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Estimating particle number size distributions from multi-instrument observations

with Kalman filtering

Toni Tapani Viskari

University of Helsinki, 2012

Abstract

Atmospheric aerosol particles have several important effects on the environment and human

society. The exact impact of aerosol particles is largely determined by their particle size

distributions. However, no single instrument is able to measure the whole range of the

particle size distribution. Estimating a particle size distribution from multiple simultaneous

measurements remains a challenge in aerosol physical research. Current methods to combine

different measurements require assumptions concerning the overlapping measurement ranges

and have difficulties in accounting for measurement uncertainties.

In this thesis, Extended Kalman Filter (EKF) is presented as a promising method to estimate

particle number size distributions from multiple simultaneous measurements. The particle

number size distribution estimated by EKF includes information from prior particle number

size distributions as propagated by a dynamical model and is based on the reliabilities of

the applied information sources. Known physical processes and dynamically evolving error

covariances constrain the estimate both over time and particle size.

The method was tested with measurements from Differential Mobility Particle Sizer (DMPS),

Aerodynamic Particle Sizer (APS) and nephelometer. The particle number concentration was

chosen as the state of interest. The initial EKF implementation presented here includes sim-

plifications, yet the results are positive and the estimate successfully incorporated information

from the chosen instruments. For particle sizes smaller than 4 µm, the estimate fits the avail-

able measurements and smooths the particle number size distribution over both time and

particle diameter. The estimate has difficulties with particles larger than 4 µm due to issues

with both measurements and the dynamical model in that particle size range. The EKF

implementation appears to reduce the impact of measurement noise on the estimate, but has

a delayed reaction to sudden large changes in size distribution.

Keywords: Atmospheric aerosols, Aerosol size distribution, Kalman Filters, Merging simul-

taneous observations
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1 Introduction

Aerosol is defined as a mixture of solid and/or liquid particles suspended in gas (Hinds,

1999), with aerosol size distributions representing how different aerosol variables are

distributed over particle size. Individual aerosols affect radiation transfer, cloud forma-

tion and health in different ways. For example particles with diameters smaller than

1 µm generally scatter and absorb radiation in the visible light wavelengths more effi-

ciently than particles larger than 1 µm. Aerosol size distributions thus directly affect

visibility (Hand and Malm, 2007). The fraction of aerosol particles that act as cloud

condensation nuclei increases with particle size. Aerosol size distributions are thus im-

portant with regard to cloud formation and nucleation (McFiggans et al., 2006). For

atmospheric radiative transfer, aerosols have a direct effect, which refers to radiation

scattering and absorption due to atmospheric aerosol size distributions, and an indirect

effect, which refers to the role of aerosol size distributions in cloud formation (Myhre,

2009). Additionally, aerosols have several effects on health depending on particle size

(Pope and Dockery, 2006). Due to these reasons, accurate characterization of aerosol

size distributions is required to properly investigate and accurately understand the role

of aerosol particles have in the atmosphere.

Atmospheric aerosols range several orders of magnitude in particle size and are com-

posed of various chemical species in different internal and external mixtures. Currently

it is impossible to measure all the properties of an aerosol size distribution with a sin-

gle instrument (McMurry, 2000). Instead, different physical and chemical properties

are measured by separate instruments, with the physical and chemical properties of

aerosols and the particle number concentrations determined by post-processing the

raw measurement data (e.g., Kandlikar and Ramachandran, 1999; Fiebig et al., 2005).

These instruments can be divided to size-segregating detectors, which measure the size

dependent aerosol quantities, and to integrating detectors, which measure quantities

common for the whole aerosol size distribution. Combining measurements from differ-

ent instruments into a single approximation of the aerosol size distribution has proven

to be challenging and remains a relevant question even in current aerosol research.

Several algorithms have been developed to determine an aerosol size distribution from

independent measurement of different variables (e.g., Hand and Kreidenweis, 2002;

Shen et al., 2002; Khlystov et al., 2010). These algorithms, however, usually require

assumptions concerning both aerosol properties and the measurements themselves. In

addition, they have difficulties accounting for the uncertainties of the measurements
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and rarely guarantee a physically continuous system.

Data assimilation is a widely used mathematical method in geosciences to estimate

system state from multi-instrument observations. Data assimilation methods produce

a statistically optimal state estimates based on the available information sources. Data

assimilation also includes information from states prior to the measurement time as

evolved by the known physical processes. The state estimate will thus be constrained

by both temporal continuity as well as the current physical understanding. Data assim-

ilation has already been applied air quality (Elbern et al., 2001), environmental moni-

toring (Dubovik et al., 2008; Chung et al., 2010) and to improve aerosol mass, aerosol

optical depth and extinction profile measurements (e.g., Liu et al., 2008; Tombette

et al., 2009; Sekiyama et al., 2010; Schutgens et al., 2010) Here data assimilation is uti-

lized to estimate a particle number size distribution from multiple in-situ measurements

with a size segregated 0-dimensional aerosol microphysical model (a ”box model”).

The main objective of this thesis is to establish data assimilation, specifically Extended

Kalman Filter (EKF), as a method to estimate a particle number size distribution from

simultaneous multi-instrument observations which are generally continuous both over

time and particle size. This objective is approached by

• Proving that the tangent-linear hypothesis required by the EKF implementation

is valid for practical purposes Paper I

• Studying the error covariance structures created by an microphysical model and

establishing the benefit of a dynamically evolving uncertainty regarding the state

estimate Paper II

• Showing that EKF is capable of handling features typical for aerosol particle num-

ber size distributions and statistically comparing favorably EKF with a mathe-

matical inversion method Paper III

• Estimating a variable state from multiple simultaneous in-situ measurements,

which is reasonable in regard to all separate measurements Paper IV
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2 Combining information from different detectors

2.1 Previous methods to combining information

Aerosol detectors rarely directly observe the state, but rather measure variables that

are dependent on the state. The relation between the observations y and the state x

can be assumed as

y = g̃(x), (1)

where g̃(x) is the relation between x and y. In reality g̃(x) is not exactly known and

all measurement contain measurement noise ξ. Thus eq. 1 expands to

y = g(x) + ξ, (2)

where g(x) is the known mathematical relation between x and y. In the case where

g(x) is sufficiently linear with respect to x, eq. 2 can be written as

y = Gx + ξ (3)

where G is the linear form of g(x). Solving x from eq. 3, if G is known, is referred

to as a linear inverse problem. There are several mathematical methods to solve an

inverse problem, which are detailed, e.g., in Voutilainen (2001).

