2012), the Cerro Tololo
Inter-American Observatory (CTIO) lensing survey (Jarvis et al., 2006), the Red-Sequence Cluster
Survey (RCS, combines data from CFHT and CTIO) (Hoekstra et al., 2002) and the Kilo Degree
Survey (KiDS) (Hildebrandt et al., 2017). Compared to galaxy clustering the cosmic shear analysis
is theoretically more involved but in principle a direct measurement of the matter distribution. The
problem is that the effect is extremely weak and to be fully exploited requires large samples of
accurate galaxy shape measurements.

Such a sample will be provided by the Euclid survey, which, of the near-future galaxy surveys, is
the most important regarding my PhD work. It is ESA’s next large cosmology mission, scheduled to
launch in 2023. The satellite will observe with two instruments: the visible imager VIS (Cropper
et al., 2016) and the near-infrared spectrophotometric instrument NISP (Costille et al., 2018).
The Euclid wide survey will cover 15 000 square degrees, which is more than one third of the sky.
It is expected to observe photometrically roughly 1.5 billion galaxies for the purposes of weak
lensing analysis. In addition, 50 million galaxies will be observed spectroscopically. This will
allow studying the three-dimensional clustering of galaxies accurately over 75% of the lifetime of
the Universe, up to redshifts of ∼ 2, and the photometric sample is expected to reach even higher
redshifts. Both probes are vital to the success of the Euclid mission but this thesis mostly concerns
galaxy clustering.

An important quantity in characterizing the galaxy clustering is the two-point correlation func-
tion, which is a statistical measure of clustering at different length scales. The clustering analysis
using two-point correlation functions has been the context of most of my PhD work. Since the
beginning of this work I have been a member of the Euclid consortium and Papers I & II originate
from our group’s work on the Euclid analysis pipeline. Estimators for the two-point correlation
functions rely on counting pairs of objects (galaxies or their clusters). The large number of galaxies
Euclid is going to observe will make the clustering analysis a non-trivial computational task. The
situation becomes even more challenging when one needs to estimate the covariance of the two-
point correlation function estimates. This is usually done by measuring clustering of mock galaxy
samples. To reach the parameter accuracy Euclid is aiming for the number of samples needed is
of the order of many thousands, thus in principle increasing the cost of a two-point correlation
function estimate by the same factor. It is therefore of paramount importance to perform this
analysis step as efficiently as possible. Papers I & II deal with this need for efficiency.

A central part of the methods introduced in these papers is the so-called random catalog. It is
a counterpart to the measured galaxy catalog and is used for modeling the survey geometry and
various selection effects. In these papers we show that it is possible to use the random catalog in
clever ways to significantly speed up the computations with negligible loss of accuracy. In Paper I
we present one method for a single two-point correlation function estimate and in Paper II another
one for computing the covariance from a large set of mock catalogs.

Main goal of a cosmological survey is not algorithm development but the scientific results, such
as parameter constraints, and improving the computational efficiency of an analysis pipeline is just
a way to increase the accuracy of the results. Paper III is an example of a cosmological analysis that
uses two-point correlation function measurements. We analyse the distribution of galaxy clusters
but as far as their clustering is concerned they are in principle not any different from individual
galaxies. In the paper we use data combined from the ground based SDSS galaxy survey and an
X-ray satellite (ROentgen SATellite, ROSAT, Voges et al., 1999) mission but the data is similar in
nature than what Euclid will produce. Also the theoretical framework and analysis methods are
closely related to the Euclid survey.

The thesis is organized as follows. Chapter 2 introduces the theoretical framework for the anal-
ysis of the large scale structure of the Universe. First, I present the homogeneous and isotropic
model for the global cosmic evolution, then the linear perturbation theory for studying the evolu-
tion of small density fluctuations and finally I discuss the formation of stable structures through
gravitational collapse. Chapter 3 deals with statistics of the these collapsed objects. I first discuss
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the statistics of peaks of matter density fields, which are thought to be seeds of the collapsed ha-
los. Then I present some models for predicting mass distribution and clustering properties of these
halos from a cosmological model. This predicting power allows one to test cosmological models by
observing the number density and spatial distribution of clusters of galaxies as a function of their
mass. In Chapter 4 I discuss the two-point correlation functions. I give an overview of the the-
oretical framework underlying the predicted and observed two-point correlation functions. After
this, I discuss algorithms for estimating the two-point correlation function and its covariance, and
explain how we have made these more efficient. Here I also summarize results from Papers I & II.
Lastly, I present some two-point correlation function results we obtained from the aforementioned
galaxy cluster sample in Paper III. In Chapter 5 I offer some concluding remarks.
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Chapter 2

Cosmological perturbations

I will work with the natural units in which speed of light and the reduced Planck’s constant equal
unity.

2.1 Background cosmology

An important cosmological observation is that the Universe is expanding. Distant galaxies seem
to be receding from us with a velocity v that is proportional to their distance d

v = H0d. (2.1)

The proportionality constant is called the Hubble constant. This apparent motion gets a natural
explanation from Einstein’s general theory of relativity. It describes the gravity as a manifestation
of the geometry of a four-dimensional spacetime. The basic degree of freedom is the metric tensor
g that defines the geometry of the spacetime. It is the basis for all geometric quantities, such as
physical distances. The distances are often expressed in terms of the differential line element

ds2 =
∑
μ,ν

gμνdx
μdxν , (2.2)

where {xμ} are some spacetime coordinates and gμν are the components of the metric tensor within
this coordinate system. The differential line element is then integrated to compute finite distances
between points.

The components of the metric tensor determine the geometric properties of the spacetime and
are in turn determined by the mass-energy content of the universe. This relationship is expressed
by the Einstein equation

Gμν = 8πGTμν . (2.3)

Here Gμν is the Einstein tensor, G is Newton’s gravitational constant and Tμν is the so-called stress-
energy tensor. The Einstein tensor is a non-linear combination of the metric tensor and its first
and second derivatives. Thus, Eq. (2.3) is a set of ten (the tensor is symmetric) non-linear second
order partial differential equations for the components of the metric tensor and as such impossible
to solve analytically, except in some highly symmetrical cases. Luckily, the Universe seems to be
spatially homogeneous and isotropic on large enough scales. In the context of general relativity this
means that there exists a special time coordinate t, the so-called cosmic time, constant values of
which correspond to a homogeneous and isotropic three-dimensional space. In spherical coordinates
(t, r, ϑ, ϕ)1 this homogeneous and isotropic metric takes the form

g = diag

(
−1,

a(t)

1−Kr2
, a(t)r2, a(t)r2 sin2 ϑ

)
. (2.4)

1Here r is the comoving radial coordinate for which the expansion of the universe has been factored out. Comoving
distances coincide with the physical distances (also known as the proper distances) at the time when a(t) = 1, often
defined to be the present time.
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6 CHAPTER 2. COSMOLOGICAL PERTURBATIONS

Here K is a constant that parametrizes the spatial curvature (that is, the curvature of space at any
given time) and the function a(t) is the scale factor that tells how the physical distances change
in time. The metric 2.4 is called the Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric.
Many observations, Suzuki et al. (2012), Planck Collaboration (2020b), and Zhao et al. (2022) for
example, suggest that in our universe K is very close to zero, in which case the metric is said to be
spatially flat and the homogeneous t = constant three-dimensional slices obey Euclidean geometry.
The other two options are closed universe (K > 0) and open universe (K < 0), in which cases
the three-dimensional slices correspond to spherical and hyperbolic geometries, respectively. For
the rest of this thesis I will assume that K = 0. Often, it is more convenient to define the time
coordinate so that the scale factor can be taken as a common factor. This is achieved by defining
dη = dt/a(t). The coordinate η is called the conformal time and in terms of it the flat FLRW
metric takes a particularly simple form in Cartesian coordinates: g = a(η)diag(−1, 1, 1, 1).

The assumption of homogeneity and isotropy forces also the stress-energy tensor to take a
simple diagonal form

T = diag(p, ρ, ρ, ρ) , (2.5)

where p and ρ correspond to pressure and energy density of the universe, respectively, and only
depend on time. This diagonal form simplifies the Einstein equation into a pair of Friedmann
equations for the scale factor (

ȧ

a

)2

=
8πG

3
ρ− K2

a2
, (2.6)

ä

a
= −4πG

3
(ρ+ 3p) . (2.7)

Here the dot (̇) is used for derivative with respect to time t. The relative rate of change in the scale
factor is often expressed as the Hubble parameter H := ȧ/a. The parameter can be also written
in terms of the conformal time as H := a′/a = aH, where a′ := da/dη. For completeness I have
included the contribution from the curvature parameter K even though it is assumed to be zero.

What is required to solve these equations is a model for how the pressure and energy density
are related. In a homogeneous universe where the energy density falls monotonically it is always
possible to express pressure as a function of energy density p(ρ). This dependence is usually
parameterized by the so-called the equation of state parameter w := p/ρ. In general, w is a
function of time. Eqs. 2.6 and 2.7 can be combined to obtain

ρ̇ = −3(ρ+ p)H . (2.8)

Given the relationship between pressure and energy density, Eq. (2.8) expresses how the energy
density evolves in time, or equivalently as a function of the scale factor. In terms of w this evolution
is given by

d ln ρ = −3 [1 + w(a)] d ln a . (2.9)

A simple, yet very powerful model for the energy content of the Universe consists of three compo-
nents:

1. Non-relativistic particles, also called matter, for which wm = 0 and ρm ∝ a−3

2. Ultrarelativistic particles, also called radiation, for which wr = 1/3 and ρr ∝ a−4

3. Cosmological constant, for which wΛ = −1 and ρΛ = constant

A cosmological constant is the simplest case of an energy component that drives the expansion to
accelerate. Such energy components are generally called dark energy. Developing more complex
models for dark energy is an active research field but so far observations are consistent with a cos-
mological constant (see eg. Planck Collaboration, 2020b; DES Collaboration, 2022 and references
therein).

The total energy density is the sum of the individual components and the combined equation
of state parameter is determined by the relative contributions of the different components. Even
if each of the components has a constant equation of state parameter the total equation of state
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changes in time due to evolution of the fraction of the different components. Since the energy den-
sity of radiation drops faster than that of matter and cosmological constant, most the expansion
history is determined by the two latter components2. Most of the matter (84%, Planck Collabora-
tion, 2020b) is so-called dark matter that, apart from gravity, interacts extremely weakly (if at all).
However, at the present day the dominating energy component is not matter but the cosmological
constant at 69% of the total energy density (Planck Collaboration, 2020b). These two components,
the cosmological constant Λ and Cold Dark Matter3 (CDM) give name to this standard model:
ΛCDM.

Energy density of a component i is usually expressed in terms of the density parameter Ωi

which is a fraction of the present day energy density and the so-called critical density (at the
present day)

ρc :=
3H2

0

8πG
, (2.10)

so that Ωi := ρi/ρc. The critical density is simply the energy density in a spatially flat universe
that expands with the velocity corresponding to the present-day Hubble parameter H0 (thus our
Universe has a density very close to critical density). Using this definition and the three-component
model, Eq. (2.6) takes the form

H(a)2 = H2
0

(
Ωra

−4 +Ωma
−3 +ΩΛ

)
. (2.11)

This equation can be numerically solved for the evolution of the scale factor and thus determines
the expansion history of the Universe.

The scale factor is not directly measurable over cosmological length scales and as such not a use-
ful variable for practical purposes. A directly observable quantity is the redshift of electromagnetic
radiation caused by the cosmic expansion

z :=
λ0 − λ

λ
, (2.12)

where λ is the wavelength emitted at the source and λ0 is the observed wavelength. It is related
to the scale factor by

1 + z =
a0
a

, (2.13)

where a is the scale factor at the time the radiation was emitted and a0 at the time it was received
(often normalized to be unity).

Eq. 2.11, or a more general expression for H(z), can be used to constrain the cosmological
model with the help of a standard ruler. A standard ruler is an object whose physical size as a
function of cosmic epoch is known. A way to exploit this knowledge is to relate the angle we observe
the object at to its distance from us (in practice the objects redshift). In a curved spacetime the
relationship between objects size and the angle it covers is more complicated than in Euclidean
geometry. The angle can be parameterized as

ϑ(z) =
sp

dA(z)
, (2.14)

where sp is the physical size of the object and dA(z) is the angular diameter distance to the objects
redshift z. In a flat FLRW geometry the angular diameter distance is equal to the proper distance
at the time the light left and is given by

dA(z) =
1

1 + z

∫ z

0

dz′

H(z′)
. (2.15)

Thus, by measuring how the angle covered by an object of known size evolves with redshift one
can constrain the expansion law H(z). An important standard ruler are the Baryon Acoustic

2The CMB temperature directly constrains the present day radiation contribution to be ∼ 0.01% of the total
energy density

3Cold here means that velocities of the dark matter particles have not been large enough for them to escape the
gravity of the first forming structures.
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Oscillations (BAO), see for example Aubourg et al. (2015) for a review. These are sound waves
in the primordial baryon-photon plasma and the angle corresponding to their wavelength can
be accurately observed in the CMB. After the photons decouple from baryons the compressed
regions of the wavefront are frozen and act to enhance the galaxy inhomogeneity with the same
characteristic wavelength. The enhancement at the comoving scale of ∼ 100h−1Mpc4 can be
observed statistically in the distribution of galaxies (see Chapter 4) at different redshifts and
provides a measurement of the expansion history.

