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Nanofluids are a new class of colloids that is generally classified as solid particle suspensions such

that the particle diameter is less than 100 nm. In the last decade they have exhibited anomalously

high thermal conductivity compared to classical models. Additionally, nanoscale emulsions have

shown similar behavior but have gathered less attention than solid particle nanofluids. The optimal

preparation of nanoemulsions is not straightforward. Multiple factors have an effect on the final

size distribution and therefore optimization is required.

Models for the anomalous behavior include effects of the Brownian motion, formation of

particle clusters and ordering of liquid into a layer of high conductivity around the particles. In

our measurements for nanoscale emulsions, we however observed no significant deviation from the

classical models.

Besides conduction, nanofluids could also be utilized in convective heat transfer applica-

tions. The research on this field is more limited but indicates that increases in heat transfer exist

also in convective transport. We perform heat transfer experiments on several n-decane in water

nanoemulsions and nanoscale micelle colloids in the transition and turbulent flow regime.

Our results indicate that while the thermal properties of the samples were usually worse for

convective applications than the reference, the heat transfer properties were similar or better

especially at high Reynolds numbers.
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Tekijä — Författare — Author

Työn nimi — Arbetets titel — Title
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Chapter 1

Introduction

Heating and cooling systems are ubiquitous in many industries such as trans-
portation, energy and electronics. The importance of the properties of the
heat transfer medium is self-evident; its thermal and kinetic properties such
as thermal conductivity and specific heat and viscosity determine the size
and the efficiency of the system.

Most heat transfer systems utilize fluids as a transfer medium but ther-
mal conductivity of most fluids is orders of magnitude lower than that of
solids. For example, the thermal conductivity of water at room temperature
is approximately 0.607 W/mK, whereas Copper features conductivity of 4002
W/mK [1]. It is a natural step to consider a fluid containing small metal
particles to improve the conductivity of the base fluid; indeed, the theory of
conduction in heterogeneous composites has been known since the work of
Maxwell [2].

Recent advancements in technology have allowed creation of a new class
of colloids, namely the suspensions of nanosized particles or nanofluids for
short. Research in the last decade indicates that nanofluids exhibit far greater
thermal conductivity enhancements than the classical theory would predict.
Increases in conductivity have been observed even with minuscule particle
loadings of less than 1 % volume. Furthermore, nanoscale colloids show far
greater stability than micro sized particle suspensions. Since the year 2000,
interest in nanofluids has increased nearly exponentially based on number
of articles published as seen in figure 1.1. Recently, a few studies have also
considered and reported similar enhancements in nanoemulsions [3][4][5]

The nature of thermal conduction in nanofluids is still unclear. Keblinski
et al. [7] outlined four mechanism responsible for anomalous increase in
thermal conductivity: particle clustering, Brownian motion of the particles,
ordering of the liquid to form a high conductivity layer near the particles and
ballistic heat transfer in the particles. However, it has also been proposed

1



0

100

200

300

400

500

600

2003 2004 2005 2006 2007 2008 2009 2010 2011 2012 2013

Figure 1.1: The number of articles with ”nanofluid” in the topic has increased
exponentially in the recent years [6]. Values were obtained 20.09.2013.

that the well established effective medium theories are adequate to explain
the experimentally observed effects [8].

The goal of this thesis is to consider heat transfer in nanoscale colloids
from both theoretical and experimental point of view. In chapter 2 we review
and assess the validity of various models claimed to explain the phenomenon.
However, for most applications, the important factor is the convective heat
transfer. Chapter 3 concisely reviews classical theory of pipe flow and con-
siders effects nanoparticles have on the heat transfer.

In addition to the literature review, this thesis has an experimental part.
We consider convective heat transfer properties of nanoemulsions and sus-
pensions of micelles. Chapter 4 explains the experimental methods and in
chapter 5 the results are presented. Chapter 6 presents discussion on the
findings and the conclusions.
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Chapter 2

Thermal conduction in
nanofluids

A definitive and widely accepted theory of thermal conduction in nanofluids
has not yet been formulated. Macroscopic theories of thermal conduction
in two component systems are well known and date back to Maxwell’s work
on electric conductivity of heterogeneous dielectrics [2]. Recent experiments
however show higher conductivity enhancement than these theories predict.
A few mechanism have been proposed, namely ballistic conduction in sus-
pended particles, liquid ordering near the particles, clustering of particles
and Brownian motion of the particles [7] [9] [10]. We will discuss each propo-
sition in detail and consider other possible explanations such as the upper
bound of macroscopic theory.

2.1 The heat equation
Thermal and electrical conductivity are mathematically similar phenomena.
To illustrate this similarity, we briefly consider the heat equation and its
derivation. Fourier’s law concerning diffusive conduction of heat in a medium
is [11]

~q = −k∇T, (2.1)

where ~q is the heat flux, k the heat conductivity and T the temperature of the
medium. To clearly see the connection between Maxwell’s work on electrical
conduction and thermal conductivity, we concisely review the derivation of
the heat equation.

To justify the use of models for combinations of dielectrics, we will briefly
discuss the heat equation. It can be derived by considering the change of
total heat in an region A. Let T (x, t) be the temperature in position x at
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time t. The total heat in the region is thus

H(t) =
∫
A
cpρT (x, t)dx (2.2)

where cp is the specific heat and ρ the density of the matter. The change in
total heat is thus

dH(t)
dt

=
∫
A
cpρ

∂T (x, t)
∂t

dx. (2.3)

The only change in the heat happens through the boundary of the region
and thus ∂tT = α∇T , where α is the thermal diffusivity α = k/cpρ, and thus

dH(t)
dt

=
∫
∂A
k∇T (x, t) · ~ndS, (2.4)

where ~n is a normal unit vector of the surface and dS is the surface element.
Equating (2.3) and (2.4) and using the divergence theorem∫

∂B
f · ~ndS =

∫
B
∇ · fdx (2.5)

we find ∫
A
cpρ

∂T (x, t)
∂t

dx =
∫
A
∇ · (k∇T (x, t)) dx (2.6)

and thus
cpρ

∂T (x, t)
∂t

= k∇2T (x, t) (2.7)

which is
∂T (x, t)
∂t

− α∇2T (x, t) = 0, (2.8)

which for the steady-state situation reduces to the Laplace equation ∇2φ = 0
meaning that discussion for electric potentials is equally valid for thermal
diffusion.

2.2 Effective medium theories
Effective medium theory is a blanket name for models which represent the
composite matter as homogeneous bulk matter, the effective conductivity of
which is derived from the properties and configuration of the constituents
without considering microscopic effects. The first effective medium theory
for conductivity in heterogeneous matter was proposed by Maxwell [2] for
dielectric consisting of bulk matter with conductivity kf and well dispersed
spheres with conductivity kp. The subscripts are chosen for later clarity such
that f correspond to the base fluid and p to the particle or the droplet. These
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subscripts are used throughout the text unless otherwise noted. As noted in
the earlier section, Maxwell’s solution is also valid for thermal conduction as
it is. The solution is

keff = kf

[
kp + 2kf − 2φ(kf − kp)
kp + 2kf + φ(kf − kp)

]
, (2.9)

where φ is the volume fraction of the dispersed phase.
The outline of the derivation of the relation is as follows. Consider n

small spheres of radius r1 and conductivity kp in a medium of conductivity
kf . Assuming all of the spheres are contained in a larger sphere of radius a,
the potential at distance r from the sphere using solid harmonics expansion
is

V = (Ar + nB
1
r2 )cos θ, (2.10)

where B can be expressed as

B = kp − kf
2kp + kf

a3A. (2.11)

Now, consider a sphere made of material with conductivity K and radius a′
such that the potential at distance r from the sphere is the same as (2.10).
The potential is

V ′ =
(
Ar + a′3

K − kf
2K + kf

A
1
r2

)
cos θ. (2.12)

Consider a situation where a = a′. It immediately follows that V ′ = V and
thus we need to have

a3 K − kf
2K + kf

= na3 kp − kf
2kp + kf

, (2.13)

from which the Maxwell’s model follows with simple algebra and K is to be
understood as the effective conductivity of the medium keff .

2.2.1 Modifications to the Maxwell’s equation
Maxwell’s solution, while useful, falls short when considering nanoscale col-
loids since it only takes into account the bulk properties of the constituents
and the volume fraction of particles and ignores any effects such as particle
size or shape. A group of thermal conductivity models can be classified as
modifications to the Maxwell’s equation that alleviate some of these short-
comings.
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Based on Maxwell’s solution, Hamilton and Crosser [12] formulated a
modified solution to account for different particle shapes. The solution ac-
cording to Hamilton-Crosser theory (HC) is

kHC = kf

[
kp + (n− 1)kf − (Ψ− 1)φ(kf − kp)

kp + (Ψ− 1)kf + φ(kf − kp)

]
, (2.14)

where kf and kp are conductivities of the fluid and the particles respectively,
φ is the particle volume fraction and Ψ is the empirical shape factor. For
spherical particles, the equation reduces to Maxwell’s original solution (2.9).

Another commonly encountered modification is the Maxwell-Garnett-
model [13] for a medium consisting of a matrix medium εm and inclusions
εi. It has been mostly used for composites of solids. The effective dielectric
constant is

εeff = εm
2(1− φ)εm + (1 + 2φ)εi
(2 + φ)εm + (1− φ)εi

(2.15)

However, even modified effective medium theories do not take into ac-
count the microscopic phenomena such as Brownian motion or interaction
between particles.

