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Something very wise should be written here. Something that tells about my personality and my view
on great things ... like why we are here; how come, we can wonder it; what is the reasoning behind
the above. Isn’t it self evident? We must inhabit an edge!

– Matti Kullervo Savelainen



iv

M. Savelainen: Characterization of Primordial Perturbations by Observations,
University of Helsinki, 2014, 105 pages,
Helsinki Institute of Physics, Internal Report Series, HIP-2014-03,
ISBN 978-952-10-8116-3 (print),
ISBN 978-952-10-8117-0 (pdf)
ISSN 1455-0563.

Abstract

We constrain cosmological models where the primordial perturbations have an adiabatic and a (possi-
bly correlated) cold dark matter (CDI), neutrino density (NDI) or neutrino velocity (NVI) isocurvature
component. We use both a phenomenological approach, where the power spectra of primordial per-
turbations are parametrized with two amplitudes at two different scales, and a slow-roll two-field
inflation approach where inflation slow-roll parameters are used as primary parameters, determining
the spectral indices and the ratio of tensor perturbations to scalar perturbations. We use WMAP 7-
year and 9-year data combined with other CMB data and Planck 2013 CMB temperature anisotropy
data. Bayesian methods indicate no preference for any of the isocurvature modes: the CMB data set
tight upper bounds on any non-adiabatic contribution to the observed CMB temperature variance.
We show that allowing for a primordial tensor contribution has a negligible effect on the determi-
nation of the non-adiabatic contribution and vice versa, as long as the tensor spectral index obeys
the first inflationary consistency relation. On large scales, the WMAP CMB data seem to constrain
isocurvature tighter than the Planck data. This is due to the lack of power at low multipoles, ` ∼
2...40, in the Planck data compared to the prediction of the best-fitting adiabatic ΛCDM model.
Hence the Planck data prefer a power-reducing mechanism, which the mixed adiabatic and isocurva-
ture models with negative correlation or full anticorrelation can offer. With WMAP 9-year data we
find that in the NDI and NVI cases larger isocurvature fractions are allowed than in the correspond-
ing models with CDI. For uncorrelated perturbations, the upper limit to the primordial NDI (NVI)
fraction is 24% (20%) at k = 0.002Mpc−1 and 28% (16%) at k = 0.01Mpc−1. For maximally
correlated (anticorrelated) perturbations, the upper limit to the NDI fraction is 3.0% (0.9%). The
non-adiabatic contribution to the CMB temperature variance can be 10% (–13%) for the NDI (NVI)
modes. For Planck data the non-adiabatic contribution to the temperature variance can be up to
7%, 9%, 5% in the CDI, NDI, NVI models. The Planck data constrain the primordial CDI fraction
in specific curvaton and axion scenarios to 0.25% and 3.9%, respectively. All bounds above are at
95% CL. With the WMAP data, relaxing the pure adiabaticity assumption leads to large shifts of the
preferred values of standard cosmological parameters and broadening of their posterior probability
distributions. In contrast, as the Planck data determines the acoustic peak structure precisely up to
the sixth acoustic peak, allowing for a mixture of the primordial adiabatic and an isocurvature mode
does not significantly affect the determination of standard cosmological parameters.
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Chapter 1

Introduction

Various forms of matter, galaxies, stars, planets, and finally us, why is all this around? And the
sequence of events, history, distribution of everything in space and time isn’t that all a wonder? It is
believed that the early time, small fractions of a second, when quantum effects dominated the scene
dictated the later realization of the Universe. To test and compare models on this early time we need
to study the cosmic microwave background radiation (CMB), which is the topic of this thesis.

1.1 Background and Motivation

The Universe is not static. All distant galaxies are receding away from us with a recession velocity
proportional to the distance of the galaxy. This was first discovered in 1929 by astronomer Edwin
Hubble [4]. The expansion of the entire Universe is an obvious explanation to this astonishing
behavior. The hot big bang model best explains the expanding Universe and other observations.
According to this model (see e.g.[5–7]), the Universe originated from an extremely dense and hot
state, which then expanded and cooled. A direct confirmation for the hot big bang theory was the
discovery of cosmic microwave background (CMB), the residual radiation filling the entire Universe
after the big bang [8]. The existence of the CMB radiation was predicted already in 1948 by G.
Gamow and his group [9–11], and it was detected twenty years later in 1965. A. Penzias and
R. Wilson[8] were measuring the noise temperature of a radiometer and discovered an excessive
background noise of about 3.5 K that could not be eliminated. Around those times, R. Dicke et
al.[12] had theoretically predicted that an isotropic thermal radiation at about 3 K should remain
from the hot initial phase of the big bang; they concluded that the discovered background noise was
indeed this remnant radiation, and hence a significant proof for the hot big bang model. In 1978,
Penzias and Wilson were awarded the Nobel Prize in Physics for their discovery. Studies on the
CMB continued and in 1992 G. Smoot and J. Mather [13, 14] from the NASA’s Cosmic Background
Explorer (COBE) satellite team obtained more accurate CMB measurements. COBE detected small
temperature variations (anisotropies) of the order of ∆T/T ∼ 10−5...10−4 in the CMB radiation.
These anisotropies stem from correspondingly small variations in the density of matter in the early
universe at the time of decoupling on the last scattering surface, i.e., when the universe became
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2 Introduction

transparent to photons. The CMB anisotropy pattern is hence a direct picture of the universe at
this time. Since then, the small density variations have grown to the present observable structure
of the universe. The detection brought Mather and Smoot the Nobel Prize in Physics in 2006. A
striking result came in 1998 from distant Type Ia supernova studies by two independent research
teams (one led by B. Schmidt and A. Riess [15], the other by S. Perlmutter [16]). They established
that the expansion of the universe is accelerating; a discovery that was rewarded with the Nobel
Prize in Physics in 2011. This acceleration is believed to be driven by dark energy. Another possible
reason could be a modification of the law of gravity at large distances.
The big bang model is not able to provide explanation for certain observations (flatness problem,

horizon problem, the origin of large scale structure in the Universe, and monopole problem) [17]. In
1980, Alan Guth proposed inflation as an add-on to the big bang as a solution to these shortcomings
[18]. Inflation is a brief period of exponential expansion. Due to inflation, our universe is homo-
geneous and isotropic up to a high degree. The origin of the small density variations imprinted in
the sky of CMB radiation is generally assumed to lie in quantum fluctuations during inflation, i.e.,
quantum fluctuations in a dominating scalar field (so-called inflaton field) are the seed for perturba-
tions we observe today. Curved spacetime quantum field theory is needed to study these microscopic
fluctuations that are on scales of the order of 10−20 cm or even much smaller (Planck scale ∼ 10−33

cm) [19]. The inflaton perturbations initially oscillate during inflation but later the oscillations freeze
out when the perturbations have been stretched out to considerably larger dimensions by the vast
expansion. They can then be studied with classical (non-quantum) physics. These classical pertur-
bations then form the primordial scalar perturbations that give rise to the observed small density
variations and hence, later, to the entire observed large-scale structure of the universe.
A general primordial scalar perturbation can be divided into two parts (see e.g. [20–22]). There is