Mathematical inversion is a generally efficient, easy-to-implement and computationally

feasible method to produce a state approximation from a set of observations. There

are also several different available methods to solve the inverse problem suitable for

different situations and the solutions can be constrained by prior information. However,

the mathematical inversion solution is a purely mathematical construct that does not

inherently include physical information. It is also very difficult to separate ξ from x

in the solution and the noise is projected over the solution by the possible smoothness

constraints. Thus the accuracy of the solution is not known. Additionally, when

the observations include multiple observations from same particle sizes, mathematical

inversion methods can only produce a state approximate if the observations are directly
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comparable and even then assumptions concerning the overlapping measurement range

are necessary.

As mathematical inversion methods have difficulties approximating a state from multi-

ple simultaneous observations, other methods have been used to combine observations

from different detectors. In the context of the measurements used in this thesis, two

methods are commonly used to approximate a combined state. Both require that the

observations are first converted to functions of the same variable. The first option

is to directly combine the separate parts of the available number concentration mea-

surements by setting a cut-off diameter (e.g., Virkkula et al., 2011). The resulting

particle number size distribution consists of measured number concentrations from dif-

ferent detectors on different sides of the cut-off diameter. Some measurements are

always ignored beyond the cut-off diameter. The second option is to integrate differ-

ent measurements using specific assumptions concerning particle properties based on

experience, specific experiments determining those particle properties, or be obtained

by optimization of the match between the instruments. This method can be used to

combine different size-segregated measurements (Pitz et al., 2008) or determine ap-

propriate parameters when comparing size-segregated and integrated measurements

(Guyon et al., 2003; Virkkula et al., 2006; Petzold et al., 2009). Both of these solutions

are practical, but do not properly account for measurement uncertainties or physical

continuity of the state.

Next, Extended Kalman Filter is introduced as a method to estimate a particle number

size distribution from multiple observations.

2.2 Extended Kalman Filter

All information concerning the value of a variable, i.e. variable state, contains un-

certainty. Thus it is impossible to ever know the true state. Instead the state can

be presented as a constrained probability density function (pdf), which is the likeli-

hood for the true state based on existing information. At time step k, xk is the state

constrained by the preceding state xk−1 and model parameters θ according to

xk ∼ p(x|xk−1, θ) (4)
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θ ∼ p(θ). (5)

The pdfs are presented as p-functions. Here we assume a time-continuous system. As is

seen in eq. 5, θ is also an approximation. The observations yk are similarly constrained

by the observable state according to

yk ∼ p(yk|xk). (6)

If the uncertainties are gaussian and unbiased, then the pdfs in eqs. 4 and eq. 6 are

normally distributed. In this case eqs. 4 and 6 can be written as

xk = M(x̄k−1, θ) + ǫk (7)

yk = H(x̄k) + ωk, (8)

where x̄k−1 and x̄k are the expected values of xk−1 and xk, respectively. The forward

model M propagates the expected state to the next observation time and the obser-

vation operator H expresses how x̄k would be observed. The model and measurement

noise ǫk and ωk, respectively, represent the deviations from the expected value.

The expected values in eqs. 7 and 8 are necessary for practical calculations. Determin-

ing ǫk and ωk, however, would require non-erroneous information concerning the state,

which will never be available. However, if the error is assumed to be Gaussian, it is

possible to approximate the error variances σ2

x,k and σ2

y,k from eqs. 7 and 8. For state

vector xk and observation vector yk, the uncertainties are presented in error covariance

matrices Bk and Ok, respectively. The diagonal values are the error variance terms

and the non-diagonal terms represent the error interdependencies. Thus, it is possible

to reasonably present both the state and the relevant accuracy.

Continuous-time filters consist of two alternating steps: i) time evolution and ii) obser-

vation updating. During the first step the state is propagated to the next observation

time, where the second step composes a state estimate from the background state and

observed state based on their reliabilities. The Extended Kalman Filter (EKF; Kalman
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(1960); For textbook treatment, e.g., Kaipio and Somersalo (2004)) is a common math-

ematical filter application.

During the time evolution step, the previous state estimate xa,k−1 is propagated to the

observation time k. The propagated state xk, also referred to as the background state

as it contains information from the prior states, is determined according to

xk = M(xa,k−1). (9)

Here the evolution model M can be non-linear. It is important to note that before

the inclusion of the observations, xk is the best available estimation of the state as

it contains information from the prior observations as well as the known dynamical

processes.

The background error covariance matrix Bk is calculated in a similar manner

Bk = MBa,k−1M
T + Qk. (10)

Here M is tangent-linear in respect to M . The term MBa,k−1M
T describes the tangent-

linear evolution of the state uncertainty. As uncertainty always spreads over time,

MBa,k−1M
T is larger than the initial Ba,k−1. Error source term Qk represents defi-

ciencies in the model.

During observation updating, a new state estimate xa,k is composed by optimally weigh-

ing information from xk and yk according to

xa,k = xk + Kk(yk − Hxk). (11)

The difference between the observation and the background state counterpart is referred

to as the innovation. The Kalman Gain Kk is determined by minimizing the variance

of the state estimate and is

Kk = BkH
T [HBkH

T + Ok]
−1, (12)

10



where H is the tangent-linear version of H. The impact of the innovation on the state

estimate is based on the relative uncertainties of the different information sources.

The more reliable the observations are in comparison with respect to the background

state, the more the innovation will affect the state estimate. In case there are multiple

observations of the same state, then their combined impact on the state estimate is

determined by calculating the weighed mean of the innovations. The weight of each

innovation is determined by the respective relative uncertainty.

The error covariance matrix for xa,k is simultaneously estimated with

Ba,k = [I − HTKk]Bk, (13)

which is the minimal variance calculated when solving Kk. The observation update

will thus always produce a statistically more reliable state estimate than any of the

individual information sources used during observation update.