2.2.2 Hashin-Strikman bounds
The Hashin-Strikman (HS) bounds [14] are upper and lower limits of thermal
conductivity enhancement predicted only by knowledge of the properties of
the constituents and the volume fraction of the dispersed phase. The bounds
are

k− = kf

(
1 + 3φ(kp − kf )

3kf + (1− φ)(kp − kf )

)
, (2.16)

and the upper bound is

k+ = kp

(
1− 3(1− φ)(kp − kf )

3kp − φ(kp − kf )

)
. (2.17)

The lower limit corresponds to well dispersed particles, i.e. the Maxwell’s
model and the upper bound corresponds to a configuration in which the
particles form linked chains surrounded by large areas of fluid. Multiple
instances of thermal conductivity experiments fit within the HS bounds[8].
Chain forming agglomeration is discussed in more detail in section 2.5, but it
should be noted that the assumptions underlying in the upper bound are very
optimistic, especially for a fluid in motion, requiring the linked particles to
be parallel to the direction of the heat flow. Furthermore, the claim sparked
a correction[15] claiming that the data analysis by the authors of the original
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proposition is faulty on a few of the data sets and that they ignored contrary
evidence to formation of cluster, i.e. that thermal conductivity increases
proportionally to the sonication time that is when nanoparticles are more
dispersed [16].
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Figure 2.1: The figure is from [8]. The data is from [17],[18],[19], [20],[21],[22],
[23],[24],[25],[26], [27]. Multiple instances of nanofluid thermal conductivity
data seem to fit within the Hashin-Strikman bounds.
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2.3 Ballistic heat transfer in particles
In macroscopic theories it is assumed that thermal conduction in materials
is diffusive, i.e. governed by Fourier’s law of conduction (2.1). As heat is
carried by phonons in crystalline solids. In the solid, phonons are created at
random and they scatter from defects and also from each other. Therefore, at
long length scales, the assumption of diffusive thermal conduction is justified.
Since the effects that cause ”diffusive” transfer are probabilistic in nature,
it is possible, that for short distances, the phonons move without significant
resistance from scattering, i.e. they move ballistically. This significantly
increases the heat flux through the medium and at the Casimir limit, the
heat flux between two plates of temperatures T1 and T2 is

qCasimir = σ(T 4
1 − T 4

2 ), (2.18)

where σ is the Stefan-Boltzman constant.
The length scale where ballistic heat transfer is significant can be esti-

mated from the mean free path of a phonon in a solid, that is [28]

l = 10aTm
γT

, (2.19)

where a is the lattice constant, Tm the melting point of the substance, γ the
Grüneisen parameter and T the temperature. For example, for aluminum
oxide Al2O3 in room temperature, l ≈ 35 nm. It is not unfeasible to have
nanoparticles with diameter significantly smaller than mean free path limit.
For example 20 nm [29] and 13 nm [30] particle sizes have been reported
for Al2O3. However, for small particles with large thermal conductivity and
small temperature gradients, there is negligible macroscopic difference be-
tween fast diffusion and ballistic phonon transport, since the temperature is
effectively constant within the particle and thus the boundary conditions for
conduction in liquid will be similar and it would be unlikely that pure bal-
listic heat conduction in single particle could account to the enhancements
seen.

Also, ballistic transport is confined to particles, since the mean free path
in liquid is significantly lower than in solids. It is therefore unlikely that
any ballistic phonon originating from the particle would persist in the liquid
for significant distance. Nevertheless, particles in a nanofluid are packed
very closely: the average particle separation for 10 nm diameter particles in
5% solution is only 5 nm [7]. It is also possible that, due to the Brownian
motion, the distance between particles is locally small enough for a significant
time frame that a phonon originating from one particle would continue to an
adjacent particle.
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The 5 nm average distance at 5% load is at best an optimistic estimate.
Lower loads for 10 nm particles yield roughly 10 and 17 nm distances for 3%
and 1% respectively. Moreover, significant heat conduction improvements
have been reported for Copper particles with diameters approximately 10 nm
and volume fraction as small as 0.03% [25]. Nevertheless, ballistic phonons
might enhance clustering effect by allowing small gaps between particles.

While it is within the realm of possibility that the nature of heat con-
duction in the particles or clusters is purely ballistic, we must also consider
typical conditions in the measurement or applications. If we assume that
the scale of the system is, say 50 nm, i.e. little above the mean free path
of phonons in aluminum oxide, we can consider the difference in heat flow
between Fourier’s model and ballistic transport. The temperature different
within extremes of such system are highly unlikely to be significant. For ex-
ample, in a water based system we must work with a maximum temperature
difference of 100 K over the whole system. This means that the temperature
gradient over a distance of the particle or even a cluster is almost nonexis-
tent. Therefore also the difference between diffusion and ballistic transfer is
likely not measurable.

Furthermore, if we consider nanoemulsions, i.e. suspensions of liquid
droplets, where the mean free path is negligible, we immediately see that
ballistic heat transfer cannot have any measurable effect and thus the ex-
plaining power of this model is further discredited.

2.4 Liquid layering
It has been observed that liquid near a solid wall exhibits a degree of ordering
[31][32] unlike ”free” fluid. The interaction between the molecules of the fluid
and solid determines the magnitude of the ordered layer: sufficiently strong
bonding leads to crystal-like structure in the liquid near the surface. The
thermal conduction properties of solids result from their long phonon mean
free path and therefore, as the fluid becomes more ordered or ”solid-like”,
the fluid’s phonon mean free path also increases and with it the thermal
conductivity.

A relatively simple approach would be to consider the increased effective
volume fraction [33]. The particle and the surrounding ordered liquid layer,
as illustrated in figure 2.2, can then be considered to form a composite entity
of radius r = rp + dlayer, where rp is the radius of the particle and dlayer ≡ dl
the thickness of the layer. The composite particle has thermal conductivity

10
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Figure 2.2: Liquid molecules near a solid surface for an ordered layer re-
sembling solid and thus increasing heat conduction. Therefore we consider a
composite entity of radius r consisting of a particle with radius rp surrounded
by ordered liquid layer of thickness dlayer = r − rp

of kc and effective volume fraction

φc =
4
3π(dl + rp)3n

Vtot
=

4
3πr

3
pn

Vtot
(1 + dl/rp) = φp(1 + β)3, (2.20)

where n is the number of particles, Vtot is the volume of the system, φp
the volume fraction of original particles and β = dl/rp. Using the modified
volume fraction, Maxwell’s formula becomes

klayering = kc + 2kf + 2(kc − kf )(1− β)3φp
kc + 2kf − (kc − kf )(1 + β)3φp

kf , (2.21)

where kc is defined as

kc = [2(1− γ) + (1 + β)3(1 + 2γ)]γ
−(1− γ) + (1 + β)3(1 + 2γ) kp, (2.22)

where γ = klayer/kp and klayer is the conductivity of the ordered layer. It
should be noted that at the limit dl + rp ≈ rp, klayering ≈ kMaxwell.

This accounting for liquid layers predicts significant increases in conduc-
tivity only to a small subset of nanofluids, namely for very small particles of
radii 10nm and less. The conductivity enhancement relative to the Maxwell
model is shown in figure 2.3. The conductivity of the layer has minimal ef-
fect on the conductivity of the nanofluid whereas the thickness of the layer
is mostly responsible for effects on conductivity.
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However, a significant portion of the reported increases in thermal con-
ductivity are for particles with radii over 10 nm whereas the liquid layering
theory outlined above predicts only minuscule increase for radii larger than
15 nm.

As we are considering the interfacial effects between the fluid and the
particle, we must also take into account the Kapitza resistance RK [34][35]
to form a full picture of the composite entity of particle and ordered fluid.
RK exists even at perfect interfaces as it arises from differences in material
properties at the interface. Because of these differences, a phonon may scatter
from the interface resulting in a decreased flux through it. Flux through the
interface is

~q = G∆T, (2.23)

where G = 1/RK . As a measure of relative importance of the interfacial
resistance, so called equivalent thickness of crystal can be defined as

h = k

G
, (2.24)

where k is the thermal conductivity of the fluid. For large particles of diam-
eters 10 µm and up, interfacial resistance has very little effect and it can be
comfortably approximated away in most calculations, but the size of particles
or droplets in a nanoscale colloids is usually of the order of 10 nanometers,
meaning that even a low value of h can have significant effect on the heat
conduction across the interface. An estimate of the magnitude of the Kapitza
resistance was calculated by Jang et al. to be of the order 10−7 cm2K/W [36].
Based on this estimate, the Kapitza resistance can be comfortably neglected
as it has no significant effect.

Both simulations and experimental studies of the ordered layer’s thickness
exist. Molecular dynamic simulations of liquid confined between two walls
show that the heat conductivity of a fluid between two walls increases when
the distance between the walls is 2 nm, but for wall to wall distance of 27
nm, no conductivity enhancement was found compared to the bulk fluid [37].
Puliti et al. found the liquid layer in the neighborhood of gold nanoparticle in
water to extend approximately 0.7 nm from the surface of the particle based
on a simulation [38]. However, it should be noted, that the simulation used a
relatively small particles of diameters 6.6 nm and less, while most published
experimental studies are for larger particles. Nevertheless, another study
suggested a value of similar order, namely 0.5 nm [39].