an adiabatic perturbation component, in which different particle species (photons, baryons, cold dark
matter, neutrinos) fluctuate in phase producing thereby a global perturbation of the matter density
and therefore, a perturbation in the curvature of space. The other component is an entropy (also
called isocurvature) perturbation, which describes how perturbations of different particle species differ
from each other so that an overdensity in one species compensates for an underdensity in another
whereby no curvature perturbation is formed. The nature of the primordial scalar perturbations results
from the inherent properties of inflation and can hence be used to distinguish between different
inflation models. Single-field inflation, i.e., inflation with only one scalar field during inflation, is
known to produce only adiabatic perturbations. For isocurvature perturbations to arise, multi-field
inflation with two or more scalar fields is required [23–28]. Furthermore, these two different types
of primordial perturbations have distinctive signatures in the CMB power spectrum. Theoretical
models of the universe with purely adiabatic, purely isocurvature or a mixture of both types of
perturbations can therefore be compared with CMB data in order to obtain information on what
kind of perturbations and inflation models are supported [29]. In addition to the inflaton field a
second field can give rise to particles like axions and curvatons, which have not yet been discovered
[30–33]. Thus, the detection of an isocurvature perturbation could be very important for extension
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of the standard model of particle physics. Therefore we consider a mixed adiabatic and isocurvature
model and see whether there is any evidence for an isocurvature fraction.
For almost a century [34–37], general relativity has allowed cosmologists to calculate theoretical

big bang model of our universe assuming it is homogeneous and isotropic on large scales (> 100
Mpc). Observations then determine the main cosmological parameters of the model and fix the
geometry to one of three possible ones, i.e., closed, flat or open spatial curvature of the universe.
Based on measurements, our prevailing standard model of cosmology is a spatially flat ΛCDM
universe containing vacuum energy with a constant density (a “cosmological constant Λ”) and cold
dark matter (CDM) in addition to ordinary baryonic matter, photons and neutrinos. Quantitative
cosmological observations on the CMB have constrained possible deviations from the simplest ΛCDM-
model. It is interesting and well motivated to set with observations the the tightest possible limits to
these deviations. Setting constraints for the primordial isocurvature perturbations is a typical such
topic.
This thesis is about primordial isocurvature perturbations and constraints that the CMB data

available now can set to them. Allowed isocurvature content constraint also those inflationary
models that inevitably produce an isocurvature component. Or conversely, if we find an isocurvature
primordial perturbation the most simple models would be excluded. The publications included in
the thesis cover both WMAP and Planck CMB observations. We add other available high-` data to
WMAP CMB data so that it is more comparable to the Planck study that inherently covers a wider
`-range. We include in WMAP analysis lensing to make it comparable to Planck analysis were lensing
anyhow must be taken into account. With WMAP data we use both amplitude parametrization and
slow-roll parametrization where the spectral indices of the perturbations are now expressed in terms
of slow-roll parameters at the time the cosmological scales exited the horizon during inflation. Since
(slow-roll) inflation naturally predicts a small tensor contribution we include tensor perturbations in
our WMAP studies.
Before the Planck CMB data was available, the software tools: modified CosmoMC and MultiNest

codes, were tested and adapted to Planck accuracy. WMAP 7-year CMB data release was used for
these tests (paper A). Only CDI perturbations were considered in this first phase. In the Planck
work (paper C) all isocurvature perturbation components CDI, NDI and NVI were included, one at a
time. To complete the WMAP/Planck comparison a similar study was done on WMAP again, now
using 9-year CMB data (paper B) and extending the analysis to all three isocurvature perturbation
modes CDI, NDI and NVI. At the moment only the first Planck CMB data release is available. This
does not include e.g. polarization data. Our comparison of Planck and WMAP is in this respect
incomplete.

1.2 Contents

This thesis is structured as follows: This chapter provides general information on background and
motivation of the study. Chapter 2 briefly describes the theory needed to understand notations and
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background of papers A, B, and C; basics of standard big bang cosmology, inflation, cosmological
perturbations, and cosmic microwave background. Chapter 3 describes the models studied and the
parametrizations used. Chapter 4 presents the different inflation scenarios, e.g., curvaton and axion,
that are related to the possible detection or "null detection" of primordial isocurvature perturbations.
Chapter 5 presents briefly the observations used in this work, such as the WMAP and Planck satellite
missions, the ground based CMB observations, as well as the projects to gather data on matter
distribution and studies to measure the distance scales. Chapter 5 also introduces the methods used
in the analysis; Bayesian approach, codes, and computing environment. The following chapter 6
summarizes the results of the papers A, B, and C. Conclusions are presented in chapter 7.



Chapter 2

Theory

In this chapter I briefly present the theoretical framework of cosmology: standard big bang cosmology,
inflation, perturbation theory, and cosmic microwave background and its angular power spectrum.
Also the notation used in the papers of the thesis is introduced.

2.1 Standard Big Bang Cosmology

The current standard model of cosmology is the ΛCDM that is originated from a big bang (which
was preceded by inflation and reheating). The ΛCDM model is a theory and parametrization of
the universe that contains, in addition to the normal energy/matter forms, cold dark matter and a
cosmological constant Λ. The evolution of this universe follows the laws of general relativity, which
also is briefly reviewed here. I describe the geometry of spacetime, Friedmann-Lemaître cosmologies,
the big bang, and the thermal history of the universe. Also I introduce here comoving coordinates,
comoving distances and the particle horizon. In the following sections I go in more detail to inflation
and perturbation theory.

2.1.1 Geometry of Spacetime

General relativity (GR) states that gravity is a geometric property of the spacetime. The spacetime
is curved and the curvature is due to the energy and momentum present. I will review some crucial
quantities of GR; for details, see for example, [38, 39].

Metric Tensor. The most basic fundamental GR object is the metric tensor gαβ. It is a symmetric
(0,2) tensor containing all the needed information about spacetime. It has always an inverse metric
gαβ as the determinant of the tensor g = |gαβ| does not vanish. So we have,

gαβgβγ = δαγ . (2.1)

5



6 Theory

Here we use Einstein summation convention. The tensor index raising or lowering (i.e. changing the
tensor type) is done with metric and the inverse metric tensor,

Tαβ = gαγT β
γ , Tαβ = gαγTγβ, Tαβ = gαγgβδTγδ. (2.2)

The metric tensor is used to define distance, volume, and curvature. For example the distance on a
manifold, is given by the line element ds2 = gαβdx

αdxβ.

Connection Coefficients. The connection coefficient is called also the Christoffel symbol. In terms
of the metric tensor it is defined as,

Γγαβ = 1
2g

γδ(gδα,β + gδβ,α − gαβ,δ), (2.3)

where comma (,) indicates a partial derivative with respect to the following index. The equation
(2.3) holds only for torsion-free connections, i.e, Γγαβ = Γγβα = Γγ(αβ).

Covariant Derivative. A partial derivative of a tensor ∂γTα1...αn
β1...βm

is not a tensor i.e. it does
not transform as a tensor. We can define another derivative called covariant derivative ∇γTα1...αn

β1...βm

or Tα1...αn
β1...βm;γ . This has tensor properties, i.e., transforms as a tensor. With Christoffel symbols

the covariant derivative is defined as

∇γTα1...αn
β1...βm

≡ Tα1...αn
β1...βm;γ = Tα1...αn

β1...βm,γ
+ Γα1

δγT
δ...αn

β1...βm
+ ...