The EKF process is summarized in Fig. 1. In essence, EKF corrects the time-evolved

state according to recent observations. The comparative accuracy of the observations

and background state determines the weight given to the information sources. It is

important to note that EKF does not directly combine the different observations and

uncertainties. Instead it updates the background state according to the available ob-

servations and their uncertainties.

The variable of interest in this study is the particle number size distribution. Appli-

cation of EKF requires the following: i) A reliable mathematical forward model, ii)

Observations relating to the particle number concentration, iii) Observation operators

and iv) The error covariance matrices.

2.3 The forward model

The forward model evolves the state from one observation time to the next in order

to determine the background state. In this research, University of Helsinki Multi-

component Aerosol model (UHMA; Korhonen et al., 2004) was used as the forward

model. UHMA is a size-segregating box model, which depicts the major microphysical

processes evolving the particle size distribution. There are several UHMA versions for
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Figure 1: The EKF process
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different conditions. A basic model including nucleation, condensation, coagulation

and dry deposition processes was used as the forward model here.

During the nucleation process, new particles are formed from ambient vapours. Here

the nucleation rate J is determined by the activation scheme (Sihto et al., 2006; Kul-

mala et al., 2006)

J = A[H2SO4], (14)

where A is the activation coefficient and H2SO4 is the ambient sulphuric acid vapour

concentration. The formation of new particles is thus directly dependent on the ambient

sulphuric acid concentration. The new particles are always formed in the lowest model

size bin. The activation coefficient was set as 3 ∗ 10−6 1

s
.

During the condensation process, ambient vapour condenses on the particle surfaces.

The evaporation of compounds from the particle surface is here also included in the con-

densation process. The condensation rate Iv,a, which represents the change in particle

volume V due to compound a is determined with

Iv,a(V ) =
2π

2

3 (6V )
1

3 Dv,aMa

ρaRgT
f(Kn, a)fp(pα − psat,a), (15)

where Ma is the molecular mass of the compound a, Rg is the gas constant, ρa is

the density of the compound, T is the temperature and DV,a is the diffusion constant

for the vapour. Function f(Kn, a) is the correction term for calculation assumptions.

Function fp describes how the difference between the partial gas vapour pressure pa and

saturation vapour pressure psat,a for a affects Iv,a. The adjusted Fuchs-Sutugin method

(Fuchs and Sutugin, 1971; Lehtinen and Kulmala, 2003) was used here to determine

Iv,a. For organic compounds, the nano-Köhler theory (Kulmala et al., 2004) has been

included. The condensation process conserves the total number concentration, only

affecting the particle number size distribution by changing particle diameters.

During the coagulation process, particles collide together forming a new particle that

has the combined dry volume of the two colliding particles. The collision rate Ji,j

between particle diameter di and dj is calculated with

13



Ji,j = Ki,jNiNj, (16)

where Ni and Nj are the number concentrations in the respective particle sizes. The

coagulation kernel Kk
i,j was taken from Fuchs (1964). The coagulation process always

reduces the total number concentration of a size distribution.

During the dry deposition process, particles are removed from the air mass to sur-

rounding surfaces due to gravity or air flow. The dry deposition flux is calculated

with

F d
i = −vdNi, (17)

where Fi is the deposition flux for particle size di. The deposition velocity vd was deter-

mined according to Rannik et al. (2003) and extrapolated to particle sizes smaller than

10 nm. Wet deposition, was not included in this UHMA version. The dry deposition

always decreases the total number concentration.

Here, UHMA calculates the processes in the following order. First, the nucleation

process determines the influx of new particles. Second, the condensation process evolves

the particle number size distribution. Finally, both the coagulation and deposition

processes are concurrently calculated from the same size distribution. Particles are

assumed to be composed of the same compounds than those used as ambient vapours.

In these experiments, the model has 60 logarithmically evenly spaced size bins. The

smallest (largest) particle size is 1.5 nm (20 µm).

As explained in Section 3.2, EKF requires a tangent-linear version of UHMA. The

tangent-linear version of an operator is the gradient in the first order term of the

Taylor expansion of the operator. As long as the first order term dominates the Taylor

expansion, it is possible to approximate the uncertainty propagation according to the

tangent-linear hypothesis. The construction of the tangent-linear version of UHMA is

detailed in Paper I. In the same article the tangent-linear version of UHMA is found

to be valid for time intervals shorter than 30 minutes.
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2.4 Detectors and observation operators

To properly assess the effectiveness of EKF regarding aerosol physics, observations are

from four separate instruments and three different observable quantities are included

in the EKF implementation. These instruments include two Differential Mobility Par-

ticle Sizers, which have different measurement ranges, an Aerosol Particle Sizer and a

nephelometer.

As these instruments measure different quantities over different particle size ranges,

an observation operator, as presented in eq. 8, is required to compare the observa-

tions to background state calculated by the forward operator. The instrument-specific

observation operator presents how the respective instrument would observe the back-

ground number size distribution. By projecting the background state to the different

particle size ranges as values of the relevant measurable quantities, the observation

operators make it possible to determine the differences between the background and

observed states. Thus the observation operator allows incorporating information from

very different measurement instruments and is necessary for the observation updating.

A tangent-linear version of observation operator is also needed by EKF as seen in eq.

12.

In the following subsections first the detector is explained and then relevant observation

operator is introduced.

2.4.1 Differential Mobility Particle Sizer (DMPS)

Differential Mobility Particle Sizer (DMPS; Hoppel, 1978) is a size-segregating detector

that measures particle number concentrations as a function of voltage. The theoretical

basis for DMPS is that the velocity vTE of a particle in electrical field E is given by

vTE = ZE, (18)

where Z is the electrical mobility. Electrical field is created by a set voltage and vTE can

be calculated from the distance the particle travels during a specific time. Assuming

that the flow is not turbulent, Z can be written as

15



Z =
vTE

E
=

neCc

3πηd
, (19)

where e is a single charge, n the number of charges carried by the particle, Cc is the

slip correction function, η is the gas viscosity and d is the Stokes diameter of a particle.

From eq. 19, d can be solved.

