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Abstract 
 
The long-run average return on equities shows a sizable premium with respect to their relatively riskless alternatives, the short-run 
government bonds. The dominant explanation is that the excess return is compensation for rare but severe consumption disasters 
which result in heavy losses on equities. This thesis studies the plausibility of this explanation in a common theoretical framework. 
 
The consumption disasters hypothesis is studied in the conventional Lucas-tree model with two assets and with constant relative 
risk aversion preferences, captured by the power utility function. The thesis argues that this oft-used model is unable to account for 
the high premium, and a simulation experiment is conducted to find evidence for the argument. The consumption process is 
modelled by the threshold autoregressive process, which offers a simple and powerful way to describe the equity premium as a 
result of a peso problem. Two statistics, the arithmetic average and the standard deviation, are used to estimate the long-run 
average and the volatility of the returns. The simulated data is analyzed and compared to the real world financial market data. 
 
The results confirm that the potential for consumption disasters produces a lower equity premium than the case without disasters 
in the Lucas-tree model with power utility. The disaster potential lowers the average return on equity instead of increasing it. This 
result comes from the reciprocal connection between the coefficient of relative risk aversion and the elasticity of intertemporal 
substitution, and from the special nature of the equity asset, which is a claim on the consumption process itself.  The risk-free 
asset remains unaffected by the disaster potential. 
 
The equity premium remains a puzzle in this framework. The advantage of the threshold autoregressive consumption process is to 
show this result with clarity. Breaking the link between aversion to risk and intertemporal substitution is indeed one possible 
direction to take. Changing the assumptions about expected consumption or about the equity asset might offer another way 
forward. Another form of utility or another model is needed if the equity premium is to be explained in financial markets that are 
free of frictions. 
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Tiivistelmä 
 
Pitkän aikavälin keskimääräinen osaketuotto on huomattavasti korkeampi kuin lyhytaikaisten valtion velkakirjojen, jotka tarjoavat 
suhteellisen riskittömän vaihtoehdon. Vallitsevan selityksen mukaan havaittu tuottoero on korvausta harvinaisista ja vakavista 
kulutuskatastrofeista, jotka esiintyessään aiheuttavat merkittäviä tappioita osakkeille. Tämä työ tutkii selityksen uskottavuutta 
yleisesti käytetyssä teoreettisessa viitekehyksessä. 
 
Kulutuskatastofihypoteesia tutkitaan kahden arvopaperin Lucas-puu-mallissa. Agenttien mieltymyksiä kuvaa potenssihyötyfunktio, 
jolle on ominaista vakioinen suhteellinen riskin kaihtaminen. Tutkielmassa argumentoidaan, että malli ei kykene selittämään 
havaittua korkeaa preemiota, ja esitetään simulointikoe väitteen tueksi. Kulutusprosessia kuvataan autoregressiivisellä 
kynnysmallilla, jonka avulla osakeriskipreemion määräytyminen voidaan sujuvasti kuvata peso-ongelmana. Tuottojen pitkän 
aikavälin odotusarvoa ja volatiliteettia estimoidaan kahdella tunnusluvulla: aritmeettisella keskiarvolla ja keskihajonnalla. 
Simuloidun aineiston analyysia verrataan myös todellisiin havaittuihin tuottoaineistoihin. 
 
Tulokset vahvistavat, että kulutuskatastrofien mahdollisuus johtaa alhaisempaan osakeriskipreemioon käytetyssä Lucas-puu-
mallissa. Katastrofipotentiaali alentaa keskimääräistä osaketuottoa sen sijaan, että se nostaisi sitä. Tulos johtuu hyötyfunktion 
määräämien suhteellisen riskinkaihtamisen kertoimen ja intertemporaalisen substituutiojouston välillä olevasta yhteydestä, ja 
toisaalta osakearvopaperin luonteesta. Mallissa osakearvopaperi kuvaa oikeutta kokonaiskulutusvirran osuuteen. Riskittömään 
korkoon kulutuskatastrofien mahdollisuus ei vaikuta millään tavalla. 
 
Osakeriskipreemio jää selittämättä tässä viitekehyksessä. Autoregressiivisen kynnysmallin ansiona on kyky osoittaa tämä tulos 
selkeästi. Riskin kaihtamisen ja intertemporaalisen substituution kaihtamisen välillä vallitsevan yhteyden rikkominen on yksi 
mahdollinen etenemissuunta. Muita vaihtoehtoja ovat kulutusprosessin odotusarvojen tai osakearvopaperia koskevien oletusten 
muuttaminen. Toinen hyötyfunktio tai toinen malli on tarpeen mikäli osakeriskipreemio pyritään selittämään täydellisesti toimivilla 
rahoitusmarkkinoilla. 
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1 Introduction

This thesis contributes to the literature on the equity premium by offering a simple

argument for why the potential for consumption disasters is not a plausible explana-

tion for the observed high premium on equity in the Lucas-tree model (Lucas 1978)

with power utility. The grounds for this argument can be seen from the equilibrium

pricing conditions in the basic model with two assets. With a coefficient of relative

risk aversion above one the disaster potential results in a higher price and hence in

a lower return on equity. While important to the returns on equity, the disaster po-

tential has no effect on the risk-free returns in the applied model. The potential for

consumption disasters then lowers the long-term average premium on equity.

I conduct a simulation experiment to confirm this proposition. A threshold autore-

gressive (TAR) model with two regimes, the “normal” and the “disaster”, captures

the idea of potential disasters in the overall consumption. The asset pricing formulas

include expected future values of the consumption process, and I solve these condi-

tional expectations with numerical methods. The TAR model allows no closed-form

solutions. The potential for consumption disasters takes the form of the peso prob-

lem1, since the realized consumption process does not fall into the disaster regime

in the observed sample. The disaster regime is present only in the conditional ex-

pectations of future consumption, adding downward pressure to them.

I simulate a pseudo-history of 100 periods for the realized consumption and compute

the asset prices in every period. Both the equity and the risk-free asset are priced

according to rational expectations. From these realized values for consumption and

prices I calculate the realized returns in the consecutive 99 periods. The value of

realized consumption is also the paid dividend on equity. I study these returns to

draw conclusions about the model. The method is consistent with that of studying

the real world counterparts of per capita consumption and returns which are calcu-

lated from realized prices and dividends. I do not study expected returns, since the

conditional expectations are equal due to arbitrage prevention in pricing.

1As in Rietz’s (1988) original formulation.
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I report the results for different values of the two pricing parameters, the coeffi-

cient of relative risk aversion θ and the discount factor β. The information comes

in two statistics, the arithmetic average and the standard deviation of the returns.

For two baseline cases I show the figures depicting returns and premia. To distin-

guish between the effects of overall uncertainty and the potential for disaster regime

takeovers, I compare the returns between the disaster-prone TAR model with a sim-

ilar AR model without the disaster regime. The former model with disaster regime

produces a lower average premium on equity when the coefficient of relative risk

aversion θ obtains a value above one.

This result stems directly from the special structure of the Lucas-tree model. How-

ever, this model is widely applied in the literature on the equity premium.2 Two

properties cause the phenomenon. On the one hand, the model describes an en-

dowment economy and the equity asset represents this endowment. On the other,

power utility forces a reciprocal connection between the coefficient of relative risk

aversion and the elasticity of intertemporal substitution. If the former is θ, then the

latter is its inverse 1/θ. The aversion to risk and intertemporal substitution increase

together. The crux of the matter is that intertemporal substitution becomes inelas-

tic with relative risk aversion above one. Hence the model produces the somewhat

counterintuitive results.

Section 2 presents the background of the equity premium puzzle. The first part ex-

plores data and the second part reviews literature on the subject. Section 3 derives

the Lucas-tree model and provides the argument concerning the potential for con-

sumption disasters in an informal way. Section 4 explains the applied methods in the

simulation experiment. Sections 5 and 6 present results and discussion, respectively,

and section 7 concludes.

2Especially Mehra and Prescott (1985), Rietz (1988), and Barro (2006).
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2 The Background

The Equity Premium Puzzle is a well-known puzzle in the finance literature. This

section presents the empirical evidence of it. The empirical introduction is followed

by a short discussion about the relevant literature on the subject, and finally by

some detailed issues which a quantitative study on the matter has to address.

2.1 The Empirics

Stocks on average have been superior investments over the long-run, compared with

short-term government bonds (bills). The size of the average premium that the

return on equity commands over its riskless alternative varies depending on the used

data. Table 1 gathers a few estimates for different sets of countries and different

periods of time, as presented in some more or less recent studies on the subject. The

mean of the differences in yearly returns, as estimated by the arithmetic average,

is somewhere between 6 and 7.5 per cent over a century long time series. Standard

deviations are reported in parentheses if they are reported in the study in question.

These numbers come from the authors’ own calculations or from the Global Financial

Data which is discussed in Taylor (2005). The “20th century” time period includes

series from different countries with different starting years, some beginning in the

late 19th century and some in the early 20th.

It seems that there is a consistent premium on equity (stocks) over bills in all

developed countries with sophisticated financial markets. The term Equity Premium

is coined to denote this observation. The emphasis is specifically on the long-term,

when the average may contain useful information beyond short run fluctuations.