Based on current research and simple modifications to the Maxwell’s for-
mula, definitive conclusions are difficult to draw. On one hand, the effect is
real and observed, but any effect it has in the case of well dispersed particles

12



Figure 2.3: The ratio klayering/kMaxwell shows increased conductivity for very
small particles. Plot is for 2% volume fraction of copper particles in water
with 2 nm thick ordered layer. Values for klayer are 50%, 100% and 1000% of
the conductivity of copper, but conductivity of the layer has negligible effect
on the conductivity of the nanofluid.

of diameter larger than 20 nm is negligible. However, if the assumption of well
dispersed particles is false and particle agglomerates form in the nanofluid,
even a thin layer of ordered liquid between particles might enhance the effect
of clustering. The clustering of particles is discussed in more detail in the
next section.

Comprehensive data on the thermal conduction of nanoemulsions has
not yet been published, but the few studies available suggest similar en-
hancements in liquid-liquid colloids. As the formation is an phenomenon
of liquid-solid interface, nanoemulsions would not form such a layer around
the droplets. Therefore, liquid layering cannot be responsible for any ther-
mal conductivity enhancements observed in nanoemulsions. However, the
expression for the conductivity of a composite particle remains useful while
studying a droplet coated by surfactant molecules.

13
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Figure 2.4: The effect of the thickness of the ordered layer. Conductivity
enhancement is strongly dependand on the thickness of the layer Volume
fraction of copper in water is 2%.

2.5 Particle clustering
Particle clustering can be accounted by two models. First we consider the
formation of composite particles. Even the most efficient packings of spheri-
cal particles contain empty space, i.e. the packing efficiency of hard spheres
is less than one. Since the length scale and the temperature gradient around
the particle are both small, we can assume that the composite particle be-
haves as a single particle of volume V ′ = V/ηpacking, where V is the volume of
particles forming the cluster. Therefore the effective volume fraction of the
particles increases at lower packing ratios. The hightest efficiency of connect-
ing equal spheres is π/3

√
2 ≈ 0.74 [40] and thus siginificant portion of the

agglomerate is filled with the base fluid. The packing efficiency for real parti-
cles can naturally be higher than the limit for ideal spheres since the particles
are not perfectly uniform in size and shape. As paths of high conductivity
can be drawn across the cluster, the whole cluster can be thought as a single
particle increasing the effective volume fraction to φ′ = φ/η, where η is the
efficiency of the packing. Results of this simple modification to Maxwell’s
model are presented in figure 2.5. However, the simple accounting for the
increased effective volume fraction yields only moderate effects on volume

14



fractions between 1 and 5 %.

Figure 2.5: The effect of clustering efficiency to the heat conductivity relative
to the unmodified Maxwell’s model

Second clustering effect improving thermal conduction would be the ag-
glomeration to percolating patterns such that paths of high conductivity are
created through the medium. It should also be noted that the orientation
of the paths is important to the thermal conductivity of the nanofluid. Up-
per and lower bound estimates for different orientations of the strands, as
illustrated in figure 2.6, can be obtained by modeling the fluid as a thermal
circuit. The bounds are thus

qseries
q

= 1[
(1− φ) + kf

kp
φ
] (2.25)

for a system where the particle agglomerates are oriented in series and flux
for a geometry where they are in parallel is

qparallel
q

=
[
(1− φ) + kp

kf
φ

]
, (2.26)

where kf and kp are the thermal conductivities of the fluid and the particles
respectively, φ is the volume fraction of the particles and q the value for the
base fluid. For parallel orientation, the conduction increases linearly with the
volume fraction and the particle thermal conductivity as opposed to series
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Series Parallel

T1 T2

T1 T2

Figure 2.6: The conductivity through ”strands” of particles is highly depen-
dand on the orientation of the strands.

conduction where the heat flux with particles is approximately that of the
base fluid. For example, qparallel/q = 6 for 1 volume % of gold particles
in water resulting in significant increase in an ideal system. However, such
model is extremely sensitive to discontinuities or disordering of the paths.
Thus for a fluid in motion any enhancements from clustering would likely
be lost. Also long particle chains require significant particle loading while
significant enhancements have been observed at fractions less than 1%.

For example, Kim et al. [41], observed elongated structures, such as
in figure 2.7. However, ordinary TEM imaging might change the particle
dispersion, since the sample must be dried to obtain an image. A more
accurate result could be obtained using a cryo-TEM, where the suspension is
frozen nearly instantaneously before imaging and thus the colloid structure
is more likely to be preserved.

There have been multiple instances of molecular dynamics simulations
supporting the clustering hypothesis [42][43][44][45]. However, several ex-
perimental studies have taken the opposite stance observing that thermal
conductivity decreases with greater nanoparticle agglomeration [46][47][48]
but others have observed local clustering [49][25]. Thus, the effect remains
controversial and no conclusive remarks can be made at this point. It still
should be noted that significant enhancements have been observed at volume
fractions well below the percolation threshold.

Again, nanoemulsions might shed light to the heat conduction enhance-
ment mechanisms. Formation of clusters is highly unlikely if not impossible.
When the droplets come into contact, they might merge and thus minimize
the surface area, rather than form a cluster or a chain, but this if anything
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Figure 2.7: TEM images of ZnO nanofluids of three different sizes (a) 60 nm
b) 30 nm c) 10 nm). Picture from [41].

hinders the heat conduction and stability. Even if we assume that droplet
chains would somehow form, the important factor λp/λf is of the order of
unity for most fluids compared to, for example, the ratio of gold and water,
which is 511. However, for other materials commonly used in nanofluids such
as silicon dioxide the ratio is approximately 2.3 meaning that equation (2.26)
would yield qparallel/q = 1.013 for 1% SiO2 in water.

As we have noted, since neither liquid ordering nor clustering can phys-
ically explain the increases observed in heat conduction of nanofluids, some
other effect must be chiefly responsible for the increases.

Effect of clustering on viscosity
It should be noted that significantly increased viscosity of a fluid is adverse to
its utility in convective application since a more viscous fluid requires more
pumping power to achieve similar flow regime than a less viscous medium,
meaning that for an application it might be more efficient to use a less vis-
cous liquid whose heat transfer characteristics are worse at higher pumping
power than the nominally better nanofluid. We tackle the issue of nanofluid
efficiency in chapter 4.

Especially agglomeration into long strands could be adverse to the viscos-
ity of the fluid. Most measurements of the viscosity of the nanofluids report
increases higher than the conventional models predict.

2.6 Brownian motion
Brownian motion is a phenomenon where small particles suspended in a
stationary fluid move randomly, first observed by Robert Brown in 1827 [50]

17



Figure 2.8: Small particles in liquid move randomly. Arrows represent the
momenta of particles. The random movement of particles brings about col-
lisions and the particle-particle distance can be very short momentarily

and formally explained by Einstein in 1905 [51].
An important characteristic of the motion of particles in the medium is

the diffusion constant
D = kBT

6πµr , (2.27)

where kB is the Boltzmann constant, T the temperature, µ the viscosity of
the medium and r the radius of the particle. From it we notice that the
diffusion of the particles is inversely related to the particle size and viscosity
and related to the temperature, i.e. the effect of Brownian motion is more
pronounced with smaller particles. It is thus feasible that any Brownian
effects on the thermal conductivity of nanofluids would not be observable in
systems of larger particles.

The diffusion constant can be derived from the Langevin equation rela-
tively straightforwardly. The Langevin equation [52] is

m
d2x

dt2
= −γ dx

dt
+R(t), (2.28)

where R(t) is a random force and γ a damping factor. If we multiply both
sides by x and take averages, we get

m

〈
x
d2x

dt2

〉
= −γ

〈
x
dx

dt

〉
+ 〈xR(t)〉 . (2.29)
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The first term is

m

〈
x
d2x

dt2

〉
= m

d

dt

〈
x
dx

dt

〉
−m

〈(
dx

dt

)2〉
, (2.30)

where xux is independent of time and mu2
x is the kinetic energy which on

average is kBT resulting in m〈x(d2x/dt2)〉 = kBT . The second term is

−γ
〈
x
dx

dt

〉
= −γ2

d〈x2〉
dt

. (2.31)

By its very definition, the average of the random force is zero. The equation
thus becomes

−kBT = −γ2
d〈x2〉
dt
⇐⇒ d〈x2〉

dt
= 2kBT

γ
. (2.32)

Einstein relation states d〈x2〉/dt = 2D and γ is defined by Stokes’ relation
as

γ = 6πµr (2.33)

we get the equation for the diffusion coefficient presented at the beginning
of the section

D = kBT

6πµr . (2.34)

Particles themselves carry very little thermal energy. An estimation was
done by Keblinskin et al. [7], who considered the time it takes for a particle
to move a distance equal to its size

τD = d2

6D. (2.35)

This quantity is then compared to the time scale for thermal diffusion for
the same distance, which is

τH = d2

6α, (2.36)

where α is thermal diffusivity defined as α = k/ρcp. For example, the ratio
τδ = τD/τH for particles of diameter 10 nm in room temperature water is τδ =
500 meaning that the heat transfer via particle movement is 500 times slower
than ordinary conduction. Even for particles nearing atomic size of diameter
d ≈ 0.5 nm the ratio is still τδ ≈ 25. The simple estimation thus suggests
that the effect of thermal energy carried with particles is negligible compared
to the thermal diffusion. This conclusion was expected since specific heats of
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most particle materials that are used in nanofluids are very small compared
to the basefluid.

However, such simple consideration does not take into account the con-
vection of fluid caused by the particle motion. One of the initial consider-
ations taking into account was a model presented by Koo and Kleinstreuer
[53], which took into account fluid particles dragged along with the nanopar-
ticles and thermophoretic effects. Another model by Jang and Choi [54]
considered a purely Brownian convection and they successfully predicted the
temperature and size dependencies. However, their model requires multiple
assumptions.

