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Abstract

The basic goal of nuclear physics is the understanding of atomic nuclei and
their interactions. The knowledge of the interactions in the simplest two-
nucleon systems forms the foundation for understanding more complex nu-
clear structures. However, unlike the two-nucleon strong interaction, its weak
analog is poorly constrained. The observable part of this diminutive force
arises exclusively from the parity nonconserving property of weak interaction.

The primary focus of this thesis is on the effects of the lowest-lying nu-
cleon excitation, the ∆-resonance, in the parity nonconserving two-nucleon
interactions. The special attention is paid to the ∆-effect in the two-pion
exchange which represents the medium-range component of the weak nu-
clear force. The interest to the parity nonconserving two-pion exchange as
a significant contribution has resurfaced recently. Conventionally, this effect
has been omitted from the analysis of the parity nonconserving observables.
Some previous calculations, however, have considered it partially by includ-
ing the nucleonic intermediate states only. The calculations presented in
this thesis include also the nucleon-∆ intermediate states explicitly. In gen-
eral, the thesis revises a number of known parity nonconserving observables
by taking into account the ∆ and two-pion exchange effects within realistic
wavefunctions and various potential models.
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Chapter 1

Introduction

One cannot emphasize enough the importance of nuclear physics, which lies
not only in understanding of the basic structure of matter, but also in numer-
ous practical applications that affect everyday life. However, despite a great
deal of effort, the current knowledge of nuclear interactions is still largely
based on phenomenology. Even the underlying mechanisms of the simplest
two-nucleon (NN) interactions are not clear and coherent. This is seen as
the model-dependence between various nuclear potentials on the market. The
study of the parity nonconserving (PNC) nuclear reactions may yield impor-
tant insights into the more fundamental description of nuclear forces. Such
reactions are also the only access to the strangeness conserving hadronic weak
interaction, which is the least understood sector of the Standard Model. This
thesis considers the structurally simplest of the reactions, namely, the PNC
NN interactions. The PNC nuclear reactions arise from a complex interplay
between both strong and weak nuclear forces of which history stretches over
more than a century.

The discovery of radioactivity by Becquerel at the end of the 19th century
provided the first evidence of weak interaction and nuclear forces in general,
marking the birth of nuclear physics. Up until then, the electromagnetism
and gravity were the only known fundamental interactions. The existence of
strong interaction became evident in 1918 as a result of Rutherford’s identifi-
cation of the proton as an elementary particle present in all nuclei. Thus, the
current perception that Nature operates through the four fundamental inter-
actions became established already for about a century ago. Nowadays, apart
from gravity, they are combined into one modern, symmetry-based theory of
particle physics, the so-called Standard Model (SM), which describes well the
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2 1 Introduction

behaviour of the elementary particles. Despite its great success over a wide
energy range, it has yet remained unresolved at the ends of the spectrum. The
interest of this thesis lies in the low energy end where the fundamental theory
of strong interactions, quantum chromodynamics (QCD), is nonperturbative
and thus too difficult to apply directly. In this energy regime, which belongs
to the realm of nuclear physics, quarks and gluons prove to be ineffective
degrees of freedom. The nuclear systems are therefore preferably understood
in terms of nucleons and mesons. The proposal that a virtual pion acts as
a carrier of strong nuclear force by Yukawa in 1935 launched the develop-
ment of the meson exchange model. Nowadays, QCD based effective field
theory (EFT) has taken over much of the field. Unlike the phenomenological
meson exchange model, EFT provides a systematic and model-independent
approach to study hadronic reactions at low energies.

Symmetries play an outstanding role in physics not only as they simplify
theories but as they also sort out different interactions by constraining them
in characteristic ways. It is long known that the continuous space-time sym-
metries and consequent conservation laws are exact in Nature. This, however,
is not absolute for the discrete space-time symmetries of space inversion (par-
ity P) and time reversal (T), let alone less prosaic charge conjugation (C).
The originator of this peculiarity is solely weak interaction which is the most
rebellious of all interactions. It violates not only the flavour conservation
and isospin but also all those discrete symmetries individually and in paired
combinations. This thesis focuses merely on parity nonconservation (PNC),
a discovery that dates back to the mid-1950’s. However, before going into
that topic, it is in order to give the mathematical and physical description
of parity as a spatial state.

The parity transformation P is defined as a reflection of all spatial coor-

dinates about the origin r
P→ −r. Even though its mathematical definition

corresponds to the space inversion, in practice, however, it turns out to be a
mirror reflection of the transformed system. This one-on-one correspondence
follows from the rotation invariance as a consequence of the conservation
of angular momentum. Because P reverses the spatial coordinates, it also
reverses the direction of the momentum p, leaving consequently the orbital
angular momentum L = r × p and its analogue the spin S unchanged. Es-
pecially, the concept of handedness or helicity is intimately related to the
space inversion. The helicity h of a particle is the spin projection along the
direction of motion and is thus given by the pseudoscalar operator h = S · p̂.
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pS −p S

P

Figure 1.1: Particle and its mirror-reflected couterpart. The blue arrow
represents the direction of momentum, the curved red arrow the ”spinning”
direction, and the straight red arrow the spin vector of the particle. The
change in helicity is associated with the mirror reflection.

A spin-1
2
particle exhibits a helicity flip under P as illustrated in figure 1.1.

As for the NN system, P corresponds to a swap of the nucleons which
produces a phase (−)L. Therefore, the parity of the NN system is defined
uniquely by the relative orbital angular momentum state of the nucleons,
from which follows that the odd and even L transitions are due to the PNC
and PC nuclear forces, respectively. Moreover, each particle has also a defi-
nite intrinsic parity, so that the total parity of a system is in fact obtained by
the product of the spatial parity and the intrinsic parities of the particles in
the system. Let it further be noted that if parity were a conserved quantity,
the right-handed and (its mirror image) left-handed configurations would be
simply equivalent conventions. This, however, is not the case in reality.

Parity conservation was taken for granted for a long time until the mid-
1950’s, when it came as a surprise that Nature indeed makes the difference
between the world and its mirror-reflected counterpart. The observation
that lead to this discovery was the finding of two strange mesons τ and θ in
cosmic rays a few years earlier. The puzzling thing about these new particles
was that they appeared to be identical in every respect except one, namely
their decay modes via weak interaction indicated that they had different
parities. At that time they were considered as two distinct particles because
parity symmetry was expected to hold in Nature. In the mid-1950’s, it was
realised that the parity symmetry had never actually been tested in weak
interaction and, therefore, the PNC was suggested as the possible solution
of this so-called τ -θ -puzzle [5]. The PNC was shortly afterwards observed
experimentally in the asymmetry of the angular distribution of electrons in
the β-decay of polarized 60Co nuclei [6]. As a result the τ and θ turned out
to be the one and the same particle (known nowadays as the kaon) decaying
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in two different ways. The first attempt to see hadronic parity violation in
nuclear reactions [7] was already carried out in the very same year as the
breakthrough 60Co experiment. Not until a decade later the first positive
signal was found in the radiative neutron capture on 181Ta nuclei [8]. The
PNC is thereafter observed in numerous nuclear reactions. In the NN sector,
it is so far observed only in the ~pp elastic scattering.

Weak interaction is distinct in the leptonic, semileptonic, and strangeness
nonconserving hadronic processes. However, it is not so clear-cut in the
strangeness conserving hadronic sector because of its diminutive strength
against that of incessantly present strong interaction. Nevertheless, the PNC
weak interaction is unique in the sense that it sorts out different helicity states
unlike any other interaction. For this particular reason, it can, in principle,
be extracted under those overwhelming but always parity conserving (PC)
strong and electromagnetic interactions. The knowledge of the strangeness
conserving hadronic weak interaction relies completely on the PNC observ-
ables. The PNC NN interactions provide a possible access to this least
understood sector of the SM. Experimentally such subtle particle spin con-
trol based PNC measurements are feasible but highly demanding. On the
theoretical side, the challenge lies largely in the poorly known coupling values
which parametrize the strength of the minuscule PNC signal.

Even though a direct heavy Z0 or W± boson exchange is highly improba-
ble over the internuclear distances, it is feasible between the nucleon and vir-
tual meson. Consequently, the PNC NN interactions may be parametrized
by weak meson-NN coupling constants modelled in terms of quarks and
intermediate bosons. Traditionally the PNC NN calculations have relied
largely on the single meson exchange picture, based on the DDH poten-
tial [9] in which the PNC NN interactions are due to π±, ρ, and ω ex-
changes, supplemented by an appropriate strong potential. Nowadays at
very low energies, the calculations are preferably done in the framework of
the model-independent effective field theories (EFT). However, all these mod-
els are parametrized by about half a dozen weak meson-NN couplings (see
e.g. [10, 11]), which are, even today, insufficiently known despite all the ex-
perimental and theoretical efforts.

The isospin symmetry plays also an important role in the PNC NN in-
teractions. It can be shown that such interactions are in general composed
of isoscalar, isovector, and isotensor channels. Especially, the isovector part
merits special interest for a couple of reasons. Firstly, it is by far the longest-
range component of the PNC NN interaction, since only it is mediated by
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the pion exchange. This restriction imposed by CP-invariance is known as
Barton’s theorem [12]. Secondly, in this particular channel, the charged cur-
rent is Cabibbo suppressed and, thus, the PNC effects are expected to arise
exclusively from the neutral current, see e.g. [13]. Since the flavour chang-
ing neutral current is suppressed by the GIM mechanism [14], the isovector
PNC NN interaction provides a window of opportunity to observe exclu-
sively the hadronic neutral current. Moreover, the PNC NN interactions
may also shed some light on the poorly understood experimental fact that
in the strangeness nonconserving weak decays the observed isospin-change
∆I = 1/2 branching ratios are greatly favored over the ∆I = 3/2 ones.
The dynamical origin of this empirical so-called ∆I = 1/2-rule is not clear.
It is also yet to be seen whether there is complementary behaviour in the
strangeness conserving sector, too.

Although there are a number of calculations of the observables discussed
in the thesis, the contributions of the two-pion exchange (TPE) and the
∆(1232)-isobar excitation are customarily neglected in them. The PNC TPE
was already studied long ago by several authors [15–19], but it was concluded
to be small and, thus, omitted for further analysis. Nevertheless, the interest
in this effect has resurfaced recently [1, 3, 4, 10, 20–24]. The emphasis of this
thesis is largely on the investigation of the importance of these corrections
in the PNC NN processes. The thesis is based on the four aforementioned
peer-reviewed research articles I-IV referred to as [1–4], respectively. In the
papers [1] and [3], the PNC longitudinal analyzing power ĀL in elastic ~pp
scattering was considered. A PNC TPE potential including the NN and
N∆ intermediate states was derived in terms of time-ordered perturbation
theory and used in the evaluation of the observable ĀL in [1]. The latest
calculation [3] of ĀL is an improved version of [1] which did not take into
account the Coulomb repulsion between the protons nor the nonlocal con-
tributions of the short-range PNC interaction. Besides a careful inclusion of
the Coulomb interaction and the fully employed PNC potentials, the latter
work [3] considered also the pionful EFT calculations as a new feature. Also
the importance of the TPE was emphasized further by employing two differ-
ent EFT PNC TPE potentials as a comparison. The asymmetries in PNC
deuteron photodisintegration ~γd → np and neutron capture ~np → γd were
investigated in [2]. The main purpose of the paper was to study the effect of
the ∆-isobar within the coupled-channels technique by using the derived PNC
one-meson exchange NN ↔ N∆ transition potential. The special interest
was in the reaction ~γd → np at threshold because it is insensitive to the pion
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exchanges and, thus, the ∆ was expected to be somewhat highlighted against
the background that arise only from the short-range contributions. In [4] the
focus was on the PNC interactions between cold neutrons and parahydrogen
molecules. When travelling through a parahydrogen target, cold neutrons
may exhibit three different PNC phenomena: transversely polarized neutron
spin rotation, unpolarized neutron longitudinal polarization, and photon-
asymmetry of radiative polarized neutron capture. All three pion sensitive
observables were calculated using the same potential models as in [3]. In this
last paper, the PNC reaction ~np → γd calculated in [2] was improved further
by taking into accout the one-pion exchange currents and the PNC TPE. The
reactions presented in the thesis provide a versatile learning ground in the
field of nuclear physics including the bound- and continuum-state problems
along with the TPE and ∆ complications. All the calculations are based
on the wavefunction formalism in the configuration space and carried all the
way out to the numerical predictions of the observables.

The remainder of the thesis is organized as follows. Chapter 2 outlines
the basic formalism and ingredients that are used in the evaluation of the
observables. Chapter 3 presents the observables and results. Finally, in
Chapter 4 the main findings of the thesis are summarized.