The DMPS instrument is composed of three separate parts. Neutralizer forces the

particle number size distribution to a steady-state charge distribution. Differential

Mobility Analyzer (DMA) creates an electrical field perpendicular to a flow field. The

electrical field moves the particles towards the electrode while the flow field moves the

particle parallel to the electrode. As the velocity of the flow field is known as well as the

distance of the electrode from the DMA inlet, vTE can be approximated. Measurements

are classified according to voltage which causes the electrical field. Properly set DMA

is able to measure particles with diameters smaller than 10 nm, which are too small

to be optically measured. The Condensation Particle Counter (CPC; McMurry, 2000)

determines the number concentration for the separated particles by condensing vapour

on the particles until they are large enough to be optically detected.

Converting particle number concentrations as a function of voltage as measured by

DMPS to particle number concentration as a function diameter requires accounting

for several aspects of measurement instrument. Not all particles are charged in the

neutralizer and especially large particles can carry more than one charge. Thus it is

necessary to approximate the charging probability for different particle sizes (Wieden-

sohler, 1988). The number of particles measured for by DMA for a single voltage,

referred to as the measurement channel, is a function of particle diameter and triangu-

lar in shape. Transfer functions for measurement channels express how the measured

particle number concentration is distributed over adjacent particle sizes (Stolzenburg,

1988). Finally, particle size dependent losses during the measurement process must be

accounted for (Aalto et al., 2001).

Here the DMPS observations are from a Twin-DMPS system, where two DMPS:s con-

currently measure different particle sizes. The smallest, 3 to 40 nm, particles were

measured using a DMPS consisting of a 10.9 cm long Vienna type DMA (Winklmayr

et al., 1991) and a TSI CPC model 3025 (Stolzenburg and McMurry, 1991). The bigger,

10-1000 nm particles, were measured using a DMPS consisting of a 28 cm long Vienna

type DMA and a TSI CPC model 3010 (e.g., Quant et al., 1992). The Twin-DMPS

16



has an overlapping measurement region of 10-40 nm. Each DMA channel is measured

subsequently with a 10 minute measurement cycle, but here it is assumed that the all

measurements are from the same time. In reality the particle number size distribution

evolves constantly over the measurement cycle. An 85-krypton bipolar neutralizer was

used as the neutralizer for both DMPS:s. The charging probabilities were determined

according to Wiedensohler (1988). The measurement system is more thoroughly ex-

plained in Aalto et al. (2001). Here both DMPS:s are treated as individual detectors

for the EKF implementation. The DMPS measurements deployed here are a part of

the EUSAAR network, thereby following the network quality standards presented in

Wiedensohler et al. (2010).

The observation operator for DMPS, HDMPS, is the product of two matrices

HDMPS = RP. (20)

The DMPS interpolation matrix P calculates the model output at the characteristic

diameters of the DMPS instrument from the background state. The instrument kernel

matrix R determines the number concentrations for the measurement channels from

the interpolated number concentrations. The kernel matrix was assumed to be constant

in time.

A cumulative distribution function (CDF) is used to determine P. First, the CDF value

for a model diameter is computed by summing up the number concentrations for all

smaller model diameters. 4th order Lagrange polynomials are then used to interpolate

the CDF values from the model grid to the instrument grid. Finally, particle number

concentrations for the instrument grid are gained by subtracting consecutive CDF

values from each other. All the numerical operations required for HDMPS are linear

and thus a separate tangent-linear version is unnecessary.

2.4.2 Aerodynamic Particle Sizer (APS)

The Aerodynamic Particle Sizer (APS) is a size-segregating detector that measures

particle number concentrations as a function of aerodynamic size. The instrument

classifies particles based on how long it takes them to pass two concurrent lasers in

an accelerated flow field. This is based on Stokes’s law, which states that the settling

velocity vTS in a gas flow is (Hinds, 1999)
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vTS =
√

Cc(dp)
ρpd

2

pg

18ηχ
=

√

Cc(da)
ρ0d

2

ag

18η
, (21)

where dp and da are equivalent and aerodynamic particle diameters, respectively, g is

the gravitational acceleration, Cc is again the slip correction factor, χ is the dynamic

shape factor and ρp and ρ0 are the densities for the particle and water, respectively. As

it is generally impossible to know the composition and shape of each measured particle,

the APS measurements are always given as a function of da, which is the diameter of

a spherical particle composed of water. From eq. 21, dp can be written as a function

of da

dp = da

√

Ccda

Cc(dp)

√

ρ0χ

ρp

. (22)

It is important to note that dp is the equivalent diameter of a possibly non-spherical

particle, while d used in eq. 19 is the diameter for a spherical particle.

Here TSI model APS 3321 (Peters and Leith, 2003) was used to measure particles with

diameters between 0.5 and 20 µm. Inlet line losses in measurements are minimized

with vertically positioned moderately heated inlet. With properly calibrated inlet- and

aerosol flow rates, the aerodynamic sizing of the APS can be considered accurate. A

large uncertainty is expected for the concentration, mainly due to the losses inside the

instrument and the inlet tubes. The instrument losses have been shown to depend on

particle size and aerosol phase (Volckens and Peters, 2005) and are thus not easy to

correct accurately. When concentration is high, additional uncertainty may arise from

particle collision within the detection time.

The observation operator for APS, HAPS, is determined in two steps. First, the equiv-

alent diameters are calculated from the aerodynamic diameters with eq. 22. Few

assumptions were made during this step. The slip correction function Cc is nearly

constant for particles larger than 700 nm and thus the relation Cc(da)/Cc(dp) is ap-

proximated as one. The aerosol particles were assumed to be spherical, for which χ is

one. These approximations reduce eq. 22 to

dp = da

√

ρ0

ρp

. (23)
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Particle density changes both over time and particle size, but here it assumed to be

constant. Based on Saarikoski et al. (2005) and Kannosto et al. (2008), ρp is approx-

imated as 1.5 g/cm3. Second, the measurement grid diameters have been calculated,

the background state is interpolated to them from the model grid.