However, according to Prasher et al. [55], the assumptions made by
Jang et al. were mostly unphysical. Furthermore, they presented a semi-
empirical model taking into account convective effects [56]. They argued that
convection is felt almost instantly at distance equal to the particle distance
meaning that timescale τconvection � τD. The argument for this model is
based on consideration of a sphere inbedded in a semi-infinite medium. The
Reynolds number for 10 nm diameter Al2O3 particles is 0.029 and thus in
the Stokes regime. In such situation from the first principles it can be shown
that the heat transfer coefficient is h = (kf/rp)[1 + (1/4)Re × Pr]. The
conductivity for nanofluids is thus

k

kf
=
(

1 + ReB × Pr
4

)( [kp(1 + 2α) + 2kf ] + 2φ[kp(1− α)− km]
[kp(1 + 2α) + 2kf ]− φ[kp(1− α)− kf ]

)
, (2.37)

where ReB is the so-called Brownian Reynolds number

ReB = 1
ν

√
18kBT
πρd

, (2.38)

where ν is the kinematic viscosity. kf is the conductivity of the medium and
χ = 2Rbkf/d, where Rb is the interfacial resistance between the particle and
fluid. The model, when fitted to empirical data provides a relatively good
agreement with different data sets from experiments. A more recent study
[57] however indicates that the actual heat flux due to the kinetic contribution
is negligible and that the increases are caused by the interaction between the
particles.

The status of Brownian motion, as with other propositions, is still con-
tested with arguments both against and for it. However, the Brownian mo-
tion model has certain elegance to it. It is agnostic to the properties of
the particles and thus it is the only proposition capable of explaining the
observed increases for nanoscale emulsions. Furthermore, no assumptions
have to be made about the thickness or properties of the ordered layer or
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Figure 2.9: Comparison of a semi-experimental model by Prasher et al. [55].
The model generally predicts very similar values as the measurements.

the orientation or formation of the agglomerates. However, exact theoretical
formulation is very difficult without a large number of parameters.
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Chapter 3

Convective heat transfer

The second chapter considered only thermal conduction of matter whereas
most heat transfer applications are specifically implementations of thermal
convection i.e. heat transfer caused by movement of bulk matter. Further-
more, for most studies, only stationary fluid was considered. Clearly, this
picture is incomplete especially from the point of view of applications.

Convection is more complex phenomenon than thermal conduction. Lam-
inar flow is well understood and exact solutions can be presented for many
geometries but the turbulent flow is not as well understood. It is still un-
known if an analytic solution exists or not. In this chapter we will discuss
the classical theory for bulk matter and review models taking into account
microscopic phenomena.

In this section, we generally follow the approach and notation of Bergman
et al. [58] while discussing the laminar flow and empirical correlations.

3.1 Dimensionless numbers
The examination of conduction utilizes a few dimensionless numbers that
characterize the heat transfer and the flow of the fluid. The three most im-
portant dimensionless numbers are the Nusselt, the Prandtl and the Reynolds
number.

3.1.1 Nusselt number
The Nusselt number, which can be thought as a dimensionless heat transfer
coefficient, is defined as

Nu = hLc
k
, (3.1)
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where k is the thermal conductivity of the fluid, Lc the characteristic length
of the system and h the heat transfer coefficient. As can be readily observed,
the Nusselt number relates conduction to convective heat transfer such that
larger Nusselt numbers signify greater fraction of the heat transfer is convec-
tive. It should be noted that for the average Nusselt number the following
holds

〈Nu〉 = f(Re, Pr), (3.2)

where Re is the Reynolds number and Pr the Prandtl number and f is an
arbitrary function.

3.1.2 Prandtl number

U∞, T∞

U(r,x)

Plate with temperature T

T(r,x)

x

r

Figure 3.1: A fluid has a free stream velocity u∞ and temperature T∞ before
meeting a heated plate with temperature T such that T > T∞. Interac-
tion with the plate slows the velocity of the fluid and thus forms a velocity
gradient. Similarly, a temperature gradient is formed.

Consider a fluid flowing on top of a heated plate. Before the plate, the
fluid has velocity u0 and temperature T0. We define hydrodynamic boundary
layer as the region of the flow where viscous forces are felt i.e. where the
contact with the plate slows the velocity of the fluid to uf < u0. Similarly, the
thermal boundary layer is defined as the region of the flow where temperature
gradients exist.

In such context, the Pradtl number provides a relation between the mo-
mentum and energy transport by diffusion in the velocity and thermal bound-
ary layers. It is defined as

Pr = v

α
= µcp

k
, (3.3)
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where nu is the kinematic viscosity, α = k/(ρcp) the thermal diffusivity, cp
is the specific heat, µ the dynamic viscosity and k the thermal conductivity.

3.1.3 Reynolds number
The Reynolds number is a dimensionless quantity that describes the ration
of the inertial forces to viscous forces. It is used to characterize the flow
of the fluid, i.e. is it laminar, in transition regime or turbulent. At small
Reynolds numbers, viscous forces outweigth the inertial forces and keep the
flow ”ordered”, that is, the flow is laminar. It is defined as

Re = ρV Lc
ν

, (3.4)

where ν is the kinematic viscosity, V the velocity of the fluid and ρ is the
density of the fluid. In pipe flow, the characteristic length is the hydraulic
diameter of the pipe which for a round tube is simply the diameter of the
tube.

3.1.4 The continuum hypothesis and Knudsen number
All discussion in this section assumes that the continuum hypothesis holds,
i.e. that the fluid is treated as a continuous medium. The length scales of a
system are related through the Knudsen number

Kn = λ

l
, (3.5)

where λ is the mean free path of the fluid molecules and l is the characteristic
length of the system. Generally, the continuum hypothesis is valid if Kn�
1. In most flow systems the shortest relevant distance is of the order of
millimeters and the mean free paths are of the order of nanometers and thus
the fluid can be treated as a continuous medium in most applications.

3.2 Laminar tube flow
In this section we will consider the fully developed laminar flow of incom-
pressible Newtonian fluid with constant properties in a circular tube. In the
fully developed region the radial velocity component and the gradient of the
axial velocity are zero

vradial = 0, and ∂u(x, r)
∂x

= 0, (3.6)
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r

x u(r)

Figure 3.2: The velocity profile of a fully developed flow in a circular pipe.
To derive the velocity profile, we consider the force balance of an annular
differential element shown in light blue.

and thus u(x, r) = u(r). The velocity may be obtained from the appropriate
momentum equation. Consider an annular differential element as illustrated
in figure 3.2. The force balance is

τr(2πrdx)−
{
τr(2πrdx) + d

dr
[τr(2πrdx)] dx

}

+ p(2πrdx)−
{
p(2πrdx) + d

dx
[p(2πrdr)] dx

}
= 0. (3.7)

Expanding this, we find that it reduces to

− d

dr
(rτr) = r

dp

dx
. (3.8)

The stress becomes
τr = −µdu

dr
. (3.9)

Using it, we obtain the following differential equation for the velocity profile

µ

r

d

dr

(
r
du

dr

)
= dp

dx
. (3.10)
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Since the pressure gradient is independent of r, the equation may be solved
by integrating twice with regard to r which yields

u(r) = 1
µ

(
dp

dx

)
r2

4 + C1 ln(r) + C2. (3.11)

The constants can be determined by using two boundary conditions, namely
that the velocity at the surface is zero, i.e. u(r0) = 0 and that there is radial
symmetry at the centerline (∂u/∂r)r=0 = 0. Thus we obtain

U(r) = − 1
4µ

(
dp

dx

)
r2

0

[
1−

(
r

r0

)2
]
. (3.12)

The pressure gradient can be determined using the mean velocity of the fluid

um = 2
r2

0

∫ r0

0
u(r, x)rdr. (3.13)

Mean velocity can be easily obtained from the knowledge of mass flow and
the geometry of the system. Thus the velocity profile is

u(r)
um

= 2
[
1−

(
r

r0

)2
]
. (3.14)

Our main focus is on the heat transfer of the tube flow. Thus, we continue
considering a fluid that enters a heated tube such that its temperature T (0, r)
is uniform and less than the temperature of the surface of the tube. If
the temperature Tt or the heat flux qt is uniform, then, at some point, the
temperature profile reaches the fully developed region.

We start by considering the mean temperature over a cross section

Tm =
∫
A ρucpTdAc

ṁcp
= 2
umr2

0

∫ r0

0
uTrdr. (3.15)

The mean temperature can be used to obtain the advected thermal energy
by multiplying equation (3.15) by ṁcp.

In contrast to the fully developed velocity profile, where velocity pro-
file did not change with longitudinal coordinate x, dTm/dx 6= 0 if there is
heat transfer. Therefore, the temperature profile changes continuously and
thus does not have similarly defined fully developed region as the fluid flow.
However, we can introduce a dimensionless temperature difference

ξ = Ts(x)− T (r, x)
Ts(x)− Tm(x) . (3.16)
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This is interpreted such that the relative shape of the profile does not change
in the thermally fully developed region and the condition is

∂ξ

∂x
= 0. (3.17)

This condition is eventually reached if the aforementioned condition, i.e.
uniform temperature or heat flux is in effect. It should be noted that both
conditions cannot be simultaneously achieved. An example of a uniform
temperature would be a system whose temperature is set by a phase change,
i.e. condensing or boiling happening at the outer surface.