Chapter 2

Formalism

This chapter gives the essential ingredients used in the evaluation of the PNC
NN observables. The calculations are based on the wavefunction formalism
involving electromagnetic, strong, and weak interactions.

2.1 Preliminaries

This section specifies the general notations and definitions that will be used
throughout the thesis. We start with the remark that the Condon-Shortley
phase convention as well as the natural ~ = c = 1 and Gaussian 4πǫ0 = 1
units are adopted in the thesis.

The nucleon is both a spin-1
2
fermion and an isospin-1

2
particle that forms

a proton-neutron doublet. The irreducible operators that operate on the
spin and isospin spaces of nucleons are the Pauli spin matrices σ and τ ,
respectively. Due to the Pauli exclusion principle, the wavefunction of the
NN system must be antisymmetric (odd) under the interchange of the nucle-
ons. The overall NN wavefunction is composed of spatial, spin, and isospin
wavefunctions. The even/odd symmetries of these partial wavefunctions are
respectively characterized by the relative orbital angular momentum (L), the
total spin (S), and the total isospin (T ). The even values of L and S = T = 1
(spin and isospin triplets) correspond to the even symmetries while the odd
values of L and S = T = 0 (spin and isospin singlets) correspond to the
odd symmetries. As a consequence, the sum of the L, S, and T must be an
odd integer, i.e. (−)L+S+T = −1, which serves as a constraint on the NN
wavefunctions.

7



8 2 Formalism

In order to simplify the notations, the quantum numbers LSJT , where J
is the total angular momentum, are abbreviated to Q. Since the LST may
be changed by the nuclear forces they are denoted by ξ for brevity, that is
Q = ξJ . Because of the antisymmetry requirement of the wavefunction, the
isospin T may as well be considered uniquely defined by the LS, and so,
on occasion, the Q is also designated for convenience with the spectroscopic
notation Q = 2S+1LJ . The first six used values of L = 0, 1, ..., 5 are for
historical reasons typically labelled S, P,D, F,G,H.

The nonrelativistic kinematics is adequate, since the used nucleon lab-
oratory kinetic energies Tlab are relatively low. In the two-body systems
(i = 1, 2) where mi is the mass, ri the position, and ki the laboratory mo-
mentum (wavevector) of the i-th particle, the center-of-mass (C.M.) R and
relative r coordinates are given by

R =
m1r1 +m2r2

m1 +m2

and r = r1 − r2 (2.1)

and correspondingly the total K and relative k momenta are given by

K = k1 + k2 and k =
m2k1 −m1k2

m1 +m2

. (2.2)

The K and k are the conjugate momenta of the R and r coordinates respec-
tively: K ↔ −i∇R and k ↔ −i∇r (∇r ≡ ∇). The reduced mass µ that
appears frequently is defined by

µ =
m1m2

m1 +m2

. (2.3)

In the experimental setups one particle (the target) is considered at rest
k2 = 0. The relation between the kinetic energies in the laboratory and
C.M. systems is (1 → 2(rest))

T lab
1 = TC.M. + T rel =

k2

2µ

m1

m2

+
k2

2µ
=

k2

2µ

m1

µ
, (2.4)

where TC.M. and T rel are respectively the kinetic energies of the C.M. and the
relative motion in the C.M. system. The Fourier transform and momentum
transfer q are given by

f(r) =

∫
d3q

(2π)3
f̃(q)eiq·r, q = k′ − k, (2.5)
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where k denotes the initial and k′ the final momentum.
The observables are built up matrix elements of operators sandwiched

between wavefunctions. The NN -operators Ô(r) are basically combined
isospin-spin-space operators. The matrix elements for coupled angular mo-
menta of a spherical tensor operator are defined as

〈L′S ′J ′M ′|Ô(r)|LSJM〉 =
∫

dΩrY
J ′M ′†
L′S′ (r̂)Ô(r)Y JM

LS (r̂), (2.6)

where the integration is over the solid angle (θ, φ) in the direction of r̂ and

Y
JM
LS (r̂) =

∑

MLMS

〈LMLSMS|JM〉YLML
(r̂)|SMS〉 (2.7)

are the eigenfunctions of the coupled angular momentum composed of the
Clebsch-Gordan coefficient, spherical harmonic, and coupled spin state. The
formulae for the determination of the matrix elements of (2.6) can be found,
e.g., in [25].

2.2 Potentials

The relevant potential for the PNC NN observables contains both the PC
and PNC components V̂ = V̂ PC+ V̂ PNC, where V̂ PC splits up further into the
Coulomb V̂C and strong nuclear force V̂ PC

N potentials. The nuclear potential
is denoted by V̂N = V̂ PC

N + V̂ PNC. All these potentials are formally scalar
operators, that is, they are tensors of zeroth rank, and thus their matrix
elements for coupled angular momenta have unambiguous geometrical parts
that ensure the conservation of the total angular momentum J and its pro-
jection M . The matrix elements V J

ξ′ξ(r) of the NN potential V̂ are defined
by

〈L′S ′J ′M ′|〈T ′MT |V̂ |TMT 〉|LSJM〉 = V
J
ξ′ξ(r)δJ ′JδM ′M , (2.8)

with MT = 1 for pp and MT = 0 for np interaction.

2.2.1 Nucleon-nucleon potentials

There are many realistic strong NN interaction potentials on the market
to choose from. These potentials are semi-phenomenological and designed to
reproduce the experimentalNN interaction data accurately at energies below
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the inelastic threshold. The more or less common and model-independent
feature of them is that their long-range tails are represented by the one-
pion exchange (OPE) potential. The shorter-range correlations, however,
are constructed in various ways and cause some model-dependence. This
trouble also reflects directly to the short-range effects of the PNC interaction.
In this research, three phenomenological local soft-core potentials Reid93
[26], Argonne Av18 [27], and Reid68 [28] were used. The Reid93 and Av18
are modern charge dependent high-precision potentials. The Av18 applies
Yukawa functions for the intermediate-range and Woods-Saxon ones for the
short-range contributions, while the Reid68 and its update Reid93 use the
multiple pion range Yukawa functions for these ranges. The Reid93 was
employed in [2–4], Av18 also in [2], and Reid68 in [1].

The Coulomb potential represents the longest-range part of the NN in-
teraction. It contributes only between protons and is given by

VC(r) =
α

r
, (2.9)

where α = 1/137.036 is the fine-structure constant.
Due to the antisymmetry requirement the PNC NN interaction is com-

pelled to change either the spin or isospin of the system and consequently
the potential of the interaction is composed of various spin-isospin opera-
tors weighted by coupling constants. There are at least three considerable
candidates for the PNC NN potentials. The new model-independent QCD
based effective field theory (EFT) approach offers two alternative choices
for these potentials, namely the pionless and pionful [10, 11]. The pionless
one consists only of short-range contact interaction whereas the pionful also
includes the long- and medium-range interactions mediated respectively by
the one- and two-pion exchanges. The third potential is the most conven-
tional DDH meson-exchange model [9] which takes into account the long-
and short-range effects in terms of the single π±, ρ, and ω exchanges but not
the two-pion exchange (TPE) contributions which are supposedly important
in the medium-range. In spite of the different approaches and underlying
ideas, the operators appearing in the potentials turn out to be essentially the
same, except that the ranges of the forces vary. Another similarity with the
potentials is that they are all parametrized in terms of about half a dozen
ill-known couplings. In EFT these so-called low energy constants (LECs) are
expected to be extracted from the experimental data of a series of prospec-
tive high-precision measurements. As a downside, EFT potentials cannot be
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h
(0)
α h

(1)
α h

(2)
α gα χα mα

π - 4.6 - 13.45 - 139.6
ρ −11.4 −0.2 −9.5 2.79 3.71 770.0
ω −1.9 −1.1 - 8.37 −0.12 782.0

Table 2.1: Standard set of weak h
(k)
α and strong gα, χα (α = π, ρ, ω) couplings.

The weak couplings are the DDH ”best” values in units of 10−7. The meson
masses mα are in units of MeV. The average nucleon mass is M = 939 MeV.

used in the evaluation of observables from first principles yet. Nevertheless,
the LECs may be (loosely) interpreted numerically in terms of the meson
exchange model parameters in a similar fashion as done e.g. in [10, 29]. Re-
gardless of the explicit TPE potential which is not implemented in the DDH
model, this procedure restores the pionful EFT (πEFT) back to the tradi-
tional meson-exchange picture. Therefore, basically, for over thirty years up
until today, the theoretical predictions have largely rested on the DDH model
and their recommended ”best” values for the weak couplings. The PNC one-
pion exchange (OPE) potentials of the πEFT and DDH model coincide and

are proportional to the weak NNπ coupling h
(1)
π . The strength of the PNC

TPE depends also on the same coupling.

There are no single neutral spinless meson exchanges in the on-shell PNC
NN interaction due to PC invariance [12]. The DDH potential is based on
the light meson π±-, ρ-, and ω-exchanges in which one vertex is PC and the
other one PNC. The DDH potential arises from the most general effective
interaction Hamiltonians which fulfill the appropriate conditions, yielding

V̂ DDH(r) =
gπ
M

ih
(1)
π

2
√
2
τ̂×X̂

π
[+]−

(r)− gω
M

h
(1)
ω

2
τ̂−X̂

ω
[+]+

(r)

− gω
M

(
h(0)
ω +

h
(1)
ω

2
τ̂+

)(
X̂ω

[−]+
(r) + i(1 + χω)X̂

ω
[×]−

(r)
)

− gρ
M

(
h(0)
ρ τ̂· +

h
(1)
ρ

2
τ̂+ +

h
(2)
ρ

2
√
6
τ̂⊗

)(
X̂ρ

[−]+
(r) + i(1 + χρ)X̂

ρ

[×]−
(r)
)

+
gρ
M

h
(1)
ρ

2
τ̂−X̂

ρ

[+]+
(r)− gρ

M

ih
(1)′

ρ

2
τ̂×X̂

ρ

[+]−
(r), (2.10)
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where X̂α
[⊙]±

(r) are the spin-space structures given by

X̂α
[⊙]±

(r) = (σ1 ⊙ σ2) · [−i∇, Yα(r)]±, (2.11)

with the commutator [⊙]− and anticommutator [⊙]+ terms (⊙ = ±,×) and
Yukawa functions

Yα(r) =
e−mαr

4πr
, (2.12)

where α = π, ρ, ω. The shorthand notations for the isospin operators are τ̂⊙ =
(τ1⊙τ2)z, τ̂· = τ1 ·τ2, and τ̂⊗ = 3τ̂1z τ̂2z−τ1 ·τ2. The values of the parameters

are given in Table 2.1. The term proportional to h
(1)′

ρ will be omitted, as
is customary, due to its smallness [30]. Since the DDH potential (2.10) is
no more singular than the centrifugal barrier (∼ 1/r2), a regularization is
not necessary. However, in the case of high energies the wavefunctions probe
relatively short ranges, and hence the form factors of the type (Λ2

α−m2
α)/(q

2+
Λ2

α) are included in vertices and (2.12) takes the modified form

Yα(r) =
e−mαr

4πr
− e−Λαr

4π

(1
r
+

Λ2
α −m2

α

2Λα

)
. (2.13)

The total PNC NN potential in the pionless effective field theory (�πEFT)
is completely ”short-ranged” V̂1,SR with m = mπ and in the πEFT it includes

also the long- and medium-range (LR,MR) parts V̂−1,LR+V̂1,MR+V̂1,SR, where

V̂1,SR is with m ∼ 1 GeV [10]. The short-range (SR) EFT potential [10] is
given by

V̂1,SR(r) =
2m2

Λ3
χ

[(
C1 + C3τ̂· +

1

2
(C2 + C4)τ̂+ − C5τ̂⊗

)
X̂[−]+(r)

+ i
(
C̃1 + C̃3τ̂· +

1

2
(C̃2 + C̃4)τ̂+ − C̃5τ̂⊗

)
X̂[×]−(r)

+
1

2
(C2 − C4)τ̂−X̂[+]+(r) + iC6τ̂×X̂[+]−(r)

]
, (2.14)

where the Ci and C̃i are so-called low energy constants expected to be deter-
mined experimentally and Λχ = 4πfπ with the pion decay constant fπ = 92.4
MeV. It is shown in [31] that the potential (2.14) reduces to the form which
has only five independent operators instead of ten. This reduced potential
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Figure 2.1: The EFT PNC TPE diagrams. The black dot denotes the PNC
vertex, the filled bar the ∆-resonance, solid line the nucleon, and the dashed
line the pion. The potential V̂ TPE

K [20] considers all diagrams and V̂ TPE
D [24]

the first three diagrams.

