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1.	INTRODUCTION	

1.1	Global	Remote	Sensing	of	Forests	
The Food and Agriculture Organization of the United Nations (FAO) has been monitoring the world’s 
forests since 1946. The Global Forest Resources Assessments, published currently at a five year interval, 
are based on data and answers to a common questionnaire provided by countries (Global Forest 
Resources... 2012). Such data are inherently variable in terms of coverage, quality and reliability. 
Moreover, the requirements for information on the world’s forests have expanded immensely since the 
1940’s, for example, towards forests’ contribution to the global carbon cycle and other climate related 
topics,  while  at  the  same  time  the  information  is  preferred  at  a  quicker  pace.  Spaceborne  remote  
sensing systems can cover large areas over a short period of time, thus providing a basis for more 
objective, commensurate and continuous global scale change monitoring systems. As soon as this type 
of information has been readily available, numerous studies have utilized remotely sensed data to asses 
large scale changes in plant growth (e.g. Myneni et al. 1997), net primary production (e.g. Nemani et al. 
2003)  and  deforestation  rates  (e.g.  Achard  et  al.  2002),  to  name  a  few  examples.  Also  FAO,  together  
with  its  associates,  has  recently  begun  to  make  use  of  time  series  of  remotely  sensed  imagery  to  
produce more accurate estimates of changes in the world's forests at both regional and global scale (e.g. 
Global forest land-use... 2012). 

Schull  et al.  (2007, 2011) set forth a hypothesis for a novel approach based on the spectral invariants 
theory to retrieve physically-based (as opposed to empirical) estimates of forest properties from 
remotely sensed hyperspectral imagery. In this thesis, said approach is scrutinized via a case study on 
southern boreal forests: any future application intended for global forest monitoring should function 
also in the boreal forest zone, as it makes up approximately one fourth of the world’s forests. 

 

1.2	Canopy	Spectral	Invariants	

1.2.1	Alternative	to	3D	Modeling		
Modeling radiative transfer in a forest canopy by tracing photon paths is a complex task. Geometrical 
canopy models that describe the hierarchical 3D structure of a forest canopy accurately enough for this 
type of remote sensing data analysis need detailed input on various structural parameters and are 
computationally heavy. While the latter has become less of a concern along with the continuous 
increase of computational capacity, the detailed input remains an issue. 

An alternative to detailed radiative transfer modeling is to summarize the structural information into 
stochastic probabilities which describe the average behavior of photons in the canopy. This approach is 
known as the (canopy) spectral invariants theory: the scattering properties of the canopy-level are 
expressed with wavelength independent (spectrally invariable) parameters and the spectrally varying 
scattering properties of a smaller-scale scattering element (e.g. a single green leaf). Knyazikhin et al. 
(1998a) were (to the author’s knowledge) the first to discuss this type of approach to upscale radiative 
transfer from leaf to canopy level, and Knyazikhin et al. (1998b) first derived the relationship between 
leaf spectral albedo and canopy level absorption and scattering basing their results on the eigenvector 
theory. The term spectral invariant was first introduced in Panferov et al. (2001), and Smolander and 
Stenberg (2003) continued with the first physical explanation for the structural parameter  (photon 
recollision probability, see next chapter). 
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1.2.2	Parameterization	
The canopy layer is considered a heterogeneous medium consisting of phytoelements (vegetative 
elements which interact with radiation) and gaps. The phytoelements can be defined at different scales 
(e.g. needle, shoot, branch), forming a hierarchical structure, where they exist at multiple, nested scales, 
and each phytoelement is comprised of the smaller scale phytoelements and gaps. In the current 
formulation by Huang et al. (2007), Knyazikhin et al. (2011) and Schull et al. (2007, 2011), the medium is 
bounded from below by a non-reflecting surface and contribution from trunks and branches to canopy 
scattering is disregarded. While in the case of dense canopies the error caused by such assumptions may 
be small, especially the former may become problematic in sparse canopies with lower canopy cover. 

From photon tracing point of view, the first question is whether a photon will interact with the 
phytoelements (canopy interceptance ) or travel directly through the gaps without interacting (zero 
order transmittance 1 − ) (Smolander & Stenberg 2003, 2005). Canopy interceptance does not depend 
on wavelength , but varies with the direction of incident radiation . The left side panel of Figure 1 
depicts canopy interceptance. Given the non-reflecting surface below, the other parameters of the 
model are relative proportions of the intercepted radiation. 

 

Figure 1: Diagram of spectral invariants model canopy layer with phytoelements and gaps bounded from below by a  
non-reflecting surface. The panel on the left depicts canopy interceptance versus zero order transmittance, while the panel on 
the right illustrates scattering (reflection with red, transmittance with blue) and absorption of the intercepted portion of incident 
radiation. Every time a photon is scattered (depending on the single scattering albedo of the phytoelement), it can either re-
interact within the canopy with probability p, or escape the canopy in a given direction with probability ρ(Ω). 

 

If a photon does collide with a phytoelement, it can either be absorbed or scattered. The scattering 
probabilities are wavelength-dependent and are defined with the leaf (or some other phytoelement) 
single scattering albedo ( ). In the event of scattering, a photon can either re-interact within the 
canopy with probability  (photon recollision probability), or “escape” (exit) the canopy with probability 
1 −  (total escape probability). The directional distribution of the total escape probability is described 
by ( ), the directional escape probability (probability of an escape event in a given direction ; 
illustrated in the right side panel of Figure 1; Schull et al. 2007). In reality, the values of  and ( ) vary 
with the scattering order until saturating (Lewis & Disney 2007; Smolander & Stenberg 2005), but in the 
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spectral invariants approach they can be assumed constant by using their mean values. Under this 
assumption, the (spectral) bi-directional reflectance factor ( ( , , )) of the model canopy can be 
approximated as a geometrical series of the scattering order  (Schull et al. 2007): 

( , , ) = ( ) ( ) ( ) 	+ 	 ( ) ( ) ( ) 	+	…	   

																															+	 ( ) ( ) ( ) 	+ 	… 	=
( )

1 − ( )
( ) ( ).																																										(1)	

As wavelengths in the shortwave radiation budget are of a considerably smaller magnitude than the size 
of the scattering elements,  and ( )  are functions of the canopy (phytoelement) structural 
arrangement only and independent of wavelength (Ross 1981). Finally, the product of ( ) and ( ) 
is termed as a single, directionally dependent spectral invariant, the directional escape factor ( , ), 
and ( , , ) becomes an explicit function of the spectrally invariant  and ( , ) and the 
spectrally varying ( )  (Schull et al. 2007). In further notation the directional and spectral 
dependencies are suppressed, and Eq. 1 is re-written as 

 = .																																																																																																																																																											(2) 

 

1.3	Derivation	of	Spectral	Invariants	from	Imaging	Spectroscopy	Data	

1.3.1	Linear	Representation	
In  the  method  proposed  by  Schull  et  al.  (2007),  Eq.  2  is  rearranged  so  that  a  linear  relationship  is  
obtained by plotting the ratio of  to the leaf single scattering albedo  at different wavelengths, 
and the slope and intercept give  and  as a function of : 

= + .																																																																																																																																																			(3) 

The  at different wavelengths can be acquired from remote sensed hyperspectral data. Besides this, 
information on the spectral scattering properties of phytoelements is needed. 

Previous studies (e.g. Lukeš et al. 2011) performed with spaceborne data and single leaf (or needle) 
albedo ( ) suggest that when visible wavelengths (400–700nm) are excluded and analysis is focused in 

the NIR (near-infrared) domain, the relationship  is indeed highly linear. As to why the ratio does not 

follow a linear relationship in the visible domain, the theory is yet incomplete. 

 

1.3.2	Nesting	of	Scales	and	the	Transformed	Leaf	Single	Scattering	Albedo	
To  overcome  the  problem  of  selecting  a  correct  ,  Schull  et  al.  (2011)  extended  the  work  done  on  
nesting  of  scales  by  Lewis  and  Disney  (2007)  and  Smolander  and  Stenberg  (2003,  2005),  and  
hypothesized that any transformed leaf single scattering albedo (see below) could be used as reference 
(chapter 1.3.3) to derive canopy spectral invariants. 

 



9 
 

Smolander  and  Stenberg  (2003,  2005)  were  the  first  to  incorporate  a  nested  scale  into  the  spectral  
invariants canopy model: By comparison to broadleaves, coniferous trees have an additional structural 
level, the clumping of needles into shoots. Based on simulations they showed that the scattering albedo 
of  a  shoot  is  related  to  the  needle  scattering  albedo  via  a  local (within-shoot) photon recollision 
probability and that the scattering albedo for the canopy can be written in terms of either the shoot 
albedo or the needle albedo. 

Lewis and Disney (2007) extended the examination to leaf internal (biochemical) constituents, and set 
forward a hypothesis that canopy scattering could be interpreted in terms of a transformed leaf single 
scattering albedo ώ . They defined ώ  as a photon’s probability of being scattered from the leaf given 
the photon interacts with the leaf internal constituents. It is related to the traditional definition of leaf 
albedo ( ) via surface reflectance  (the portion of incident radiation upon a leaf that is reflected by 
the surface and does not interact with the leaf interior): 

ώ =
−

1 −
.																																																																																																																																																												(4) 

Surface absorption and zero order transmittance through the leaf are assumed zero. The portion that 
interacts with the leaf internal constituents (1– ), is hereafter called leaf interceptance  after the 
terminology  used  in  Schull  et  al.  (2011).  A  diagram  of  these  single  leaf  scattering  components  is  
presented in Figure 2. 