Earlier research centers on the U.S. data which probably has been more readily

available. In the United States the premium is considerably higher in the latter half

of the 20th century than in the former (Mehra and Prescott 2003). This historical

fact may carry economic relevance, although it is not my central concern. The

riskless returns also have an interesting long-run characteristic. Their level is quite

low, close to one per cent across the board.
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Table 1: Arithmetic Averages of Real Percentage Returns

Study Time Period Equity Riskless Equity Premium

Mehra and Prescott (1985) 1889–1978 7.0 (16.5) 0.8 (5.9) 6.2 (16.8)
(U.S. data)

Mehra and Prescott (2003) 1946–2000 9.0 0.7 8.4
(U.S. data)

Barro (2006) 20th century 7.1 -0.1 7.2
(7 OECD countries)

1954–2004 8.7 1.7 7.0

Barro and Ursúa (2008) 20th century 8.1 (24.5) 0.9 (8.8) 7.2
(17 countries, 3 non-OECD)

Barro (2009) 1880–2005 7.5 1.0 6.5
(11 OECD countries)

Mehra and Prescott (1985) initiated a research agenda on the premium which is

strongly alive today. Figures 1 and 2 plot the same data they use in their original

1985 paper to exhibit the equity premium observation.3 The estimates on the top

row in Table 1 are calculated from the same data. The red line in Figure 1 depicts

the yearly return on equity and the blue line depicts the yearly riskless return.

Figure 2 shows the yearly equity premia, and the flat line in the middle exhibits the

arithmetic average over the whole period. This data on returns is a bit old as it goes

from 1889–1978. On the other hand, the average returns are reasonably similar to

more present day studies despite the lack of the last 35 years, as Table 1 indicates.

To borrow the authors’ own terminology, their order of magnitude is in the same

class.

Figure 1 contains two calculated time series. The first one (red line) is the annual

real return on S&P 500 Composite Stock Price Index, representing equity. The series

includes dividends, such that the returns involve both the paid dividends and the

price changes. The second series (blue line) is the annual real return on the three

3The data can be found at http://www.academicwebpages.com/preview/mehra/. I down-
loaded it in October, 2012.
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Figure 2: The Yearly Equity Premium 1889–1978.
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month U.S. Treasury bill or equivalent for earlier periods. These earlier equivalents

are Treasury certificates for the 1920–1930 period and sixty-day to ninety-day prime

commercial paper before 1920. Both series are deflated by a consumption deflator to

eliminate the effect of inflation.4 The equity premium series in Figure 2 is calculated

by subtracting the yearly riskless return from the yearly return on the S&P 500

index. There is a justified argument against using a single stock market index to

represent the totality of equity, as well as there is another against treating short-term

government debt as completely risk-free. However, using them as proxies seems to

be somewhat a convention. Hence I take the justification of their representativeness

as given in what follows.

The arithmetic means of the returns are 7 per cent on equity and 0.8 per cent on

bills, yielding an equity premium of around 6 per cent. These numbers are not

instantly clear after taking a quick glance at Figures 1 and 2. The volatility or

the variation over time in both returns is remarkable. The series on the premium

seems a bit more aggressive in this respect than either one of the returns. Its overall

pattern looks very similar to that of the returns on equity. This observation may

indicate that the premium is driven mainly by equity.

The intertemporal models that attempt to explain the premium always relate to the

consumption component of GDP. The intuition behind these consumption-based

models claims that households only care about their consumption, and that con-

sumption smoothing is the motivation behind holding assets. Figures 3 and 4 show

the development of real consumption per capita in the United States in 1889–2009.

Figure 3 graphs the consumption per capita on the logarithmic scale. The smooth

line depicts the long-run trend as obtained by the Hodrick-Prescott filter.5 Figure

4 shows the cyclical component, as given by the difference between the realized

consumption and the trend. The numbers are in 2005 dollars, representing real

consumption. This data comes from Robert Shiller’s website.6

Per capita consumption shows a clear growth trend over the long run. There is also a

4See Mehra and Prescott (1985) and its references for a more thorough description of the data.
5I use the two-sided filter with the trade-off parameter λ = 100.
6http://www.econ.yale.edu/ shiller/data.htm. I downloaded the data in October 2012.
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fair amount of volatility as Figure 4 illustrates. During this 121 year period the U.S.

economy has experienced only one consumption disaster at the time of the Great

Depression. Even this period of decline is relatively modest and the recovery comes

fairly quickly after a few catastrophic years. Without undermining the severity of

the Great Depression, the U.S. experience over the long run is relatively great with

only a handful of disastrous years.

2.2 Literature Review

Why do equities yield more on average than short-term bonds? Piazzesi (2010)

states that in frictionless markets with optimizing agents the higher required return

on equities can be explained in two ways: either people are highly risk averse, or

they perceive equities much riskier than bills. These explanations apply both with

and without any time-variation in risk aversion or risk itself. In the first case the

small differences in perceived riskiness between the asset classes amount to large

differences in required returns. In the second the much higher perceived riskiness

of equities results in notable differences in required returns, even with rather mild

risk aversion. Both answers as such make sense and provide a lucid account of the

observation. In what sense is the equity premium then a puzzle?

Mehra and Prescott (1985) are the first to dub it a puzzle in their seminal paper.

They take the evidence on households’ risk aversion, and both the time series prop-

erties of asset returns and per capita consumption, and try to combine these in a

Lucas-tree asset pricing model (Lucas 1978). They find that the model is unable

to produce the observed high average premium on equity. With reasonable values

for the coefficient of relative risk aversion they end up with too high a risk-free

interest rate and too low an equity premium. With equity premium of a right or-

der of magnitude both the asset returns and the risk aversion get too high. Mehra

and Prescott (1985, 2003) emphasize that the puzzle is a quantitative one, as the

“stocks are riskier” explanation is plausible in qualitative terms. The puzzle arises

since their model fails to account for it. They conclude that some sort of market

frictions need to be introduced in order to solve the puzzle.
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However, there are ways to go about the issue while maintaining the frictionless mar-

ket framework. Piazzesi (2010) discusses some recent approaches taken in research.

She focuses on four main explanations for the equity premium. First, there is the

time-varying risk aversion or “habit persistence” (Campbell and Cochrane 1999).

Second, the premium might be the result of heterogeneity in agents (Constantinides

and Duffie 1996). Third, worries of long-run risk as small but persistent changes in

consumption growth could produce it (Bansal and Yaron 2004). And fourth, there

is the rare disasters approach. These models base themselves on representative con-

sumption and its development. Each one of them also abstracts away from market

frictions.

Moreover, the returns are nothing like constant over time, but instead exhibit a lot

of variation (cf. Figure 1). To some extent there is predictability in returns, as low

stock valuations in downturns tend to be followed by higher returns in the future,

and vice versa. This phenomenon can be accounted for by introducing time-varying

risk aversion (Campbell and Cochrane 1999) or time-varying risk (Bansal and Yaron

2004). One way or the other, there has to be some economic mechanism to explain

the volatility, hence the requirement for a time-dependent factor.

There are two things for the models to address at the same time, then. For starters,

there is the rather high equity premium on average. Secondly, there is the volatil-

ity in the returns on stocks and bills. Many of the more recent studies in the

consumption-based asset pricing literature try to address this dual challenge. Much

of the ongoing research is done on the rare disasters framework. It is also the one

taken up below. This tradition begins with Rietz (1988) who sets himself to solve

the original equity premium puzzle that was introduced by Mehra and Prescott

(1985).

The idea runs in the following manner. What you observe in one country’s, say the

United States’, consumption data is not necessarily everything there is. Rietz (1988)

claims to solve the puzzle by allowing for a low-probability depression-like state in

the consumption process, which is stochastic in the modeling framework. People

then require compensation due to the unlikely disaster event, and the equilibrium

13



prices end up being lower than seems rational in ex post evaluation of the data.

Rietz does not consider the real world distribution of disasters but solves instead

the suitable probabilities and sizes which would result in somewhere around the

observed equity premium. He models both the degree of risk aversion and the

disaster risk as time-invariant.

There are basically two ways to approach the rare disasters idea, as noted in Piazzesi

(2010). Rietz (1988) is an example of the first which takes the form of the peso prob-

lem.7 According to this line of thought there are unobservable expectations which

affect the pricing behavior. The expectations may be there even if the relevant data

sample representing the past doesn’t include anything which resembles the expected

event. As Rietz puts it, people get compensation for the crash that happened not

to occur. Nevertheless, the crash affects the pricing behavior if it is present in the

expectations, even with a low probability.

Another way to go about the disaster framework is to look at the historical record

and to calibrate the model parameters concerning disaster probability, size, and

duration according to them. The calibration requires assuming time-invariance in

both the probability distribution and the size distribution of disasters. This line

of research is taken up for example in Barro (2006), Barro and Ursúa (2008), and

Nakamura et al. (2010). The approach is in a sense more based on reality although

it has its potential shortcomings as well. The disaster events are by definition

rare, and we probably don’t have data on such events when the disaster has been

truly severe. On top of that the reliable data for the handful of countries go at

best about a hundred years back. Nonetheless, it is a heavily pursued approach in

recent research and probably a reasonable one, considering the lack of alternatives

in empirical work.