(given e.g. in [32]) reads

V̂1,SR(r) =
2m2

Λ3
χ

[(
C1 +

1

2
(C2 + C4)τ̂+ − C5τ̂⊗

)
X̂[−]+(r)

+ iC̃1X̂[×]−(r) + iC6τ̂×X̂[+]−(r)
]
. (2.15)

If the parameters of the πEFT potential are interpreted in terms of the DDH
ones, then the πEFT potential takes the form V̂ πEFT → V̂ DDH + V̂1,MR (i.e.

V̂−1,LR → V̂ DDH
π and V̂1,SR → V̂ DDH

ρ,ω , see the discussion, e.g. in [10, 29]). The

medium-range part V̂1,MR arises from the TPE and is denoted as V̂ TPE.

The EFT TPE potentials V̂ TPE
EFT for the PNC NN interaction are taken

from [20] and [24] and denoted, respectively, as V̂ TPE
K and V̂ TPE

D . Note that,
besides V̂ TPE

K , there exists also another chiral perturbation theory derivation
for the PNC TPE N∆ potential [21], which however is not utilized in this
work. One might also note that V̂ TPE

D is the same as the one given in [33] and
essentially the same as the one first derived in [10]. Both V̂ TPE

K and V̂ TPE
D

are local potentials of the form

V̂ TPE
EFT (r) = h(1)

π τ̂+(σ1 × σ2) · r̂W (r) + h(1)
π τ̂×(σ1 + σ2) · r̂U(r), (2.16)

in which the radial functions W (r) and U(r) differ in the following two as-
pects. The first difference is that V̂ TPE

K takes into account the NN and N∆
intermediate states, while V̂ TPE

D considers only the NN ones as depicted in
Figure 2.1. The second is that the term proportional to the delta function
δ(r) is included in V̂ TPE

D but omitted in V̂ TPE
K . The radial functions for V̂ TPE

D

are [24]

WD
NN(r) = −4

√
2πg3A
Λ3

χ

∂

∂r
L(r), (2.17)
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UD
NN(r) = −

√
2π

Λ3
χ

∂

∂r

(
gAL(r)− g3A[3L(r)−H(r)]

)
, (2.18)

where gA = 1.3 and L(r) and H(r) are given in momentum space by

L̃(q) =

√
q2 + 4m2

π

q
ln
(√q2 + 4m2

π + q

2mπ

)

= −
∫ ∞

2mπ

dµ
√
µ2 − 4m2

π

( 1

µ2 + q2
− 1

µ2 − 4m2
π

)
, (2.19)

H̃(q) =
4m2

π

q2 + 4m2
π

L̃(q) =

∫ ∞

2mπ

dµ
4m2

π√
µ2 − 4m2

π

1

µ2 + q2
. (2.20)

Configuration and momentum spaces are related by a Fourier transform.
One might note that in the configuration space the latter term in the inte-
gral of (2.19) turns out to be essentially a Dirac delta function δ(r). The
corresponding NN parts of V̂ TPE

K are [20]

WK
NN(r) = − g3A

8
√
2π2f 3

π

∫ ∞

2mπ

dµ

µ2

√
µ2 − 4m2

π

∂

∂r
I(r, µ), (2.21)

UK
NN(r) =

gA

32
√
2π2f 3

π

∫ ∞

2mπ

dµ

µ2

√
µ2 − 4m2

π

[
g2A

3µ2 − 8m2
π

µ2 − 4m2
π

− 1
] ∂
∂r

I(r, µ),

(2.22)

where I(r, µ) expressed in the unregularized form in momentum space is
given by

Ĩ(q, µ) = q2

q2 + µ2
. (2.23)

The δ-function is omitted in the configuration representation of (2.23) to be
equivalent with the analytic result of [20]. The NN parts of V̂ TPE

K and V̂ TPE
D

would coincide, if the constant term (µ2 − 4m2
π)

−1 in the dispersion relation
(2.19) were excluded. Nevertheless, following the regularization procedure
described in [22] for V̂ TPE

D , where the δ-term is included, and the calcula-
tion of V̂ TPE

K [20], where the corresponding term is omitted by default, the
NN parts of the two similarly regularized TPE potentials differ from each
other. Normally, the δ-function is not felt by the wavefunctions due to the
short-range repulsion. However, it contributes to the matrix elements when
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expanded to a finite range by the form factors. As illustrated in Figure 2.1,
V̂ TPE
K includes also the effects of the N∆ intermediate states given by [20]

WN∆(r) =
g3A

32
√
2π2f 3

π

∫ ∞

2mπ

dµ

µ2

[
2
√

µ2 − 4m2
π +

π

4∆
(4m2

π − µ2)

+
1

∆
(4m2

π − 4∆2 − µ2) arctan

√
µ2 − 4m2

π

2∆

] ∂
∂r

I(r, µ), (2.24)

UN∆(r) = − g3A
32
√
2π2f 3

π

∫ ∞

2mπ

dµ

µ2

[√
µ2 − 4m2

π

− 1

∆
(µ2 + 2∆2 − 2m2

π) arctan

√
µ2 − 4m2

π

2∆

] ∂
∂r

I(r, µ), (2.25)

where ∆ = 293 MeV and I(r, µ) is given by (2.23). In the cases when the
TPE potentials are regularized two different form factors with different cut-
off masses are applied in order to see the sensitivity of the regularization.
The TPE potentials are modified by the monopole Λ2(q2 +Λ2)−1 and dipole
Λ4(q2+Λ2)−2 form factors and used with three different but typical pion cut-
off masses ranging from soft to hard Λ = 0.8, 1.0, and 1.2 GeV. The same
type of a monopole form factor was also used in V̂ TPE

D in [22] to calculate
the γ-asymmetry in ~np → γd at threshold. The regularization and the TPE
potentials used here are consistently the same as applied in the PNC pp
elastic scattering [3]. The results of the medium-range TPE are expected to
be somewhat sensitive to the form factors, which tend to have an increasingly
suppressing effect on them when the cut-off mass is decreased and the rank
of the form factor is increased.

In the spirit of [34], the time-ordered perturbation theory (TOPT) was
also applied in [1] to derive the PNC TPE potential for the pp interaction.
The resulting potential is denoted here as V̂ TPE

TO . Like V̂ TPE
K , also V̂ TPE

TO takes
into account theNN andN∆ intermediate states, as illustrated in Figure 2.2.
The applied nonrelativistic PC πNN , PNC πNN , and PC πN∆ interaction
vertices are respectively of the form

fπ
mπ

σ ·∇τ · π, h
(1)
π√
2
(τ × π)z,

f ⋆
π

mπ

S ·∇T · π +H.c.. (2.26)

The S and T represent the N∆ spin and isospin transition operators with
the normalization Ŝ†

i Ŝj = (2δij − iǫijkσ̂k)/3 [35] and f ⋆
π =

√
72/25 fπ (fπ =



16 2 Formalism

Figure 2.2: The TOPT PNC TPE diagrams for the pp interaction. The
constituents of the diagrms are explained in Figure 2.1. The rest of the
diagrams are obtained by shifting the black dot to the other πNN vertices
and exchanging N ↔ ∆. The direction of time is upwards.

mπgπ/2M) is the strong πN∆ coupling following from the static constituent
quark model [35]. A totally symmetric kinematics where the initial, final,
and intermediate state baryons were assumed to be static was used in the
derivation of V̂ TPE

TO . The potential V̂ TPE
TO is constructed from the sum of the

diagrams of Figure 2.2, in which each diagram corresponds to a time-ordered
product of the vertices (2.26) combined with an energy denominator. The
potential was regularized by including a monopole form factor with a pion
cut-off mass of 1.0 GeV at each vertex. Because of the complicated momen-
tum space form of the potential, its functional part was fitted to a convenient
function W̃ (q) which was further Fourier transformed into an analytic func-
tion in the configuration space. The resulting regularized potential [1] reads

V̂ TPE
TO (r) = h(1)

π τ̂+(σ1 × σ2) · r̂W (r), (2.27)

where W (r) splits up into crossed (C) and box (B) diagram contributions as
follows W (r) = WC

NN(r) +WC
N∆(r) +WB

N∆(r). The radial function is given
by

W (r) =
AB2

8π

( C2

C2 − B2

)2

×
{
e−Cr

[C2 −B2

2
+

1

r
(C +

1

r
)
]
− e−Br

r
(B +

1

r
)
}
, (2.28)
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A (fm3) B (fm−1) C (fm−1)
N∆B 0.148934 3.5987 10.8463
N∆C −0.0170383 3.18247 8.28774
NNC 0.226128 2.77668 7.59613

Table 2.2: Fit parameters for (2.28) for the partial contributions.

where the values for the parameters A, B, and C are given in Table 2.2.

2.2.2 Nucleon-Delta transition potentials

In [2] the PNC ∆ contributions were considered by employing a PNC one-
meson exchange NN ↔ N∆ transition potential based on the vertices and
couplings of [36]. The π and ρ -mediated strong transition potential of the
standard form [35] is

V̂ PC
N∆(r) =

gπg
⋆
π

4M2
T1 · τ2(S1 ·∇)(σ2 ·∇)Yπ(r)

+
gρg

⋆
ρ

4M2
(1 + χρ)

2T1 · τ2(S1 ×∇)(σ2 ×∇)Yρ(r) + (1 ↔ 2) + H.c.

(2.29)

and the π, ω, and ρ -mediated PNC transition potential derived from the
vertex interaction Hamiltonians of [36] is

V̂ PNC
N∆ (r) = i

g⋆πh
(1)
π

2
√
2M

(T1 × τ2)zS1 · [−i∇, Yπ(r)]

− gωh
⋆(1)
ω

2M
T̂1z

[
S1 · {−i∇, Yω(r)}+ i(1 + χω)(S1 × σ2) · [−i∇, Yω(r)]

]

− 1

2M

{
gρ

[(
h⋆(0)
ρ +

h
⋆(1)
ρ

3

)
T1 · τ2 + h⋆(1)

ρ

√
2

3
[T1 ⊗ τ2]

(2)
0

]
S1 · {−i∇, Yρ(r)}

+
[(

g⋆ρh
(0)
ρ + gρ

(
h⋆(0)
ρ +

h
⋆(1)
ρ

3

))
T1 · τ2 +

(g⋆ρh
(2)
ρ

2
+

√
2

3
gρh

⋆(1)
ρ

)
[T1 ⊗ τ2]

(2)
0

+ g⋆ρh
(1)
ρ T̂1z

]
i(1 + χρ)(S1 × σ2) · [−i∇, Yρ(r)]

}
+ (1 ↔ 2) + H.c., (2.30)

where Yα(r) (α = π, ω, ρ) represent Yukawa functions and g⋆α =
√

72/25 gα
(α = π, ρ) are the strong meson-N∆ couplings [35]. The used set of weak
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h
(0)
α h

(1)
α h

(2)
α h

⋆(0)
α h

⋆(1)
α

π - 2.7 - - -
ρ −3.8 −0.4 −6.8 7.6 7.6
ω −4.9 −2.3 - - 4.2

Table 2.3: The weak αNN couplings h
(i)
α and αN∆ couplings h

⋆(i)
α (α =

π, ρ, ω) are the FCDH ”best values” [36] in units of 10−7.

couplings values, which takes into account the ∆-sector, are from [36] (DDH
generalization). The FCDH [36] weak coupling values are given in Table
2.3. The other parameter values are the same as in Table 2.1. It may
be noted that in the case of pion-exchange the ∆ is generated only at the
strong vertex, since there is no πN∆ coupling related to a PNC vertex [36]
or it is small [37, 38] (we take it as zero). Note also that the strong N∆
transition potential (2.29) is more singular than 1/r2 and thus necessarily
requires regularization. Therefore, in order to be thoroughly consistent, the
modified Yukawa functions (2.13) are always used in the presence of the ∆.

2.3 Quantum scattering

In order to calculate the observables, one needs to first determine the wave-
functions of the form 〈r|k, ζ〉, in which ζ denotes the quantum numbers in
general. Even though scattering particles are essentially moving wave pack-
ets, the stationary (time-independent) wavefunction description of them is
nevertheless sufficient in scattering problems. Useful reference books for this
section are, e.g., [39] and [40].