+ ΓαnδγT
α1...αn−1δ

β1...βm
− Γδβ1γT

α1...αn
δ...βm

− ΓδβmγT
α1...αn

β1...βm−1δ
.

(2.4)

Riemann Tensor. Another fundamental GR object is the Riemann tensor. It extracts the informa-
tion about the curvature. It is defined with the Christoffel symbols and its first derivatives as,

Rαβγδ = Γαδβ,γ − Γαγβ,δ + ΓαγεΓεδβ − ΓαδεΓεγβ . (2.5)

The Riemann tensor is antisymmetric in the first two and the last two indices,

Rαβγδ = −Rβαγδ, Rαβγδ = −Rαβδγ . (2.6)

Also it is invariant under the exchange of the first pair of indices with the second ones,

Rαβγδ = Rγδαβ (2.7)

and
Rαβγδ +Rαγδβ +Rαδβγ = 0. (2.8)

Due to the symmetries, the Riemann tensor has only twenty degrees of freedom i.e. independent
components. Ten describe the curvature of "empty" spacetime, through the Weyl tensor Cαβγδ,
and ten other degrees of freedom are devoted to the curvature due to the local presence of energy-
momentum, through the Ricci tensor Rαβ, defined as

Rαβ = Rγαγβ . (2.9)
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Contracting the Ricci tensor we get the Ricci scalar,

R = Rαα. (2.10)

The Ricci scalar is also called the scalar curvature.

Einstein Equations. The Einstein field equations rule the spacetime and its curvature in the
presence of energy-momentum and a cosmological constant Λ

Rαβ − 1
2Rg

αβ = 8πGTαβ − Λgαβ . (2.11)

The left side of equation (2.11) is the Einstein tensor, defined as Gαβ = Rαβ − 1
2Rg

αβ. It refers to
the curvature of spacetime as determined by the metric (equations 2.3, 2.5). The right side is the
matter/energy content of spacetime. Tαβ is the symmetric energy-momentum tensor describing the
properties of matter in spacetime. For an ideal fluid

Tαβ = (ρ+ p)uαuβ + pgαβ , (2.12)

where ρ is the proper (i.e., in the rest frame) energy density, p is the pressure, and uα is the
four-velocity of the fluid.

2.1.2 Expanding Universe

The universe is expanding. Edwin Hubble observed that distant galaxies recede with a velocity
proportional to the distance r from us

v = H0r, (2.13)

where H0 is called the Hubble constant. The Earth is not in any special position in the universe.
The phenomenon would be the same for every other position in the universe.

Friedmann-Lemaître-Robertson-Walker Universe

One exact solution of Einstein’s field equations is the Friedmann-Lemaître-Robertson-Walker (FLRW)
universe. The Universe is assumed to be homogeneous, isotropic, and expanding or contracting (see
for example [40,41]). Homogeneous means that the physical observable quantities are invariant under
spatial translations. In an isotropic universe the observables are invariant under spatial rotations.
The line element in terms of spherical coordinates (r, θ, φ) is,

ds2 = −dt2 + a(t)2
[

dr2

1−Kr2 + r2dθ2 + r2 sin2 θdφ2
]
, (2.14)

where a(t) is scale factor of the expanding universe. The Hubble parameter (see equation 2.13) is
defined in terms of a(t) as

H(t) = ȧ(t)
a(t) , (2.15)
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andH0 is its present value and (˙) indicates derivative w.r.t coordinate time t. The spatial coordinates
presented in equation (2.14) are the comoving coordinates (r, θ, φ). As the distance scale changes
with time, cosmologists have defined the comoving distance, which is the physical distance divided
by the scale factor a(t). The comoving distance between two points with fixed space coordinates
stays constant with time. The coordinate time for an observer at fixed comoving coordinates, i.e.,
an observer at rest, is also called cosmic time in the context of big bang and Friedmann-Lemaître-
Robertson-Walker universe. The conformal time τ , expressed in terms of the coordinate time t and
scale factor a is

τ =
∫ 1
a(t) dt. (2.16)

In equation (2.14) K is a constant that is related to the scalar curvature R on a constant time slice
as,

R = 6K
a2 . (2.17)

Different values of K imply different curvatures, i.e., different geometries of the Universe.

K >0, Hyperspherical case. Defining χ as r = K−
1
2 sinχ, with 0 ≤ χ ≤ π, in equation (2.14),

gives
ds2 = −dt2 + a2(t)K−1

[
dχ2 + sin2 χdθ2 + sin2 χ sin2 θdφ2

]
. (2.18)

This cosmology is a closed model of the universe and the space part of the metric is that of a
hypersphere with finite volume.

K = 0, Flat case. In a flat universe the FLRW metric becomes

ds2 = −dt2 + a(t)2
[
dχ2 + χ2dθ2 + χ2 sin2 θdφ2

]
, (2.19)

or in cartesian (x, y, z) coordinates,

ds2 = −dt2 + a(t)2
[
dx2 + dy2 + dz2

]
. (2.20)

K < 0, Hyperbolic case. The universe is now infinite and open. The parameter χ is defined as
r = |K|−

1
2 sinhχ, with 0 ≤ χ <∞. This describes the hyperbolic nature of the space

ds2 = −dt2 + a2(t)|K|−1
[
dχ2 + sinh2 χdθ2 + sinh2 χ sin2 θdφ2

]
. (2.21)

Observations prefer the flat universe to a high degree of accuracy, and later I use K = 0 in most of
my analysis.

Friedmann Equation and Continuity Equation

Using the FLRW metric and for an ideal fluid defined with equation (2.12) we can derive the first
Friedmann equation

3
(
ȧ

a

)2
= 8πGρ+ Λ − 3K

a2 , (2.22)
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and the second Friedmann equation

3 ä
a

= −4πG(ρ+ 3p) + Λ (2.23)

from the Einstein equation (2.11). Combining the two equations we get the continuity equation

ρ̇+ 3 ȧ
a

(ρ+ p) = 0. (2.24)

This equation tells how energy density changes for (non-relativistic) matter, radiation and vacuum
as a function of time. For matter (baryons, i.e., ordinary matter, and dark matter), pressure can
be approximated with zero in this context pm = 0, and ρm ∝ a−3. For radiation (photons and
relativistic neutrinos), pressure is pr = ρr

3 , and ρr ∝ a−4. For vacuum energy or a cosmological
constant type of dark energy pΛ = −ρΛ = − 3Λ

8πG = constant. Different types of material were
dominant components to the total energy density of the universe at different eras. First there was a
radiation era (photons and neutrinos), then the matter era and very recently a dark energy era (Λ).
We often define the critical density (the energy density that would produce a flat FLRW universe)

ρcrit(t) and Ω(t) as

Ω(t) = ρ(t)
ρcrit(t)

, ρcrit(t) = 3H2

8πG, ρcrit(t0) = ρcrit0 = 3H2
0

8πG. (2.25)

Here ρ includes also the vacuum energy term Λ. Then equation (2.22) can be written as

Ω(t) = 1 + K

H2a2 . (2.26)

