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In this work the connection between neutrino mass mechanisms and leptonic CP violation at

collider experiments is studied. These subjects are connected on a fundamental level: the neutrino

mass models dictate the form of the neutrino mass matrix; leptonic CP violation is expressed in

the neutrino mass matrix by the Dirac and Majorana phases.

The mass of neutrinos has been a subject of intensive study since the discovery of neutrino

oscillation in the 1990s. This was the first, and still the only, observation that could not be

explained by the standard model of particle physics. Neutrino mass mechanisms provide a way

to extend the symmetry group of the standard model so that the neutrino masses are included.

In addition to the tree-level seesaw mechanisms, four higher energy models, namely the minimal

left-right symmetric model, the Littlest Higgs model, an SU(5) with an adjoint fermion, and the

Altarelli-Feruglio model are reviewed. The first three extend the symmetry group of the standard

model by a continuous symmetry, whereas the last extends it with a discrete flavor symmetry.

It is possible that the seesaw mediators responsible for neutrino masses are within the energy

reach of the LHC. Then the parameters of the neutrino mass matrix could be probed at collider

experiments. One could determine the existence of the Dirac and Majorana phases by studying

their effects on observable quantities of the channels including the seesaw mediators. These effects

are reviewed in this work. The non-zero values of the phases would still not determine the existence

of leptonic CP violation: generally, a CP odd phase can lead into CP even processes. It is concluded

that the discovery potential of the Majorana phases is quite promising at the studied processes.

For the Dirac phase, the effects are more subtle and its value will probably be determined at other

experiments.
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1 Introduction

The mass of neutrinos has been a subject of intensive study since the discovery of
neutrino oscillation in the 1990s [77]. This was the first, and still the only, observation
that could not be explained by the standard model of particle physics (SM). Although
oscillation experiments have revealed that neutrinos are massive, the magnitude of the
masses is still unknown. Moreover, even though experimental limits for the neutrino
mixing parameters are constantly getting more exact, there is no information on
whether neutrinos are Dirac particles like the other fermions, or if they are their
own anti-particles (Majorana particles). Furthermore, the existence of neutrino mass
opens the possibility for the CP symmetry to be violated also in the lepton sector,
and not just for quarks.

Historically, in 1957-58 Pontecorvo made the first suggestions on the subject of
neutrino oscillation [132, 133]. In 1962, in an experiment suggested by Pontecorvo
[134], the muon neutrino was observed [63]. In 1968, Pontecorvo suggested oscillations
between electron and muon neutrinos [135] and in 1969 he and Gribov proposed the
reason for oscillation to be the neutrino mixing. The standard theory of neutrino
oscillations was built in the 1970s [40, 68, 73]. Later, experimental indications on
this phenomenon were observed: an unexpected deficit in the flux of solar neutrinos
was observed at the Homestake mine experiment [61], and later other experiments
repeated the results. The conclusive evidence of the existence of the phenomenon
was achieved in the late 1990s [77].

CP symmetry refers to a combination of two discrete symmetries: C for charge
conjugation and P for parity transformation. Parity transformation flips the sign
of the spacial coordinates of the particle and charge conjugation changes a particle
into its antiparticle. In the 1950s it was observed that the parity symmetry (P)
was maximally violated in weak interactions [146]. This was a shock for the physics
community, since until then parity was thought to be conserved in all interactions. As
also the charge conjugation (C) symmetry is maximally violated in weak interactions,
it was soon suggested that it was the combined CP symmetry that should be conserved
in all interactions, not parity.

However, in the 1960s it was observed that in the decays of the K meson also
CP symmetry was violated [60]. The CP violation of quarks is manifested in the
quark mixing matrix [49, 111]. The phenomenon is possible because the quarks that
participate in physical processes are not mass eigenstates but linear combinations of
them. Later it has been discovered that CP is also violated in the decays of B [30] and
D mesons [3]. The violation of CP symmetry is very slight; CP is an almost-symmetry
in nature. The reason for this is unknown.
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The observation of neutrino oscillation [61, 76] meant that neutrinos are massive
and thus leptonic CP violation could exist. It is, as all experiments with neutrinos,
extremely difficult to observe, because neutrinos are so light and they interact only
via weak interactions. Even though neutrinos cannot be seen, they can be observed
indirectly. In the neutrino oscillation experiments one can study neutrinos originating
from the Sun, from muon decay in the Earth’s atmosphere, from nuclear reactors,
or from particle accelerators. These experiments are sensitive to the differences of
neutrino masses and mixing angles of the lepton mixing matrix, as well as for the
Dirac type of CP violation. However, the masses, the Majorana type of CP violating
phases, or the nature of neutrinos, i.e., whether they are Dirac or Majorana particles,
cannot be distinguished in oscillation experiments [103].

However, neutrino masses, Majorana phases, and the nature of neutrinos could be
determined at collider experiments [42]. This is why studying neutrino properties at
colliders is interesting: as neutrino mass generating mechanisms predict new particles
with an energy of ∼ 1 TeV, the Large Hadron Collider (LHC) could detect these
particles that have been too heavy for previous colliders.

The SM is a relativistic gauge quantum field theory. That is, it describes particles
as relativistic quantum fields satisfying gauge symmetries. The gauge group of the
SM is SU(3)c ⊗ SU(2)L ⊗ U(1)Y : the first factor is the symmetry group of strong
interactions; the second and third groups together describe the electroweak theory
that combines weak and electromagnetic interactions. Thus, the SM describes weak,
electromagnetic and strong interactions of all observed particles.

In the SM the elementary particles are divided into two categories, fermions with
spin-1/2 and bosons with an integer spin. The former are further divided into quarks
and leptons, the latter of which do not take part in strong interactions. The lepton
sector is composed of three generations with one charged and one neutral lepton in
each of them. The charged leptons are the electron (e), the muon (µ), and the tau
(τ). The corresponding neutrinos are νe, νµ, and ντ .

The SM has been a very succesful theory: not only have its predictions matched
the experimentally achieved results very accurately, but the theory has also predicted
new particles. In 2012, the last theoretically predicted SM particle, the Higgs boson,
was observed at CERN [1, 53]. Given the success of the SM, the observation of
neutrino oscillations was truly big news. Apart from neutrino oscillation, there is
still no further direct evidence of physics beyond the SM, which makes the origin of
neutrino mass a timely topic.

The SM describes neutrinos to be massless. Therefore, the origin of neutrino
masses is one of the key topics of physics beyond the standard model. Even before
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the experiments had proven the existence of the masses, different scenarios for the
origin of neutrino masses were developed. If one wants to add a neutrino mass term
into the particle content of the standard model, there is only a limited number of
ways to do that.

At tree-level, there are three scenarios, called the seesaw mechanisms, that extend
the standard model with either new scalars or fermions. Within the SM particle
content the fermions get mass from the Yukawa interaction, which is not possible for
neutrinos due to the lack of right-handed chiral particles. The new particles, called
seesaw mediators, provide a way to write a mass term for neutrinos.

The seesaw models give an explanation on how a neutrino mass could be described.
However, they do not give a physical reasoning for why the masses are generated in
the way they are. To answer that question one has to look for theories of higher
energies, many of which try to unify the three interactions included in the SM. Those
models are called grand unified theories (GUT). In this work in addition to the tree-
level seesaws a corresponding higher energy model for each of them are reviewed.
They are the minimal left-right symmetric model (that includes the type I seesaw
model), the Littlest Higgs model (type II seesaw), and an SU(5) with an adjoint
fermion (type III seesaw).

In addition to models extending the gauge group of the standard model, discrete
flavor symmetry based models can also offer a viable way to explain neutrino mass
properties. For long the data were in accordance with a neutrino mixing matrix
pattern called tri-bi-maximal mixing, which has been used in a great number of
flavor symmetry models. However, this pattern was excluded in 2012 when a mixing
angle θ13 was found not to be zero [24, 25], as was thought before. Attempts to save
the approach have been made since. In this work, one of the most famous flavor
symmetry models, the Altarelli-Feruglio model, is introduced.

The final focus of this work is to review the observable effects of CP violating
Dirac and Majorana phases at collider experiments assuming the neutrino masses
originating from interaction with seesaw mediators. Direct effects of leptonic CP
violation are hard to measure, and unlike for quarks, there does not exist a lot of
possible processes where CP violation could be directly detected. Therefore one has
to look for weaker connections: to study effects that Dirac and Majorana phases
would have on measurable quantities at collider experiments.

Leptonic CP violation is also a candidate for explaining the fundamental issue
of baryon asymmetry in nature through a process called leptogenesis, in which the
asymmetry is generated via decay of heavy sterile neutrinos, which leads to lepton
asymmetry [65]. In fact, the attractiveness of the seesaw mechanisms stems also from
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their ability to offer an explanation for the observed matter-antimatter asymmetry
of the universe [89].

The work is organized as follows. In Sec. 2 the theoretical framework of neutrinos
and in Sec. 3 the electroweak theory of the SM are reviewed. After that, in Sec. 4 the
possible forms of the neutrino mass terms are shown. In Sec. 5 the aforementioned
different neutrino mass mechanisms are introduced. The theoretical conditions for
leptonic CP violation are studied in Sec. 6 before reviewing the observable effects
of Dirac and Majorana phases at collider experiments in Sec. 7. Finally, conclusive
remarks are made in Sec. 8.
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2 Mathematical framework of spin-1/2 particles

Neutrinos are known to be massive, but in the SM they are described as massless.
For massless particles the question of Dirac or Majorana nature is irrelevant, but for
massive neutrinos it is of great importance.

In this section we go through the most important properties and restrictions of
spinor fields of spin-1/2 particles stemming from their group theoretical properties.
This is done in order to see the conceptual differences that will come necessary later
on: to what extent is it profoundly different for a particle to have a small mass
from to be massless; how the Majorana nature affects the Lagrangian of a particle;
what kinds of mass terms are generally accepted for different kinds of spinors due
to Lorentz invariance of the Lagrangian; and how the C, P, and CP symmetries are
presented.

2.1 Dirac and Weyl spinors

The Lorentz group is of great importance in particle physics, since relativistic boosts,
rotations, and inversions, which leave c2τ 2 = x2

0 − x2 invariant, can be represented
by it. Furthermore, one can relate different types of particles with different repre-
sentations of the Poincaré group, which combines the Lorentz transformations and
translations, and which is studied in detail in Appendix C.

The Lorentz group is marked as SO(3, 1); its dimensionality can be regarded as
having three space and one time dimensions. In Appendix B it is shown that the
Lorentz symmetry can be broken into two disjoint SU(2) algebras. As the two disjoint
SU(2) algebras commute, the group SO(3, 1) can be represented as a direct product
of them. One can label the representations of the restricted Lorentz group using the
quantum numbers of the two SU(2)s, each of which has the dimension 2j + 1. The
representations of the Lorentz group are denoted as (jL, jR) , where subsripts L and R
refer to left- and right-handedness. The dimension of a representation of the Lorentz
group is then (2jL + 1) (2jR + 1). The lowest dimensional representations are known
as spinor representations. They are denoted as

(
1
2
, 0
)
and

(
0, 1

2

)
, and they are called

the left- and right-handed Weyl representations, respectively. In the SM the massless
neutrinos are described as Weyl spinor fields.

In Appendix B it is shown that the transformation properties for the
(

1
2
, 0
)
and(

0, 1
2

)
spinors are the same under rotations, but opposite under Lorentz boosts. It is

found that the representations are related to each other by a complex conjugation,
so that one can write

iσ2φ
∗ = χ, iσ2χ

∗ = φ, (1)
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where φ is a left-handed and χ is a right-handed Weyl spinor, and where σ2 is one of
the Pauli spin matrices.

In the Weyl representations the spinors are two-component. However, in order to
describe electrons, or any other Dirac-type particles, i.e., massive spin-1/2 particles,
one needs to find a four-component representation. In fact, the Dirac representation
is a reducible representation of Weyl representations, [102](

1

2
, 0

)
⊕
(

0,
1

2

)
,

and the Dirac spinor can be represented as

ψ =

(
φ1

χ2

)
, (2)

where the left and right chiral fields are numbered to emphasize them being inde-
pendent spinors, i.e, a transformation iσ2φ

∗
1 = χ1 6= χ2. A Dirac spinor is four-

dimensional, so the Weyl spinors are taken in this notation as

φ1 =

(
φ1

0

)
, χ2 =

(
0

χ2

)
, (3)

where the zeros are two-component vectors. The representation is defined by

Lµν =
1

2
σµν =

1

4
i [γµ, γν ] , (4)

which fulfill the commutation relation of Eq. (143). Above γµ are 4× 4 matrices that
fulfill

{γµ, γν} = 2gµν1, (5)

where curly brackets denote the anti-commutator and gµν is the Minkowski metric
with signature (+,−,−,−). The matrices γµ are a matrix representation of a Clif-
ford algebra C`1,3(R) [80] and are called the Dirac matrices. Eq. (5) imposes the
energy-momentum relation of a free particle Hamiltonian. It is a crucial condition in
achieving the Klein-Gordon equation from Eq. (12) [84]. From Eq. (5), some useful
properties follow directly:

(
γ0
)2

= 1,
(
γi
)2

= −1. (6)
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We also require that
γ0γµγ0 = γ†µ, (7)

which is to assure the hermiticity of the Dirac equation [124]. From Eq. (7) combined
with Eq. (6) it can be noticed that γ0 is Hermitian but γi are anti-Hermitian. One can
have different representations for the γµ matrices, which all are connected through a
similarity transformation [102]

γµ′ = U †γµU, (8)

where matrix U is unitary and a prime on the left-hand side refers to a different
representation. The lowest possible dimensionality for the Dirac matrices is four [84].
The Dirac matrices can be represented in the so called Weyl (or chiral) basis. The
γµ matrices are written as

γ0
W =

(
0 1

1 0

)
, γW =

(
0 σ

−σ 0

)
, (9)

where the subscript W stands for Weyl.

2.2 Dirac Lagrangian

The Lagrangian for a free Dirac particle is (in natural units)

LD = ψ̄ (iγµ∂µ −m)ψ, (10)

where ψ̄ ≡ ψ†γ0 is the adjoint Dirac spinor. The canonical momentum is then
π = iψ†, which leads to the Dirac Hamiltonian

H =

ˆ
d3x (π∂0ψ − LD) =

ˆ
d3xψ†

(
−iγ0γ · ∇+ γ0m

)
ψ. (11)

The equation of motion is achieved from the Euler-Lagrange equations (see, e.g., [84])

∂µ
∂LD

∂ (∂µψr)
− ∂LD
∂ψr

= 0,

and reads

(iγµ∂µ −m)ψ = 0. (12)

This is the famous Dirac equation. If we decompose the spinor ψ into upper and lower
parts as in Eq. (2), and define σ ≡ (1,σ) and σ̄ ≡ (1,−σ), the Dirac Lagrangian

7



takes the form

LD =
(
φ̄1 χ̄2

)
(iγµ∂µ −m)

(
φ1

χ2

)

=
(
φ̄1 χ̄2

)( −m iσµ∂µ

iσ̄µ∂µ −m

)(
φ1

χ2

)
= iφ†1σ̄

µ∂µφ1 + iχ†2σ
µ∂µχ2 +m

(
χ†2φ1 + φ†1χ2

)
. (13)

and the Dirac equation splits into a pair of equationsiσµ∂µχ−mφ = 0

iσ̄µ∂µφ−mχ = 0,
(14)

which states that in the case of massless particles, the equations decouple. This can
also be seen from the Dirac Lagrangian in Eq. (13).

2.3 Chirality

In addition to the four Dirac matrices one can define a fifth gamma matrix,

γ5 ≡ iγ0γ1γ2γ3,

which is Hermitian, anticommutes with all the other γµ, and for which (γ5)2 = 1. It
is called the chirality matrix. In the Weyl basis it reads

γ5
W =

(
−12×2 0

0 12×2

)
.

Using the chirality matrix γ5 we can form projection operators, PL and PR, which
project the given Dirac spinor onto its

(
1
2
, 0
)
and

(
0, 1

2

)
components, i.e.

PLψ ≡
1

2
(14×4 − γ5)ψ =

(
12×2 0

0 0

)(
φ1

χ2

)
=

(
φ1

0

)
,

PRψ ≡
1

2
(14×4 + γ5)ψ =

(
0 0

0 12×2

)(
φ1

χ2

)
=

(
0

χ2

)
.

It is conventional to call the upper and lower components of Eq. (2) the left and
right-handed spinors. This explains the subscripts L and R: a spinor

(
1
2
, 0
)
is said

to be of left-handed chirality;
(
0, 1

2

)
spinors are called right chiral. The handedness,
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or chirality, of a field is invariant under transformations of the restricted Lorentz
group, which can be noted from the anticommutation of the chiral matrix γ5 with
the γµ: both PLψ and PRψ commute with the commutators of the SO+(3, 1) algebra
of Eq. (4). One can also note that under rotations both the

(
1
2
, 0
)
and

(
0, 1

2

)
spinors

transform in the same way, as is shown in Appendix B. However, the chirality of
a massive particle is not conserved in time: as can be seen from Eq. (11), the mass
term does not commute with γ5. For massless particles chirality is conserved: it is the
conserved quantity stemming from the invariance of the Lagrangian under a global
U(1) transformation exp(iγ5α).

However, as shown in Appendix B, γ0 acts as a parity operator: it leaves rotations
invariant but flips the direction of a boost. A Dirac spinor transforms under parity
as

γ0
Wψ =

(
0 1

1 0

)(
φ1

χ2

)
=

(
χ2

φ1

)
,

which means that parity transforms
(

1
2
, 0
)
spinors into

(
0, 1

2

)
spinors. In other words

it changes the chirality of a Weyl spinor. It was noticed earlier that under boosts, a
spinor iσ2φ

∗ transforms as a spinor χ. A boost itself does not change a Weyl spinor
into another representation, but it is a property of charge conjugation, which, like
the parity transformation, does not belong to the restricted Lorentz group. They are
discrete transformations, which we will come back to later.

Chirality is not to be confused with helicity, which also classifies fields into left- and
right-handed parts. For massless particle the two concepts coincide, but for massive
particles they are distinct. As shown in Appendix C, helicity is well defined only for
massive particles, as it is the value of spin along the direction of the momentum.

2.4 Majorana equation

After the Dirac particle formulation it was proposed in 1937 by Majorana that one
could describe a massive particle using only one two-component Weyl spinor [120].
Particles that could be represented this way are called Majorana particles. The idea
is that the left and right-handed spinors do not need to be separate, but there can
be a connection between them, so that the pair of equations of Eq. (2),iσµ∂µχ2 −mφ1 = 0

iσ̄µ∂µφ1 −mχ2 = 0
,

would be just two times the same equation. (Note that above χ2 and φ1 have four
components in the sense of Eq. (3).) This can be done by taking a hermitian conjugate
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of the lower equation and multiplying it with γ0 from the right, giving

−i∂µφ̄1γ
µ = mχ̄2

iγµ∂µCφ̄
T
1 = mCχ̄T2 ,

which can be identified as the upper equation if

ηCCφ̄
T
1 = χ2,

where ηC is a phase factor which will be handled with more detail later when treating
the charge conjugation symmetry. The matrix C is defined through a relation,

CγTµC
−1 = −γµ. (15)

We then get the Majorana equation

iγµ∂µψL = ηCmCψ̄
T
L , (16)

which makes it possible to write the complete field using only one chirality component,

ψ = ψL + ψR = ψL + Cψ̄TL ,

which differs from the Dirac fermion in that its left and right-handed chiral parts are
connected. From this follows the Majorana condition,

ψ = Cψ̄T , (17)

where the factor ηC was rephased away. If one defines the charge conjugation (which
will be treated later in detail) to be ψCL = Cψ̄TL , we get ψ = ψL +ψCL , whence follows
another form for the Majorana condition, ψ = ψC .

One notices that a charged particle cannot satisfy the condition; in the case of
electromagnetism, for particles and antiparticles, having opposite charge ±e, the
expression of the covariant derivate becomes (from Eqs. (26) - (27)):

Dµ ≡ ∂µ ± ieAµ,

i.e., they differ by sign, which poses the requirement of zero charge for Majorana
particles.
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2.5 Majorana Lagrangian

If neutrinos are not Dirac particles, due to their neutrality, they could be Majorana
particles, satisfying Eq. (17). When studying Weyl spinors, we noticed that a trans-
formed spinor −iσ2φ∗ transforms as a spinor χ under Lorentz transformations. Thus,
a Majorana spinor is in the Weyl basis

ψM, =

(
φ

−iσ2φ∗

)
, (18)

where φ is a two component spinor. Using this, the Lagrangian for a Majorana field
in a Weyl basis becomes

LM,W =
1

2

(
χ† iχTσ2

)
γ0

(
−mM iσµ∂µ

iσ̄µ∂µ −mM

)(
χ

−iσ2χ∗

)
=
i

2

(
χ†σ̄µ∂µχ+ χT σ̄µ∗∂µχ

∗ + χ†mMσ
2χ∗ − χTσ2mMχ

)
(19)

= χ†σ̄µ∂µχ+
mM

2

(
χ†iσ2χ∗ − χT iσ2χ

)
. (20)

Note that the kinetic term is the same as for the left-handed part of the Dirac
Lagrangian in the Weyl basis (Eq. (13)), but the mass term is different. Therefore
in the case of massless neutrinos the question of whether neutrinos are Dirac or
Majorana particles is irrelevant, but for massive neutrinos it becomes important.

2.6 Inversions

So far we have treated properties of continuous symmetries: rotations, boosts, and
translations. In this section the discrete symmetries of charge conjugation C and
parity P, as well as the combined transformation CP are reviewed. Discrete sym-
metries are profoundly different and have to be dealt with in a different way from
continuous symmetries. For continuous symmetries, the Noether theorem states that
there is a conserved quantity corresponding to every symmetry [131]. The quantity
in question is the generator of a representation of a symmetry. In the case of SO(3),
generators are the angular momentum operators; angular momentum is conserved
under rotations. However, there is no reason for a discrete symmetry to lead into a
conserved quantity. Symmetries relevant for this work, charge conjugation and par-
ity, are inversions, i.e., they are discrete transformations which applied twice give the
initial state. For an inversion the transformation reads [141]

U †φi(x)U = ηSijφj(x
′) φ→ φ′ = ηSφ,
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where η is a phase factor and S a matrix acting on a field φ. Generally, the invariance
of terms of the form φ†φ under the inversion requires |η| = 1. For Majorana particles
the condition is more strict: η = ±1.

For continuous symmetries the conservation law that follows from the Noether
theorem is additive. For a case with transformation matrix U = exp(iαG), and
where an operator acts on a state as G |φ1〉 = g1 |φ1〉, we get

U |φ1φ2〉 = U |φ1〉 |φ2〉 = (U |φ1〉) (U |φ2〉) = eiα(g1+g2) |φ1φ2〉 ,

whereas for inversions we have (now the effect of an operator is UI |φ1〉 = u1 |φ1〉),

UI |φ1φ2〉 = (UI |φ1〉) (UI |φ2〉) = u1u2 |φ1φ2〉 , (21)

meaning that the conservation law is multiplicative. In the ensuing subsection the C,
P, and CP symmetries are studied.

2.6.1 Charge conjugation

Under charge conjugation a spinor field transforms as

ψ → ψ′ ≡ ψC = ηCCψ̄
T = −ηCγ0Cψ∗, (22)

where ηC is the intrinsic charge parity, which for a many particle system is the
property that acts as in Eq. (21), i.e., the intrinsic charge parity of the system is
the product of the parities of individual particles. As the charge conjugation is an
inversion, there is a requirement that

|ηC |2 = 1.

Earlier in Sec. 2.4 we noticed the same transformation with the Majorana condition.
Above, C is a matrix, for which there are conditions arising from the C invariance of
the Dirac (and Majorana) Lagrangian,

C (γµ)T C−1 = γµ, C† = C−1, CT = −C,

which are satisfied by a representation for C in chiral basis,

C = iγ2γ0 = −i

(
σ2 0

0 −σ2

)
.
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By performing the charge conjugation transformation to the quantized solution of the
Dirac field, one notices that the charge conjugation converts particles into antiparti-
cles, as was interpreted in the case of the Majorana condition. The transformations
of vector and pseudovector bilinears differ by sign, i.e.,

ψ̄aγ
µψb →

(
ψ̄aγ

µψb
)C

= η∗C,aψ
T
a C
†γµηC,bCψ̄

T
b = −η∗C,aηC,bψ̄bγµψa

ψ̄aγ
µγ5ψb →

(
ψ̄aγ

µγ5ψb
)C

= η∗C,aηC,bψ
T
a C
−1γµC C−1γ5Cψ̄Tb = η∗C,aηC,bψ̄bγ

5γµψa.

Weak interactions have a coupling structure γµ − γµγ5, which is a combination of
a vector and pseudovector. The above transformation properties then state that
all weakly interacting processes violate the charge conjugation symmetry. On the
contrary, for other interactions charge conjugation is a symmetry. The violation of C
states that matter and antimatter are treated differently in nature. Since neutrinos
interact in the SM only via weak interactions, for which C is not a symmetry, the
intrinsic charge parities of neutrinos do not have a physical meaning and can be
chosen arbitrarily [84].

2.6.2 Parity

The parity transformation flips the sign of the spatial coordinates, i.e., xµ → xµP =

(x0,−x), so that the effect on a spinor reads

ψ(x)→ ψP (xP ) = ηPγ
0ψ(xP ), (23)

where ηP is the intrinsic parity, analogous to the intrinsic charge parity, for which
there is a restriction stemming from parity being an inversion,

η2
P = ±1.

As stated before, in the case of fermions, single Dirac spinor fields are not physical,
so that their phase can be freely chosen. This loosens the restriction for ηP slightly,
for fermions we have then,

|ηP | = 1.