 

  

Figure 2: A breakdown of green leaf scattering into surface reflectance (ω∞) and scattering from within  
leaf  ώL (proportional to leaf interceptance iL). Surface absorption is assumed zero. (Leaf internal surface reflectance may also 
occur, but eventually a photon is either absorbed or scattered out of the leaf.) 
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Schull et al. (2011) generalized the concept of nesting of scales for any number of scales from the leaf 
internal constituents (as the finest scale) to the pixel size of the remotely sensed image (as the coarsest 
scale). They showed that the relationship of scattering albedos at any such scales  and  ( > ) can be 
expressed in terms of a local recollision probability ,  for the interactions between scale  
phytoelements within the scale	  phytoelement as 

=
1− ,

1 − ,
.																																																																																																																																																		(5) 

Eq. 5 means that the canopy albedo can be expressed in terms of any nested scale  albedo ( ) and a 
single structural parameter , defined for the interactions between scale  phytoelements within the 
canopy scale. It follows that Eq. 3 can be re-written in terms of the nested scale albedo as 

= + ,				1 ≤ ≤ .																																																																																																																										(6) 

Parameters  and  link the  of a pixel to the number of hierarchical (nested) scales present 
within the pixel, and to the spatial distribution and scattering properties ( ) of the scale  
phytoelement (Schull et al. 2011). 

 

1.3.3	Concept	of	Transformed	Albedos	as	Reference	
Let us consider the canopy structure within a pixel as a medium consisting of theoretical mean leaves of 
a single type, defined at scale .   The scattering albedos of the mean leaves ( ) are then defined so, 
that they produce the observed	  for each pixel and conform to the relationship described in Eq. 6. 
There follows that each pixel (unless identical  spectra) will have a different mean leaf. 

Although not proven, Schull et al. (2011) hypothesize that within spectral intervals where leaf (needle) 
optical properties are least affected by biochemical absorption, all transformed leaf albedos follow a 
spectrally invariant relationship analogous to Eq. 5. Let us then write Eq. 5 in terms of transformed 
albedos ώ  and ώ  and rearrange it as 

ώ
ώ

=
1 − 	 , ώ
1− ,

=
− ,

1 − ,
ώ +

1
1 − ,

,																																																																																																						(7) 

where ώ  represents a transformed albedo chosen as reference, and ώ  denotes the transformed 
albedos of mean leaves. In other words, the ratio of all ώ  to any reference ώ  should follow a 
spectrally invariant relationship with local structural parameter , .  This  enables  the  use  of  any  one  
transformed albedo ώ  as reference to derive canopy spectral invariants at each pixel. Furthermore, the 

slope ,

,
 and intercept 

,
 sum to unity. This feature is exploited in the estimation of transformed 

albedos (chapter 1.3.4). 

Through heuristic data analyses, Schull et al. (2011) found the above hypothesis plausible in the spectral 
range of 710 to 790 nanometers. Moreover, said spectral interval is also favorable for spaceborne 
remote sensing of vegetation because of a good signal-to-noise ratio: while green leaf and canopy 
reflectances exhibit a rapid increase during the shift from visible to infrared (known as the red edge), 
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the  impact  of  atmospheric  noise  is  relatively  smaller  in  this  domain,  resulting  in  better  success  in  
atmospheric correction. 

In this study, the method proposed by Schull et al. (2011) is followed closely. Eq. 6 is taken as the basis 
of inference and ώ  utilized as reference for the transformed mean leaf albedos ώ  (as described in Eq. 
7)  within  each  pixel.  Furthermore,  the  analysis  is  restricted  to  the  spectral  interval  of  710–790  
nanometers. While the physical interpretation of the resulting  and  is not straight forward (the 
values vary as a function of the selected ώ ),  Schull  et  al.  (2011)  argue  that  the  ratio  of  directional  

escape factor to total escape probability  is insensitive to the selection of ώ  and equal throughout 

all nested scales: thus the ratio becomes a function of the canopy structure at the coarsest scale (e.g. 
tree spatial distribution, crown shape and crown transparency). 

 

1.3.4	Estimation	of	Transformed	Albedos	
The manner in which a surface reflects light depends, among other factors, on the microscopic 
structural characteristics of the surface (Nayar et al. 1989). While they are to some extent unique 
properties of individual leaves, it is likely that within single species the differences can be omitted. 
Surface reflectance is also a function of wavelength (Lewis & Disney 2007; Shull  1929). In the spectral 
interval 710–790nm, the magnitudes of  of flatleaves vary approximately in the order of 10 , but 
assuming them as species-specific constants introduces acceptably small errors only (Lewis & Disney 
2007).  For  needles,  there  is  (to  the  author’s  knowledge)  little  research  on  the  magnitude  of  surface  
reflectance outside the visible light spectrum. 

Given the above, one cannot produce the exact spectra of the transformed leaf albedos, even while 
measurements of the (traditionally defined) leaf albedos were believed accurate. Instead, by assuming 
surface reflectances constant and Eq. 7 to hold, a numerical method is presented to produce reasonable 
estimates of the transformed albedos. Appendix A in Schull et al. (2011) is followed with slight 
modifications only. Let us first rearrange Eq. 4 as 

= ώ −ώ + ,																																																																																																																																												(8) 

which, for ώ ≫ , is closely approximated by 

= ώ −ώ = ώ (1 − ) = ώ .																																																																																																											(9) 

Therefore transformed albedos can be approximated as normalization to the corresponding leaf 
interceptance:  

ώ = .																																																																																																																																																																					(10) 

By plotting the ratios of measured albedos  against a reference candidate  (each  in turn taken 
as ), a linear relationship is expected in each case  with slope  and intercept : 

= + .																																																																																																																																																							(11) 
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Unlike in the case of transformed albedos, the slope and intercept (in most cases) do not sum to unity 
due  to  surface  reflectance.  However,  substituting  Eq.  9  into  Eq.  11,  we  can  solve  it  into  another  
representation of the ratio of transformed albedos, 

ώ
ώ

= ώ + 		 	
	
⇔			

ώ
ώ

= ώ + .																																																																																									(12) 

As  Eq.  12  is  effectively  the  same  as  Eq.  7,  the  slope   and intercept   must  also  sum  to  unity.  

Thence  can be solved analytically in terms of ,  and  as 

=
1 −

.																																																																																																																																																												(13) 

Let  us  now  define  the  valid  range  for  all  . The upper boundary follows from the definition of leaf 
interceptances, for proportions must not exceed one: 

≤ 1.																																																																																																																																																																							(14.1) 

Similarly, the transformed albedos must also remain less than (or equal to) one throughout the analysis 
interval (ώ ≤ 1).   Implementing this to Eq. 10, the lower boundary of   can be solved as 

≥ .																																																																																																																																																																					(14.2) 

Additionally, for  it follows from Eqs. 13 and 14.1 that 

≤
1
+

				 	 	 .																																																																																																																																					(14.3) 

In other words, the upper boundary for  is  given  by  the  minimum  of  the  reciprocals  of  the  sums  
+  (unless all of them exceed one). Since any of the transformed albedos should function as  

a reference, the alternative upper boundary applies effectively for all . 

To estimate the transformed albedos (ώ  in particular), one simply iterates for a valid value of  which 
satisfies Eqs. 13, 14.1, 14.2 and 14.3 simultaneously for all  and .  The  minimum  of  the  reciprocals  
(upper limit of ; Eq. 14.3) is a good starting point. If such  exists, one can apply the approximation of 
Eq. 10 to estimate the ώ . 
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1.4	Research	Aims	
The first aim of this study is to test the concept of transformed albedos as reference with southern 
boreal species: Are the relationships of measured single scattering albedos linear? Can valid leaf 
interceptances be defined for all tested species so that the transformed albedos follow a spectrally 
invariant relationship in all cases? 

Secondly, if the transformed albedos prove potential, a method to derive canopy spectral invariants 
from spaceborne imaging spectroscopy data is tested in a case study on southern boreal forests at full 
leaf development: Can the parameters  (photon recollision probability) and  (directional escape 
factor) be derived successfully without auxiliary data, utilizing a transformed albedo as reference? How 

do  and  depend on the reference? Are the estimates of the ratio  independent of the reference? 

Based on previous studies it is hypothesized that in the spectral range of 710 to 790 nanometers, 
utilizing but one and any, transformed, green leaf single scattering albedo as reference (regardless of 

the underlying species compositions) could produce consistent estimates of the ratio , while the 

estimates of  and  vary as a function of the reference. 

Most importantly, potential connections between the reference spectral invariants (the ratio  in 

particular) and the structural properties of boreal forests will be analyzed: Can the reference  and  be 
utilized for a physically-based inference to recognize different types of forests from each other? Is it 
possible to produce a quantitative estimate of the broadleaf fraction of a given forested area? 

  



14 
 

2.	MATERIALS	AND	METHODS	

2.1	Study	Area	
Hyytiälä forest area in central Finland (61°50' N, 24°17' E) represents the typical southern boreal forests 
of Finland. The growing season in this region lasts usually from early May to late August with annual 
precipitation  of  700  mm  and  average  temperature  of  3°C.  The  dominant  tree  species  in  the  area  are  
Norway  spruce  (Picea abies),  Scots  pine  (Pinus sylvestris)  and  Silver  birch  (Betula pendula). Other 
deciduous trees in the area are mainly Downy birch (Betula pubescens) or European aspen (Populus 
tremula), but Silver birch is clearly the most common deciduous tree. For simplicity, all deciduous trees 
are hereafter treated as Silver birch. The understory of the forest can be described as being composed 
of two layers, with low dwarf shrubs or seedlings, graminoids and herbaceous species on top, and 
mosses and lichens on the ground. 