Barro (2006) studies disaster frequencies as historical cumulative drops in gross do-

mestic product (GDP) in Maddison’s (2003) data sample of 35 countries. He finds

an average disaster probability of 1.7 per cent per year, and a mean drop of 29 per

cent of GDP in a disaster. Barro calibrates a Lucas-tree model according to the

7See Lewis (2008) for a general introduction.
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observed quantities and finds that the observed equity premium can be achieved

with a coefficient of relative risk aversion of four. Barro and Ursúa (2008) apply a

similar method in a calibrated model, using also data on per capita consumption

in 24 countries. Their results are roughly in the same magnitude. Focus on con-

sumption disasters instead of GDP disasters is most likely more consistent, since the

consumption component does not usually decline as heavily as GDP in recessions.

The crucial assumption in the models indeed is that agents derive their utility from

consumption alone, thus ignoring other factors like business investment which tends

to decline more in downturns.

There are two major criticisms to this Rietz-Barro framework discussed above (Naka-

mura et al. 2010). One is that it ignores the quick and strong recoveries that usually

follow directly after the peak-to-trough decline (Gourio 2008). Another is that they

take the drop as occurring instantly or in a single year (Constantinides 2008). Both

assumptions are naturally made for analytical convenience, as they are clearly re-

futed by data. Nakamura et al. (2010) argue that a world with disasters that are

followed by recoveries with stronger growth is far less risky than the one without

them. In Barro (2006) and Barro and Ursúa (2008) the authors also keep the disas-

ter probabilities constant over time, an assumption which could well be criticized,

too.

Barro and Ursúa (2009) study both consumption and stock market data for 25 coun-

tries, and find that the market crashes move together with consumption disasters.

They use a “flexible timing” assumption to deal with the fact that financial mar-

ket data is usually disturbed by price controls during some disaster periods such

as World War II in several countries. To some extent the crashes seem to pre-

dict declines in consumption, thus giving support for the consumption-based pricing

models. The findings are in accordance with their previous work, allowing for the

familiar asset pricing formula to generate a reasonable equity premium. Like before,

they insist that the coefficient of relative risk aversion has to be somewhere between

three and four.

Nakamura et al. (2010) take the approach a little further by using a revised version
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of the same data that is used in Barro and Ursúa (2008). They estimate an empirical

model which allows for persistent drops and subsequent recoveries in consumption,

thus making the disasters unfold over several years. The average drop in consump-

tion during a disaster is estimated to be around 30 per cent, but roughly half of it

is regained shortly in the following recovery. The model is able to produce a pre-

mium on equity, even though not as high as in models without the recovery effect.

As a distinctive feature in their work the elasticity of intertemporal substitution is

required to be large in addition to the coefficient of relative risk aversion, due to the

multi-period nature of consumption disasters.

Ghosh and Julliard (2012) are more skeptical about the rare events hypothesis’ abil-

ity to explain the observed equity premium. They simulate counterfactual histories

and argue that the equity premium puzzle is unlikely to rise with reasonably low

levels of risk aversion, such that “the puzzle itself is a rare event”. They end up

rejecting the Consumption Capital Asset Pricing Model which is in practice similar

to the Lucas-tree model.

2.3 Special Issues

The consumption-based asset pricing models face more than one stylized fact that

need to be explained. I cover shortly three major issues, namely those of the ex-

planatory target, the preferences, and the consumption process.

It is important to bear in mind what the model is trying explain. While Rietz’s

(1988) original formulation may be too crude to address the multitude of stylized

facts in the financial markets, it reaches its one goal in explaining the high average

premium on equity. A more general model specification might try to achieve the

same, and explain the observed high volatility, too. This object is the explicit goal of

Wachter (2008), who lets the disaster probability vary over time. It is also the goal

of this thesis to address both the high average premium and the high volatility in the

returns and the premia that are observed in data. On the other hand, Gabaix (2008)

introduces a rather general framework and attempts to account for ten different

16



puzzles in macro finance, only one of which is the equity premium puzzle.

Representative agent framework is a standard approach in the finance and macroe-

conomics literature due its tractability. While this simplification certainly does not

do justice to the real world heterogeneity between agents, it is a powerful tool to

provide insights about optimal behavior in a common environment. The question

concerning preferences comes down to the form of the utility function. Mehra and

Prescott (1985), Rietz (1988), Barro (2006), and Ghosh and Julliard (2012) use

a time additive power utility. While this specification has its definite advantages,

there is also one quite strong and perhaps unjustified assumption behind it. The

coefficient of relative risk aversion is the inverse of the intertemporal elasticity of

substitution. This constraint is the main reason for some of the more recent papers’

adoption of the Epstein-Zin-Weil (EZW) utility (Epstein and Zin 1989; Weil 1990).

It treats those two parameters as separate while maintaining other useful properties.

The EZW preferences are used in Bansal and Yaron (2004), Barro and Ursúa (2008),

Barro (2009) and Nakamura et al. (2010). However, the EZW utility complicates

the analysis, since in general it does not have a closed-form solution. Hence the

power utility should not be abandoned without powerful evidence of its shortcom-

ings. Yet these utility functions only consider the aggregate consumption as their

arguments. A more general approach might include goals other than consumption

maximization, too.

The third issue concerns the specification of the consumption process. A consumption-

based model states that people only care about their consumption in the current and

the future periods. Thus the main component of these models is the usually exoge-

nous consumption process. The probability of a consumption disaster is the explicit

probability of the consumption process declining heavily in the next or some other

future period. Mehra and Prescott (1985, 2003) used symmetric probability distri-

butions to describe the evolution of the consumption process, while Rietz (1988),

Barro (2006) and their successors gave the process a leftward or downward bias.

This way disasters become possible, and they do not average out with as likely pos-

itive shocks. The usual approach taken up in Barro (2006, 2009), Barro and Ursúa
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(2008) and Nakamura et al. (2010) is to model the shocks as independently and

identically distributed, mainly for the sake of simplicity. Once this assumption is

relaxed, the results may change as well.

3 The Model with Consumption Disasters

The following model is known as Lucas’ (1978) fruit-tree model for asset pricing, in

which the agents have power utility and there are two assets. Let’s say we have an

agent who lives multiple periods. She is only interested in consumption, the amount

of which she tries to maximize in every period. This amount of consumption in

period t is expressed by the aggregate consumption Ct. The consumption preferences

are described by the intertemporal utility function,

E0

∞∑
t=0

βtU(Ct), U(Ct) =
C1−θ
t − 1

1− θ
, (1)

in which the periodic utility U(.) is of the constant relative risk aversion (CRRA)

type, known as the power utility in the economics literature. The parameter θ

is the coefficient of relative risk aversion, and its inverse (1/θ) is the elasticity of

intertemporal substitution for consumption. The periodic utility is logarithmic at

the limit θ = 1. Parameter β is the discount factor which provides an implicit

description of the agent’s subjective rate of time preference. It determines the rate

at which the individual is indifferent between swapping utility today (t = j) for

utility tomorrow (t = j+ 1). E0 is the conditional expectation operator conditioned

on the information available at the current period, which is period 0 in equation

(1).

The agent lives in a pure endowment economy. She can not affect the amount of

production in any period, but only consumes what the economy happens to produce.

There are financial markets with two types of assets, which I label the equity and

the risk-free asset. These assets are freely traded without incurring any costs. The

equity asset entitles its owner to a share of total production in the economy in every
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period t. The risk-free asset, purchased at time t + j, entitles its owner to exactly

one unit of consumption in the next period t + j + 1. After receiving the one unit

in the next period the risk-free asset expires and becomes worthless. The property

rights are completely secure and the payoff of the risk-free asset is certain, which

just means that there is no default possibility. The agent thus faces the periodic

budget constraint

Ct = Ytet−1 + Pt(et−1 − et) + ft−1 − P f
t ft. (2)

Yt is the amount of the produced output which is allocated to one equity claim. The

variables et and ft are the amounts of equity and risk-free assets held at the end of

period t, and Pt and P f
t are the prices of equity and the risk-free asset at the end

of period t, respectively. The changes from one period to another in amounts et

and ft can be arbitrarily small. The equity asset is traded ex dividend, so the first

dividend payment is received in the next period after purchasing an equity share in

the current period.

Now imagine there is a whole economy filled with people like described above. All of

them have the same preferences as our representative agent does. Each agent holds

the same amount of equity, and no one holds the risk-free asset in the beginning of

the first period when t = 0. There are no frictions or informational asymmetries.

Competitive prices for both assets form in the financial markets. The first order

conditions for the two prices in equilibrium are

Pt = Et

[
β

(
Ct+1

Ct

)−θ
(Yt+1 + Pt+1)

]
(3)

P f
t = Et

[
β

(
Ct+1

Ct

)−θ]
. (4)

The price of the risk-free asset is the stochastic discount factor (SDF) in the economy.