It is also a usual convention to use density parameters (denoted by the subscript 0 when indicating
quantities at present time),

Ωi0 = 8πGρi0
3H2

0
, ωi0 = Ωi0h

2, h = H0
100

1
km s−1 Mpc−1 . (2.27)

2.1.3 Thermal History of the Universe

Below is a brief summary of some events of the history of the universe that are relevant for this
thesis. For a detailed description see for example [42].
Inflation. The inflationary theory was introduced to solve some open questions in the big bang
theory (see for example [17] and subsections 2.2.1 and 2.2.2). During inflation the early universe
expanded exponentially.
Reheating. During inflation the Universe cooled (assuming that we use a model where we can
define a temperature). The fast expansion diluted any (possibly) pre-existing types of matter or
energy. So, towards the end of (single field) inflation all the energy of the universe was in form of
the potential energy of the inflaton field. Then after inflation ended during the possible preheating
period, the energy was transferred to other particles. This might have happened suddenly and these
particles were not yet in thermal equilibrium during the preheating phase. In the reheating process
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the produced particles joined gradually the thermal bath and we could state that after inflation ended
the temperature rose (reheating). Then after (all) particles had reached the thermal equilibrium the
temperature started to decrease due to the expansion of the Universe.
Neutrino decoupling. As the temperature decreased much below the weak-energy scale, the
neutrinos decoupled from the rest of the particles. This happened when the temperature of the
universe was ∼ 1MeV or a bit higher (redshift z ∼ 4 × 109) (cf photon decoupling redshift z
∼ 1 100).
Matter domination. As the universe further cooled down and expanded, photons and matter
became less densely packed. The energy density of matter decreased slower than radiation. When
the universe was 60 000−70 000 years old (redshift z ∼ 3 300), matter begun to dominate the energy
density of the universe.
Recombination. Once the universe cooled down close to 3 000K (redshift z ∼ 1 100), hydrogen
ions and electrons had already formed neutral hydrogen atoms. This process is called recombination.
Photons could not interact any more electromagnetically with the neutral atoms. Photons decoupled
and moved freely, resulting in a transparent universe. These free photons form the cosmic microwave
background (CMB), that we now study.
Reionization. First stars are assumed to be formed at redshift z ∼ 30 to z ∼ 20. The early stars
or gigant black holes [43] started to ionize neutral atoms. This is called reionization.
Dark Energy Domination. At about redshift z ∼ 0.5 the dark energy took over the domination
of the energy density of the universe. As a result the expansion of the universe started to accelerate
again.

2.1.4 Horizons, the Size of the Observable Universe

Only a finite part of our universe can be observed due to finite speed of light and the finite age of
the universe. The light has travelled a limited distance since the beginning of time (actually since
recombination when the universe became transparent). Space has expanded and this further affects
the distance to the edge of the observable universe. The density and composition of the universe
affect the expansion so one needs to apply general relativity to calculate the horizon distance. First
we derive a general expression for the distance-redshift relationship. Light from a galaxy, which stays
at fixed comoving coordinates (rG, θ, φ), starts its journey at time t1 and arrives to an observer
at the origin at time t0. As light moves along light-like curves, the path obeys ds2 = 0. For the
Robertson-Walker metric this becomes (dθ = dφ = 0)

ds2 = −dt2 + a2(t) dr2

1−Kr2 = 0. (2.28)

Integrating the distance from rG to 0 we get

dt = a(t) dr√
1−Kr2

⇒
∫ t0

t1

dt

a(t) =
∫ rG

0

dr√
1−Kr2

= d0
a0
. (2.29)
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This gives the comoving distance to redshift z as

d0(z) = a0

∫ t0

t1

dt

a(t) =
∫
dt

x
=
∫
dx

x

1
dx/dt

, (2.30)

where x = a(t)/a0 = (1 + z)−1 and for dx/dt we can use the Friedmann equation. After some
calculus we get for the comoving distance that light has travelled from redshift z and x = (1 + z)−1

to present time with z = 0, i.e., x = 1:

d0(z) = H−1
0

∫ 1

1
1+z

dx√
ΩΛ0

x4 + (1− Ω0)x2 + Ωm0
x+ Ωr0

, (2.31)

where Ω0= ΩΛ0
+ Ωm0

+ Ωr0
. Taking a = 0, i.e., z = ∞, we get for the comoving distance that

light has travelled during the entire age of our universe,

dchor = H−1
0

∫ 1

0

dx√
ΩΛx4 + (1− Ω0)x2 + Ωmx+ Ωr

. (2.32)

This distance is called the particle horizon. It is the maximum distance within which any interchange
of information, i.e., causal contact, can happen.
For a radiation-dominated flat universe (Ωr0

≈ Ω0 = 1) the above calculation gives for dchor =
H−1(tr) for time tr or, in other words light has travelled the Hubble length by time tr. For a flat
purely matter-dominated universe at time tm, this particle horizon is 2H−1(tm). The particle horizon
for the present observable universe, which underwent both radiation- and matter-dominated eras, is
of the order of the present Hubble length lH = H−1

0 .
The Hubble length H−1 has different values at different times in the expanding universe, i.e., it

is a function of time. For comparing horizon distances (lH = H−1) at various times, we study the
evolution of the comoving Hubble length lcH

lcH = a0
a
lH = a0

aH
= a0

ȧ
= H−1, (2.33)

where the comoving Hubble parameter is defined as

H = aH

a0
= ȧ

a0
. (2.34)

For the matter- and radiation-dominated eras ä < 0 and hence, ȧ decreases with time and H−1

increases with time. The comoving distances travelled by light at later times are then longer than
the comoving distances travelled earlier and so H−1(t) is a good estimate for the particle horizon at
time t (not during inflation that will be discussed in next section).

2.2 Cosmic Inflation

Based on observations, the spatial geometry of the universe is close to flat, i.e., the total density
parameter Ω is close to 1 (see equation (2.26)). This gives rise to the flatness or oldness problem. In
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addition, the CMB temperature is very uniform (δT/T of the order of 10−5...10−4) over the whole
sky even though regions more than about one degree apart have not been in causal contact (horizon
or homogeneity problem). In the standard hot big bang cosmology theory these two conditions or
observations lead to very special initial conditions requiring extreme fine-tuning of parameters. A
scenario of accelerated expansion of the universe, first proposed by A. Starobinsky in 1979-80 [44,45]
and A. Guth in 1981 [46], and A. Linde 1983 [47] tries to solve the two problems above. It was
proposed that inflation, an era of exponential expansion of the universe, preceded hot big bang
evolution. Furthermore, as first proposed by V. Mukhanov and G. Chibisov [48], inflation is able to
explain the origin of structure in the universe through the production of adiabatic perturbations.
Inflation could have begun during the so-called Planck era, when energy densities were higher than

at the Planck scale, where ρ ∝ T 4 ∝ M4
Pl ∼ (1018 GeV)4 (the "chaotic inflation scenario"). The

space and time were not well-defined and classical GR was not valid, instead quantum gravitational
effects dominated. For that era there is not yet a final widely acknowledged theory. When the density
of some region in the spacetime fell below M4

Pl due to some random expansion, classical GR may
be used to describe the evolution of that region. The region that was causally connected and had
reached thermal equilibrium was within the horizon by our definition.