 

2.2	Field	Measurements	
The ground level reference data for the study consist of an initial amount of 73 forest stands. These 
stands have been chosen subjectively so that they represent the regional variation in species 
composition, tree size and soil as well as possible. Forest structural properties (basal area and mean 
properties for the basal area median tree: height, crown base height and diameter at breast height) 
were measured mostly during the summer 2008. Additionally, the basal area median tree crown length 
(height minus crown base height) and estimates of trunk volume per area (based on basal area and the 
median tree diameter and height; commonly used in Finland) were calculated. For most stands the 
measurements were made from circular sample plots with a radius of ten meters (for some stands 
relascope sample plots were used instead). The species proportions for pine, spruce and broadleaves 
were also derived from the basal area measurements, and the fertility of the soil was estimated on an 
ordinal scale based on ground vegetation (site fertility index commonly used in Finland). The 2008 
reference data from Hyytiälä are also reported in Korhonen et al. (2011). 

The reference stands were also measured for canopy gap fractions from hemispherical images taken 
between June 17 and July 24, 2008. Each stand was photographed with a hemispherical lens at the 
height of 1.3 meters from 12 points according to the sampling protocol of the VALERI (Validation of Land 
European Remote sensing Instruments) network: two perpendicular transects of six points placed at 
four meter intervals make up a 20 meters by 20 meters cross oriented in the cardinal directions around 
the center of the plot. The average gap fractions from the 12 images were utilized by Korhonen et al.  
(2011) to estimate the effective leaf area index ( ) with an algorithm based on the measurement 
protocol of an LAI-2000 plant canopy analyzer. Because the LAI-2000 protocol includes unrealistic 
assumptions  not  met  in  practice,  such  as  random  distribution  of  foliage  (Li-Cor  1992),  the   
estimates of leaf area index ( ; total hemisurface green leaf area per ground area) resolve into their 
effective values. Clumping of needles into coniferous shoots in particular violates the assumption of 
random distribution of foliage (e.g. Stenberg 1996). For a fixed , the clumping causes a reduction in 
canopy interceptance in comparison to broadleaves, resulting in lower values of   
(e.g. Smolander & Stenberg 2003). In this study, following the work of Stenberg et al. (1994), the effect 
of clumping of needles into shoots was corrected by utilizing values of spherically averaged ratios of 
shoot silhouette area to total needle area ( ), formally 
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=
4

.																																																																																																																																																				(15) 

Applying Eq. 15 results in estimates of “true” leaf area index, .  was set to 0.142 for Scots 
pine  (Oker-Blom  &  Smolander  1988),  0.132  for  Norway  spruce  (Palmroth  et  al.  2002)  and  0.25  for  
broadleaves (4 = 1; no shoots). For mixed stands, the species proportions of basal area were 
utilized to calculate a weighted average of 4 . 

Furthermore, one minus the average of the gap fractions (from the hemispherical images) with  
a field of view of 15° around the zenith (1 − ) was used as an approximation of (vertical) canopy 
cover. From hereafter, the term canopy cover will  refer  specifically  to  the  approximation,  even  if  not  
emphasized. The two are not equivalent, but even while 1 −  is (practically) always less than 
vertical canopy cover, it is an acceptable approximation for most stands. (For definitions and differences 
between vertical and angular canopy cover, the reader is referred to e.g. Korhonen et al. 2011.) 

The time of interest in this study is July 3, 2010, when the satellite image was taken (see chapter 2.4.2). 
Variation in day of year (DOY) of the hemispherical images makes little difference since deciduous leaves 
will have (practically) fully developed by June 17 (having thus no real effect on the estimates of  and 
canopy cover). The growth between 2008 and 2010 was ignored on a similar basis, as its impact (on the 
forests’ structural properties) at the scale of inspection is negligible. However, seven reference stands 
were recognized as having changed more significantly between 2008 and 2010 (six stands thinned or 
harvested, one young spruce stand overgrown by birch), and were thence left out of the analysis. 
Besides the significant changes, another six stands were excluded due to limited coverage of the 
satellite image, resulting in 60 reference stands applicable in the analysis. Variation in forest structural 
properties for the reference stands is summarized in Table 1. 

 

Table 1: Summary of forest structural properties for the reference stands (n=60).  

Dominant species   Scots pine (n=27) Norway spruce (n=23) Silver birch (n=10) 

Canopy cover (1–Gaps1)   0.03–0.79 0.42–0.74 0.00–0.84 

LAIeff (m
2/m2)   0.16–3.25 1.82–3.61 0.15–3.35 

LAItrue (m
2/m2)   0.28–5.56 3.20–6.73 0.16–4.33 

Basal area (m2/ha)   3.0–44.1 17.3–51.3 0.8–27.2 

Diameter at breast height (cm)*   6.9–39.5 12.2–50.8 1.1–24.3 

Height (m)*   4.6–30.6 10.2–34.3 2.2–23.1 

Trunk volume estimate (m3/ha)    9–537 85–583 2–243 

Crown base height (m)*   1.6–17.5 2.0–15.7 0.6–13.0 

Crown length (m)*   3.0–23.6 4.1–22.3 1.6–10.6 

*Basal area median tree properties 
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2.3	Leaf	and	Needle	Albedo	Data	
According to the spectral invariants approach presented in chapter 1.2 and the retrieval method 
described in chapter 1.3, information on the green leaf single scattering albedo  is required to derive 
the proportions of absorbed and scattered radiation per wavelength with respect to the total radiation 
intercepted by the leaves. In this study, four datasets on spectral albedo were included in the analysis: 
Scots pine, Norway spruce and Silver birch data describe the  of the dominant tree species in the 
study area, while Beaked hazel (Corylus cornuta) leaf albedo is used for direct comparison to previous 
studies  (Knyazikhin  et  al.  2012,  Schull  2010,  Schull  et  al.  2011).  Contrary  to  the  work  of  Schull  et  al.  
(2011, Appendix A), the measurement protocol of the needle albedos (Malenovský et al. 2006) used in 
this work already account for zero order transmittance ( = 0), and thus sample interceptance can be 
assumed 100 percent. The four albedos are plotted in Figure 3, covering visible and NIR wavelengths up 
to 900 nanometers for context. For all of the albedos, mean values from the measured samples were 
assumed accurate and standard deviations were not analyzed. Even with small, wavelength-specific 
uncertainties, sufficient sample size is believed to ensure an unbiased trend over the spectrum. 

For  Scots  pine,  the  spectral  albedo  measurements  were  made  with  an  ASD  FieldSpec  3  
spectroradiometer (Analytical Spectral Devices, Inc., USA) coupled to an integrating sphere (ASD RTS-
3ZC)  and  the  results  are  most  reliable  in  the  wavelength  interval  of  400–1800  nm.  Samples  were  
collected from ten mature trees growing in the temperate conditions of Switzerland (47°39' N, 18°54' E). 
Further details on the pine needle albedo measurements can be found in Rautiainen et al. (2012). 

The Norway spruce needle spectral albedo measurements used in this study were conducted in the 
moderately cold Bílý Kříž area in Czech Republic (49°50' N, 18°54' E). The measurements were done with 
practically the same setup as the pine needle measurements. The sampling was done in autumn 
(September 2006) from ten randomly selected trees, for different crown positions and needle age-
classes  separately.  In  this  study,  the  average  values  of  mature  needles  were  deemed  as  the  more  
accurate estimate available for the spruces of Hyytiälä forest and the measurements of immature 
needles were not used. The spruce albedo is available for the spectral range of 400–1600 nm and the 
measurements are described in more detail in Lukeš et al. (2011). 

The albedo measurements assigned for all deciduous trees are that of Silver birch summer leaves 
sampled near Tartu Observatory in Tõravere, Estonia (58°16' N, 26°28' E). The spectrum used in this 
study is the average of three leaves from July (July 1, 2008) and three leaves from August (August 11, 
2008). A setup of ASD FieldSpec UV/VNIR spectroradiometer combined with AvaSphere 50-REFL 
integrating sphere and AvaLight-HAL current-stabilized tungsten-halogen light source (Avantes BV, USA) 
was utilized. The native spectral resolution of the spectroradiometer is 3 nm, but the recorded output, 
useful  in  the  range  of  400  to  1050  nm,  has  been  interpolated  to  1  nm  resolution.  Details  of  the  
measurements are described in Mõttus et al. (2012). 

The Beaked hazel spectrum is the same as utilized by Knyazikhin et al. (2012), Schull (2010) and Schull et 
al. (2011), which allows for direct comparison with their results. The measurements  
were made as part of the BOREAS (Boreal Ecosystem Atmosphere Study) campaign with a Spectron 
Engineering SE590 spectroradiometer (Spectron Engineering, Inc., USA) attached to a LICOR  
LI-1800-12 integrating sphere (Li-Cor, Inc., USA). The hazel albedo represents the average  
of 9 understory samples from central Canada (53°39' N, 105°19' W), sampled in July (July 29, 1994), and 
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measured  in  native  resolution  of  5  nm  in  the  spectral  range  of  400  to  1000  nm.  More  details  of  the  
measurements  are  described  in  Hall  et  al.  (2000).  To  achieve  1  nm  spectral  resolution  for  this  study,  
linear interpolation was applied. 

 

Figure 3: The spectral green leaf single scattering albedos for Scots pine, Norway spruce, Silver birch and Beaked hazel displayed 
in visible–NIR range (namely 400–900 nm) for context. The spectral interval for analysis (710–790 nm) lies between the grey 
vertical lines. 