It varies between periods and is the same for all assets during a certain period.

Equivalently, the inverse of the risk-free asset price (1/P f
t ) determines the gross real
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rate of interest in the economy in period t. It is both a function of the preferences,

as described by β and θ, and the amounts of consumption in the current and the

next period, Ct and Ct+1. Since the value of consumption in the next period Ct+1

is unknown, people form a rational expectation about it and use this value to set

a price on the one unit of consumption they can receive in the next period. To

prevent arbitrage, the equity asset is priced accordingly by using the same real rate

of interest (or SDF) when the agents discount the payoff of equity. This payoff

(Yt+1 +Pt+1) is also unknown at time t, so rational expectations about its value are

used as well. The two assets are thus expected to produce the same return given

what people know in the current period. The pricing process ensures that everyone

remains indifferent between buying or selling. Agents hold instead the same amount

of equity that they began with, and nobody holds the risk-free asset.

Suppose further that the output Yt is perishable. The productive side of the economy

is like a fruit-tree, and the consumable output consists of the fruit. It can only be

consumed in the current period t after which it deteriorates and can not be used

for anything. This assumption guarantees that saving in the traditional sense is not

worthwhile. Giving up some consumption today in order to have the saved amount

available tomorrow does not work, since tomorrow the saved output is no longer

consumable. On the other hand, the existence of financial markets creates another

possibility to save. Both the equity and the risk-free asset are claims on future

consumption. If the agent finds another who is willing to sell an equity share or

a risk-free asset for some amount of output in the current period, she can increase

her future consumption by decreasing the current consumption. She is in effect

then saving. The point of holding assets in the first place is to be able to smooth

consumption over the life cycle. Let’s normalize the amount of equity held in the

first period e0 to one. Due to the perishable nature of the output, the equilibrium

prices are

Pt = Et

[
β

(
Yt+1

Yt

)−θ
(Yt+1 + Pt+1)

]
(5)
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P f
t = Et

[
β

(
Yt+1

Yt

)−θ]
. (6)

Yt+1 and Yt substitute for Ct+1 and Ct. With pricing based on rational expecta-

tions, the agent continues to hold exactly one share of equity in every period. Her

consumption Ct in any period t is completely described by what this one share of

equity entitles her to consume. The equity asset is thus no standard capital asset

with plenty of alternatives around. Its discounted stream of dividends is the dis-

counted stream of representative or per capita consumption in the economy. The

current period price Pt can be iterated forward to get

Pt = Y θ
t

∞∑
j=1

βjEt
[
Y 1−θ
t+j

]
= Y θ

t

∞∑
j=1

βjEt

[
1

Y θ−1
t+j

]
. (7)

I find the latter form on the right-hand side more revealing. Equation (7) assumes

nothing else of the future values of consumption than that they are unknown, and

hence treated as random variables. The price includes forecasted or expected values

for consumption from the next period to infinity, discounted by the suitable factor.

The usual assumption about the coefficient of relative risk aversion θ goes that it

is above one. Notice that with θ > 1, the equity price is a decreasing and convex

function of the future value of consumption Yt+j. This observation carries some

economic significance. Lower values of future consumption increase the current

price of equity. The gross returns on the two assets are

1 + rt =
Yt+1 + Pt+1

Pt
(8)

1 + rft =
1

P f
t

. (9)

Due to rational expectations in pricing, the expected returns conditional on infor-

mation at time t are both equal to the real rate of interest, which is the certain

return on the risk-free asset. The returns in (8) and (9) are calculated ex post or

after the fact. The realized equity return most likely differs from its expected return.
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The uncertainty at time t relates to both the realized value of next period consump-

tion Yt+1 and the resulting realized next period price Pt+1. This uncertainty is the

primary reason for the difference between the realized returns on the two assets.

The potential for consumption disasters is another factor which contributes to the

difference.

The idea of consumption disasters as an explanation for the high premium on equity

goes as follows. People know that on rare occasions a disaster hits the economy.

During these events consumption drops heavily. Even though the current state of

the economy is normal, this inherent disaster risk gets priced into equity. Depending

on the structure of the consumption process, it could get priced into the risk-free

asset, too. In the fortunate case in which no disasters take place in the near future,

the holder of equity gets compensation for the possible disaster that failed to occur.

This compensation comes in the form of higher returns. Equity then must have been

priced too low since the return is higher than the rationally expected one, allowing

for the risk of disasters. Allowing for this risk means that more probability mass is

allocated to lower values for future consumption Yt+j. However, the risk adjustment

results in an increase in the conditional expectation Et[Y
(1−θ)
t+j ] as in (7). Increasing

this conditional expectation also increases the price in the current period.

It is a bit peculiar that the effect of potential disasters on the equity price should

go in this direction. Usually if you expect to get lower dividends in the future, you

are willing to pay less for the privilege to receive those dividends. The rationale lies

in the all-encompassing nature of the equity asset and the special structure of the

preferences. In the above model the totality of consumption is captured by the payoff

of equity, and nothing else. If consumption is expected to decline in the future, so

is the payoff of equity, since they are the same thing. With a relative risk aversion

θ above one, the elasticity of intertemporal substitution in consumption (1/θ) is

below one. The less elastic the intertemporal substitution gets, the less tolerant our

agent becomes to variability in her consumption between different periods. With

low levels of elasticity people strongly want to consume the same amount in every

period. If you have plenty today and are going to have seemingly less tomorrow,
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bringing those two amounts closer to each other means transferring some of today’s

consumption to tomorrow’s consumption. However, the only way for the agent to

smooth her consumption is to trade in the financial markets, by trying to buy more

of the equity asset today and thus grow the amount of entitlements to tomorrow’s

total consumption. This willingness to purchase more equity results in a higher price

on equity today. On average and in the long run, this effect should also result in

lower returns on equity and hence in a lower equity premium.

The equity return is sometimes expressed as equaling the risk-free rate plus a pre-

mium for bearing a risk, which is captured by the covariance of the equity return

with marginal utility of consumption.8 Such assets whose payoffs covary positively

with total consumption in the economy command a higher premium in returns, since

they are not very helpful with the intended consumption smoothing. However, the

equity asset in the current model does not only covary positively with consumption,

but is instead inseparable from it. The agents have nowhere else to go if they want

to save.

The main argument of this thesis stems from these considerations. In a Lucas-tree

model with power (or CRRA) utility and two assets described above, the equity

premium is plausibly not a result of the potential for consumption disasters. Instead,

the disaster effect runs in the opposite direction. The risk of consumption disasters

results in a lower average premium on equity than what it would be without this

risk. In the following sections I conduct a simulation experiment to see whether the

theoretical argument is in accordance with data generated from the above model

with an exogenous and stochastic consumption process.

4 Methods

I use the threshold autoregressive (TAR) process to model the exogenous consump-

tion. The model suits well for describing the potential disasters in consumption. I

simulate a sample path of realized consumption, compute the prices in every point,

8See for example Cochrane (2011), Mehra and Prescott (2003), or Campbell (2000).
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and calculate the realized returns. This data can then be studied to draw conclu-

sions about the underlying model. This section goes through the methods I apply

in the simulation experiment.

4.1 The Demand

The equilibrium conditions for the prices of equity and the risk-free asset are

Pt = Et

[
β

(
Yt+1

Yt

)−θ
(Yt+1 + Pt+1)

]
(10)

P f
t = Et

[
β

(
Yt+1

Yt

)−θ]
(11)

{Yt} is a stochastic process.

Pt and P f
t refer to the period t prices of the equity and the risk-free asset, respec-

tively. Yt is the dividend which one equity share is entitled to receive in period t.

Et denotes the conditional expectation operator which includes all the information

available before and during period t. Parameter β is the constant discount factor

which lies somewhere between zero and one, but much closer to one. The agents

have power utility, and thus θ is the coefficient of relative risk aversion. The inverse

(1/θ) is the elasticity of intertemporal substitution in consumption. Both prices

contain future values of consumption which are unknown at time t. The risk-free

asset price is a function of the next period consumption, whereas equity price is a

function of both the next period consumption and the next period price. Iterating

the equity price forward leads to a function of all the future values of consump-

tion as in equation (7). Moreover, the prices are nonlinear functions of the future

values.

This nonlinearity is inconvenient for the purpose at hand and I therefore introduce

a modification. Let’s assume that the system has a long-run steady state to which

it converges over time. This assumption implies above all that the consumption

process is stationary. Then it is possible to approximate the equilibrium prices with
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the first order Taylor expansion around their steady states. In effect the prices are

thus loglinearized, and the equilibrium conditions can be expressed like in equations

(12)–(13). A small letter here denotes the natural logarithm of the capital letter,

such that pt = logPt and yt = log Yt.

pt = (1− β) log
β

1− β
+ βEt [pt+1] + (1− β − θ)Et [yt+1] + θyt (12)

pft = log β − θEt [yt+1 − yt] (13)

{yt} stochastic, stationary process.