2.2.1 Inflation as Solution to Flatness Problem

From the Friedmann equation (2.26), we have a formula for the evolution of flatness

d

dt
|Ω(t)− 1| = |K| d

dt

( 1
H(t)2a(t)2

)
= −2|K|

ȧ3 ä. (2.35)

For curved and expanding universe (K 6= 0, ȧ > 0), a decelerating universe (ä < 0) will lead to the
growth of |Ω(t)− 1|. Typically the Universe would not survive even one second before re-collapsing
or cooling down to a few Kelvin, unless Ω is extremely close to 1 initially. A universe as old as ours
with both radiation- and matter-dominated eras necessitates an almost flat initial condition. We can
calculate the evolution of the universe back in time using standard big bang cosmology [46]. At a
time of around 1 s when the temperature was T ∼ 1 MeV, Ω should be adjusted to an accuracy of
10−15. Even earlier, closer to the limit t = 0 but with T below MPl so that classical GR is still valid,
the accuracy requirement is around one part in 1055. This extreme fine-tuning seems very unlikely
to happen by coincidence.
If the expansion is accelerating (ä > 0), the derivative of |Ω(t)− 1| in equation (2.35) is negative

and any Ω will settle to 1 with high accuracy. This is what inflation is asked to do prior to the standard
big bang evolution to solve the flatness problem. Even if |Ω(t)− 1| has grown since inflation ended,
it still can be small today.

2.2.2 Inflation as Solution to Horizon Problem

Let us first calculate the particle horizon at the time, when the CMB originated (see recombination in
subsection 2.1.3, redshift z ∼ 1 100 or tCMB ∼ 380 000 years) without inflation. For an approximate
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result we assume a flat completely matter-dominated universe (the matter-radiation equality occurs
at t ∼ 60 000 years after the big bang [38]). The photons travel along null paths ds2 = 0, as given
by (2.28) for a radial light ray. The comoving distance travelled by light between times t1 and t2 is
given by equation (2.30) (with a(t0) ≡ a0 = 1):

d0 =
∫ t2

t1

dt

a(t) . (2.36)

For the flat (K = 0) matter-dominated universe a(t) = (t/t0)2/3 (and a(0) = 0) and with the
Hubble parameter H(t) = a(t)−3/2H0, we obtain from (2.36):

d0 = 2H−1
0 (
√
a2 −

√
a1). (2.37)

So the comoving distance to the horizon at the time of recombination, dchor(aCMB), is given by d0

between t = 0 and t = tCMB with aCMB ≈ 1/1 100:

dchor(aCMB) = 2H−1
0
√
aCMB ≈ 6 · 10−2H−1

0 . (2.38)

Analogously, the comoving distance, dLSS0 , between the last scattering surface at t = tCMB and us at
t = t0 is:

dLSS0 = 2H−1
0 (1−√aCMB) ≈ 2H−1

0 . (2.39)

Thus regions on the sky that are more than one-two degrees apart (see the ratio of the comoving
distances in equations 2.38 and 2.39) have not been in causal contact at tCMB, as calculated from
the ratio of dchor(aCMB) and dLSS0 . Still, we know from CMB measurements that these regions have
the same temperature up to an accuracy of 10−5...10−4. This identical evolution in such far away
regions forms the horizon problem.
During inflation ä > 0, and so ȧ increases with time. From the Hubble length relation in equation

(2.33) then follows that the comoving Hubble length H−1 or horizon decreases. The causally con-
nected regions originally inside H−1 exit the horizon and lose causal contact. The physical Hubble
length H−1 stays nearly constant during inflation while the underlying space expands exponentially.
The region of causal contact is increasing much more slowly during this time and distant parts of
the universe cannot remain in causal connection. Most importantly, in comoving coordinates, H−1

is still today smaller than the original size of the horizon before inflation and this explains the ob-
served isotropy of the CMB radiation: The observed universe has been in causal contact before the
standard big bang evolution, during the earlier times of inflation, the later inflation stretched causally
connected regions beyond the horizon.
We can consider comoving distance scales given by the comoving wave number k = 2π/λ =

a(2π/λphys) = akphys (the subscript "phys" refers to the real physical wavelength and wave number).
The size of the scale in relation to the comoving Hubble length H−1 means:

• Scales with k > H (i.e., small scales with λ < H−1) are called subhorizon scales.

• Scales with k = H are of the same size as the horizon and are exiting or entering the horizon.

• Scales with k < H (i.e., large scales with λ > H−1) are called superhorizon scales.
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2.3 Cosmological Perturbations

Section 2.1 was based upon the spatially homogeneous and isotropic FLRW model. In reality our
universe is neither homogeneous nor isotropic. FLRW as such does not describe the structures that
we see in our universe, even if in large scales it works well. A perturbative approach is needed. The
spatially homogeneous and isotropic FLRW model is taken then only as the background solution. I
discuss here only spatially flat (background) metric as it is in agreement with current observations
and it is assumed in all the publications of the thesis.

2.3.1 Linear Theory

The large scale density variations are constrained by the cosmic microwave background observations
to be less than 1 part in 104. This justifies to take into account only the first order corrections to
the background solution. A physical quantity A can be decomposed to the background part A, and
perturbation part δA that is inhomogeneous and should be small compared to A. The background
part depends on time only, the perturbations depend on space coordinates as well:

A(t, xi) = A(t) + δA(t, xi). (2.40)

Einstein’s equation can be written as,

Gαβ = 8πGTαβ ⇒ Ḡαβ + δGαβ = 8πGTαβ + 8πGδTαβ. (2.41)

As the background satisfies Ḡαβ = 8πGTαβ, we get δGαβ = 8πGδTαβ. Both the spacetime
(section 2.3.2) and energy-momentum (section 2.3.3) need to be considered as the left hand side of
the Einstein equation is a function of the metric and the right hand side is a function of the energy
momentum tensor.

Fourier space

In the momentum space the perturbation may be expressed as,

f(t, ~x) =
∑
~k

f~k(t)e
i~k·~x. (2.42)

To the first order it is possible to calculate the perturbations in the Fourier space as there is no first
order mixing between two Fourier modes. To first order any perturbation quantity in Fourier space
"sees" other quantities of the same wave number only, and the background.