In Appendix B it is noted that γ0 in the chiral (Weyl) basis acts as a parity operator
for Weyl spinors. What it means is that γ0 transformed a chiral Weyl field into
another chirality. Weyl spinors describe a massless particle, and as for a massless
particle chirality and helicity mean the same, also the sign of helicity was changed.
Generally, for massive particles, it is helicity rather than chirality that is flipped by
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parity. To see this, let’s study transformation properties of vector and pseudovector
bilinears:

ψ̄aγ
µψb →

(
ψ̄aγ

µψb
)P

= η∗P,aηP,bψ̄a(xP ) (γµ)† ψb(xP ) = η∗P,aηP,bψ̄aγ
µψb

ψ̄aγ
µγ5ψb →

(
ψ̄aγ

µγ5ψb
)P

= −η∗P,aηP,bψ̄a(xP ) (γµ)† γ5ψb(xP ) = −η∗P,aηP,bψ̄aγµγ5ψb.

They again differ by sign. As angular momentum is a vector, and spin is an axial
vector, the transformation of helicity, defined as in Eq. (150), yields

S ·P→ SP ·PP = −S ·P,

stating that helicity is a pseudoscalar, and that it is reversed under parity transfor-
mation. Due to the V-A structure of weak interactions, also parity is then violated
in weak interactions.

2.6.3 CP symmetry

CP transformation is a combined charge conjugation and parity transformation, and
thus it reads

ψ → ψCP = −ηCηPγ0γ0Cψ∗(xP ) = −ηCPCψ∗(xP ), (24)

where ηCP is the intrinsic CP parity, ηCP = ηCηP , from which it follows that

|ηCP |2 = 1.

As stated before the phase of a spinor does not have a physical meaning. Therefore,
a CP transformation applied twice gives the original field, and is an inversion. As it
is a combined charge conjugation and parity transformation, it transforms a particle
into its antiparticle and flips the sign of the helicity. As both C and P are conserved
under non-weak interactions, CP as their combination is clearly conserved. We are
interested to see if the CP symmetry is violated in weak interactions. The vector and
pseudovector bilinears transform as

ψ̄aγ
µψb →

(
ψ̄aγ

µψb
)CP

= −η∗P,aηP,bη∗C,aηC,bψ̄bγµψa
ψ̄aγ

µγ5ψb →
(
ψ̄aγ

µγ5ψb
)CP

= −η∗P,aηP,bη∗C,aηC,bψ̄bγ5γµψa,

which means that there is no direct reason to have CP violation for weak interactions;
vectors and axial vectors transform in the same way. This is why it seemed to be so
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strange that CP symmetry would be violated, and why the observation of its violation
was such a shock. The violation of the CP symmetry is studied in more detail in
Sec. 6.
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3 Gauge field theories

The Standard Model of particle physics is a non-abelian gauge theory of a symmetry
group SU(3)c ⊗ SU(2)L ⊗ U(1)Y . It has 12 generators and thus 12 gauge fields:
U(1) has one, SU(2) has three, and SU(3) has eight gauge fields. Generally, a gauge
group is determined by what kinds of transformations are possible between gauges
of the theory. For QED the gauge group is U(1), for QCD it is SU(3), and for
isospin it is SU(2) [147]. It turns out that the physical gauge fields arising from the
localization of the gauge group SU(2)L⊗U(1)Y are combinations of the gauge fields
of groups SU(2)L and U(1)Y , whereas the gauge fields of SU(3)c are independent
of the others. It follows that making the SU(3)c symmetry local leads to quantum
chromodynamics, whereas the combined SU(2)L ⊗ U(1)Y local symmetry forms the
electroweak theory [85,137,142].

3.1 U(1) symmetry of QED

The Dirac Lagrangian LD = ψ̄ (iγµ∂µ −m)ψ is invariant under a global U(1) trans-
formation, i.e. a complex phase shift,

ψ → ψ′ = exp(ieα)ψ, (25)

where e is the charge of an electron and α is an arbitrary constant, not dependent on
x. In order to make it invariant under a local symmetry, i.e. one for which α = α(x),
one has to introduce a new vector field and the concept of a covariant derivative.
Without them the Lagrangian is not invariant, but an extra term from taking the
derivative appears: −ψ̄e∂µα(x)ψ. The new vector field, Aµ, has to transform under
a local U(1) symmetry as

Aµ → A′µ = Aµ + ∂µα(x),

and instead of the ordinary derivative we have to use a covariant derivative which
transforms as the Dirac field,

Dµ ≡ ∂µ − ieAµ. (26)

With these modifications we have a Lagrangian which is invariant under local U(1)

transformations,
L′D = ψ̄ (iγµDµ −m)ψ, (27)

which is not anymore just a Lagrangian for a free Dirac particle, but instead it con-
tains also an interaction term, LID = eψ̄γµAµψ. As the field ψ is taken to describe
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electrons, and the vector field Aµ is just a photon, the term LID describes the inter-
action of an electron and a photon. It states that a possible vertex must consist of
two electrons and one photon.

It is natural to assume that the Lagrangian has to be completed with a free
Lagrangian for the vector field, which is the Lagrangian for Maxwell fields [131]

Lem = −1

4
FµνF

µν .

The U(1) invariant full Lagrangian of quantum electrodynamics (QED) is then

LQED = L′D + Lem = ψ̄ (iγµDµ −m)ψ − 1

4
FµνF

µν .

3.2 SU(2) symmetry of isospin

Next we want to make the Dirac Lagrangian invariant under a local SU(2) transfor-
mation, i.e. under a transformation

ψa → ψ′a = Uabψb, (28)

where U are constant unitary 2 × 2 matrices that depend on x. Elements of SU(2)

can be written in an exponential form, U = exp(igT ·α), where T are the generators
of the group (usage of the letter T is conventional) and α depends on x. As we have
seen before, in the fundamental 2× 2 representation the generators are T = σ/2. As
in the case of U(1) symmetry, the Dirac Lagrangian has to be modified by adding
new fields and the covariant derivative. The extra term due to derivation of Eq. (28)
is now

−gψ̄γµT · ∂µαψ.

For each of the three generators one has to insert a corresponding gauge field, Wµ,
that would enable us to have an invariant Lagrangian. In general, there are as many
gauge fields as there are generators in the symmetry group, and the gauge fields
transform according to the symmetry group [17]. Analogously to the U(1) symmetry,
the covariant derivative takes a form

Dµ ≡ ∂µ − igWµ ·T.

17



The Dirac Lagrangian now yields

L′D =
(
ψ̄1 ψ̄2

)
U−1

[
iγµ
(
∂µ − igW′

µ ·T
)
− diag(m1,m2)

]
U

(
ψ′1

ψ′2

)
,

where for the covariant derivative we impose a condition

U−1D′µU = Dµ, (29)

from which it follows that, by considering an infinitesimal transformation and using
the known commutation relations for the generators Ti, [102]

W′
µ = Wµ + ∂µα− gα×Wµ. (30)

This is analogous to the transformation of the electromagnetic field Aµ. The cross
product term stems from the commutation relation [Ti, Tj] = iεijkTk.

We want to complete the Lagrangian with the free terms for the gauge fields
Wµ. It turns out that it can be achieved by taking the commutator of the covariant
derivative as in [131]

[Dµ, Dν ] =
[
∂µ − igW i

µT
i, ∂ν − igW j

νT
j
]
≡ −igW i

µνT
i,

where

W i
µν = ∂µW

i
ν − ∂νW i

µ + gεijkW
j
µW

k
ν = ∂µW

i
ν − ∂νW i

µ + gWµ ×Wν .

Using this expression the full Lagrangian with SU(2) symmetry can be written as

LD = ψ̄ (iγµDµ − diag(m1,m2))ψ − 1

4

(
W i
µν

)2
. (31)

3.3 SU(3) symmetry of QCD

The invariance of the Dirac Lagrangian under an SU(3) symmetry leads to the math-
ematical description of Quantum chromodynamics (QCD). The process of making the
global symmetry local is analogous to the SU(2) symmetry. SU(3) has eight gener-
ators Ta, of which the commutation relations are

[Ta, Tb] = if cabTc.
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The generators are in their defining representation 3× 3 matrices Ta = λa/2 where

λ1 =

 0 1 0

1 0 0

0 0 0

 , λ2 =

 0 −i 0

i 0 0

0 0 0

 λ3 =

 1 0 0

0 −1 0

0 0 0



λ4 =

 0 0 1

0 0 0

1 0 0

 , λ5 =

 0 0 −i
0 0 0

i 0 0

 λ6 =

 0 0 0

0 0 1

0 1 0



λ7 =

 0 0 0

0 0 −i
0 i 0

 , λ8 =
1√
3

 1 0 0

0 1 0

0 0 −2

 ,

are known as the Gell-Mann matrices. As the rank of the SU(3) algebra is 2, two of
the generators are diagonal in the defining representation and commute; generators
labeled as T3 and T8 form the Cartan subalgebra of SU(3) [102].

The field ψ must now have three components:

ψ =

 ψ1

ψ2

ψ3

 ,

and it is transformed under an SU(3) transformation as

ψ → ψ′ = eigαaTaψ.

By promoting α to depend on x, we get an extra term from the derivative

−gψ̄γµTa · (∂µαa)ψ,

which can be gauged away with a covariant derivative of a form

Dµ = ∂µ − igTaGa
µ.

The eight new vector fields Ga
µ are called gluons. The transformation of the gluon

field is analogous to Eq. (30), namely

Ga
µ → G′aµ = Ga

µ + ∂µα
a − gfabcαbGc

µ.

The self-interaction for the gluon fields are given from the commutator of the covariant
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derivative as in the case of SU(2). Only now the structure constant is not εijk, but
fabc:

Ga
µν = ∂µG

a
ν − ∂νGa

µ + igfabcG
b
µG

c
ν , (32)

with which the Lagrangian becomes

LD = ψ̄ (iγµDµ − diag(m1,m2,m3))ψ − 1

4

(
Ga
µν

)2
.

The big difference with SU(2) and SU(3) compared to U(1) symmetry is that the
Lagrangians of the formers have terms with gluon and W fields of third and forth
order; they form vertices. Explicitely, for QCD,

1

4

(
Ga
µν

)2
=

1

4

[(
∂µG

a
ν − ∂νGa

µ

)
(∂µGνa − ∂νGµa)− g2fabcf

a
efG

b
µG

c
νG

µeGνf

+2igfabcG
b
µG

c
ν (∂µGνa − ∂νGµa)

]
where the first term is just like with electromagnetism, the second term decribes a four
gluon interaction, whereas the third one has a gluon-gluon-photon interaction. This
is a fundamental difference between abelian and nonabelian gauge theories; in QED
the gauge field (photon) does not have a self-interaction, but W µ and gluon fields
have. Next we look into the symmetry of weak interactions, for which the structure
is SU(2)L ⊗ U(1)Y . We will also achieve a physical meaning for the W µ fields, when
they are combined with a vector gauge field arising from the U(1) symmetry.

3.4 SU(2)L ⊗ U(1)Y symmetry of electroweak theory

The U(1) symmetry has one and SU(2) has three generators, so the product group
SU(2)L ⊗ U(1)Y has four generators, which, as we have noticed above, leads to four
gauge fields. These are massive the W± and Z0 bosons and the massless photon, γ.
The group SU(2)L ⊗ U(1)Y does not mix with SU(3)C that describes interactions
of quarks, so in order to study the interactions of neutrinos there is no need to
treat QCD any further. As weak interactions treat left and right-handed particles
differently: only left chiral particles interact through weak interactions. This can be
put into a mathematical formulation: right-handed chiral fermion fields are singlets
under weak interaction gauge group; left-handed leptons act as doublets under an
SU(2) symmetry, which leads to their coupling with W bosons.

Let’s then combine the SU(2) and U(1) symmetries studied above. The U(1)

symmetry group for weak interactions is marked as U(1)Y . Its generator is the weak
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hypercharge Y , for which the Gell-Mann-Nishijima relation states [131]

Q = T3 +
Y

2
, (33)

where Q is the charge operator and T3 is the third generator of the SU(2)L symmetry.
The generators Ti satisfy the commutation relations of Eq. (131). The subscript L
stands for the chiral nature of weak interactions: the elements of the group act only
on left-handed fields; the right-handed fields are singlets under their action.

In order to make the Lagrangian invariant under a local SU(2)L⊗U(1)Y symmetry,
as in previous subsections, we need to add three vector fields, Aaµ, which correspond
to each Ti, and one, Bµ, for the generator Y/2, leading into a covariant derivative of
the form

Dµ ≡ ∂µ − igAµ ·T− i
Y

2
g′Bµ, (34)

where g and g′ are the coupling constants for the two groups. We write the left-handed
fermion weak isospin doublets as

L′L =

(
ν ′l,L
l′L

)
Q′L =

(
u′L
d′L

)
, (35)

where l = e, µ, τ , u = u, c, t, and d = d, s, b. The primes on all the fermion fields do
not here mean that they are transformed; the fields are marked with a prime with
far-sight as in Ref. [84]. The primes are there in anticipation for when we handle the
mixing of the definite mass states of fermions. There are no right-handed neutrinos
in the Standard Model. The right-handed fields are taken as singlets under weak
interactions, i.e. there are

l′R, u′R, d′R. (36)

The choice of the doublets determines the representation of the generators as Ti =

τi/2, where τi are the Pauli spin matrices. The operator Y acts on the doublets
according to Eq. (33):

Y L′L = (2Q− 2T3)L′L = −

(
ν ′l,L
l′L

)
, (37)

Y Q′L =

(
2

(
2
3

0

0 −1
3

)
−

(
1 0

0 −1

))(
u′L
d′L

)
=

1

3

(
u′L
−d′L

)
.
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For right-handed fields we have (for all right-handed fields T3 fR = 0)

Y l′R = (2Q− 2T3) l′R = −2l′R.

For quarks we have Y u′R = 4
3
u′R, Y d

′
R = −2

3
d′R. Let’s write the general SU(2)L ⊗

U(1)Y transformation as
U(θ, η) = ei(gT·θ+g′ Y

2
η). (38)

The effect of such a transformation is then for the lepton doublet

L′L → U(θ, η)L′L = ei(gT·θ+g′ Y
2
η)

(
ν ′l,L
l′L

)
= e

i
2

(gτi·θ−g′η)

(
ν ′l,L
l′L

)
,

whereas for the singlet we have

l′R → U(θ, η)l′R = ei(gT·θ+g′ Y
2
η)l′R = e−ig

′ηl′R.

Because left and right-handed fields transform differently, we cannot insert mass terms
of the Dirac equation, mψ̄ψ = m

(
ψ†LψR + ψ†RψL

)
. They would not be invariant

under the transformation U of weak interactions. Instead, we now have for leptons
(for quarks analogously)

LlD = l̄′ iγµDµl
′ = L̄′Liγ

µ

(
∂µ − igAµ ·T− i

Y

2
g′Bµ

)
L′L + l̄′Riγ

µ

(
∂µ − i

Y

2
g′Bµ

)
l′R

= L̄′Liγ
µ (∂µL

′
L) + l̄′Riγ

µ (∂µl
′
R) +

1

2
L̄′Lγ

µ (gAµ · τi − g′Bµ)L′L − g′l̄′RγµBµl
′
R,

where the weak hypercharge values were used and where l goes over all three lepton
flavors. The first two terms are the kinetic terms. In order to achieve an expression
for the interaction between physical gauge bosons, we need to focus on the last three
terms,

Ll,int
D =

1

2

(
ν̄ ′l,L l̄′L

)
γµ

(
−g′Bµ + gAµ,3 g (Aµ,1 − iAµ,2)

g (Aµ,1 + iAµ,2) −g′Bµ − gAµ,3

)(
ν ′l,L
l′L

)
− g′l̄′RγµBµl

′
R,

=
1

2

(
ν̄ ′l,Lγ

µ (−g′Bµ + gAµ,3) ν ′l,L + ν̄ ′l,Lγ
µg (Aµ,1 − iAµ,2) l′L + l̄′Lγ

µ (−g′Bµ − gAµ,3) l′L
)

+ l̄′Lγ
µg (Aµ,1 + iAµ,2) ν ′l,L − g′l̄′RγµBµl

′
R,

which can be split into charged and neutral current interactions. The former is

LCC
D =

g

2

(
ν̄ ′l,Lγ

µ (Aµ,1 − iAµ,2) l′L + l̄′Lγ
µ (Aµ,1 + iAµ,2) ν ′l,L

)
,
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where we can define the sums in brackets as the physical charged gauge bosons,

W±
µ ≡

1√
2

(Aµ,1 ∓ iAµ,2) , (39)

which leads to

LCC
D =

g√
2

(
ν̄ ′l,Lγ

µW+
µ l
′
L + l̄′Lγ

µW−
µ ν
′
l,L

)
=

g

2
√

2
ν̄ ′lγ

µ
(
1− γ5

)
l′W+

µ + h.c.

≡ g

2
√

2
jµW,lW

+
µ + h.c.,

where h.c. denotes Hermitian conjugate and where

jµW,l ≡
1

2
ν̄ ′lγ

µ
(
1− γ5

)
l′, (40)

is the leptonic charged current. Above, the property (1− γ5) (1− γ5) = 2 (1− γ5)

and anticommutation of γ5 with all the other γµ were used. This generates vertices
of lepton-neutrino-W -boson interactions. For the neutral current interaction we have

LNC
D =

1

2

(
ν̄ ′l,Lγ

µ (gAµ,3 − g′Bµ) ν ′l,L − l̄′Lγµ (gAµ,3 + g′Bµ) l′L
)
− g′l̄′RγµBµl

′
R,

for which we can define as the physical gauge bosons

Z0
µ ≡

1√
g2 + g′2

(gAµ,3 − g′Bµ) (41)

Aµ ≡
1√

g2 + g′2
(g′Aµ,3 + gBµ) , (42)

which leads to

LNC
D =

1

2

(√
g2 + g′2ν̄ ′l,Lγ

µZ0
µν
′
l,L −

√
g2 + g′2l̄′Lγ

µZ0
µl
′
L − l̄′Lγµ2g′

1√
g2 + g′2

(
gAµ − g′Z0

µ

)
l′L

)
− g′l̄′Rγµ

1√
g2 + g′2

(
gAµ − g′Z0

µ

)
l′R

=
1√

g2 + g′2

[
1

2

(
g2 + g′2

)
ν̄ ′l,Lγ

µZ0
µν
′
l,L −

(
g2 + g′2

)
l̄′Lγ

µZ0
µl
′
L − l̄′Lγµ2g′

(
gAµ − g′Z0

µ

)
l′L

−g′l̄′Rγµ
(
gAµ − g′Z0

µ

)
l′R
]
.
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Let’s also define mixing angles in the (Aµ,3, Z
0
µ) -plane and the electron charge e in

the customary form as [84]

cos θW =
g√

g2 + g′2
, sin θW =

g′√
g2 + g′2

, e =
gg′√
g2 + g′2

, (43)

where θW is the weak mixing angle [85]. The substitution of them gives

LD,(NC) =
1

2 cos θw

[(
ν̄ ′l,Lg cos2 θwγ

µν ′l,L + ν̄ ′l,Lg
′ cos θw sin θwγ

µν ′l,L − g cos2 θw l̄
′
Lγ

µl′L

+ cos θw sin θwg
′l̄′Lγ

µl′L + 2l̄′Rg
′ cos θw sin θwγ

µl′R
)
Z0
µ − e

(
l̄′Rγ

µl′R + l̄′Lγ
µl′L
)
Aµ
]

≡ g

2 cos θw
JµZ0Z

0
µ + eJµγAµ,

where g′ cos θw/g = sin θw was used. Above the corresponding currents were

JµZ0 ≡ ν̄ ′l,Lγ
µν ′l,L −

(
1− 2 sin2 θw

)
l̄′Lγ

µl′L + 2 sin2 θw l̄
′
Rγ

µl′R

≡ ν̄ ′l,Lγ
µ
(
gνlV − g

νl
Aγ

5
)
ν ′l,L + l̄′γµ

(
glV − glAγ5

)
l′ (44)

Jµγ ≡ −l̄′γµl′,

where the leptonic weak interaction couplings were defined using the conventional V-
A structure which describes the chiral nature of the interactions, where the vectorial
and axial vectorial parts of the couplings are (for leptons): gνlV = 1

2
, gνlA = 1

2
, glV =

−1
2
+2 sin2 θw, glA = −1

2
as in [84]. Combining all the terms so far, namely the charged

and neutral current interactions and the kinetic terms, all stemming from the Dirac
Lagrangian, the leptonic part of the weak interaction Lagrangian reads

Lno Higgs =
∑
l=e,µ,τ

iL̄′LγµD
µL′L +

∑
l=e,µ,τ

il̄′RγµD
µl′R −

1

4
AµνA

µν − 1

4
BµνB

µν .

As one can notice, the mass terms for both gauge bosons and leptons are absent.
In other words, the theory as it is describes them massless. As this is true only for
photons, the model has to be augmented. The masses are generated through the
Higgs mechanism.
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3.4.1 The Higgs mechanism

In order to write mass terms for gauge bosons and fermions one adds a complex scalar
Higgs doublet

Φ =

(
φ+

φ0

)
,

where the superscripts denote the charge of the fields: ’+’ for positively charged; ’0’
for neutral. The weak hypercharge of the doublet is then 1, since

Y Φ = (2Q− 2T3) Φ =

(
2

(
1 0

0 0

)
−

(
1 0

0 −1

))(
φ+

φ0

)
=

(
φ+

φ0

)
.

The doublet transforms under an SU(2)L ⊗ U(1)Y transformation as

Φ→ U(θ, η)Φ = ei(gT·θ+g′ Y
2
η)

(
φ+

φ0

)
= e

i
2

(gτi·θ+g′η)

(
φ+

φ0

)
.

As the Higgs field is scalar, it is described by the Lagrangian [131]

LH = (DµΦ)† (DµΦ)− V (Φ) = (DµΦ)† (DµΦ)− µ2Φ†Φ− λ
(
Φ†Φ

)2
, (45)

where the renormalizability of the theory prevents terms of bigger order in Φ [131].
As the covariant derivative transforms as D′µ = U(θ, η)DµU(θ, η)†, the scalar field
Lagrangian is invariant under the symmetry. The choice of the coefficients µ and λ
is conventional. In order to introduce symmetry breaking, which requires a nonzero
minimum of a bounded potential V (Φ), we must have λ > 0 and µ2 < 0. The
minimum of the potential is easily achieved, when the potential is written in a form

V (Φ) = λ

(
Φ†Φ +

µ2

2λ

)2

≡ λ

(
Φ†Φ− v2

2

)2

, (46)

where v ≡
√
−µ2/λ was defined and whence it is easy to see that the minimum of the

potential occurs at Φ†Φ = v2/2. The constant term is insignificant. The minimum of
the potential is the potential of the vacuum, which means that now we have a nonzero
vacuum expectation value (VEV). Since vacuum has to be electrically neutral, the
charged field φ+ cannot contribute to the VEV. This leaves us with the VEV

〈Φ〉 =
1√
2

(
0

v

)
. (47)
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This breaks the SU(2)L ⊗ U(1)Y symmetry, since the weak hypercharge and weak
isospin have a nonzero values for vacuum, which clearly cannot be:

Y 〈Φ〉 = (2Q− 2T3) 〈Φ〉 =

(
2

(
1 0

0 0

)
−

(
1 0

0 −1

))
1√
2

(
0

v

)
= 〈Φ〉 ,

T 〈Φ〉 = (T1, T2, T3) 〈Φ〉 =
1

2
√

2

((
v

0

)
,

(
−iv

0

)
,

(
0

−v

))
.

Instead, from these we notice that for the electric charge

Q 〈Φ〉 =

(
T3 +

Y

2

)
〈Φ〉 =

1

2
√

2

(
0

−v

)
+

1

2
√

2

(
0

v

)
= 0,

which states that the electric charge is still a symmetry of the Lagrangian after
the symmetry breaking. The remaining symmetry group is now U(1)Q instead of
SU(2)L ⊗ U(1)Y . The symmetry is said to be spontaneously broken, which means
that the Lagrangian itself is still symmetric under SU(2)L⊗U(1)Y , but the physical
states, including the vacuum, are not. There is now only one massless gauge boson
left corresponding to the generator of the U(1)Q symmetry, namely, the photon.

3.4.2 Gauge boson masses

The Goldstone theorem that states that for spontaneously broken continuous sym-
metry massless particles appear. One can write the Higgs doublet as [84, 139]

Φ(x) =
1√
2

exp

(
iξ(x) · τ

v

)(
0

v +H(x)

)
, (48)

where H(x) is the physical Higgs field and ξ(x) are three Goldstone bosons of the the-
ory. Due to the gauge symmetries they can be rephased away with a transformation
U(θ = −ξ(x)/v) of Eq. (38). This choice defines the unitary gauge [84], where

Φ(x) =
1√
2

(
0

v +H(x)

)
.

The masses of the gauge bosons are found by evaluating the covariant derivative of
the Higgs field Lagrangian of Eq. (45) in the unitarity gauge. The covariant derivative
for the electroweak theory is given in Eq. (34). By using the gauge boson definitions
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of Eqs. (39), (41), and (43) one can write the expression as

DµΦ =
1√
2

(
i√
2
gW µ (v +H(x))

∂µH(x) + g
cos θW

i
2
Zµ (v +H(x))

)
,

so that the whole Higgs Lagrangian, using Eq. (46) reads

LH = −1

2
(∂µH(x))2 + 2λv2H2(x) + λvH3(x) +

λ

4
H4(x) +

g2v2

4
W †
µW

µ − g2v2

8 cos2 θW
Z†µZ

µ

+
g2v

2
W †
µW

µH(x)− g2v

4 cos2 θW
Z†µZ

µH(x)− g2H2(x)

8 cos2 θW
Z†µZ

µ +
g2

4
W †
µW

µH2(x),

where the constant terms have been omitted. The first term is the kinetic term
of the Higgs boson. The second term is the mass term of Higgs particle, giving
mH =

√
2λv =

√
−2µ2. The mass of the Higgs boson is then separate from other

parameters in the SM. The existence of the particle was finally observed in 2012 [1,53].
Then the value wasmeasured to be mH ' 126 GeV. The third and forth terms
describe the self-couplings of the Higgs boson. The four last terms describe the
possible vertices for the Higgs boson. The fifth and sixth terms give the masses of
the gauge bosons, i.e.,

mW =
gv

2
, mZ =

gv

2 cos θW
,

from which one notices that mW cos θW = mZ . From this relation one can write the
ρ parameter,

ρ =
mW cos θW

mZ

,

which for the SM is 1. If there are other scalar particles in addition to the Higgs
particle, they also contribute to the gauge boson masses. The current value for the
parameter is ρ = 0, 9998+0,0008

−0,0005 [36] which is in a good accordance with the SM.