The logarithms of the relevant variables now describe the equilibrium conditions and

the formulas are linear in all parameters. Stationarity of the consumption process

is explicitly noted. However, these equations are merely approximations. They

do not state the exact prices, or the logarithms of the exact prices. The formulas

approximate price deviations from their steady state values, and the description

certainly becomes less accurate the further away the system is from this steady

state. I take them as accurate, but strictly speaking they are not.

4.2 The Consumption Process

I refer to {Yt} as the consumption process, since the produced output can only be

consumed or traded against a claim for future output, which itself can then be con-

sumed or traded away, and so on. In this framework the terms consumption and

dividend refer to the same quantity Yt, so I use them interchangeably. The loga-

rithm of consumption yt (log consumption henceforth) follows a first order threshold

autoregressive or TAR(1) model. Saikkonen and Ripatti (2000) show how the TAR

model is able to produce peso premia. Equation (14) characterizes the process.

yt = µ+ φyt−1 − δI(yt−1 ≤ c) + εt, εt ∼ N(0, σ2) (14)

This model is a close relative to the regular autoregressive model, but it has a special
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property. The indicator function I(yt−1 ≤ c) causes a regime change should its

condition be fulfilled. The process behaves according to a first order autoregressive

model as long as it stays above the threshold value c. µ is the drift parameter, φ is the

AR(1) coefficient, and εt denotes the error term. The error terms are white noise.

Once the process gets a value at or below the threshold c the indicator function

activates, thus imposing a subtraction of the amount δ from the drift parameter µ.

The process shifts to a lower level as the second regime takes over. A shift back

to the original regime takes place right after the process attains a value above the

threshold c.

I call the first regime the “normal” and the second one the “disaster” regime. Under

the normal regime log consumption fluctuates around its unconditional mean µ/(1−

φ), just like a simple AR(1) model. When the indicator function activates, the

process shifts to the disaster regime. Under the disaster regime it fluctuates around

the lower unconditional mean (µ−δ)/(1−φ) before returning at some point back to

the normal regime. The model captures the year-to-year variation in both normal

times and when the disaster occurs.

However, consumption does not grow over time. TAR(1) model describes a sta-

tionary process jumping between two stationary states. We can interpret it as an

account of the cyclical component of consumption. Although real consumption per

capita exhibits a growth trend, this trend is excluded from the approach. Allowing

for growth over time would result in nonstationarity of consumption which violates

the crucial assumption which is used in the Taylor approximation. The focus on the

cyclical component excludes one possible source for the observed equity premium,

which is the long-run development of dividends. On the other hand, it highlights

the role of short-run fluctuations which surely play a part in asset pricing.

4.3 The Simulation Model

I use the following model to calculate the prices for equity and the risk-free as-

set.
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yt = µ+ φyt−1 − δI(yt−1 ≤ c) + εt, εt ∼ N(0, σ2) (15)

pt = log
β

1− β
+ θyt +

∞∑
j=1

βj−1(1− β)(1− θ)Et[yt+j] (16)

pft = log β − θEt[yt+1 − yt]. (17)

The logarithm of the equity price pt is solved as a function of the current and the

expected future values of the log consumption process, conditional on the informa-

tion available in period t. The current period t value of log consumption yt and

knowledge of the structure of the consumption process represent all the relevant

information.

The purpose is to produce a hundred periods long time series data from the given

model, one observation per year. We can observe the outcome and judge whether

the model is able to produce similar return behavior than what is observed in the

financial markets. The first step is to simulate a hundred observations from the log

consumption process. They represent the realized consumption, the value of which is

known to the representative agent in period t. It describes the state of the economy.

This realized consumption also forms the basis for asset pricing in every period from

the first to the 100th. The peso problem is present in such a way that the realized

process takes only values under the normal regime, so the observed data sample

does not include a consumption disaster. I run the simulation several times until

I get a sample where the disaster regime does not appear. The possibility of the

disaster in some future period is present in every period t, and thus affects pricing.

I set the simulation start at value y0 = 0 and let it run twenty extra observations,

then drop the first twenty from the beginning and use the rest of the series as the

realized consumption. This procedure serves as a trivial way to avoid choosing a

specific initial value.

Using the realized log consumption values I calculate both the log equity price pt

and the log risk-free asset price pft according to their above formulas. The price

of the risk-free asset as the price of a one period bond includes the conditional
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expectation of the next period consumption. The equity price includes expected

values of the process from the next period to infinity, conditional on the current

period information. To calculate the prices, I need to solve these expectations.

Solving the conditional expectations is the part in which numerical methods can

help further. There are no simple closed-form solutions available, so open-form

solutions have to be applied.

Take the first period t = 1 as an example. The realized log consumption y1 is above

the threshold value c and the process is under the normal regime. The expected value

of consumption for the next period could be solved directly by stating E1[y2] =

µ + φy1, given that we know the random part ε2 follows a white noise process.

However, continuing in this fashion for every future period fails to take account of

the disaster possibility. Nothing excludes the unlikely event that the consumption

process undergoes a regime change in the next period or some other period in the

future. Thus I can not simply state that E1[y3] = µ + φE1[y2] = µ + φµ + φ2y1,

and so on for all the period t = 1 conditional expectations of later values of the

consumption process.

Saikkonen and Ripatti (2000) apply a simulation procedure to a similar problem of

solving the conditional expectations. The method is originally proposed in Clements

and Smith (1997). The starting point is the current period value of log consumption

y1. Given this value, I simulate one possible future path of the log consumption

process from the next period t = 2 to t = (1 + J), in which J is sufficiently large

to reasonably approximate infinity. In this case, J = 1000, so the future path of

the process goes a thousand years ahead. Then I simulate another future path for

the process in a similar manner, continuing until I have a very large number I of

possible future paths for the process. In this case, I = 10 000, so there is in total

10 000 alternative future paths which all go 1000 periods ahead from the current

period.

The conditional expectations E1[y1+j] can then be solved in the following manner.

I take an arithmetic average over the first simulated values j = 1 in all possible

future paths, and the result is an estimate for E1[y2]. It is an average over 10 000
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observations. Estimate for the conditional expectation two periods ahead E1[y3]

comes in a similar manner, by taking an arithmetic average over the second simulated

values j = 2 in the 10 000 future paths. Continuing like this gives us estimates for

the expected values of the log consumption process E1[y1+j] one thousand periods

ahead, each of them being an average over 10 000 observations. This procedure

allows the possibility of the disaster regime taking over in virtually any period,

and in some simulated paths it naturally happens. While the disaster regime is

not observed in the realized consumption process, its possibility is there to shape

expectations, thus adding downward or upward pressure to the equity price. I go

through the same computations for every period from t = 1 to t = 100 to produce

the data for all the hundred periods.

After the computations there is data over the 100 periods for three variables, namely

the log equity price pt, the log risk-free asset price pft and the realized log consump-

tion yt. However, the driving force behind my interest is the premium that equity

commands over the riskless alternative. This premium is expressed in terms of

returns, and those remain to be defined.

4.4 The Returns

Both the gross returns on equity, the gross returns on the risk-free asset, and the

equity premium are calculated according to following equations

1 + rt =
Yt+1 + Pt+1

Pt
=

exp[yt+1] + exp[pt+1]

exp[pt]
(18)

1 + rft =
1

P f
t

=
1

exp[pft ]
(19)

EPt = rt − rft . (20)

In equations (18)–(20) exp[.] refers to the exponential function. The return on

equity is the sum of the next period dividend and the next period market price (the

payoff) divided by the current period price that must be paid to buy the asset. The
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return on the risk-free asset is its next period payoff, which is always equal to one

unit of consumption, divided by the current period price. The risk-free asset return

represents the real rate of interest at the given period t. The equity premium is

usually expressed as the difference of the net returns like above, but it’s the same

thing as with gross returns since the 1s in gross return formulas cancel each other

out. These formulas do not exhibit any expected values as the variables are those

that actually occur. The method is consistent with that of calculating returns of real

world data with equity indices and short-term interest rates in which only realized

prices and dividends are used. With data of prices and dividends for a hundred

periods it is possible to calculate returns for 99 periods for equity and 100 periods

for the risk-free asset. I use the 99 periods which lapse over the same time span to

get comparable results. After these calculations there is returns data on both equity

and the risk-free asset for 99 consecutive periods, given the realized values of the

consumption process, which in this case also represent the dividends paid out to one

share of equity.

I apply two statistics, the arithmetic average and the standard deviation, to describe

the distributions of the returns and the premia. I calculate them from the realized

returns. The arithmetic averages are estimates for the long-run returns, and their

difference is an estimate for the long-run equity premium. The standard deviation

is a measure of the degree of variation (or the volatility) of the series. The two

statistics compress the relevant information about the returns, even though they

are possibly not comprehensive descriptions of the distributions.

The difference between the return on equity and the risk-free asset results mainly

from uncertainty. With rational expectations and free trading, there is no possibility

for arbitrage. The expected returns are hence equal. However, the realized return on

equity practically always differs from that of its expected return. The realized next

period consumption and the next period equity price almost never equal those of

their rationally expected values in the current period. The realized equity premium

is a result of this uncertainty, and it is either magnified or attenuated by the potential

for consumption disasters. We need a way to distinguish the disaster effect from the
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overall uncertainty.