2.2 Linear perturbations

Clearly, the Universe is not fully homogeneous but contains various structures, such as galaxies and
their clusters. As mentioned, the fully inhomogeneous Einstein equation is extremely difficult to
solve. We can, however, consider small perturbations around the homogeneous and isotropic model
presented in the previous section. In this perturbative description all quantities are expressed as a
sum of the corresponding value in the background model and a small perturbation. Perturbation
theory around the FLRW metric is a well-studied subject, see eg. Mukhanov et al. (1992). Here
I will just outline the procedure. I denote the background value of a quantity q with overbar q̄
and the perturbation with δq. Since the background universe is assumed to be homogeneous and
isotropic, all the background quantities only depend on time and the spatial variations are captured
by the perturbation part. The smallness of perturbations means that |δq| � |q̄| at each point and
time and we can ignore all the terms that are second or higher order in these perturbations.

In principle we are again dealing with the full Einstein equation and ten components of the
metric tensor. However, since the perturbed spacetime is no longer homogeneous or isotropic we
have some additional freedom in choosing the coordinate system we use. The requirement for the
coordinate system is that it preserves the condition |δq| � |q̄| for the relevant quantities. This is
called gauge freedom and allows us to fix four of the ten metric components. The remaining six
can be classified according to how they transform under spatial rotations. The three classes are:

1. Scalar perturbations, which are invariant under rotations and correspond to density pertur-
bations.

2. Vector perturbations, which transform as vector fields and correspond to vorticity perturba-
tions.

3. Tensor perturbations, which transform as rank-2 tensors and correspond to gravitational
waves.

To first order all the different classes evolve independent of each other. It can be shown that vec-
tor perturbations always decay over time. Gravitational waves can be produced by early Universe
processes after which they propagate through space but their amplitude is constrained to be much
lower than of the scalar perturbations (Planck Collaboration, 2020b). Moreover, scalar perturba-
tions are the ones that amplify under- and overdensities to eventually form the presently-observed
structures in the Universe. Thus, I will only focus on the scalar perturbations. A particularly
suitable coordinate system, or gauge, for describing the scalar perturbations is the Conformal
Newtonian Gauge, in which the metric takes in terms of the conformal time the form

g = a(η)

(−(1 + 2Ψ) 0
0 (1− 2Φ)δij

)
. (2.16)

Here δij is the Kronecker delta and the perturbations Ψ and Φ are called the Bardeen potentials.

In the same way as the metric tensor, the energy tensor is split into a background and a pertur-
bation part and the background part correspond to what was introduced in Sec. 2.1. Likewise, the
perturbation part can be decomposed into scalar-, vector- and tensor-like perturbations. The scalar
perturbations of the energy tensor couple to scalar perturbations of the metric and so on, hence

4h := H0/(100km/s/Mpc)
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I will only focus on the scalar perturbations in the energy tensor. In the Conformal Newtonian
Gauge the scalar perturbations of the energy tensor can be written in the form

δT =

( −δρ −(ρ̄+ p̄)v,i
(ρ̄+ p̄)v,i δpδij + p̄(Π,ij − 1

3∇2Π)

)
. (2.17)

Here I have introduced notation for partial derivatives: v,1...N := ∂1 . . . ∂Nv. δρ and δp are per-
turbations of energy density and pressure, respectively. v are velocity perturbations in the cosmic
fluid (the background fluid is at rest by the requirement of isotropy but the perturbed fluid can
have local flows). Π is the so-called anisotropic stress normalized by the mean pressure p̄. It is
caused by anisotropic momentum distribution of the underlying particle distribution. Sufficient
interactions between the particles tend to isotropize the distribution. The anisotropic stress can be
produced when particles decouple from each other (in the early universe this happens to neutrinos
and photons), but in an approximate treatment this can be neglected. This is called the perfect
fluid approximation.

An important class of energy tensor perturbations are adiabatic perturbations, for which the
pressure and density perturbations satisfy the following simple relationship

δp =
˙̄p
˙̄ρ
δρ . (2.18)

If the pressure is a function of energy density only, the perturbations are necessarily adiabatic.
The adiabatic perturbations are particularly simple in the sense that the state of the cosmic fluid
at a point (t, 
x) of the perturbed spacetime corresponds to its state at the same point in the
background spacetime at some slightly earlier or later time t+ δt (δt being different at each point

x). Observations from the CMB, for example, are compatible with perturbations being initially
purely adiabatic (Planck Collaboration, 2020c) and this also a natural prediction from single-field
inflation models (see the later paragraph on summary of inflation).

As is often the case when dealing with time and spatial derivatives, the cosmological pertur-
bations are easier to track in Fourier space. This also allows us to discuss how perturbation of
different ”size” or scale (ie. different wavelengths) evolve differently. An arbitrary perturbation
h(η, 
x) expanded as plane waves is

h(η, 
x) =
∑
�k

h�k(η)e
i�k·�x. (2.19)

The wave vector 
k is the comoving wave vector ie. it does not scale with the expansion of the
universe. The physical wavelength is given by λ = a 2πL

|�k| . Here we have assumed a periodic box

of fiducial comoving volume L3. In the end of the day we can take the limit L → ∞ and replace
Fourier sums with integrals. Within the first order perturbation theory the different 
k-modes
evolve independently and we can write the equations for each mode separately.

We are now in the position of writing down the Einstein equations for the metric perturbations.
It turns out that in the absence of anisotropic stress the Bardeen potentials are equal and we
have only one degree of freedom Φ in the metric perturbation. Thus, in the presence of scalar
perturbations and within the perfect fluid approximation the Einstein equations take in Fourier
space the form (

k

H
)2

Φ =
3

2

[
δ + 3(1 + w)

H
k
v

]
(2.20)

H−1Φ′ +Φ =
3

2
(1 + w)

H
k
v (2.21)

H−2 + 3H−1Φ′ +
(
1 +

2H′

H2
Φ

)
=

3

2

δp

ρ̄
. (2.22)

Here I have defined the density contrast δ := δρ/ρ̄, which is the most commonly used perturbation
quantity. Given a model for the energy components and the initial conditions for the perturbations
this set of equations defines their evolution. The equations have two limits.
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1. Superhorizon perturbations; perturbations of scales much larger than the so-called Hubble
length H−1, for which k � H.

2. Subhorizon perturbations; perturbations of scales much smaller than the Hubble length, for
which k � H.

The horizon size is of the same order as the observable part of the universe so what we observe
in practice are the subhorizon perturbations. Until recent times the Hubble length has increased
(apart from the very early universe, see below) and larger and larger scales have ”entered the hori-
zon” and become observationally accessible. Outside the horizon the perturbations evolve slowly.
For these scales a particularly useful quantity is the so-called comoving curvature perturbation. In
terms of the metric perturbation Φ (in the comoving Newtonian gauge) it is given by

R =
5 + 3w

3 + 3w
Φ− 2

3 + 3w
H−1Φ̇ , (2.23)

where w is the equation of state parameter of the background fluid. R is a gauge invariant quantity
and for adiabatic perturbations it stays constant outside the horizon. Because of this property it
is useful for describing perturbations until they enter the horizon and start to evolve.

As mentioned, many observations suggest that the matter content in the Universe is dominated
by the extremely weakly interacting dark matter (for a review, see eg. Bertone et al., 2005). Even
though ordinary baryonic matter can acquire significant pressure when coupled to radiation (prior
to formation of the CMB) or when heated, dark matter dominates the formation of structure and
thus pressureless matter is a good approximation for many aspects of structure formation. In the
case of pressureless subhorizon matter perturbations, Eqs. 2.20–2.22 take the form (now in terms
of cosmic time)

δ̇ +
ikv

a
= 0 (2.24)

d

dt
(av) + ikΦ = 0 (2.25)

−k2Φ = 4πGa2ρ̄δ . (2.26)

The evolution of sub-horizon matter perturbations in the weak-field limit (guaranteed by the
smallness of perturbations) corresponds to a homogeneously expanding fluid under Newtonian
gravity, with the expansion parameterized by a(t). In this picture the metric perturbation Φ can
be identified with the gravitational potential.

Inserting Eqs. 2.24 and 2.26 into Eq. (2.25) gives the pressureless Jeans equation

δ̈ + 2Hδ̇ − 4πGρ̄δ = 0 . (2.27)

Since this equation does not depend on k it also holds for the real-space perturbation δ(
x). The
equation has two solutions, a growing mode δ+ and a decaying mode δ−. The exact behavior de-
pends on the background cosmology via the Hubble parameter H(t). The current understanding is
that the Universe was radiation dominated for the first ∼ 50 000 years and is currently transition-
ing to the dark energy dominated era. In the epoch between matter dominates. So, for most of its
history the expansion has been dominated by matter. As we will see later, the matter dominated
case is also particularly important for the study of the formation of the large-scale structure. The
behavior of the density contrast in the matter dominated epoch turn out to be very simple

δ+ ∝ a , δ− ∝ a−3/2 . (2.28)

More general case, which is becoming more and more important as the matter density dilutes,
includes also the dark energy ΩΛ:

δ+ ∝
√
Ωma−3 +ΩΛ

∫ a x3/2dx

[1 + ΩΛ/Ωmx3]3/2
, (2.29)

δ− ∝
√
Ωma−3 +ΩΛ , (Ωm +ΩΛ = 1) . (2.30)
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After a while the decaying mode dies out and the only evolution in the density field is that
the growing mode grows proportional to the background cosmology dependent growth function
δ(a) ∝ D(a). The evolution of the growth function is captured by the growth rate

f := − d lnD(z)

d ln (1 + z)
. (2.31)

In matter dominated and ΛCDM cosmologies the expansion history is completely determined by
H0 and Ωm and thus f = f(Ωm) and we can define the growth index

γ :=
d ln f

d lnΩm(z)
. (2.32)

In ΛCDM

f(a) =
1

1 + (ΩΛ/Ωm)a3

[
a
√
Ωm

I(a)
− 3

2

]
, (2.33)

Ωm(a) =
1

1 + (ΩΛ/Ωm)a3
, (2.34)

with ΩΛ = 1 − Ωm and I(a) equals the right-hand side of Eq. (2.29) (which equals the growth
function D(a) up to a normalization). A good approximation for Eq. (2.33) is f(z) ≈ Ωm(z)

0.55

(see eg. Lahav et al., 1991), which implies that γ = constant ≈ 0.55. This is an important result
since it is general to all ΛCDM models and deviations from it would mean the standard model is
incorrect. We will see in Chapter 4 that the growth function can be inferred from measurements
of the large scale galaxy distribution. Euclid, for example, is expected to determine the growth
index to an accuracy better than ±0.02 (Laureijs et al., 2011).

The perturbations are thought to be produced in the very early universe in the process of
inflation, see eg. Liddle and Lyth (2000). Inflation is a period of rapid, almost exponential
expansion of the Universe. This expansion is driven by some quantum field5. The amplitude of the
field, and thus its energy density, fluctuates randomly on microscopic scales. The rapid expansion
of space stretches these fluctuations onto macroscopic scales and they ”freeze” to become classical
perturbations (during the inflation H grows and scales ”exit the horizon”). Eventually the field
transfers through not-fully-understood processes its energy to standard model particles that inherit
the density perturbations. Since the production of the perturbations is inherently a random process
we cannot predict the value of, for example, the density contrast at different points in space, neither
can we predict the amplitude of each Fourier component. What we can predict are their statistical
properties.

If the Fourier components of a perturbation h follow a Gaussian distribution, which is a very
general prediction of inflation, its statistical properties are fully captured by the power spectrum,
defined by

Ph(k) := 〈|h�k|2〉. (2.35)

Here 〈 〉 denotes the ensemble average and the assumption of isotropy shows up in that the power

spectrum only depends on the magnitude of 
k. Particularly important is the power spectrum of
the matter density perturbations P (k) = 〈|δk|2〉, known also as matter power spectrum. Many
inflationary models predict a spectrum for the curvature perturbation (2.23) that is close to scale-
invariant:

PR(k) = A2
s

(
k

kp

)ns−1

, (2.36)

where As is the amplitude of perturbations at some pivot scale kp and ns is called the spectral
index. It is close to, but not exactly one which means small deviations from scale invariance
(Planck Collaboration, 2020c). As discussed earlier, for adiabatic perturbations this spectrum
stays constant outside the horizon. It can be converted into matter power spectrum by converting
first into the metric perturbation via Eq. (2.23) and then into density perturbations via equations

5There are models for many-field inflation. However, the adiabaticity of primordial perturbations, for example,
suggest that one field dominates the process.
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Eqs. (2.20)–(2.22). When the equation of state parameter w of the cosmic fluid stays constant,
Eq. (2.23) can be solved for Φ to obtain

Φ = −3 + 3w

5 + 3w
R , (2.37)

up to a decaying part. So, outside the horizon also Φ stays constant, except for when w changes,
which happens when the Universe transitions between domination of different energy components,
for example from radiation to matter domination. The times of these transitions introduce special
scales to the power spectrum, most importantly the scale keq that enters the horizon during matter-
radiation equality.