3.4.3 Lepton masses in the Standard Model

The addition of the Higgs field makes it possible to write mass terms also for fermions.
It turns out that the fermion mass terms need both left and right chiral fields. As there
are only left-handed neutrinos, neutrinos remain massless in the theory. This is why
the observation of nonzero neutrino mass was so remarkable; it was a phenomenon
that was not possible in the SM. The challenge with the lepton mass terms is that
the left and right-handed fields do not transform similarly under the electroweak
symmetry transformations. If we contract the VEV of Φ with lepton fields, i.e.,

L′†Lγ
0 〈Φ〉 l′R → L′†Le

− i
2

(gτi·θ−g′η)γ0e
i
2

(gτi·θ+g′η)Φe−ig
′ηl′R = L′†Lγ

0Φl′R,
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the term stays invariant under an SU(2)L ⊗ U(1)Y transformation. This kind of a
coupling is called a Yukawa interaction. As the gauge transformation properties are
the same for leptons of different generations, there is no reason why the left-handed
doublet L′L should be of the same generation as the singlet l′R.

So the lepton mass terms in the Lagrangian are

Llhiggs = −
∑

f1,f2=e,µ,τ

Y ′lf1f2
L′†f1,L

γ0Φl′f2,R
+ h.c.

= −
∑

f1,f2=e,µ,τ

Y ′lf1f2√
2

(v +H) l′†f1,L
γ0l′f2,R

+ h.c.

If one wants to write a mass term for physical leptons, one should have terms where
the doublet and singlet are both of the same generation. We can write the equation
in matrix form,

Llhiggs = − 1√
2

(v +H) l̄′LY
′ll′R + h.c., (49)

where l̄′L = (ē′L, µ̄
′
L, τ̄

′
L), l′R = (e′R, µ

′
R, τ

′
R)T , and Y ′l is a 3×3 Yukawa coupling matrix,

which can be diagonalized so that

U l†
L Y

′lU l
R = Y l = diag(Yee, Yµµ, Yττ ),

where UR, UL are unitary matrices which transform the definite lepton mass states
into the mixed states with primes, so that

U l†
R l′R = lR =

 eR

µR

τR

 , U l†
L l′L = lL =

 eL

µL

τL

 , U l†
L ν
′
L = νL =

 νeL

νµL

ντL

 . (50)

As neutrino fields are massless, we were able to transform them using the charged
lepton transformation matrix. Now we have

Llhiggs = −
∑

f1=e,µ,τ

ml
f1
l̄f1,Llf1,R −

∑
f1=e,µ,τ

ml
f1

v
l̄f1,Llf1,RH + h.c.,

where we defined the lepton mass,

ml
f1
≡
vY l

f1√
2
.

It is worth noting that the leptonic coupling to the physical Higgs boson field is
proportional to the lepton mass. The leptonic charged current density is, in terms of
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the definite mass fields,

jµW,l = 2ν̄l,LULγ
µU †LlL = 2ν̄l,Lγ

µlL,

where U †Lν
′
l,L = νl,L which states that there is no mixing of lepton mass states in the

case of massless neutrinos.
Collecting all the terms the full Lagrangian for weak interaction then finally reads

Lweak =
∑
l=e,µ,τ

iL̄′LγµD
µL′L +

∑
l=e,µ,τ

il̄′RγµD
µl′R −

1

4
AµνA

µν − 1

4
BµνB

µν

+ (DµΦ)† (DµΦ)− µ2Φ†Φ− λ
(
Φ†Φ

)2 −
∑
l=e,µ,τ

Y e
(
L̄′LΦl′R + l̄′RΦ†L′L

)
,

where only leptonic terms are included.
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4 Massive neutrinos

The simplest possibility to produce neutrino masses is through the Yukawa interac-
tion just like for other fermions. For Dirac neutrinos, this requires the existence of
right-handed neutrinos, but such particles have not been observed. However, this is
not the only way to introduce mass for neutrinos. Since neutrinos are electrically
neutral, they can also be Majorana particles. For Majorana neutrinos the Yukawa
interaction is possible without right-handed neutrinos, but the minimal Majorana
Yukawa interaction is not renormalizable. In this section the general mass matrix for
left- and right-handed Dirac and Majorana neutrinos is derived.

4.1 Dirac mass

The simplest way of extending the SM is to add three sterile neutrinos, one for each
generation, which are singlets under the SM gauge group (and their weak hypercharge
is 0). It is conventional to call them right-handed in order to avoid misunderstandings,
though one could as well use their left chiral representation, νC1,R = ν1,L [84]. In order
to have a mass term invariant under the electroweak symmetry, one also needs a
Higgs doublet with hypercharge -1. This is achieved by introducing

Φ̃ = iτ2Φ∗ = iτ2
1√
2

(
0

v +H

)∗
=

1√
2

(
v +H

0

)
. (51)

Using this expression we can write gauge invariant Yukawa mass terms for neutrinos,
since

Lνmass = L̄′Liτ2 〈Φ〉∗ ν ′R (52)

stays invariant under the transformations of Eq. (38). The complete leptonic Yukawa
mass terms are then

Lν+l
mass =

∑
f1,f2=e,µ,τ

−Y ′νf1f2
L̄′†f1,L

Φ̃ν ′f2,R
+ Llmass = −(v +H)√

2

(
ν̄ ′LY

′νν ′R + l̄′LY
′ll′R
)

+ h.c.,

where the diagonalized Yukawa coupling matrix is

Uν†
L Y

ν′Uν
R = Y ν = diag(Y11, Y22, Y33),

30



and the definite neutrino mass states are

Uν†
R ν

′
R ≡ nR =

 ν1,R

ν2,R

ν3,R

 , Uν†
L ν

′
L ≡ nL =

 ν1,L

ν2,L

ν3,L

 . (53)

Using these expressions the neutrino mass is generated analogously to the charged
lepton mass, and it is

mν
i ≡

vY ν
i√
2
, i = 1, 2, 3.

In this expression the important problem with neutrino masses that emerge by just
adding right-handed neutrinos is visible: the only difference between neutrino masses
and charged lepton masses is the Yukawa coupling constant. The observed neutrino
masses are of order < 0, 23 eV [8], whereas the charged lepton masses are me '
0, 5 MeV, mµ ' 105, 7, MeV, and mτ ' 1777, 8 MeV [36]. The above expression does
not give any insight on why neutrinos are so light; in other words, why the Yukawa
couplings are so weak for neutrinos compared to the couplings of charged leptons.

4.1.1 The PMNS matrix for Dirac neutrinos

Within the SM, the leptonic charged current remained invariant when we changed
to the mass definite basis. With massive neutrinos the situation is different, since
left-handed neutrinos and charged leptons have different transformation matrices,

jµW,l = 2ν̄ ′Lγ
µl′L ≡ 2n̄l,LU

†
PMNSγ

µlL ≡
∑

f1,f2=e,µ,τ

2ν̄L,f1γ
µlL,f2 , (54)

where we defined the neutrino mixing matrix UPMNS ≡ U l†
LU

ν
L , i.e.,

νL ≡ UPMNSnL =

 Ue,1 Ue,2 Ue,3

Uµ,1 Uµ,2 Uµ,3

Uτ,1 Uτ,2 Uτ,3


 ν1,L

ν2,L

ν3,L

 =
3∑
i=1

 Ue,iνi,L

Uµ,iνi,L

Uτ,iνi,L

 . (55)

The matrix UPMNS is known as the Pontecorvo–Maki–Nakagawa–Sakata (PMNS) ma-
trix [121]. In the SM there is an analogous mixing matrix for quarks, which is called
the Cabibbo-Kobayashi-Maskawa (CKM) matrix [49, 111]. From Eq. (55) it is clear
that it is not reasonable to speak about masses of neutrino flavor fields, since they
are linear combinations of the three different mass states. It is also worth noting that
the mixing occurs only between left-handed neutrinos. As the added three sterile
right-handed neutrinos are SM singlets with a zero weak hypercharge, they do not
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appear in the weak currents, but only in the Yukawa mass terms. Therefore there is
no need to have a mixing matrix for them [84].

In the SM each particle has a lepton number L = 1 and all antiparticles have
L = −1. One can classify lepton numbers further, so that every generation has
its own lepton number: Le, Lµ, Lτ . In the SM all the three lepton numbers are
conserved, which is a consequence of invariance of the Lagrangian under a global
U(1) transformation of the form exp(iφf ), where φf stands for a different phase for
each flavor.

The Lagrangian is thus invariant under a global transformation exp(iφ), which
acts on the mass fields, lL, lR, νi,L, νi,R. This enables the rephasing of the PMNS
matrix phases. Generally, a unitary N × N matrix has N(N + 1)/2 phases and
N(N−1)/2 mixing angles. So, with three generations, there are six phases and three
mixing angles. However, only one phase is physical and the others can be eliminated
[131]. Apart from the weak charged current part of the Lagrangian, the Lagrangian
is invariant under the aforementioned global phase transformations exp(iφf/i), where
there are three φf phases corresponding to the transformations of the charged fields,
and one phase φi to each neutrino mass field.

The PMNS matrix arising from the addition of Dirac-type sterile neutrino fields
can be parameterized as in [36]

UPMNS = V K, (56)

where

V =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13

s12s23 − c12c23s13e
iδ −c12s23 − s12c23s13e

iδ c23c13

 , (57)

where cij ≡ cos θij, sij ≡ sin θij, and δ is the Dirac type CP violating phase that
cannot be rephased away. The matrix K becomes important for Majorana neutrinos.
Here, as always for Dirac particles K is just a unit matrix.

The current experimental values are listed in a later subsection. We will show
that if the mixing matrix is real, there cannot be CP violation among neutrinos.
This sounds reasonable: if the remaining physical phase δ 6= nπ, the weak charge
current is not invariant under a CP transformation, as we will notice later on.
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4.2 Majorana mass

The fact that only left-handed neutrinos have been observed raises the question of
whether the observed neutrinos could be Majorana particles, satisfying the Majorana
equation, Eq. (16). In Sec. 2.4 we noticed that a Majorana mass term is of the form

LMaj
mass =

mM

2

(
νTLC

†νL + h.c.
)
, (58)

where the notation is such that the field χ has been replaced by νL and the matrix
iσ2 by C. The term is invariant under Lorentz transformations. Unlike in the case
of the Dirac neutrino mass term, this form of a mass term is invariant under weak
interactions, since the fields in Eq. (58) do not transform differently under weak in-
teractions. Now there emerges a different kind of a problem with quantum numbers:
the term in Eq. (58) has two left-handed fields, which means that the total Majorana
mass term has Y = −2 and T3 = 1. We would need a weak isospin triplet with weak
hypercharge Y = −2 in order to make the corresponding Lagrangian term to have
Y = 0. However, there is no such entity in the SM, so the Majorana mass term has
to be built in a more complicated way.

It turns out that the lowest dimensional term possible to generate a Majorana
mass term using the particles of the SM is the Weinberg operator [143], which can
be realized as [84]

LMaj
eff =

1

M
∑

f1,f2=e,µ,τ

g
f1f2

(
L′Tf1L

τ2Φ
)
C†
(
ΦT τ2L

′
f2L

)
+ h.c., (59)

where g is a 3 × 3 matrix of dimensionless coupling constants and M is the scale
of new physics having dimension of mass. The term in total has a mass dimension
of five. This is problematic since only terms with mass dimension up to four are
renormalizable [131]. After the symmetry breaking the term produces the Majorana
wanted masses [84],

LMaj
mass =

1

2

v2

M
∑
f1,f2

g
f1f2

ν ′Tf1L
C†ν ′f2L

+ h.c., (60)

where the neutrino mass is then

(
MMaj

)
f1f2

=
v2

M
g
f1f2

. (61)

As Eq. (59) is of energy dimension five, it is not acceptable for the SM. This is not
considered as such a bad setback, as it is generally believed that the SM is not the
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final theory, but just an effective theory, applicable at low energies. The tree-level
realizations of the Weinberg operator correspond to the basic seesaw mechanisms [57].
In seesaw models the new heavy particles leave the effective dimension 5 operator after
they are integrated out.

The higher the mass dimension, the more the corresponding terms are sup-
pressed [84]. The dimension five term above, being of the lowest non-renormalizable
dimension, is then the most accessible way to observe effects beoynd the SM, and
this is why the Majorana masses are so intensively studied.

4.2.1 The PMNS matrix for Majorana neutrinos

The mixing between definite mass states is possible for Majorana neutrinos as well.
The mass term ν ′TL C

†ν ′L can be expressed in mass states in the same way as the Dirac

mass term, by using ν ′L = (ν ′eL, ν
′
µL, ν

′
τL) and

(
Uν,Maj
L

)†
ν ′L ≡ nL = (ν1,L, ν2,L, ν3,L),

which gives

LMaj
mass =

1

2

(
nTL

(
Uν,Maj
L

)T
C†MMaj

L Uν,Maj
L nL + h.c.

)
,

where the mass matrix is diagonalized,(
Uν,Maj
L

)†T
C†MMaj

L Uν,Maj
L = MMaj

L,diag = diag
(
mMaj

1 ,mMaj
2 ,mMaj

3

)
.

From the anticommutation property of fermion fields combined with CT = −C, it
follows that the Majorana mass matrix MMaj

L has to be symmetric [47].
The charged lepton current becomes

jµW,l,Maj = 2ν̄ ′Lγ
µl′L = 2n̄l,L

(
Uν,Maj
L

)†
γµU l

LlL ≡ 2n̄l,L

(
UMaj

PMNS

)†
γµlL.

As Majorana neutrinos are massive, helicity is no longer a stable property. There
are Majorana neutrinos with positive and negative helicity. It turns out that jµW,l,Maj

creates mainly relativistic Majorana neutrinos with negative helicity; positive helicity
neutrinos are strongly suppressed [47]. The hermitian conjugate jµ†W,l,Maj in turn cre-
ates mostly relativistic neutrinos with positive helicity [84]. Comparison to the Dirac
neutrino type explains why it is common to call Majorana neutrinos with negative
helicity as neutrinos, and particles with positive helicity as antineutrinos, although
they are not antiparticles in the same sense as Dirac antiparticles.

As there are no antileptons present, Majorana type neutrinos violate the lepton
number conservation by two units. This is possible, since the lepton number conser-
vation is in the SM an accidental symmetry, i.e., there are no physical reasons for
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it. The nonconservation of the lepton number means that Majorana neutrino fields
are not invariant under a global U(1) transformation. This can be seen in the mass
term: given a transformation exp(iφf ), where φf is different for each flavor, we get

LM,W =
mM

2

(
νTLC

†νL + h.c.
)
→ mM

2

(
e2iφfνTLC

†νL + h.c.
)
. (62)

As stated above, as neutrinos are relativistic particles (neutrino masses are very small)
we can approximate negative and positive helicity neutrinos to be effectively neutrinos
and antineutrinos, so that neutrinos are considered massless left-chiral Weyl spinors
and antineutrinos right-handed Weyl spinors. Using these, the effective charged cur-
rent terms are invariant under the phase transformation, i.e., the effective lepton
number is conserved. However, as can be seen from Eq. (62), this approximation
does not help the mass terms: they break also the effective lepton number conserva-
tion. This is why the Majorana mass term can be viewed as a perturbation of the
massless Lagrangian [84]. There are experiments trying to detect signs of this kind
of behavior, the neutrinoless double-beta decay being the most famous of them [136].

Due to the non-invariance under the rephasing of Eq. (62), the PMNS matrix for
Majorana particles differs from the mixing matrix of Dirac neutrinos. The left-handed
chiral neutrino fields cannot be rephased due to lepton number nonconservation.
Therefore there are two more physical phases than for Dirac neutrinos. It is customary
to write the PMNS matrix as in Eq. (55), so that V is the same as for Dirac particles,
but

K = diag
(
1, eiΦ1/2, eiΦ2/2

)
, (63)

in which the phases Φi can lead into Majorana type CP violation. In the notation of
Eq. (63) Majorana type CP violation then requires Φ1,Φ2 6= (−1)nπ. If neutrinos are
Dirac type particles, the Majorana phases vanish, whereas in the case of Majorana
neutrinos the Dirac CP violating phase δ does not necessarily vanish; a Majorana
neutrino can also have CP violation of the Dirac type [42].

4.3 The general Dirac-Majorana mass term

Let’s form the most general expression for the neutrino mass matrix. If neutrinos are
Dirac particles, we need the sterile right-handed neutrinos, as was shown before. But
the added right-handed neutrinos do not have to be Dirac neutrinos, they could as
well be Majorana neutrinos. On the other hand, it is possible that the left-handed
observed neutrinos are Majorana particles. Also, it is possible that there are right
and left-handed neutrinos that are all Majorana particles, but which together form a
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Dirac mass term. All these possibilities can be written in a compact form,

LD+M
ν,mass = LMaj

mass,L + LDν,mass + LMaj
mass,R (64)

=
1

2
ν ′TL C

†MMaj
L ν ′L −

1

2
ν̄Rm

νν ′L −
1

2
ν̄Rm

νTν ′L +
1

2
ν†RCM

Maj
R ν∗R + h.c. (65)

=
1

2

(
ν ′TL

(
νCR
)T )

C†

(
MMaj

L mνT

mν MMaj
R

)(
ν ′L
νCR

)
+ h.c. (66)

=
1

2
N′TL C

†

(
MMaj

L mνT

mν MMaj
R

)
N′L + h.c., (67)

where properties νCL/R = Cν̄TL/R and CT = −C were used. Above, the vectors ν ′L
and νCR are ν ′L ≡ (ν ′eL, ν

′
µL, ν

′
τL) and νCR ≡ (νC1R, . . . , ν

C
NsR

), where Ns is the number of
sterile neutrinos. There is no reason why the number of right-handed neutrinos should
be the same as for the left-handed observed neutrinos. However, for simplicity we
study the situation for Ns = 3. Note that there are no primes on right chiral neutrino
fields, since they are sterile and they do not take part in weak interactions. In the
mass equation there is a symmetric mass matrix,

MD+M =

(
MMaj

L mνT

mν MMaj
R

)
, (68)

in which MMaj
L is a 3 × 3 and MMaj

R is a 3 × 3 matrix. It then follows that mν is
a 3 × 3 matrix. All three matrices are complex. The Majorana mass matrices are
symmetric, as noted before. The matrix MD+M is non-diagonal, and hence it does
not give definite masses for the fields. As a symmetric matrix it can be diagonalized
by a unitary matrix UM so that

(
UM

)TMUM =Mdiag = diag(mν
1, . . . ,m

ν
6), (69)

where submatrices of UM are real, diagonal, and non-negative [45]. The interacting
neutrino fields can be written in terms of the definite mass states nL, i.e.,

N′L =

(
ν ′L
νCR

)
= UMnL = UM


ν1L

...
ν6L

 =


UM11 ν1L + . . .+ UM16 νNL

...
UM21 ν1L + · · ·+ UM26 νNL

 , (70)
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so that the mass term becomes

LD+M
ν,mass =

1

2

6∑
i=1

mν
i n

T
iLC

†niL + h.c.,

which has the structure of a Majorana mass term. This means that there are 6 massive
Majorana fields that together produce mass terms corresponding to the combination
of Dirac and Majorana mass terms. From Eq. (70) we see that in this form of the mass
term, in addition to the observed oscillation between the observed flavor states, the
interacting neutrino fields ν ′L and the sterile fields νCR can oscillate into each others,
because they consist of the same definite mass fields.

4.4 Experimental status of neutrino mass parameters

The neutrino mass parameters are extremely difficult to determine because neutrinos
interact only through weak interactions and they are very light. The experiments
studying neutrino oscillations can only determine the squared mass differences be-
tween neutrinos, i.e., they do not determine whether neutrinos are Dirac or Majorana
particles [39]. The current neutrino oscillation data require there to be at least two
massive neutrinos.

By studying the energy of an electron in the tritium β-decay 3H→ 3He+e−+ν̄e one
can determine the absolute mass of an electron neutrino. There have been two major
experiments using this method: in Troitzk [115] and in Mainz [113]. A new, more
accurate experiment, KATRIN, with sensitivity 0, 2 eV, is under construction [67].
The current, most stringent upper bounds obtained in these experiments are

mνe < 2, 5 eV, with 95% CL.

The most recent cosmological bounds are from the Planck satellite, [8]

mνe < 2, 3 eV.

As stated before, the Majorana mass terms violate the lepton charge conservation.
This is possible, since although within the SM the lepton number is conserved, there
is no physical requirement for the conservation. The Majorana nature of neutrinos
could manifest itself in processes that violate lepton number conservation by two
units. The most established test is the neutrinoless double-beta decay [136], proposed
for the first time already in 1939 [78]. The interest in this experiment comes from the
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fact that it can be used not only to determine the Majorana nature of neutrinos, but
also to measure the Majorana phases in Eq. 56 and the scale of neutrino masses [36].

As stated before, quarks have a CKM mixing matrix, which is analogous to the
PMNS matrix of leptons. However, there are important differences between the cases
of quarks and leptons. First, it is still unknown why neutrinos are so light; second,
the mixing parameters are different. For quarks the current values of CKM matrix
are [36]

|VCKM | '

 0, 97 0, 23 0, 0035

0, 23 0, 97 0, 041

0, 0087 0, 04 1, 0

 , (71)

so that the CKM matrix is close to the unit matrix. The elements of the CKM matrix
are determined by tree-level processes but also by studying flavor changing neutral
currents [41]. The current experimental values are [16,36]

sin2 (2θ13) = 0, 089± 0, 010(stat.)± 0, 005(syst.),

sin2 (θ23) = 0, 42+0,08
−0,03

sin2 (θ12) = 0, 306+0,018
−0,015

∆m2
21 ≡ ∆m2

sol = 7, 58+0,22
−0,26 × 10−5eV2

∆m2
31 ≡ ∆m2

A = 2, 35+0,12
−0,09 × 10−3eV2,

where the value of θ13 is at 7, 7σ, all the others are determined at a 1σ statistical
significance, and where ∆m2

sol refers to the mass difference observed from oscillations
of solar neutrinos, and ∆m2

A to that of atmospheric neutrinos. There are no data
about the magnitudes of the CP violating Dirac or Majorana phases. Together, the
numerical values for the PMNS matrix are [86]

|VPMNS| =

 0, 81 0, 56 < 0, 22

0, 39 0, 59 0, 68

0, 38 0, 55 0, 70

 ,

so that the structure of the PMNS matrix is not even near the unit matrix; its
structure is very different from the CKM matrix. The reason for this is still unknown.
In degrees the current values for the mixing angles are [5]

θ12 ' 34◦, θ23 ' 45◦, θ13 ' 9◦.

38



5 Neutrino mass mechanisms

In this section the mechanisms which lead to neutrino mass terms described in the
previous section are reviewed. The basic idea behind all the mechanisms is the same:
we introduce new particles that couple left-handed neutrinos to the Higgs field. Often
the new particles theorized are so heavy that they are out of existing detectors’ reach,
but mediators of the so-called seesaw mechanisms can be within the energy scale of
the LHC. The neutrino mass generating mechanisms predict mass matrix parameters
and patterns that can determine or exclude leptonic CP violation.

Listing all the different models is out of the scope of this work. Some extensions
add new particles within the SM symmetry group. These include the seesaw models,
in which one adds extra fermions or scalars to the theory. The tree-level seesaw
models are reviewed in the first subsection.

One can also augment the symmetry group of the SM either by a discrete or a
continuous symmetry. These are fundamentally different situations: for a continuous
symmetry, in the same way as in Sec. 3 with U(1), SU(2), and SU(3) symmetries,
gauge fields appear when the symmetry is made local; for discrete symmetries this
is not needed. As an example of discrete symmetry extensions the Altarelli-Feruglio
model is described.

In order to show how extensions of the gauge groups can include the seesaw
mechanisms at low energies, one higher energy model corresponding to each tree-level
seesaw model is introduced: The minimal left-right symmetric model (that includes
the type I seesaw model), the Littlest Higgs model (type II seesaw), and an SU(5)

with an adjoint fermion (type III seesaw).

5.1 Seesaw mechanisms

There are three tree-level realizations of generating the dimension 5 operator of
Eq. (59) that generates the neutrino masses [11]. These are called seesaw mecha-
nisms (see, e.g., [10, 15, 57, 138] for details). Two of these are achieved by extending
the fermion sector. By denoting the left-handed lepton isospin doublet LL with
Y = −1 (from Eq. (37)) as (2,−1) and the Y = 1 Higgs isospin doublet as (2, 1)

makes it possible to write [84]

L ∝ L̄LΦ̃ ∼ (2, 1)⊗ (2,−1) = (3, 0)⊕ (1, 0),

where Φ̃ was introduced in Eq. (51) and where the form of the equation was implied
by Eq. (52). Therefore, in order to have a mass term that stays invariant under an
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SU(2)L ⊗ U(1)Y transformation, and knowing that for SU(2) 3⊗ 3 = 5⊕ 3⊕ 1, one
has two options: either to add a fermion singlet (1, 0) or a fermion isospin triplet
with Y = 0, i.e., (3, 0). These are called type I and III seesaws, respectively.

One can also extend the scalar sector. As no right-handed neutrinos are added,
the left-handed neutrinos have to be Majorana particles. The total mass term stays
invariant under the SM symmetries if one adds a triplet with Y = 2 [125]. The
extension of a scalar triplet with Y = 2 is called the type II seesaw. The three tree-
level seesaw mechanisms are pictured in Fig. 1. There are also other more complex
seesaw schemes that are not studied here in detail. These include inverse and linear
seesaws [96,126].