The properly normalized antisymmetric relative NN wavefunctions of the
free nucleons in terms of the plane waves read

〈r|k, SMSTMT 〉0 =
1√
2

(
eik·r − (−)S+T e−ik·r

)
|SMS〉|TMT 〉, (2.31)

where r and k are respectively the relative position and momentum of the two
nucleons and the subscript 0 refers to the free particle system. The continuum
NN wavefunctions are gained by expanding the plane waves of (2.31) in
spherical harmonics, coupling the spin and orbital angular momenta, and
taking into account the effects of the NN potentials. In order to specify the
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individual polarization of the nucleons, the pp wavefunctions are expanded
into the form

〈r|k,m1m2〉(±) =
∑

SMS

〈1
2
m1

1
2
m2|SMS〉〈r|k, SMS〉(±), (2.32)

〈r|k, SMS〉(±) =
4π

√
2

kr

∑

L′LJ
MML

iL〈LMLSMS|JM〉

× Y ∗
LML

(k̂)e±iσLUJ(±)
ξ′ξ (k, r)Y JM

L′S (r̂)|11〉, (2.33)

where UJ(±)
ξ′ξ (k, r) are the complex-valued radial wavefunctions, Y JM

LS (r̂) are
defined by (2.7), and the superscripts (±) refer to the incoming (−) and
outgoing (+) wave boundary conditions. The unprimed subscript ξ (=LST )
symbolizes the quantum numbers of the main (source) wavefunction while the
primed one ξ′(= L′ST for DWBA pp) the quantum numbers of the possible
radial wavefunctions generated from it. The phase factor e±iσL is due to the
presence of the Coulomb potential. The pure Coulomb wavefunctions are
otherwise the same, except that 〈r|k, ζ〉(±) → 〈r|k, ζ〉(±)

C with UJ(±)
ξ′ξ (k, r) →

FL′(η, kr)δξ′ξ, where FL(η, kr) with η(k) = αµ/k is the regular spherical
Coulomb function. Analogously to the pp case, the np wavefunctions are

〈r|k,mnmp〉(±) =
∑

SMST

(−)T+1

√
2

〈1
2
mn

1
2
mp|SMS〉〈r|k, SMST 〉(±), (2.34)

〈r|k, SMST 〉(±) =
4π

√
2

kr

∑

LJξ′

MML

iL〈LMLSMS|JM〉

× Y ∗
LML

(k̂)UJ(±)
ξ′ξ (k, r)Y JM

L′S′ (r̂)|T ′0〉. (2.35)

The wavefunctions for free particles are recovered by 〈r|k, ζ〉(±) → 〈r|k, ζ〉0
with UJ(±)

ξ′ξ (k, r) → krjL(kr)δξ′ξ, where krjL(kr) is the Riccati-Bessel func-
tion.

The dynamics of the relative motion of the NN -system is given by the
stationary Schrödinger equation

Ĥ|k, ζ〉 = E|k, ζ〉, (2.36)
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where the Hamiltonian operator is defined as Ĥ = Ĥ0+ V̂ , with the potential
operator V̂ and the kinetic energy operator Ĥ0 = −(1/2µ)∇2. The radial
wavefunctions are obtained as exact solutions of the Schrödinger equation.
The operation of the Hamiltonian for the relative motion with the energy
eigenvalue E = k2/2µ, leads to a coupled set of Schrödinger equations of the
form
( ∂2

∂r2
− L′(L′ + 1)

r2
+ k2

)
UJ(+)
ξ′ξ (k, r) = 2µ

∑

ξ′′

V
J
ξ′ξ′′(r)UJ(+)

ξ′′ξ (k, r), (2.37)

where µ is the reduced mass of the particles and V J
ξ′ξ′′(r) are given by (2.8).

The radial wavefunctions are subjected to the regular boundary condition

(FL(η, kr), krjL(kr)) at the origin having the behaviour UJ(+)
ξ′ξ (k, r)

r→0
 rL+1.

The asymptotic boundary conditions for the pp wavefunctions at r → ∞ can
be expressed through the Lippmann-Schwinger equation

|k, SMS〉(+) = |k, SMS〉(+)
C +

1

E − Ĥ0 − VC + i0+
V̂N|k, SMS〉(+), (2.38)

which, by means of the completeness relation of the incoming Coulomb states,
relates the radial wavefunctions to the T-matrix as follows

UJ(+)
ξ′ξ (k, r) = FL′(η, kr)δξ′ξ +

4µ

π

∫ ∞

0

dk′FL′(η′, k′r)T J
ξ′ξ(k

′, k)

k2 − k′2 + i0+
, (2.39)

where T J
ξ′ξ(k

′, k) are the T-matrix elements. The application of the distorted-
wave Born approximation (DWBA) simplifies the PNC scattering calcula-
tions considerably. The DWBA is appropriate in the scattering problems
where the interaction potential can be split into large and small components,
as the case is with the PNC NN scattering V̂ PC

N ≫ V̂ PNC. The insertion of
V̂N = V̂ PC

N + V̂ PNC into the Lippmann-Schwinger equation for the T-matrix
yields to the following relation

Tζ′ζ(k
′,k) =

(−)
C〈k′, ζ ′|V̂N|k, ζ〉(+)

≈ (−)
C〈k′, ζ ′|V̂ PC

N |k, ζ〉(+) + (−)〈k′, ζ ′|V̂ PNC|k, ζ〉(+). (2.40)

The approximation arises from the fact that the distortions caused by V̂ PNC

are insignificant and neglected. The insertion of V̂ PNC into the Schrödinger
equation is thus unnecessary and the potentials in (2.40) are simply sand-
wiched between the Coulomb-distorted strong interaction wavefunctions.
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The S- and T-matrix elements are related by

SJ
ξ′ξ(k) = δξ′ξ − iT J

ξ′ξ(k), (2.41)

with redefined T-matrix elements T J
ξ′ξ(k) = (4µ/k)T J

ξ′ξ(k). The asymptotic
behaviour of the outgoing wavefunctions at large distances is obtained from
(2.39)

UJ(+)
ξ′ξ (k, r)

r→∞−→ 1

2

(
H

(−)
L′ (η, kr)δξ′ξ + SJ

ξ′ξ(k)H
(+)
L′ (η, kr)

)
, (2.42)

with H
(±)
L (η, kr) = FL(η, kr) ± iGL(η, kr), where GL(η, kr) is the irregular

spherical Coulomb function. The asymptotics at large distances are

H
(±)
L (η, kr)

r→∞−→ ∓i exp
[
±i
(
kr − Lπ

2
− η ln(2kr) + σL(η)

)]
, (2.43)

where σL(η) = arg Γ(L+ 1 + iη) is the Coulomb phase shift.
The T-matrix elements of (2.41) in the explicit form are as follows

T J
ξ′ξ(k) =

4µ

k

∑

ξ′′

∫ ∞

0

drFL′(η, kr)V J
ξ′ξ′′(r)UJ(+)

ξ′′ξ (k, r) (2.44)

for the Coulomb-distorted strong interaction. The tiny PNC T-matrix ele-
ments are off-diagonal (ξ 6= ξ′) and given in terms of the DWBA as

T̃ J
ξ′ξ(k) =

4µ

k

∑

ξ′′′ξ′′

∫ ∞

0

drUJ(+)
ξ′′′ξ′ (k, r)Ṽ

J
ξ′′′ξ′′(r)UJ(+)

ξ′′ξ (k, r), (2.45)

where the radial wavefunctions, which differ by ∆L = 1, are merely Coulomb
and strong interaction distorted.

The equations for the np interaction are readily obtained by turning
off the Coulomb interaction, i.e. VC = 0; η = 0, from which follows that
FL(0, kr) and GL(0, kr) coincide respectively with krjL(kr) and the spheri-

cal Riccati-Neumann function krnL(kr). Thus H
(±)
L (0, kr) are the spherical

Riccati-Hankel functions krh
(±)
L (kr), with h

(±)
L (kr) = jL(kr)±inL(kr) for the

outgoing (+) and incoming (−) waves. In (2.40) the Coulomb wavefunctions

〈r|k, ζ〉(±)
C reduces to the form 〈r|k, ζ〉0.

The presence of the potential causes irregularity to the continuum wave-
functions which appears at large distances as a negative phase shift for re-
pulsive and positive phase shift for attractive interaction. In the nuclear pp
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scattering the Coulomb repulsion is inevitably present and thus the phase
shift is δ′L = σL + δL, where δL is the Coulomb-distorted nuclear phase shift.
In the case of two coupled channels, the S-matrix may be written explicitly
in terms of the partial wave nuclear phase shifts δJξ and mixing parameters
ǫJ . The S-matrix elements (2.41) given in the so-called Stapp parametriza-
tion [41] read

Ŝ(k) =

(
e2iδ

J
ξ
(k) cos[2ǫJ(k)] ie

i[δJ
ξ
(k)+δJ

ξ′
(k)]

sin[2ǫJ(k)]

ie
i[δJ

ξ
(k)+δJ

ξ′
(k)]

sin[2ǫJ(k)] e
2iδJ

ξ′
(k)

cos[2ǫJ(k)]

)
. (2.46)

The unitarity of the S-matrix
∑

ξ′′ S
∗
ξ′′ξ′Sξ′′ξ = δξ′ξ must be preserved due to

the conservation of probability flux. In addition, because of the time-reversal
invariance, the reciprocity condition Sξ′ξ = Sξξ′ must also be satisfied. Be-
sides the preserved unitary and symmetry properties of the S-matrix, (2.46)
is used as a check of the correctness of the PC interaction wavefunctions.
The nuclear phase shifts and mixing parameters are tabulated at different
energies in [26–28].

The use of the optical theorem somewhat simplifies the calculations of
the total scattering cross-sections. According to the optical theorem, the
total scattering cross-section and the imaginary part of the forward-scattering
amplitude are related by

σ(k) =
4π

k
Imf(k, θ = 0). (2.47)

The cross-section (2.47) arises completely from the elastic scattering at en-
ergies below the inelastic pion-production threshold ∼ 350 MeV. When the
z-axis is along the direction of propagation of the nucleons k̂||ẑ, the following
simplifications in (2.33) and (2.35) take place YLML

(k̂||ẑ) = δML0

√
2L+1
4π

and

thus M = MS.
When the energies of the pp scattering are of the order of MeV’s, the

Coulomb force plays no significant role as a scatterer in general. The Coulomb
effects can be neglected in the low-energy (. 50 MeV) scattering experiments
which measure directly the scattered particles. The higher energy transmis-
sion experiments, however, measure the particles passing through the target
and are thus complicated by the fact that the Coulomb field is singular in
the forward direction θ = 0. Therefore, for completeness, the long-range
Coulomb effects are also carefully taken into account. The determination of
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the pp scattering cross-section for a transmission experiment is based on the
optical theorem and follows closely [42] (see also [43, 44]).

The pp scattering amplitude, given by

f(k, θ) = fC(k, θ) + fN(k, θ), (2.48)

consists of the Coulomb scattering amplitude (superscripted by C) and the
Coulomb-nuclear scattering amplitude (superscripted by N) including strong
and weak interactions calculated in the presence of the Coulomb potential.
The forward Coulomb-nuclear scattering amplitude is connected to the diag-
onal T-matrix elements (2.40) through

fN
ζ (k, 0) = − µ

2π
Tζζ(kẑ, kẑ), (2.49)

with ζ = m1m2. An awkward feature of the Coulomb scattering amplitude
(e.g. [39])

fC(k, θ) = − η

2k sin2 θ
2

ei[2σ0−η ln sin2 θ
2
] (2.50)

is that it is undefined at θ = 0. Symmetrized and properly normalized
fC(k, θ) may be written as

fC
m1m2

m′
1m

′
2

(k, θ) =
1√
2

∑

SMS

〈1
2
m1

1
2
m2|SMS〉〈12m′

1
1
2
m′

2|SMS〉

×
[
fC(k, θ) + (−)SfC(k, π − θ)

]
. (2.51)

In order to avoid the singularity at θ = 0 in the Coulomb cross-section, only
the directions in the forward hemisphere from a cut-off angle θc > 0 are
considered. The spin averaged Coulomb cross-section becomes

σCθc
m1

(k) = π
∑

m2

m′
1m

′
2

∫ π
2

θc

dθ sin θ|fC
m1m2

m′
1m

′
2

(k, θ)|2

=
πη2

2k2

( 1

sin2 θc
2

− 1

cos2 θc
2

+
1

η
sin[2η ln tan

θc
2
]
)
δm1m1

. (2.52)

In the calculation of the corresponding nuclear cross-section, the cut-off θc is
considered to be such a small angle that fN(k, θc) ≈ fN(k, 0). Even though
the Coulomb cross-section is singular in the forward direction, the optical
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theorem (2.47) is nevertheless applied to the pp scattering amplitude (2.48)
from which it follows that σ = σN + σC. Taking the differential cross-section
near the propagation axis of the beam as dσN

m1
= dσm1

− dσC
m1

and using the
result ∫ θc

ǫ→0

dθ sin θfC∗(k, θ) =
1

ik

(
1− e2i[η ln sin θc

2
−σ0]
)
, (2.53)

derived in [42], the spin averaged nuclear cross-section becomes

σNθc
m1

(k) = σN
m1

(k)− 2π

∫ θc

0

dθ sin θ
dσN

m1

dΩ
(k, θ)

=
π

k

∑

m2

Im
(
fN
m1m2

(k, 0)e2i[η ln sin θc
2
−σ0]
)
, (2.54)

where σN
m1

(k) is the total cross-section obtained by an application of the
optical theorem.