The linear large-scale evolution outlined above is often encoded into so-called transfer function
T (t, k). It translates the initial value of the power spectrum into corresponding value at later times

δk(t) =
2

5

(
k

H
)
T (k, t)R . (2.38)

Normalization 2
5

(
k
H
)
is chosen because for scales that enter the horizon during matter domination

δk(t) =
2

5

(
k

H
)
R , (2.39)

and thus T (t, k) ≈ 1 for many currently observable scales. Accurate computation of the transfer
function needs numerical codes or analytic fitting formulae. Examples of the former are CAMB
(Lewis et al., 2000) and CLASS (Lesgourgues, 2011) and of the latter the transfer functions by
Bardeen et al. (1986) and Eisenstein and Hu (1999). Like shown earlier, after entering the horizon
the matter density perturbations evolve according to the growth function D(a).

2.3 Gravitational collapse

In the previous section I outlined the evolution of density perturbations within the first order
perturbation theory. However, the structures we can observe, such as galaxies and their clusters,
have undergone significant non-linear evolution. Ultimately, this evolution can only be accurately
followed by numerical simulations, for a review see eg. Dolag et al. (2008). We can, however, gain
some insight and find context for some quantities defined later in Chapter 3 by considering couple
of simple collapse models.

As mentioned, matter starts to dominate the expansion of the Universe at the age of some tens
of thousands of years. The CMB measurements tell us that when the Universe was 380 000 years
old the density perturbations were as small as ∼ 10−5, so the perturbations are well within the
linear regime deep into the matter dominated epoch. On the other hand, for a standard set of
ΛCDM parameters, dark energy was a subdominant component until ∼4 billion years ago and all
the non-linear structures we observe are at least of the order of billion years old. Thus, in the
context of the study of the non-linear collapse of structures a reasonable first approximation for
the background cosmology is a flat matter dominated FLRW universe. This is also known as the
Einstein-de Sitter model after its original proposers. The Einstein-de Sitter model significantly
simplifies calculation which allows us to gain valuable insight. In more precise calculations, dark
energy should be included.

If we assume a spherically symmetric overdensity embedded in a homogeneous FLRW universe,
the evolution of the perturbation can be solved analytically. A standard calculation can be found in
textbooks, Kolb and Turner (1990) for example. For illustration, I will review the main points. The
aforementioned overdense region follows the expansion law of a closed (Ω > 1) FLRW Universe.
This expansion reaches its maximum at some time tmax, after which the expansion turns into
contraction. The expansion law can be expressed with an auxiliary variable called the development
angle ψ:

a(ψ) = ai
Ωi

2(Ωi − 1)
(1− cosψ) ,

t(ψ) = H−1
i

Ωi

2(Ωi − 1)3/2
(ψ − sinψ) . (2.40)
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Here the subscript i refers to the value of the quantity at some early time when Ω is still very close
to unity. The solution of (2.40) traces a cycloid curve in the (t, a) plane. The expansion reaches
its maximum at ψ = π and the region collapses into a point by ψ = 2π. We can also solve for the
density parameter and the Hubble parameter as a function of the development angle

Ω(ψ) =
2

1 + cosψ
, (2.41)

H(ψ) = 2Hi
(Ωi − 1)3/2

Ωi

sinψ

(1− cosψ)2
. (2.42)

On the other hand, the Hubble parameters in the background universe and in the overdensity
follow their respective Friedmann equations

H
2
=

8πG

3
ρ ,

H2 =
8πG

3
Ω−1ρ . (2.43)

The density within the overdense region can be expressed in terms of the density contrast as
ρ = (1 + δ)ρ, so that

1 + δ = Ω
H2

H
2 . (2.44)

We can express the initial density contrast in terms of the initial density parameter within the
overdensity by expanding Ω, H and H in the early times when ψ � 1 and (Ω− 1) � 1

Ωi ≈ 1 +
1

4
ψ2 and

H2
i

Hi
2 ≈ 1− 1

10
ψ2

⇒ 1 + δi ≈ 1 +
3

20
ψ2 ⇒ δi ≈ 3

5
(Ωi − 1) . (2.45)

In a matter dominated universe the linear perturbations grow proportional to the scale factor a (of
the background Universe) and a ∝ t2/3. Thus, by the time the spherical overdensity has reached
its maximum expansion, the linear theory would predict a density contrast of

δmax =
amax

ai
δi =

(
tmax

ti

)2/3

δi ≈
(
3π

4

)2/3
δi

Ωi − 1
≈ 3

5

(
3π

4

)2/3

≈ 1.0624 . (2.46)

In the third step I have approximated that

tmax ≈ π

2
H

−1

i

1

(Ωi − 1)3/2
and ti =

2

3
H

−1

i .

The first approximation comes from Ωi − 1 � 1 and second one from the matter dominated
expansion law and the fact that at the early times the overdensity is small so that Hi ≈ H i. After
the overdensity starts to contract it takes another tmax for the region to have fully collapsed so
that the linearly extrapolated density contrast is

δ = 22/3δmax ≈ 1.6865 . (2.47)

This number is of central importance in the study of the large scale structure of the Universe.
The standard practice is to study the linear evolution of the density field up to this value, which
is called the critical overdensity, δc, after which the overdense region is thought have collapsed
into a gravitationally bound stable structure. The above treatment can be generalized to the case
of ΛCDM Universe, see eg. Nakamura and Suto (1997) and Mo et al. (2010). In this case the
expansion laws of the background Universe and the overdensity become more complicated. It
turns out, however, that this does not change the value of the critical overdensity significantly. In
Mo et al. (2010) they obtain the approximate value of

δc ≈ 1.686 [Ωm(2tmax)]
0.0055

. (2.48)
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With such a weak dependence on Ωm in the background Universe, the value δc ≈ 1.69 is a good
approximation for any reasonable cosmology.

The bound concentrations of dark matter resulting from the gravitational collapse are called
halos. To get an estimate for the true, non-linear density of the halos (in contrast to the linearly
interpolated value of 1.69) a common assumption is that a collapsing structure virializes at half
of its radius of maximum expansion. Within the spherical collapse model in an Einstein-de Sitter
universe this leads to density of factor of Δc = 18π2 ≈ 178 larger than the mean density at the
time of the collapse. This factor is roughly 200 so that the size of a halo is often defined by the
radius within which the density is 200 times the mean density at the time the halo formed. If dark
energy is included, the overdensity of the collapsed halo will depend on Ωm. This dependence can
be approximated by

Δc(z) = 18π2 + 82[Ωm(z)− 1]− 39[Ωm(z)− 1]2 (2.49)

(Bryan and Norman, 1998). However, in practice Δc = 200 is still often used to define halos.
The treatment above holds for both homogeneous spherical regions and spherically symmetric

concentric shells. In the latter case the each overdense region is a spherical shell, thin enough to be
approximated homogeneous. In this case the density profile needs to drop towards larger radii so
that the inner spheres would collapse first and the outer shells would not cross them prematurely.
However, spherical symmetry of either kind is an oversimplification. A more general assumption
is that the linear overdensities will evolve into ellipsoids that will undergo the non-linear collapse,
see eg. Bond and Myers (1996). In this case the region will first collapse along the shortest axis of
the ellipsoid and form flat disk, followed by the collapse along the two shorter axes.

The evolution and collapse of an ellipsoidal overdensity can be studied within the so-called
Zel’dovich approximation, presented in Zel’dovich (1970). In this approach the evolution of the
density field is traced by mass elements of an initial density field (the density field at some time
deep in the linear regime), whose locations will in time be displaced along straight trajectories
proportionally to the gradient of the gravitational potential Φ. In an Einstein-de Sitter universe
the displacement of a mass element as a function of the scale factor is is given by

Δ
x = − D(a)

4πGρa3
∇Φi(
xi) , (2.50)

where Φi(
xi) is the initial gravitational potential at the initial position of the mass element and
growth function is normalized so that initially D(ai) = 1. Turns out that the elliptical collapse is
determined by the eigenvalues of what is known as the deformation tensor, ∂j∂k

(
Φi/4πGρa3

)
. In

terms of its three eigenvalues λ1 ≥ λ2 ≥ λ3 the density contrast is given by

1 + δ =
1

[1− λ1D(a)] [1− λ2D(a)] [1− λ3D(a)]
. (2.51)

In the linear regime when λ1D(a) � 1, δ = D(a)(λ1 + λ2 + λ3) = D(a)δi, where δi is the initial
density contrast6, ie. the evolution matches the linear prediction. The novelty of the approach is
postulating that the approximation holds even when λ1D(a) ∼ 1 as the region collapses.

The initial overdensity and the eigenvalues of the deformation tensor enter the critical density
of the elliptic collapse in the form of the following two parameters

e :=
λ1 − λ3

2δi
, (2.52)

p :=
λ1 + λ3 − 2λ2

2δi
. (2.53)

e ≥ 0 and measures ellipticity in the (λ1, λ3) plane and p the corresponding oblateness (0 ≤ p ≤ e)
or prolateness (0 ≥ p ≥ −e). By fitting to numerical solutions of the full ellipsoidal evolution,
Sheth et al. (2001) show that in an Einstein-de Sitter universe a good estimate for the linearly
extrapolated overdensity corresponding to the collapse along the longest principal axis can be
obtained by solving

δe
δc

= 1 + β

[
5(e2 ± p2)

δ2e
δ2c

]γ
(2.54)

6λ1 + λ2 + λ3 = Tr
[
∂j∂k

(
Φi/4πGρa3

)]
= ∇2

(
Φi/4πGρa3

)
= δi
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for δe. Here δc is again the critical overdensity for spherical collapse and the plus (minus) sign is
used for negative (positive) values of p. A good agreement with the numerical results is found with
values β ≈ 0.47, γ ≈ 0.615. Eq. (2.54) shows that the critical overdensity for ellipsoidal collapse,
when defined by the collapse of the longest axis, is larger than for spherical collapse meaning
that assumption of ellipsoidal collapse will postpone the formation of structures compared to the
spherical case.
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Chapter 3

Halo statistics

The previous chapter dealt with a continuous density field. What we mostly observe, however, are
compact objects, such as galaxies and galaxy clusters, distribution of which is thought to trace
the underlying matter distribution. There is strong evidence that these objects reside in halos of
dark matter1. These halos are collapsed, gravitationally bound objects with relatively well-defined
mass and spatial size. In the previous chapter I outlined a simple model for formation of such an
object. It turned out that the mass within a region will undergo a gravitational collapse if the
linearly extrapolated density contrast reaches a value greater than δc ≈ 1.69 within that region.

The study of formation and evolution of the dark matter halos is based on the idea that halos
that form at a given time correspond to the peaks of the density field that reach δc at that time.
It is therefore important to understand the statistics of such peaks. In Sec 2.2 I outlined that
in the linear regime and during the matter dominated epoch the matter density contrast grows
proportional to the linear growth rate, δ(
x, t) ∝ D(t). Within this approximation the density field
at any time is just a scaled version of the field δ(
x, ti) at some early time ti. Thus, a lot can be
learned by inspecting the properties of this initial density field, denoted by δ(
x) from now on.

Mathematically speaking, the density field can fluctuate on arbitrarily small distance scales.
We, however, are interested in fluctuations of some finite extent that will form structures of ob-
servable size. This is achieved by considering a smoothed density field

δ(
x;R) :=

∫
δ(
x′)W (
x+ 
x′;R)d3x , (3.1)

where the density field is convolved with a filter function W (
x;R) of radius R. The filter function
defines the averaging of spatial scales below the scale R. There is some freedom in choosing the
filter but a common choice is a top-hat filter defined by

W (
x;R) = 1/V (R) for |
x| ≤ R , (3.2)

W (
x;R) = 0 for |
x| > R . (3.3)

Normalization V (R) corresponds to the volume of the spatial region the window function averages
field values over and is obtained by integrating the window over the whole space, so that V (R) =
(4π/3)R3. Alternatively, we can use the average mass within the filter radius as the variable for
the filtering scale: M := ρV (R) = ρ 4π

3 R3. Another useful filter, especially in more theoretical
considerations, is the k-space top-hat filter:

W̃k(
k;R) = 1 for |
k| ≤ 1/R (3.4)

W̃k(
k;R) = 0 for |
k| > 1/R , (3.5)

where W̃k denotes the Fourier transform of Wk. In coordinate space this becomes

Wk(
x;R) =
1

2π2R3

sin y − y cos y

y3
, y := |
x|/R . (3.6)

1The kinematics of stars (galaxies in case of clusters) and gas require significantly larger concentrated mass than
the luminous matter in these objects. In the case of clusters the excess matter also shows up in gravitational lensing.
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The integral of Wk over the whole space diverges, but formally its volume can be defined by
Wk(0;R)Vk(R) = 1 ⇒ Vk(R) = 6π2R3.