2.3.2 Metric

The line element for a flat FRLW background spacetime can be written in form (see equation (2.14)
with K = 0)

ds2 = ḡµνdx
µdxν = a2(τ)[−dτ2 + δijdx

idxj ] = a2(τ)ηµν , (2.43)
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where τ is conformal time and a = a(τ) is the scale factor and ηµν is the Minkowski spacetime
metric, here with the signature (-1,1,1,1). The coordinate time t seen by an observer at rest, i.e.,
at fixed comoving spatial coordinates xi is t =

∫
a(τ) dτ . When the perturbed metric is dived to

background and perturbed part we get

gµν = ḡµν + δgµν = a2(τ)[ηµν + hµν ]. (2.44)

Now hµν is a small metric perturbation. The metric perturbation hµν is then split into scalar,
vector and tensor degrees of freedom

hµν =
[
−2A −Bi
−Bi −2Dδij + 2Eij

]
. (2.45)

A is a scalar, Bi a vector, D the trace of the spatial part of hµν , i.e., D = −1
6h

i
i and Eij a traceless

tensor, i.e., δijEij = 0. Note that the vector Bi and tensor Eij have still scalar degrees of freedom
BS and ES defined by [49, 50],

Bi = ∂iB
S +BV

i , (2.46)

Eij = (∂i∂j −
1
3δij∇

2)ES + 1
2(∂iEj + ∂jEi) + ETij . (2.47)

The line element can now be written as

ds2 = a2(τ)[−(1 + 2A)dτ2 − 2Bidτdxi + ((1− 2D)δij + 2Eij)dxidyj ]. (2.48)

As this is first order perturbation theory and A,Bi, D,Eij all are small, one can study the evolution
of scalar, vector and tensorial parts separately ignoring the mixed terms (they will be second order
small). The total perturbation is the sum of the scalar, vector and tensor parts. It can be shown that
in an expanding universe the vector part (BV

i and Ei) of the perturbation decays, so it is negligible
and unimportant for us. After horizon entry the primordial tensor perturbations ETij start to oscillate
as a gravitational wave [85]. Structure formation is related to the scalar perturbation.

2.3.3 Energy-Momentum Tensor

The energy-momentum tensor was diagonal for FRLW background. To describe inhomogeneities and
anisotropies also off-diagonal terms are needed [51]. The general perturbed energy tensor can be
divided to background and perturbed parts as,

T νµ = T νµ + δT νµ =
[
−ρ̄

p̄δji

]
+
[

−δρ (ρ̄+ p̄)vi
−(ρ̄+ p̄)vi δpδji + p̄Πij

]
. (2.49)

So the total general perturbed energy tensor is

T νµ =
[
−ρ̄− δρ (ρ̄+ p̄)vi
−(ρ̄+ p̄)vi (p̄+ δp)δji + p̄Πij

]
. (2.50)
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Here vi is the velocity perturbation and when split into a scalar and vector

vi = vSi + vVi , (2.51)

where
vSi = −(∇v)i = −v,i, ∇ · ~vV = 0. (2.52)

In equation (2.50) Πij is traceless and is called the anisotropic stress (or anisotropic pressure). For
perfect fluid Πµν = 0. Πµν again can be decomposed into scalar, vector and tensor parts. Only
scalar perturbations are considered for now, and we will discuss tensors briefly in section 2.4.2. For
E and Π scalars denote ESij = E,ij − 1

3δijδ
klE,kl and ΠS

ij = Π,ij − 1
3δijδ

klΠ,kl.
The energy-momentum tensor obeys a conservation law

Tµν;µ = 0. (2.53)

This is always valid for the total Tµν , and in the case of non-interacting species (particles, fields or
fluids that have no energy or momentum exchange) also for individual species.

2.3.4 Entropy Perturbation

In the adiabatic perturbation mode all particle species are perturbed in phase, so the curvature (den-
sity) perturbation alone describes this perturbation mode. We define the total entropy perturbation
as deviation from the above adiabatic conditions:

Stot = H
(
δp

p′
− δρ

ρ′

)
. (2.54)

Here (′) indicates derivative with respect to conformal time τ . Now ρ and p can be split into matter
and radiation components. In the primordial universe, ρ = ρm + ρr and p = pr = 1

3ρr (as pm = 0).
The perturbed quantities are now [50],

δρtot = δρr + δρm

δptot = δpr = 1
3δρr

ρ′tot = ρ′r + ρ′m = −4Hρr − 3Hρm
p′tot = p′r = 1

3ρ
′
r = −4

3Hρr.

(2.55)

The density contrast δi is defined as,
δi ≡

δρi
ρ̄i

(2.56)

and
δ = δρ

ρ̄
=
∑
i δρi∑
i ρ̄i

=
∑
i

δi
ρ̄i
ρ̄
. (2.57)

Equation (2.54) can now be written as,

Stot = −1
4
δρr
ρ̄r

+ δρr + δρm
4ρ̄r + 3ρ̄m

= ρ̄m
4ρ̄r + 3ρ̄m

(
δm −

3
4δr

)
. (2.58)
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We can also study the entropy perturbations in relation to only two different particle species, not
just as deviation from adiabaticity. Generally an entropy perturbation related to any two species
particle may be defined as,

Sij = −3H
(
δρi
ρ̄′i
− δρj

ρ̄′j

)
. (2.59)

If there is no energy transfer between the fluid components in the background level, the background
energy continuity equation is valid for independent components,

ρ̄′i = −3H (1 + wi) ρ̄i, (2.60)

where wi = pi/ρi. Substituting this into equation (2.59) we get

Sij = δρi
(1 + wi)ρ̄i

− δρj
(1 + wj)ρ̄j

= δi
1 + wi

− δj
1 + wj

. (2.61)

Again for matter and radiation this reads

Smr = δm
1 + wm

− δr
1 + wr

= δm −
3
4δr. (2.62)

Equation (2.58) can now be expressed as Stot = ρ̄m
4ρ̄r + 3ρ̄m

Smr. The matter of the early universe
was composed of baryons (b) and cold dark matter (c), ρm = ρb + ρc and the radiation of photons
(γ) and neutrinos (ν), ρr = ργ + ρν . These lead to

Smr = δρb + δρc
ρ̄m

− 3
4
δρν + δργ

ρ̄r

= ρ̄b
ρ̄m

δb + ρ̄c
ρ̄m

δc −
3
4

(
ρ̄ν
ρ̄r
δν + ρ̄γ

ρ̄r
δγ

)

= fbδb + fcδc −
3
4(fγδγ + fνδν).

(2.63)

Above we defined fb = ρ̄b/ρ̄m, fc = ρ̄c/ρ̄m, fν = ρ̄ν/ρ̄r and fγ = ρ̄γ/ρ̄r. Here, and also later
in this work, we define entropy perturbations with respect to the radiation as it was the dominant
energy and entropy component during the era of the Universe when the initial conditions of the
perturbations are set (primordial era as described later in section 2.3.6). From equation (2.61), and
taking photons as the base with which entropy perturbation is calculated we get,

Smr = fbSbγ + fcScγ − fνSνγ . (2.64)

Finally, in order to gain more physical intuition to the meaning of entropy (i.e., non-adiabatic)
perturbations let us write, e.g., Scγ in terms of the number densities of CDM particles and photons,
nc and nγ , respectively. For CDM we have ρc = mcnc, where mc is the mass of a CDM particle.
For photons ργ ∝ T 4 and nγ ∝ T 3, where T is the temperature. Thus ργ ∝ n

4/3
γ . Now we can

write Scγ = δρc
ρc
− 3

4
δργ
ργ

= δnc
nc
− δnγ

nγ
= δ(nc

nγ
)/(nc

nγ
). So Scγ represents a spatial perturbation in

the relative numberdensity of CDM particles compared to photons. In other words, the ratio nc
nγ

is
not spatially constant as it would be in the pure adiabatic case.
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2.3.5 Gauge Freedom

If one makes an arbitrary coordinate transformation the meaning of quantities and the equations
are both changed from the original situation. If the coordinate transformation is defined in an
unperturbed background, there is no ambiguity in the unperturbed universe, but in a perturbed
universe many possible interpretations may result from similar small physical perturbation as the
coordinate transformation rules are for the unperturbed case only. In physics the term gauge refers
to how to deal with the redundant degrees of freedom. We need to give extra conditions for the
equations governing the perturbations to remove the redundancy. With the term gauge we indicate
with which additional conditions we have eliminated the extra degrees of freedom. With gauge
transformations we can go from one representation, i.e., gauge to another.