2.4 Bound states

The two nucleons are most likely bound in the lowest energy state where the
repulsive centrifugal barrier is zero, that is L = 0. The spin singlet channel
is only due to central interaction, while the spin triplet channel, in addition,
contains also noncentral interaction. The large negative values of the singlet
np, nn, and pp scattering lengths imply that the 1S0 state is nearly, but
not quite, a bound state. In the spin triplet channel, however, the tensor
potential provides a sufficient amount of attraction between the proton and
neutron in order to bind them together to form the deuteron. The deuteron
is thus the simplest stable nuclear system that has only one rather loosely
bound tensor coupled 3S1 − 3D1 state.

As a consequence of the PNC interactions, the deuteron contains also
a number of tiny parity admixed P -wave components. The PNC NN po-
tential produces 1P1 and 3P1 partial wavefunctions. The 1P1 wave arises
from the spin-changing part of the interaction and thus does not include
pion exchange. The 3P1 one, on the other hand, is practically completely
pion dominated and also by far the largest PNC component. The PNC N∆-
transition potential produces additional short-range components, of which
the 3P1 and 5P1 are relevant in PNC deuteron photoreactions. The essen-
tial deuteron wavefunction, which is a superposition of the PC and PNC
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components, may be written as

〈r|Md〉D =
∑

ξd

Dξd(r)

r
Y

1Md

LdSd
(r̂)|Td0〉, (2.55)

with the normalization
∫∞
0

dr
∑

ξd
|Dξd(r)|2 = 1 and negative energy eigen-

value of Ed = −2.2246 MeV, i.e. the binding energy of the deuteron. The
corresponding Schrödinger equation is

( ∂2

∂r2
− Ld(Ld + 1)

r2
+ 2µEd

)
Dξd(r) = 2µ

∑

ξ′
d

V
1
ξ′
d
ξd
(r)Dξ′

d
(r), (2.56)

which gives a coupled set of equations that determines (2.55). Near the origin,
the Dξd(r) behave as the Riccati-Bessel functions, whereas for large r, as
the outgoing Riccati-Hankel functions with the imaginary-valued argument
ir
√
2µ|Ed|.
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Chapter 3

Observables and results

3.1 Longitudinal analyzing power AL(~pp → pp)

The PNC ~pp elastic scattering has received a great deal of experimental and
theoretical attention in the NN sector. So far, eight experiments at various
energies have been performed, see e.g. [45] for a summary of them. In the
experimental setup of these experiments, the transmitted proton beam is
longitudinally polarized while the protons in the target are unpolarized. The
idea of them is to measure the tiny difference between the polarized scattering
and its mirror reflection achieved by simply reversing the polarization. The
measured quantity is the longitudinal analyzing power, defined as

ĀL =
σ 1

2
− σ− 1

2

σ 1
2
+ σ− 1

2

, (3.1)

where σm1
are the total cross-sections of the transmitted protons with the

spins parallel (m1 = 1
2
) and antiparallel (m1 = −1

2
) along the direction of

propagation.
Conventional theoretical analyses of the PNC ~pp experiments are based

on the DDH model, which neglects the effects of the PNC TPE. In that
picture, ĀL is assumed to arise only from the ρ- and ω-exchanges, since the
single pion-exchange does not appear according to Barton’s theorem [12].
However, not only due to the fact that the strong and weak (DDH) pion
couplings are sizable, but also that the pions are nearly six times lighter
than heavy mesons, it seems reasonable to assume that the longest-range
and possibly the leading effects might nonetheless be due to pion exchanges

27
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(in this particular case, induced by the two charged pions). Even though the
TPE is far more complicated than the single meson exchange, it should not
be ignored in this particular case due to its considerable strength and range.
Recent calculations of ĀL show the importance of the TPE [1, 3, 24]. This,

of course, is grounded in an assumption that the weak πNN -coupling h
(1)
π is

of the size suggested by DDH.
The total PNC potential is assumed to have the form V̂ PNC = V̂ DDH +

V̂ TPE. The DDH potential and the employed PNC TPE potentials V̂ TPE
D ,

V̂ TPE
K , and V̂ TPE

TO are given in Subsection 2.2.1. The potential V̂ TPE
TO is slightly

scaled to correspond to the strong πNN coupling value of gπ = 13.45, which
is then in line with the typical choice of parameters in the PNC calculations
given in Table 2.1. Calculating out the isospin matrix element, V̂ PNC, taken
between the intial and final pp states, is

V̂ PNC
pp (r) =−

∑

α=ρ,ω

gαh
pp
α

M

(
i(1 + χα)(σ1 × σ2) · [−i∇, Yα(r)]

+ (σ1 − σ2) · {−i∇, Yα(r)}
)
+ 2h(1)

π (σ1 × σ2) · r̂W (r), (3.2)

with hpp
ρ = h

(0)
ρ +h

(1)
ρ +h

(2)
ρ /

√
6 and hpp

ω = h
(0)
ω +h

(1)
ω , which have the numerical

values of −15.48 and −3.00 in units of 10−7 respectively. Since the energies
can be relatively high, Yα(r) are the modified Yukawa functions (2.13) with
the cut-off masses Λρ = 1.3 GeV and Λω = 1.5 GeV. The strong distortions

are given by V̂ PC
N , which is taken as the Reid93 potential.

In the determination of the total scattering cross-section by means of
the optical theorem (2.47), the singularity of (2.48) in the forward direction
is simply removed by the subtraction of fC(k, 0), leaving only fN(k, 0) to
contribute. The forward, θ = 0, ~pp Coulomb-nuclear scattering amplitude in
the DWBA is given by (2.49). By applying the optical theorem with (2.49)
to (3.1) and carrying out the spin sum over m2, the longitudinal scattering
asymmetry becomes

ĀL(k) =
Im
∑

SS′
(−)〈kẑ;S ′0|V̂ PNC|kẑ;S0〉(+)

Im
∑

SMS

(−)
C〈kẑ;SMS|V̂ PC

N |kẑ;SMS〉(+)
, (3.3)

where the nuclear potentials are sandwiched between the Coulomb-distorted
strong interaction wavefunctions (2.33). Basically, the PNC pp effects are
exclusive properties of nuclear interactions distorted by the Coulomb field
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Figure 3.1: The partial-wave contributions of the total scattering asymmetry
(3.3) by employing (3.2) with V̂ TPE

TO .

within the range of the nuclear forces. To obtain a clean PNC signal, the
external long-range Coulomb effects can be cut out. Therefore, the expression
for the scattering analyzing power of (3.3) is used by default without the long-
range Coulomb effects, i.e. the Coulomb phases eiσL in the wavefunctions
(2.33) are omitted. These negligible effects are nevertheless considered and
shown separately.

For the measurement of the PNC ~pp longitudinal analyzing power ĀL,
there exist three experimental precision data points: Bonn at 13.6 MeV
(−0.93 ± 0.21) × 10−7 [46], PSI at 45 MeV (−1.50 ± 0.22) × 10−7 [47], and
TRIUMF at 221.3 MeV (0.84 ± 0.29) × 10−7 [48]. Figure 3.1 depicts the
contributions of the different parity admixed partial waves up to J = 4 to
the asymmetry (3.3) by using (3.2) with V̂ TPE

TO . The potential V̂ TPE
TO is used

simply as a reference PNC TPE potential. The partial wave contributions
provide important characteristic features of ĀL that are independent of the
weak couplings. The transitions with J = 4 (or higher) are indistinguishable
from the 0-axis and, thus, the lowest three admixtures up to J = 2 are in fact
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Figure 3.2: The contributions of the ρ-, ω-, and 2π-exchanges to the analyzing
power using the same model as in Figure 3.1.

sufficient within the used energy range. Below energies of about 50 MeV, only
the lowest J = 0 one is significant. Especially, the Bonn and PSI experiments
are low energy scattering experiments, where the contribution to ĀL arises
only from the lowest 1S0−3P0 transition. One particularly interesting feature
of the asymmetry, as was first pointed out in [49] and utilized in the TRIUMF
E497 experiment, is that the 1S0 − 3P0 contribution vanishes at a specific
energy due to the equal, but opposite phase shifts of the 1S0 and

3P0 partial
waves. The energy of the experiment was chosen so that the contribution
should arise just from the 3P2−1D2 and

1D2−3F2 transitions as a result of the
serendipitous disappearance of the lowest transition due to strong interaction
interference, which is seen at 224.7 MeV in Figure 3.1. Furthermore, for
J = 2, the local and nonlocal contributions of the ω exchange mostly cancel
out because of the small isoscalar anomalous moment χω. This is seen in
Figure 3.2 which shows separately the ρ-, ω-, and TPE contributions to the
asymmetry. In contrast for the ρ exchange, the local contributions dominate
over the nonlocal ones because of its large isovector anomalous moment χρ.
Assuming then that the J = 2 mixing arises from the ρ exchange, the central
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goal of the TRIUMF experiment was to determine the weak ρpp-coupling
hpp
ρ = h

(0)
ρ + h

(1)
ρ + h

(2)
ρ /

√
6, whereas the lower-energy experiments Bonn and

PSI determined the hpp
ρ +hpp

ω , where hpp
ω = h

(0)
ω +h

(1)
ω . In these experiments the

reasoning was built on the DDH potential. However, already the work [50]
including the effect of intermediate N∆(1232) states via ρ exchanges in the
coupled channels model showed that the simplest and most straightforward
interpretation of the TRIUMF experiment might not be sufficient. The ∆
effect was significant enough to suggest that the extracted coupling could
rather be an effective one involving ρ exchange both in NN and NN ↔ N∆
transitions. In the later work [1] on PNC ~pp elastic scattering, we looked at
the effects of the N∆-channels in the coupled-channels formalism as well as
the influence of the two-body irreducible TPE. The effects were again found
significant and cast doubt on the aforementioned ρpp -coupling and whether
its value is straightforwardly proportional to the TRIUMF data point. It
may be noted that the TPE in ~pp scattering has previously been investigated
also in [33,51], of which the former considers it as a part of the short-ranged
ρ exchange and the latter discusses it in terms of the EFT with V̂ TPE

D .

The effects of the PNC TPE potentials V̂ TPE
D and V̂ TPE

K are examined
next. Because the PNC potentials are in general treated perturbatively in
the DWBA, the regularization from the point of view of solving Schrödinger
equation is not vital. Nevertheless, since the effect of the singularity comes
forth increasingly with the increasing energy, it is worthwhile to study the
short-range effects of the form factors, anyway. One might note, however,
that the chiral perturbation theory based V̂ TPE

D and V̂ TPE
K potentials would

serve their purpose best as unregularized due to their model independent
nature. As regularization, the monopole Λ2(q2+Λ2)−1 (F) and dipole Λ4(q2+
Λ2)−2 (FF) form factors are incorporated using two different cut-off masses
Λ = 1.0 GeV and Λ = 1.2 GeV. A monopole form factor of the same type is
also used for V̂ TPE

D in [22]. The effects of V̂ TPE
D and V̂ TPE

K on the asymmetry
are shown in Figures 3.3 and 3.4, respectively. The asymmetry given by V̂ TPE

D

is very sensitive to the applied regularizations and even exhibits a different
sign when the dipole form factor is used. This behaviour arises from the
fact that this potential includes also the δ-function term (omitted in V̂ TPE

K ),
which normally does not contribute, as the wavefunctions are zero at the
origin. With the form factors, however, this term gets finite range resembling
a meson exchange with the opposite sign. It may further be noted that the
”w/o” curve in Figure 3.3 is identical with that of the NN part of V̂ TPE

K .
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Figure 3.3: The TPE by V̂ TPE
D with the monopole (F) and dipole (FF) form

factors using the cut-off masses Λ = 1.0 GeV and 1.2 GeV and also without
(w/o) the form factors. The NN part of V̂ TPE

TO is also shown as a comparison.
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Figure 3.4: The same as Figure 3.3 but the TPE is by V̂ TPE
K . As a comparison,

the asymmetry is also plotted using V̂ TPE
TO in which the coupling values are

scaled to correspond to those of V̂ TPE
K .
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Figure 3.4 shows that for the dipole form factor with Λ = 1.0 GeV, the effect
of V̂ TPE

K up to about 150 MeV is more or less indistinguishable from the time-
ordered one V̂ TPE

TO . In other cases, with harder form factors, the asymmetry
is larger as expected.