Figure 1: Diagrams of the three most common seesaw mechanisms: the type I seesaw
with a heavy Majorana neutrino N (left); the type II seesaw is mediated by a heavy
scalar triplet ∆ (middle); in the type III seesaw a fermion triplet Σ is added to the
SM particle content. Figure from Ref. [11]

The name seesaw comes from inserting very massive particles as a counterweight
to the light observed neutrinos. The mass of the observed light neutrinos is then
suppressed in the same way as in Eq. (61), where the Majorana mass is suppressed by
M. The theoretical motivation for the seesaw mechanisms is that they offer a natural
explanation for why the scale of neutrino masses is many orders of magnitude smaller
than that of other fermions.

5.1.1 Seesaw I and III

Consider first a single right-handed sterile neutrino added to the SM with only one
generation. In this case the eigenvalues of the mass matrix in Eq. (68) are

m± =
1

2

[
mMaj
R +mMaj

L ±
√(

mMaj
R −mMaj

L

)2

+ 4m2
D

]
,
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In the case of mMaj
L = 0 and mMaj

R � mD, the eigenvalues are

m+ = mMaj
R +

m2
D

mMaj
R

≈ mMaj
R

m− =
1

2

[
mMaj
R −mMaj

R

(
1 +

4m2
D

2mMaj
R

)]
≈ m2

D

mMaj
R

.

This is called the seesaw mechanism, because it gives a reasonable explanation for
the small masses of neutrinos; it predicts one light and one heavy neutrino.

Seesaw I

For three generations the process is not as straightforward. If we set MMaj
L = 0, and

approximate that elements of MMaj
R are much larger than mν , we can diagonalize the

mass matrix by blocks, i.e., [104,138]

UT
MMUM ' diag(mν ,M

Maj
R ). (72)

If we divide the matrix to four parts as in [43], i.e.,

UM =

(
VL VLR

VRL VR

)
,

we get from Eq. (72) a set of equations,

V †LmνV
∗
RL + V †RLm

T
ν V
∗
L + V †RLM

Maj
R V ∗RL = mν

V †LRmνV
∗
RL + V †Rm

T
ν V
∗
L + V †RM

Maj
R V ∗RL = 0

V †LRmνV
∗
R + V †Rm

T
ν V
∗
LR + V †RM

Maj
R V ∗R = Mν ,

whence we get, after straight-forward manipulation using MD � MR and the fact
that MR is non-singular that the effective light neutrino mass is

mν,effective = −mν
1

MMaj
R

mT
ν .

By writing the Dirac mass term as mν = Y νv√
2
, we find

mν,effective = −v
2

2
Y ν 1

MMaj
R

Y νT .

The effective mass is suppressed by the large mass of right-handed neutrinos.
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Seesaw III

Neutrino masses can also be generated by extending the fermion sector with three
SU(2) leptonic triplet Σi with weak hypercharge Y = 0, where the components are
Weyl spinors [4, 13, 72,114]. The triplets can be represented as

Σi =

(
Σ0
i

√
2Σ+

i√
2Σ−i −Σ0

i

)
, (73)

where Σ0
i = Σ3

i , Σ+
i = 1/

√
2 (Σ1

i − iΣ2
i ) , and Σ−i = 1/

√
2 (Σ1

i + iΣ2
i ) . The calculation

of the neutrino mass term is analogous to that in the seesaw I. Since the Higgs sector is
not extended, MM,L = 0 in Eq. (68). The physical particles of Σi are combinations of
Σ0
i , Σ+

i , and Σ−i , so that there are charged Dirac fermions lΣ,i and Majorana neutrinos
νΣ,i

lΣ,i = Σ−i +
(
Σ+
i

)C
, νΣ,i = Σ0

i +
(
Σ0
i

)C
,

for which one can choose lΣ,i,L = Σ̂+
i , lΣ,i,R = Σ−i , νΣ,i,L = (Σ0

i )
C
, and νΣ,i,R = Σ0

i [13].
The relevant parts of the Lagrangian in the seesaw III are [13]

Lseesaw III = −
∑
i,j

(
Y Σ
ii L̄iLΣjφ̃+

1

2
MΣ

R,ijΣ̄i ·Σj

)
+ h.c.,

from which one gets the neutrino mass terms after the spontaneous symmetry break-
ing,

Lν,mass = −1

2
(ν̄ ′L N̄

′
L)

(
0 mν

mνT MMaj
R

)(
ν ′R
N ′R

)
+ h.c.

= −1

2
ν̄ ′Lm

νN ′R −
1

2
N̄ ′Lm

νTν ′R −
1

2
N̄ ′LM

Maj
R N ′R,

from which, by integrating out the heavy Majorana mass fields and writing mν =
Y Σνv√

2
, one gets

mν,effective,III = −v
2

2
Y Σν 1

MΣ
R

Y ΣνT . (74)

Sequential dominance

Sequential dominance [106] is a mechanism that explains the neutrino mass hierarchy.
It is based on the seesaw I, so that it assumes the existence of at least two new heavy
Majorana singlet neutrinos, of which one is heavier than the others. Consider a single
heavy Majorana neutrino νR,3 with a massM3. In a basis with diagonal charged lepton
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and heavy neutrino mass matrices, the Yukawa term becomes (using the notation of
Ref. [106]),

H (dLe + eLµ + fLτ ) νR,3,

where d, e, f are the Yukawa couplings. The couplings are assumed to be such that
d� e, f . The seesaw mechanism gives a light neutrino mass

m3 '
(
e2 + f 2

) v2

M3

.

By identifying the neutrino with a mass m3 to be the atmospheric neutrino, one can
write the atmospheric mixing angle as [109]

tan θ23 '
e

f
, (75)

whereas the reactor angle becomes [109]

θ13 '
d√

e2 + f 2
. (76)

Next, one introduces another heavy neutrino, νR,2, with a mass M2, for which, anal-
ogously to νR,3 one writes

H (aLe + bLµ + cLτ ) νR,2,

where this time the Yukawa couplings are conventionally marked as a, b, c. Then, due
to an assumption that (a2 + b2 + c2)/M2 � (e2 + f 2)/M3, one can write the second
light neutrino as [106,109]

m2 '
(
a2 + (b cos θ23 − c sin θ23)2) v2

M2

, (77)

from which one gets the second mixing angle,

tan θ12 '
a

b cos θ23 − c sin θ23

. (78)

Hence, this method gives a way to write the mixing angles and light neutrino masses
using only Yukawa couplings.
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5.1.2 Seesaw II

If we assume MMaj
L 6= 0 in Eq. (68), the Higgs sector has to be extended. The small

neutrino masses can also be generated by adding a scalar triplet ∆ with a mass M∆

and a hypercharge Y = 2, which in the 2× 2 representation reads

∆ =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
,

where the superscripts 0, +, and ++ denote the charge of the scalar field. As we do
not enlarge the fermion sector with right-handed neutrinos, the light left-handed SM
neutrinos have to be Majorana particles [124].

The neutrino mass matrix in this scenario is achieved from the Yukawa interaction
of the scalar triplet and left-handed light neutrinos, as in [13,19,79]

L∆
Y = Y ∆

ν L
T
LCiτ2∆LL + h.c.,

which, after a non-zero VEV for the neutral component of ∆, 〈∆0〉 ≡ v∆/
√

2 [79],
gives the the mass matrix, so that

mν = v∆Y
∆. (79)

The triplet Higgs mass terms couple with the Higgs doublet φ. The most general
Higgs potential contains an interaction term of the SM Higgs and the new triplet,
and the relevant terms are [19,42]

V = M2
∆Tr(∆†∆) +

1√
2
µ(ΦT iτ2∆†Φ + h.c.) + . . . ,

where µ is a dimensionless coupling. The potential can be minimized so that the
triplet VEV can be written as [19]

v∆ '
µv2

2M2
∆

. (80)

As the triplet is assumed to be heavy, v∆ is much lighter than v. Thus the corrections
to the Z and W boson masses caused by the Higgs triplet are negligible [124], and
the ρ parameter is not much affected.
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5.1.3 Other seesaws

Other seesaw scenarios are also studied in the literature. In the so-called double and
inverse seesaw schemes (the latter being a special case of the former) one adds two
sets of heavy SM singlet fermions, the right-handed N and the left-handed S to the
SM, so that the Yukawa parts of the Lagrangian become [126]

−LY = Y νL̄LΦN + S̄MNN +
1

2
N̄µRN +

1

2
S̄µSS

C + h.c.,

from which it follows that the neutrino mass matrix is of the form [57]

Mν =

 0 MD 0

MT
D µN MN

0 MT
N µS

 ,

whereMD refers to the Dirac mass term. The standard assumption is to consider the
limit µN � v .MN , which gives the lightest neutrino mass [57],

mν '
(
MDM

−1
N

)
µS
(
MDM

−1
N

)T
.

The advantage of this model is that the TeV energy scale is technically natural for
its seesaw mediators [126]. Therefore it is testable at the LHC.

5.2 Gauge symmetry extensions

The seesaw mechanisms give an explanation for the light neutrino masses. However,
there are still unanswered questions that the mechanisms do not explain, such as why
do the SM Higgs boson, the scalar triplets, or the extra fermions happen to have the
masses they have.

There are different theories with higher energies that try to make connections
between different properties of particles. One can do this, e.g., by assuming a sym-
metry group that contains the symmetry group of the SM. The larger symmetry is
then broken, leading to the observed properties. One main reason to the failure of the
minimal SU(5) model by Georgi and Glashow was because the neutrinos remained
massless in the theory like they do in the SM [81]. The addition of a dimension
five Weinberg operator could not fix the problem because the neutrino mass is still
restricted to be extremely small due to the SU(5) symmetry [126].

The Littlest Higgs model is based on an SU(5) symmetry, like the original Georgi-
Glashow model, but it is more complex. It predicts the existence of a scalar triplet ∆
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(along with other particles) which can generate the neutrino masses as in the seesaw
II mechanism.

The minimal left-right symmetric model extends the symmetry group of the SM
so that left- and right-handed particles are described symmetrically. This is to be
contrasted with electroweak theory, where only left-handed chiral particles participate
in weak interactions. The model adds heavy right-handed neutrinos to the particle
content of the SM, and therefore contains a type I seesaw model.

In the last subsection a model with an adjoint fermion added to the minimal non-
supersymmetric SU(5) is introduced. At 1 TeV energy level the model manifests a
fermion triplet, and thus includes the type III seesaw model.

5.2.1 The Littlest Higgs model

The LtH models were introduced in 2001 [27, 28], although the key idea behind the
models, the Higgs boson being a pseudo-Goldstone boson, was introduced already in
the 1970s [82]. The LtH models have been studied extensively during recent years:
the first LtH articles have been cited already almost a thousand times. In the models
the SM gauge group is augmented. The name comes from the models’ capability of
explaining the lightness of the Higgs mass. There are different versions to do that
but here the so-called “the Littlest Higgs” [28] is reviewed. This is because within this
model neutrino mass parameters and possible CP violating effects could be detected
in the LHC [91,95,103].

The model consists of a global SU(5) symmetry that contains two sets of SU(3)⊗
SU(2) ⊗ U(1) subgroups. The SU(5) is broken to SO(5) by making a subgroup of
(SU(2)⊗ U(1))2 local. As an SU(N) group has N2−1 and an SO(N) has N(N−1)/2

generators [80], the symmetry breaking SU(5)→ SO(5) leaves 14 broken generators.
Let’s assume that the SU(5) symmetry is broken due to a non-zero VEV of a

scalar field Σ(x), i.e., [28]

〈Σ〉 ≡ Σ0 =

 02×2 0 12×2

0 1 0

12×2 0 02×2

 ,

Under a general SU(5) transformation U = exp(iθaTa), where a = 1 . . . 24, Σ(x)

transforms as Σ(x)→ UΣ(x)UT [28]. There are different conditions for the 14 broken
(Tb) and 10 unbroken SU(5) generators (Tu) [139], i.e.,

Tu 〈Σ〉+ 〈Σ〉Tu = 0, Tb 〈Σ〉 − 〈Σ〉Tb = 0, (81)
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using which, one can write Σ(x), analogously to Eq. (48), in a form [139]

Σ(x) = exp(2iπbTb/f)Σ0,

where the VEV f states the cut-off scale of the symmetry breaking to be Λ ' 4πf ∼
10 TeV [28]. By identifying the SM Higgs doublet Φ = (φ+, φ0) and an electroweak
scalar triplet ∆, in addition to a real SM singlet η and a triplet χ = χaσa, the two
latter of which are Goldstone bosons that will vanish, one can explicitly write πbTb
as [139]

πbTb = Π =

 (χ+ η)/2
√

5 Φ†/
√

2 ∆†

Φ/
√

2 −2η/
√

5 Φ∗/
√

2

∆ ΦT/
√

2 (χT + η)/2
√

5

 .

Let’s denote the two SU(2) ⊗ U(1)s as G1 and G2 [28]. The generators of the sub-
groups, Qi and Yi resemble the generators of the electroweak theory, with the disct-
inction that here they are 5× 5 matrices, so that [91]

Qa
1 =

(
σa

2
02×3

03×2 03×3

)
, Qa

2 =

(
03×3 03×2

02×3
σa∗

2

)
(82)

Y1 =
1

10

(
−3 · 12×2 02×3

03×2 2 · 13×3

)
, Y2 =

1

10

(
−2 · 13×3 03×2

02×3 3 · 12×2

)
,

By writing the covariant derivative of Σ(x), i.e., [91]

DµΣ(x) = ∂µΣ− i
∑
i=1,2

(
giW

a
iµ(Qa

iΣ + ΣQaT
i ) + g′iBiµ(YiΣ + ΣY T

i

)
,

which, using Eq. (81), breaks the global SU(5) symmetry. The symmetry (SU(2)⊗ U(1))2

breaks down to its subgroup SU(2)L⊗U(1)Y , where the generators of the electroweak
symmetry are Y = Y1 + Y2 and Ti = Q1i +Q2i, as can be noticed from Eq. (82). The
above expression of the covariant derivative prevents the SM Higgs boson from hav-
ing mass if either gis or g′is are zero. This is because the Higgs field transforms
non-linearly under the remaining SU(3) symmetries [91]. The scalar triplet ∆ is not
protected by symmetries, and therefore it can have a mass larger than the mass of
the Higgs boson, which can in this model achieve mass via electroweak symmetry
breaking at lower energies. There are estimates that the mass of the scalar could be
of order 1 TeV [83, 91,95].

In addition to the scalar triplet, the model predicts the existence of new gauge
bosons WLtH and ZLtH , and a vector-like quark T with charge 2/3. All of these
particles could be within the energy range of the LHC.
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5.2.2 The minimal left-right symmetric model

The type I seesaw can be originated from minimal left-right symmetric model. The
model connects the lightness of observed neutrinos to the suppression of the interac-
tions of right-handed neutrinos at low energies by a seesaw mechanism, which is called
the L-R seesaw [58]. The L-R symmetric model is said to give an explanation on why
the seesaw scale is what it is in addition to the obvious parity symmetry restora-
tion [57]. The model predicted neutrino masses long before they were found [140].

In the minimal left-right symmetric model the SM gauge group is extended with
the symmetry SU(2)R, so that the electroweak gauge group becomes SU(2)L ⊗
SU(2)R⊗U(1)Y [119]. In the theory one adds right-handed neutrinos in order for the
fermion sector becoming left-right symmetric; there are both left and right-handed
lepton doublets (wrt. Eqs. (35) - (36)),

LL =

(
νl

l

)
L

, LR =

(
Nl

l

)
R

.

For the electromagnetic charge, instead of Eq. (33), now holds

Q = I3,L + I3,L +
B − L

2
,

where B and L are the baryon and lepton numbers. In addition to right-handed
neutrinos, one adds a bi-doublet, i.e., a doublet under both SU(2)L and SU(2)R

symmetries, Φ with zero B − L charge, triplet ∆L with B − L = 2 which acts as a
singlet under SU(2)R, and a triplet ∆R, a singlet under SU(2)L with B−L = 2, i.e.,

Φ =

(
φ0

1 φ+
2

φ−1 φ0
2

)
, ∆L,R =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
.

The Yukawa couplings for the theory are [140]

L∆ =
1

2

(
LTLCiτ2Y∆L

∆LLL + LTRCiτ2Y∆R
∆RLR

)
+ h.c. (83)

In order to break the L-R symmetry into SU(2)L ⊗ U(1)Y , the triplets first get the
VEVs [119]

〈∆L〉 = 0, 〈∆R〉 =

(
0 0

vR 0

)
.
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Next, the bi-doublet gets a non-zero VEV,

〈Φ〉 =

(
v1 0

0 v2e
iβ

)
,

where v2
1 + v2

2 = v. This makes ∆L to develop a small VEV, 〈∆L〉 ∼ v2/vR. There
are new bosons, WR and ZR. There exists a relation for the masses of these new
particles, MZR ' 1, 7MWR

[140]. In this theoretical setup the lower limit for the mass
of the boson WR is 2, 5 TeV [119], and it is currently being serached at the LHC [56].

The heavy right-handed neutrinos obtain mass terms from Eq. (83), so that

LMN
= Y∆vR

(
NT
l CNl +N †l C

†N∗l

)
,

from which it follows that MN = Y∆vR. Assuming the Majorana nature of light and
heavy neutrinos one can write the Dirac Yukawa couplings of the triplets as [140]

L = L̄L

(
YΦΦ + ỸΦΦ̃

)
LR + h.c.,

which gives after the symmetry breaking the neutrino Dirac mass matrix,

MD = v1YΦ + v2ỸΦe
−iβ,

so that the neutrino mass terms become

MDL̄LLR +MNL
T
RCLR + h.c.,

which leads into type I seesaw mechanism.

5.2.3 SU(5) with an adjoint fermion

Also the type III seesaw model can be extended so that the origin of the fermionic
triplet is explained. This can be done by building on the SU(5) symmetry. The
problems of the minimal SU(5) are that the neutrinos in the theory are massless and
the gauge coupling constants do not unify. The way to overcome this is to add an
adjoint fermionic multiplet 24F to the theory. The multiplet is decomposed under the
SM gauge group so that it contains both a fermionic triplet and a singlet. In addition
to the adjoint fermion the model contains three generations of fermionic 10F and 5̄F ,
and scalars 5H and 24H , the latter of which is responsable for the SU(5) breaking
with a VEV proportional to Y1 of Eq. (82), i.e, 〈24H〉 = diag(2, 2, 2,−3,−3). After
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the symmetry breaking the Yukawa couplings read [26]

LY = Y f
NLL,fΦS + Y f

ΣLL,fΦΣ− MS

2
SS − MΣ

2
ΣΣ + h.c.,

where Σ is the fermion triplet of type III seesaw, and S is a heavy neutrino singlet.
This gives the mass term for the light neutrinos after the symmetry breaking of
the SM Higgs (Eq. (47)), so that integrating out the heavy triplet and singlet fields
gives [26]

mij
ν = −v2

(
Y i

ΣY
j

Σ

MΣ

− Y i
SY

j
S

MS

)
.

In order to get the mass matrix of the type III seesaw, Eq. (74), one assumes MSto
be very large. The advantage of the theory compared to many other models is that
it can be directly tested at the LHC: it predicts the type III seesaw with a lepton
triplet with MΣ . 1 TeV [33, 34].

5.3 Discrete flavor symmetry extensions

One way to overcome the hierarchy problem of neutrino masses is to augment the
SM symmetry group with a flavor symmetry, i.e.,

GSM = SU(3)c ⊗ SU(2)L ⊗ U(1)Y ⊗Gflavor.

The idea is to have an additional flavor symmetry that restricts the form of the mass
matrices. This would give an explanation for the mass scale of neutrinos as well as
for the mixing pattern of the PMNS matrix.

The motivation comes from the fact that the majority of the free parameters of the
SM concerns fermion masses [75]. Also, it is not known why there are three different
families. In the SM masses and three families are considered as given parameters,
without trying to explain the structure. One way to explain this is to address a new
symmetry.

The motivation for flavor groups to be discrete comes from the fact that the
spontaneous breaking of a discrete symmetry does not lead to Goldstone bosons [109].
The idea of an additional family symmetry to the SM is not new: in 1979 it was
suggested that there could be a U(1) symmetry under which the different families
would have different charges [74]. This would cause the mass ratios of quarks to be
so large. Due to the current information on the mixing pattern, one needs to have a
non-abelian flavor symmetry [109]. There are models describing both the quark and
the lepton sectors; here we only study properties of models with leptons.
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As the symmetry should describe the behavior of lepton flavors, it is natural to re-
quire the group to have an irreducible triplet representation. Being the easiest groups
having this property, the alternating symmetry A4 and the permutation symmetry
S4 have been the most used symmetries (see Appendix D for group properties of A4

in detail).
The first model using A4 as a flavor symmetry was published in 2001 [117, 118].

After that, a large amount of different neutrino mass predicting mechanisms using
A4 and S4 have been suggested. Many of the models were based on the tribimaximal
(TBM) mixing pattern [94], which was suggested in 2002. The pattern was in accor-
dance with the neutrino oscillation data until recently. The TBM model assumes the
mixing angles to be

sin θ12 =
1√
3
, sin θ23 =

1√
2
, sin θ13 = 0,

which leads to the mixing matrix of the form

UTBM
PMNS =


√

2/3 1/
√

3 0

−1/
√

6 1/
√

3 −1/
√

2

−1/
√

6 1/
√

3 1/
√

2

 (84)

This was excluded in 2012, as the reactor angle θ13 was found to be non-zero [24].
The procedure of a flavor symmetry extension is the following. First, one decides

on a particular family symmetry. Next, one assigns all the fields in the Lagrangian
with certain representation of the new flavor symmetry group so that the Lagrangian
density stays invariant under the new symmetry. In Sec. 3 gauge fields were added
to secure the invariance under continuous local symmetries. Here, instead of gauge
fields one introduces flavor fields, flavons.

5.3.1 Altarelli-Feruglio model

Although the Altarelli-Feruglio (A-F) model with A4 family symmetry has been ruled
out, we study it here as an example of an discrete flavor symmetry model. This is
because the model plays a central role in flavor physics. There are many different
versions and extensions of the A-F model that agree with the data, but the basic
theory is the following.

A4 has two subgroups that are generated by the generators S and T (see Appendix
B for the notation). First, having order 2, the generator S spans an Z2 which is a
cyclic group of two elements: it contains S itself and a unit element. It is denoted
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as GS. The generator T is of order 3 and it spans a cyclic group Z3, which contains
itself, it applied twice, and a unit element. This group is denoted as GT .

In the A-F model the flavor symmetry A4 is broken by the VEV of scalar triplet
fields of the form φ = (φ1, φ2, φ3). The VEV has two possible patterns. A VEV of
the form

〈φS〉 = (vS, vS, vS) , (85)

breaks the A4 symmetry to GS, whereas a VEV

〈φT 〉 = (vT , 0, 0) , (86)

breaks it into GT . The breaking occurs in the same way as in the Higgs mechanism
described in Sec. 3.4.1. As mentioned above, all the fields of the theory must transform
as the representations of A4. The lepton doublets as assigned to be triplets, and right-
handed charged leptons eR, µR, and τR transform as 1, 1′′, and 1′, respectively [109].

One adds three scalar fields that are singlets under the SM gauge group. The
first two are triplets φS and φT . The former has the VEV 〈φS〉 of Eq. (85) and the
latter the VEV 〈φT 〉 of Eq. (86). The third scalar is a singlet ξ with a VEV 〈ξ〉 = u.
In addition to these, h1 and h2, two SM gauge group doublet scalar fields, singlets
under the A4 symmetry, are added. The corresponding VEVs are 〈h1〉 = v1 and
〈h2〉 = v2. The model assumes that there is a cut-off scale that is much larger than
the VEVs of the scalar doublets [109]. Using these the Yukawa terms of the lepton
sector Lagrangian density becomes [22]

Ll = YeeR (φTL)1

h2

Λ
+ YµµR (φTL)1′

h2

Λ
+ YττR (φTL)1′′

h2

Λ

+Xaξ
(Lh1Lh1)1

Λ2
+Xb

(φSLL)1

Λ2
+ h.c.,

where the representations of the product of two triplets were produced according to
the Kronecker products studied in Appendix B. The subscript of the brackets refers
to in which representation the product is. Next one lets the scalar fields to develop
VEVs of Eqs. (85) - (86). The Yukawa terms become

Ll = v2
vT
Λ

(YeeReL + YµµRµL + YττRτL) +Xav
2
1

u

Λ2
(νeνe + 2νµντ )

+Xbv
2
1

2vS
3Λ2

(νeνe + νµνµ + ντντ − νeνµ − νµντ − ντνe) + h.c.,

so that the charged leptons remain invariant under a Z3 transformations, but neu-
trinos have a Z2 symmetry, which means that the A4 symmetry is broken [22]. By
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defining
a ≡ 2Xa

u

Λ
, b ≡ 2Xb

vS
Λ
, ml = Ylv2

vT
Λ
, l = e, µ, τ,

one can write the mass matrices as

ml =

 me 0 0

0 mµ 0

0 0 mτ

 , mν =
v2

1

Λ

 a+ 2b/3 −b/3 −b/3
−b/3 2b/3 a− b/3
−b/3 a− b/3 2b/3

 .

The neutrino mass matrix is diagonalized in this model by the TBM mixing matrix
of Eq. (84), and it leads to neutrino masses [22]

m1 = a+ b, m2 = a, m3 = b− a.

Although the original A-F model was excluded, there are extensions that allow a
non-zero θ13 and thus a Dirac CP violating phase δ. The motivation for not aban-
doning the model is that although the TBM predicts a wrong θ13, other two mixing
angles fit well with the observations. The needed tuning can be done, e.g., by intro-
ducing two more flavon fields that transform as the representations 1′′ and 1′, and
stating that A4 is the symmetry that remains after an S4 symmetry is broken [108].
There are also many supersymmetric models combining A4 with other symmetries,
such as models based on a symmetry A4 ⊗ SU(5) [62].