2.4.3 Nephelometer

Nephelometer (Beuttell and Brewer, 1949; Ahlquist and Charlson, 1967; Bodhaine

et al., 1991) is an integrating detector that measures radiation scattering from an air

mass. As radiation passes through air, fraction of the radiation changes direction due

to interference from particles and molecules present in the air. This direction deviation

is defined as total radiation scattering. The part of the radiation which is reflected back

to the direction from which the original radiation came from is defined as radiation

backscatter. The focus here is on the total radiation scattering. Radiation scattering

S for wavelength λ as measured by the nephelometer can be written as

S(λ) =

180
◦

∫

0◦

F (λ, Θ)z(Θ)δΘ, (24)

where Θ is the inclination angle of the radiation scattering, z is the angular sensitivity

function for the nephelometer and the angular scattering function F(λ,Θ)

F (λ, Θ) =

∞
∫

−∞

fλ(Θ, d,m)
πd2

4

δN(d)

δlogd
δlogd + FR(∆). (25)

Here N(d) is the number concentration as a function of d, fλ is the angular scattering

function for individual particles and FR(∆) radiation scattering due to carrier gas

molecules. The complex refractive index m = mr + imi represents both radiation

refraction mr and radiation absorbtion mi. For an ideal nephelometer

Z(Θ) = sinΘ. (26)

Taking into account the calibration constant Kc(λ) and Rayleigh scattering coefficient

for the gas ϕR(λ), scattering coefficient ϕSP (λ) is determined by
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ϕSP (λ) = Kc(λ)S(λ) − ϕR. (27)

Rayleigh scattering ϕR(λ) can be calculated analytically (e.g. Buchholz (1995)), if

temperature and pressure are known. After integrating S over Θ, eq. 27 becomes

ϕSP (λ) =

∞
∫

−∞

QSP (λ, d,m)
πd2

4

δN(d)

δlogd
δlogd. (28)

The scattering efficiencies Qsp were calculated using the Mie scattering of Barber and

Hill (1990).

Equation 28 contains two important assumptions. First, in eq. 26 it was assumed

that the radiation was formed from Lambert radiation emission, i.e. that z can be

approximated as a sine-function. This causes a small deviation in the measurements

(Anderson et al., 1996). Secondly, the nephelometer measurements are over a limited

angular integration range (Moosmüller and Arnott, 2003) instead over the 180◦ as-

sumed in eq. 24. When correcting the measurements concerning these limitations, it is

important to note that both the particle scattering as well as the carrier gas scattering

are affected. The measurements are corrected by first calculating Ångström exponents

from the non-corrected scattering coefficients and then according to the formulas shown

in Anderson and Ogren (1998).

A detailed description of the aerosol optical measurements is given in Virkkula et al.

(2011). Air measured with aerosol optics instruments was sampled through a PM10

inlet. The sample is dried before entering the instruments. Scattering coefficients

at wavelengths of 450, 550 and 700 nm were measured with a TSI 3λ nephelometer

(Anderson et al., 1996). The instrument measured radiation scattering by emitting

light to the examined air mass and employing a light-detector set to one-side of the

light source. The measurements were averaged over a 5 minute interval. The EKF

implementation only uses scattering coefficient measurements which are approximately

from the same nominal time than the DMPS and APS measurements. The pressure and

temperature of the nephelometer was also measured in order to correct the scattering

coefficient to 1000 mbar and 0oC.

For the observation operator Hneph, eq. 28 was assumed to be a sum over discretized

particle sizes. The observation operator contains QSP values for all particle sizes in the
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model grid. The refractive index m changes over time and particle diameter. Here it

was simplified by setting mr and mi to constant values of 1.517 and 0.005, respectively,

based on Virkkula et al. (2011).

2.5 Error covariance matrices

The error covariance matrices have two purposes in EKF. Error variances represent the

reliability of the information source, which is necessary to properly weigh the infor-

mation. For example if the observations are more reliable than the background state,

then in eq. 11 the state estimate is closer to the observed state than the background

state. The error covariances in turn represent the linear connections between uncer-

tainties of different variables, or specifically in this implementation, different particle

sizes. Thus the error covariances spread information from a single measurement over

the whole particle number size distribution. Here, it was necessary to simplify both

the observation and background error covariance matrices.

The observation error covariance Ok contains the measurement uncertainties for all

the included instruments. Three different factors determine Ok: I) The instrument

error which represents the inherent uncertainty of the detector, i.e. the observation

noise, II) Observation operator error which describes the observation operator’s limited

capability to reproduce the instrument response to the background state, and III)

Representation error reflects the background state not including all the dynamical

processes affecting the size distribution. All these components interact and thus it

is not possible to approximate Ok from a single error component alone. Currently

it is possible to approximate the instrument error prior to the EKF implementation,

but the observation operator and representation errors require statistical information

gained from EKF.

Here Ok is assumed to be diagonal, i.e. different measurement channels are independent

of each other. The error standard deviations are assumed to be instrument-specific

values relative to the measured number concentration. The set relative error is 15% for

DMPS I and APS, and 12% for DMPS II (Personal communication, Pasi Aalto,2012).

The three lowest APS measurement channels is an exception here, as the measurements

from them are clearly erroneous. To mitigate the impact of these observations, the

relative error for the three lowest APS measurements channels is set to 45%. For

nephelometer, the relative error is set as 7% (Heintzenberg et al., 2006). The error is
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here larger for DMPS I and APS than for DMPS II as the measurement noise has more

impact on small number concentration measurement values. In this initial application,

observation error for an instrument is not size dependent.

In Paper II, it was shown that a dynamically evolving Bk benefits the state estimate.

As seen in eq. 10, the background error covariance matrix Bk is composed of evolved

previous state estimate error and the model error Qk. Here, there are two major

challenges in determining Bk. First, there are currently no methods to determine Qk

and thus it cannot be included in Bk here. This is especially a problem for UHMA

as it includes several approximations and parameterization that are not always valid.

Second, uncertainty increases during the state propagation and decreases during the

observation update as seen in eq. 13. If the uncertainty increases too slowly during

state propagation, then the state estimate error will be consistently smaller after each

observation update. This decrease ultimately leads to Bk becoming much smaller than

Ok, which causes to the observation updating to effectivlely ignore the observation

information. In data assimilation this is known as filter divergence.