Continuing with equation (3.17) and evaluating at r = r0, we find

−∂T
∂r
|r=r0

Ts − Tm
, (3.18)

which does not depend on x. Utilizing the Fourier’s law

q′′s = k
∂T

∂r
|r=r0 , (3.19)

and the Newton’s law of cooling

q′′s = h(Ts − Tm), (3.20)

we immediately see that
h

k
6= f(x), (3.21)

i.e. in thermally fully developed flow the local convection coefficient is con-
stant.

3.3 Turbulent flow
As seen before, the laminar tube flow is a phenomenon that can be treated
analytically. However, turbulent flow is characterized by chaotic property
changes such as variation in pressure and velocity in space and time, and
the exact mathematical formulation - or proof that it is not possible - is one
of the greatest unsolved problems in mathematics1. Therefore an in depth

1The difficulty of turbulence is perhaps illustrated best by an amusing anecdote: Horace
Lamb, an applied mathematician who studied fluid flow, is reported to have said at the
meeting of the British Association in 1932 ”I am an old man now, and when I die and
go to Heaven there are two matters on which I hope for enlightenment. One is quantum
electrodynamics and the other is the turbulent motion of fluids. And about the former I
am really rather optimistic.” [59]
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discussion of turbulent phenomena is well beyond the scope of this thesis.
However, we will perform a concise overview of the turbulent phenomena in
the form of Reynolds mean flow equation and empirical correlations. In this
section, we follow the approach of the book by S. Pope [60] unless otherwise
noted.

3.3.1 Mean flow equation
In turbulent flow, the velocity of the fluid u(x, t) is a random variable. How-
ever, the velocity is a solution to a completely deterministic equation. There-
fore, the velocity is fully determined from the initial conditions of the equa-
tion of motion. However, in experiments, the initial conditions can never be
fully controlled and very small perturbations can cause large fluctuations in
the solution. An example of such chaotic behavior would be the following
system of differential equations, known as the Lorenz equations,

ẋ = σ(y − x),
ẏ = ρx− y − xz, (3.22)
ż = −βz + xy,

where x, y, z are functions of time and ẋ refers to derivative with respect to
t. The difference of solutions with different initial conditions x(t) − x′(t) is
shown in figure 3.3. The initial conditions are [x(0) = y(0) = z(0) = 0.1]
and [x(0) = 0.100001, y(0) = z(0) = 0.1].

Since the small perturbation that could cause the fluctuations in turbulent
are also present in the laminar situation, their mere presence cannot explain
the randomness of turbulent flow. The Navier-Stokes equation applies equally
in the turbulent regime, but to obtain useful information, exact solutions
cannot be considered.

One approach is to consider the Reynolds decomposition

u(x, t) = 〈u(x, t)〉+ u∗(x, t), (3.23)

where the velocity is separated to its mean and the fluctuation u∗. From the
continuity equation we see that

∇ · (〈u(x, t)〉+ u∗(x, t)) = 0. (3.24)

For the following discussion, we define the material derivative

D

Dt
= ∂

∂t
+ ui

∂

∂xi
(3.25)
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Figure 3.3: Difference of two solutions to equations (3.22) using two sets of
initial conditions.

We want to take the mean of the momentum equation
Du

Dt
= −1

ρ
∇p+ ν∇2u, (3.26)

where p is the pressure, but it is not as straightforward as with the continuity
equation. First, consider the material derivative in conservative form

Duj
Dt

= ∂uj
∂t

+ ∂(uiuj)
∂xi

, (3.27)

and take the mean 〈
Duj
Dt

〉
= ∂〈uj〉

∂t
+ ∂〈uiuj〉

∂xi
. (3.28)

Using Reynolds decomposition, we can write the 〈ujui〉 term as
〈ujui〉) = 〈(〈ui〉u∗i )(〈uj〉+ u∗j)〉

= 〈〈ui〉〈uj〉+ u∗i 〈uj〉+ u∗j〈ui〉+ u∗iu
∗
j〉

= 〈ui〉〈uj〉+ 〈u∗iu∗j〉, (3.29)
where we have used the fact that 〉u∗i 〉 = 0. The mean of the material
derivative is thus〈

Duj
Dt

〉
= ∂〈uj〉

∂t
+ 〈ui〉

∂〈uj〉
∂xi

+ ∂

∂xi
〈u∗iu∗j〉, (3.30)
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where a term containing the velocity covariances, which are called Reynolds
stresses, has appeared. Defining the mean material derivative

D̄

D̄t
≡ ∂

∂t
+ 〈u〉 · ∇, (3.31)

we can write the mean-momentum or Reynolds equation

D̄uj

D̄t
= ν∇2〈uj〉 −

1
ρ

∂〈p〉
∂xj
−
∂〈u∗iu∗j〉
∂xi

. (3.32)

The equation is similar to the Navier-Stokes equation, except that the Reynolds
equation has a term containing the Reynolds stresses. They can be seen aris-
ing from the fluctuating velocity at the boundary of a volume V . A feature
of the Reynolds approach is that the system of equations has more unknowns
than equations in the form of the Reynolds stresses and thus the equations
cannot be solved unless the stresses are determined.

Further discussion of properties turbulence would quickly be counterpro-
ductive to the goal of this thesis but the above discussion has shown one
type of an approach to the problem of turbulence. Therefore, we shall next
present a few well known correlations for pipe flow.

3.3.2 Empirical correlation equations for pipe flow
A traditional correlation equation for heat transfer in a fully developed tur-
bulent flow in a smooth circular tube is the Dittus-Boelter correlation

Nu = 0.023 Re0.8Prn, (3.33)

where n has the value 0.4 for heating the fluid and 0.3 for cooling. The
correlation has been experimentally verified in the range 0.6 ≤ Pr ≤ 160,
Re ≥ 104 and the ratio of length to diameter L/D ≥ 10. Furthermore, the
correlation is accurate for only moderate temperature differences.

Another correlation that is suitable for larger property variations is the
Sieder-Tate formula

Nu = 0.0027Re 4
5Pr 1

3

(
µ

µs

)0.14

. (3.34)

This equation is valid for Prandlt numbers between 0.7 and 16700. However,
both of these equations are somewhat inaccurate and errors may be as large
as 25%.
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A more accurate correlation is the Gnielinski correlation that is valid for
smooth tubes and in the transition region, i.e. for Reynolds numbers from
3000 to 5 · 106. The correlation is

Nu = (f/8)(Re− 1000)Pr
1 + 12.7(f/8) 1

2 (Pr 1
2 − 1)

, (3.35)

where f is the friction factor that can be obtained from the Moody chart.

3.4 A Convective model for nanofluids
Different microphysical effects have been widely considered in the search
for an explanation for the increased heat conductivity. However, similar
increases in Nusselt number have been achieved in convective investigations.
For example, both Xuan and Li [61] and Pak and Cho [62] reported increased
Nusselt number relative to a well known Dittues-Boelter correlation while
using the nanofluid bulk properties.

Conventional models, taking into account only the bulk properties can be
classified as homogeneous models. This approach assumes that the increase in
convective heat transfer results only from the thermal and fluid properties of
the nanofluid. However, predictions of homogeneous models fail to properly
predict increased heat transfer coefficient [63].

We will discuss a model by Buongiorno [64], that takes into account mi-
crophysical phenomena via consideration of nanoparticle-base-fluid relative
velocity.

3.4.1 Nanoparticle slip
It is possible for a nanoparticle to have a velocity relative to the base fluid
called slip velocity. The effects that generate the slip velocity are numer-
ous. Examples include Brownian motion, thermophoresis, diffusiophoresis,
Magnus effect and gravity. However, an order of magnitude analysis shows
that other effects are negligible compared to the Brownian motion and ther-
mophoresis. Furthermore, in turbulent flow, slip mechanisms become negligi-
ble and particles move with turbulent eddies. Therefore particle slip may be
important near the wall in the laminar sublayer where the turbulent effects
are not important.

The next step is to incorporate the important slip generating effects into
the nanofluid transport model. First we consider the nanoparticle and ther-
mophoretic fluxes. Assuming that the nanoparticles are in thermal equilib-
rium with the surrounding fluid, i.e. have the same average kinetic energy
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1
2kBT , the Brownian diffusion coefficient for molecules is the well known
Einstein-Stoke’s equation

DB = kBT

3πµdp
, (3.36)

where kB is the Boltzmann constant, T the temperature of the fluid, µ the
viscosity of the fluid and dp the diameter. The particle mass flux can be
expressed as

~jp,B = −ρpDB∇φ, (3.37)

where φ is the nanoparticle volumetric fraction and ρp the density of the
particles.

Thermophoresis is a phenomenon, where a temperature gradient causes
particles to diffuse. Thermophoretic velocity of the particles is

VT = −βµ
ρ

∇T
T
, (3.38)

where
β = 0.26 k

2k + kp
, (3.39)

where k is the thermal conductivity of the continuous medium, kp the thermal
conductivity of the particle, µ the viscosity of the medium and ρ the density
of the medium and T the temperature. The mass flux due to thermophoresis
is then

~jp,t = ρpφVT = −ρpDT
∇T
T
, (3.40)

where we have defined the thermal diffusion coefficient DT = βµφ/ρ
We begin with the continuity equation for the nanofluid

∇ · u = 0, (3.41)

where u is the nanofluid velocity. Note that the equation is identical to
that of incompressible fluid. The second continuation equation is for the
nanoparticles

∂φ

∂t
+ u · ∇φ = − 1

ρp
∇ · ~jp, (3.42)

where ~jp is the diffusion mass flux of the nanoparticles which is the nanoparti-
cle flux relative to the nanofluid velocity u. If there are no significant external
forces, the flux is simply the sum of the Brownian and thermophoretic fluxes

~jp = ~jp,B +~jp,T . (3.43)
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Substituting the above expression into the continuity equation (3.42), it be-
comes

∂φ

∂t
+ ~v · ∇φ = ∇ ·

[
DB∇φ+DT

∇T
T

]
(3.44)

The right hand side contains the terms that describe the nanoparticle slip
velocity due to Brownian motion and thermophoresis. The momentum equa-
tion for nanoparticles is

ρ

[
∂u

∂t
+ u · ∇u

]
= −∇P −∇ · τ, (3.45)

where P is the pressure and τ the stress tensor. For a Newtonian fluid, the
stress tensor can be expanded as

τ = −µ[∇u+ (∇u)T ], (3.46)

assuming Newtonian behavior and incompressible fluid. The T indicates
the transpose of the vector. If µ is constant, then the momentum equation
reduces to the standard Naviers-Stokes equation. However, as we consider
a particle suspension, the viscosity of a nanofluid depends on the particle
concentration which may vary greatly within the fluid.