Tribimaximal-Cabibbo mixing As most of the flavor symmetry models, like
A-F model, were based on a zero reactor angle, there has been a lot of research on
how to save the models after the confirmation of non-zero θ13. It has been noticed
that a certain modification of the TBM, named tribimaximal-Cabibbo mixing (TBC)
leads to values of the mixing parameters within the experimental error limits [107].
The idea of somehow linking the Cabibbo angle, or other quark sector parameters to
the lepton sector is not new [64]. It has even been suggested to use it in the TBM
before, although in a different way [123]. The TBC mixing pattern is based on the
fact that the numerical value of the reactor angle written as

sin θ13 =
sin θC√

2
=

λ√
2
, (87)

is in good agreement with the experimental results, giving θ13 ' 9, 2◦. Above
λ ' 0, 2253 ± 0, 0007 [36] is the Wolfenstein parameter used in the Wolfenstein pa-
rameterization of the CKM matrix [145] and θC ' 13◦ is the Cabibbo angle [49]. The
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mixing angles in the TBC mixing are written as

sin θ12 =
1√
3

(1 + s), sin θ23(1 + a) =
1√
2
, sin θ13 =

r√
2
,

where r = λ. The values for s and a are not determined. The labels refer to reactor
(r), atmospheric (a), and solar (s) angles. The origin of the mixing pattern is not
clear, but one way to explain is is to assume the existence of at least two heavy
neutrinos (the seesaw I), and the sequential dominance structure [107]. Consider the
Eqs. 75 - 78. If, for an unknown reason, there is a restriction for the Yukawa couplings
so that [107]  d

e

f

 = a3

 λ

1

1

 ,

 a

b

c

 = a2

 1

1

−1

 ,

one gets for the mixing angles the values θ12 ' 1/
√

2, θ13 ' λ/
√

2 and θ23 ' 1/
√

3,
which are in accordance with TBC.

There have been attempts to make connections between the CP violation effects
that could be detected at colliders, and flavor symmetries. Such attempts include
extending a seesaw mechanism with a flavor symmetry, like the A4 symmetry [96].

In Ref. [50] a model that combines the discrete T7 symmetry and U(1)B−L is in-
troduced. It contains heavy neutrinos, and the light neutrino model is also generated
by type I seesaw. The SM singlet scalars are well beoynd the energy scale of the
LHC, but it has been suggested that one could detect the two extra Higgs doublets
that the model requires. As many other models, also this assumes θ13 to be zero.
The discovery of the non-zero value of θ13 messed up the field. Because of that, and
because most of the new physics occurs at energy scales too high for the LHC, the
phenomenology of flavor symmetry models at low energies is not as established as it
is for tree-level seesaw mediators [97]. Moreover, the connection between CP violat-
ing phases is even less studied, although it has been noted that heavy right-handed
neutrinos added in certain models could have complex phases in the mass matrix [97].
In Sec. 7 the phenomenology of the tree-level seesaw mediators is studied, but their
possible origin in flavor symmetry models is left without attention in this work.
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6 Conditions for leptonic CP violation

After the observation of neutrino oscillation, the structure of the neutrino mixing
matrix became a timely topic. The mixing, together with the discovery of non-zero
θ13 in 2012, makes it possible also for leptons to violate the CP symmetry.

In this section the theoretical conditions for CP invariance are studied. It is no-
ticed that the conditions for Dirac and Majorana particles differ. It is also noted that
neutrino oscillations are the only feasible way to measure direct CP odd effects, al-
though it is not impossible for other processes to manifest CP violation. For processes
for which CP odd effects are not observable, one can still try to probe CP violation by
studying effects that Majorana and Dirac phases have on some observables, although
the connection would be weaker.

6.1 CP invariance of neutrino mass terms

Let’s first study the conditions on which the Lagrangian is invariant under the CP
transformation. As noted in Sec. 2.6.3, the weak coupling does not violate the CP
symmetry, even though both C and P are maximally violated. The possible sources of
CP violation are the PMNS matrix and the neutrino mass terms. In this subsection
we derive the conditions for the Majorana and the Dirac type CP violation.

6.1.1 CP invariance of the charged current

The charged current interactions,

LCC =
g

2
√

2
2n̄l,LU

†
PMNSγ

µl′LW
+
µ =

g

2
√

2
ν̄ ′lγ

µ
(
1− γ5

)
l′W+

µ + h.c.,

have terms with l′ and ν̄ ′l which transform under CP as [47]

l′L → −η
l,D
CPγ

0C l̄′TL (xP ),

n̄′l,L →
(
ην,l,DCP

)∗
νTl,L(xP )C†γ0,

Wµ → ηWCPW
µ.
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The charged current transforms under CP transformation as

jµCC,l →

(
2
∑
l=e,µ,τ

n̄′l,LU
†
PMNSγ

µl′L + h.c.

)CP

= −2
∑
l=e,µ,τ

(
ην,l,DCP

)∗
ηl,DCP l̄

′
LγµU

∗
PMNSnl,L + h.c., (88)

where the property γµ† = γµ was used. As Wµ transforms so that the Lorentz indices
are raised, the lowering of the indices of the charged current is allowed. The hermitian
conjugate of the charged current term used above is −2l̄′Lγ

µUPMNSnl,L. It is the same
as in Eq. (88) if the phases satisfy

(
ην,l,DCP

)∗
ηl,DCPη

W
CP = 1, and if

UPMNS = U∗PMNS,

i.e., the mixing matrix has to be real in order to have CP invariance for weak inter-
actions. This is satisfied if the phase δ = nπ or if θ13 = nπ. As the reactor angle
does not satisfy this, the value of the phase δ determines the CP symmetry of weak
interactions.

6.1.2 CP invariance of the mass terms

Let’s study the CP transformation properties of the mass terms of charged leptons,
Dirac, and Majorana neutrinos. From Eqs. (64) and (49), we have

Ll+D+M
mass = −l̄′LM

ll′R − l̄′RM
l†l′L − ν̄Lmνν ′R − ν̄Rmν†ν ′L

+
1

2
ν ′TL C

†MMaj
L ν ′L +

1

2
ν ′†LM

Maj∗
L Cν ′∗L +

1

2
ν ′TR C

†MMaj∗
R ν ′R +

1

2
ν†RM

Maj
R Cν∗R

where the fact that Majorana mass matrices are symmetric was used. The fields
transform according to the CP transformations in Sec 2.6.3, i.e.,

l′L → WLγ
0C l̄′TL , l̄′L → lTLC

† (γ0
)T
W †
L

ν ′L → WLγ
0Cν̄TL , ν̄ ′L → νTLC

† (γ0
)T
W †
L

l′R → W l
Rγ

0C l̄′TR , l̄′R → lTRC
† (γ0

)T
W l†
R ,

ν ′R → W ν
Rγ

0Cν̄TR , ν̄ ′R → νTRC
† (γ0

)T
W ν†
R
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so that the Lagrangian mass terms transform as

LMmass → −l̄′R

[
W T
R

(
M ′l)T W ∗

L

]
l′L − l̄′L

[
W T
LM

′l∗W ∗
R

]
l′R

− ν̄ ′R
[
W T
R (mν)T W ∗

L

]
ν ′L − ν̄ ′L

[
W T
Lm

ν∗W ∗
R

]
ν ′R

− 1

2
ν ′†L

[
W T
LM

Maj
L WL

]
Cν ′∗L −

1

2
ν ′TL C

†
[
W †
LM

Maj∗
L W ∗

L

]
ν ′L

− 1

2
ν†R

[
W νT
R MMaj

R W ν
R

]
Cν∗R −

1

2
νTRC

†
[
W ν†
R M

Maj∗
R W ν∗

R

]
νR,

where the property Cγ0TC† = −γ0 was used. The Lagrangian is then invariant under
CP transformation if there exists such matrices W l

R, W ν
R, and WL that satisfy

W †
LM

lW l
R = M l∗

W †
Lm

νW l
R = mν∗ (89)

W T
LM

Maj
L WL = −MMaj∗

L , (90)

W νT
R MMaj

R W ν
R = −MMaj∗

R , (91)

where matrices WR and WL have to be symmetric, as can be noticed by solving
the first condition for M l in the left hand side, and comparing this to the complex
conjugate of the original equation. It turns out that in a theory with three left-handed
Majorana fields, if one chooses M l to be real, diagonal, and positive, (as it clearly
should be in a weak interaction basis for charged leptons) the elements of the mass
matrix MMaj

L are restricted to be either real or imaginary [42].

6.2 Condition for Dirac CP violation

In the following, the famous Jarlskog invariant is derived. Usually in the literature
the expression for the invariant is taken as known, but the derivation contains phys-
ically interesting features. It defines the condition for Dirac type CP violation. It is
especially interesting, since it consists of rephasing invariant quartets, i.e., quantities
that have the same values in any parameterization of the PMNS matrix.

The conditions of Eqs. (91) depend on a specific weak interaction basis. One can
define Hermitian matrices H l, Hν,D, and Hν,M in order to eliminate WL, W l

R, and
W ν
R, i.e.,

H l ≡M lM l† = WLM
l∗M l,TW †

L = WL

(
H l
)T
W †
L = WLH

l∗W †
L. (92)

For neutrinos we define
Hν ≡MνMν†,
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where Mν can be MMaj
L , MMaj

R , or mν . In the case of Dirac neutrinos, Hν ≡ Hν
D , the

matrix has the same transformation properties as H l in Eq. (92) [37],

W †
LH

νWL = Hν∗ = HνT . (93)

This means that the existence of the matrices W l
R and W ν

R follows directly from WL,
i.e. the existence of WL is sufficient condition to have a CP invariant theory without
Majorana fields. For Majorana fields we have

Hν
L ≡MMaj

L MMaj†
L = W †

LM
Maj∗
L MMajT

L WL

Hν
R ≡MMaj

R MMaj†
R = W ν†

R M
Maj∗
R

(
MMaj

R

)T
W ν
R,

and for them we have
WLH

ν
LW

†
L = Hν∗

L = (Hν
L)T , (94)

and analogously to the right-handed Majorana fields with the substitutionWL → WR.
The properties of Hν/l are independent of the particular basis of Hν/l [37]. This can
be proved as follows: let’s first consider Hν

D and H ′νD that are defined in different
bases. The case of Majorana fields is studied later. Matrices Hν

D and H ′νD are related
by [37]

Hν
D = V †LH

′ν
DVL, (95)

where VL is a unitary matrix. If WL satisfies Eq. (93), then we have

H ′νTD = V ∗LH
νT
D V T

L = V ∗LW
†
LH

ν
DWLV

T
L ≡ X†H ′νDX,

where X ≡ VLWLV
T
L was defined [37]. Thus H ′νD has the same properties as Hν

D in
Eq. (93). It is easy to see that

W †
L

[
Hν
D, H

l
D

]
WL = W †

L

[
Hν
DH

l
D −H l

DH
ν
D

]
WL = −

[
Hν
D, H

l
D

]T
, (96)

but from Eq. (92) it follows that (Hν
D)2 = WLH

νT
D HνT

D W †
L = UL

(
HνT
D

)2
U †L, so that

(Hν
D)p = WL

(
(Hν

D)T
)p
W †
L, p = 1, 2, .... (97)

Using Eqs. (96) - (97) we get a result

U †L
[
(Hν

D)p ,
(
H l
)q]

UL = −
[
(Hν

D)p ,
(
H l
)q]T

. (98)
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From Eq. (98) one notices a general rule,([
(Hν

D)p ,
(
H l
)q]T)n

= U †L
[
Hν,p, H l,q

]n
UL,

from which the famous commutator identity follows [46,88],

Tr
([

(Hν
D)p ,

(
H l
)q]n)

= Tr
(
U †L
[
(Hν

D)p ,
(
H l
)q]n

UL

)
(99)

First, for n = 1 this leads to −Tr
[
(Hν

D)p ,
(
H l
)q]

= Tr
[
(Hν

D)p ,
(
H l
)q], which means

that the commutator vanishes identically. For n = 2 we have Tr
([

(Hν
D)p ,

(
H l
)q]2)

=

Tr
([

(Hν
D)p ,

(
H l
)q]2). This is an identity, which is the result for all even numbers,

due to the minus sign in Eq. (98). Instead, for odd numbers n we get from Eq. (99)
the condition for CP invariance,

Tr
[
(Hν

D)p ,
(
H l
)q]n

= 0, n = 1, 3, ...

In the case of three generations the mass matrices are of order 3× 3. As the trace of
a commutator vanishes, the case n = 1 is trivial. The lowest value for n that gives
contribution for the CP invariance condition is n = 3, p = q = 1 [37],

Tr
([
Hν
D, H

l
]3)

= 0. (100)

Let’s evaluate this expression. After some algebra one finds that

Tr
([
Hν
D, H

l
]3)

= −3Tr
(

(Hν
D)2 (H l

)2
Hν
DH

l
)∗

+ 3Tr
(

(Hν
D)2 (H l

)2
Hν
DH

l
)

= 6i Im
[
Tr
(

(Hν
D)2 (Hl

)2
Hν

DHl
)]
.

By evaluating the expression using the elements of the matrices one finds,

Tr
([
Hν
D, H

l
]3)

= 6i
3∑

i,j=1

∑
α,β=e,µ,τ

m4
i m

4
αm

2
j m

2
βImQ∗iαjβ

where the Jarlskog invariant [101] was defined as

Jαiβj ≡ ImQαiβj =
(
UαiUβjU

∗
αjU

∗
βi

)
, (101)

where [45]
Qαiβj = Qβjαi = Q∗αjβi = Q∗βiαj. (102)
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The sums can be evaluated so that

Tr
([
Hν
D, H

l
]3)

= −6i∆m2
21∆m2

31∆m2
32

(
m2
τ −m2

µ

) (
m2
µ −m2

e

) (
m2
τ −m2

e

)
J2211,

where the customary notation ∆m2
ij ≡

(
m2
i −m2

j

)
was used. One sees that if neu-

trinos are non-degenerate, the only possible source for the Dirac type CP violation
is a nonzero Jarlskog invariant of Eq. (101), which in the standard parametrization
(using Eq. (57)) reads

J2211 =
1

8
sin(2θ12) sin(2θ13) sin(2θ23) sin δ, (103)

which agrees with our previous findings that nonzero phase and mixing angles are
the necessary and sufficient cause for Dirac type CP violation. The parameters Qαiβj

are called rephasing invariants, since their values do not alter under rephasing of
lepton fields. Using them one can write the minimal set of independent CP violating
parameters as [127]

Im(Qαiβj), α ≤ i, α 6= 1, i 6= N, (104)

where N is the number of generations. For the three generation case the non-trivial
invariants are then Im(Q2231), Im(Q2213), Im(Q2233), and Im(Q2211), which was used
above.

6.3 Condition for Majorana CP violation

The Jarlskog invariant is not sensitive to Majorana phases. For the condition of
Majorana type CP violation one then has to derive its own expression.

The CP invariance conditions of the mass matrices in Eqs. (90) - (91) imply the
matrices WL and W ν

R to be, in the case of three generations, of the form [46]

WL = diag(eiα1 , eiα2 , eiα3), W ν
R = diag(eiβ1 , eiβ2 , eiβ3),

where αi = (2ni + 1)π/2, βi = (2mi + 1)π/2, where ni,mi ∈ Z. These with Eq. (89)
constrain the phase of the Dirac and charged lepton mass matrices so that [46]

phase(mν)ij = (ni −mj)π/2, phase(Hl)ij = (ni − nj)π/2, (105)

are required in order to maintain CP invariance. Through a similar derivation as for
Dirac neutrinos one achieves a condition for non-degenerate Majorana neutrinos for
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three generations [46],

Im
[
Tr
(
H lM∗

MajMMajM
∗
MajH

l∗MMaj

)]
= 0, (106)

which restricts H l to have [46] Im(H l
12) = Im(H l

13) = Im(H l
23) = 0, which is in

accordance with the CP invariance condition of Eq. (105). Therefore, any non-zero
value of the expression of Eq. (106) is due to neutrino mass matrices.

For degenerate Majorana neutrinos the above conditions do not hold, since Eq. (106)
is trivially satisfied. However, unlike for Dirac type particles, for which the CP invari-
ance is assured by the degeneracy, for Majorana neutrinos there can be CP violation
even in the case of degenerate masses [46]. For degenerate neutrinos the CP invariance
condition reads [45]

Tr
[(
MMajH

lM∗
Maj, H

l∗)3
]

== 0.

As was noted before, the rephasing invariant quantities Qαiβj are not sensitive for
Majorana phases. Instead, one can construct rephasing invariant bilinears which do
take the Majorana phases into account, namely [127,128]

Sαij = VαiV
∗
αjK

∗
iKj = UαiU

∗
αj,

which can be written using Qαiβj as

Qαiβj = SαijS
∗
βij, (107)

and for which the minimal set of CP violating parameters reads [128]

Im(Sαij), α ≤ i, i 6= N, j = N,

where N is the number of generations. For three generations the independent non-
trivial bilinears are then Im(S113), Im(S123), and Im(S223). In Ref. [44] it is shown
that, using unitarity of the PMNS matrix, the whole matrix can be written using six
“Majorana type phases”. These phases are arguments of the rephasing invariant bilin-
ears, i.e., arg(Sαij). Because of that, they do not depend on a certain parametrization
of the matrix. These six phases are γjk ≡ arg(Sijk).

6.4 Leptonic CP violation in neutrino oscillations

As will become clear in the next subsection, it is difficult to find processes that would
explicitly violate CP symmetry in the lepton sector. As neutrino oscillations do
manifest the violation is that exists, the process is studied in detail in this subsection.
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When neutrinos are created in physical processes, they are in a quantum state
that is an eigenstate of weak interaction. That is, they represent a flavor: electron,
muon or tau. It has been observed that a neutrino originally of one flavor can be
transformed into another flavor, or more technically: the probability of measuring a
neutrino of a certain flavor is time-dependent. This phenomenon, neutrino oscillation,
could not be possible if neutrinos were massless.

The flavor states we observe are not mass eigenstates, as was shown in Sec. 4.1.1,
but instead linear superpositions of three mass fields which are referred to as ν1, ν2,
and ν3. The mass states are eigenstates for the time evolution of the field, i.e., [124]

|νf (t)〉 =
3∑
i=1

e−iEit |νi〉 , (108)

where the subscript f refers to a flavor. As neutrinos travel almost at the speed
of light, in natural units we can write t ' x, where x is the distance the particle
travels in time t. This assumption is justified as neutrinos are described as localized
wave packets rather than plane waves [105], traveling at a group velocity close to the
speed of light. The relativistic energy-momentum relation reads Ei =

√
p2
i +m2

i ,
which can be simplified by assuming pi:s to be the same for all three neutrino mass
fields, denoted by p, as in [124]. Observable neutrinos have to be ultrarelativistic:
the scale of neutrino masses is under 1 eV [36], but their energy has to be of the order
of 100 keV in order to be detected [84]. In that case one can write p � mi, and the
energy relation can be expanded as Ei ' p + 1

2
m2
i /p. With these Eq. (108) can be

written as

|νf (x)〉 =
3∑
i=1

e−ipxe
−im2

i x

2p |νi〉 . (109)

This means that if the mass state neutrinos have different masses, they also evolve in
time (in distance) differently. This is the mechanism for the oscillation. On the other
hand, this is also why the observation of oscillations implies neutrinos to be massive
and the masses of ν1, ν2, and ν3 to be distinct.

The amplitude of finding a neutrino of flavor f to be of different flavor f ′ after a
distance x is

〈νf ′ |νf (x)〉 =
3∑

i,j=1

〈νj′ |U †f ′,jUl,i |νi(x)〉 =
3∑
i=1

e−ipxe
−im2

i x

2p U∗l′,iUl,i.

The factor exp(−ipx) can be left without attention, because it cancels in the calcu-
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lation of the probability of the process, i.e.,

Pf→f ′ = |〈νf ′ |νf (x)〉|2 =
3∑

i,j=1

|Qff ′ij| cos

(
x

2p
∆m2

ij − arg (Qff ′ij)

)
, (110)

where the notation ∆m2
ij ≡ m2

i −m2
j and Qff ′ij ≡ Uf,iU

∗
f ′,iU

∗
f,jUf ′,j was used. Let us

then calculate the probability of the CP conjugated process f̄ → f̄ ′. Notice that as
the leptons in this case are antineutrinos, they can be regarded as neutrinos travelling
backwards in time, i.e., ν̄i(t) = eiEitν̄i, from which it follows that

Pf̄→f̄ ′ =
∣∣〈νf̄ ′ ∣∣νf̄ (x)

〉∣∣2 =
3∑

i,j=1

|Qff ′ij| cos

(
x

2p
∆m2

ij + arg (Qff ′ij)

)
.

The invariance of the CP symmetry requires that a process and its CP conjugated
process are as likely to occur. Using Eq. (102) one finds that

Pf→f ′ − Pf̄→f̄ ′ = 4
3∑

i=1<j

Im (Qff ′ij) sin
(
e
ix
2p

∆m2
ij

)
, (111)

whence one gets the condition for the CP invariance,

Im (Qff ′ij) = 0. (112)

A non-zero Jff ′ij = Im (Qff ′ij) is then a sufficient condition for the CP violation
also in neutrino oscillations. It does not depend on whether neutrinos are Dirac or
Majorana particles. The Majorana type CP violation cannot be detected this way,
since the Majorana phases cancel in the expression. Eq. (112) depends only on the
Dirac phase, and can therefore only manifest Dirac type CP violation. The same
condition holds for quarks [101].

6.5 Conditions for CP odd effects

Although non-zero values for CP violating phases are a necessary condition for CP
violation, their existence would still not conclude the existence of leptonic CP vio-
lation. For that, one has to show that the effect of the phases is CP odd, i.e., they
affect CP transformed processes differently from the original processes. It is possible
that the phases contribute equally to both processes and their CP mirrored images,
which would not result in leptonic CP violation, as will be shown in this subsection.

For the Dirac type phase δ it is generally acknowledged that it can lead to CP
violating effects, as was the case in neutrino oscillation. An observation of non-zero
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δ in any experiment would then state the existence of CP violation also in neutrino
oscillation.

However, it is unclear if non-zero Majorana phases would have similar implica-
tions. It is unclear if direct CP odd effects can be measured at collider experiments
and the research on the subject is limited. In this subsection, the general conditions
for the phenomenon are derived and the possibility of CP violation in some processes
is studied.

Generally, for a process to be CP violating, one has to have an amplitude A with
at least two contributions, A1 and A2, for which the amplitudes are different and can
be written as

Ai = |Ai| eiφi ≡ aie
iφi ,

so that the total amplitude reads [87]

A = a1e
iφ1eiδ1 + a2e

iφ2eiδ2 ,

where δi are the CP odd phases which take the opposite sign under CP transformation.
For the CP transformed process the corresponding amplitude is then

Ā = a1e
iφ1e−iδ1 + a2e

iφ2e−iδ2 ,

and the total difference between the processes is [87]

∆CP = 4a1a2 sin(δ1 − δ2) sin(φ1 − φ2), (113)

whence one can conclude the three necessary conditions for CP odd effects [47]: the
amplitude of the physical process must have at least two contributions; the CP odd
phases must be distinct for different contributions so that δi − δj 6= nπ; also the CP
even phases φi must hold φi − φj 6= nπ .

It is for the third condition why neutrinoless double beta decays cannot be used
for detecting CP violation but only to probe the magnitudes of Majorana phases [87].
This is because the amplitude for the process can be written as [87]

A0νββ =
∑
i

(
λiU

2
ei

)
miK,

where λi are phase factors, mi the masses of the neutrino mass states, Uei are the
elements of the first row of the PMNS matrix and K is a kinematical factor, which is
the same for all values of i. As the CP even phases in this case are φi = arg(K) [87],
the phases are the same for all contributions and the third condition is not satisfied.
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On the contrary, as studied before, for neutrino oscillation a CP odd effect is
possible. This is in accordance with the three conditions presented above: there are
distinct contributions from different mass states; the CP odd phase results from δ in
the mixing matrix; the phase factor exp(−im2

ix/2p) acts as the even CP phase.
In theory, the direct signs of leptonic CP violation are also possible through certain

meson decays. K mesons can be produced at the LHC, and they decay semileptoni-
cally as

K+ → π−µ+µ+.

The dominant tree-level and first order correction decay channels for this are pictured
in Fig. 2.

Figure 2: Diagrams of the dominant tree-level (a) and a first order correction processes
for the K+ → π−µ+µ+ decay. Figure from Ref. [87].

The amplitude for the tree-level process (Fig. 2a) can be written as [87]

A1 =
∑
i

(
λiU

2
µi

)∗
miK ≡ |A1| eiδ1 ,

which by itself cannot lead to CP odd effects for the same reason as the neutrinoless
double beta decay. Majorana phases will enter the picture if one can take into account
the one-loop corrections, such as pictured in Fig 2b, where the process K+ → µ+ν →
µ+µ+π− contains intermediate states that violate lepton number by two units. For
this process CP even phases appear to the corresponding amplitude. This is because
of the physical intermediate state, from the absorptive part of the amplitude [87].
The amplitude reads

A2 = |A2| eiδ2eiφ2 ,

where A2 is the magnitude of the amplitude, δ2 is the CP odd, and φ2 is the CP even
phase. In total, the amplitude for the whole process and its CP conjugate process,
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assuming that there are only these two contributions, are

A(K+ → µ+µ+π−) = |A1| eiδ1 + |A2| eiδ2eiφ2

A(K− → µ−µ−π+) = |A1| e−iδ1 + |A2| e−iδ2eiφ2 ,

which, according to Eq. (113), gives the difference for the rates of the processes,

∆CP (K± → µ±µ±π∓) = 4 |A1| a2 sin(δ1 − δ2) sin(−φ2), (114)

and therefore, there can be CP odd effects from this kind of decay. Unfortunately,
Eq. (114) requires the CP odd phases be distinct, δ1 6= δ2, which is not the case
if the only source for CP odd phases is the PMNS matrix. Therefore, in order
to observe leptonic CP violation in K meson decays, one should have new physics
sources, as suggested in Ref. [87]. Additionally, even if this process would manifest
leptonic CP violation, it could not be observed: the upper limit for the branching
ratio K± → µ±µ±π∓ is 10−8 [36], which makes it unobservable.