3.1 Statistics of density peaks

Since collapsed objects correspond to density peaks that reach a certain height, an estimate for
number density and spatial distribution of such peaks is useful information. Assuming the density
field is Gaussian – an assumption supported by both the theory of inflation and observations on
linear scales – these statistics can be obtained rigorously for the peaks of the smoothed density
field rather straightforwardly. For a detailed calculation see Bardeen et al. (1986). Here I will just
quote the most important results.

The peak height can be parameterized relative to the expected variance of the linear density
field below some scale R

σ2(R) := 〈δ(
x,R)2〉 = 1

2π2

∫
P (k)W̃ 2(kR)k2dk , (3.7)

where P (k) is the linear matter power spectrum and W̃ (kR) is the Fourier transform of a top-hat
filter. Since σ2(R) is the variance of the smoothed density field, σ(R) is its root mean square
(RMS). Same way as a filter corresponds to a mass, σ(R) corresponds to density fluctuations at a
mass scale M = ρ 4π

3 R3. The peak height is then defined as ν := δ(
x;R)/σ(R) ie. it measures how
the perturbation compares to typical fluctuations of the density field at the same scale. Below we
will also need the so-called spectral moments of the density field

σ2
� (R) :=

1

2π2

∫
k2�P (k)W̃ 2(kR)k2dk . (3.8)

Here � takes values � = 0, 1, 2, . . . and � = 0 corresponds to the RMS fluctuations defined in
Eq. (3.7).

If the density field is Gaussian, so is the smoothed density field. This allows deriving the
number density of peaks by inspecting the expected number of extremal values of the field under
constraints on the height of the peak and that the extremum is a local maximum. The comoving
number density of peaks in the height range ν + dν turns out to be given by the following, rather
complicated expression

np(ν)dν =
1

(2π)2R3∗
e−ν2/2G(γ, γν)dν . (3.9)

Here

R∗ :=
√
3
σ1(R)

σ2(R)
, γ :=

σ2
1(R)

σ2(R)σ0(R)
,

and

G(γ, y) :=
1√

2π(1− γ2)

∫ ∞

0

exp

[
− (x− y)2

2(1− γ2)

]
f(x)dx ,

with

f(x) :=
x3 − 3x

2

{
erf

[(
5

2

)1/2

x

]
+ erf

[(
5

2

)1/2
x

2

]}

+

(
2

5π

)1/2 [(
31x2

4
+

8

5

)
e5x

2/8 +

(
x2

2
− 8

5

)
e−5x2/2

]
,

where erf is the error function

erf(x) :=
2√
π

∫ x

0

e−y2

dy . (3.10)

To find out how the peak number density modulates spatially we can study the density field
smoothed at two scales, Rb and Rs (b refers to “background” and s to “smoothed”) such that
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Rb > Rs. The number density of peaks of height δs/σs = νs given that the background density
field has the value δb/σb = νb in the same region can be written as

np(νs|νb)dνs = ns(νs, νb)dνsdνb
P (νb)dνb

. (3.11)

Here P (νb)dνb is the probability that the background field has amplitude νb + dνb and is simply
Gaussian for the underlying Gaussian density field. np(νs, νb) is the number density of peaks
at locations where the background field has amplitude νb + dνb. It can be derived the same
way as equation (3.9) for the number density of peaks but with the extra restricting condition
δb/σb = νb. In the limit where we only take into account large-scale fluctuations of the background
field Rb � Rs the conditional peak number density can be written as

np(νs|νb)dνs = 1

(2π)2R3∗
e−ν2

s /2G(γ′
s, γ

′
sνs)dνs , (3.12)

where

γ′
s :=

γs√
1− ε2

, ν′s :=
νs − ενb√
1− ε2

, ε := 〈νsνb〉 .

It can be shown (see eg. Bower, 1991) that the covariance of the small-scale and the background
fields ε = σb/σs if they are defined via the k-space top-hat filter. For real-space top-hat filter this
holds approximately. If the spectral index of of the power spectrum of the density perturbations
is larger than −3, σ(R) decreases with increasing R and thus in the limit Rb � Rs ε → 0 and

np(νs|νb) ≈ np(ν
′
s), ν′s := (δs − δb)/σs . (3.13)

So in this limit the effect of background density field is to shift the peak height from δs/σs to
(δs − δb)/σs. To see what kind of overdensity of peaks this produces one can study its ratio to the
unconditional number density of peaks

δp(νs|νb) := n(νs|νb)
n(νs)

− 1 . (3.14)

If we assume that δb � δs (which is true when the peaks are high enough and background smoothing
scale large enough), which implies that ενb/νs � 1, we can obtain

δp(νs|νb) = ν2s − g1
δs

δb , with g1 :=
∂ lnG(γs, y)

∂y

∣∣∣
y=γsνs

. (3.15)

The above number densities were derived for the initial density field. All the quantities involved,
namely ν, γ,R∗, are different ratios of δ and σl that, in the linear regime, scale identically in time.
Because of this the results hold for arbitrary time. What is not taken into account, however, is
the dynamic evolution of the volume of the overdensity δb (it will contract relative to the global
expansion due to the overdensity). Initially, when the density fluctuations were small, the mass of
the matter within the region was M = VLρ̄. The initial volume VL is called the Lagrangian volume.
Since matter is conserved, as the density contrast grows the same mass is at a later time contained
in a volume determined by M = VEρ̄(1 + δb). This evolved volume is called the Eulerian volume.
Thus, the evolution of the volume results in an enhancement factor VL/VE = 1 + δb for the ratio
of conditional and unconditional number densities and to first order in δb we finally obtain

δp =

(
1 +

ν2s − g1
δs

)
δb =: bp(δs;Rs)δb . (3.16)

Here I have defined the bias factor bp(δs;Rs).
Eq. (3.16) is an important fact about the Gaussian density fields; the overdensity of density

peaks is enhanced compared to the large-scale mass overdensity and the enhancement is larger for
higher peaks. The current understanding is that the collapsed structures we observe today, that is,
galaxies and galaxy clusters, are formed at the locations of these very same peaks and that more
massive objects correspond to higher peaks. Thus, we expect their distribution to be a biased
tracers of the underlying mass distribution and the bias grows with the mass of the objects.
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3.2 Mass function

What we would like to have are predictions for the number density and clustering properties of
halos as a function of their observational properties, most importantly masses. Ultimately, these
predictions will lead to models for the clustering bias of galaxy clusters, which are necessary for
the cosmological analysis presented in Paper III, for example. Unfortunately, the treatment in
the previous section does not allow these predictions due to the so-called cloud-in-cloud problem.
One could think that a density peaks of sufficient height can be interpret as collapsed halos of
known mass M ∝ ρR3. However, a mass element associated with a peak δ1 = δ(
x;R1) can also
be associated with a peak δ2 = δ(
x;R2), where R2 > R1. The situation is that when δ1 > δ2, the
overdensity will reach the critical value for collapse first at scale R1 and collapse into a halo of
mass M1 and later merge to be part of a halo of mass M2, and should thus be excluded from the
number density of mass M1 halos. If δ1 < δ2 the mass element will collapse directly into a halo of
mass M2 and in this case should be excluded from the M1 halos as well.

What is needed is a way to partition the initial linear density field into disjoint regions, each
of which will form a single collapsed object at later times. Statistics of such a partitioning and
consequently the number density of halos of a given mass at a given time can be estimated using
the so-called excursion set formalism, due to Bond et al. (1991). They formulate the problem
in terms of the density field extrapolated linearly to the present day, namely δ0(
x). This way
δ(
x, t) = D(t)δ0(
x) and D(t) grows monotonically to its present time value of unity. The question
now becomes at what times do regions of the static field δ0(
x) reach a time varying threshold
δc(t) = δc/D(t).

In this approach a convenient mass variable is S := σ2(M) :=
〈
δ20(
x,M)

〉
, which, if the spectral

index of the matter power spectrum ns > −3, is a monotonically decreasing function of M . For a
fixed location 
x, the value of the smoothed density field δ0(
x;M) varies randomly as the filtering
scale is varied (which corresponds to varying mass and thus S) and forms a trajectory in the
(S, δ0(
x;S)) plane. The idea of the excursion set formalism is to postulate that the fraction of
mass contained in collapsed halos of mass M > M1 at time t1 is identified with the fraction of
all such trajectories that cross the threshold δc(t1) first time at value S1. See Fig. 3.1 for visual
representation of the situation.

The task is then to calculate the fraction of such trajectories. This can be done analytically
in the case when the density field is smoothed with a k-space top-hat filter function, defined in
Eq. (3.4). In this case the smoothed density field is

δs(
x;R) =

∫
d3kW̃k(
kR)δ�k,0e

i�k·�x =

∫
|�k|<kmax

d3kδ�k,0e
i�k·�x , (3.17)

where kmax = 1/R, δ�k,0 is the Fourier transform of δ0(
x). The reason for using a k-space top-hat

filter is that when kmax is increased to kmax +Δk (which corresponds to an increment in the filter
radius and mass) the corresponding change Δδs is a Gaussian random variable with variance

σ2(kmax +Δk)− σ2(kmax) , (3.18)

where

σ2(kmax) =
1

2π2

∫
k<kmax

P (k)k2dk . (3.19)

What is important is that the distribution of Δδs is independent of δs(
x; kmax) which means that
the steps taken in the (S, δs) trajectory are uncorrelated. Thus the trajectories are those of a
Markovian random walk and their distribution can be calculated analytically. The probability for
a “particle” (ie. a trajectory) that executes a Markovian random walk to be located between δs
and δs +Δδs at S is determined by the diffusion equation

∂Π

∂S
=

1

2

∂2Π

∂2δ2s
, (3.20)

where S acts as a time variable and δs as spatial displacement. We would like to solve the equation
with the boundary condition that the particle starting from (0, 0) reaches (S, δs) without reaching
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δc before that. This problem is known as diffusion equation with an absorbing barrier and the
solution was found by Chandrasekhar (1943)

Π(δs, S) =
1√
2πS

{
exp

(
− δ2s
2S

)
− exp

[
− (2δc − δs)

2

2S

]}
. (3.21)

With this solution we can calculate the fraction of trajectories that reach critical density for the
first time at S > S1:

F (> S1) =

∫ δc

−∞
Π(δs, S1)dδs (3.22)

By the original ansatz this gives the fraction of mass in halos of M < M1, namely F (M < M1).
If all the mass in halos of some mass2 F (M > M1) = 1− F (M < M1) and the halo mass function
becomes

n(M, t)dM = − ρ

M

∂F (> M)

∂M
dM

=
ρ

M

∂F (> S)

∂S

dS

dM
dM

=
ρ

M

1√
2π

δc
S3/2

exp

(
− δ2c
2S

) ∣∣∣∣ dSdM

∣∣∣∣ dM . (3.23)

This is often expressed in terms of the variable ν := δc(t)/σ(M)

n(M, t)dM =
ρ

M2
f(ν)

∣∣∣∣ d ln νd lnM

∣∣∣∣ dM , (3.24)

where

f(ν) =

√
2

π
ν exp

(
−ν2

2

)
(3.25)

is the so-called multiplicity function. The variable ν, sometimes called the significance, quantifies
how rare fluctuations of amplitude δc(t) are given the RMS fluctuations of the density field at the
scale corresponding to mass M .

In a more general case when the step-size and its variance can depend on the location δs (which
is the case for filters other than the k-space top-hat filter) Eq. (3.20) will contain extra terms

∂Π

∂S
= −∂(μΠ)

∂δ2s
+

1

2

∂2(Σ2Π)

∂2δ2s
, (3.26)

where μ and Σ2 are the drift and variance parameters, respectively, defined by

μ := lim
ΔS→∞

〈Δδs|δs〉
ΔS

, and Σ2 := lim
ΔS→∞

〈(Δδs)
2|δs〉

ΔS
.

This more general case cannot be solved analytically. One can, however, simulate an ensemble of
trajectories subject to Eq. (3.26) and count the fraction of those that cross the barrier δc(t) at a
given time and obtain an estimate of the multiplicity function. This is exactly what was done in
the upper panels of Fig 3.1.