The energy equation for nanofluids is

ρcp

[
∂T

∂t
+ u · ∇T

]
= −∇ · ~q + hp∇ · ~jp, (3.47)

where cp,f is the nanofluid specific heat, hp the specific enthalpy of the particle
material. Assuming there is no radiative heat transfer, the heat flux can be
calculated as

~q = −k∇T + hp~jp, (3.48)
which is substituted into equation (3.47) resulting in

ρcp,f

[
∂T

∂t
+ u · ∇T

]
= ∇ · k∇T − cp~jp · ∇T, (3.49)

where we have used ∇· (hp~jp) = hp∇·~jp + ~jp ·∇hp and where ∇hp = cp,p∇T ,
where cp,p is the nanoparticle specific heat and which follows from assuming
that the nanoparticles and the fluid are in thermal equilibrium.

The final form of the equation is achieved by substituting the formula for
~jp in the above equation and thus we have

ρcp,f

[
∂T

∂t
+ u · ∇T

]
= ∇ · k∇T + ρpcp,p

[
DB∇φ · ∇T +DT

∇T · ∇T
T

]
.

(3.50)
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Consider equation (3.50). It has terms describing heat transport by convec-
tion, conduction and nanoparticle diffusion. It should be noted that ρcp,f is
the heat capacity of the whole fluid incorporating heat transfer by nanopar-
ticles moving with the flow.

Wall

δv δt

Boundary layer

Laminar Turbulent

Turbulent core

Flowdirection

sublayer sublayer

Figure 3.4: Structure of the flow.

The discussion above has led to four equations completely describing the
energy-momentum state of the nanofluid. Furthermore, a correlation equa-
tion linking Nusselt and Reynolds numbers can be derived.

However, order of magnitude analysis suggests that the heat transfer
caused by nanoparticle movement is negligible compared to conventional con-
vection and conduction and thus the particles would affect the heat transfer
only through their thermal properties.

Turbulent flow near a wall can be divided into three regions, as in figure
3.4, laminar sublayer δv, turbulent sublayer δt and the turbulent core. In the
laminar sublayer the diffusion constant for Brownian motion is much larger
than the eddy particle diffusivity and the viscosity is much larger than the
eddy diffusivity of momentum. In the turbulent sublayer, the relations are
inverted, i.e. particle diffusion constant is much smaller than the eddy diffu-
sivity. Thus, due to thermophoresis, the nanoparticle fraction near the wall
in the laminar sublayer, where particles have significant velocities relative to
the fluid, can be lower than in the bulk fluid and thus the viscosity is lowered
in the laminar sublayer. Thus Buongiorno [64] arrives at the correlation

Nu =
f
8 (Reb − 1000)Prb

1 + δ+
ν

√
f
8 (Pr2/3

ν − 1)
, (3.51)
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where subscript b refers to bulk properties and ν and δ+
ν is the dimensionless

thickness of the laminar sublayer which is related to the actual thickness as
δν ∼ δ+

ν µν/
√
ρτ . However, δ+

ν must be determine empirically.
Comparisons with two experimental data sets of aluminum and titanium

nanoparticles show very good agreement with experimental data. The ad-
vantages of the model are that it includes microphysical phenomena of ther-
mophoresis and Brownian motion and it includes only one empirical coeffi-
cient. For example, a dispersion model proposed by Xuan and Li requires five
empirical constant to fit the data. Additionally, the limit of φ = 0 reduces to
the a pure fluid correlation, namely the Prandtl correlation. The comparison
is illustrated in figure 3.5.

Figure 3.5: Comparison of correlation (3.51) to experimental data and
Dittus-Boelter correlation for titanium nanoparticles in water. Particle frac-
tions are 0.01 for a) and 0.03 for b). Figure from [64].
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Chapter 4

Experimental methods

In this chapter, we give an overview of the experimental methods utilized in
the sample fabrication, characterization and heat transfer measurement.

4.1 Emulsion Fabrication
The experimental focus of this thesis is on n-decane in water emulsions.
Generally, an emulsion is a colloid consisting of two immiscible Popularity
liquids such that one liquid is dispersed in the other. Emulsions do not form
spontaneously but require external energy input. This is doubly true for
nanoscale emulsions since breaking of droplets to even smaller ones requires
larger energy inputs than formation of microscale emulsions.

The chosen fabrication process is simple: constituents of the emulsion,
i.e. continuous and dispersed liquid and a suitable surfactant, are mixed in a
suitable container. The mixture is then subjected to ultrasound mixing until
sufficient structure is achieved. Ultrasound mixing was chosen because of the
simplicity of the procedure and available equipment. Multiple other options
for nanoemulsion preparation exist and have been demonstrated [65][66][67].
These include a phase-inversion-temperature method where mixture is heated
above a phase inversion temperature and then cooled rapidly. In such pro-
cess the dispersed phase catastrophically becomes the continuous phase and
an emulsion of a small scale is formed. Yet another option is to force the
mixture through microchannels which causes significant shear that breaks
droplets to smaller ones. Mechanical shear is usually not intensive enough
to generate nanoscale emulsions. Nanoscale emulsions also differ from mi-
croscale emulsions in that they are very stable once formed.

The factors having an effect on the size and stability of the emulsion are,
however, numerous. Examples include but are not limited to choice of sur-
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factants, mixing temperature, sample size, mixing power and relative ratios
of continuous and dispersed phase and amount and type of surfactants used.
Thus, optimization of nanoemulsions is a highly nontrivial problem compared
to the preparation of solid particle suspensions where simple sonication is of-
ten sufficient.

Mixing

Figure 4.1: Emulsification is a process of forming a metastable colloid from
two immiscible liquids. Surfactants are usually added to the mixture to
improve stability of the emulsion.

4.1.1 HLB-value
Hydrophilic-lipophlilic balance (HLB) is a number that describes the de-
gree to which a surfactant or a combination of surfactants is hydrophilic or
lipophilic. A value of 0 indicates a completely lipophilic molecule.´

4.1.2 Micelles
Micelles, as illustarated in figure 4.2, are a class of self-assembling colloids
consisting of aggregates of surfactant molecules dispersed in a liquid. Forma-
tion of micelles can be adverse to nanoemulsion formation by lowering the
amount of surfactant available for droplet formation and thus changing the
droplet size distribution profile and cause false conclusions to be drawn from
the size data. In the worst case, if most of the surfactants form micelles, the
desired emulsion might not actually be formed at all since sufficient amount
of surfactants are not available.

We also consider the possibility of forming pure micelle nanofluids. Such
colloid is very easy to manufacture even in large quantities as the forma-
tion of micelles is spontaneous and thus requires only the combination of the
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Figure 4.2: A micelle is an aggregate of surfactant molecules.

surfactant molecules and the continuous phase and very gentle stirring. Ad-
ditionally, the size and shape of the micelles formed can be controlled simply
by using different surfactants and as surfactants are a commonly and widely
used chemical compound, there exists a myriad of different options to choose
from. However, the stability of micelles under flow induced stress is still an
unknown factor. It should be noted that to confirm the breaking of micelles,
the fluid must be imaged while flowing, since if the flow and therefore the
shear would stop, the micelles would quickly self-assemble again such that
the reassembled fluid is indistinguishable from the original.

4.2 Nanofluid characterisation
To study the mechanism affecting the heat transfer coefficient of nanofluids,
it is imperative to characterize samples carefully. Important qualities are
viscosity, specific heat and thermal conductivity and droplet size distribution.
These are characterized using widely accepted methods such as dynamic light
scattering and differential scanning calorimetry.

4.2.1 Dynamic light scattering
The size distribution of the droplets is determined by a dynamic light scat-
tering (DLS) measurement. In a DLS measurement, a laser is directed at the
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colloid studied. Light scatters randomly to all directions from small particles.
As particles move due to Brownian motion, scattering intensity fluctuates.
The fluctuation is correlated to the motion of the particles and the motion of
particles is related to its size via the Stokes’ equation for friction of a sphere
moving in a viscous medium

Fd = −6πµRv, (4.1)

where Fd is the frictional force, µ the viscosity, R the radius of the sphere
and v its speed.

Detector

Laser

Scattered beam

Colloid

Figure 4.3: The fluctuation of the intensity of a scattered laser beam is related
to the velocity of the particles which is related to the size of the particles.

4.2.2 Differential scanning calorimetry
The heat capacity of the nanofluid was measured using a differential scanning
calorimetry (DSC) device. The principle of a DSC measurement is following:
in the sample chamber is a reference sample and the sample we want to
measure. The heat capacity of the reference and the response of a reference
system consisting of an empty sample crucible and the reference sample to
heating are well known. The thermal capacity is then derived from the
difference in heating between the reference system and the system containing
the sample.