 

2.4	Remotely	Sensed	Hyperspectral	Data	

2.4.1	Hyperion	Imaging	Spectrometer	
Hyperion is one of the three main instruments aboard the National Aeronautics and Space 
Administration’s (NASA) Earth Observing-1 (EO-1) spacecraft launched in November 2000. It is nominally 
a  nadir  viewing  instrument  following  the  World  Reference  System-2  (WRS-2)  at  an  altitude  of  705  
kilometers, but is capable of tilting to view also the two adjacent orbit paths on either side. The 
instrument  collects  data  in  a  pushbroom manner  from a 7.65 kilometers  wide swath with a  30 meter  
spatial resolution. Hyperion samples the reflected solar spectrum with two sensors (visible and near-
infrared, VNIR, and shortwave-infrared, SWIR) covering a wide spectral range from approximately 400 to 
2500 nanometers with 242 contiguous bands, each having a spectral resolution of about 10 nm. More 
details on the instrument are provided by for example Datt et al. (2003) and Folkman et al. (2001). 
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2.4.2	Image	from	July	3,	2010	
This work is focused on full leaf development conditions, and a midsummer image from July 3, 2010 
(DOY 184) was used accordingly. The image is provided courtesy of the U.S. Geological Survey (USGS). It 
is taken in a tilted viewing angle of -13.8° (WRS-2 orbit path 187, target path 189), but the effect of the 
tilt angle is assumed insignificant (the solar zenith angle is 41°, so there is no risk of the backscattering 
hot spot effect). The image is of good quality and has little cloud cover (0–9%). 

The Hyperion end user products are provided as calibrated radiance (
	

) for each band without 

atmospheric correction. To eliminate the effect of particular and molecular absorption and scattering in 
the atmosphere, the image was corrected from at-detector radiance to values of Hemispherical-
Directional Reflectance Factor (HDRF), using the Fast Line-of-sight Atmospheric Analysis of Spectral 
Hypercubes (FLAASH) with initial visibility set to 50 km. Simultaneous to the atmospheric correction, the 
image was geocorrected, and corrected for striping and the Hyperion “spectral smile”. (See Vesanto et 
al. 2012 for details on the corrections applied to the raw image.) In this study, the HDRF was used in the 
same manner as the Bidirectional Reflectance Factor (BRF) and the difference between the two assumed 
negligible. 

The Hyperion HDRF spectra for the reference stands were averaged spatially through a window of three 
by three pixels,  representing the mean HDRF of  90 meters  by  90 meters  forest  areas.  Similarly  to  the 
albedo measurements, the mean values are believed to present an unbiased HDRF over the analysis 
interval, and thus standard deviations were not included in the analysis. The Hyperion spectral 
sensitivity function was not included either, as its effect could be considered trivial due to spectral 
autocorrelation combined with high spectral resolution. Example of the Hyperion HDRF is presented for 
a fertile, young mixed forest in Figure 4. 

 

2.4.3	Hyperion	Spectral	Bands	in	the	Analysis	Interval	
In this study, the analysis is restricted to the spectral interval of 710–790 nanometers (see chapter 
1.3.3). There are eight Hyperion bands whose center wavelength is within this interval, namely bands 36 
to 43, and they are covered by the VNIR sensor alone. 

Even after the atmospheric correction, a number of Hyperion bands may display zero or negative values. 
To ensure best possible results, filtering of bad quality bands is necessary. As Hyperion end user 
products come without quality flags, the eight spectral bands of interest were all checked for instability 
both  empirically  and  via  a  comparison  to  one  of  the  commonly  used,  more  exclusive  subsets  of  155  
stable Hyperion bands (reported for example in Datt et al. 2003). None of the bands 36–43 displayed 
negative values for any of the reference stands, nor were they excluded in the literature, so all  of the 
eight bands (within the interval 710–790 nm) were included in the analysis. Hereafter, unless specified 
otherwise, the discussion is limited to the spectral interval of 710–790 nanometers. 
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Figure 4: Example of the Hyperion HDRF in the visible–NIR domain (bands below 488 nm not plotted due to instability) for a 
fertile, young mixed forest (reference stand E6) with canopy cover 0.71. The eight bands (36–43) in the analysis interval are 
highlighted as red. 
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3.	RESULTS	

3.1	Testing	the	Canopy	Spectral	Invariants	Approach	
In the selected approach, remotely sensed hyperspectral BRF (in practice HDRF) spectra are interpreted 
utilizing a transformed leaf single scattering albedo as reference (ώ ) for scattering properties of the 
theoretical mean leaves within each pixel (see theory in chapter 1.3). 

 

3.1.1	Leaf	Albedo	Relationships	
The first task of the study was to test if linear relationships, as described in Eq. 11, exist between 
measured leaf albedos  and their ratio to a reference candidate . Linearity was tested for the three 
dominant tree species in the study area, selecting each in turn as the candidate (Figure 5a–c). For 
purposes of direct comparison to previous studies, the Hyytiälä species were also tested against the 
hazel leaf albedo (Figure 5d) utilized in Knyazikhin et al. (2012), Schull (2010) and Schull et al. (2011). 
Results from linear regression (summarized in Table 2) indicate that practically perfect linear 
relationships ( > 0.99) are obtained in all cases, and hence all of the four albedos can be considered 
as valid candidates to be transformed and utilized as the reference. 

 

Figure 5: The relationships of Hyytiälä dominant tree species leaf/needle albedos and their ratio to a) pine needle albedo,  
b) spruce needle albedo, c) birch leaf albedo and d) hazel leaf albedo. A linear relationship is obtained in all cases. 
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3.1.2	Developing	the	Transformed	Albedos	
The transformed albedos are approximated as normalizations of the measured leaf single scattering 
albedos ( ) with corresponding leaf interceptances ( ) defined as constants (Eq. 10). However, values 
of  cannot be directly interpreted from the measurements (chapter 1.3.4). Instead, the valid range of 
values for each species was determined by means of data analyses. 

Let us recall from chapter 1.3.2 that the transformed albedo (ώ ) is a photon’s probability of being 
scattered from the leaf given that it interacts with leaf internal constituents. Furthermore, a basis for 
utilizing but one reference ώ  is the hypothesis (by Schull et al. 2011) that all transformed albedos 
should follow a spectrally invariant, linear relationship as described in Eq. 7. The parameters of the 
linear relationships between the measured albedos found in chapter 3.1.1 are summarized in  
Table 2. Also the sums of the slope and intercept of each relationship and the reciprocals of the sums 
are calculated in Table 2, and the highlighted rows represent numerical evaluations of  
the  for a fixed  (as defined in Eq. 13). 

 

Table 2: Results from the linearity tests, sum of slope and intercept for all tested relationships, reciprocals of the sums and 
evaluations of the iL for a fixed iR (highlighted rows). 

    Parameter Pine Spruce Birch 

Ratio to pine 
= kx + b 

  k 0 0.3838 0.2003 

  b 1 0.4390 0.8659 

  R2 1 0.9993 0.9941 

  k + b 1 0.8228 1.0662 

  1/(k + b) 1 1.215 0.938 

for iR = 0.935:   iL = iRb/ (1 - iRk) n/a 0.640 0.996 

Ratio to spruce 
= kx + b 

  k -0.8719 0 -0.4171 

  b 2.2759 1 1.9715 

  R2 0.9985 1 0.9995 

  k + b 1.4040 1 1.5544 

  1/(k + b) 0.712 1 0.643 

for iR = 0.640:   iL = iRb/ (1 - iRk) 0.935 n/a 0.996 

Ratio to birch 
= kx + b 

  k -0.2307 0.2116 0 

  b 1.1544 0.5072 1 

  R2 0.9917 0.9997 1 

  k + b 0.9237 0.7188 1 

  1/(k + b) 1.083 1.391 1 

for iR = 0.996:   iL = iRb/ (1 - iRk) 0.935 0.640 n/a 

Ratio to hazel 
= kx + b 

  k 0.4979 0.6938 0.6001 

  b 0.5148 0.2269 0.4465 

  R2 0.9980 0.9996 0.9991 

  k + b 1.0126 0.9207 1.0466 

  1/(k + b) 0.988 1.086 0.955 

for iR = 0.954:   iL = iRb/ (1 - iRk) 0.935 0.640 0.996 
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For valid , the slope and intercept of the linear relationship between ώ  and ώ  must sum to unity 
(Eq. 12). (While transforming the albedos will evidently shift the lines as seen in Figure 5, the linear 
forms of the relationships will remain.) The upper boundaries of the valid ranges are either equal to one, 
or given by the minimum of the reciprocals as defined in Eq. 14.3, whichever is smaller of the two. (The 
minimum reciprocals that apply as upper boundaries are underlined in Table 2.) The lower boundaries 
are defined by the maximum values of the measured albedos within the analysis interval (Eq. 14.2). The 
valid ranges of  for the four reference candidates are summarized in Table 3. 

 

Table 3: Minimum and maximum thresholds of valid leaf interceptance (iL) for the pine, spruce, birch and hazel albedos. 

Threshold Pine Spruce Birch Hazelnut 

Min iL:   max ωL 0.920 0.623 0.974 0.947 

Max iL:   min 1/(k + b) 0.938 0.643 1.000 0.955 

 

To approximate a reference transformed albedo (Eq. 10), the  could be set to any value within the 
valid range (Table 3). A comparison of Table 2 to the valid ranges (Table 3) confirms that the selected 
fixed values of  on the highlighted rows are all valid, and hence any of the four leaf albedos could be 
transformed and utilized as a reference. Furthermore, the  in Table 2 are selected in a commensurate 
manner so that they result to the same values of  for the other albedos. 