The excursion set formalism only works in a statistical sense. It predicts the distribution of
masses of halos born at a given time but it cannot be used to predict the mass of the halo a
particular mass element ends up in. This can be seen eg. by the following example. A spherical
region of radius R has mass M that corresponds to the critical density at a time t. If one looks at
a point 
x inside the spherical region at distance r from its center the overdensity around this will
be below the critical density for all the radii larger than R− r. Thus, the mass element at 
x will,

2Within the excursion set formalism this corresponds to σ2(M) → ∞ as M → 0, which means that every
trajectory reaches δc since the “time” goes to infinity. This happens if the linear power spectrum has ns > −3.
In reality, even CDM particles have finite velocities and the effective ns may be < −3 as k → ∞. σ2(M) then
approaches a finite value for M → 0 and some mass will not be contained in collapsed objects.
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according to the excursion set interpretation, be part of a halo of mass scale M(R− r)3/R3, which
is smaller than M . So for a particular mass element the first upcrossing mass scale would only be
the lower limit for the mass of the halo it ends up to.

Everything above was based on the universal critical density δc of the spherical collapse model.
However, as mentioned in Sec. 2.2 the collapse will more generally be ellipsoidal. For a Gaussian
density field, it is possible to derive a distribution function for the ellipticity and prolateness of
Eq. (2.54), given the smoothed density field δs, as was done by Doroshkevich (1970)

P(e, p|δs) = 1125√
10π

e(e2 − p2)

(
δs
σ

)5

exp

[
− 5δ2s
2σ2

(3e2 + p2)

]
. (3.27)

e and p are two new random fields that change stochastically as the filter mass is varied. For
each value of e and p the critical overdensity is given by Eq. (2.54). It is in principle possible to
derive distribution of (Δδs,Δe,Δp) given (δs, e, p), execute a set of random walks in (S, δs, e, p)
and compute the fraction of trajectories that cross the barrier δc(e, p) at a given mass scale. A
simpler, yet effective treatments starts with the observation that the density of Eq. (3.27) has its
maximum at p = 0 and e = (σ/δs)/

√
5. So, for the most probable ellipsoid that reaches the critical

density p = 0 and e = (σ/δe)/
√
5. Inserting this into Eq. (2.54) we obtain

δe(t) = δc(t)

{
1 + β

[
σ2

δc(t)

]}
. (3.28)

Here, again, β ≈ 0.47, γ ≈ 0.615. Even though this critical density only holds for the peak of the
ellipticity distribution, it can be used to approximate the average dependence of δe on σ. Since the
dependence of the critical density on S = σ2 is now known, the multiplicity function needed for
the mass function can be computed using the excursion set formalism in the presence of a “moving
barrier” (ie. a barrier that depends on S), shape of which is known. Sheth et al. (2001) do this
and find numerically a multiplicity function that can be approximated by

f(ν) = A

(
1 +

1

ν2q

)√
2

π
ν exp

(
−ν2

2

)
= A

(
1 +

1

ν2q

)
fsc(ν) , (3.29)

where fsc(ν) is the multiplicity function of Eq. 3.25, q ≈ 0.3 and A ≈ 0.3222. The value for A is
fixed by the requirement that the integral of f(ν) over ν gives unity so that all the mass in the
Universe is contained in halos of some mass, however small.

The multiplicity function (3.29) actually fits the simulated halo distribution best when allowing
a scaling of the peak height by ν → ν′ =

√
aν, where they find the best agreement with a = 0.707.

This additional parameter is not completely ad hoc. Its value is to some extent determined by the
halo finding algorithm used to analyze the simulations (and thus, in essence, by the definition of a
halo within a simulation). The friends-of-friends method, for example, includes a free parameter,
the linking length3 l. Increasing the linking length will lead to larger number of massive halos and
vice versa. The value is often set to l ≈ 0.2 times the mean inter-particle separation in order to
obtain halos with mass densities that match the predictions of the spherical collapse model. Since
the computation of multiplicity function (3.29) assumes elliptical collapse, the exact optimal value
for l is no longer obvious. The role of the parameter a can be seen as a way for the multiplicity
function to be adjusted to a specific value of l.

3.3 Clustering bias

By combining Eq. (3.24) with a suitable multiplicity function, such as that of Eq. (3.29), we now
have an estimate for the number density of halos within a given mass range. This allows us
to compute how the number density varies with the large-scale fluctuations of the density field,
similarly to what was done in Sec. 3.1. Ultimately this will yield an estimate of the bias factor

3Any particle that finds another particle within a distance l is linked to it to form a group.
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Figure 3.2: Schematic representation of the peak-background split. The horizontal line is the
critical density for the collapse and the dashed curve shows the slowly-varying background field.
The shaded regions pointed by the arrows are the peaks of the density field that are expected to
be sites of halo formation. Figure from Peacock (1999).

for a halo population of a given mass. It can be done using the so-called peak-background split
approximation, see, for example, Schmidt et al. (2013) for a detailed account. In this approach
the density perturbations smoothed at the scale Rs, namely δ(
x;Rs), are though to consist of a
large-scale part δb := δ(
x;Rb) and a small-scale part δs := δ(
x;Rs)− δb, where Rs � Rb. Fig. 3.2
is a schematic representation of the division. The small-scale part is responsible for the collapse of
the halos and the the effect of the large-scale density fluctuations is only to shift the background
density within the region of interest by a constant offset δb, which will alter the collapse time of
halos. The scale of this division makes no difference as long as it is larger than the halo scale and
smaller than the scale of the correlations we are interested in.

To see how the background field modulates the halos formation consider the following. In
general relativity the evolution of a spherical perturbation is independent of the external universe
(Birkhoffs’s theorem). This means that a region with physical density of ρc will collapse at the
same proper time in a universe with background density ρ̄ as in a universe with background density
ρ̄′ = (1+ δb)ρ̄. In this perturbed background the absolute critical density perturbation is given by
ρc− ρ̄′ = (1+δc)ρ̄−(1+δb)ρ̄ = (δc−δb)ρ̄. On the other hand, the significance of these fluctuations
can be expressed in terms of physical densities as

ν′ =
ρc − ρ̄′

δρRMS
, (3.30)

where δρRMS is the RMS fluctuation of the physical density field at the scale Rs. This is not
affected by a constant offset, so it has the same value ρ̄σ(Rs) as in the unperturbed background.
The modified significance now becomes

ν′ =
(δc − δb)ρ̄

ρ̄σ(Rs)

=
δc − δb
σ(Rs)

. (3.31)

Similarly to what was found in Sec. 3.1, the effect of a large-scale fluctuation on the local
number density of halos is thus to shift the critical density by −δb. Since |δb| � 1, we can Taylor
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expand the multiplicity function

f(ν′) ≈ f(ν)− df

dδc
δb

= f(ν)− 1

σ(Rs)

df

dν
δb (3.32)

Using Eq. (3.24) we can then see that the ratio of perturbed and unperturbed halo number densities
is given by

n′(M, t, δb)

n(M, t)
= 1− 1

σ(M)f(ν)

df

dν
δb (3.33)

Assuming the multiplicity function of Eq. (3.29), this yields

n′(M, t, δb)

n(M, t)
= 1 +

(
ν2 − 1 +

2q

1 + ν2q

)
δb

δc(t)
, (3.34)

Like in the case of Eq. (3.15), this does not take into account the dynamical evolution of the
volume of the overdense region. The evolution is again given by the ratio of Lagrangian and
Eulerian volumes. Including this factor of (1 + δb), we have up to first order in δb for the excess
number density of halos

δh(M, t, δb) =
n′(M, t, δb)

n(M, t)
− 1 =

(
1 +

ν2 − 1

δc(t)
+

2q/δc(t)

1 + ν2q

)
δb . (3.35)

From this expression we can read the bias factor b(M, t) := δh(M, t, δb)/δb. It is often more
convenient to define the bias factor as a function of redshift. This is done by using redshift as
the time variable for the critical density and in the matter dominated epoch the scaling is simply
δc(z) = δc/(1 + z). Again, the expression (3.35) can be augmented with the scaling of the peak
height to ν̃ =

√
aν. The advantage of the above derivation is that the bias factor is now formulated

in terms of the same parameters as the mass function.
Eq. (3.35) was originally derived by Sheth and Tormen (1999) as a fix for the poor agreement

of the spherical collapse multiplicity function of Eq. (3.25) with simulations. Still, after the intro-
duction of this bias relation, the quest for an even more accurate mass function and bias-to-mass
relation has been an active field of research, see eg. Jenkins et al. (2001), Warren et al. (2006),
and Tinker et al. (2010). One of the more recent improvements regarding the agreement with
simulations is that of Bhattacharya et al. (2011). They introduced an additional parameter p to
the multiplicity function of Eq. (3.29) to obtain

f(ν) = A

√
2

π

(
1 +

1

(
√
aν)2q

)
(
√
aν)p exp

(
−aν2

2

)
. (3.36)

Correspondingly, the parameter p also enters the mass-to-bias relation

b(M) = 1 +
aν2 − p

δc
+

2p/δc
1 + (

√
aν)2q

. (3.37)

This new parameter is purely ad hoc and is not motivated by the excursion set formalism or any
other physical principle. At redshift z = 0 they find the best-fit values presented in the first
row of Table 3.1. This model was later revised by Comparat et al. (2017) using the MultiDark
simulation suite4, see Prada et al. (2012) and Klypin et al. (2016). They report the constraints
presented in the second and the third row of Table 3.1. The reason for two sets of results is that
one can go two ways about fixing the mass-to-bias relation of Eq. (3.37); either by fitting the
parameters by comparing the mass function from Eq. (3.36) to simulations, and assuming it also
accurately describes the bias, or by directly measuring the large-scale bias as a function of halos
mass. Comparat et al. (2017) find that the former calibration does not accurately reproduce the
clustering observed in their simulation suite and by a direct measurement of the clustering bias
obtain the values presented on the third row of Table 3.1.

4https://www.cosmosim.org/
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A a p q Calibration
0.333 0.788 0.807 1.795 B11 HMF

0.280± 0.002 0.903± 0.007 0.640± 0.026 1.695± 0.038 C17 HMF
free 0.740± 0.008 0.61± 0.02 1.64± 0.03 C17 clustering

Table 3.1: Best-fit values for the parameters of the mass function from Bhattacharya et al. (2011)
(B11) and Comparat et al. (2017) (C17). Shown for C17 are the parameters inferred from the halo
mass function (HMF) and the halo clustering.

For a fixed calibration the bias relation in Eq. (3.37) depends on the cosmology via the growth
function and the RMS mass fluctuations defining the significance ν = δc/[D(t)σ(M)]. Thus, the
agreement between the predicted and measured clustering biases of halo populations of different
masses can be used as a test of a cosmological model. In Paper III we use the bias relation of
Comparat et al. (2017) to carry out along these lines a proof-of-concept type of analysis to a galaxy
cluster sample. For details, see Sec. 4.4.



Chapter 4

Two-point correlation functions

In Sec. 2.2 I defined the power spectrum of the density perturbations. This is a quantity predicted
naturally from theory. However, a quantity that is more closely connected to observations is the
two-point correlation function (2PCF)

ξ(
r) := 〈δ(
x)δ(
x+ 
r)〉 . (4.1)

It quantifies how the density perturbation at one point depends on perturbations at nearby regions
ie. measures strength of structures on different length scales. The 2PCF is closely connected to
the power spectrum; they form a Fourier transform pair:

ξ(
r) =
1

(2π)3

∫
d3kP (
k)ei

�k·�r , (4.2)

P (
k) =

∫
d3rξ(
r)e−i�k·�r , (4.3)

and in theoretical considerations they can be used interchangeably.

4.1 Discrete objects

In practice we cannot observe the continuous density field but discrete objects, such as galaxies
and their clusters. Correspondingly, the density field ρ(
r) will not be the matter density but the
number density of such objects. In this case the 2PCF is defined as the excess probability of finding
an object at separation 
r from another, already observed object

dP = 〈ρ〉 [1 + ξ(
r)] dV. (4.4)

Here 〈ρ〉 is the mean number density and dV is a volume element at separation 
r. This defini-
tion agrees with the one in Eq. (4.1) when δ(
x) are interpreted as number density fluctuations.
Generally, the separation vector 
r does not need to be a three-dimensional spatial separation.
One can study correlations as a function of angular separation or separations along one or more
fixed directions. The latter case is discussed in more detail below. The most suitable form of the
2PCF depends on the survey details such as angular and redshift coverage and which cosmological
parameters one wants to constrain by the measurement.

As discussed in Chapter 3, the perturbations in galaxy or cluster number density, denoted by
δi, are thought to be proportional, but not equal to those in the matter density, namely δm, so that
δi = biδm. bi is the bias factor and it is different for objects of different types, such as different
galaxy populations or clusters of different masses. In Sec.3.3 I outlined how the bias of dark matter
halos of different masses can be estimated. For galaxy clusters the situation is rather simple, they
are thought to be in a one-to-one relation with virialized dark matter halos (eg. Moscardini et al.,
2000). Since the 2PCF is essentially the square of the density contrast the proportionality constant
for a biased 2PCF is the square of the linear bias, ξi(
r) = b2i ξm(
r). For example Marulli et al. (2012)
have used this simple model to successfully explain clustering of X-ray selected galaxy clusters.