Besides direct measurement, a well established formula [62][68] exists to
calculate specific heats of two component systems

cp,nf = φρpcp,p + (1− φ)ρbfcp,bf
ρnf

, (4.2)

where cp,p and cp,bf are the specific heats of the particle or droplet and the
base fluid.
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Heating

Sample chamber

A B

Figure 4.4: In a DSC A is the sample to be measured and B is the reference
sample. Both are heated in well isolated sample chamber. The response to
the heating of the sample chamber, empty measurement crucible and the
reference sample are well known.

4.2.3 Thermal conductivity measurement
The thermal conductivities of the samples were measured using a modified
transient plate source measurement device. Essentially, in the measurement,
the sample is heated on a plate and the systems response to the heating is
measured. The advantages of this method are that it is easy to use and the
measurements are quick to perform. Experimentally obtained results were
then compared to the the prediction of the Maxwell’s formula.

4.2.4 Viscosity measurement
The viscosity of the fluid was found using a falling ball viscometer. The
operating principle of it is - as the name suggests - to measure the time it
takes for a ball to fall a given length in the studied substance. The viscosity
is then calculated as follows

µ = K(ρball − ρfluid)t, (4.3)

where K is the ball constant given by the manufacturer of the measurement
device, ρball the density of the ball, ρfluid the density of the fluid and t the
falling time.

Viscosity of a colloid that has a relatively small fraction of dispersed phase
can be estimated by a formula derived exactly by Einstein in 1906 [69]

µr = 1 + 2.5φ, (4.4)
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where µr = µcolloid/µbasefluid is the relative viscosity of the colloid. However,
empirical studies mentioned before indicate that the Einstein equation tends
to underestimate the viscosities of nanoscale colloids. A simple approach
would be to add higher order correction terms

µr = 1 + 2.5φ+Bφ2 + Cφ3 . . . (4.5)

and fitting the equation to the empirical data. Han and Yang used a second
order correction and found that the coefficient B = 117 for water in FC72
nanoemulsions. We will compare this equation to the measured viscosities of
the samples we have prepared.

4.3 Convective Heat transfer measurement

P

1

2

3

4

ṁ

5

Figure 4.5: The measurement scheme for forced convective heat transfer of
nanofluids. It consists of a pump (1), a heat exchanger to cool the nanofluid
(2), mass flow measurement (3), a steam heat exchanger (4) and the pressure
difference measurement (5).

The experimental setup is presented in figure 4.5. It consist of the closed
nanofluid loop and a heat exchanger. The heat exchanger consist of a 1.5m
long annular steel pipe such that the nanofluid flows inside the inner tube
and saturated subatmoshperic steam flows in the outer section. The steam
was chosen to be at subatmospheric pressure and thus at temperature less
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than 100◦C to avoid boiling of water based nanofluids. Typical pressure
of the steam during measurement was 0.4 bar and the corresponding steam
temperature was between 72 and 76 degrees Celcius. The heat exchanger acts
as the masurement tube and the temperatures of out- and ingoing nanofluid
and steam are measured at the ends of the measurement tube. Pressure
losses for the length of the exchanger and the mass flow of the nanofluid are
also monitored.

Earlier measurements in the laminar flow region indicate that natural
convection has significant effect for a horizontal measurement tube and thus
the configuration of the system was changed such that the measurement tube
is vertical and the nanofluid flows upwards in the tube.

4.3.1 Calculation of the heat transfer coefficient
To determine the heat transfer coefficient, the total conductance of the heat
exchanger G must be calculated from the experimental data. Total conduc-
tance is defined as

G = φ

Θln

= ṁcp∆T
Θln

, (4.6)

where ṁ is the mass flow, cp the heat capacity of the nanofluid, ∆T the
temperature difference between incoming and outgoing fluid and Θln the
logarithmic temperature difference defined as a function of in- and outgoing
temperatures of the fluid and the steam

Θln = (Tsteam,in − Tnano,out)− (Tsteam,out − Tnano,in)
ln
[

(Tsteam,in−Tnano,out)
(Tsteam,out−Tnano,in)

] , (4.7)

where Ti,j are temperatures of steam and nanofluid.
Conductance per length is

1
G′

= 1
G/L

= 1
πdinh

+ 1
πdoh0

+ ln(do/din)
2πkpipe

, (4.8)

where din is the diameter of the inner pipe, h the heat transfer coefficient
of the test fluid, do the diameter of the outer pipe, ho the heat transfer
coefficient of the steam and kpipe the heat conduction of the pipe. kpipe was
known from theoretical values and h0 was determined by measuring the heat
transfer coefficient of water and comparing the result to known correlation
formulae. The heat transfer coefficient of the nanofluid is then easily solved
from equation (4.8).

In the experiment, we measure the temperatures of the steam and nanoflu-
ids and the mass flow of the nanofluid. Other coefficients in the equation (4.8)
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are constants of the measurement device and determined in the calibration
of the system.

4.3.2 Heat transfer efficiency
Comparing pure heat transfer coefficient between the nanofluid and base fluid
yields very little information. Increase in viscosity also causes an increase in
the required pumping power to reach similar Reynols number regime and
therefore also the efficiency must be considered.

Addition of particles or droplets in the fluid increases viscosity compared
to the base fluid. Einstein’s equation µ′ = (1 + 2.5φ)µbase predicts moder-
ate increase of viscosity, but empirical studies have reported even greater
increases in viscosity. This is problematic, since viscosity increases pressure
losses ∆p which in turn increase the required pumping power. We thus de-
fine heat transfer efficiency as the relative pumping power at constant heat
transfer coefficient

η = Pbf (h)
Pnf (h) (4.9)

where P = V̇∆p is the relevant pumping power at constant mass flow. Thus
we can calculate the relative pumping power to the base fluid for the nanofluid
as a function of h. The implications of the relative pumping power are fol-
lowing: it is a measure telling if the increased heat transfer could be achieved
more efficiently by increasing the pumping power while keeping the original
fluid instead of the nanofluid. Value larger than one is to be interpreted such
that the fluid requires more power to achieve similar heat transfer coefficient
than the base fluid. Previous study [70] found that for most nanofluids and
small Reynolds numbers, the nanofluid is in fact less efficient as a heat trans-
fer medium than the basedfluid. This is illustrated in figure 4.6 (It should be
noted that this figure uses opposite convention where values below one mean
that the nanofluid is more efficient.
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Figure 4.6: Relative pumping power for various nanofluids. [70]
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Chapter 5

Results

5.1 Experimental series
For materials we chose to use N-decane as the dispersed phase, since it and
similar substances such as tetradecane had been utilized successfully to pre-
pare nanoscale emulsions in previous studies [5][71]. For surfactants we used
a mixture of Sorbitane trioleate (Span 85) and Polysorbate 20 (Tween 20) to
create a surfactant with optimal HLB value.

For the convective heat transfer study we chose to prepare a series of five
N-decane-in-water emulsions of varying droplet fractions. The composition
of the samples is shown in table 5.1. Initial optimization of emulsification
parameters led to HLB value of 14 but further experiments were also carried
out with a HLB value of 11. For emulsification, we used a 400W ultrasonic
mixer for various times. We found that to stabilize the droplet size, large
samples have to be mixed between 150 to 180 minutes using 30% pulse cycling
to control heating of the sample. Emulsification of samples to nanoscale was
successful using small quantities of less than 100 ml, but we were unable to
reach as small droplet size on larger emulsions required for the convective heat
transfer measurement despite otherwise similar composition and methods.

Additionally, during the sample preparation, we noticed that pure Tween
20 in water spontaneously forms very small agglomerates approximately of
the size of 10 nm. Therefore, we also prepared three Tween 20 micelle sam-
ples. One sample was also prepared using sodium dodecyl sulfate (SDS),
which also formed very small agglomerates. If Brownian motion is chiefly re-
sponsible for observed enhancements, small droplet size is naturally desirable.
Previous studies using the same measurement setup observed a correlation
between small particle size and good heat transfer efficiency. However, it
should be noted that the form of micelles is more susceptible to perturba-
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Table 5.1: Composition of test samples. The droplet column indicates the
droplet material and fraction of the sample, the surfactant column has the
amount of surfactant used and its HLB value and the diameter column is the
average diameter of the droplets based on the number density measurement.
The continuous phase in all samples is de-ionized water. The diameter num-
bers in parentheses marked with † correspond to values estimated from the
TEM imaging.

Sample name Dispersed phase Surfactant Diameter [nm]
HT1 <1% N-decane 0.35 % HLB 14 25
HT2 1% N-decane 0.5 % HLB 11 125 (18†)
HT3 2% N-decane 1.5% HLB 14 125 (80†)
HT4 3% N-decane 2% HLB 11 108 (110†)
HT5 5% N-decane 3% HLB 11 67
MC1 1 wt% Tween 20 - 6
MC2 2 wt% Tween 20 - 6
MC3 5 wt% Tween 20 - 6 (10†)
SDS 0.67 wt% SDS - 2

tions than that of the conventional emulsion droplets meaning that under
turbulent flow conditions, micelles might break or change shape significantly.
Also it should be noted that the HLB-value, i.e. the hydrophilic-lipophilic-
balance is a function of temperature and thus the properties of a micelle
colloid might change significantly during heat transfer measurement.