In this study, transformed spruce needle and hazel leaf albedos were selected as references for the 
analysis of the imaging spectroscopy data. (Pine needle and birch leaf albedos were not utilized further.) 
Spruce albedo was transformed by setting  equal to 0.64 (same value as in Table 2). For hazel leaf,  
was set primarily to 0.97 (after Knyazikhin et al. 2012, Schull 2010 and Schull et al. 2011), but tested also 
with 0.954 (Table 2) to allow for an analysis of the effect of a particular  (as the spruce and hazel 
references, with  set to 0.64 and 0.97 respectively, are incommensurate; see above). The measured 
and transformed albedos of spruce needle and hazel leaf are plotted in Figure 6. 

In addition, as one can see from Table 3, setting  to 0.97 for the hazel albedo is a violation of the valid 
range, and according to the theory (Eq. 13), it will result in a physically absurd  for birch (1.036), and 
violations of the valid ranges (Table 3) for pine and spruce (0.966 and 0.673 respectively). In practice, 
these violations could be omitted (as there is no problem mathematically) to hold on to the possibility of 
direct comparison to the results of the previously mentioned studies. 

 

3.1.3	Deriving	Canopy	Spectral	Invariants	Utilizing	Transformed	Spruce	and	Hazel	Albedos	
Following the theory discussed in chapter 1.3, the ratios of the Hyperion HDRF to the selected reference 

(
ώ

), plotted as a function of the HDRF, should follow a linear relationship (Eq. 6) with slope	  and 

intercept  in the spectral range of 710 to 790 nanometers. In further notation the dependency to ώ  
is suppressed and the reference spectral invariants are denoted as  and . The example of the 
Hyperion HDRF (presented in Figure 4) is re-plotted in comparison to the selected reference 
transformed albedos (chapter 3.1.2) in Figure 7. 
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Figure 6: Transformed spruce needle (iR=0.64) and hazel leaf (iR=0.97) albedos plotted against their measured counterparts in 
the analysis interval. 

 

 

Figure 7: Example of the Hyperion HDRF for a fertile, young mixed forest (same as in Figure 4) plotted at a comparable scale 
with the selected reference transformed albedos. 
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The ratios 
ώ

 (at the center wavelength of each Hyperion band) were plotted as a function of HDRF 

for both selected ώ  (spruce and hazel; see chapter 3.1.2) at each of the 60 reference stands. 
Graphically thinking (Figure 7), one would divide the Hyperion HDRF highlighted in red with the 
corresponding values of reference transformed albedos and plot them as a function of the HDRF. 

A simple linear regression using the method of least squares was fitted to the plots for both references. 
Where linear relationships are achieved, the slopes and intercepts give the estimates of  

 and . Examples of the resulting plots are presented for a fertile, young mixed forest (reference stand 
E6, same as in Figures 4 and 7) where both reference transformed albedos prove potential (Figure 8a), 
and  a  relatively  sparse  (canopy  cover  0.56),  pure  pine  stand  at  a  poor  site,  where  the  transformed  
spruce as reference performs unsatisfactorily (Figure 8b). 

 

 

 

Figure 8a: Spectral invariants are derived by plotting the ratio of Hyperion HDRF to a reference transformed albedo against the 
HDRF. Slope and intercept derived with linear regression give p and R with respect to the reference albedo. Example of the plots 
is presented for a young mixed forest with canopy cover 0.71 (reference stand E6, same as in Figures 4 and 7), where both 
reference transformed albedos result in near perfect linearity. 
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Figure 8b: Example of the linear regression results for a pure pine stand (reference stand U5) with lower canopy cover (0.56) 
growing at a poor site. While the transformed hazel albedo performs well (as reference), applying the transformed spruce 
albedo results in a poorer fit. 

 

Let us from hereafter refer to the use of the different reference transformed albedos as the spruce 
model and the hazel model. In terms of the -values of the linear regression, the hazel model appears 
to  perform  very  well  overall,  with  a  high   (0.9729–0.9999)  for  all  of  the  60  reference  stands.  In  
contrast, the performance of the spruce model is remarkably variable, with  ranging from 0.0062 to 
0.9971.  If  acceptable  minimum threshold were set  to  0.90,  the spruce model  would appear  to  fail  for  
almost  one third  ( = 18) of the reference stands. A comparison of the -values for all 60 stands is 
given in Figure 9. 

 

3.1.4	Comparison	of	Spruce	Model	to	Hazel	Model	
As was anticipated, the values of individual spectral invariants  and  were found to depend upon the 
reference. This can be seen clearly also from the differences in slopes and intercepts in Figures 8a and 

8b. However, the differences in the estimates of the ratios  are  at  a  much smaller  scale:  while  the 

ratios estimated by the hazel model vary between 0.169 and 0.423, the absolute difference between the 
two sets of estimates varies between 0.0083 and 0.0434, with the spruce model consistently producing 
the smaller estimate. 
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Figure 9: A  comparison  of  the  R2-values of the linear regressions (to derive spectral invariants) at each reference stand is 
presented. The stands are arranged from worst to best in terms of the fit of the spruce model. From U25 (middle black arrow) to 
the right, the R2 for the spruce model exceed 0.90, while the R2 for the hazel model for these 42 stands is constantly above 0.99. 
The other two black arrows point to the example stands of Figures 4, 7, 8a and 8b. 

 

 

 

Figure 10: Estimates of the ratio R/(1–p) by the two models plotted against each other. A near perfect linear correlation is 
observed. Deviation from the 1:1 relationship was also found linear (with a few outliers). 
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Plotting the estimates of the ratios  against each other (Figure 10) showed that they follow a linear 

relationship with deviation barely detectable at the scale of inspection ( = 0.996).  The  plot  also  
indicated that the increase in difference (deviation from the 1:1 line) follows a linear trend with increase 
in the (estimated) ratio. This was confirmed by further data analysis (data not shown), while six stands 
(B3, G1, U12, U13, U14 and U21; described in chapter 3.2.1) were recognized as the worst outliers from 
said trend. 

Let us define the linearly increasing deviation from the 1:1 line (Figure 10) as the regular component of 

the differences between the estimates of . Following the same logic, deviation from the dashed line 

in Figure 10 is defined as the irregular component of the differences. It was found that the regular 
component of the differences results entirely from the choice to use incommensurate leaf 
interceptances (namely 0.97 instead of 0.954 for the transformation of the hazel leaf albedo; see 
chapter 3.1.2): When leaf interceptance 0.954 for the hazel albedo was used instead (data not shown), 
the regular component cleared away, and the irregular component became negligible (absolute 
differences thence varied in the order of 10  and quite evenly in both directions, i.e. spruce model no 
longer consistently smaller), resulting in perfect ( = 1.000) one-to-one relationship. Moreover, the 
irregular component can be very well explained by relatively lower -values  in  either  model  (or  a  
particularly low 	for the spruce model). 

In addition, even while the individual spectral invariants (  and ) from different models occupy 
different numerical ranges (  gets assigned even negative values), plotting  against  
(and  against ) revealed perfect linear correlation ( = 1.000 for both; data not shown). 
It follows that the more significant difference between the two models is the distinct differences in the 
estimates of performance ( ; Figures 8a, 8b and 9). 

With regard to the -values, it was further found that varying the leaf interceptance had no effect. This 
result can be generalized as follows: Transformation of the reference albedo (Eq. 10) with any leaf 
interceptance (defined as a constant; ≠ 0) does not affect the -values. It affects the numerical 

value of the ratio 
ώ

 at each wavelength (and the resulting  and	 ), but the form of the relationship 

(as defined in Eq. 6) over the spectral interval 710–790 nm is the same as for , formally 

ώ
= + 			

	
⇔		 = ( + ),				 ℎ 	ώ = .																																														(16) 

From the above we can see that the effects of the constant  cancel out, and thus the relative deviation 
from a perfect linear trend (definition of )  is  the same with or  without  the transformation.  The -
values depend only on the shapes of the Hyperion HDRF and the reference albedo spectra. The HDRF 
spectra are the same for both models, which leads to conclude that the only effective difference 
between the two models is the difference in the shapes of the hazel leaf and spruce needle spectra 
(Figures 3, 6 and 7). Once applied in the models, the difference between the shapes of the reference 
spectra can be observed as the irregular component in the differences between the estimates of the 

ratios  (Figure 10) and as the differences in the fit of the models ( ; Figures 8a, 8b and 9). 

Besides the shapes of the reference spectra, the Hyperion HDRF (inherently dependent on the forest 
structure) are an equally determining factor affecting the -values. Therefore an analysis of  against 
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field data (chapter 2.2) was carried out for both models by plotting each field variable in turn as a single 
explanatory variable for the  (data not shown). Variation in the -values  (for  both  models)  were  
found to have limited positive correlation particularly with canopy cover, leaf area index and ground 
vegetation (site fertility index), while basal area, average tree size (diameter, height, crown length) and 
the trunk volume estimates had less explanatory value. However, none of the field variables (as single 
explanatory variables) can satisfactorily explain the variation in the -values. In reality, strong mutual 
correlations exist between the field variables, and to quantitatively evaluate their joint effect on the  

-values, a multivariate analysis with additional input parameters (such as the XY-locations of trees) 
should be implemented. But even as such, these findings serve as an indicator of how the -values of 
the different models may be dependent upon the forest structure. 