While the lower energy experiments measure directly the scattered parti-
cles, the TRIUMF and higher energy experiments measure the transmitted
beam after passing through the target. In transmission experiments, a com-
plication arises due to the fact that the Coulomb interaction is singular in the
forward direction. Therefore, we consider the Coulomb distortions near the
propagation direction of the transmitted beam, as done, e.g. in [43,44]. The
application of (2.54) and (2.52) to (3.1) gives the longitudinal transmission
asymmetry

Āθc
L (k) =

Im
[∑

SS′
(−)〈kẑ;S ′0|V̂ PNC|kẑ;S0〉(+)e2i[η ln sin θc

2
−σ0]
]

Im
[∑

SMS

(−)
C〈kẑ;SMS|V̂ PC

N |kẑ;SMS〉(+)e2i[η ln sin θc
2
−σ0]
]
− 4k

M
σCθc (k)

. (3.4)

The long-range Coulomb effects to the asymmetries are illustrated in Figure
3.5 along with the cut-off angle θc dependence of the transmission asymmetry
(3.4). The calculated scattering and transmission asymmetries at the energies
of about 150 MeV and above become nearly indistinguishable by the angles
θc ≥ 2◦. The same result was also obtained in [43,44]. Especially noteworthy
is that at the energy of the only transmission experiment, TRIUMF, the
asymmetry remains practically unaffected by changes of the θc once it is
larger than 1◦.

Lastly, as an additional result, a hybrid �πEFT calculation of ĀL is pre-
sented. In the�πEFT case, there is no TPE and thus the total PNC potential
is given by (2.14) or alternatively by its reduced form (2.15). For the pp
interaction, the�πEFT potential reads

V̂ PNC
pp (r) =

2m2
π

Λ3
χ

[
C(σ1 − σ2) · {−i∇, Yπ(r)}+ iC̃(σ1 × σ2) · [−i∇, Yπ(r)]

]
,

(3.5)

where Yπ(r) are unmodified Yukawa functions. The LECs for (2.14) are

C =
∑4

i Ci−2C5 and C̃ =
∑4

i C̃i−2C̃5 and for (2.15) C = C1+C2+C4−2C5

and C̃ = C̃1. One might note that (3.5) is formally similar to the DDH part
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Figure 3.5: The scattering asymmetry of (3.3) with (AL(C)) and without
(AL) long-range Coulomb effects and the different cut-off angle θc transmis-
sion asymmetries of (3.4) are illustrated.

of (3.2). The asymmetry given at the energies (which somewhat exceed the
comfort zone of the�πEFT) of the Bonn and PSI experiments is

Ā�πEFT
L (13.6 MeV) = −

(
3.6231C + 2.0560C̃

)
× 10−3, (3.6)

Ā�πEFT
L (45 MeV) = −

(
5.7973C + 2.2103C̃

)
× 10−3. (3.7)

These results are consistent with those of [33].

3.2 Asymmetry A~γ(~γd → np)

The PNC observables in the photoreactions arise from an interference be-
tween the strong and weak interactions giving rise to simultaneous presence
of the photomagnetic and photoelectric effects. The asymmetry A~γ is associ-
ated with PNC deuteron photodisintegration by circularly polarized photons
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on unpolarized deuterons ~γd → np. It is to be noted that at threshold
A~γ equals to the photon polarization observable of the time-reversed reac-
tion np → ~γd. There are various theoretical works on A~γ [33, 52–58] and
polarization [33, 59–66]. The results are more or less in agreement with
these works. The calculations are typically carried out exploiting the DDH
model, aside from some of the recent works, which apply the modern state-
of-art EFT techniques. As for the experiments, up to date, for the reaction
~γd → np, there exist only two experimental data points: (7.7±5.3)×10−6 and
(2.7±2.8)×10−6 at the photon energies of 3.2 and 4.1 MeV respectively [67].
The latest photon polarization measurement for the inverse reaction np → ~γd
gives the value of (1.8 ± 1.8) × 10−7 [68]. The data for these reactions are
consistent with zero with rather a poor precision.

The threshold behaviour of A~γ can be shown to be insensitive to the π-
meson exchange, which represents the long-range isovector part of the PNC
interaction. Consequently, in terms of the DDH, the threshold region is es-
sentially dominated by the exchanges of heavy mesons ρ and ω. One may
therefore expect that the relatively long-ranged ∆-excitation could occur
more clearly highlighted than what it would, if it appeared in a background
where the pion is more intensely present. In paper [2], we wanted to estimate
the size of this ∆ effect, which was found to be significant in PNC elastic ~pp
scattering at higher energies [1, 50]. As in these works our calculation was
carried out within the framework of the coupled channels meson-exchange
model and hence, according to the common practice, we utilized the DDH
potential as the starting point for the PNC π-, ω-, and ρ-exchanges extend-
ing to use the weak couplings from the analysis of [36] consistent with the
presence of the ∆. Until [2], the ∆ effect had only been checked in the form
of exchange currents in [52, 69].

The asymmetry observable for the PNC reaction ~γd → np may be ex-
pressed as

A~γ =
σ+ − σ−
σ+ + σ−

. (3.8)

The deuteron photodisintegration helicity cross-section is obtained by Fermi’s
golden rule and spin averaging, yielding

σλ =
µk

48π2

∑

MMd

∫
dΩk

∣∣∣(−)〈k;M |Ĥλ
e.m.|Md〉D

∣∣∣
2

, (3.9)

where the deuteron and final state scattering wavefunctions are given by
(2.55) and (2.35), respectively. The electromagnetic perturbing Hamiltonian
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Figure 3.6: The leading threshold contributions of the M1 and E1 transitions
to A~γ. The dashed line represents the heavy-meson (ρ, ω) exchange and the
wavy line the incoming photon. The black dot denotes the PNC vertex and
D the bound 3S1 − 3D1 state.

Ĥe.m. = ĤE1 + ĤM1 which takes care of the disintegration (and formation)
of the deuteron is considered in the dipole approximation eikγ ·r ≈ 1. Thus,
the normalized photon field is A =

√
2π/ωγ ǫ̂. The impulse approximation

Hamiltonian of the pn-system for absorption of a circularly polarized photon
reads

Ĥλ
e.m. = −

√
απωγ

2
ǫ̂λ ·

{
ir +

λ

2M

[
L+ µs(σ1 + σ2) + µv(σ1 − σ2)

]}
, (3.10)

where ǫ̂λ (λ = ±1) is the circular polarization vector of the photon, ωγ the
center-of-mass energy of the photon, µs = 0.88 and µv = 4.71 the isoscalar
and isovector magnetic moments of nucleons, and α the fine-structure con-
stant. The D → 1S0 transitions which dominate at threshold are illustrated
in Figure 3.6. An additional set of D → 3PJ (J = 0, 1, 2) transitions is con-
sidered above threshold. The magnetic dipole effect is dominant at threshold
where the asymmetry (3.8) reduces to a simple form, which is explicitly given
by

A~γ(k → 0) ≈

2Re

[ i√
3

∫
drrŨ (+)

3P0
(k, r)

(
D3S1

(r)−
√
2D3D1

(r)
)
− i
∫
drrU (+)

1S0
(k, r)D̃1P1

(r)

−µv

√
3

M

∫
drU (+)

1S0
(k, r)D3S1

(r)

]
.

(3.11)

The low-energy limit (3.11) coincides with the photon polarization in the
time-reversed reaction np → ~γd for thermal neutrons.

It is important to note that (3.11) arises from the spin changing PNC
interaction, see Figure 3.6, and thus does not include the PNC one- and
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Figure 3.7: The leading threshold ∆ corrections to A~γ. The dashed line is
strong interaction, the dotted line weak interaction, and the filled bar the
∆-resonance.

two-pion exchanges. Therefore, the short-range contributions from heavier
vector meson exchanges (and possibly ∆) are exclusively highlighted. As
for the direct delta transition, the γN∆-vertex can occur in the presence of
the M1 and E2 transitions. Only the dominant M1 multipole is considered,
neglecting the small E2 effect. The electromagnetic N ↔ ∆ Hamiltonian is

Ĥλ
M1∆ = −λµ⋆

M

√
απωγ

2
ǫ̂λ · ST̂z +H.c., (3.12)

where the value of the transition magnetic moment is given by the quark
model as µ⋆ = f ⋆µv/2f = 3

√
2µv/5 [70]. The nucleon-Delta spin and isospin

transition operators are denoted as S and T̂z [35].
As a consequence of coupled-channel dynamics, in addition to the direct

M1 ∆-channel depicted in Figure 3.7, the ∆ may also include possible higher
order corrections, which are naturally taken into account as correlation ef-
fects. For instance, at the threshold, the leading ∆ contributions originate
from the once-iterated meson exchange diagrams, presented in Figure 3.7 as
well.

The NN part of the asymmetry is evaluated by employing the two phase-
equivalent but different modern strong interaction potentials Reid93 [26] and
Argonne Av18 [27] and the DDH potential (2.10) for the PNC interaction with
two sets of weak parameter values DDH and FCDH given in Tables 2.1 and
2.3, respectively. The N∆ corrections arise from the PC (2.29) and PNC
(2.30) N∆ potentials through the coupled-channels treatment. Utilizing dif-
ferent model complexes, Table 3.1 summarizes some numerical results for A~γ

in the threshold limit ωlab
γ → 2.22592 MeV. It is clearly seen that the ρ effect

has an overpowering dominance over the ω one. The result A~γ = 2.56×10−8

gained with the standard set of couplings of Table 2.1 and the Av18 potential
agrees with most of the existing calculations and perfectly with those of us-
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Model Aρ
~γ Aω

~γ A~γ Amod
~γ A∆

~γ

Av18 & DDH 2.66 -0.10 2.56 1.05 0.96
Reid93 & DDH 3.26 0.00 3.26 1.14 1.04
Av18 & FCDH 1.58 -0.24 1.34 0.62 0.65

Reid93 & FCDH 1.76 0.00 1.76 0.70 0.72

Table 3.1: The threshold effects of heavy mesons, regularization, and ∆ to
A~γ. The asymmetry A~γ = Aρ

~γ + Aω
~γ is calculated using the unmodified

Yukawa functions. The effect of regularization is shown by Amod
~γ and A∆

~γ

represents ∆-effect on top of it. The asymmetries are in units of 10−8.

ing the same model [33, 60]. The asymmetries are bigger with Reid93 which
is explained by the distinctly bigger PNC 1P1 component in the deuteron
obtained by Reid93 potential. This is mainly because the 1P1 partial wave
potential is entirely repulsive for Av18, but for Reid93, it becomes attractive
at short ranges. However, with form factors the short-range differences are
minimized and the results of the two potentials get closer to each other. The
regularization by (2.13) causes a dramatic decrease to less than half of the
unmodified value of the asymmetry with the cut-off masses of Λα = 1200
MeV that were used. To extract the pure ∆ effect, the FCDH values are
used for the needed weak αN∆-couplings in the case of A∆

~γ with DDH, even
though they would not necessarily be entirely consistent with the other DDH
couplings. The N∆ effect in A~γ was found to be small being only a few per-
cent decrease for DDH and practically null for FCDH. In order to see the
effects of the P -wave continuum states, the asymmetry was also considered
at the photon laboratory energies from the threshold up to 10 MeV. As the
photon energy increases, the asymmetry decreases steeply towards the zero
axis. The asymmetry is already settled down near to zero at the energies of
about 1 MeV above the threshold. It goes through zero somewhere between
3 and 4 MeV continuing its gentle monotonic decline hardly deviating from
the zero axis. A similar result was also found in [56, 57]. Therefore, very
soon above threshold A~γ becomes probably too small to be experimentally
informative.
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3.3 Cold neutron-parahydrogen interactions

As slow neutrons collide with hydrogen molecules, they either scatter elas-
tically or get captured by the protons resulting in deuterons and photons.
This section presents three different pion sensitive PNC observables arising
from the cold neutron interaction with parahydrogen. Two are due to the
PNC elastic scattering enabling the spin rotation d

dz
φ and polarization d

dz
P

of the neutrons and the third one is the γ-asymmetry Aγ(~np → γd) in the
radiative PNC capture of polarized neutrons. In these reactions the target
must be parahydrogen in order to preserve the neutron polarization.