In order to avoid filter divergence, Bk was simplified. Background state error variances

are scaled so that the relative error for any particle size in the measurement range

cannot be smaller than 20%. The background error covariances are simultaneously

corrected so that the error correlations remain constant in the scaling. This ensures

that the observations will always have more weight during the observation update step.

In Paper II it was established that UHMA creates a strong correlation between parti-

cles smaller 10 nm and particle sizes where condensation sink (Kulmala et al., 2001) is

the largest. This correlation can cause the EKF implementation to become unstable,

if there is a large difference between the background and observed state. To avoid

this instability, the background error covariance matrix was restricted so that a large

innovation affects the size distribution at the maximum distance of 20 size bins of the

UHMA model.

3 Results and analysis

In Paper III and Paper IV, the EKF implementation was tested with observations

from SMEAR II (Station for Measuring Ecosystem/Atmosphere Relations) measure-

ment station in Hyytiälä, South-Western Finland (61◦47”N, 24◦42”E, 181 m AMSL)
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(Hari and Kulmala, 2005). All the figures in this section are from those two pa-

pers. The specific measurements used here are from April-May 2007 and were made

as a part of the EUCAARI project (Kulmala et al., 2009). As mentioned in Section

3.4, the included measurements are from a Twin-DMPS, an APS and a nephelometer

instruments. Ambient sulphuric acid and non-volatile organic vapour concentration

measurements (Petäjä et al., 2009; Paasonen et al., 2010) were utilized in UHMA sim-

ulations. Ambient concentrations for a volatile organic vapour were estimated from

the non-volatile organic vapour concentrations according to Vuollekoski et al. (2010).

The ambient vapour concentrations are linearly interpolated for 10 second time inter-

vals and used as the ambient vapour concentrations values in the UHMA model. The

vapour profiles are presented in Fig. 2. Ambient atmospheric conditions (temperature,

etc.) were specified as constants due to the model being not particularly sensitive to

these values.
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Figure 2: The ambient vapour concentrations for sulphuric acid (blue), non-volatile

organic compound (red) and volatile organic compound (green) as applied in the EKF

implementation for 7 May 2007.
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The results presented here are for 7 May 2007, which was chosen because during this

day the particle number size distribution notably evolves in different ways, e.g. due to

a strong nucleation event and to a sudden change in the size distributions. The results

for this day were found to be well-representative for the rest of the studied period.

As mentioned in Section 2.4, both particle density ρ and refraction index m were

assumed constant in this initial EKF implementation. This is not reflective of actual

measurement conditions, where both parameters change over particle size and time.

In order to study the impact of this simplification, the simulations were repeated with

separately perturbed parameter values (by 0.2 g/cm3 for ρ, 0.1 units for mr and 0.01

units for mi; results not shown). The perturbed parameter values did have a noticeable

effect on the state estimates, but the resulting state estimate remained similar to

those presented here. In addition, the measurements and their associated uncertainties

had a far larger impact on the state estimate. Thus here the focus is solely on the

measurements. However, the constant parameterizations will be addressed in future

work.

The state estimate should be compared to other particle number size distributions

combined from multi-instrument observations. Here a combined particle number size

distribution is combined by using the Twin-DMPS inverse solution up to particle diam-

eter of 700 nm and continuing APS measurements after that. The geometric diameters

were calculated for the APS measurements. The inverse solution for DMPS mea-

surements is found with a least-square nonnegative pseudo-inverse method where the

observations in the overlapping region are averaged from the two information sources.

The combined size distribution is then interpolated to a logarithmically evenly spaced

grid, which had 74 size bins. The smallest (largest) particle diameter in the new grid

is 3.5 nm (15 µm).

Particle size number distribution estimated by EKF with DMPS and APS measure-

ments is referred to as xN
DA, particle size number distribution estimated by EKF with

DMPS, APS and nephelometer measurements as xN
DAN , and the reference particle size

number distribution combined from DMPS and APS measurements as xN
com. The esti-

mated size distribution (xN
DAN ; Fig. 3a) and the combined size distribution (xN

com; Fig.

3b) are shown from 00:00 to 23:00 Local Time (LT) for 7 May 2007. All the diameters

are defined as the Stokes diameter of the particle (Hinds, 1999). Note that the results

are given in different resolutions. In both xN
DAN and xN

com a strong nucleation event

is visible after approximately 10:00 LT and there are sudden changes in particle num-
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Figure 3: a) Particle number size distribution obtained with EKF using DMPS and

APS observations (xN
DAN) on 7 May 2007 from SMEAR II in Hyytiälä, Finland. Note

that the particle number concentrations are only presented from 102 to 109 1/m3. The

color bar values are given as exponents of 10. b) As in a), but for xN
com. c) The

total number concentrations for particles larger than 3 nm for (xN
DAN) (blue, solid) and

(xN
com) (green, dashed)
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ber concentrations after 17:00 and 21:00 LT. The size distributions are similar overall,

although xN
DAN is smoother over subsequent measurement times and more continuous

over particle diameter than xN
com, especially in particle sizes smaller than 20 nm and in

diameter range of 500-1000 nm. The total number concentration for xN
DAN and xN

com

are shown in Fig 3c. The total number concentrations follow each other closely with

the total number concentration for xN
DAN having slightly larger values. The differences

in the total number concentrations are partially due to the diameters for xN
DAN and

xN
com not being the same, which makes it difficult to limit xN

DAN to the same diameter

range than xN
com. At approximately 15:00 and 17:00 LT, the total volume concentration

is much larger for xN
DAN than for xN

com.

Figure 3 demonstrates that the EKF implementation reduces the impact of apparently

random variations in the number concentration measurements by including prior infor-

mation from the background state and constraints due to error covariances. During the

sudden changes at approximately 17:00 and 21:00 LT, the background state contradicts

the observed state, which causes xN
DAN to have a delayed adjustment to the measured

state. This is especially visible as a difference between total number concentrations

in Fig. 3c after approximately 17:00 LT and also after 21:00 LT, where in both cases

it takes 2-3 measurement cycles, specifically 20-30 minutes, for xN
DAN to re-adjust to

the new measurement state. The large difference between the total number concen-

trations after 15:00 LT is due to xN
com drastically underestimating the particle number

concentrations in particle sizes smaller than 20 nm.