 

3.2	Linking	Reference	Spectral	Invariants	to	Forest	Structural	Properties	
The applicability of the canopy spectral invariants derived from imaging spectroscopy data depends on 
their power to estimate structural properties of forests. Since applying the transformed hazel albedo as 
reference results in better overall success (in terms of the -values) and the results from the hazel and 
spruce models are otherwise very similar (see chapter 3.1.4), the linkage of reference spectral invariants 
to forest structural properties will hereafter be discussed mainly in terms of the hazel model. 
Furthermore, as the reference in the hazel model (with leaf interceptance set to 0.97) is exactly the 
same as utilized in Knyazikhin et al. (2012), Schull (2010) and Schull et al. (2011), a direct comparison to 
their results is also applicable. 

 

3.2.1	Recognition	of	Different	Types	of	Forests	
The hazel model results are plotted in a spectral invariants space (Figure 11) defined by Schull et al. 

(2011): The X-axis represents ln  (absolute values of the natural logarithm of the ratio at each 

reference stand), while the Y-axis is assigned as |ln 1 − | (absolute values of the natural logarithm of 
the total escape probability). The aim of plotting the results in the spectral invariants space is to attempt 
to recognize clusters of forest stands with similar structural properties and to differentiate clusters from 
each other. In this study, the main classification of the clusters is based on the dominant tree species, 
while other variables are utilized as additional explanatory variables.  

According  to  Schull  et  al.  (2011)  it  is  more  convenient  to  analyze  variation  in  this  space  rather  than  

simply plotting 1 −  against the ratio . It should be noted, however, that applying the absolute 

values (for the axes of the spectral invariants space) can be problematic: For the hazel model, there is no 

problem, as ln  and ln 1 −  are consistently negative (being likely the reason why Schull et al. 2011 

have applied the absolute values). But, in the spruce model,  ln 1 −  resolves into both negative and 
positive values, and therefore taking their absolute values will distort the XY-pattern (of the reference 
stands in the spectral invariants space) and lead into incorrect analysis. 
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Figure 11: Results of the hazel model (iR=0.97) plotted in the spectral invariants space defined in Schull et al. (2011). White fill 
indicates canopy cover less than 50 percent. For all of the labeled stands, canopy cover and broadleaf fraction (of basal area) 
can be read from Figures 12 and 13. 

 

In the spectral invariants space (Figure 11), forests dominated by birch (green squares) can be 
distinguished as a somewhat separate group (broadleaf cluster) in the top left corner. Outliers from this 
cluster in the X-axis direction can best be explained by examining the species proportions (of basal area) 
of broadleaves versus conifers (see Figure 13 for broadleaf fraction of labeled stands): While reference 
stands  E1,  F1,  H3,  H5,  U16  and  U17  are  pure  (or  nearly  pure)  birch  forests,  about  one  third  of  I2  is  
coniferous (36% spruce). Further along the X-axis, reference stand E5 could just as well be classified as 
dominated by spruce (with 48% of spruce). 
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Forests dominated by spruce (blue circles) or pine (red triangles) occupy more or less the same subspace 
(coniferous cluster; Figure 11), and cannot be distinguished from each other. Furthermore, not all 
overlap between the broadleaf cluster and the coniferous cluster can be explained by the broadleaf 
fraction. While E6 (41% birch) seems to follow this logic, reference stands A2 (9% birch), G4 (14% birch) 
and H1 (8% birch) have lower fractions of broadleaves than one would anticipate. Nonetheless, a 
trendlike division into clusters of similar forest stands seems plausible. 

Even  while  it  is  not  clear  where  to  exactly  plot  the  boundaries  of  the  clusters,  it  is  evident  that  
(considering both axes simultaneously) six reference stands (B3, G1, U12, U13, U14 and U21) occupy 
another subspace (Figure 11). These are, in fact, the same stands that were recognized as the most 
irregular in terms of the differences between the ratios estimated by the two models in chapter 3.1.4 
(Figure 10). 

Besides exhibiting irregularity due to lower -values (among the lowest third for the hazel model; less 
than 0.80 for the spruce model), the aforementioned stands have also structural similarities: They are 
the  six  least  stands  in  terms  of  canopy  cover  (see  Figure  12),  leaf  area  index  and  the  trunk  volume  
estimates, and except for U21, they are also the shortest. Five of them (excluding G1) are sparse to very 
sparse stands on bogs (making up all of the bogs without drainage in the sample), while G1 is another 
peculiar case; a spruce seedling stand overtaken by broadleaves, resulting to a very dense thicket with 
clearly the least average height (2.2 m) of the reference stands. 

While the ratio  (or its logarithm transformation) can be related to the distinction of broadleaves and 

conifers, variation in the Y-axis direction (Figure 11) demonstrates partial linear correlation particularly 
with canopy cover ( = 0.530), the effective leaf area index ( = 0.506) and the site fertility index 
(  not available for ordinal scale variable). The relationship of canopy cover and |ln 1 − | is presented 
in Figure 12. Reference stands with canopy cover less than 50 percent are highlighted also in the 
spectral invariants space (Figure 11). Moreover, even though the numerical range of the Y-axis depends 
on the reference, its interpretation applies similarly for the hazel and spruce models. 
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Figure 12: Canopy cover (1–Gaps1) plotted against |ln 1–p| for the hazel model (iR=0.97) results. White fill indicates canopy 
cover less than 50 percent. 
 

3.2.2	Broadleaf	Fraction	and	Comparison	to	Near-Infrared	HDRF	
The results presented in chapter 3.1.4 support the hypothesis that the ratio  is practically indifferent 

to the reference albedo (but not to the selection of reference leaf interceptance). Thus, it can be seen as 
the most potent result of the spectral invariants derived utilizing a single reference, and therefore 
current and recent research (Knyazikhin 2012; Knyazikhin et al. 2012; Schull 2010) is focused on possible 
global applications based on the ratio alone. One such application could be quantitative estimates of 
broadleaf fraction (see below). 

Besides telling apart stands dominated by coniferous species and broadleaves qualitatively, the ratio has 
proven potential in estimating the broadleaf fraction of forests quantitatively, without the need for 
training sites and empirical models. Figure 13 presents the ratio plotted against the broadleaf fraction of 
basal area. (Note that the axes are deliberately in this seemingly reverse order to facilitate visual 
comparison to Figure 5 in Knyazikhin et al. 2012 and Figure 4.5a in Schull 2010.) 
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Figure 13: The ratio R/(1–p) estimated by the hazel model (iR=0.97) plotted against the broadleaf fraction of basal area. 

 

There is evident positive correlation between the ratio and broadleaf fraction (Figure 13). If the 
relationship is assumed linear, the correlation appears as moderately good ( = 0.746). If assumed 
unbiased (in spite of the noise), a quantitative estimate of the broadleaf fraction based on the ratio 
alone could indeed be possible on a large enough scale, where errors cancel each other out. However, 
the assumptions (linear form, unbiased) cannot be made with certainty: Firstly, there are notably few 
reference stands with broadleaf fraction in the range of 0.20 to 0.80, and moreover, a vast majority of 
the sample has broadleaf fraction less than 0.20. Secondly, the proportion of residual variation (or 
noise) is quite high throughout the range of broadleaf fraction. 

Finally, it is common knowledge in the field of land cover remote sensing, that broadleaf forests exhibit 
higher reflectances in the NIR domain than coniferous forests. Thence a qualitative differentiation 
between the two has  been relatively  easy  for  over  two decades,  without  having to  deal  with  spectral  

invariants. Therefore, the ratios  were exposed to direct comparison with average HDRF in the NIR 

region: to simulate Landsat Thematic Mapper spectral band 4 (776–904 nm, center wavelength 840 nm; 
Markham  &  Barker  1985),  the  average  HDRF  of  Hyperion  bands  43–54  (approximately  778–900  nm)  
were utilized. The results for the hazel model with leaf interceptance 0.97 are plotted in Figure 14. 
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Figure 14:  The ratio R/(1–p) estimated by the hazel model (iR=0.97) plotted against the average HDRF of Hyperion bands 43–54. 
A practically perfect linear relationship is obtained. 

 

The results in Figure 14 show that the ratio  exhibits a practically perfect ( = 0.973) linear 

relationship with the simulated Landsat TM4. Clearest outliers from the linear relationship are the six 
stands recognized as outliers also in Figures 10 and 11. As deviation from the 1:1 line (and of the linear 
relationship) occurs increasingly in the direction of increasing ratio (and broadleaf fraction), an 
alternative interpretation may be possible: According to a very recent hypothesis (currently under 

investigation at Boston University; Knyazikhin 2012), the ratio  may deviate profusely from the 

plotted linear trend in the case of vegetation other than forests (agricultural fields in particular). Whilst 
average HDRF are known to saturate, making differentiation between broadleaf forests and agricultural 
fields practically impossible, the ratio could provide a novel solution to this issue. Figure 15 presents the 
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comparison of  against Landsat TM4 for the spruce model results (and effectively the hazel model 

whilst utilizing commensurate leaf interceptance 0.954; see chapter 3.1.2), with a rough sketch of the 
aforementioned hypothesis on top (red line). The hypothesis and the differences between Figures 14 
and 15 will be discussed in chapters 4.2.3 and 4.4. 