Conformal Newtonian gauge

The gauge condition in conformal Newtonian gauge is B = E = 0. Further we denote the metric
perturbation A of Newtonian gauge as Φ and D as Ψ in equations (2.45) and (2.48). Parameters Φ
and Ψ can be regarded as the GR extensions of the Newtonian potentials. For the line element we
now have

ds2 = a2(τ)[−(1 + 2Φ)dτ2 + (1− 2Ψ)δijdxidyj ]. (2.65)

Above Φ and Ψ are called Bardeen potentials [52]. The perturbed Einstein equations in Fourier
space become in the notation of [50]

H−1Ψ′ + Φ + 1
3

(
k

H

)2
Ψ = −1

2δ , (2.66)

H−1Ψ′ + Φ = 3
2(1 + w)H

k
v , (2.67)

H−2Ψ′′ +H−1(Φ′ + 2Ψ′) +
(

1 + 2H′

H2

)
Φ− 1

3

(
k

H

)2
(Φ−Ψ) = 3

2
δp

ρ
, (2.68)

(
k

H

)2
(Ψ− Φ) = 3wΠ, (2.69)

where w = p

ρ
(total). Equation (2.66) comes from G00 part of Einstein equations, equation (2.67)

comes from G0i or Gi0 part of Einstein equations, equation (2.68) comes from Gii part of Einstein
equations, and equation (2.69) comes from traceless Gij part of Einstein equations.
We may use the energy-momentum tensor continuity equations (2.53) to define evolution of the

perturbation parameters. Only two Einstein equations are independent of the continuity equations so
finally we have two Einstein equations and below 9 continuity equations to solve evolution of 11 free
parameters, i.e., construct evolution equations for the parameters δc, vc, δb, vb, δγ , vγ , δν , vν ,Π′ν ,Φ,
and Ψ. Cold dark matter interacts through gravitation only so the evolution equations are just
function of Newtonian potentials,

δ′c = −kvc + 3Ψ′, (2.70)
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v′c = −Hvc + kΦ. (2.71)

Baryons and photons are coupled via elastic electromagnetic Thompson scattering, and the evolution
is more complicated,

δ′b = −kvb + 3Ψ′ (2.72)

v′b = −Hvb + kΦ + (collision term), (2.73)

δ′γ = −4
3kvγ + 4Ψ′ (2.74)

v′γ = 1
4kδγ + kΦ− 1

6kΠγ + (collision term). (2.75)

The collision term depends on Thompson scattering cross-section, see [53] for the complete expres-
sion. For neutrinos, the equations are similar to photons but without the collision term,

δ′ν = −4
3kvν + 4Ψ′, (2.76)

v′ν = 1
4kδν + kΦ− 1

6kΠν , (2.77)

Π′ν = 8
5kvν . (2.78)

Gauge invariant comoving curvature perturbation

We want to define perturbation quantities that are independent of the gauge used, i.e., invariant
under gauge transformation. The comoving curvature perturbation (R) is such a quantity on metric
perturbations. It is the perturbation to the curvature scalar and is related to the Bardeen potentials
as [49, 50, 52],

R = Ψ + 2
3(1 + w)(H−1Ψ′ + Φ). (2.79)

Synchronous Gauge

The gauge condition in synchronous gauge is, A = Bi = 0 [54]. The remaining spatial elements D
and Eij are the spatial part hij in equation (2.45),

hij = −2Dδij + 2(E,ij −
1
3∇

2Eδij). (2.80)

For the line element we get,

ds2 = a2(τ)[−dτ2 + (δij + hij)dxidxj ]. (2.81)

Next we decompose hij(x, τ) in Fourier space hij(k, τ) into the trace and traceless part,

hij = kikjh+ (kikj −
1
3δij)6η. (2.82)

Thus η and h are the metric perturbation parameters in the synchronous gauge instead of the
parameters Φ, and Ψ of the conformal Newtonian gauge. (Note: η will be used also for slow-roll
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parameter, it will be clear from the context what the symbol is being used for.) Similarly as in
conformal Newtonian gauge the Einstein and evolution equations can now be calculated. In Fourier
space the Einstein equations are,

k2η − 1
2Hh

′ = −3
2H

2δ, (2.83)

k2η′ = 3
2H

2(1 + w)kv, (2.84)

h′′ + 2Hh′ − 2k2η = −9H2 δp

ρ
, (2.85)

h′′ + 6η′′ + 2H(h′ + 6η′)− 2k2η = −6H2wΠ. (2.86)

The evolution equations in synchronous gauge are quite similar to the ones in Newtonian gauge.
Again only two Einstein equations are independent of the continuity equations so finally we have two
Einstein equations and below 9 continuity equations to solve evolution of 11 free parameters, i.e.,
construct evolution equations for the parameters δc, vc, δb, vb, δγ , vγ , δν , vν ,Π′ν , η, and h. For cold
dark matter,

δ′c + kvc + 1
2h
′ = 0, (2.87)

v′c +Hvc = 0. (2.88)

For baryons and photons,
δ′b + kvb + 1

2h
′ = 0, (2.89)

v′b +Hvb + (collision term) = 0, (2.90)

δ′γ + 4
3kvγ + 2

3h
′ = 0, (2.91)

v′γ −
k

4 δγ + k2

6 Πγ + (collision term) = 0. (2.92)

And finally for neutrinos,
δ′ν + 4

3kvν + 2
3h
′ = 0, (2.93)

v′ν −
k

4 δν + k2

6 Πν = 0, (2.94)

Π′ν = 4
5(2kvν + h′ + 6η′). (2.95)

Conversion between Newtonian and Synchronous gauge

The conversions of the synchronous metric variables to the Newtonian gauge is [55],

Φ = 1
2k2 [h′′ + 6η′′ +H(h′ + 6η′)], (2.96)

Ψ = η − H2k2 [h′ + 6η′]. (2.97)
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For the scalar perturbations δρ, δp and v the conversion formulas are,

δpN = δpS − p′ 1
2k2 (h′ + 6η′), (2.98)

δρN = δρS − ρ′ 1
2k2 (h′ + 6η′), (2.99)

vN = vS + 1
2k2 (h′ + 6η′). (2.100)

The superscripts S and N on the quantities stand for the quantities in synchronous gauge and
Newtonian gauge, respectively.

Spatially flat gauge

The gauge condition in spatially flat gauge is D + 1
3∇

2E = 0, e.g., ψ = 0 in the notation of [50].
Inflaton field perturbations are very easy to calculate in this gauge. I will use this gauge to relate
the inflaton field φ to the metric perturbations in Section 2.3.9.

2.3.6 Setting Initial Values for Perturbations at Primordial Time

To solve the differential equations we need as many initial conditions as is the number of independent
equations. There are 9 evolution equations, see equations (2.87-2.95) for synchronous gauge, and
two independent components of the Einstein equations. We need to characterize perturbations in
the early radiation-dominated era, to set these initial conditions.