Both particle number size distribution and total number concentration are dominated

by particles smaller than 300 nm, as is seen in Fig. 3. Number concentrations measured

by APS, though, are for particles larger than 400 nm, and nephelometer measurements

are most sensitive for number concentrations in the particle size range of 300-700

nm. To better illustrate how APS and nephelometer measurements affect the state

estimate, particle volume size distribution, which is the sum of particle volume within

a size bin and which is dominated by particles larger than 100 nm, is presented in

Fig. 4. The volume concentration for xN
DA will be referred to as xV

DA (Not shown),

for xN
DAN as xV

DAN (Fig. 4a) and for xN
com as xV

com (Fig. 4b). Note that the volume of

a particle increases with particle diameter, causing the differences between xN
DAN and

xN
com result in larger differences between xV

DAN and xV
com. As in Fig. 3, the particle

volume size distributions resemble each other, with xV
DAN being more continuous over

the overlapping measurement range of 0.4-1 µm and smoother over time than xV
com.
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Figure 4: a) Particle number size distribution obtained with EKF using DMPS and

APS observations (xN
DAN) on 7 May 2007 from SMEAR II in Hyytiälä, Finland. Note

that the particle number concentrations are only presented from 102 to 109 1/m3. The

color bar values are given as exponents of 10. b) As in a), but for xN
com. c) The

total number concentrations for particles larger than 3 nm for (xN
DAN) (blue, solid) and

(xN
com) (green, dashed)
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However for particles larger than 10 µm, xV
DAN and xV

com differ greatly. For xV
DAN , the

particle volume concentration decreases drastically near particle sizes 10 µm and then

increases again for particles larger than 13 µm. For xV
com, instead, the particle volume

concentration evolves erratically in those particle sizes and especially after 08:00 LT

it is very different from xV
DAN in those particle sizes. The total volume concentrations

for both size distributions over time are presented in Fig. 4c. They follow each other

closely, but the total volume concentration for xV
com varies more over time than the

total number concentration for xV
com.

The EKF implementation appears to successfully produce a state estimate from simul-

taneous measurements which is continuous over both particle size as well as time and

is consistent with the separate measurements. To illustrate this, both xV
DAN and its

corresponding values in the DMPS II and APS measurement channels according to H

as well as for the actual measurements over particle sizes 30 nm - 10 µm at 12:00 LT

are presented in Fig. 5. The state estimate follows the measured values of both DMPS

II and APS for particles smaller than 4 µm. For particles larger than 4 µm, though,

the measurements become discontinuous over particle diameter and the state estimate

differs from the measured values. Comparison between total number concentration for

xN
com (Fig. 3c) and total volume concentration for xV

com (Fig. 4c) show that the total

volume concentration varies more over subsequent measurement times than the total

number concentrations. The measurement noise thus has a larger impact in particle

sizes larger than 400 nm as the number concentrations in those particle sizes domi-

nate the total volume concentrations. This interpretation is supported by Volckens

and Peters (2005), which stated that the APS measurement accuracy decreases with

increasing particle size.

The differences between xV
DAN and xV

com for particles larger than 4 µm are partially due

to apparently random evolution of the observed particle number size distribution in

those particle sizes. There are, however, other difficulties for the EKF implementation

in this size region. State estimates are constrained over particle diameter by the aerosol

dynamical processes, whose impact on the particle number size distribution is reduced

as the particle diameter increases. For particles larger than 4 µm, the error covariances

are very weak and thus are only a minimal constraint for the state estimate. In addition,

UHMA does not predict the increase of measured particles larger than 4 µm after 08:00

LT visible in Fig. 4b. The challenges for the EKF implementation in this size range

are thus due to both the measurements and model limitations.
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Figure 5: The estimated volume concentration size distribution in 300 nm -2 µm at

12:00 7 May 2010 from SMEAR II in Hyytiälä, Finland (top panel). The observations

(blue) and corresponding estimate calculated with H (red) from 300 nm to 2 µ for

DMPS II (solid) and APS (dashed) from 12:00 on 7 May 2010 from SMEAR II in

Hyytiälä, Finland (bottom panel).

The impact of integrating measurements on the state estimate depends on how different

particle sizes affect the observed value. The nephelometer measures electromagnetic

radiation scattering in the visible wavelength, which is dominated by particles in the

size range of 300-700 nm. Consequently, in the EKF implementation, the nephelometer

observations primarily affect this size range and have only a limited impact on other

particle sizes. The nephelometer measurements generally affect the state estimate less

than DMPS or APS measurements. Instead, the nephelometer measurements reduce

the impact of DMPS and APS measurement noise on the state estimate and provide

supporting information when the size-segregating measurements disagree with each

other or with the background state. The role of the nephelometer observations is most

prominent at approximately 21:00 LT in Fig 4, when xV
com shows a large change in

particle number size distribution that is visible in xV
DAN roughly 20 minutes later. This

difference between xV
DAN and xV

com is due to DMPS and APS observing the sudden
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Figure 6: The observed scattering (ϕobs; black, solid), the scattering calculated from

xN
DA ((ϕDA; red, dot-dashed), from xN

DAN ((ϕDAN ; blue, dotted) and from xN
com ((ϕcom;

green, dashed) for wavelengths 450, 550 and 700 nm (a, b and c respectively)

change in air mass at approximately 21:00 LT and the nephelometer measuring a

sudden change in scattering coefficients after 21:20 LT. xV
DAN reaction to the sudden

change is slowed by these contradicting observations, with xV
DA having a faster reaction

to the sudden change (Not shown). This difference in reaction demonstrates both the

effect integrating observations can have on the state estimate and why synchronization

of detectors is important for EKF.

The measured and calculated scattering coefficients for 08:00-18:00 LT for 7 May 2007

for wavelengths 450, 550 and 700 nm are presented in Fig. 6. The measured scattering

coefficients are referred to as ϕobs, scattering coefficients calculated from xN
DA as ϕDA,

from xN
DAN as ϕDAN and xN

com as ϕcom. Generally ϕDA and ϕDAN are close to each

other, with ϕDAN deviating from ϕDA towards ϕobs for wavelengths 550 and 700 nm.