27



28 CHAPTER 4. TWO-POINT CORRELATION FUNCTIONS

Formation of individual galaxies is a more complex process and they cluster on smaller, non-linear
scales. Treating their clustering bias as a simple proportionality constant is consequently only an
approximation. In principle it could depend on, for example, redshift and scale. Also, the relation
between the matter and number density fluctuations does not need to be exactly linear.

The number density fluctuations can be seen as a combination of two random processes. The
first process is the one that generates the matter density fluctuations in the early Universe and
the second one populates the density field with point sources. The 2PCF of galaxies or clusters
thus contains two types of variance; that of the density field, known as the cosmic variance, and
that of discrete sampling of the density field, known as shot noise or sampling variance. Statistical
uncertainty in a correlation function measurement is a combination of these two and in general
cannot be calculated analytically. It can be estimated from data itself using resampling techniques,
such as bootstrapping or jackknifing. However, for an accurate estimate one needs to simulate an
ensemble of galaxy or cluster distributions that contain the cosmic and sampling variance and
follow the characteristics of the actual survey and compute the 2PCF variance from this mock
data set. Some aspects of the error analysis using mock catalogs are discussed in Sec. 4.3.

In principle the 2PCF could be defined as a function of two positions, 
x, 
x′ but the assump-
tion of statistical homogeneity forces the 2PCF to only depend on the separation of the positions,

r = 
x − 
x′. Statistical isotropy would in theory further imply that the 2PCF only depends on
the magnitude of the separation, |
r|. In an observational setup the isotropy is, however, broken.
The radial positions of galaxies or clusters cannot be measured directly but are instead inferred
from their redshifts. These redshifts consist of a cosmological redshift, which is determined by
their comoving distance, and a redshift caused by their peculiar velocities. The latter will dis-
tort the inferred locations along the line-of-sight direction. These distortions come in two flavors.
On small scales, where galaxies move essentially randomly within their hosting halos, the struc-
tures will be elongated along the line-of-sight due to galaxies being randomly red(blue)shifted
to appear further away (closer). On larger scales the galaxies will stream coherently into (away
from) over(under)densities. This coherent motion will lead to over(under)dense region to appear
contracted (elongated) along the line-of-sight direction. See Fig. 4.1 for a diagrammatic represen-
tation. The random motion is more important on scales � 1h−1Mpc and the coherent flow on
scales � 1h−1Mpc (Peacock et al., 2001).

A solution to this problem is to measure correlations along and perpendicular to the line-of-
sight directions and integrate over the line-of-sight direction. The idea is that the distortions
average out when they are integrated over a large enough region. In addition to redshift space
distortions caused by the peculiar velocities, the integration also smooths out random redshift
measurement errors (caused by, for example, lack of spectroscopic measurements). One obtains
this way a projected correlation function

wp(rp) = 2

∫ πmax

0

ξ(rp, rπ)drπ , (4.5)

where rp and rπ are separations along the directions perpendicular and parallel to the line of
sight direction, respectively. This definition assumes that the spatial region under study is small
compared to its distance from us (ie. it covers a small angle). In this case the redshift space
distortions of all the galaxies or clusters can be thought to occur along a single line-of-sight di-
rection. This is called the plane-parallel approximation. The integration limit πmax should be
chosen large enough so that the correlations will be negligible above that scale and increasing it
would only increase noise. Since the underlying real-space correlation function is assumed to be
homogeneous and isotropic the projected correlation function should match that of a prediction

from ξ(rp, rπ) = ξ
(√

r2p + r2π

)
, which gives

wtheory
p (rp) = 2

∫ πmax

rp

ξ(r)
rdr√
r2 − r2p

. (4.6)

In addition to trying to get rid of the redshift space distortions it is possible to exploit them.
The peculiar velocities are caused by the inhomogeneities of the cosmic density field, so on large
scales we can use linear perturbation theory Eqs. (2.24)–(2.26) to predict statistics of the velocity
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Figure 4.1: Diagrammatic representation of redshift space distortions. Top row shows the actual
galaxy positions and bottom row distorted positions. Figure from https://ebrary.net/77703/

sociology/redshift_space_distortions.

field and thus those of the redshift space distortions. Seminal theoretical progress within this
approach was made by Kaiser (1987). The anisotropy of the correlation function can be quantified
via its multipole moments

ξ�(s) =
2�+ 1

2

∫ 1

−1

ξ(s, μ)L�(μ)dμ , (4.7)

where μ := cos θ is the cosine of the angle between the separation vector of two objects and the
line-of-sight direction, s is the magnitude of the separation vector and L�(μ) is the �th Legendre
polynomial. The odd multipoles (� = 1, 3, . . .) vanish since the corresponding Legendre polynomials
are odd and ξ(s, μ) is even in μ (since the 2PCF is defined in terms of pairs of objects and a pair
has no distinction between separations of 
r and −
r) so that the product integral vanishes. To have
a simple prediction for the even correlation function multipoles we need the following assumptions.

• Density and velocity perturbations and their gradients are small (linear perturbations).

• The objects of interest are far away from us so that the Hubble recession velocity dominates
over peculiar velocities.

• Redshifts cover a narrow range Δz � 1. This corresponds to measuring correlation function
in redshift bins within each of which the Hubble parameter is approximately constant.

• The plane parallel approximation is valid.

Within these assumptions it turns out that only the first three even multipoles � = 0, 2, 4 are
expected to be non-zero and an estimate for them can be obtained in terms of the parameter
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β := f/b, where f is the growth rate defined in Sec. 2.2 and b is the clustering bias, as follows

ξ0(s) =

(
1 +

2

3
β +

1

5
β2

)
ξ(s) , (4.8)

ξ2(s) =

(
4

3
β +

4

7
β2

)
ξ(s) +

(
−4β − 12

7
β2

)
J3(s)

s3
, (4.9)

ξ4(s) =
8

35
β2ξ(s) +

12

7
β2 J3(s)

s3
− 4β2 J5(s)

s5
. (4.10)

Here ξ(s) is the 2PCF without the redshift space distortions and

J�(s) :=

∫ s

0

ξ(r)r�−1dr . (4.11)

Eqs. (4.8)–(4.10) show that if we know the clustering bias b we can measure the evolution of the
growth rate f by measuring the the correlation function multipoles at various redshifts.

4.2 2PCF estimators and the split method

In practice the 2PCF of a galaxy or cluster distribution is estimated from a catalog of sources. The
catalog is a list of object positions in real or redshift space and possibly weights. As discussed in
Sec. 4.1, the 2PCF of a point distribution is defined as excess probability of finding pairs of objects
separated by 
r. An estimator for the 2PCF is thus based on counting numbers of pairs of objects
within separation bins. These counts are denoted by DD(
r) (“data-data” pairs). In the simplest
case a pair is included if the absolute value of the separation vector between the points falls within
|
r| ± 1

2Δr. This should then be compared to the case when the points are not clustered (but are
generated through a Poisson process). For this purpose one needs to generate a set of randomly
distributed points that has the same angular and redshift coverage and contains the same selection
effects as the actual catalog. This is called the random catalog and the pair counts within this
catalog are denoted by RR(
r) (“random-random” pairs).

With these ingredients the simplest estimator for the 2PCF is

1 + ξ(
r) =
NR(NR − 1)

ND(ND − 1)

DD(
r)

RR(
r)
. (4.12)

Here ND and NR are the number of points in the data and random catalogs, respectively. Normal-
izing the pair counts by the total number of pairs within each catalog, that is 1

2Ni(Ni − 1), would
not be necessary if both the catalogs had the same number of points. However, one usually uses
a random catalog that is larger than the data catalog to decrease the sample variance related to
the finite number of random points. Dividing by RR counts can be seen as a form of Monte Carlo
integration and the accuracy increases with the number of random points. Thus, it is usually more
convenient to express everything in terms of the normalized pair counts, which I will denote by
lower case letters, so that dd(
r) := 2DD(
r)/ [ND(ND − 1)] and so on.

In addition to DD and RR counts one can also count DR (“data-random”) pairs, that is, pairs
between the data and the random catalog. For normalization purposes, number of such pairs is
NDNR. Including the DR counts is useful for minimizing edge effects1. The simplest way to take
advantage of them is that of Davis and Peebles (1983)

ξ(
r) =
dd(
r)

dr(
r)
− 1 . (4.13)

A smaller variance in the 2PCF estimate can be achieved with the following estimator, proposed
by Hamilton (1993)

ξ(
r) =
dd(
r) rr(
r)

dr(
r)2
− 1. (4.14)

1Points near the edges of the survey region have fever pairs than those further away from the edges. DR counts
take this into account by measuring the number of random points around an average galaxy or cluster instead of an
average location, as is done by RR counts.



4.2. 2PCF ESTIMATORS AND THE SPLIT METHOD 31

However, both of these two estimators are biased, meaning that their expectation value is not the
true 2PCF. This problem is fixed by the currently most widely used estimator, proposed by Landy
and Szalay (1993)

ξ(r) =
dd(
r)− 2dr(
r) + rr(r)

rr(
r)
. (4.15)

I will call this the LS (Landy-Szalay) estimator. At the limit of infinitely large random catalog
it is unbiased and also provides the minimum variance when ξ � 1. In this limit the estimator
by Hamilton has approximately same variance as the LS estimator but is usually not favored due
to the bias2. In addition, when comparing a a number of 2PCF estimators using simulations of
galaxy clusters, Kerscher et al. (2000) show that the LS estimator is significantly less sensitive to
the size of the random catalog than the Hamilton estimator and stands out as the recommended
estimator for practical applications.

The estimate given by Eq. (4.15) will be more accurate the more pairs of each type we have.
Also the computational cost (ie. how long will it take to compute the estimate with given number
of CPU cores) of the LS estimator is determined by how many pairs need to be counted. To get a
rough estimate for the computational cost consider the following. The total number of pairs within
a catalog is 1

2Ni(Ni−1) ≈ 1
2N

2
i (or NiNj between two catalogs) but one usually is interested in the

2PCF up to some scale rmax that is smaller than the largest separations within the survey. Thus,
we only need to count a fraction f of all the pairs. Often we are interested in a range of scales for
which |ξ(r)| � 1 ie. the clustering is weak and the fraction of data pairs within r < rmax does not
differ significantly from a random distribution. Thus, we have the same f for all the pair counts
and the computational cost is proportional to 1

2f(N
2
D+2NRND+N2

R). As mentioned, one typically
uses NR � ND to minimize the error in the Monte Carlo integration. We parameterize the number
of random points by M := NR/ND. This way the computational cost is 1

2fN
2
D(1 + 2M + M2).

Note that this estimate does not take into account the various code overheads, such as reading of
the data and random catalogs. It is valid when the pair counting dominates the computation time.

The baseline value for the Euclid survey, for example, is M = 50, so that ∼ 25 times more time
is spent on counting the random-random than the data-random pairs. On the other hand, the
variance of the pair counts, that make up the variance of the 2PCF estimate, is roughly inversely
proportional to the number of pairs in each bin (variance of a Poisson process). The smaller number
of DR pairs contribute more to the uncertainty of the 2PCF estimate but the computational cost
is dominated by the larger number of RR pairs. This suggests that it might be possible to achieve
significant savings in computational time with insignificant loss of accuracy by excluding some of
the RR pairs. In Paper I we study in detail how the bias and covariance of the LS 2PCF estimate
depend on the properties of the random catalog and show both analytically and numerically that
this is indeed the case.

The method we present was used independently in 2PCF work before Paper I (for example
Zehavi et al., 2011) and it was already hinted at by the original Landy and Szalay paper. However,
it had not been studied in detail in the literature. The idea is that one produces, instead of one
large random catalog corresponding to M � 1, a set of MS (we call this the split factor) catalogs
with (M/MS)ND points. This can be thought of as splitting the large random catalog into MS

sub-catalogs, hence the name. Each small random catalog should be statistically equivalent to the
full random catalog. In principle the split factor could be any number 1 ≤ MS ≤ M but we show
that MS = M is the ideal value for achieving the best accuracy for a fixed computational cost so I
will take it to be fixed to this value for the rest of the thesis. So, in the optimal split method the
random catalog is split into M sub-catalogs of size ND. The DR and RR pairs are then counted
within each separate random catalog but not between and hence

DR =
M∑
i=1

DRi , RR =
M∑
i=1

RRi .

Here DRi and RRi are the pairs between the data catalog and the ith random sub-catalog and
within the ith random sub-catalog, respectively. The DR counts are equal to those of the LS

2In the limit of ξ → 0 the bias is proportional to 1/ND so that it is more important for smaller galaxy/cluster
catalogs.



32 CHAPTER 4. TWO-POINT CORRELATION FUNCTIONS

estimator but the RR counts are significantly lower. The number of RR pairs to count in the
LS estimator is proportional to M2N2

D but in the split method MN2
D, since we have M random

catalogs of size ND, so that M times fewer random pairs need to be counted.
All the split pair counts can be expressed in terms of M and ND. The number of DD pairs is

still ND(ND− 1)/2. The number of DR pairs is MN2
D and the number RR pairs is MND(ND− 1).