 

 

 

Figure 15:  The ratio R/(1–p) estimated by the spruce model (iR=0.64; effectively the same as hazel model with iR=0.954; see 
chapter 3.1.2) plotted against the average HDRF of Hyperion bands 43–54. Red curve on top of the plot is a rough sketch of a 
hypothesis currently under investigation (Knyazikhin 2012). 
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4.	DISCUSSION	

4.1	Proof	of	Concept	

4.1.1	Differences	between	Transformed	Leaf	Albedos	as	Reference	
In essence, the results of this study provide support for the potential in inference of southern boreal 
forest structure from hyperspectral imagery utilizing a single reference transformed albedo, albeit with 
a few reservations. In the first part of the study, the relationships of the measured green leaf single 
scattering albedos of the dominant tree species in the study area (pine, spruce, birch) and their ratios to 
a reference candidate	were tested and found (near) perfectly linear in the spectral interval of 719–790 
nm (Figure 5). Besides the dominant species’ albedos, beaked hazel albedo was utilized as a candidate 
for reference. Further investigation of the slopes and intercepts showed that valid leaf interceptances 
could be defined for all of the four albedos (Tables 2 and 3), supporting the concept of transformed 
albedos, their spectrally invariant relationships and thus inference based on a single reference. The 
results are otherwise in line with previous results by Schull et al. (2011), but setting leaf interceptance to 
0.97 for the hazel leaf appeared as too high to retain physically meaningful leaf interceptances for the 
other three albedos. Namely, the Silver birch albedo measured by Mõttus et al. (2012) appeared as the 
determining factor when defining the upper limits of valid leaf interceptances (Eq. 14.3) for the other 
three  albedos  (Table  2).  This  may  implicate  that  a  lower  leaf  interceptance  (below  0.955)  should  be  
implemented, if hazel albedo were utilized in future applications. An alternative explanation would be to 
claim the birch albedo measurements erroneous in some way, but (except for a relatively small sample 
size) there is nothing (to the author’s knowledge) that would support such a claim. 

The major difference in utilizing different reference transformed albedos was shown to be the highly 
variable estimates of the fit of the models ( ; Figures 8a, 8b and 9). Without field reference or other 
auxiliary data, the -values are the only way to directly evaluate the reliability of the resulting spectral 
invariants. The analysis showed that the -values depend upon the HDRF and reference spectra only, 
while  the  effect  of  any  constant  leaf  interceptance  cancels  out  (Eq.  16).   This  suggests  the  only  
significant difference between different references to be the relative shapes of the albedos (Figures 3, 6 
and 7). 

The  above  may  mean  that  not  all  transformed  albedos  are  equally  good  to  be  utilized  as  a  global  
reference, or that the spruce albedo measurements were somehow inaccurate. However, even while 
the measurements of the optical properties of needles are much more complicated than those of 
flatleaves (and thence have more possible sources of error; e.g. Malenovský et al. 2006), suggesting all 
anomalies in the results (or possible proof against accepting the null hypothesis) as caused by 
measurement errors would be naive. An alternative explanation could instead be the complexity of the 
structure of needles in comparison to flatleaves: perhaps the hazel leaf as a more simple structure really 
does yield a better global reference for leaves and needles of various structures in both the canopy and 
the ground layer (see below). 

The spectral invariants approach applied in this study has been yet formulated assuming black soil (i.e. 
non-reflecting surface below canopy; Figure 1), and so far tested mainly in dense canopies (with high 
canopy cover and leaf area index). In the boreal forest zone, canopy cover can be significantly lower, 
and the impact of the assumption higher: As all real world observations include a varying proportion of 
reflection from the ground layer and soil, it was not surprising that variables describing the amount of 
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leaves (leaf area index), the proportion of ground as “seen” directly by the sensor (canopy cover), and 
the abundance and composition of ground vegetation (site fertility index) were found to have the 
largest effect (of the forest structure; chapter 3.1.4) on the  of both models. However, even though 
the general trends (in terms of decreasing canopy cover and )  of  the   were  similar  for  both  
models, it was found that where the spruce model’s -values drop rapidly, the hazel model still yields 
near perfect fit (Figure 9). Additionally, the spectral scattering properties of heather and lichens (found 
mainly in the more barren stands) differ distinctly from those of sprigs and mosses (found in the more 
fertile stands; e.g. Rautiainen et al. 2007), which (combined with lower canopy cover) may further 
intensify the observed differences. To sum up, the observed relationships of forest structure and model 
performance  may  imply  that  the  shape  of  the  hazel  albedo  is  better  suited  to  account  also  for  the  
ground layer, thus mitigating the impact of the black soil assumption. 

 

4.1.2	Interpretation	of	the	Reference	Spectral	Invariants	
It should be stressed that inference of imaging spectroscopy data utilizing a single transformed albedo 
as reference results in reference spectral invariants only: First, the vegetation in each pixel is assumed to 
consist of a single type of theoretical mean leaves. Even while they constitute the same HDRF as the real 
leaves (at the scale of inference, i.e. pixel), the mean leaves lack form and distinct spatial and angular 
arrangement (such as clumping of needles into shoots). Moreover, the (individual) reference spectral 
invariants are not equal to those of the mean leaves, but rather serve as a measure of relative difference 
between the chosen reference and the particular mean leaves of a pixel. To avoid confusion, future 
studies should perhaps incorporate the difference in definitions of reference and real world spectral 
invariants into the terminology of the theory: the reference  (allowed into the negative domain) in 
particular  should  be  re-termed,  as  it  does  not  fit  the  definition  of  a  probability.  Similarly,  there  are  
inherent differences in defining the nesting of scales for the real world and the mean leaves. 

The relative nature of the reference spectral invariants (described above) is also the reason why direct 
ground reference could not be utilized: field estimates of the “true” photon recollision probability of 
real leaves (based on the procedure described in Stenberg 2007) would simply not be comparable to the 
reference -values, as they describe different phenomena. 

While the individual reference spectral invariants  and  are relative measures and depend on the 

chosen reference, the ratio  was found practically independent of the reference. This is direct 

support for the hypothesis (set forth by Schull et al. 2011) that retrieval of forests structural properties 
from hyperspectral imagery could be based on any transformed albedo. It would mean then, that the 
ratio were an absolute physical measure which, in turn, would fix the relative scale of the reference 
spectral invariants to the spectral invariants of the pixel-specific mean leaves (as they, too, would 
subsequently constitute an equal ratio). However, a comparison of the ratios in Figure 10 (bearing in 
mind that the spruce model with  set to 0.64 effectively represents also the hazel model with  equal 
to 0.954; chapter 3.1.2) shows that the leaf interceptance has an (increasing) effect on the values of the 
ratio. 
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4.2	Retrieval	of	Forest	Structure	

4.2.1	Clusters	of	Similar	Forests	
The estimates of the ratio (or its logarithm transformation) compare quite well with the results of Schull 

et al. (2011, Fig. 6), supporting the division into the broadleaf and coniferous clusters: Values of ln  

for the coniferous cluster (Hyytiälä stands dominated by Scots pine and Norway spruce) vary 
approximately between 1.2 and 1.8 (Figure 11). In the same range one would find stands with a varying 
proportion of Red pine (Pinus resinosa) in the Harvard forest (42°32' N, 72°10' W), and mainly stands 
dominated by Red spruce (Picea rubens) or Balsam fir (Abies balsamea) in the Bartlett forest (44°04' N, 
71°17' W). The X-axis values of the Hyytiälä broadleaf cluster (dominated by Silver birch) compare 
closest to stands dominated by White pine (Pinus strobus) and Canadian hemlock (Tsuga canadensis) in 
the Harvard forest, and American beech (Fagus grandifolia),  Paper birch (Betula papyrifera), European 
aspen, other hardwoods, Canadian hemlock and mixed forests in the Bartlett forest. More information 
about the Harvard and Bartlett study areas (utilized in Knyazikhin et al. 2012, Schull 2010 and Schull et 
al. 2011) is available online (AmeriFlux - Site Information 2012; Bartlett Experimental Forest 2012). 

From the viewpoint of recognizing broadleaves and conifers, the parallelism of (broadleaved) Silver birch 
to (coniferous) White pine (see above) seems out of place. However, even though the accurate species 
proportions of Harvard forest were not available for this study, at least part of the anomaly can likely be 
attributed  to  a  mixture  of  other  species  at  the  White  pine  stands:  according  to  the  general  site  
description  (AmeriFlux  -  Site  Information  2012),  the  Harvard  forest  is  a  temperate  deciduous  forest  
classified as mixed forest by the IGBP (International Geosphere-Biosphere Program). 

Besides the aforementioned, there are three notable differences in the results of this study plotted in 
the spectral invariants space (Figure 11) in comparison to the results of Schull et al. (2011, Fig. 6): First, 

the Hyytiälä coniferous cluster stretches farther to the right (i.e. smaller values of the ratio ) than 

those of the Harvard and Bartlett forests. This can be explained very well with the lack of pure (and near 
pure) coniferous stands in the Harvard and Bartlett forests (AmeriFlux - Site Information 2012, Bartlett 
Experimental  Forest  2012).  Secondly,  the  cluster  of  Red  oak  (Quercus rubra)  and  Red  maple  (Acer 
rubrum) dominated stands in the Harvard forest extend farther in the opposite direction (i.e. larger 
values of the ratio) than the Hyytiälä broadleaves cluster. However, there is overlap, which can be seen 
as sufficient, given that there are only a few pure (or near pure) birch stands in the Hyytiälä dataset. The 
differences in leaf size and a higher overall canopy cover and leaf area index may also be related to this, 
but there are not enough data to support these claims. The third and most obvious difference between 
the  results  of  this  study  and  the  results  of  Schull  et  al.  (2011,  Fig.  6)  can  be  observed  on  the  Y-axis  
(discussed in the following chapter). 