As a reference, we replicated the nanofluid with best heat transfer charac-
teristics from earlier measurements made with the same equipment we used
[70], namely a 1% mass SiO2 in water. New measurements with this sample
were in good agreement with previous data.

5.2 Nanofluid characteristics
All characteristics of samples are collected in table 5.2. To find the sample
composition, we urge the reader to cross reference table 5.1.

5.2.1 Size distribution
The average size data for each sample is presented in table 5.2. In figure
5.1 we see that the micelles are almost completely uniform in size. For
nanoemulsions, the size distribution was less uniform, but peaks were easily
identifiable. Few samples were also imaged using a cryo-TEM (see Fig. 5.2).
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Table 5.2: Fluid and thermal properties of the nanofluids. The viscosities
are the following: µm is the measured value, cp is the specific heat and ρ the
density of the fluid. The literature values for water are given for completeness.

Sample name µm [mPa·s] knf/kbf cp [Jg−1K−1] ρ [kg·m−3]
HT1 0.78 0.993 4.21 0.99
HT2 0.76 0.965 4.21 0.99
HT3 0.79 0.982 4.09 0.99
HT4 0.89 0.915 4.02 0.99
HT5 0.94 0.937 4.00 0.99
MC1 0.78 0.995 4.18 1.00
MC2 0.82 0.975 4.06 0.99
MC3 0.96 0.952 3.95 1.01
SDS1 0.75 1.000 4.21 1.00
Water 0.77 1.000 4.18 1.00

The size estimates obtained were generally in good agreement with the DLS
data.

5.2.2 Viscosity
Surprisingly, the large nanoemulsions follow the predictions of the Einstein
model with relatively good accuracy. The comparison is visualized in figure
5.3. The reason for this might be in the size distribution or the nature of
emulsions as opposed to solid particles since for example clustering is a non-
issue in emulsions. The second order correction was based on empirical data
using very small emulsions. Our measurements indicate that no significant
increase in viscosity besides Einstein model and the 2nd order correction term
clearly overestimates viscosities for our samples. For small volume fraction,
the measurements even indicate lower viscosity than for water, but we believe
this is an artifact of the measurement, since the temperature control method
was relatively crude, i.e. via ordinary water tap. However, the temperature
was measured up to two decimal places and stable through the measurement
but there still is uncertainty in the temperature of the sample tube and
measurements made on different dates.

5.2.3 Thermal conductivity
Our measurements indicate that the emulsions follow Maxwell’s formulas
predictions with good accuracy as illustrated in figure 5.4. The reason for
not observing any deviations might reside in the nature of our samples. The
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Figure 5.1: The number size distribution for 5% Tween 20 micelles in water.
The distributions for three consecutive measurements are nearly identical.

droplet size in few samples was relatively large, near 100 nm, which would
put the samples at the upper end of the size scale of nanoparticles.

5.2.4 Specific heat
The specific heat of water is well known and thus its measurement was omit-
ted, except to verify the accuracy of the measurement device, and the litera-
ture value was used in calculations. A result of a typical DSC-measurement
curve is presented in figure 5.5. The actual specific heats of the samples are
presented in table 5.2. The values for the emulsions and micelle samples are
lower than the specific heat of the basefluid as expected since both n-decane
and the surfactants have lower specific heats than water.

5.3 Heat transfer coefficients

5.3.1 Measurement calibration
Since the measurement scheme has underwent a few changes after the previ-
ous sample series, new calibration had to be made to obtain a baseline against
which to compare the heat transfer of nanoemulsions. Water is very useful
in this role as it is readily available and its properties are well documented
and it is also the basefluid of choice.

The important value to be calibrated was the heat transfer coefficient of
the subatmospheric steam h0 since other constants of the system were well
known. In the calibration, multiple measurements with water were made
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(a) Image of the sample HT2 (b) Image of the sample MC5

Figure 5.2: Size distributions based on TEM images agree well with the DLS
measurements.

and the result was compared to the Hausen [72] and Sieder-Tate [73] cor-
relations. The correlations were in good agreement with the measurements
when h0 ≈ 9kW/Km2. It should be noted that the correlations are empiri-
cal approximations and thus the values obtained using them are not exact.
However, the measurements were highly repeatable and thus the relative heat
transfer coefficient hnano/hbase should be relatively accurate. In repeated wa-
ter measurements, the deviation was on average 5% or less for the range of
Reynolds numbers used.

5.3.2 Heat transfer measurements
The heat transfer data is presented in figures 5.7 and 5.6. As can be readily
seen, fluids with higher droplet loading and higher viscosity exhibit higher
heat transfer coefficient for equal Reynolds number. Furthermore, based on
the measurements, the increase in heat transfer coefficient is proportionally
larger at the largest Reynolds number values. Unfortunately, the current
equipment was insufficient to reach the regime of Re > 10000. Ultimately,
there is very little information concerning the heat transfer capabilities of
the samples to be gathered from the heat transfer coefficient only.

5.3.3 Heat transfer efficiency
Based on the pressure loss data, we can calculate the relative pumping power
Pη = Pbf (h1)/Pnf (h1), where h1 is a constant heat transfer coefficient. Pump-
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Figure 5.3: Viscosities of emulsions compared to the estimates of Einstein’s
model and the Einstein model with second order correction term.

ing efficiencies are illustrated in figure 5.8. As we can see, the low efficiency
correlates with high droplet loading and larger particles size and conversely
efficiencies near unity correspond to samples with low volume fraction of
droplets and small particle size. These findings coincide with results ob-
tained previously for solid particle nanofluids using the same measurement
setup [70].

5.3.4 Nusselt number
The Nusselt number is the relation between convective and conductive heat
transfer. Using the formula defined in chapter 3, where the characteristic
length of the system in the case of the pipe flow is the diameter of the pipe,
we can calculate the Nusselt number for all samples besides the SDS-micelle
sample for which the thermal conductivity data was unavailable. The results
are illustrated in figures 5.9 and 5.10.

As the thermal conductivity of the samples relative to the basefluid was
typically less than unity, the Nusselt number should increase compared to the
data for the heat transfer coefficient, and such increase was indeed observed.
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of the Maxwell’s formula.
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Figure 5.5: A typical DSC-curve for heat capacity measurement result. The
figure is for 1 mass% Tween 20 micelles in water solution.
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Figure 5.6: The heat transfer coefficient h of n-decane as a function of the
Reynolds number Re.
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Figure 5.7: The bare heat transfer coefficient h of micelle samples as a func-
tion of the Reynolds number Re.
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Figure 5.8: The heat transfer efficiency of the studied samples.
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Figure 5.9: The Nusselt number of n-decane emulsions.
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Chapter 6

Conclusions and discussion

6.1 Thermal conductivity
The theory of thermal conductivity in the solid particle nanofluids is still
a controversial subject. No conclusive evidence has been presented to com-
pletely rule out different proposals. However, parallels between nanoemul-
sions and nanofluids might provide insight into different mechanisms. Both
clustering and liquid layering theories require that the dispersed phase con-
sists of solid particles and within certain assumptions they could produce
effects comparable to the experimental results. However, Brownian motion
does not require specific assumptions about the material or the structure of
the particles, and thus would in that sense be an elegant solution. Still, na-
ture does not care about beauty and further inquiry to thermal conductivity
of nanofluids is certainly necessary to solve the conundrum.

In our experiments however, we saw no diversion from the Maxwell’s
formula. It might be still too early to draw conclusions based on this dataset
and a new sample series with smaller droplet sizes or different materials to
verify our findings would be useful. Nevertheless, if the trend continues with
further experiments using the same experimental apparatus, either the ”new
physics” solutions or the reliability of the experiments must be questioned.

6.2 Convection
The bulk of our experimental work was directed to the measurement of con-
vective heat transfer coefficient. During the optimization of the samples, we
successfully prepared nanoscale samples with different volume fractions of
droplets. However, we were unable to emulsify larger samples to such small
size scale. One reason might be that the ultrasonic mixer is of inadequate
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power. Our understanding of parameters having an effect on emulsification is
still incomplete. Further problem concerning the preparation process is that
each substance pair of continuous and dispersed phase must be separately
optimized. Indeed, multiple studies have only considered the preparation
process.

However, the turbulent heat transfer measurements have novelty value.
There is very little literature on convective heat transfer of nanoemulsions,
especially in the turbulent region. Our findings indicate that relatively large,
meaning diameters of the order 100 to 150 nm, emulsions have little ad-
vantage over the base fluid in the Reynolds number range 2000 to 8000.
This mirrors previous experiments done on the same measurement device
[70], where the heat transfer coefficient increased but the overall efficiency
was worse for all but the smallest particles. The efficiencies of our samples
followed a similar trend.

Perhaps the most interesting part of the experimental series is the increase
in the Nusselt number. The increase compared to the heat transfer coefficient
is only natural in light of the thermal conductivity data. However, it is
curious that all the qualities of the samples were worse from the point of
view of convective applications, yet the heat transfer coefficients and Nusselt
numbers were comparable or higher than the basefluid.

6.3 Directions for future research
While first results are less than revolutionary, additional measurements us-
ing nanoemulsions of smaller droplet size would be of great interest. This
would require further optimization of preparation of large samples of volumes
>1500 ml. If the current ultrasonic mixer indeed is ineffective, low energy
emulsification methods, such as phase inversion temperature method, should
be investigated.

Besides smaller emulsions, another interesting direction would be phase-
change materials. The latent heat associated with melting and solidification
is usually very large and if materials would be chosen such that their melt-
ing point is suitable for the system, i.e. between the coolest and warmest
temperature in the cycle, this energy release could be harnessed.
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