In Ref. [128] the dependence of the squared amplitudes on observable effects for
different leptonic processes is studied. They emphasize that unlike it is commonly
stated, processes with lepton number violation are not the only processes that can be
used to probe Majorana phases. Instead, the phases are present if there is lepton flavor
violation, even if the total lepton number is conserved [128]. Because the charged
current interactions can be the only source of lepton flavor violation in the SM, only
processes with subprocesses pictured in Fig. 3 can be taken into consideration.

Figure 3: Diagrams that are allowed in the processes studied in Refs. [127–129]. The
diagram (a) conserves total lepton number although it violates two flavors whereas
(b) violates both the total lepton number and the two flavors α, β. Figure from
Ref. [128].

For these processes the amplitudes (neglecting the kinematical parts) are [128]

Aβαi = VβiV
∗
αi, Bβαi = VβiVαi (K

∗
i )2 ,

where the former is for the process of Fig. 3a, and the latter for Fig. 3b. The depen-
dence of the Majorana phases in the latter comes from the fact that in this approach
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one only includes processes with no external neutrinos, i.e., the amplitudes must be
invariant under a rephasing of the neutrino field [128]. In accordance with the above,
in Ref. [38] observables in the process e+e− → τ+τ− are derived. In Ref. [129] it
is shown that by this approach CP odd effects can be manifested in lepton-lepton
scattering processes, such as e + µ → e + τ , even without new physics contribution.
The CP odd observable arising from the process is a function of rephasing invariant
quartets and bilinears presented before. However, the possible magnitude and the
detectability of the quantity were not discussed. Although theoretically observable
effects can be found, they are often experimentally unaccessible [59]. Still, the inclu-
sion of only processes with subprocesses as in Fig. 3 makes this approach of little use
for collider processes with seesaw mediators.

Overall, the literature on possible measurable effects of leptonic CP violation is
very limited. For CP odd effects in processes with seesaw mediators there does not
seem to be any research. Instead, there is an abundance of research trying to connect
the CP violating phases and neutrino mass mechanisms by studying effects that they
cause to branching ratios of related processes. Although this is a weaker link than a
measurement of direct CP odd effects would be, an observation of non-zero Majorana
phases would certainly shed some light on the subject, not to mention that it would
mean that neutrinos are Majorana particles.
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7 Determination of Dirac and Majorana phases at

colliders

Despite of all the efforts, leptonic CP violation has never been observed. Motivation
for believing in its existence comes from the quark sector: the CP symmetry has been
observed to be violated in meson decays. It has been a subject of theoretical research
for decades, but only recently has there been experimental evidence for the mixing
angle θ13 to be nonzero [24]. This has opened the possibility for determination of
the Dirac phase δ, which always appears in conjunction with θ13. In Ref. [98] it is
estimated that the determination of δ could be possible in the 2020s.

The Dirac phase has been searched for at neutrino oscillation experiments for
years. As can be seen from Eq. (111), oscillation experiments are not sensitive to
Majorana phases, and therefore Majorana type CP violation must be probed in other
kinds of experiments. The Dirac phase is hoped to be measurable in future long base-
line experiments [42]. Although one can determine the squared mass differences,
mixing angles, and Dirac type CP violation through oscillation experiments, the
masses and the Majorana phases have to be studied elsewhere.

Majorana phases have been studied in neutrinoless double beta decay experiments,
but no signs of them have yet been found. An observation of the neutrinoless double
beta decay, (A,Z)→ (A,Z+ 2) + 2e, would directly imply neutrinos to be Majorana
particles. In those decays and rare lepton flavor violating decays the predictions of
the event rates depend on Majorana phases [136].

As the Dirac and Majorana phases are part of the neutrino mixing matrix, one can
verify or exclude the existence of leptonic CP violation by studying the PMNS matrix.
The properties of the PMNS matrix are studied currently for other reasons as well:
if light and heavy neutrinos mix, the PMNS matrix cannot be unitary. This is why
a deviation of the PMNS matrix from the unitarity would imply extra particles [58]

The neutrino mass scale and the Majorana phases can also be studied at collider
experiments. If neutrino masses are generated through mass mechanisms with new
physics at low energies, the CP violating phases can be probed at the LHC.

As there are no similar established observable quantities as there are in neu-
trino oscillation experiments, one cannot use the same strategy as with oscillations.
Instead, as stressed in the previous section, one has to study the existence of CP
violation by studying the light neutrino mass parameters, which contain the CP vi-
olating phases. Due to the tiny mass of neutrinos, leptonic CP violation is more
difficult to observe than the CP violation of the quark sector. Where as there are
many possible observables, e.g., processes involving K and B mesons [30, 60], for the
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lepton sector these observables are not accessible by experiments, as was seen in the
previous section [42].

The measurement of the neutrino masses and their scale are important for the
possible observation of the CP violating phases, because the phases are visible in
the branching ratios which depend on the mass ordering [13]. It is still unknown
whether the neutrino masses are ordered as ν1 < ν2 < ν3 (normal hierarchy) or
as ν3 < ν1 < ν2 (inverted hierarchy). If the lightest neutrino turns out to be of
order 0, 1 eV, the observed mass differences are so small that the masses can be
approximated as degenerate. In this case neutrinos are called quasi-degenerate (QD).

As pointed out earlier, in the case of mass degeneracy, there cannot be Dirac type
CP violation for degenerate neutrinos. This however, does not apply to Majorana
type CP violation, for which there can be CP violation even in the case of degenerate
masses [46], as was noted before.

The phenomenology of different seesaw mechanisms at the LHC has been studied
extensively (see, e.g., [9,10,12–15,18–21,26,32,33,122]). However, in many approaches
the focus is in finding new particles rather than Dirac and Majorana phases. The CP
violating phases are often either ignored or the studied decay channels are chosen so
that the effect of the phases on branching ratios is minimal. In this section possible
processes with effects from Dirac and Majorana phases and their current experimental
limits are reviewed.

7.1 Experimental effects of the scalar triplet

There are many models containing an SU(2)L triplet scalar with Y = 2, such as
the type II seesaw studied in Sec. 5.1.2. This is because the Yukawa couplings of
the added scalar triplet to neutrinos are arbitrary, whereas the couplings between
heavy and light neutrinos are strongly restricted [103]. The triplet ∆ couples to
other particles as described in Sec. 5.1.2, which leads to the neutrino mass term of
Eq. (79),

(mν)f1f2
= v∆Y

∆
f1f2

. (115)

The reason for the popularity of the scalar triplet model is visible above: the neu-
trino mass matrix is proportional to the leptonic Yukawa coupling constants. As no
right-handed neutrinos are added to the SM particle content, the light neutrinos are
Majorana particles. Therefore, by studying the scalar triplet decay one could observe
both non-zero Dirac and Majorana phases. It turns out that the decays of the doubly
charged scalar are especially interesting from the point of view of neutrino physics.
This is because the branching ratios of the decays could describe not only the Dirac
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and Majorana phases but also the neutrino mass hierarchy and the smallest light
neutrino mass [69,79,103].

Doubly charged scalars, if they exist, can be generated in a proton-proton collision
at the LHC. Their most important decay channels are [13, 18]

pp→ ∆++∆−− → l+l+l−l−,

pp→ ∆±±∆∓ → l±l±l∓ν, (116)

which are widely studied in the literature (see, e.g., [95,100]) and which are pictured
in Fig. 4. Especially the first one is considered promising because it has almost no SM
background [79,100]. However, for that channel there are technical challenges due to
the fact that it is difficult to distinguish electrons and muons that are a product of
tau decay from electrons and muons decaying directly from ∆±± [79]. This is why
the decays ∆±± → l±l±, where l = e, µ, have gotten more attention in the literature
than the tau channels.

In various studies final states with differing charged lepton flavors are considered
best: on the one hand, it has been estimated that for normal hierarchy the scalar
triplet’s decay channels containing taus dominate [103]; on the other hand, in many
studies the same final states with taus are left without attention [10,13], as the mass
reconstruction for taus is more difficult due to the missing tranverse energy from
neutrinos [79]. The inclusion of the final states with taus is especially important
when trying to distinguish the mass scale or hierarchy of neutrinos [69].

Figure 4: Feynman diagrams for the two dominant production and decay processes
of the doubly charged scalar at the LHC. Figure from Ref. [52].

The production of the doubly-charged Higgs has been previously studied exper-
imentally at LEP [6] and at Tevatron [7]. It is currently being searched for at the
LHC. Nothing beyond the SM predictions has yet been observed. The latest lower
limits (from 2012) for the doubly charged scalar are determined for the final states
e±e±, µ±µ±, and e±µ± assuming a branching ratio of 100% for each case, and they
are 409 GeV, 398 GeV, and 395 GeV, respectively [2, 52].

There is an upper limit for the triplet VEV from precision data, v∆ < 2 GeV [13],
and therefore it can be chosen to be small. This bound lets the Yukawa couplings to be

70



of the same magnitude as for other particles. The plain type II seesaw model does not
predict the mass of the triplet, but more complex models do. For example Littlest
Higgs model, from Sec. 5.2.1, predicts the mass of the triplet to be m∆ ' 1 TeV

[91, 95].
The doubly charged scalar has several decay channels: it can decay into a lepton

pair, but also into W±W±, ∆±W±, or ∆±∆±, of which the first one is the most
significant [79]. Also for the singly charged scalar the lepton channel is dominant,
when v∆ < 10−4 GeV [69]. The decay widths for the dominant channels are [13,103]

Γ(∆±± → l±i l
±
j ) =

M∆

4π(1 + δij)
|Yij|2 ,

Γ(∆±± → W±W±) = kv2
∆,

Γ(∆± → l±i νj) =
M∆

8π
|Yij|2 ,

where i, j = e, µ, τ and in the bosonic channel k is a function of masses mW± and m∆.
The masses of the triplet are assumed degenerate, although there is mass splitting
due to radiative corrections [126]. The ratio between the branching ratios of the
leptonic and bosonic decay channels can be approximated as in Refs. [69,70], namely

Γ(∆++ → l+l+)

Γ(∆++ → W+W+)
' |Yij|

2 v4

M2
∆v

2
∆

'
(
MMaj

M∆

)2(
v

v∆

)4

,

whence one can conclude that for mν ∼ 1 eV, M∆ ∼ 1 TeV the values of v∆ smaller
than ' 10−4 GeV imply the domination of leptonic modes [126]. Then, ignoring the
bosonic decay channel is a good approximation [69].

When the contribution of the bosonic decay is assumed to be negligible, one gets
the branching ratios [79]

BRij =
Γ(∆±± → l±i l

±
j )∑

k,l Γ(∆±± → l±k l
±
l )

=
2

1 + δij

∣∣∣(MMaj)ij

∣∣∣2∑
k,l

∣∣(MMaj)kl
∣∣2 , (117)

where ∑
k,l

∣∣(MMaj)kl
∣∣2 =

3∑
i=1

m2
i =

3m2
0 + ∆m2

21 + ∆m2
31 (NH)

3m2
0 + ∆m2

21 + 2 |∆m2
31| (IH),

where NH refers to normal hierarchy and IH to inverted hierarchy. By assuming
normal hierarchy, sin2 θ13 < 0, 05, and a zero mass for the lightest neutrino, and by
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defining r ≡ ∆m2
21/ |∆m2

31| ' 0, 03, Eq. (117) gives [79]

BRNH
ee ' r sin4 θ12 + 2

√
r sin2 θ12 sin2 θ13 cos(Φ2 − 2δ),

BRNH
eµ ' 2

[
r sin2 θ12 cos2 θ12 cos2 θ23 + sin2 θ23 sin2 θ13

+ 2
√
r sin θ12 cos θ12 sin θ23 cos θ23 sin θ13 cos(Φ2 − 2δ)

]
,

BRNH
µµ ' sin4 θ23 + 2 sin2 θ23 cos2 θ23 cos2 θ12

√
r cos Φ2 + r cos4 θ23 cos4 θ12 (118)

− 4 sin3 θ23 cos θ23 sin θ12 cos θ12 sin θ13

√
r cos(Φ2 − δ),

whence one notices that the branching ratios depend slightly on CP phases and that
a nonzero value of θ13 has an impact on the ratios. In fact, a zero value for θ13 would
imply that the branching ratios for channels containing electrons would not have CP
phases [79]. For inverted hierarchy the situation is different: even in the case of θ13 = 0

the channels with electrons depend on Majorana phases [79]. In Fig. 5 the branching
ratios are pictured as a function of lightest neutrino masses with two values of sin θ13

and for both hierarchical mass orderings. One notices that for inverted hierarchy the
lines correponding to θ13 = 0 and θ13 = 0, 1 ' 5, 7◦ are almost overlapping. For
normal hierarchy the lines differ significantly, especially for channels containing e, as
discussed above. Moreover, there is a great difference between different channels: for
the final state ee the difference between IH and NH is very clear for small neutrino
masses whereas it diminishes for bigger masses; instead, for the eτ and eµ channels
even for small masses the NH and IH ranges are completely overlapping.
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Figure 5: Branching ratios of the doubly charged scalar into a lepton pair as a function
of lightest neutrino mass with 2σ significance. NH refers to normal hierarchy and IH
to inverted hierarchy. The thin red and blue lines correspond to the BRs with fixed
values for the Majorana phases when θ13 = 0: Φ2 = π and Φ1 = 0, π/4, π/2, 3π/4, π.
Figure from Ref. [79]

Neutrino mass parameters could then be determined by studying branching ra-
tios of the decay of the doubly charged scalar. Using χ2-distribution analysis it is
found [79] that the Majorana phases have completely different discovery potentials in
different mass orderings. For the quasi-degenerate case the possible accuracy of the
determination of the Majorana phases depends on their values: for Φ1 = Φ2 = π the
accurate determination is more difficult, although unambiguous; for Φ1 = Φ2 = π/2

the determination is more accurate but there is a four-fold ambiguity in the values
of the Majorana phases, as shown in Fig. 6.
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Figure 6: Determination of the Majorana phases for quasi-degenerate neutrinos with
m = 0, 15 eV with 1000 doubly-charged scalar pair decays. Figure from Ref. [79]

However, the task of analyzing the leptonic branching ratios becomes more diffi-
cult if one does not ignore the ∆±± → W±W± channel, since this channel is difficult
to measure [103]. It has been suggested that this could be overcome by studying the
six different leptonic decay channels assuming fixed values for squared neutrino mass
differences and mixing angles from oscillation experiments. With these assumptions,
with small θ13, one can derive a parameter C ′1 [103]

C ′1 ≡
2BRµµ + 2BRττ + 2BRµτ − 2BRee

2BRee +BReµ +BReτ

=
−m2

1 +m2
2 + 3m2

3

2m2
1 +m2

2

+O(sin2(θ13)), (119)

where the branching ratios are as in Eq. (117). The mass hierarchy is manifested in
the magnitude of the parameter C1: if C1 < 1, the mass hierarchy is inverted; if
C1 > 1, it is normal; if C1 ' 1, masses are degenerate. From the Eq. (7) one can
solve the lightest neutrino mass , so that, e.g., for the NH case one has [103]

m2
1 =

∆m2
sol(4− C ′1) + 3∆m2

atm

3(C ′1 − 1)
, (120)

stating that the absolute neutrino masses could be determined at collider experiments.
For the IH case there exists a similar relation. In Fig. 7 the branching ratios of
different di-lepton channels are pictured as a function of both for the θ13 = 0 and
θ13 = 0, 22 ' 12, 7◦with maximal Dirac CP phase δ = π/2 cases, assuming a zero
value for the lightedt neutrino. In the NH case the ratios are presented as a function
of the remaining Majorana phase (the other is rephased away), whereas in the IH
case they are presented as functions of the difference of the two possible Majorana
phases. For both cases the existence of Dirac CP violating phase causes asymmetry

74



to the distributions and the non-zero theta makes it possible for the e±µ± and e±τ±

final states to become observable in normal hierarchy [103]. One notices that the
effect of Majorana phases on the branching ratios is considerable for IH, where as for
NH the dependance is only moderate. Similar results are derived in Ref. [69].

Figure 7: Estimated branching ratios of the decay ∆±± → l±l±, l± = e, µ, τ . The
upper (lower) figures correspond to the NH (IH) case. For the former the branching
ratios are shown as a function of a Majorana phase, whereas for the latter as a
function of the difference of Majorana phases. The lightest neutrino mass is assumed
to be zero. Figures from Ref. [103]

In the case of degenerate neutrinos, the branching ratios of Eq. (117) do not
anymore depend on the neutrino mass. The absolute mass scale cannot then be
probed at collider experiments.

In the case zero values for both Majorana phases and θ13 the only significant non-
zero branching ratios are BRµµ = BRττ = BRee = 1/3 [103]. Non-zero contribution
of the other states or deviations from 1/3 for contributing final states would then
imply either a non-zero value for at least one of the Majorana phases or non-zero θ13.
In Fig. 8 are pictured the effects of non-zero Majorana phases on different branching
ratios.
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Figure 8: Impact of non-zero Majorana phases on different flavored branching ratios
of the process ∆±± → l±l±, l± = e, µ, τ for degenerate light neutrino masses. The
mixing angle θ13 and Dirac CP violating phase δ are assumed to be negligible. Figures
from Ref. [103].

The dependance of the branching ratios for different flavored di-lepton final states
of the doubly charged scalar decays on Majorana phases is shown in Fig. 9. The ex-
istence of the Majorana phases makes the spread of the predicted values of the BRs
larger, but some characteristics can still be noticed: different flavored di-lepton chan-
nels dominate for different mass hierarchies and some information on the Majorana
phases could be achieved. The impact of Majorana phases on the different branching
ratios is most remarkable on different flavored lepton final state with IH (Fig. 9 lower
right diagram), where the dominant branching ratios changes as a function of the
Majorana phase.
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Figure 9: Dependence of the branching ratios of the ∆++ decays on Majorana phases
for NH (upper) and IH (lower) with same flavor (left) and different flavor (right)
leptons. For upper (lower) figures the value of the Majorana phases Φ1 (Φ2) ∈ [0, 2π].
Figure from Ref. [69].

Overall, the effect of CP phases exists for models with a scalar triplet, but the
connection is weak. Only in specific cases some information on the Majorana phases
could be determined directly from the branching ratios of the doubly charged scalar.
For Dirac CP violating phase the situation is even more difficult: its effects are weak
and mix easily with the signs of Majorana phases as in Eq. (118).

7.2 Experimental effects of heavy neutrinos

Heavy singlet Majorana neutrinos are present in many extensions, from the simplest
seesaw mechanism to complex GUT models. For heavy neutrinos, unlike for scalar
triplet, the SM background is different for distinctly flavored final states: this requires
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the searches to separate different flavor states from each others; the final states in-
cluding taus are interfered by the background too much to give valid information [12].

Most of the studies on heavy neutrinos assume there to be something more than
just plain heavy right-handed neutrinos [9,12,29,35,57,58,71,92]. This is both because
for the plain SM extended with right-handed neutrinos there does not seem to be a
physical reason for heavy neutrinos to be within the energy reach of the LHC, but
also because the gauge couplings to N in processes described in Eq. (121) are strongly
suppressed within the SM content, as they are of the order O(mν/MN) [71].

If there are SM singlet neutrinos, which generate small neutrino masses for ob-
served neutrinos via the seesaw mechanism, as presented in Sec. 5.1, they could, in
theory, be observed at the LHC. However, if their masses are of order 1 TeV, the
Yukawa coupling constants might become too small to be detectable [103]. In order
to have the observed light neutrino masses and Yukawa couplings of the same size as
for rest of the SM particles while having an energy for singlet neutrinos of 1 TeV, the
models have to be more complex than the basic seesaw mechanism. This could be
done by introducing new gauge interactions as in left-right symmetric (L-R) models.
Then the heavy neutrinos could be observable up to 2 TeV [126].

Within the SM gauge group, heavy neutrino singlets N can be produced in pro-
cesses [71]

pp→ W±∗ → l±N, (121)

pp→ Z∗ → NN. (122)

The singlet N has four main decay channels,

N → l±W∓, N → νZ, N → νH, (123)

which further decay into leptons. The channel with W boson is presented in Fig. 11a.
There are other channels to produce N , but the background effects are so large that
the channels are unobservable [12]. The decay channels of Eq. (123) are possible only
when the heavy neutrinos are heavier than the gauge bosons. The lightest of the
bosons are W (∼ 80 GeV), so in the case of mN < 80 GeV, instead of the bosonic
decays the heavy neutrinos decay into three leptons via off-shell bosons [12].

The most studied final state is [21,93,130]

pp→ l±N → l±l± + 2 jets

with no missing energy being a characteristic signature of heavy singlets [66]. This

78



is because the heavy Majorana neutrinos are considered heavier than the W boson,
which means that the first W in the process is off-shell, but the second W in turn is
on-shell [66]. This channel has been probed at the CMS experiment at

√
s = 7 TeV

corresponding to 5, 0 fb−1, but nothing over the SM background has yet been observed
[55].

In Ref. [10] it is pointed out that the tri-lepton final state via a process

pp→ l+N → l+l±l∓ν

could perform as a better channel for detecting effects of heavy neutrinos than the two-
lepton final state. This is because the like-sign di-lepton final state requires neutrinos
to be Majorana particles. Not all the seesaw models contain heavy Majorana states
and therefore do not contain lepton number violation. Instead, inverse seesaws I and
III contain heavy quasi-Dirac neutrinos that do not produce the same-sign di-lepton
final states [26], but there are final states with three charged leptons even in this case.

In a recent study it has been stated that the process

pp→ W ∗γ∗jj → l±N + 2 jets, (124)

with four different channels pictured in Fig. 10, is dominating over the pp → Nl±

channel for the heavy neutrino masses mN > 300 GeV [66]. This is because the
process of Eq. 124 gets contribution from both hadronic and electroweak channels,
as pictured in Fig. 10; it turns out that the dependance on heavy neutrino mass of
the electroweak channels of the process is not as strong as it is for the pp → Nl±

process, and its rate drops slowlier [66]. This far heavy neutrino masses that high
have not been experimentally probed, but the experiments at the LHC are aiming to
eventually reach mN = 500 GeV.

Figure 10: Different production channels of heavy Majorana neutrinos of the process
pp→ l±N + 2 jets from Ref. [66].

If the heavy neutrinos are Dirac particles, their decay must conserve lepton num-
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ber, and the same-sign final states with two charged leptons are not allowed. For
the same-sign channel it is estimated that the LHC can exclude or confirm the heavy
Majorana neutrinos up to 200 GeV at a statistical significance of 5σ for the process
pp→ µ±µ±jj. For processes pp→ e±e±jj and pp→ e±µ±jj the background effects
are larger due to detector properties [12]. For the channel pp → e±e±jj at 5σ the
lower limit of the neutrino mass is 145 GeV [55].

For heavy Dirac singlets the channel pp→ e±µ∓jj is studied. The SM background
is larger for opposite charged lepton final states. In fact, it is considered unlikely
that the LHC could make any conclusions of heavy Dirac neutrinos due to large
background effects [12]. They could better be found at e+e− colliders (CLIC and
ILC) through a process e+e− → Nν → lWν [12].

If there are new gauge interactions, the neutrino singlets could be produced in
pairs in a process [71]

pp→ Z ′ → NN,

where Z ′ is a generic new neutral gauge boson, e.g., of the U(1)B−L gauge symmetry.
The heavy neutrinos N decay as in Eq. (123). They can decay conserving lepton
number, i.e., NN → l±W∓l∓W±, or violating it, i.e., NN → l±W∓l±W∓. The
gauge bosons further decay into four jets in both cases [71].

The mass of the heavy neutrino, MN , is not constrained by any symmetry or new
physics, but in a recent study it is stated that a TeV scale L-R symmetric theory
could be detectable at the LHC [58], with the final state of two same-sign charged
leptons and two jets signal with no missing energy being in accordance with the L-R
models.

Figure 11: Feynman diagrams for four possible processes within a L-R model: (from
left to right) two left-chiral, two right-chiral, first right and second left, and first left
and second right chiral W bosons. Figure from Ref. [58].

The signs of the minimal L-R extension are easier to observe than plain heavy
right-handed neutrinos. In Fig. 11 the most significant production and decay pro-
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cesses of the heavy neutrinos within the minimal left-right symmetric model are
presented, namely

pp→ W ∗
L/WR → l±N,

and depending on the Majorana or Dirac nature the decay channel is lepton num-
ber violating or conserving. Without WR the decay channels of N are presented in
Eq. (123). Within an L-R extension N can also decay into three body final states:
N → lW ∗

R → ljj, which is suppressed by the mass ofWR and not by the small mixing
value [57]. The decay mode N → lW ∗

R → llν is strongly suppressed by both mixing
and the mass of the WR boson, and it is therefore neglected [57]. In addition, in
order to be able to determine the lepton number violating or conserving nature of
the process, one needs to study processes without neutrinos in the final states [29].

Fig. 11a corresponds to the traditional type I seesaw scheme; the mixing between
heavy and light neutrinos is VlN '

√
mν/MN , which is too small to be detected

assuming the scale of mν to be ≤ 0, 5 eV and a TeV-scale MN . Only for certain
textures of mν the mixing is not negligible [90]. For the Fig. 11b case, the LHC has
excludedMWR

up to 2,5 TeV for a TeV scaleMN . In the case of non-negligible VlN the
process of Fig. 11c would give a dominant contribution to the l±l±jj signal, whereas
the case of Fig. 11d is strongly suppressed. The strong contribution of the Fig 11c
case is due to the facts that production of the heavy neutrino through the channel
pp → WR → Nl± is suppressed only by the ratio (MW/MWR

)4 (and not dependent
on mixing VlN) and that the heavy neutrino can decay through an on-shell W boson,
i.e., N → l±W → l±jj.