4.5 The Peso Problem

Peso problem refers to a situation in which unobserved expectations about the future

affect the value of a variable today. If there is something in those expectations which

fails to occur, the variable may seem wrongly determined after the fact. In the

current application the possibility of the disaster regime taking over may reduce or

increase the price of the equity asset. If the normal regime remains and no disaster

takes place, the asset seems like mispriced from the perspective of hindsight.

I refer to the phenomenon caused by the peso problem as peso premium, following

the concepts developed in Saikkonen and Ripatti (2000). It is the premium caused

by the (sometimes) unlikely event of the disaster regime taking over in a future

period, and it affects only through expectations. The peso premium must not be

mistaken for the equity premium, which is the general subject of this study. They

are two separate things, the former possibly contributing to the latter. The peso

premium manifestates itself first and foremost in the pricing of equity. When I

simulate the future paths of the log consumption process {yt}, some of those paths

fall under the disaster regime at some point. The ones that do, take further values

under the disaster regime before entering back to the normal regime again. These

disaster regime values of the process are much lower than those taken under the

normal regime, thus driving down the estimates for the conditional expectations.

The result is lower or higher pricing for equity than would be without the possible

second regime.

The peso premium therefore is either negative or positive. It results either in lower

equity prices and higher equity returns, or higher equity prices and lower equity

returns. The extent of the peso problem becomes visible if we compare the prices and

returns between the baseline model that is used in the simulations, and a model for

consumption which does not have the second regime. The alternative, non-disaster

model is naturally the first order autoregressive or AR(1) model. It is equivalent

31



to the case in which the additive drift parameter in front of the indicator function

is zero, i.e. δ = 0. I refer as the peso case to the case where TAR(1) model with

a positive δ is used in simulating the conditional expectations. The non-peso case

then refers to the alternative where AR(1) model with δ = 0 is used in simulations.

The conditional expectations Et[yt+j] in the peso case and the non-peso case are

computed by simulating from (21) and (22), respectively.

yt = µ+ φyt−1 − δI(yt−1 ≤ c) + εt, εt ∼ N(0, σ2) (21)

yt = µ+ φyt−1 + εt, εt ∼ N(0, σ2) (22)

4.6 The Parameters

I use the following baseline values for the parameters.

µ = 0

φ = 0.5

δ = 0.15

c = −0.06

σ2 = 0.000675

β = 1/1.01

θ = {0.5, 4}.

The two parameters µ and φ define the unconditional or long-run expectation of the

log consumption process E[yt] under the normal regime. Setting the drift param-

eter µ to zero implies that this unconditional expectation is also zero. This value

then implies that the unconditional expectation of consumption E[Yt] is one. Aside

from being convenient to have the normal regime log consumption fluctuate around

zero, the level of the unconditional expectation hardly matters. The prices adjust

according to the values the process takes. It is only required that the underlying
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value of consumption Yt is positive, which is fulfilled with every value for the log

consumption yt in the real number space. Parameter φ defines the persistence of

the process. The value φ = 0.5 is very close to the linear regression estimate when

the cyclical component of U.S. log consumption in 1889–2009 is regressed on its first

lag.9

The two parameters δ and c define the unconditional expectation of the process in the

disaster regime and the threshold which pushes the process into the disaster regime,

respectively. Parameter δ orders the level around which the process fluctuates under

the disaster regime. This level is meaningful relative to the normal regime, not

just by itself. With δ = 0.15 like above, the unconditional expectation under the

disaster regime is−0.30. This is a drop of−0.30 in logarithmic scale which translates

into a drop of 25.9 per cent in the value of actual consumption Y , if we compare

the unconditional expectations between the normal regime and the disaster regime.

While the realized values hardly ever are exactly those, this comparison gives some

idea about the severity of disasters. When the disaster regime takes over, it is quite

justified to call the event a consumption disaster with these values for µ, φ, and δ.

The severity can naturally be magnified by allowing for a larger value for δ, but it

easily leads to overstating the case. With respect to historical experience, even this

level of disasters may be too harsh (cf. Barro and Ursúa 2008).

Setting the threshold value c closer to zero makes it more likely for the process to

fall into disasters, while setting it lower makes disasters occur more rarely. The

variance of the white noise errors σ2 plays an important part, too. The higher

the standard deviation of the process is, the more likely the process is to get both

into and out of the disaster regime, whatever the values for the magnitude of the

disaster regime δ and the threshold c are. I set for the variance and the threshold the

values σ2 = 0.000675 and c = −0.06 above. This value for σ2 results in a standard

deviation of 0.03 for the log consumption process. This way the threshold distance

is exactly two standard deviations from the unconditional expectation of the process

under the normal regime. Again, the value for the standard deviation of the process

9With the assumption of independently and identically distributed errors.
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Table 2: Probabilities of Disaster Occurrence in Several Years

Number of years TAR Process Barro (2006) Barro and Ursúa (2008)

T (start at zero) (p = 0.017, GDP) (p = 0.036, consumption)

10 0.161 0.158 0.307

50 0.599 0.576 0.840

100 0.841 0.820 0.974

is quite close to the measured standard deviation of the cyclical component of the

U.S. per capita consumption in 1889–2009.10

A hint of the disaster probability given these parameter values can be obtained

by simulating. This procedure goes as follows. I set the process initially to its

unconditional expectation under the normal regime at y0 = 0. Then I simulate one

million future paths for the process, each path going either 10, 50 or 100 periods

forward. From these I take the proportion of paths which at some point hit the

disaster regime, and use it as an estimate for the probability of the process falling

under the disaster regime in a given number of years. It is the probability for the

disaster occurrence starting from the initial value. Table 2 gathers these estimates

and compares them to some empirical results reported in Barro (2006) and Barro and

Ursúa (2008). These papers take the empirical frequency of GDP and consumption

disasters with differing sets of countries, and use a constant disaster probability

over time. I take their estimates for the disaster probability p, and calculate the

probability of a disaster in 10, 50 and 100 years with the following formula: 1 −

(1− p)n. Here (1− p) is the yearly probability of not having a disaster, and n is the

amount of years.

In comparison with these estimates, the TAR(1) model as specified above produces

relatively rare disasters when the initial starting point is set at the unconditional

expectation of the process under the normal regime. The probability of the disaster

varies according to the initial point from which the process carries forward. When

10The measured standard deviation is 0.033.
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closer to the threshold c, the probability of the disaster is higher. This feature adds

to the realism of the model, since the perceived probability of a consumption disaster

is unlikely to remain constant over time. Setting the threshold value c closer to zero

certainly provides one way to make the model more disaster-prone, thus making the

resulting peso problem more severe in the case of non-realized disasters. Doing so

however diminishes the idea that these disasters are relatively rare.

The two remaining parameters are the discount factor β and the coefficient of relative

risk aversion θ. Their adjustment affects the prices, the returns, and the equity

premia in a more ambiguous manner. Changing one of the parameters changes both

prices simultaneously. The discount factor β is 1/1.01 above. This value seems

reasonable, since above all it determines the unconditional expectation or the long-

run average of the risk-free return in the case of risk neutrality, θ = 0. Should the

process remain in its unconditional expectation E[yt] in either regime, the risk-free

return demanded by a risk neutral agent would be

1 + rf =
1

P f
=

1

β
.

The chosen β = 1/1.01 implies a long-run average return of around 1 per cent for

the risk-free asset, which is in accordance with the empirical real returns on short-

term government bonds. The long-run average decreases as the agent’s risk aversion

increases, but the effect is rather small when the parameter of relative risk aversion

varies between plausible values like between zero and ten.

The coefficient of relative risk aversion θ gets to the core of the matter. The higher

θ is, the higher are the agent’s aversion to risk and intertemporal substitution. I

show the returns and the premia for the two values of θ in the baseline models.

This graphical illustration is followed by presenting the averages and the standard

deviations of calculated returns for several values of θ. We can thus observe the

changes in outcomes depending on the degree of risk aversion. It allows me to

present the argument on the qualitative behavior of the equity premium.

There seems to be no generally accepted consensus on the proper value for θ. Only
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positive values are considered, since non-positive values imply risk neutrality (θ = 0)

or risk loving (θ < 0) instead of risk aversion. Mehra and Prescott (1985) argue that

it is reasonable to restrict the upper limit to θ = 10. According to Barro (2006), the

coefficient of relative risk aversion θ is usually somewhere between two and five in

the literature on finance. He matches the observed equity premium in his somewhat

different modeling setting with θ of about four. Nakamura et al. (2010) match the

premium in yet another setting with a coefficient of relative risk aversion as high as

6.4, although they use a different utility function with Epstein-Zin-Weil preferences

which complicates direct comparing. However, the relative risk aversion parameter

θ should most likely be above one.

5 Results

Figures 5–9 show the results from simulations and calculations with the baseline

parameter values. Figure 5 graphs the development of the realized log consumption.