We can redefine

dr(
r) :=
1

M

∑
i

DRi(
r)

N2
D

=
1

M

∑
i

dri(
r) (4.16)

rr(
r) :=
1

M

∑
i

RRi(
r)

ND(ND − 1)
=

1

M

∑
i

rri(
r) (4.17)

and in terms of these redefined pair counts the split LS estimator can be written as

ξ(
r) =
dd(
r)− 2M−1

∑
i dri(
r)

M−1
∑

i rri(
r)
+ 1 . (4.18)

In the paper we show using simulated mock catalogs that for M = 50 the use of the split method
reduces the computation time of a 2PCF estimate by a factor of more than ten without noticeable
increase in the estimator bias or variance. The advantages of the split method are summarized
in more detail by Fig. 4.2. This figure shows the mean variance of 2PCF estimates over scales
of 80–120h−1Mpc3 as a function of the computational cost of the corresponding estimate. The
figure includes comparison to a method dubbed “dilution”, which was proposed as an alternative
to the split method. In the dilution method a single subset of the full random catalog is used when
counting the RR pairs. “dilution = 0.5”, for example, simply means using half of the random
points when counting the RR pairs. As with the split method, the subset should be statistically
equivalent to the full random (ie. it only differs by the point density). In the case of the DR
counts the full random catalog is used. The other comparison case is simply using the standard LS
estimator with a smaller random catalogs. As shown by the figure, and Paper I in more detail, the
split method provides the smallest variance at a given computation time and allows a significant
saving in computational cost with a negligible increase in variance.

4.3 2PCF covariance and the linear construct method

To be able to make conclusions based on estimated 2PCFs it is necessary to assess their accuracy.
A typical goal for a galaxy survey is to determine cosmological parameters based on comparing
measured and predicted 2PCF, or alternatively the corresponding power spectra. To to be able
to estimate confidence limits for the parameter estimates we need a likelihood function for the
parameters. Usually this is done by developing a model for the 2PCF as a function of the cosmo-
logical parameters and then computing a prediction at different points in the parameter space. The
parameter space scanning is often implement using Markov Chain Monte Carlo (MCMC) sampling
methods, a concrete cosmological example being Lewis and Bridle (2002). In this framework the
parameter likelihood is determined by the difference of the measured and predicted 2PCF values
at each point in the parameter space and the probability distribution the 2PCF measurement
realizations are thought to be drawn from.

In galaxy clustering analyses this distribution is commonly approximated by simple a Gaussian
function (Cole et al., 2005; Okumura et al., 2008, for example). This is mathematically convenient,
and can be motivated by, for example, the central limit theorem (see eg. Chapter 16 of Peacock,
1999). However, Schneider and Hartlap (2009) show analytically by using the non-negativity of
the matter power spectrum that this can only be the case approximately. Schneider and Hartlap
(2009), Keitel and Schneider (2011), and Wilking and Schneider (2013) have studied ways to
transform correlation functions in order to obtain more Gaussian-distributed quantities but the
results are not applicable to real data. Regarding power spectrum estimates, Wang et al. (2019)
have studied the non-Gaussianity of their probability distributions and devised a transformation

3These scales were selected to include the important BAO scale.
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Figure 4.2: The measured variance (mean variance over the range r = 80–120h−1Mpc) as function
of computational cost (mean computation time) for the different 2PCF estimators (markers with
error bars). The solid lines (blue for the split method, red for dilution, and black for standard
LS with NR < 50ND) are our theoretical predictions for the increase in variance and computation
time ratio when compared to the standard LS, NR = 50ND case, and the small dots on the curves
correspond to the measured cases (except for LS they are, from right to left, NR = 25ND, 12.5ND,
and (50/7)ND; only the first of which was measured). Figure from Paper I.
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scheme to ”Gaussianize” measured spectra. Nevertheless, in practice Gaussianity might well be
sufficient approximation for certain 2PCF estimates, Gaussianized or not. The distribution of the
estimates in a specific setup can be studied with simulated mock catalogs. Indeed, in the case
of the the simulations we use to validate the methods in Paper III, for example, the Gaussian
approximation seems to be sufficient for describing the distribution of the measured 2PCF values.

The logarithm of the Gaussian likelihood is given by

lnL = −(ξ − ξtheory)
TC−1(ξ − ξtheory) + constant , (4.19)

where the vector ξ contains the estimated 2PCF values, the vector ξtheory contains the theoretically
predicted values for the 2PCF (and is a function of the cosmological parameters) and the matrix
C−1 is the inverse of the covariance matrix of the estimate ξ. The covariance matrix C fully specifies
the statistical properties of a Gaussian distributed random vector. Even in the case non-Gaussian
distributions the covariance matrix servers a characterization of uncertainty. Its diagonal elements
correspond to the variance of the 2PCF estimate at each data point (separation bin, multipole
etc.) and the off-diagonal elements quantify how the errors at different points are correlated. The
covariance matrix is defined as

C(
r1, 
r2) :=
〈[

ξ(
r1)−
〈
ξ(
r1)

〉] [
ξ(
r2)−

〈
ξ(
r2)

〉]〉
. (4.20)

Here 
r1 and 
r2 denote arbitrary separation bins. We thus need an estimate for this covariance
matrix of a 2PCF estimate. The simplest way to obtain such an estimate is to compute the sample
covariance, where one simply replaces the ensemble averages with means over N 2PCF realizations
drawn from the same distribution as the measured 2PCF

Ĉ(
r1, 
r2) :=
1

N − 1

∑
i

(
ξi(
r1)− ξ(
r1)

) (
ξi(
r2)− ξ(
r2)

)
, (4.21)

where

ξ(
r) :=
1

N

∑
i

ξi(
r) (4.22)

is the sample mean. The denominator in (4.21) is N−1 instead of N to yield an unbiased estimate.
This is basically because the sample mean is estimated from the same set of 2PCF as the covariance
and thus removes one degree of freedom in the averaging process.

The drawback of the sample covariance is that one needs to compute the 2PCF from a large
number of mock object catalogs. The variance of the covariance estimate scales roughly as 1/N
so to get the error of the estimate down to a 10% level accuracy one needs of the order of 100
independent catalog realizations and for a 1% level 10 000 realizations. These mock catalogs should
be statistically as similar to the actual galaxy or cluster sample as possible. How to efficiently
produce such a set of simulations is a research field of its own and beyond the scope of this thesis.
In Paper I we use a set of N -body simulations presented in Grieb et al. (2016) and Lippich et
al. (2019) called Minerva. In Paper II we use a set of dark matter halo simulations produced
with a more approximate algorithm called PINOCCHIO4 (PINpointing Orbit Crossing Collapsed
HIerarchical Objects) that emulates N -body simulations, see Monaco et al. (2002) and Munari
et al. (2017).

Fig. 4.3 shows an example of 2PCF multipoles measured from a set of 5 000 PINOCCHIO mocks.
The three 2PCF multipoles � = 0, 2, 4 are binned in 100 r-bins over scales of 0–200h−1Mpc. The
plot shows the mean over the 5 000 realizations and a single realization with the 1σ error envelope
(which corresponds to the diagonal of the covariance matrix). The BAO feature at ∼ 100h−1Mpc
can be seen clearly in the monopole. Fig. 4.4 shows an example of a covariance matrix computed
from the same set of 2PCF realizations. The covariance matrix elements are plotted as normalized
correlation coefficients

ρij :=
Ĉ(ri, rj)√

Ĉ(ri, ri)Ĉ(rj , rj)
, (4.23)

so that ρij = 1 for i = j and −1 ≤ ρij ≤ 1 for i �= j. The different blocks represent different multi-
poles and their cross-correlations. The plot shows clear correlations between errors in neighboring
r-bins and also between different multipoles.
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Figure 4.3: Correlation function multipoles measured from 5 000 PINOCCHIO mock catalogs.
From top to bottom the panels correspond to monopole, quadrupole and hexadecapole. The blue
line is the mean of the sample and the orange line a single realization. The shaded area around
the single realization curve is the 1σ error envelope, computed as the standard deviation of the
available realizations. Figure from Paper II.
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Figure 4.4: Covariance matrix of the correlation function multipoles, measured from the PINOC-
CHIO mocks. The blocks from left to right and from the bottom to the top row correspond to
monopole, quadrupole and hexadecapole respectively. The elements are normalized by the diago-
nal. Figure adjusted from Paper II.
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In Paper II we develop a faster method for computing the covariance of a 2PCF estimate
obtained via the split method. To calculate a prediction for the covariance one needs to inspect
the fluctuations of the 2PCF estimate around its expected value. This is done by defining the
relative fluctuations of different pair counts as

α(
r) :=
dd(
r)

〈dd(
r)〉 − 1 , (4.24)

βi(
r) :=
dri(
r)

〈dri(
r)〉 − 1 , (4.25)

γi(
r) :=
rri(
r)

〈rri(
r)〉 − 1 . (4.26)

In terms of these pair count fluctuations Eq. (4.18) becomes

ξ(
r) =
〈dd(
r)〉[1 + α(
r)]

〈rr(
r)〉[1 +M−1
∑

i γi(
r)]
− 2

〈dr(
r)〉[1 +M−1
∑

i βi(
r)]

〈rr(
r)〉[1 +M−1
∑

i γi(
r)]
+ 1 (4.27)

This can be then inserted into the definition of the covariance matrix (4.20). After a rather
tedious calculation one obtains expression for the covariance in terms of pair count covariances
(〈α(
r1)α(
r2)〉, 〈α(
r1)β(
r2)〉 etc.). The main point is, however, that the expression is of the form

C(
r1, 
r2) = A(
r1, 
r2) +M−1B(
r1, 
r2) , (4.28)

ie. it has a term that depends on M−1 and a term that is independent of the size of the full
random catalog. Thus, if one computes the covariance using two sets of small random catalogs
(using M = 1 and M = 2) it is possible to solve for matrices A and B and construct the covariance
for an arbitrary M (usually significantly larger than 2). We call this the linear construct (LC)
method. An additional saving can be achieved by computing two sets of 2PCF estimates, both
with independent random catalogs of size M = 1, and constructing the M = 2 case by co-adding
the DR and RR pairs of the two individual sets. Note that the LC covariance assumes nothing
about the distribution of the 2PCF estimates (Gaussianity, for example) but is based purely on
the definitions of the covariance and the split LS estimator.

As discussed, the computational cost of the LS estimator is roughly proportional to N2
D(1 +

2M +M2) and in the case of split LS estimator the M2 term is replaced by M . The LC covariance
estimate corresponds to case of split LS with M = 2. If we take as a reference the case of split LS
with M = 50 the speedup is a factor of (1 + 2 · 50 + 50)/(1 + 2 · 2 + 2) ≈ 21.6. In the paper we
show that despite the fact that the LC covariance has the same expectation value as the sample
covariance, it has somewhat larger variance5. We derive expressions for the covariances of both
the sample (for split LS estimator) and LC covariances with which one can estimate the error
of the covariance estimate based on the covariance itself. In our simulations it turned out that
the extra scatter in the LC covariance means that one needs 1.2–1.8 times more mock catalogs
to reach the same accuracy than with the sample covariance. This property is summarized by
Fig. 4.5. The plot shows how the sample covariance and the LC covariance converge towards a
reference covariance matrix as we increase the number of mock catalogs used to estimate them.
The reference covariance was computed from 5 000 independent mock catalogs. The left panel of
the plot shows that for a given number of realizations (ie. mock catalogs) the sample covariance is
closer to the reference covariance. The right panel, however, shows that for a fixed computational
cost the LC covariance is significantly closer to the reference covariance.

As noted, the LC method requires more 2PCF realizations to reach the same precision as the
sample covariance. In addition, the handling of large number of small catalogs makes the code
overheads more important compared to larger catalogs, so that the computation time is not as
strongly dominated by the pair counting. Due to these effects we observe in practise a speedup
factor of ∼ 5–10, in contrast to the theoretical prediction of ∼ 20. This is still a significant
improvement and can be further increased by code optimization. The preceding estimate is still,

4https://adlibitum.oats.inaf.it/monaco/pinocchio.html
5Elements of sample-based covariance matrices are themselves random variables and their values are thus subject

to some variance.
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Figure 4.5: Convergence of the covariance of the correlation function multipoles, with respect to
the number of realizations (left) and CPU time (right). The y-axis is the mean squared difference
between the elements of the LC (orange) or sample (blue) covariance and a reference covariance
matrix, normalized by the diagonal elements of the reference matrix to give different scales equal
weight. The dashed lines show our theoretical predictions. Figure from Paper II.

in a sense, optimistic. It does not account for the cost of producing the larger number of mock
catalogs. This cost strongly depends on the requirements of a particular 2PCF measurement, such
as desired mass resolution, simulation volume, whether an N -body simulation or baryonic effects
are needed and so on. In the case of the PINOCCHIO mocks that we use to validate the LC
method the cost of a single mock catalog is approximately 6 CPUh. The data of Fig. 4.5 shows
that in our test roughly 1.4 times more realizations were needed for the LC covariance to match the
precision of the sample covariance. If the desired precision for the sample covariance is achieved
with 5 000 mocks, LC requires 7 000 mocks, which costs approximately 12 000 extra CPUh. This
is actually more than the cost of the 5 000 2PCF realizations needed for the sample covariance.
However, a set of simulated mock catalogs is generally useful for various kinds of analyses (even
across different surveys), whereas a covariance matrix estimate can only be used along a specific
2PCF measurement. Also, to mimic a narrow redshift bin we used only one fifth of the volume
of each PINOCCHIO mock. Should we have used the whole volume the cost of the covariance
matrix estimate would have risen significantly, whereas the cost of the mocks would have stayed
the same. All in all, the costs of the simulated catalogs and the covariance matrix estimate are
not directly comparable but the cost of the simulations should still be kept in mind when judging
the performance benefits.