Ref. [58] states that due to vacuum stability heavy neutrinos should be lighter
than the new gauge bosons in minimal L-R models. It is estimated that if the new
gauge bosons have masses below 4-5 TeV, there should be enough information by
combining the oscillation data and the LHC results to determine the Dirac mass
matrix. The signs of the channel of Figs. 11a and 11b have been looked for at the
CMS and ATLAS experiments. In Ref. [58] it is emphasized that the signal of Fig. 11c
could be dominant and should be searched for at the experiments as well. The current
lower limit for MWR

is ' 2, 5 TeV, which excludes also right-handed heavy neutrinos
MNµ < MWR

for L-R models with exact L-R symmetry [56].
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For the bosonic decays the partial widths are [13,71,72]

Γ(N → l±W∓) =
g2

64π
|VlN |2

m3
N

m2
W

(
1− m2

W

m2
N

)(
1 +

m2
W

m2
N

− 2
m4
W

m4
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)
Γ(N → νZ) =

g2

64π cos θ2
w

|VlN |2
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,

where θw is the weak mixing angle and g is the coupling constant. The branching
ratios Γi/

∑
j Γj then depend only on the masses of the particles, as couplings and the

mixing matrix elements are reduced. Compared to the scalar triplet BR of Eq. (117)
this situation is less attractive for light neutrino mass parameters and hence for CP
phases.

In Ref. [14] it is noted that if one assumes extra gauge interactions, the discovery
potential of the heavy neutrino singlets is larger. The addition of Z ′ into the seesaw
I scenario is widely studied in the literature [9,14,35,71,99,126]. The insertion of the
new gauge boson causes the possible mass range of the heavy neutrinos to increase up
to 800 GeV [9, 21, 126], whereas without the extension the heavy Majorana neutrino
mass can be tested at 2σ (5σ) accuracy only up to 375 (250) GeV [29]. However, the
branching ratios of to NN decays do not depend on Majorana phases [71].

For the inverse type I seesaw model the same-sign dilepton channel does not
contribute, which is a great difference compared to the models studied above. The
non-contribution of this channel is due to the pseudo-Dirac nature of the two sets
of new particles. However, the lepton number violating three-lepton final state is
possible [57]. The difference of the decays in case of Dirac and Majorana heavy
neutrinos is pictured in Fig.12.

Figure 12: Feynman diagrams of the most promising channels for Majorana (left) and
Dirac (right) heavy neutrino signals at the LHC assuming existence of the left-right
symmetry. Figure from Ref. [57].

For Dirac type heavy neutrinos the final state with three charged leptons and one
light neutrino is the most promising, whereas for the detection of heavy Majorana
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neutrinos the best final state has two same sign charged leptons and two jets with
no missing energy [29]. As the different branching ratios are not connected to the
neutrino mass matrix, the connection to CP violating phases is not as direct as it is
with the scalar triplet. However, some information on the Majorana phases could be
determined.

One can learn about the light neutrino mass matrix properties by studying the
mixing between light and heavy neutrinos. In Refs. [71, 114] an interesting relation
is derived:

V ∗lNM
diag
N V †lN = −V ∗PMNSm

diag
ν V †PMNS, (125)

where the mixing between heavy and light neutrinos can be written in the Casas-
Ibarra parameterization (using Eq. (129))

VlN = mD
ν M

−1
R = iUPMNS

√
diag(m1,m2,m3)Ω

1√
diag(MR,1,MR,2)

,

and where the matrix Ω is parameterized using rotational angles wij, so that Ω(w21, w31, w32) =

R12(w21)R13(w31)R23(w32), where, e.g.,

R12 =

 cosw21 − sinw21 0

sinw21 cosw21 0

0 0 1

 .

With this notation, one gets, e.g., for V e1
lN , [114]

−iV e1
lN

√
M1 =

√
m2cθ13sθ12sw21cw31+

√
m1cθ12cθ13cw31e

iΦ1/2+
√
m3sθ13sw31e

i(Φ2/2−δ),

whence one sees that the determination of the Majorana and Dirac phases Φ1,Φ2,
and δ is far from unambiguous: their values depend not only on heavy-light mixing
elements but also on the absolute neutrino masses, mixing angles, and the rotational
angles of R, which are completely unknown [71]. Even if the values of other pa-
rameters would be known, the magnitude of VlN ∼

√
mi/M1 is very small which

means that their dependance on the CP phases is so subtle that it is possible to be
undetectable.

The branching ratios of the decay N → l±W∓, where l = e, µ, τ , as a function
of the Majorana phases for NH and IH are shown in Fig. 13, where the Casas-Ibarra
parameterization with random values of Ω is used. As discussed above, no accurate
information can be extracted from the impact of Majorana phases, but only some
overall tendencies that they cause on the branching ratios.
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Figure 13: Branching ratios of the process N → l±W∓, where N is the lightest of the
heavy neutrinos. The left (right) figure corresponds to the NH (IH) case, where the
lightest neutrino is assumed massless. The assumed masses for the heavy neutrino
and Higgs boson aremN = 300 GeV andmH = 120 GeV, and the values of the matrix
Ω are random. Figure from Ref. [71]

Non-zero values of the Majorana phases could also be determined at collider ex-
periments by studying observed deviations on the rate of the process pp → l±l± +

2 jets + X, where X denotes two quark jets, with α1 = α2 = 0 [112]. The estimated
values for the cross sections are proportional to the squares of the mixings, |VlN |2.
From neutrinoless double beta decay experiments there are stringent conditions for
the heavy-light Majorana mixing (assuming three heavy neutrinos), i.e.,

3∑
i=1

|VeNi|
2 eiΦNi

MN

+
3∑
i=1

|Veνi |
2 eiΦνimνi

q2
0

≤ 5× 10−8 GeV−1, (126)

where for the neutrino momentum q0 ' 105 MeV. Ref. [112] uses the lower limit on
the half-life of the neutrinoless double-beta decay from 2000, namely T 0νββ

1/2 (76Ge) ≥
1, 9×1025 yrs [110], whereas the most recent lower limit, from 2012, reads T 0νββ

1/2 (136Xe) ≥
1, 6 × 1025 yrs [31], but as there is no significant change, their results are still plau-
sible. The limits for the heavy-light neutrino mixing with the 2000 the neutrinoless
double-beta decay limits are [112]

|VeN |2

MN

≤ 5× 10−8 GeV−1, |VµN |2 ≤ 10−4, |VτN |2 ≤ 10−2. (127)
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If the Majorana phases are non-zero, they can affect the rate of the like-sign
di-lepton final state. In the case of observing more events of the process pp →
l±l± + 2 jets + X than are expected from the bounds from neutrinoless double beta
decay experiments, one could conclude that this is due to the Majorana phases.
This can be seen from Eq. (126): the magnitudes of the mixings can be larger if
the Majorana phases have suitable values than zero values. In Fig. 14 from Ref.
[112] the estimated maximal cross sections of the processes pp → e±e±jj + X and
pp→ e±e±W∓X with no CP violation are pictured along cross sections of the same
processes with different mixings.

Figure 14: The estimated maximal cross sections of the processes pp→ e±e±jj +X
(left) and pp → e±e±W∓X (right) at the LHC. The lower lines correspond to the
values of the mixing as in Eq. 127 and assume the Majorana phases to be zero; for the
upper lines the values are assumed to be|VeN |2 ' |VµN |2 ' |VτN |2 ' 10−3. Figures
from Ref. [112].

In summary, weak indirect connections are possible to construct between Majo-
rana phases and heavy neutrino singlets at collider experiments. For the Dirac CP
phase the situation does not look as promising. Instead, if heavy neutrinos exist, the
value of δ should be determined at neutrino oscillation experiments.

7.3 Experimental effects of the heavy fermion triplet

The phenomenology of triplet fermions is more promising than the case of fermion
singlets, because the triplet components can couple to gauge bosons as well [57].
However, there is no physical reason for the mass of the fermion triplet in type III
seesaw mechanism to be within the reach of the LHC [72]. Because of this, there
are models that contain a fermion triplet are more complex than the plain seesaw
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III [26, 33, 34]. For example, Refs. [14, 15] study the inverse type III seesaw, where
two quasi-degenerate Majorana fermion triplets form a Dirac fermion triplet. The
physical new particles are a heavy Dirac neutrino N and two heavy charged leptons
E−1 and E+

2 . The production processes for these particles are the same as for the
ones of a Majorana triplet, but the decays are different, since Dirac particles do not
violate lepton number conservation, but Majorana particles do.

Phenomenology of minimal non-supersymmetric SU(5) theory of Sec. 5.2.3 is stud-
ied in Refs. [26, 33, 34]. In the theory one adds an adjoint fermionic multiplet, 24F ,
which is decomposed under the SM gauge group so that it contains both a fermionic
triplet and a singlet. The underlying SU(5) structure requires one light neutrino to
be massless [26]. This is not against the oscillation data, since the data imply the
existence of at least two massive neutrinos. If only two neutrinos are massive, there
can be only one Majorana phase in the theory.

In the basic type III seesaw an insertion of a fermion triplet Σi leads to charged
leptons Ei and Majorana neutrinos Ni. At proton-proton collisions an EiEi or EiNi

pair can be produce, i.e.,

pp→ E+E−, pp→ E±N.

For Ni the decay channels are the same as in the previous subsection, whereas the
heavy charged leptons decay into E± → ν̄W±/l±Z/l±H. There are plenty of different
final states for the fermion triplet model. The mass splitting between the components
is only of order 102 MeV, and can thus be neglected [114]. If it is taken into account,
one has more possible decay channels, which are not considered here [72]. The most
studied final states are the same as for the fermion singlet, namely the final states
with two same-sign charged leptons or three charged leptons [13,34,72],

pp→ E±N → l±l±l∓l∓X,

pp→ E±N → l±l±l∓X,

pp→ E±N → l±l±X,

where X denotes other final state particles, i.e., quarks and neutrinos. For all of these
channels the SM background is quite small. For the last two the discovery potential
is found to be equal [13].

It would be easiest to distinguish the fermion triplet scenario from others by
studying final states that do not exist for fermion singlets or scalar triplets. Such

86



states include a four-lepton final state with total charge Q = ±2,

pp→ E±N → l±Z l±W∓ → l±l±l+l−X,

which offers a good possibility to measure the heavy triplet mass: it could be found
with luminosity ∼ 15 fb−1 [13]. In Ref. [72] it is suggested to study the lepton flavor
violating channel pp → l+′l− + 4 jets. The channel has a large SM background, but
its advantage is that it can be used for model discrimination: it is a signature of
the type III seesaw, whereas di-lepton channels are possible for all the basic seesaw
models.

The corresponding partial widths for the E± decays are [13, 72]
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g2

32π
|VlN |2

m3
E

m2
W

(
1− m2

W

m2
E

)(
1 +

m2
W

m2
E

− 2
m4
W

m4
E

)
,

Γ(E± → l±Z) =
g2

32π cos2 θW
|VlN |2

m3
E

m2
Z

(
1− m2

Z

m2
E

)(
1 +

m2
Z

m2
E

− 2
m4
Z

m4
E

)
, (128)

Γ(E± → l±H) =
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)2

,

for N the corresponding values are given in the previous subsection. As with fermion
singlets, the branching ratios do not depend on the mixing parameters or couplings,
but only on particle masses, and thus the connection to CP phases is not straightfor-
ward. In Fig. 15 the branching ratios of the heavy triplet components are shown.

Figure 15: The branching ratios of E± and N as function of the triplet mass. The
mass of the Higgs boson is estimated to be mH = 120 GeV (the study is from 2009).
Figure from Ref. [114].

For a charged lepton mass mE = 300 GeV the four-lepton signal could give results
with luminosity 5 fb−1, and the three-lepton signal (pictured in Fig. ) with 3 fb−1 at 5σ
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confidence level [13]. The pair production of E±N has been searched at the LHC, but
no evidence of the process has been discovered. The current collected data from the
CMS experiment at the LHC correspond to an integrated luminosity of 4, 9 fb−1. The
lower limit for the heavy fermion triplet masses is 180 GeV [54]. It is interesting that,
as can be seen in Fig. 16, the decay N → l±W∓ is dominant only up to ' 200 GeV,
after which it is equally likely with the channel N → νZ. The three lepton final state
is also possible for the latter decay mode of N , with Z → l+l− decay, but it is less
likely: the probability of the Z boson decay into a lepton pair is ' 3, 37% for each
flavor, whereas for the decay W± → l±ν the corresponding value is ' 10, 8% [36]. It
is estimated that the LHC should be able to probe the heavy fermion triplet mass up
to 1, 5 TeV [72, 114].

Figure 16: Feynman diagram of the production and decay of the most promising
process, pp→ l±l±l∓. Figure from Ref. [54].

For the fermion triplet the branching ratio for l±l±l∓ is smaller than for the l±l±

final state, where l± = e±, µ± [10]. Still in these kinds of processes the background
is larger in the latter and it needs more binding cuts, which removes the gain of a
larger BR [10]. This is shown in Table (1). The three lepton final state seems to
be explicitly a more promising final state in both the seesaw and the inverse seesaw
cases.

Signal l±l± l±l±l∓

E+E−(ΣMaj) 1,6 26,3
E±N(ΣMaj) 240,0 192,2

E+
i E

−
i (ΣD) 4,2 80,9

E±i N(ΣD) 12,3 398,3

Table 1: Comparison of the estimated number of events of the two leading final states
for the fermion triplet scenario at a luminosity of 30 fb−1. ΣD (ΣMaj) refers to the
triplet being of Dirac (Majorana) nature. The data are from Ref. [10]

For the SU(5) based fermion triplet [26, 33, 34] the Majorana phases do have an
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impact. From the restrictions from the proton decay and unification constraints, it
is concluded that the mass of the fermion triplet has to be between 100 GeV and 1
TeV [33]. This is interesting since, e.g., in the seesaw I models there is no similar
mechanism that would keep the heavy neutrino masses low enough for the energy
range of the LHC. In the model the effect of the Majorana phase is visible: by
assuming the lowest neutrino mass be zero and thus be able to set Φ1 = 0 for the
normal hierarchy the branching ratios are BR(V µ) ' BR(V τ) � BR(V e), where
V = W,Z,H, and for inverted hierarchy BR(V µ) ' BR(V τ) < BR(V e). In Fig. 17
the effect of a non-zero Majorana phase α1 is shown. The difference compared to
the zero approximation is largest as the absolute value of Φ1 is ±π/2. Although the
existence of the Majorana phase alters the branching ratios, the predictivity of the
model is weakened by the experimental uncertainty of the Majorana phase.

Figure 17: Different branching ratios of the components of the fermion triplet, T →
V l±, where V = W,Z,H, as a function of the Majorana phase for NH (left) and IH
(right). The value of Im(z) (see text) is ≥ 2 (upper) and 1 (lower). Figure from
Ref. [26].

In Fig. 17 the Casas-Ibarra parameterization [51] of the neutrino parameters is
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used. Here z is a complex parameter of the matrix Ω, which defined in an equation [89]

vY i∗
∆ = mD

ν = iUPMNS

√
diag(m1,m2,m3)Ω

√
diag(MR,1,MR,2), (129)

with a different form in normal and inverted hierarchies. The defining condition for
Ω is ΩTΩ = 1. For this case, assuming normal hierarchy, the matrix Ω can be written
as

Ω =

 0 0

cos z − sin z

± sin z ± cos z

 . (130)

By combining Eqs. (129) - (130) the Yukawa couplings can be written as

vY i∗
∆ =

i
√
M∆ (Ui2

√
mν

2 cos z + Ui3
√
mν

3 sin z) (NH)

i
√
M∆ (Ui1

√
mν

1 cos z + Ui2
√
mν

2 sin z) (IH)
,

For inverted hierarchy the matrix is of similar form: the third row is then zero and
the first row nonzero. The most promising final states in this triplet model are the
states with two same-sign charged leptons with four jets [26]. The branching ratios
of different flavored charged leptons would follow the pattern of Fig. 17: for normal
hierarchy they would be BR(µ±µ±/µ±τ±/τ±τ±+jets)� BR(e±e±+jets), whereas for
inverted hierachy they would have BR(µ±µ±/µ±τ±/τ±τ±+ jets) < BR(e±e±+ jets).
The Majorana phase would modify the ratios so that with the maximal α = ±π/2
for every µ± (τ±) in the final state the branching ratio would be halved (doubled) in
the case of NH; the maximal Majorana phase would suppress all the other channels
but the ones with e± in the case of IH [26]. It is estimated that the LHC could find
the triplet of up to 450 GeV (700 GeV) with luminosity of 10 fb−1 (100 fb−1) [26,33].

The predicted distribution of the branching ratios of different charged dilepton
channels offers a way to distinguish the model from other scenarios or to exclude it.
As in the case of fermion singlets, the presence or absence of lepton number violating
processes (the most notable being the same-sign di-lepton signal) can make it possible
to determine the nature of neutrinos. Overall, although the discovery potential of
fermion triplet is better than for the heavy neutrino singlets, the connection to CP
violation is weak: in some cases the branching ratios depend on the Majorana phases,
but the spread in possible values due to experimental inaccuracy might prevent finding
conclusive evidence. The possibilities of finding signs of Dirac CP violating phase δ
are even weaker. However, due to the observation of large θ13 the measurement of δ
should be in principal possible at oscillation experiments [26].
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8 Conclusions

In this work the restrictions for the mathematical formulation of neutrino mass terms,
specific mass generating models, general conditions for leptonic CP violation, and the
manifestation of Dirac and Majorana phases at collider experiments were reviewed.
These subjects are connected on a fundamental level: the neutrino mass models
dictate the form of the neutrino mass matrix; leptonic CP violation is expressed
in the neutrino mass matrix by the Dirac and Majorana phases. In addition the
mathematical framework of neutrinos and the formulation of the electroweak theory
were studied.

The neutrino mass mechanisms considered in this work included the three tree-
level seesaw mechanisms. A higher energy model that explains how a seesaw scheme
could originate was introduced corresponding to each seesaw model: for the type I
seesaw, the minimal left-right symmetric model was studied; for the type II seesaw,
the Littlest Higgs model was reviewed; and finally for the type III seesaw an SU(5)

with an adjoint fermion was introduced. Finally, as an example of flavor symmetry
extensions, the structure of the Altarelli-Feruglio model was reviewed. It offers a way
to understand the mixing pattern of neutrino mass matrices.

The different decay channels of the heavy seesaw mediators were reviewed. There
has not been any indication as of yet of the seesaw mediators. Still, their discovery
is possible for all three tree-level seesaw mechanisms at the LHC.

For the doubly charged scalar (which is a component of the scalar triplet) the most
promising final state seems to be the state of two same-sign leptons. The background
effects are small and the dependency of the branching ratios of the decays on CP
violating phases is clear.

For the heavy neutrino case the discovery potential of new physics is not con-
sidered to be as promising, as there are more background processes and there is no
direct dependance on the CP violating phases, although some weak connections were
shown. The imcomplete nature of the topic is emphasized by the fact that there does
not seem to be consensus on which decay channel would be the best or even on which
is the dominant production channel for heavy neutrinos [10, 66]. The most studied
decay channels also for the heavy neutrino singlet are the states with two like-sign
charged leptons or three charged leptons.

For the triplet fermion case that consists of new heavy neutrinos and charged
leptons, the best channels to observe new physics are the same as for the heavy
neutrino singlet, in addition to four-lepton final states that are impossible for other
scenarios. A connection between CP violating phases and decays of heavy neutrinos
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has been proposed [71, 114] and was shown, but the dependance is unlikely to be
detectable because of other unknown parameters.

The final state with three charged leptons is considered to be a good channel for
all three different seesaw mediators [10], and therefore it could be the most promising
channel to study. By testing the branching ratios of the tri- and di-lepton final
states one can determine the Dirac or Majorana nature of the particles, as they have
different final states.

Overall, the determination of Dirac and Majorana phases is very challenging.
Not only is this because their effects are subtle; current inaccuracy of other neutrino
mixing parameters makes it even more difficult to draw any conclusions for the phases.
The impact of the Dirac CP violating phase δ has not even been taken into account
in most of the studies because it appears in the mixing matrix only in terms with
θ13, which was until 2012 thought to be zero. In general, it seems to be that while
the discovery potential of the Majorana phases is, although depending on the model
in question, quite promising at the studied processes, the same cannot be said about
the Dirac phase: for that, the e+e− collisions could serve better [12].

The non-zero values of the Majorana phases would not necessarily imply leptonic
CP violation, as CP odd phases can lead into CP even processes, as was shown in
Sec. 6.5. Instead, a non-zero δ would imply violation of the CP symmetry, as was
shown in Sec. 6.4.

In the case of a positive signal the challenge of distinguishing the right model
becomes relevant. For example, the SU(5) with an adjoint fermion has a very similar
phenomenology as an addition of an extra lepton doublet to the SM [26].

The recent discoveries of both the SM Higgs and the non-zero value for the θ13

mixing angle in 2012 have had a great impact on the field. Thanks to the former
discovery one does not have extra uncertainty in the simulations due to an unknown
Higgs mass as in Refs. [71, 72, 93]; due to the latter observation there is a need
for updating many approximations and models which relied on a zero value for θ13

as in Ref. [22]. It is not anymore a good approximation to neglect the Dirac CP
violating phase as has been common to do, as in Refs. [69, 71]. In light of these
recent developments and the continually evolving precision of neutrino experiments,
more insight on the subject will certainly be achieved during the upcoming years.
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A SU(2) and SO(3) symmetries

SU(2) is a non-Abelian group of 2×2 unitary matrices with a unit determinant. The
commutation relations for the generators are

[Ji, Jj] = iεijkJk. (131)

We cannot choose a basis where all of them would be diagonal, i.e., they would have
the same eigenstates. Instead, we can construct linear combinations of the generators,
which do commute and thus have common eigenstates. Generally, one chooses the
maximal set of commuting generators of the group, which form the basis of the Cartan
subalgebra. In this case, the generators do not commute, so one can pick one of them
to form the Cartan subalgebra. It is common to choose the third component as the
Cartan subalgebra. The commutation relations of Eq. (131) are fulfilled by generators
Ji = 1

2
σi [102]:

J1 =
1

2
σ1 =

1

2

(
0 1

1 0

)
, J2 =

1

2
σ2 =

1

2

(
0 −i
i 0

)
, J3 =

1

2
σ3 =

1

2

(
1 0

0 −1

)
,

(132)
where σi are the Pauli spin matrices and where the diagonality of J3 refers to the
choice of direction: we have chosen the rotation described by SU(2) to be around
the z-axis. The raising and lowering operators of SU(2) are linear combinations of
J1 and J2, namely:

J+ ≡ J1 + iJ2 =

(
0 1

0 0

)
, J− = J1 − iJ2 =

(
0 0

1 0

)
, (133)

for which the commutation relations become

[J3, J+] = J+

[J3, J−] = −J− (134)

[J+, J−] = 2J3.

They show that J3 does not commute with J± . Thus J3 and J± do not have common
eigenstates. Still, there is a connection for them. Let us mark an eigenstate of J3 as
|mj〉, i.e.,

J3 |mj〉 = mj |mj〉 .
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Using the commutation relations of Eq. (134) one gets

J3J± |mj〉 = ([J3, J±] + J±J3) |mj〉 = (±J± + J±mj) |mj〉 = (m± 1) J± |mj〉 ,

which means that an eigenstate of J3, on which J± has operated, is also an eigenstate
of J3 with an eigenvalue raised or lowered by one. This is the reason behind the
names ’raising’ and ’lowering’ operators J±. The total angular momentum operator
is

J2 = J2
1 + J2

2 + J2
3 ,

which commutes with all the Ji, and thus it is called a Casimir operator of the SU(2)

algebra. The common eigenstates of J2 and J3 are characterized by |j,mj〉. The
value j corresponds to the highest possible value of mj, i.e., the state for which
J+ |mj = j〉 = 0. The eigenvalues can be calculated using the commutation relations

J2 |j,m = j〉 =
{

(J1 + iJ2) (J1 + iJ2)− i [J1, J2] + J2
3

}
|j,mj = j〉

= [J−J+ + J3 (J3 + 1)] |j,mj = j〉

= j (j + 1) |j,mj = j〉 . (135)

The effect of J± on eigenstates of J3 and J2 is achieved from the norm ‖J± |j,mj〉‖.
For J+

‖J+ |j,mj〉‖2 = 〈j,mj| J−J+ |j,mj〉 = 〈j,mj|
[
J2 − J3 (J3 + 1)

]
|j,mj〉

= j (j + 1)−mj (mj + 1) ,

where the orthogonality of states |j,mj〉 and hermiticity of Ji were used. From this
it follows that (taking the conventional choice of the phase being real and positive)

J+ |j,mj〉 =
√
j (j + 1)−mj (mj + 1) |j,mj + 1〉 =

√
(j −mj) (j +mj + 1) |j,mj + 1〉 ,

which is equal to 0 in the case mj = j, as was required before. For J− the derivation
is similar: by writing J2 as J+J− − i [J2, J1] + J2

3 and acting with this expression
on the lowest state, correspondingly, for which J− |mj〉 = 0, one gets J2 |j,mj〉 =

mj (mj − 1) |j,mj〉. Comparing this to Eq. (135) one sees that mj = −j. Thus the
values of mj range between mj = 2j + 1. On the other hand the amount of possible
values of mj must be an integer, so j can have also half-integer values. The value mj

gives the dimensionality of an irreducible representation of SU(2), i.e., the matrices
of a representation of SU(2) are of a size (2j + 1) × (2j + 1). The Clebsch-Gordan
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series can be written using the dimensionalities as [102]

(2j1 + 1)⊗ (2j2 + 1) =

j1+j2∑
j=|j1−j2|

⊕ (2j + 1) . (136)

The difference between the SU(2) and the group of three-dimensional rotations,
SO(3), is quite subtle. A general 2 × 2 matrix of SU(2) can be expressed in an
exponential form

USU(2) = e−iJ ·nθ = e−
1
2
iσ·nθ, (137)

where the infinitesimal generator is expressed as nθ, where n is a unit vector and θ
is an angle. By using the property (σ · n)2 = 1, one can write

USU(2) = 1 cos

(
1

2
θ

)
− i (σ · n) sin

(
1

2
θ

)
, (138)

whereas the general element of SO(3) is similarly

USO(3) = e−iX·nθ = 1 cos θ − i (X · n) sin θ,

inserting values θ = 2π and θ = 4π yields

USO(3)(θ = 2π) = 1; USU(2)(θ = 2π) = −1,

USO(3)(θ = 4π) = 1; USU(2)(θ = 4π) = 1,

which means that the parameter space of SO(3) is half of that of SU(2); instead of
a 1:1 mapping SO(3) can be regarded as a quotient group of SU(2), namely

SO(3) ∼= SU(2)/Z2.