 

4.2.2	Canopy	Cover	and	Effective	Leaf	Area	Index	
The Y-axis of the spectral invariants space (Figure 11) is assigned as the absolute values of the natural 
logarithm of the reference total escape probability: when values of |ln 1 − | increase, the reference 
total escape probability (1 − ) decreases. In chapter 3.2.1, variation in |ln 1− | was found best 
correlated with canopy cover ( = 0.530;  Figure 12)  and the effective  leaf  area index ( = 0.506). 
The site fertility index (inherently correlated with the canopy cover and ) is not discussed further. 
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Values of |ln 1 − | (the Y-axis; Figure 11) for the Hyytiälä reference stands vary between 0.75 and 1.95. 
For the Harvard forest, the Y-axis range is approximately 1.5–2.5, while for the Bartlett forest the values 
are consistently over 2.0 (Schull et al. 2011, Fig. 6). These differences are hypothesized to depend mainly 
upon canopy cover and the effective leaf area index. Even while the estimates of these quantities from 
the Harvard and Bartlett forests were not available, Schull et al. (2011) state to have selected medium to 
dense forest stands only. Furthermore (generally speaking), stands growing in the southern boreal 
climate of Hyytiälä may never reach canopy cover and leaf area index as high as stands in the temperate 
climate of Harvard and Bartlett forests. Therefore the aforementioned hypothesis is justifiable, even 
while the data are not sufficient to prove it. 

Additionally, a secondary explanation for the variation in the values of |ln 1− |  (even though 
overwhelmed by the larger effect of differences in stand density as hypothesized above) is again related 
to the differences of broadleaves and conifers: Observed as the decreasing trend (excluding the six 
stands occupying their own subspace) in Figure 11, the reference total escape probability (1 − ) is 
found generally higher (or its transformation |ln 1− | lower) for conifers than broadleaves. The same 
order can be observed in the results of Schull et al. (2011, Fig. 6). However, based on the “true” photon 
recollision probability (for real leaves), the order of broadleaved and coniferous 1 −  should be vice 
versa: shoots function as additional photon traps (compared to broadleaves) and thus, less photons (in 
proportion to initial canopy interceptance) will escape the canopy (Smolander & Stenberg 2003, 2005; 
Stenberg 1996, 2007). 

The nature of the reference spectral invariants (chapter 4.1.2) can be used also to explain the above, 
seemingly reverse order of the conifers and broadleaves (in terms of 1 − ): Coniferous clumping is not 
included in the formulation of mean leaves. Thence, the pixel-specific mean leaves can be seen as 
numerically compensating for the clumping, resulting in larger differences between the reference and 
the mean leaves. And quite analogously, the “unclumping” of mean leaves is likely the reason why the 
effective leaf area index (based on observed gap fractions) was found better correlated with the 
reference spectral invariants than its “true” counterpart (corrected for clumping; see chapter 2.2). 

 

4.2.3	Quantitative	Estimates	of	Broadleaf	Fraction	and	Comparison	to	Landsat	TM4	
A  comparison  of  Figure  13  to  similar  figures  in  Knyazikhin  et  al.  (2012;  Fig.  5)  and  Schull  (2010,   

Fig. 4.5a) reveals that the slopes and intercepts of the (assumed) linear trend between the ratio  and 

broadleaf fraction have been found similar in different vegetation zones. Furthermore, it should be 
noted that the works mentioned utilize the broadleaf fraction of leaf area, whereas in this study, the 
best equivalent available was the broadleaf fraction of basal area. It is likely that the comparison would 
yield an even better match if the broadleaf fraction in Figure 13 were of the total leaf area. This result 

supports the applicability of the ratio  to produce quantitative estimates of broadleaf fraction. 

Finally, the ratios  were exposed to direct comparison with a simulated NIR band of Landsat 

Thematic Mapper (average HDRF in 778–900 nm), and near perfect linear correlation was found (Figures 
14  and  15).  Knyazikhin  et  al.  (2012,  Fig.  6)  report  a  similar  result  as  Figure  14  (i.e.  utilizing  the  hazel  
albedo transformed with leaf interceptance 0.97). Additionally, besides linearity, utilizing the spruce 
model (or alternatively leaf interceptance 0.954 for the hazel model) results in almost 1:1 relationship 
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(Figure 15).  This  seems to  further  highlight  the importance of  the selection of  leaf  interceptance (see 
chapters 3.1.2 and 4.1.2), which has so far received too little attention. 

The above result  can be interpreted in  two ways:  First,  as  was the reasoning for  the comparison,  this  
could diminish the significance of utilizing the ratio alone. However, it may also mean that the ratio 
offers additional physical explanation for the long observed phenomenon; besides a larger canopy 
interceptance (for fixed ; see chapter 2.2), higher leaf scattering albedo (Figure 3) and total escape 
probability (for real leaves; Stenberg 2007), broadleaves appear to exhibit also a differing angular 
distribution of scattering (to the zenith in particular) in comparison to conifers. 

 

4.3	Constraints	of	the	Study	
In its current formulation, the reference spectral invariants inference from imaging spectroscopy data 
has several unrealistic assumptions: First of all, the theoretical formulation of the approach assumes 
black soil (i.e. non-reflecting surface below the canopy) and black sky albedo (i.e. differences between 
BRF and HDRF are not considered). 

The black soil assumption is clearly the most significant constraint of the method. Rautiainen et al. 
(2008) studied the spectral contribution of the forest floor in the hemiboreal forests of Estonia. 
According to their results, the understory’s effect is largest in the spectral interval of (approximately) 
670–730 nanometers, which should therefore be avoided. Perhaps the lower boundary of the analysis 
interval should be adjusted accordingly. However, even while assuming black soil, the results of this case 
study seem satisfactory at the very least (also in the case of significantly low canopy cover). 

As for the black sky albedo, according to Schull  et al.  (2007) and references there within, the effect of 
the diffuse component of incident radiation is highest in the shorter wavelengths (visible blue and green 
bands in particular). Since the approach is based on the spectral interval of 710–790 nanometers only, 
the effect of diffuse illumination is likely to be smaller. Moreover, it is impossible to measure the BRF of 
a forest canopy, and thence HDRF is the best imaginable option for real world applications and will have 
to make do as such. 

Additionally, the effect of the solar zenith angle was not considered directly (but only in the atmospheric 
correction to HDRF). For a case study utilizing data with single solar angle only, it will also have to suffice 
per se. Furthermore, according to a simulation study by Smolander and Stenberg (2005), the canopy 
photon recollision probability is practically insensitive (variation less than 1.2%) to solar zenith angles 
less than circa 50°, which covers angles commonly used in spaceborne remote sensing (including the 
solar zenith angle of 41° in the Hyperion image utilized in this study). Similarly, the difference between 
nadir and actual viewing angle (-13.8°) on the Hyperion image was disregarded. In fact, it may even have 
functioned as a mitigating feature in terms of the black soil assumption: according to Rautiainen et al. 
(2008), an increasingly oblique viewing angle will reduce the direct effect of the understory. 

Lastly, the valid range of leaf interceptance for spruce needle (Table 3) indicates a high surface 
reflectance of approximately 36–37 percent. This is, at least to some extent, a violation of the condition 
(ώ ≫ )  for  the  approximation  of  the  transformed  albedos  (Eqs.  9  and  10),  but  its  effect  in  the  
overall picture is yet unknown. 
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4.4	Future	Research	and	Reflections	
As was found in this study, the distinction between different types of forests (and perhaps even non-
forests) can be improved by making use of both dimensions of the spectral invariants space, instead of 
flattening the clusters against a unidimensional scale. However, the interpretation of the reference 
spectral invariants is in its infancy, and there is undoubtedly room for improvement in future research. 

In a follow-up study, a retrieval algorithm for forest structure could be constructed and tested for a 
larger area (e.g. the whole Hyperion image instead of mere 60 reference stands), and the results verified 
with a field campaign based on a systematic sampling scheme. Quite possibly, with a larger sample, the 
classification into different clusters could also be refined and then implemented backwards in the 
development of the algorithm. At the very least, increasing the sample size should very likely assist in 
defining clearer boundaries for the already found clusters. Additionally, the area should include 
agricultural fields, thus exposing the possible strengths and weaknesses of the hypothesis by Knyazikhin 
(2012; see Figure 15) in a southern boreal surroundings. Moreover, should the hypothesized difference 
between the average HDRF and the ratio prove false, the Y-axis could, instead, prove useful in 
recognizing agricultural fields from broadleaved forests. 

As was discussed throughout the work, the overall effect of the leaf interceptances must be considered 
thoroughly in future research, as the leaf interceptance impacts both the theoretical framework and the 
actual results of the reference spectral invariants approach. And last but not least, possibilities to 
further mitigate the black soil assumption should be investigated in the future. 

In conclusion, the findings of this study as parallel to previous results (in particular Schull et al. 2011), 
provide further support towards the possibility to develop a universal, physically-based algorithm to 
retrieve  forest  properties  from  imaging  spectroscopy  data  utilizing  but  a  single  reference.  In  case  of  
success, this type of global monitoring application of the world’s forests would provide immensely 
valuable information on changes in climate and biodiversity, thus providing a basis for better 
environmental policies worldwide. 
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ERRATA	
 

The expression “|ln 1 − |” recurrently lacks brackets and should be in the form “|ln(1− )|” 
throughout the work: the Y-axis in Figure 11 (p. 29), the X-axis in Figure 12 (p. 31), and references to the 
quantity on pages 28, 30, 31, 37 and 38. Similarly the expression “ln 1 − ” (p. 28) should be in the form 
“ln(1 − )”. 

The header of the rightmost column in Table 3 (p. 22) should be “Hazel” instead of “Hazelnut”. 

 