Unfortunately, there exist no measurements of the neutron spin rotation
d
dz
φ or polarization d

dz
P in parahydrogen. Nevertheless, there has been some

experimental interest in measuring d
dz
φ in a liquid parahydrogen target at

the Neutron Spallation Source (SNS) [71]. The neutron spin rotation has
recently been measured on more complicated 4He target [72]. The neutron
spin rotation and polarization in the PNC np scattering were first discussed in
[73,74] and the wavefunction based calculations have later been performed in
[33,52,75,76]. These works, however, simply consider the neutron scattering
by free protons instead of parahydrogen molecules as the target particles
should be in reality. The γ-asymmetry Aγ was measured previously in the
70’s and 80’s, resulting in the insufficiently accurate values of (0.6±2.1)×10−7

[77] and −(1.5± 4.8)× 10−8 [78] consistent with zero. However, the ongoing
NPDGamma experiment at the SNS [79] aims to measure Aγ with high
accuracy up to a level of 20% of the typical theoretical prediction −5 ×
10−8, which employs the DDH ”best value” for h

(1)
π . The radiative PNC

reaction ~np → dγ is discussed in multiple papers [22–24,33,52,59–62,69,80–
88] of which most also present numerical predictions. In neutron absorption,
despite the neutron polarization concern in practice, it is irrelevant whether
the proton is bound in a hydrogen molecule or not. This, however, is not the
case with the scattering at very low energies and therefore the scattering by
molecules must be considered.

Hydrogen exists in nature in molecular form, composed of two protons
bound by two electrons. The hydrogen molecule (H2) appears in two forms
called parahydrogen (Hp

2 ) and orthohydrogen (Ho
2 ) with proton spins aligned

antiparallel and parallel respectively. The de Broglie wavelength of a neutron
at energies of a few meV is much greater than the internuclear separation
R0 = 0.75 Å between the protons in the hydrogen molecule. Consequently
the neutrons, if not captured by protons, scatter coherently off the two pro-
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tons in the molecules. Spinless parahydrogen molecules cannot depolarize
polarized neutrons, when they scatter elastically. The protonic wavefunction
of the hydrogen molecule must be antisymmetric from which it follows that
in the ground states of the para- and orthohydrogen molecules, the rota-
tional energies are respectively zero and I−1 = 14.7 meV, where I = µR2

0 is
the moment of inertia and µ the reduced mass of two protons. This energy
determines the upper limit of the neutron center of mass (C.M.) energy in
order not to get depolarized by the conversion of the para- to orthohydrogen
molecule. Contrary to absorption, the slow neutron scattering cross-sections
of parahydrogen, free protons, and orthohydrogen differ from each other by
about half an order of magnitude σnH

p
2
< σnp < σnHo

2
. Since the neutron

spin rotation and polarization are due to nHp
2 scattering, one must carefully

take into account the relative motion between the neutron and system of
the chemically bound protons. The neutron-electron interaction is negligibly
small compared to the NN weak interaction [89].

3.3.1 Neutron spin rotation d
dz
φ and polarization d

dz
P

When a low-energy neutron comes across the molecules in the medium, it
interacts collectively with a number of them. As a result, the scattered waves
originating from the molecules, interfere with the passing neutron and change
its momentum. Applying the Lippmann-Schwinger equation for multiple
point-like scatterers each located at rj, the wave of a slow neutron after
travelling through the target in the z-direction then becomes

eiq
′z ≈ eiqz + f̃(q, 0)

∑

j

eiq|r−rj |

|r − rj|
eiqzj , (3.13)

where f̃(q, θ = 0) denotes the forward nHp
2 scattering amplitude and q is the

relative momentum of the neutron and molecule. The sum of the spherical
waves from the scatterers in (3.13) may be written in the form of an integral
over a smooth distribution of scattering centers in a cylindrically shaped
target of infinite radius. For the neutrons travelling along the axis of the
target, it then follows that the right hand side of (3.13) becomes ei(qz−ϕ) [90],
with

ϕ(q, z) = −2πNH2
z

q
f̃(q, 0), (3.14)

whereNH2
is the molecule density of the medium. The neutron thus gains the

ϕ = (q−q′)z amount of phase when propagating through a medium of length
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z. Equation (3.14) is related to the index of refraction n = q′/q = 1− ϕ/qz
in neutron optics [90, 91].

By the initial choice of the transversely polarized spin in the positive x-
direction 〈σx〉 = +1, the neutron spin wavefunction |x+〉 = (|+〉 + |−〉)/

√
2

contains an equal amount of ± helicities in the direction of its propagation
along the z-axis. The PNC interaction favors one helicity state slightly more
than the other and thus depending on this state, the neutrons scatter a
bit differently. The neutron wavefunction accumulates the ϕmn

amount of
phase (where mn is the spin polarization of the incident neutron) labeled
individually for each two states when passing through the target. It follows
straightforwardly from the expectation value of the spin

〈ϕx+|σ|ϕx+〉 = e−Imθ+ [cos(Reθ−),− sin(Reθ−),− sinh(Imθ−)], (3.15)

with θ± = ϕ+ 1
2
± ϕ− 1

2
, that the neutron spin rotates in the xy-plane around

the z-axis if the real value of the phase difference between the helicity states
of (3.14) φ ≡ Reθ− is non-zero. Similarly, the neutrons gain some amount of
polarization in the z-direction P ≡ sinh(Imθ−) ≈ Imθ−.

Low-energy nHp
2 scattering, characterised by the scattering length b (de-

fined at zero-energy by Ref̃
k→0−→ −b) can be given by the contact interaction

potential

VnH
p
2
(rn, rHp

2
) =

2π

µ̃
bδ(rn − rHp

2
), (3.16)

where µ̃ ≈ 2M/3 is the nH2 reduced mass. However, since there is no nH2

potential from which b could be determined exactly, the nHp
2 scattering can

be crudely simplified to the coherent np problem. The coherent np scattering
potential is given by [92] (see also [93])

V̂ coh
np (rn, rp1, rp2) =

2π

µ

2∑

i=1

1

4
[as + 3at + (at − as)σn · σpi]δ(rn − rpi), (3.17)

where µ ≈ M/2 is the np reduced mass and as and at are, respectively, the
np scattering lengths for the singlet 1S0 and triplet 3S1 channels.1 At low
neutron energies, the two protons in the molecule cannot be distinguished
and thus the molecule appears as a point-like particle, i.e. rp1 ≈ rp2 ≡
rHp

2
. As a consequence of this, the molecular spin changing (Hp

2 ↔ Ho
2 )

1The values as = −23.72 fm and at = 5.43 fm follow from the T-matrix as − 1

2k
T J
ξξ(k).
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term vanishes, which is crucial because the neutron polarization must be
maintained. Furthermore, the remaining spin operator σn · (σp1 +σp2) gives
zero in the case of the nHp

2 scattering. The coherent scattering potential
(3.17) thus reduces to the form

V coh
np (rn, rHp

2
) =

2π

µ
apcohδ(rn − rHp

2
), (3.18)

where apcoh = (as+3at)/2 [93] is the parahydrogen coherent scattering length,

which in terms of the np scattering amplitude is Ref/2
k→0−→ −apcoh. The nH

p
2

and np scattering amplitudes and momenta are related as f̃ ≈ (µ̃/2µ)f and
q = (µ̃/µ)k, where f is the forward np scattering amplitude in the DWBA
and k the relative momentum of the neutron and proton. With the coherent
scattering approximation, the common factor θ− of the neutron spin rotation
φ = Reθ− and polarization P = Imθ− becomes

θ−(k, z) = −NH2
Mz

2k

∑

mn

mn
(−)〈kẑ;mn|V̂ PNC|kẑ;mn〉(+), (3.19)

where the matrix elements are Hermitian. The S ↔ P transitions are suf-
ficient in low energy PNC scattering and also equally important in both
directions.

The neutron spin rotation is split into one-meson exchange (OME) and
two-pion exchange (TPE) components as d

dz
φ = d

dz
φOME+ d

dz
φTPE. The liquid

parahydrogen particle density value of NH2
= 0.021 molecules/Å3 is used in

the numerical results. In terms of the DDH model, the rotation may be
written as

d

dz
φOME
DDH =

(
0.617h(1)

π − 0.132h(0)
ω − 0.012h(1)

ω

− 0.145h(0)
ρ + 0.004h(1)

ρ + 0.130h(2)
ρ

)rad
m

. (3.20)

This has the value of 3.52×10−7 rad
m

when the DDH ”best” values are inserted.
With this model and values, the one-pion exchange (OPE) has a dominance
of about 80%. The result of (3.20) is about half the size compared to those
of [33, 52, 76]. It is otherwise consistent in detail with the one in [76] and
also in line with the predictions of [33,52] which all employ the Argonne v18
potential ( [52] also the Nijmegen and Bonn potentials). An older result using
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d
dz
φTPE

Λ K(FF) D(FF) K(F) D(F)

0.8 −0.040 0.026 −0.105 −0.020
1.0 −0.074 0.004 −0.132 −0.040
1.2 −0.103 −0.017 −0.152 −0.055

Table 3.2: The TPE contributions to the neutron spin rotation d
dz
φTPE in

units of h
(1)
π

rad
m
. The K and D stand for the V̂ TPE

K and V̂ TPE
D while the F and

FF stand respectively for the modification by Λ2(q2+Λ2)−1 and Λ4(q2+Λ2)−2,
where the cut-off masses Λ are in units of GeV.

the Paris potential reported in [75] is of the same order with the above results
but of the opposite sign. Also in the result of [75] some of the signs between
the partial contributions are in disagreement with the mutually consistent
results of [76] and (3.20).

Because V̂ TPE
D and the NN part of V̂ TPE

K are identical in the unregularized

form, they contribute the same amount to the rotation d
dz
φTPE
NN = −0.101h

(1)
π

rad
m

reducing the total effect by about 13%. By taking into account also the ∆

effects of V̂ TPE
K , the contribution doubles to d

dz
φTPE
K = −0.209h

(1)
π

rad
m

cutting
down the total effect by about 27%. This is because even though the NN
part of the TPE potential dominates at long-ranges, the N∆ one dominates
at short-ranges where the wavefunctions are substantial, as illustrated in
Figure 3.8. The TPE is a medium-range effect and therefore sensitive to form
factors. The form factor modified TPE contributions to d

dz
φTPE are given in

Table 3.2. As seen in Table 3.2, the results of V̂ TPE
D are more sensitive to the

applied regularizations than the ones of V̂ TPE
K and even change sign when

the dipole form factors (FF) are used. This can be traced to the fact that
V̂ TPE
D includes the δ-function term whereas V̂ TPE

K does not. The δ-function
does not normally contribute because the wavefunctions vanish at the origin.
Therefore, the swelling of the δ-term to a finite range by the form factors may
produce an unphysical effect. This behaviour of V̂ TPE

D is also seen in Section
3.1, where exactly the same models as used here are applied to ĀL(~pp → pp).

Similarly to (3.20), the DDH OME contribution to the polarization as a
constant form is k

Tn
Lab

d
dz
POME
DDH = 6.80 × 10−18 fm−1m−1meV−1 in which the

OPE contribution has more than 70% dominance. For example, with T n
Lab

= 10 meV neutrons the polarization is only d
dz
POME
DDH = 6.19× 10−12 1

m
. The
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polarization d
dz
P is thus much smaller than d

dz
φ and therefore not particu-

larly interesting because it is experimentally much less achievable. The TPE
effects on d

dz
P were also calculated in [4] and showed similar features as in

the case of d
dz
φ.

In addition, analogously with (3.20), d
dz
φ can also be expressed in terms

of the�πEFT potential (2.14), resulting in

d

dz
φ�πEFT =

(
1.15C1 + 0.25C2 + 1.75C3 − 0.25C4 + 5.21C5

+ 0.30C6 + 0.96C̃1 + 0.83C̃3 + 3.73C̃5

)
×10−2 rad

m
. (3.21)

The result of the reduced �πEFT potential (2.15) is readily obtained from

(3.21) by setting C2, C3, C4, C̃3, and C̃5 equal to zero.