This is physically reasonable: SO(3) describes a physical rotation, for which rotations
must be of periodicity 2π. The different periodicity is visible also in the allowed values
of j. As mentioned, requirement of 2j + 1 being an integer allows j to be integer
or half-integer. However, for SO(3) only the integer values are allowed. This means
that SO(3) has irreducible representations of odd dimensions: 1, 3, . . .; SU(2) has
irreducible representations also of even dimensions.

The first non-trivial irreducible representation of SU(2), for which j = 1/2, de-
scribes spin-1/2 particles. It is two-dimensional and thus the fundamental represen-
tation of the group. The representation with j = 1 is three-dimensional; for SU(2)

that is the adjoint representation as it has three generators Ji. It describes spin-
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1 particles and is isomorphic to the standard three-dimensional representation of
SO(3) which describes physical rotations. The description of particles with SU(2)

is non-relativistic and in order to better describe them, one has to consider Lorentz
transformations.

B The restricted Lorentz group SO+(3, 1)

The elements of the restricted Lorentz group SO+(3, 1) are orthogonal matrices with
unit determinant. The group is said to be proper if the inversions are excluded. This
is because one cannot have an infinitesimal expression of an inversion transformation.
The different behavior of time and space dimensions is encoded in the metric tensor
g = diag(1,−1,−1,−1), which defines the invariant c2τ 2 as

c2τ 2 = x2
0 − x2 = xTgx, (139)

where xµ = gµνxν .
Consider a Lorentz transformation acting on a four-vector x:

x′ = Λx,

where Λ is a 4 × 4 matrix. This combined with the invariant of Eq. (139) gives the
defining condition for the Lorentz transformation:

x′Tgx′ = (Λx)T g (Λx) = xT
(
ΛTgΛ

)
x,

from which it follows, since x′Tgx′ = xTgx, that ΛTgΛ = g. In index form this reads

gµν =
(
ΛTgΛ

)
µν

=
(
ΛT
) ρ
µ
gρσΛσ

ν = gρσΛρ
µΛσ

ν = ΛρµΛρ
ν . (140)

Taking the determinant of this gives (det(g) = −1)

(det Λ)2 = 1.

Choosing det (Λ) = 1 gives the proper Lorentz group. The negative value, det (Λ) =

−1, corresponds to the improper Lorentz group, where inversions are included. To-
gether they form the group O(3, 1). The unit determinant still does not determine
the group SO+(3, 1) in which we are interested. One can write Eq. (140) as (setting

96



µ = ν = 0)
g00 = gρσΛρ

0Λσ
0 = g00

(
Λ0

0

)2
+
∑
i

gii
(
Λi

0

)2
,

from which it follows that

(
Λ0

0

)2
= 1 +

∑
i

(
Λi

0

)2 ≥ 1, (141)

which gives the condition for the restricted Lorentz group SO+(3, 1); it is the sub-
group with Λ0

0 ≥ 1 , i.e., the transformations conserve the direction of time. Such
transformations are called orthocronous. The solution Λ0

0 ≤ −1 of Eq. (141) is called
antichronous and is denoted as SO−(3, 1), but its elements do not form a group [84].
One notices that a parity transformation combined with a time reversal is a proper
antichronous Lorentz transformation, whereas acting with only either of them is an
improper transformation, parity being orthocronous and time reversal, by definition,
an antichronous transformation. Proper orthocronous Lorentz transformations form
the restricted Lorentz group SO+(3, 1). It turns out that any Lorentz transformation
can be expressed as a product of an element of SO+(3, 1) with either the unit element
1, parity P , time reversal T , or a combination of them, PT [48].

An infinitesimal Lorentz transformation is

Λµ
ν = δµν − εωµν . (142)

Inserting this into Eq. (140) gives the condition for ω,

ωµν = −ωνµ,

i.e., ω is an antisymmetric 4 × 4 matrix in the defining representation; it then has
six independent parameters. This result determines the number of generators of
SO+(3, 1): consider a representation of the infinitesimal transformation:

D (1 + εω) = 1− i

2
εωµνJ

µν ,

where Jµν must also be antisymmetric, i.e., Jµν = −Jνµ, giving six generators, which
satisfy the commutation relation

[Jµν , Jρσ] = −i (gνρJνσ − gµσJνρ + gνσJµρ − gνρJµσ) . (143)

Jµν can be split into two parts: the angular (Lµν) and spin (Sµν) momentum opera-
tors, which both satisfy the above commutation relation separately. For the general-
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ized angular momentum we have

Lµν = i(xµ∂ν − xν∂µ),

which rises from the expression of angular momentum, Li = εijkxjpk = −iεijkxj∂k.
With this Jµν becomes

Jµν = i(xµ∂ν − xν∂µ) + Sµν ,

and it can be split into two sets

Ji =
1

2
εijkJjk, Ki = J0i,

where the Ji correspond to three dimensional rotations and Ki refer to boosts. The
commutation relations work out to be

[Ji, Jj] = iεijkJk

[Ki, Kj] = −iεijkJk
[Ji, Kj] = iεijkKk,

from which one notices that the generators of rotations form an SO(3) subalgebra.
One can define two linear combinations of Ji and Ki, namely

TLi =
1

2
(Ji + iKi) , TRi =

1

2
(Ji − iKi) , (144)

where the superscripts L and R are chosen with a little fore-sight and for which the
commutation relations become

[
TLi , T

L
j

]
= iεijkT

L
k[

TRi , T
R
j

]
= iεijkT

R
k[

TLi , T
R
j

]
= 0.

This means that the Lorentz symmetry can be broken into two disjoint SU(2) al-
gebras. As the two disjoint SU(2) algebras commute, the group SO(3, 1) can be
represented as a direct product of them. In fact, the representations of the restricted
Lorentz group can be labeled using the quantum numbers of the two SU(2)s. Each
of the SU(2) has the dimension 2j + 1. Let’s denote the values of j correspond-
ing to TL

(
TR
)
as jL (jR). The dimension of a representation of SO(3, 1) is then

(2jL + 1) (2jR + 1) . Let’s study the properties of representations of SO(3, 1), (jL, jR),
with different values of jL, jR.
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Left-handed
(

1
2
, 0
)
spinors φ

Let’s first study the situation where jR = 0 and jL = 1/2. The jL = 1/2 representa-
tion corresponds to the defining representation of SU(2). The generators must be as
in Eq. (132):

TLi =
1

2
(Ji + iKi) =

1

2
σi,

which is satisfied if
Ji =

1

2
σi; Ki = − i

2
σi.

This implies that

TRi =
1

2
(Ji − iKi) =

1

2

(
1

2
σi − i

(
−i1

2
σi

))
= 0.

This gives the transformation properties of a
(

1
2
, 0
)
spinor under Lorentz transforma-

tions. From the expression of a general element of SU(2), Eqs. (137) - (138), one gets
for spinors φ under rotations

φ→ e−iJ ·nθφ =

[
1 cos

(
1

2
θ

)
− i (σ · n) sin

(
1

2
θ

)]
φ,

where nθ describes a rotation of angle θ in direction n. For transformations under
boosts η = ηn we have

φ→ e−iK·ηφ = ei(i
1
2
σ·η)φ =

[
1 cosh

(
1

2
η

)
− i (σ · n) sinh

(
1

2
η

)]
φ.

Right-handed
(
0, 1

2

)
spinors χ

Let’s then look at the case with jL = 0 and jR = 1/2. Similarly to the case of
(

1
2
, 0
)

spinors, we have

TRi =
1

2
(Ji − iKi) =

1

2
σi,

which is satisfied if
Ji =

1

2
σi; Ki =

i

2
σi,

giving TLi = 0. Transformations under rotations are the same for
(
0, 1

2

)
spinors χ as

for
(

1
2
, 0
)
spinors φ. However, due to the sign difference of Ki, the transformation

under boosts differs with a sign:

χ→ e−iK·ηχ =

[
1 cosh

(
1

2
η

)
+ i (σ · n) sinh

(
1

2
η

)]
χ.
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Relation between
(

1
2
, 0
)
and

(
0, 1

2

)
spinors

The representations
(

1
2
, 0
)
and

(
0, 1

2

)
are related by a complex conjugation of the

spinor fields. As σ2 is purely imaginary, and other Pauli matrices are real, one notices
that (using the property that σ2

i = 1)

σ2σ
∗σ2 = −σ. (145)

Using this one sees that the complex conjugation of the field φ multiplied by factor
iσ2 transforms as χ. Under rotations it transforms as

iσ2φ
∗ → iσ2

(
e−iJ ·nθφ

)∗
= iσ2e

1
2
iσ∗·nθφ∗ = i

(
σ2e

1
2
iσ∗·nθσ2

)
σ2φ

∗,

=

[
1 cos

(
1

2
θ

)
− i (σ · n) sin

(
1

2
θ

)]
iσ2φ

∗,

and under boosts as

iσ2φ
∗ → iσ2

(
e−iK·ηφ

)∗
= iσ2e

− 1
2
σ∗·ησ2σ2φ

∗

=

[
1 cosh

(
1

2
η

)
+ i (σ · n) sinh

(
1

2
η

)]
iσ2φ

∗,

which is the transformation of a spinor χ under a boost. This means that the repre-
sentations

(
1
2
, 0
)
and

(
0, 1

2

)
of SO(3, 1) are complex conjugates of each others (up to

a unitary transformation iσ2), and thus with such a transformation one can identify

iσ2φ
∗ = χ, iσ2χ

∗ = φ. (146)

Dirac representation as a direct sum of the Weyl representations

Using the γµW of Eq. (9) in Eq. (4) the generators of the Lorentz group become

Ji =
1

2
εijkLjk =

1

2
εijk

i

4
(γjγk − γkγj) =

i

4
εijkγjγk =

(
i
2
σi 0

0 i
2
σi

)

Ki = L0i =
i

4
(γ0γi − γiγ0) =

(
− i

2
σi 0

0 i
2
σi

)
,
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where the generators in the Weyl representations are in the diagonals. In the Weyl
basis of γµ the role of γ0 is particularly interesting, since

γ0Jiγ
0 =

(
0 1

1 0

)(
i
2
σi 0

0 i
2
σi

)(
0 1

1 0

)
=

(
i
2
σi 0

0 i
2
σi

)
= Ji,

γ0Kiγ
0 =

(
0 1

1 0

)(
− i

2
σi 0

0 i
2
σi

)(
0 1

1 0

)
=

(
i
2
σi 0

0 − i
2
σi

)
= −Ki,

which implies that γ0 acts as a parity operator. In this form it becomes clear why this
representation of γµ is called ’chiral’: the generators of the Weyl representations are
in the diagonals of the generators; the direct sum form constructed from two Weyl
representations of SO(3, 1) is visible.

Earlier we noticed that a spinor φ acted after a transformation iσ2φ
∗ as a spinor

χ, and vice versa, under Lorentz transformations. This means that the Weyl repre-
sentations are conjugate representations. We can then write for massless Weyl fields,

ψ′L = iσ2φ
∗
R, ψ′†L = iφTRσ2. (147)

We noticed that when writing a Dirac field as a direct sum of two Weyl spinors, one
gets a pair of equations that decouple in the case of massless fermions; left and right-
handed fields become disjoint (Eq. (14)). Using the transformation above, we can
write the right-handed part of the massless fermion Lagrangian L = iψ†R,iσ

µDµψR +

iψ†L,iσ̄
µDµψL, where the covariant derivative is of the form Dµ = ∂µ − igW a

µ t
a
r , as

ˆ
d4xψ†R,iσ

µDµψR = i

ˆ
d4xψ†R,iσ

µ
(
∂µ − igW a

µ t
a
r

)
ψR

= i

ˆ
d4xψ′TL (1,−σ∗)

(
∂µ − igW a

µ t
a
r

)
ψ′∗L

= i

ˆ
d4xψ′†L σ̄

µ
(
∂µ − igW a

µ t
a
r̄

)
ψ′L,

where we used integration by parts, the nature of the action and fermion fields, the
identity of Eq. (145), and we marked σ ≡ (1,σ) and σ̄ ≡ (1,−σ), as before. In the
last row we defined − (tar)

T ≡ tar̄ , which is a general result for representation matrices
of a conjugate representation r̄ of a representation r [131]. In weak interactions, the
gauge fields interact only with the left-handed Weyl spinors

(
1
2
, 0
)
. By looking at the

transformation of the covariant derivative one notices that the transformed fields ψ′L
belong to the conjugate representation r̄. This states once more that the Dirac spinor
is a representation R = r ⊕ r̄, where r and r̄ are the Weyl spinor representations.

101



C Properties of the Poincaré group

The Poincaré group extends the Lorentz group with space-time translations. It is
a semidirect product of translations and the Lorentz group: R1,3 o O(1, 3). We are
interested in it because all the particles can be treated as irreducible representations
of it. The Poincaré group is the full symmetry group of special relativity, its general
transformation being

x′µ = Λν
µxν + aµ,

where Λν
µ is a 4 × 4 Lorentz transformation matrix, xν is a four-vector, and aµ is a

constant four-vector describing the translation. The generators of the Poincaré group
include the ones of the Lorentz group, but in addition there are four generators of
translations: the four-momentum operators Pµ = i∂µ, which commute:

[Pµ, Pν ] = 0,

which implies that the translation group is Abelian. Translations and Lorentz trans-
formations do not commute:

[Pµ, Lρσ] = i (gµρPσ − gµσPρ) , (148)

from which one gets commutation relations for Pµ, Ki, and Ji:

[P0, Ji] =
i

2
εijk (g0jPk − g0kPj) = 0,

[Pi, Jj] =
i

2
εjkl (gikPl − gilPk) =

i

2
(εjkiPk − εjilPl) = iεijkPk

[P0, Ki] = (i∂0) i (x0∂i − xi∂0)− i (x0∂i − xi∂0) (i∂0) = i (i∂i) = iPi (149)

[Pj, Ki] = (i∂j) i (x0∂i − xi∂0)− i (x0∂i − xi∂0) (i∂j) = i (−iδij∂0) = −iP0δij.

These describe the algebra of the Poincaré group. As it is seen from the relations, a
boost in a direction i affects P0 and Pi, the translations in the time and i directions.
One can also note that a translation in time does not affect rotations, but instead, a
space translation does have an effect on rotations about other axes. The commutation
relations between Ki and Ji remain the same as in SO(3, 1).

C.1 Massive representations and helicity

In the case of the SU(2) algebra, we had an operator J2, which commuted with all
of the generators. One wants to find the corresponding Casimir operators for the
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Poincaré group as well. It turns out that there are two such operators, each having
their own eigenvalues. It is not a coincidence that a massive particle is characterized
with two quantum numbers, mass and spin. The invariance of mass follows from the
invariance of four-momentum: p2 = m2. The spin describes properties of a particle
under an internal transformation, i.e., in the rest-frame of a particle. The operator
corresponding to the invariance of mass is P 2 = PµP

µ. As said, it commutes with Pµ
and Lµν , which follow from Eq. (148), implying that P 2 indeed is an invariant under
Lorentz transformations and translations.

The Casimir operator corresponding to spin is defined as W 2 = WµW
µ where Wµ

is the Pauli-Lubanski pseudovector

Wµ ≡ −
1

2
εµνρσL

νρP σ,

where εµνρσ is an anti-symmetric tensor for which ε0123 = 1. Using the identity
[A,BC] = [A,B]C + B [A,C] and Eq. (149) one notices that it also commutes with
Pµ and Lµν . Let’s study W 2 in the rest-frame which is denoted by a subscript RF .
Now PRF,µ = (m,0), which gives

WRF,0 = 0, WRF,i = −1

2
mεiνρ0L

νρ =
1

2
mε0iνρL

νρ =
1

2
mεijkL

jk = mJi,

from which it follows that

WµW
µ = WRF,iW

RF,i = −m2J2

One can choose another quantum number to label a state of a massive particle,
but in order to do that we have to find an operator that commutes with P 2 and
W 2. Both of them commute with Pµ. It turns out that there is another suitable
operator; the inner product J · P does commute with the Casimir operators. As
J ·P = (r×P) ·P + S ·P = S ·P, it gives the value of the spin along the direction
of the momentum. It is called the helicity operator. The eigenvalues of J2 are known
(see Appendix A). Operators P 2 and W 2 have common eigenstates for which the
eigenvalues are

W 2 |m, j,p, λ〉 = −m2j(j + 1) |m, j,p, λ〉

P 2 |m, j,p, λ〉 = m2 |m, j,p, λ〉

Pµ |m, j,p, λ〉 = pµ |m, j,p, λ〉

S ·P |m, j,p, λ〉 = λ |p| |m, j,p, λ〉 . (150)
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The structure of the internal symmetry of a massive particle can then be regarded
as an SU(3) symmetry [144]. Next we will see that for massless particles, internal
symmetries are manifested in a profoundly different way.

C.2 Massless representations and helicity

For massless particles, such as neutrinos of the Standard Model, there is no rest-
frame, as p2 = 0, and the derivation for the eigenvalues for Casimir operators is
different. Let us consider a four-momentum (as in, e.g., [102]),

pµ = p (1, 0, 0, 1) ,

which has some energy and momentum along the z-direction. A rotation about the z-
axis, J3, leaves a state |pµ〉 invariant. One can chooseM1 ≡ Ji+K2 andM2 ≡ J2−K1

as generators of the internal symmetry,

[J3,M1] = iM2

[J3,M2] = −iM1

[M1,M2] = 0,

and where [M1,2, Pµ] |pµ〉 = 0 [102]. Now the Pauli-Lubanski pseudovector becomes

W0 = −1

2
ε0νρ3L

νρP 3 = −1

2
εij3L

ijP 3 = −1

2
L12P 3 +

1

2
L21P 3 = pJ3

W1 = −1

2
ε1νρ0L

νρP 0 − 1

2
ε1νρ3L

νρP 3 = pL23 + pL02 = p (J1 +K2) = pM1

W2 = pM2

W3 = pJ3,

from which it follows that

W 2 = −p2
(
M2

1 +M2
2

)
,

which commutes with bothMi and with J3 and it is therefore a Casimir operator. One
can then choose one of the generators J3, M1, or M2, which is conventionally J3. The
other generators form the raising and lowering operators for J3 , as M± ≡M1± iM2,
which satisfy Eq. (134). The situation is different from the case of SU(2): First,
the algebra is different; second, in SU(2) J3 is connected to J2 which restricts their
spectrums, but in massless representations there is no connection, and in general, a
single particle could have infinite degrees of freedom. Therefore it is assumed that the
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case of infinite eigenvalues of J3 is prevented by choosing M1 | 〉 = M2 | 〉 = 0, which
gives (M2

1 +M2
2 ) | 〉 = 0, i.e., it is zero for all possible states. Physically this means

that in the case of massless particles, there is just one quantum number labeling the
state, the eigenvalue of J3, which now corresponds to the spin along the direction of
motion. There is no spin value in the same sense as with massive particles, where
the possible eigenvalues of J3 vary between +j and −j, and where spin manifests
an SU(2) symmetry. For massless particles the eigenvalue of J3, the helicity, is the
only defined value for the spin. That value is a direct property of an irreducible
representation of the Poincaré group.

D Discrete A4 symmetry

The alternating group of cycles not longer than four, A4, is a subgroup of the permu-
tation group S4. As it consists of only the even permutations of S4, its order is half
of S4, i.e.,4!/2 = 12. A permutation is even if it contains an even number of single
transpositions of two indices, e.g. (1 2 3) = (1 2)(2 3) has two transpositions and is
thus counted as an even permutation.

The group A4 can also be regarded as the symmetry group of rotations of a
tetrahedron, to which it is isomorphic; instead, S4 is the complete symmetry group
of a tetrahedron, as it also includes reflections [102].

The rotation group of a tetrahedron is generated by generators satisfying S2 =

T 3 = (ST )3 = e. The generators can be identified as permutations S = (1 3)(2 4) and
T = (2 3 4), from which it follows ST = (1 3 2). They span all the other elements of
A4, which divide into four equivalence classes

A4 = {( ); (1 2 3), (1 4 2), (1 3 4), (2 4 3);

(1 3 2), (1 2 4), (1 4 3), (2 3 4); (1 2)(3 4), (1 3)(2 4), (2 3)(1 4)} .

The notation is such that e.g. (1 2 3) describes a permutation which moves the first
element into the second place, the second element into the third place, and the third
element into the first place.

The first class consists of an identity operator, the second and third are disjoint
classes of 3-cycle permutations, and the fourth permutations of two decoupled 2-
cycles. Elements in the same equivalence class are conjugates to other elements of
the class, i.e., they are related according to

a1 = ga2g
−1,
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where a1, a2 are elements belonging to the same equivalence classes, and g is an
element of A4. For example, if we choose a2 = (1 2 3), g = (1 2)(3 4), we get a1 =

(1 2)(3 4)(1 2 3)(1 2)(3 4) = (1 4 2).
The number of irreducible representations of a finite group is restricted. In fact,

there are as many inequivalent irreducible representations as there are conjugacy
classes. We also have a condition [102]∑

µ

n2
µ = [g] , (151)

where [g] is the number of elements of A4 and nµ is the dimensionality of the matrix
representing an irrep. Obviously, the dimensionality of each matrix has to be at least
one. We have then only one possible solution for Eq. (151), namely

12 + 12 + 12 + 32 = 12.

Character table

The character table is achieved with following key steps. Firstly, 1 is the trivial ir-
reducible representation, which maps everything to unity. The corresponding equiv-
alance class contains only one element, the identity e = ( ).

For one dimensional representations the characters (or traces of the matrix ele-
ments) must satisfy the conditions of group representing matrices. This combined
with the fact that elements of the same conjugacy class have the same character,
gives us

χ(1 3)(2 4)χ(2 3 4) = χ(1 3 2) =⇒ χ(1 3)(2 4) = 1,

as χ(1 3 2) and χ(2 3 4) are of the same conjugacy class. We also know that

(χ(1 3 2))3 = χ
(
(1 3 2)3

)
= χ(e) = 1 =⇒ χ(1 3 2) = e

2
3
πi.

This choice is made for ensuring the orthogonality of irreducible representations [102]∑
i

kiχ
(µ)
i χ

(ν)
i = [g]δµν . (152)

Now for the trivial and other one-dimensional irreducible representation:∑
i

kiχ
(1)
i χ

(2)
i = 1 + 4e

2
3
πi + 4e

4
3
πi + 3 = 0,
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which satisfies the orthogonality condition of Eq. (152). The irreducible representa-
tions 1′ and 1′′ turn out to be complex conjugates of each others.

The three-dimensional representation, 3, can be achieved considering the rotations
of a tetrahedron in 3-dimensional coordinates. For example, the permutation χ(1 2 3)

corresponds to the 2π/3-rotation about z-axis, which can easily be represented as a
rotation matrix, for which the trace is 0. We can re-orient the tetrahedron so that a
permutation (1 2)(3 4) corresponds to a rotation in which the orientation of the tetra-
hedron stays as it is, but the direction of axes x and z is changed. The corresponding
rotation matrix is a diagonal matrix diag(−1, 1,−1), and thus χ((1 2)(3 4)) = −1.

The character table is then

A4 (e) e.g.(1 2 3) e.g. (2 3 4) e.g. (1 3)(2 4)
1(trivial rep) 1 1 1 1

1′ 1 e
2
3
πi e

4
3
πi 1

1′′ 1 e
4
3
πi e

2
3
πi 1

3(standard rep) 3 0 0 -1

Table 2: The character table of A4. Each row corresponds to an irreducible represen-
tation and each column to a conjugacy class.

The decomposition of the product group 3⊗3 is achieved from the Clebsch-Gordan
series:

3⊗ 3 =
∑
⊕

aσr
(σ),

where the summation goes over all irreducible representations of A4 and where the
coefficients aσ are given by

aσ =
1

[g]

∑
g

χ(g)χσ(g−1), (153)

where χ(g) is the compound character, whereas χ(σ)(g) is a character of an irreducible
representation, and [g] is now 12, i.e., the number of elements of A4. As the character
of the product representation is the product of the characters, we have χ(g) = χ(3)⊗
χ(3) = (9, 0, 0, 1), using the character table.

From Eq. (153) the decomposition reads a = (1, 1, 1, 2). Then we have

3⊗ 3 = 1⊕ 1′ ⊕ 1′′ ⊕ 3asym ⊕ 3sym.

Dimensionalities of both sides match. For the one-dimensional representations the
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products decompositions can also be calculated from Eq. (153), they are

1⊗ 1 = 1

1′ ⊗ 1′′ = 1

1′′ ⊗ 1′ = 1.

These Kronecker products above are basis-independent, but in order to get rules for
behavior of multiplets in products, we have to choose a basis.

Altarelli-Feruglio basis

In the basis used in Ref. [22] the generator T is chosen to be diagonal, i.e.,

1 : S = 1, T = 1

1′ : S = 1, T = e
2πi
3 ≡ ω

1′′ : S = 1, T = e
4πi
3 ≡ ω2

3 : S =
1

3

 −1 2 2

2 −1 2

2 2 −1

 , T =

 1 0 0

0 ω 0

0 0 ω2


By denoting a 3 object as (a, b, c) and using the properties of the basis vectors of the
invariant subspaces of the kronecker product, one can compute, as in Ref. [116], the
expressions for the (a1, a2, a3) and (b1, b2, b3) in the representations of the Clebsch-
Gordan decomposition, 3⊗ 3 = 1⊕ 1′ ⊕ 1′′ ⊕ 3asym ⊕ 3sym, namely [23]

1 = a1b1 + a2b3 + a3b2

1′ = a1b2 + a2b1 + a3b3

1′′ = a1b3 + a2b2 + a3b1,

3asym =

 a2b3 − a3b2

a1b2 − a2b1

a3b1 − a1b3



3sym =

 2a1b1 − a2b3 − a3b2

2a3b3 − a1b2 − a2b1

2a2b2 − a3b1 − a1b3

 ,
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