The dashed line depicts the level of the threshold value c. Figures 6 and 7 show both

the returns on equity and the risk-free asset in the two baseline cases with differing

degrees of risk aversion. The red line depicts equity returns and the blue line depicts

the risk-free returns. Finally, figures 8 and 9 display the time-varying premia that

equity returns command over the risk-free alternative in both cases. The flat line

in the middle is the arithmetic average of the premia over the whole of 99 periods,

and it estimates the long-term average premium.

These figures provide a picture which in some ways resembles the one illustrated

in section 2 in similar figures with U.S. data. First, the (cyclical component of)

log consumption varies within the boundaries of (−0.06, 0.07) with an average of

a little above zero, exhibiting the imposed stationarity. Second, both returns vary

considerably over time. The return on equity is more volatile while the risk-free

return seems to be stationary somewhere around or a bit below the mean of 1 per

cent. With a coefficient of relative risk aversion θ of 4, the average of the risk-free

returns is lower than with θ of 0.5. Third, the premium on equity is also time-varying
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Figure 5: The Realized Consumption Process.

and positive on average over the whole series. The main feature in reality which

the model results lack is the order of magnitude. The average equity premium is

comparatively low. This shortcoming is evident if we look at the scale of the vertical

axes, both in the returns and the equity premia.

The model seems to perform well in qualitative terms, as the results indicate to the

right direction or at least to the direction observed in real world equivalents of the

variables. However, figures 5–9 do not show the sources of defect in quantitative

terms. The question about defects comes down to the parameter values. Neither

can we see the role of the peso problem in the difference in returns. Both the extent

and the direction of the peso effect are major issues. Compare the returns between

the TAR(1) model and the AR(1) model to expose this effect.

Figures 10–13 show the price and return differences between the peso case with

TAR(1) consumption and the non-peso case with AR(1) consumption. In figures

10 and 11 I calculate the log difference of prices, such that I subtract the logarithm

of the non-peso case price from the logarithm of the peso case price. The result

is approximately the percentage difference divided by a hundred in the two equity
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Figure 6: Percentage Returns on Equity (red) and the Risk-free Asset (blue) (θ =
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Figure 7: Percentage Returns on Equity (red) and the Risk-free Asset (blue) (θ = 4).
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Figure 8: Time-Varying Equity Premia and The Long-Run Average (θ = 0.5).
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Figure 9: Time-Varying Equity Premia and The Long-Run Average (θ = 4).
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prices. Figures 12 and 13 show the difference of equity returns between the peso case

and the non-peso case. The return differences show in percentage units instead of

percentages, since the underlying variables in the subtraction are already expressed

as percentages. The flat line depicts the arithmetic average of the differences in each

figure.

The difference in prices is more than 9 per cent on average with a coefficient of

relative risk aversion θ = 0.5. The peso case results in lower prices (Figure 10).

With θ = 4 the average difference is above 50 per cent, and the peso case results

in higher prices (Figure 11). This difference in prices is the first order effect of

the peso problem. It translates into more modest differences in returns. The effect

on returns is notable, although milder. With the lower risk aversion θ = 0.5 the

peso problem magnifies both the positive and negative equity returns, resulting in

a positive average premium (Figure 12). With the higher risk aversion θ = 4 the

average return in the peso case is lower than in the non-peso case (Figure 13). The

effect of the peso problem reverses around the cut-off value, which Table 3 confirms

to be θ = 1. While important to the price of equity, the peso problem does not affect

the price of the risk-free asset. The peso problem arises when the expectations go

many periods ahead, and the regime change becomes possible. However, the realized

consumption process in Figure 5 does not enter the disaster state. Whatever the

conditional expectation for the next period is, the disaster regime taking over in more

distant future does not matter for an asset which only looks forward one period at

a time. The peso problem thus has no effect on the risk-free returns, either.

Table 3 conveys information on how the aggregate results behave as the agent’s risk

aversion increases. It reports the arithmetic “long-run” average and the standard

deviation of the returns and the premia in the sample for different values of θ. For

comparison, the appendix shows the same table for different values of the discount

factor β. I find it fruitful to divide the set into two intervals, θ ∈ (0, 1) and θ ∈

(1,∞), and study them separately. First, consider the values between zero and

one. Increasing θ reduces both the long-run average of the risk-free returns and the

long-run average of equity returns in the peso case. However, the average return on
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Figure 10: Premium on Equity Price Resulting from the Peso Problem (θ = 0.5).
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Figure 11: Premium on Equity Price Resulting from the Peso Problem (θ = 4).
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Figure 12: Premium on Equity Returns Resulting from the Peso Problem (θ = 0.5).
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Figure 13: Premium on Equity Returns Resulting from the Peso Problem (θ = 4).
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Table 3: Percentage Returns with Varying Degrees of Risk Aversion

β = 1/1.01

Risk Aversion Equity Equity Risk-free EP EP
θ Peso Non-peso Peso Non-peso

6 Mean 2.28 3.35 0.48 1.80 2.86
SD 17.44 19.54 8.17 14.22 15.96

4 Mean 1.52 2.15 0.58 0.94 1.57
SD 11.71 12.94 5.46 9.49 10.53

2 Mean 1.16 1.37 0.75 0.40 0.62
SD 6.08 6.48 2.74 4.92 5.27

0.9 Mean 1.14 1.12 0.88 0.26 0.24
SD 2.99 2.95 1.23 2.44 2.40

0.5 Mean 1.17 1.06 0.93 0.24 0.13
SD 1.87 1.66 0.69 1.55 1.36

0.2 Mean 1.21 1.02 0.97 0.23 0.05
SD 1.03 0.69 0.27 0.90 0.58

equity in the non-peso case increases a bit. The average equity premia increase to

some extent in both cases. In the peso case this effect comes from the risk-free return

dropping faster than the equity return, and the resulting increase in the premium is

hence modest. In the non-peso case the effect is stronger, as the rising average on

equity returns magnifies the impact of the drop in the risk-free returns. The average

equity premium in the non-peso case increases more aggressively with θ, although

the premium and the average equity return in the peso case remain above the levels

of the non-peso case. Volatility as captured by the standard deviation increases

in every variable as θ grows. The equity returns in the two separate cases exhibit

convergence as θ approaches one.

Consider then the parameter values for θ which are above one. Table 3 shows a

rising tendency for the average of equity returns when θ increases. The tendency

is present in both the peso and the non-peso case. Increasing θ also continues to
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lower the average risk-free return. Consistent with this, the average premium on

equity increases with θ. The volatility also keeps rising with θ, like in the cases with

relative risk aversion below one. However, the equity returns and the equity premia

are now lower in the peso case than in the non-peso case. This pattern is consistent

and it applies both to long run averages and standard deviations. The higher the

risk aversion gets, the bigger is the difference between the returns in the peso and

the non-peso case, and to the advantage of the non-peso case. The possibility of

consumption disasters leads to lower returns and premia! This effect grows stronger

as the agent becomes more risk averse. The appendix shows the same phenomenon

for other values of the discount factor β.

These results confirm the story outlined in section 3, where I argue that the pres-

ence of possible consumption disasters ends up lowering the equity premium. What

makes the equity returns in the two cases different from each other? The formula

for calculation of the returns includes the same dividend, since the next period con-

sumption exp[yt+1] is the same in both cases. The returns differ then only in their

prices. In any case the next period price exp[pt+1] dominates the equity payoff, leav-

ing only a small share of the total period return to be accounted for by the dividend

exp[yt+1]. A slightly different way to look at the log equity price determination is

as follows.

pt = log
β

1− β
+ θyt + (1− θ)

∞∑
j=1

βj−1(1− β)Et[yt+j]. (23)

Here I have taken the coefficient (1− θ) out and put it in front of the sum. A higher

θ allocates more weight to the current value of consumption or the current period

dividend yt. Simultaneously it allocates less positive weight (0 < θ < 1) or more

negative weight (θ > 1) on the expected future values of the process Et[yt+j]. The

peso problem exists in the expected future values, as it appears in lower conditional

expectations due to the possible disaster regime takeovers. Thus by giving less pos-

itive or more negative weight to the expected future values the equity pricing gives

less positive weight or more negative weight to the peso problem, too. When θ moves
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from zero to one, the weight allocated on the future expected values approaches zero.

This is the reason why values closer to but below one makes the returns in the peso

and the non-peso cases converge.

When θ is above one, the weight on the future expectations turns negative, reversing

the sign of the sum. This change also turns the peso premium positive. Lower

expected dividends in the future result in a higher price today. It is then natural

that the returns on average are lower in the peso case with higher prices than in

the non-peso case with lower prices. The motive for consumption smoothing and

the lack of alternative assets or source for consumption force the aggregate asset to

behave in this way. The limit after which this consumption smoothing motive takes

over is exactly θ = 1. Any higher value for θ turns the intertemporal substitution

inelastic. Table 3 shows that the smoothing motive gains weight also in the interval

0 < θ < 1 as θ increases. The peso case returns diminish relative to the non-peso

case.

6 Discussion

There are a few things which may cast doubt on the obtained results. The cho-

sen method of simulating data from the model is not the standard approach in the

literature on equity premium. In finance it is more common to solve the model

analytically and study the moments of the returns distribution directly. The results

may be a direct product of TAR specification of the consumption process. In addi-

tion, the size of the sample from which the returns are calculated is relatively small.