4.4 An example of a 2PCF analysis

In Paper III we analyze an X-ray selected cluster sample called CODEX (COnstrain Dark Energy
with X-ray, Finoguenov et al., 2020). The CODEX catalog is compiled by combining data from
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Figure 4.6: Sky footprint of the CODEX catalog in the equatorial coordinate system. Orange
points are the clusters used in our analysis and blue points are the corresponding random points.
Figure from Paper III.

the ROSAT all-sky X-ray survey and the SDSS galaxy survey on the northern sky. In the ROSAT
survey galaxy clusters are identified as compact sources of high X-ray luminosity (caused by the
hot intracluster plasma) and in SDSS as concentrations of optically observed galaxies. The catalog
has 10 382 clusters in the redshift range 0.05 < z < 0.68 with sky coverage of roughly 10 000 square
degrees. The sky footprint of the catalog is shown in Fig. 4.6. To guarantee the purity of our
sample we select a subset of the CODEX catalog based on the cluster redshifts and richnesses6.
We limit ourselves in the redshift range 0.1 < z < 0.5. Below these redshifts the cluster finding
algorithm (the red-sequence matched-filter Probabilistic Percolation, redMaPPer, Rykoff et al.,
2014) starts to suffer from projection effects and above them the richness estimates based on the
SDSS imaging become uncertain. We employ a fixed lower limit of 25 and a redshift-dependent
limit of 22(z/0.15)0.8 for cluster richness. Clusters with lower richnesses are prone to on one hand
being missed by the cluster finder algorithm and on the other hand being false identifications. For
further details, see Finoguenov et al. (2020) and Klein et al. (2019). After these cuts we are left
with 1892 clusters for our clustering analysis.

For our analysis the most important cluster properties included in the CODEX catalog are
X-ray luminosities and richnesses. Both of these are known to correlate with the total mass of
the cluster (including the dark matter halo), see Capasso et al. (2020) and Kiiveri et al. (2021)
for the scaling relation used in our analysis. With these proxies we can estimate the mass of
each cluster. The goal of the paper is to study how, based on these masses, predictions for the
clustering bias agree with the actually measured clustering signal. We use the projected 2PCF as
our clustering statistics. Examples of our measurements are shown in Fig. 4.7. Plotted here is
a set of projected 2PCF we measured from the CODEX sample within different redshift ranges.
These are compared to predictions from linear dark matter power spectra scaled by the square of
the bias factor predicted from the cluster masses. We predict the bias factor for each cluster based
on its estimated mass using Eq. (3.37) at the redshift of the cluster. The bias of the whole cluster
population is computed as a weighted mean

b =
∑
i

b(Mi, zi)gi(zi) . (4.29)

Here the sum runs over all the clusters in the sample and the factor g(zi) := D(zi)/D(0) scales
each individual bias factor to be relative to the present day matter density instead of the density at
the redshift of the cluster. We compute the prediction for the projected 2PCF of the dark matter

6Richness of a galaxy cluster is the sum of its member candidates weighted by the probability for each of them
to be member of the cluster.



40 CHAPTER 4. TWO-POINT CORRELATION FUNCTIONS

distribution by first Fourier transforming a prediction for the linear perturbation theory power
spectrum and then using Eq. (4.6) to predict the projected 2PCF from the underlying isotropic
2PCF. As we can see, the shape and the amplitude of the measured correlation functions are mostly
compatible with the theoretical predictions within the estimated error bars.

As mentioned in Sec 3.3, the agreement between the measured and predicted clustering bias can
be used as a cosmological test. As a simple example we study the likelihood of parameters (Ωm, σ8)
in the light of our 2PCF measurements. Ωm is again the present day matter density parameter and
σ8 is a parameter used, in large scale structure surveys in particular, to parameterize the amplitude
of the linear power spectrum. It is defined in terms of σ(R) as

σ8 := σ(8h−1Mpc) , (4.30)

where the scale 8h−1Mpc roughly corresponds to the spatial scale of galaxy clusters. All the other
parameters were kept fixed. This is of course an oversimplification but not a terrible one since
the cluster mass function (and consequently their clustering bias) has the strongest dependence on
the two parameters varied through the ΛCDM growth function and the amplitude of the density
fluctuations at the cluster scales.

We assume the Gaussian likelihood of Eq. (4.19). In our case the vector ξ contains the measured
values of the projected 2PCF. The theoretical prediction is ξtheory = b2wtheory

p , where b is the mass-

based bias prediction and wtheory
p is the projected correlation function of the linear perturbation

theory from Eq. (4.6). Both of the factors depend on the cosmological parameters. In principle also
the measured 2PCF depends on the cosmology since the measured angles and redshifts need to be
converted into comoving distances. The changes introduced by varying the cosmology are negligible
compared to the statistical uncertainty of the 2PCF estimate but for completeness we model the
effect following Marulli et al. (2012). Distances perpendicular and parallel to line-of-sight, rp and
rπ respectively, are related in two different cosmologies, labeled by 1, 2, by

rp,1 =
dA,1(z)

dA,2(z)
rp,2 , rπ,1 =

H2(z)

H1(z)
rπ,2 , (4.31)

where dA(z) is the angular diameter distance and H(z) the Hubble parameter at redshift z. So,
to compare theoretical predictions at varying cosmologies with the measurement at the fiducial
cosmology at scales (rp, π) we evaluate them at scales [dA(z)/dA,f (z)]rp and [H(z)f/H(z)]rπ,
where f refers to fiducial cosmology and we take z to be the mean redshift of the sample.

The constraints we obtain for (Ωm, σ8) from the clustering analysis are summarized in Fig. 4.8.
Constraints on σ8 in particular are rather loose but compatible with values obtained from other
measurements (see below). The clustering-based constraints can be further combined with those
obtained by comparing observed and predicted mass functions. In the case of X-ray selected
clusters one usually uses the X-ray luminosity function (XLF), which is a proxy for the mass
function. In Fig. 4.8 we show constraints from the XLF measured from the CODEX clusters
(from Finoguenov et al., 2020) and from combining the XLF and 2PCF measurements into a
joint likelihood. The individual likelihoods are most degenerate along different directions so the
combination has significantly more constraining power. The joint contours are, however, somewhat
optimistic since they are just the product of the constituent likelihoods, that are in reality correlated
to some extent.

The marginalized parameter constraints we obtain from the combined likelihood are Ωm =
0.27+0.01

−0.02 and σ8 = 0.79+0.02
−0.02. These can be compared with, for example, results from the CMB

measurements of the Planck and WMAP satellites. These are Ωm = 0.3147 ± 0.0074, σ8 =
0.8101 ± 0.0061 (Planck Collaboration, 2020b) and Ωm = 0.279 ± 0.025, σ8 = 0.821 ± 0.023
(Hinshaw et al., 2013), respectively. There is a slight tension between the value of Ωm inferred
from our cluster measurements with the one obtained from the Planck measurements but as it is
shown in Paper III this can be explained by systematic uncertainties in our analysis.
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Figure 4.7: Top panel: projected 2PCF in three redshift ranges 0.1 < z < 0.5, 0.1 < z < 0.3
and 0.3 < z < 0.5. The data points are 2PCF estimate from the CODEX clusters. The solid
curves of the corresponding colors are predicted dark matter 2PCF scaled by the mass-based bias
estimate computed within each cluster sub-sample. Bottom panel: relative difference between the
2PCF estimate and the corresponding prediction. The data points have been shifted horizontally
for clarity. Figure from Paper III.
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Figure 4.8: Likelihood contours of (Ωm, σ8) from the cluster two-point correlation function (blue),
the X-ray luminosity function (red) and the joint distribution (green). The light and dark contours
are the 68 % and 95 % confidence regions, respectfully, and the red dashed lines show the best fit
values for the joint likelihood. Figure from Paper III.



Chapter 5

Conclusions

Large galaxy surveys, such as the forthcoming Euclid survey, are and will be an important cos-
mological probe. Combination of theoretical developments, astronomical observations and large
numerical simulations has resulted in a well-developed framework for understanding galaxy clus-
tering and allows it to be exploited efficiently for cosmological purposes. The spatial distribution
of galaxies and their clusters contains a wealth of information about the initial conditions and evo-
lution history of the Universe. This information is encoded in statistical quantities, such as power
spectra and two-point correlation functions of the large scale galaxy distribution. This thesis,
including the accompanying papers, focused on some aspects of the two-point correlation function
analysis and its connection to the theory of cosmology.

Two-point correlation function estimators rely on counting pairs of objects. This operation
scales as the square of the number of objects. Thus, the computational cost of estimating the
two-point correlation functions grows rapidly as the next generation galaxy surveys produce larger
and larger galaxy catalogs. The situation becomes even more challenging when one considers the
covariance matrix of the two-point correlation function estimate. Currently, the most robust way
to estimate the covariance is to measure the sample covariance from a large set of (possibly of the
order of 10 000) mock galaxy catalogs. This analysis step is going to take up a significant portion
of, for example, Euclids computational budget. Doing it as efficiently as possible is thus far from
irrelevant and could save resources for other computationally intensive tasks.

Historically, the two-point correlation function estimators were designed to optimize the bias
and variance of the estimate but not necessarily its computational cost. We aimed at filling in this
gap by studying systematically how the size of the random catalog affects the variance of a two-
point correlation estimate computed using the so-called Landy-Szalay estimator. We show that in
a setup resembling the Euclid spectroscopic survey the computational cost of a single two-point
correlation function estimate can be reduced by a factor of more than ten without significant loss
of accuracy. This is achieved by omitting part of the random-random pairs in a way that preserves
the desirable properties of the Landy-Szalay estimator. We call the new method the split method.

We further proceed to study the effect of the size of the random catalog on the covariance matrix
of the two-point correlation function estimate produced by the split Landy-Szalay estimator. It
turns out that the mock two-point correlation function estimates used to measure the sample
covariance can be estimated with a smaller number of random points than the actual two-point
correlation function estimate without biasing the covariance matrix estimate. This can be done by
combining two sets of mock correlation function estimates using random catalogs of different sizes.
Since the new estimate is a linear combination of two covariances we dub the method the Linear
Construct. We show both theoretically and using simulations that for a given number of mock
catalogs the Linear Construct covariance has somewhat larger variance than the sample covariance.
To reach the same accuracy with the Linear Construct method 1.2–1.8 times more mock catalogs
are needed. The computational saving per mock catalog is however so large that in a simulated
setup mimicking a redshift bin within a galaxy survey the overall cost is reduced by a factor of
∼ 5–10. The computational saving of combining the split Landy-Szalay estimator and the Linear
Construct covariance is thus of the order of 100 and could be decisive on whether computing the
covariance matrix is feasible or not.

43



44 CHAPTER 5. CONCLUSIONS

The computational efficiency within an analysis pipeline dealing with large amounts of data
is a necessity but it is not the point of cosmological surveys. The goal is to test theoretical
models and constrain their parameters. This is what the two-point correlation functions and
their covariance matrices will be ultimately used for. I presented an example of such an analysis
using an X-ray selected sample of galaxy clusters. Compared to galaxies, galaxy clusters have two
important advantages. First, they cluster at length scales larger than galaxies and are thus less
prone to effects of non-linear evolution. Second, masses of their hosting halos can be estimated
observationally and these masses can be in turn used to predict how their clustering is enhanced
compared to the underlying matter distribution. This way the clustering bias is no longer a free
parameter but a function of cosmology and thus potentially offers extra constraining power. We
show that the results from mass-based bias predictions are compatible with the actually observed
clustering bias. We also show at the proof-of-concept level that comparing the measured and
predicted two-point correlation functions, combined with the mass-based bias prediction, can be
used to constrain the parameters Ωm and σ8. The constraints we obtain are compatible with the
ones obtained from the Cosmic Microwave Background, although rather loose due to the small
sample size of 1892 clusters. Euclid, for example, is expected to find of the order of 60 000 galaxy
clusters in the redshift range of z = 0.2–2.0, making also this kind of analysis more precise.
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