For wavelength 450 nm, ϕDAN remains close to ϕobs until approximately 09:20 LT,

after which ϕDAN follows ϕDA with only slight deviations from it. For wavelengths 450

and 550 nm, both ϕDA and ϕDAN are closer to ϕobs than ϕobs. Scattering coefficients

calculated from the background state (not shown) differ little from ϕDAN . The inclusion
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of the nephelometer measurements do, however, have an effect on xN
DAN as a whole over

a longer time period. Note that ϕDAN is smoother than ϕDA, which in turn is smoother

than ϕcom. This indicates that including the nephelometer measurements into the EKF

implementation results in a temporally more continuous estimate in the particle size

range of 300 - 700 nm.

The state estimate was validated with statistical comparison in Paper III and incre-

mental analysis in Paper IV. The EKF implementation was also tested with several

days from April-May 2007. The independent analysis of each studied day showed that

the detailed results presented here to be generally representative of the merits and

issues of the use of EKF implementation.
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4 Discussion

EKF is presented here as a promising method for estimating particle number size

distributions from multiple simultaneous observations. The central merits, challenges

and issues concerning EKF implementation in aerosol physics are summarized below.

• The simplified EKF implementation used here was able to estimate a state from

simultaneous observations from different detectors. The state estimate fitted

all measurements relatively well, including the overlapping measurement ranges.

Improvements in the microphysical model, applied parameterizations and error

covariance approximations are expected to improve the state estimate.

• Information from prior states contained in the background state affects the state

estimate, while the error covariances constrain the state estimate over particle

size. The state estimate is thus continuous over both time and particle diameter.

However, these reasons also cause the state estimate to react more slowly to sud-

den changes in the observed state. The impact might be reduced with improved

error covariance estimates.

• In addition to the state estimate, EKF also estimates the reliability of the esti-

mate. This feature was not focused on in this work. However, future efforts on

the subject should produce better background error covariance approximations,

which would in turn allow better approximations on error size-dependencies and

to determine the state estimate error covariances.

• The focus here has been on particle number size distribution. The EKF imple-

mentation could be extended, though, to also estimate particle composition and

properties. This requires additional work and related measurements.

• Finally, it is crucial to remember that ultimately EKF is a statistical tool, and

all mathematical methods should be chosen based on the problem at hand. For

instance, when the main interest is on the long-term evolution of a particle size

distribution, EKF is a potential tool for that purpose. However, if the interest

concerns short term changes due to outside influence, then EKF may not be an

ideal choice.
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5 Review of papers and the author’s contribution

Paper I presents the tangent-linear version of UHMA, which is necessary for the EKF

implementation, and investigates its limitations. The main limitation for the tangent-

linear hypotesis was the dynamical evolution of particles smaller than 20 nm. The

tangent-linear hypothesis was established to be valid for measurement cycles of 30

minutes. The author constructed the tangent-linear version of UHMA, performed the

simulations and analyzed the results.

Paper II studies the error covariance structures created by UHMA. It shows that

inclusion of a propagating background error covariance matrix improves the state es-

timate opposed to including a static error covariance matrix. The author constructed

the EKF implementation, performed the simulations and analyzed the results.

Paper III introduces the EKF implementation as a method to estimate from multiple

simultaneous observations. The focus is the general applicability of EKF in aerosol

physics, which is tested with observations from a Twin-DMPS instrument. The results

were also statistically analyzed. The state estimates were found to generally have less

bias than the inversion results and have comparable standard deviation values to the

inversion results. Potential improvements to the EKF implementation are discussed.

The author compiled the suitable EKF implementation, performed the tests and ana-

lyzed the results.

Paper IV expands the EKF implementation to include three different measurement

instruments, which all observe different variables. The resulting particle number size

distribution estimates appeared to successfully merge the simultaneous observations

and are continuous over particle diameter and smooth over time. The author modified

the EKF implementation to include the new observations, performed the simulations

and analyzed the results.
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6 Conclusions

Estimating a particle size distribution from various simultaneous observations remains a

challenge in current aerosol physical research. This thesis introduces Extended Kalman

Filter (EKF) as a method to produce a statistically optimal estimate of the particle

number size distribution from multi-instrument observations. The resulting state es-

timate is constrained over both time and particle diameter by known aerosol physical

processes.

It was established that it is mathematically feasible to apply EKF with the chosen

microphysical model and that in a theoretical scenario a properly evolving EKF imple-

mentation improves that state estimate. The current EKF implementation was tested

by estimating a particle number size distribution from simultaneous measurements

from a Differential Mobility Particle Sizer (DMPS), Aerodynamic Particle Sizer (APS)

and nephelometer. Both DMPS and APS are size-segregating detectors, which mea-

sure size dependent aerosol quantities, and nephelometer is an integrating detector,

which measure a single quantity determined by the state. Each instrument provides

information of the particle number size distribution in different diameter ranges, with

overlapping measurement ranges. Yet each instrument observes variables that cannot

be directly compared. A state compared directly from DMPS and APS measurements

was used a comparison for the state estimate. The results are here only presented for

a single date, 7 May 2007, but these results were established to be well-representative

for the period of April-May 2007.

The state estimate was generally continuous over both time and particle diameter.

Especially in the overlapping measurement ranges of different instruments, EKF pro-

duced a more continues state estimate than the directly combined state. For particle

sizes smaller than 4 µm, the state estimates fit the observations from individual size-

segregating detectors relatively well. Due to challenges with both the modelling and

measurement challenges, the EKF implementation did, however, have difficulties in

particle sizes larger than 4 µm. Total number concentration, total volume concen-

trations and scattering coefficients calculated from state estimate showed less random

variation over time than those calculated from the combined state. For scattering coef-

ficients, the measurements show similar continuity than those calculated from the state

estimate.

The EKF implementation introduced in this thesis includes several suboptimal as-

34



sumptions. Still, even this inital version of EKF was able to succesfully incorporate

information from very different detectors to succesfully estimate a state fitting all the

separate information sources. These results are encouraging towards the application of

this method in aerosol physics and support future reserach on the subject.
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