This section tackles these issues.

The chosen method in the thesis is to simulate data from the model, study this

data, and draw conclusions about the underlying model. This approach allows us

to inspect the model’s output directly, and it shows both the long-run average and

the volatility along with other features such as the cyclical behavior. The empirical

data is alike, and the stylized facts we get from them are similar estimates. The

same property is also the shortcoming of the approach. Every result is evidently
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an estimate and has uncertainty related to it. The theoretical moments of the

distribution of returns are not analytically solvable, at least in the case of equity

with TAR specification. The question about estimate accuracy can be raised.

The sample size of returns is 99 observations in the simulation experiment. This

choice is not due to it being sufficiently large to produce reasonably accurate esti-

mates, but mainly due to the computational burden which grows with the number

of observations. Even if the real world macro data usually is roughly of the same

size and often smaller, it is justified to argue that this sample is quite small to draw

reliable conclusions about the estimates it produces. However, the pattern observed

in those estimates is backed by the theoretical argument which I present both in

the end of sections 3 and 5. Hence, the evidence shown in the simulated data by

itself does not force us to conclude that the potential for consumption disasters is

not the cause of the high equity premium in this model. It is both the properties

of the model which give rise to this argument in the first place, and the estimates

pointing in the same direction, which might convince us.

The TAR model suits particularly well for the description of the peso problem. It

divides the consumption process into two regimes and allows considerable year-to-

year variation in each regime. It also hides completely the other regime from the

sample if no actual regime changes take place. The probability for the disaster

regime to take over in the next period varies over time, and it is completely depen-

dent on the current value of the process. The risk of disaster grows as the process

moves downward and closer to the threshold value. The model includes an implicit

assumption that disaster risk grows as the economy contracts in the normal regime.

It is debatable whether this feature is realistic, but the framework is suitable for the

purpose it serves in this study.

The potential for consumption disasters affect the conditional expectations Et[yt+j]

from the second period onward (j ≥ 2). The effect is present in the pricing of

equity. However, it is this special property of the TAR model which ensures that it

does not affect the pricing of the risk-free asset, which is a one period bond. The

risk-free asset is truly free of all risk in both the normal and the disaster regimes.
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This feature is the main departure of the framework from other studies around the

equity premium. Equation (13) shows that letting the disaster potential affect the

next period conditional expectation Et[yt+1] would increase the price of the risk-free

asset, thus reducing the risk-free return. This lack of peso premium in the risk-free

asset price explains why the model put forward in this thesis is completely unable

to produce the higher equity premium with disasters, while other models succeed.11

Still, I think the main argument concerning the returns on equity and hence the

equity premium holds. It would be surprising if the effect on equity returns was

not present in every other approach using Lucas-tree model with power utility.12

Perhaps the TAR model of consumption has the advantage to show it more clearly

than alternative consumption specifications.

7 Conclusion

The potential for consumption disasters lowers the equity premium in the Lucas-tree

model with power utility. Thus it can not explain the surprisingly high premium.

The simulation experiment described in sections 4 and 5 shows the effect. However,

this result holds with any consumption process which has a potential disaster state

affecting expectations, a point at which I hint in section 3. It is hence a qualitative

result indicating that more detailed quantitative experiments with better parameter

calibrations are useless in this framework. Modifications are needed if we want to

explain the equity premium in a frictionless pricing model with rational agents. Con-

ditional on that the Lucas-tree type of endowment economy is a suitable framework

for studying the phenomenon, there are a few possible directions to take.

Using the Epstein-Zin-Weil (EZW) utility is a common solution in the literature.

The EZW utility has the advantage of separating the coefficient of relative risk aver-

sion from the elasticity of intertemporal substitution in consumption, and treating

them in isolation. This solution is a proper one if the underlying problem is the re-

11Notably Rietz (1988) and Barro (2006).
12For example, a similar unfavorable effect of uncertainty on equity returns is hinted in Bansal

and Yaron (2004) and Barro (2009).
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ciprocal connection between those parameters in the power utility. That is, in case it

makes no economic sense that aversion to both risk and intertemporal substitution

increase together. Then this reciprocal property is at the root of the problem and

another form of utility is needed, given that the idea about consumption disasters

causing the premium is a correct one.

The problem may also lie in the nature of the equity asset. In the Lucas-tree

model equity represents an entitlement to the consumption stream itself. It is a

simplification to make the model tractable, but it may be an oversimplification. A

stock index does not cover even remotely all sources of consumable income. Hence

the empirical counterpart of equity is quite different from the model equity, and

we can justifiably call into question the model’s suitability in this respect. This

observation is not of course too original as it has to be clear to anyone addressing to

the issue in the first place. Moreover, stock market crashes tend to appear together

with consumption disasters (Barro and Ursúa 2009), which may imply overall co-

movement between equity returns and total consumption. Thus, it is at best unclear

how serious a violation the simplification really is.

Making the model more realistic by changing the properties of the equity asset

would start by relaxing its equivalence with the consumption stream. There is no

single correct way to do that, and the obtainable results would most likely be de-

pendent on this choice of modeling. This modification could be done, for example,

by introducing a new random variable with a positive correlation with consumption,

capturing the payoff of equity. Another possibility would be to define the payoff of

equity directly as a function of the consumption variable. A multitude of alterna-

tives emerges. Changing the link between the equity asset and the consumption

stream is imperative, one way or the other, in case the puzzle is to be solved in a

similar framework of endowment economy with preferences captured by the power

utility.

The Lucas-tree model in sections 3–5 implies the need for a slight change in perspec-

tive, if we take it seriously. The potential for disasters lowers the equity premium,

so in an equivalent manner the potential for the opposite of disasters must increase
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it. Suppose people do not expect rare and severe disasters, but occasional states

of significantly higher than normal consumption instead. A similar TAR model

(equation (14)) with a positive sign in front of the indicator function could produce

the conditional expectations of this kind. These rare but possible euphoria states

in people’s minds could explain the high observed premium on equity, conditional

on the realized consumption only taking values under the normal regime. It would

work in this framework, even if nobody suggests it as a plausible solution to the

puzzle.
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A Results with different values of β

Table 4: Percentage Returns with Varying Degrees of Risk Aversion

β = 1/1.02

Risk Aversion Equity Equity Risk-free EP EP
θ Peso Non-peso Peso Non-peso

6 Mean 2.65 4.31 1.45 1.20 2.86
SD 16.20 19.49 8.23 13.15 15.86

4 Mean 2.17 3.14 1.56 0.61 1.58
SD 11.01 12.93 5.50 8.87 10.48

2 Mean 2.05 2.37 1.74 0.31 0.63
SD 5.87 6.50 2.76 4.72 5.27

0.9 Mean 2.15 2.12 1.87 0.28 0.25
SD 3.05 2.98 1.24 2.49 2.43

0.5 Mean 2.23 2.06 1.93 0.30 0.13
SD 2.02 1.70 0.69 1.69 1.40

0.2 Mean 2.29 2.03 1.97 0.32 0.06
SD 1.27 0.74 0.28 1.13 0.62
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Table 5: Percentage Returns with Varying Degrees of Risk Aversion

β = 1/1.03

Risk Aversion Equity Equity Risk-free EP EP
θ Peso Non-peso Peso Non-peso

6 Mean 3.30 5.28 2.43 0.86 2.84
SD 15.81 19.45 8.33 12.80 15.72

4 Mean 2.96 4.12 2.55 0.42 1.57
SD 10.79 12.92 5.56 8.66 10.51

2 Mean 2.99 3.37 2.74 0.25 0.63
SD 5.82 6.52 2.79 4.66 5.26

0.9 Mean 3.16 3.12 2.87 0.29 0.25
SD 3.09 3.02 1.26 2.52 2.45

0.5 Mean 3.26 3.07 2.93 0.33 0.14
SD 2.10 1.74 0.70 1.76 1.43

0.2 Mean 3.34 3.03 2.97 0.37 0.06
SD 1.37 0.78 0.28 1.23 0.67
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Table 6: Percentage Returns with Varying Degrees of Risk Aversion

β = 1/1.05

Risk Aversion Equity Equity Risk-free EP EP
θ Peso Non-peso Peso Non-peso

6 Mean 4.84 7.21 4.41 0.43 2.80
SD 15.28 19.38 8.49 12.36 15.57

4 Mean 4.72 6.09 4.53 0.19 1.56
SD 10.52 12.91 5.67 8.43 10.35

2 Mean 4.92 5.36 4.73 0.19 0.63
SD 5.77 6.56 2.84 4.62 5.28

0.9 Mean 5.17 5.13 4.87 0.30 0.26
SD 3.16 3.08 1.28 2.58 2.51

0.5 Mean 5.29 5.07 4.92 0.37 0.15
SD 2.22 1.82 0.71 1.88 1.51

0.2 Mean 5.39 5.04 4.97 0.42 0.07
SD 1.53 0.87 0.29 1.38 0.76
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