3.3.2 Photon asymmetry Aγ(~np → γd)

The nonzero γ-asymmetry Aγ arises from the interference between the M1
transition and the PNC interaction generated E1 transitions. The γ-asymmetry
is defined, in terms of differential cross-sections, as

Aγ =
dσ+ 1

2
− dσ− 1

2

dσ+ 1
2
+ dσ− 1

2

. (3.22)

The thermal neutron capture cross-section on molecular hydrogen does not
depend on the interference or binding effects of the protons in the molecule
[94]. It is therefore sufficient to simply calculate the neutron capture cross-
section on free protons. The M1 1S0 → 3S1 − 3D1 transition dominates the
np → γd reaction at threshold. By far the largest contribution (about 90 %)
of this reaction arises from the impulse approximation which connects the S-
states. However, the one-pion exchange currents can also reach the D-state
of the deuteron and play an important role in explaining the experimental
value of the cross-section for thermal neutrons as was shown in [95].

In terms of Lagrangian densities, the relevant photoproduction vertices
for the γNNπ and γππ interactions are

LγNNπ = −e
fπ
mπ

N̄γ5γ
µ(τ × π)zNAµ, Lγππ = −e(∂µπ × π)zAµ, (3.23)

where Aµ = (φ,−A). Since the energy of the resulting photon at threshold
of the reaction is only about 2 MeV, its wavelength is much larger than the
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Figure 3.8: The two top-most panels show the continuum S-and P-
wavefunctions UJ(+)

ξ′ξ (k, r) near zero-energy (T Lab
n = 10 meV) and the bottom

panel shows the PNC TPE potentials UK
NN(r) (2.22) and UK

N∆(r) (2.25). The
dash-dotted line in the top panel represents the side wavefunction generated
from the triplet S-wave.
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1S0

D

Figure 3.9: The diagrams for the magnetic dipole moments considered in the
calculation of σ(np → γd). The wavy line is a photon, the solid line is a
nucleon, the dashed line is a pion, and the filled bar is a ∆-isobar. The D
denotes the bound 3S1 − 3D1 state of the deuteron.

deuteron size, and thus the electric E and magnetic B fields can be taken as
constants. The scalar and vector potentials of the uniform (static) fields E
andB are φ(r) = −E ·r andA(r) = 1

2
B×r, respectively. The magnetic and

electric potentials are given accordingly by V̂m = −µ̂m ·B and V̂e = −µ̂e ·E.
The ∆-excitation also contributes significantly to the exchange currents. The
lowest multipoles that can excite the nucleon to the ∆-resonance are the M1
and E2 transitions, of which the latter is assumed small and neglected as
unimportant. The nonrelativistic interaction Lagrangian for the γN∆ vertex
is then

LγN∆ =
fγN∆

mπ

S ·BT̂z +H.c.. (3.24)

In addition to (3.23) and (3.24), the other necessary non-photonic vertices
for the currents are given in (2.26). The one-body operators can be extracted
from (3.10).

A diagrammatic illustration for the one- and two-body magnetic dipole
moment operators is given in Figure 3.9. The corresponding magnetic mo-
ment operator is given by µ̂m(r) = em̂(r)/2M , with

m̂(r) =
µv

4
τ̂−σ− −M

( fπ
mπ

)2
τ̂×

{
r̂[r̂ · σ×](1 +mπr)− σ×mπr

}
Yπ(r)

− µ∆f
⋆
πfπ

9(M∆ −M)
(τ̂− − iτ̂×)

{
2σ− · r̂r̂ − i(σ1 × r̂)(σ2 · r̂)

+ i(σ2 × r̂)(σ1 · r̂)
}(

1 +
3

mπr
+

3

(mπr)2

)
Yπ(r), (3.25)

where τ̂⊙ = (τ1 ⊙ τ2)z and σ⊙ = σ1 ⊙ σ2 (⊙ = −,×).
The E1 transitions connect the initial 3S1− 3D1 and final deuteron states

through the parity admixed continuum and bound 3̃P1 states, while the PNC
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Figure 3.10: The E1 contributions to the γ-asymmetry Aγ. The black dot
denotes the parity nonconserving vertex. In addition the D denotes the
bound and 3C1 the continuum 3S1 − 3D1 state.

E1 transitions connect them directly. Figure 3.10 gives the diagrams for
electric dipole moment contributions. The resulting E1 operator is given by

µ̂e(r) =
e

4
τ̂−r +

e

4M

fπh
(1)
π

mπ

√
2
τ̂
[
iσ+Yπ(r)− rσ+ ·

{
−i∇, Yπ(r)

}]
, (3.26)

with τ̂ = τ1 · τ2 − τ̂1z τ̂2z and σ+ = σ1 + σ2. One might note that the one-
body impulse operator (the first term) changes parity, while the two-body
current operator (the latter term) conserves it. Reference [49] investigates
the PNC E1 transitions and gives an additional PC γNNπ vertex leading to
the spin-changing PNC E1 operator. However, this vertex has a vanishing
contribution to Aγ because the term proportional to B is negligibly small
and the M1-E1 interference disappears as a consequence of the initial 1S0

states in both amplitudes. In addition, [49] and [10] present PNC γNNπ
vertices, which also result in spin-changing PNC E1 operators that do not
contribute.

The experimental value of the radiative thermal neutron capture cross-
section of proton is σ(np → γd) = 334.2± 0.5 mb [96]. Theoretically it may
be given by

σcap =
απω3

γ

6k3M

∑

Ld

∣∣∣
∫ ∞

0

drDLd(r)〈3Ld
1||m̂(r)||1S0〉U (+)

1S0
(r, k)

∣∣∣
2

, (3.27)

where m̂(r) is the magnetic moment operator (3.25). The choice of coupling
values is gπ = 13.45 (fπ = mπgπ/2M), f ⋆

π =
√
72/25fπ, and µ∆ = f ⋆

πµv/2fπ
(fγN∆/mπ = eµ∆/2M), where gπ is the πNN coupling, f ⋆

π the quark model
result for the πN∆ coupling [97], µ∆ the transition magnetic moment, and
µv = 4.71 the isovector magnetic moment of the nucleon. Evaluation of
(3.27) for thermal neutrons (T n

Lab = 25 meV) gives σcap = 334.42 mb in
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Aγ(~np → γd)
Λ K(FF) D(FF) K(F) D(F)

0.8 −5.08 −5.58 −4.60 −5.24
1.0 −4.83 −5.41 −4.40 −5.08
1.2 −4.61 −5.26 −4.26 −4.97

Table 3.3: Photon asymmetry Aγ including the TPE in units of 10−8.

an excellent agreement with the experimental cross-section. In this result,
the plain impulse approximation, i.e. the first term of (3.25), produces the
largest part of the cross-section giving σimp

cap = 303.81 mb. The missing ∼ 10%
enhancement results from the OPE current corrections, as proposed in [95].

In terms of the reduced matrix elements of the electric (3.26) and mag-
netic dipole (3.25) transition operators, the γ-asymmetry Aγ reads

Aγ(k) =
√
2Re

[ i
∑

LLd

∫∞
0

drDLd(r)〈3Ld
1||µ̂e(r)||3L1〉U (+)

3L1
(r, k)

∑
Ld

∫∞
0

drDLd(r)〈3Ld
1||µ̂m(r)||1S0〉U (+)

1S0
(r, k)

]
, (3.28)

where the multiplication factor cos θ, in which θ is the angle between the
neutron spin and photon direction, is left out.

By using the DDH model and their ”best” coupling values, the OME
contribution to the γ-asymmetry (3.28) is AOME

γDDH = −5.387 × 10−8. Even
though included, the effects of the PNC E1 current (∼ −0.2h) and heavy
meson ρ- and ω-exchanges (less than 1%) are negligibly small. In terms of the

weak pion coupling, the result may be written as AOME
γDDH ≈ −0.117h

(1)
π , which

is consistent with the previous predictions, e.g. [22–24,33,52,60,69,88]. The
results, in which the TPE contributions are added on top ofAOME

γDDH, are shown
in Table 3.3 and are rather self-explaining. The result of the model D(F) with
Λ = 1.0 GeV is consistent with [22] and shows a ∼ 6% smaller γ-asymmetry
than without the TPE. Just like in scattering cases, the TPE contribution
of the D(FF) model with Λ = 0.8 and 1.0 GeV differs by the sign from
the other models and, therefore, increases the total asymmetry. Otherwise
the TPE effect is destructive as in the case of d

dz
φTPE. In paper [2], the

PNC ∆ contributions to Aγ were treated in a different manner by employing
a PNC one-meson exchange NN ↔ ∆N transition potential analogously
to A~γ(~γd → np) in Section 3.2. However, in this approach the leading ∆
contributions originate from the once-iterated meson exchanges and result in
a negligible net ∆ contribution to Aγ.



Chapter 4

Summary

The objective of the thesis was to investigate the effect of the ∆ in the various
PNC reactions outlined in the previous chapter. The PNC observables were
revised within realistic wavefunctions and various potential models including
the TPE and the ∆. Two new significant corrections were found. Firstly,
the N∆ intermediate state contribution to the TPE was considered for the
first time at the observable level and was found doubling the TPE effect.
Secondly, the PNC np scattering observables were appropriately dealt with
by considering a real parahydrogen target. As a result, the neutron spin
rotation and polarization become a factor of 4 smaller than in the unrealistic
case of free target protons.

In Section 3.1, the PNC longitudinal analyzing power ĀL(~pp → pp) was
calculated by taking into account the electromagnetic and TPE effects in
various models. The Coulomb interaction plays virtually no role in the scat-
tering or transmission asymmetries. It was found that V̂ TPE

TO potential along
with the DDH model gives approximately equally sizable effects for the TPE
and heavy meson exchange throughout the energy scale. A nearly consistent
result comes also from V̂ TPE

K with the dipole form factor and Λ = 1.0 GeV
cut-off. However, it was found that V̂ TPE

D would have a very strong, perhaps
superficial, dependence on the form factor. Further, in line with the results
given by V̂ TPE

TO and V̂ TPE
K the inclusion of the N∆ intermediate states about

doubles the asymmetry.

It is shown in [1,50] that besides the TPE, a noteworthy PNC contribution
may also arise from the ∆-resonance within the coupled-channels technique
by employing a PNC one-meson exchange NN ↔ ∆N transition potential
based on the vertices and couplings of [36]. In [2], this approach is also
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applied to the asymmetries A~γ(~γd → np) and Aγ(~np → γd) in Sections
3.2 and 3.3. However, in these cases the leading ∆ contributions appeared
only as second-order corrections from the wavefunction distortions and no
significant ∆-effects were found. Because of the large uncertainties related
to the meson-N∆ couplings especially in the weak sector, the ∆ was otherwise
taken into account only to the extent it appears in the PNC TPE potentials
and exchange currents.

Three PNC observables for cold neutron interaction with parahydrogen
were calculated in Section 3.3. All the observables, the neutron spin rotation
d
dz
φ, polarization d

dz
P , and γ-asymmetry Aγ, were found to be dominated by

the pion exchange. The calculation employed the same EFT TPE models as
in ĀL and showed the same characteristic features. It was shown that even at
low energies the N∆ intermediate state plays an important role in the PNC
TPE by roughly doubling the effect. The OME contribution to d

dz
φ was

concluded to be a factor of two smaller than the most recent predictions and
that the TPE decreased it up to ∼ 30% further. The polarization d

dz
P was

considered rather uninteresting due to its small size. InAγ, the OPE currents
gave the expected increase for the M1 transitions but were insignificant for
PNC E1 ones. The asymmetry was found to arise almost completely from
pion exchanges, i.e. OPE weakened by TPE up to ∼ 20% or so. The ∆
appears not only as a significant factor in the PNC TPE potential but it is
also important in the PC sector where the ∆ exchange current correction
to the σcap(np → γd) is nearly a 4% and, therefore, the ∆ is an important
supplement to account for the experimental cross-section.

All in all, in spite of the inescapable model dependence of the PNC ob-
servables, the TPE causes most likely an important effect to them and should
not be ignored. The TPE correction within the models discussed in the the-
sis decreases the overall pion-exchange effect in the PNC neutron scattering
and absorption reactions by several percent at least. Especially in the case
of the PNC pp elastic scattering, which does not include the OPE, the TPE
can be more or less the dominant contribution unless the true value of h

(1)
π

is significantly smaller than that given by DDH. The PNC OPE and TPE
effects are unique in the sense that they depend only on one weak coupling,
namely h

(1)
π . Besides the DDH, there are various calculations [36, 98–104]

for h
(1)
π (ranging between 0 and 3.4 × 10−7) indicating a smaller value than

the DDH ”best” recommendation. However, past experiments in a compli-
cated nuclear environment seem to be in contradiction concerning h

(1)
π ; the
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18F experiments [105–108] suggest a relatively small value for it, while the
133Cs experiment [109] large. Be that as it may, ultimately, the ongoing
NPDGamma experiment [79], which aims to measure the γ-asymmetry Aγ

with high accuracy, or other future experiments will probably decide the
reliability of this value.
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