Assumptions for the initial conditions

When the universe had cooled to around T ∼ 10 keV after reheating, the universe consisted only of
photons, neutrinos, baryons and cold dark matter (CDM). Radiation, i.e., photons and neutrinos,
dominated the energy density of the universe. Photons and baryons were still tightly coupled via
Thomson scattering, but neutrinos and CDM were decoupled from the baryonic plasma. All the scales
of interest were outside the horizon (i.e., k � aH = H). Perturbations at this epoch are called
primordial perturbations, and throughout in this thesis we call this era primordial. The following
three approximations are valid to high precision at this epoch,

1. Radiation domination, ργ , ρν � ρb, ρc, ρΛ, or

w = 1
3 and H = 1

τ
, (2.101)

hence,
δ = (1− fν)δγ + fνδν , (2.102)

where
fν = ρν

ργ + ρν
= constant ∼ 0.405 (2.103)
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after e+e− annihilation1.

2. Baryons and photons are tightly coupled, i.e., vb = vγ . The photon distribution is isotropic,

Πγ = 0. (2.104)

3. Neutrinos are massless, mν � T . For the neutrino momentum distribution we have in New-
tonian gauge the condition,

H−1Π′ν = 8
5

(
k

H

)
vν (2.105)

and from equation (2.104) we get,
Π = fνΠν . (2.106)

Primordial initial conditions

The gauge-invariant quantities R and Sij are selected to describe the scalar perturbations [55, 57].
With an initial condition Stot = Sij = 0 and R 6= 0, we get the adiabatic solution, with R = 0 (and
any Sij 6= 0) the isocurvature solution. The following two subsections 2.3.7 and 2.3.8 describe what
these two conditions mean.

2.3.7 Adiabatic Perturbations

A barotropic equation of state is one where pressure is only a function of energy density, i.e., p = p(ρ).
We then have,

p = p̄+ δp = p̄+ dp̄

dρ̄
δρ, (2.107)

which gives
δp

δρ
= dp̄

dρ̄
. (2.108)

On the other hand
˙̄p = dp̄

dt
= dp̄

dρ̄
˙̄ρ. (2.109)

So δp

δρ
=

˙̄p
˙̄ρ
, and from equation (2.54) we get, S = 0. The barotropic equation of state implies

adiabatic perturbations.
Although the individual components γ, ν, b, and c have a barotropic equation of state, the fluid

as a whole does not, i.e., ptot is not a sole function of ρtot as seen in equation (2.61). In order to
have Stot = 0, we need to demand Sij = 0 in equation (2.59), which in the case of non-interacting
or elastically interacting (such as photon-baryon) fluids leads to

δi
1 + wi

= δj
1 + wj

, (2.110)

1For photons and relativistic neutrinos we have ργ = π2

15T
4
γ and ρν = 7Nν

4
π2

30T
4
ν , so after e+e− annihilation

(Tν =
( 4

11

)1/3
Tγ) this gives ρν = 7Nν

8

( 4
11

)3/4
ργ , where Nν = 3.046 for the standard assumption of three neutrino

species with the effect of three-neutrino flavor oscillations [56].
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where we utilize equation (2.61). For γ, ν, b, and c this is

δc = δb = 3
4δν = 3

4δγ . (2.111)

Power series methods are commonly used to solve differential equations. Consider a general
perturbation written in the form,

ξ(τ) =
∞∑
n=0

ξn
n! (kτ)n. (2.112)

For superhorizon scales for which k � H or kτ � 1, the series converges. We now go up to O(2)
to include second order derivatives,

ξ = ξ0 + ξ1(kτ) + ξ2
2 (kτ)2, (2.113)

ξ′ = ξ1k + ξ2k
2τ, (2.114)

ξ′′ = ξ2k
2. (2.115)

First we settle ξ0, i.e., the perturbations as τ → 0. From (2.111) we get the relations of the initial
density contrasts for adiabatic perturbations as,

δc0 = δb0 = 3
4δν0 = 3

4δγ0 . (2.116)

We are in the tight coupling limit (vb = vγ) so the collision terms in equations (2.90) and (2.92)
can be ignored as they are proportional to the velocity difference of baryons and photons. Next
the relations for the initial values of velocity, anisotropy and metric perturbations can be settled.
In synchronous gauge, at early radiation-dominated epoch, the evolution equation (2.90) for baryon
velocity is,

kvSb1 + 1
τ
vSb0 + kvSb1 = 0, (2.117)

so vSb0 = vSb1 = 0. This in turn implies the same relations for vSγ . Now for the evolution of vSγ we get,

kvSγ1 −
k
4δ
S
γ0 = 0

⇒ δSγ0 = 0
⇒ δSν0 = δSc0 = δSb0 = 0.

(2.118)

For neutrinos, after a bit more tedious consideration, we also get,

vSν0 = 0,
ΠS
ν0 = 0,
hS0 = 0 (in the notation of equation (2.82)).

(2.119)

In the synchronous gauge, in the limit kτ → 0, the only non-zero undetermined quantity is the
metric perturbation η. This is now (the only) free primordial scalar perturbation parameter that
defines the amplitude of the final perturbations (as we do linear perturbation theory here). For the
full superhorizon solution, up to higher order in kτ , see for example [53, 55]. With the above initial
conditions the numerical solutions of the perturbations can be calculated. The Newtonian potential
Φ can be calculated from equation (2.96), and the adiabatic condition δSc = δSb = 3

4δ
S
γ = 3

4δ
S
ν stays

valid if the scale is superhorizon, i.e., kτ � 1.
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2.3.8 Isocurvature Perturbations

For isocurvature perturbations the initial condition is R0 = 0. The perturbation modes are density
isocurvature, and velocity isocurvature.
In density isocurvature perturbations the total δS in equation (2.57) stays zero, for superhorizon

scales, even though the density contrasts δSi can be non-zero. Baryons, CDM or neutrinos may have
own isocurvature modes, i.e., density contrasts. Baryon and CDM isocurvature modes lead to CMB
spectra that are indistinguishable from each other [58]. In the thesis only CDM and neutrino density
isocurvature modes are considered.
Out of all possible relative velocity perturbations, only the neutrino velocity perturbation is non-

decaying and non-singular [55]. The velocity perturbation, i.e., the difference between neutrino
velocity and total velocity vν − v, is gauge invariant. This isocurvature perturbation mode is called
later neutrino velocity mode.
We will consider in the following three isocurvature perturbation modes CDM density isocurvature

(CDI), neutrino density isocurvature (NVI), and neutrino velocity isocurvature (NVI) [55, 59, 60].

Cold dark matter density isocurvature (CDI)

Similarly as for equation (2.116) we now get equalities for δSb0 , δ
S
ν0 , and δSγ0 and the initial condition

for CDI is that R0 = 0, so
δSb0 = 3

4δ
S
ν0 = 3

4δ
S
γ0 = 3

4δ
S
r0 = 0, (2.120)

but we have a non-zero contrast difference between δSc and δS (≈ δSr = 0).

δSc0 = Sc0 + 3
4δ

S
r0 = Sc. (2.121)

Here we have moved to notation Sc ≡ Scr and we use it later for all species. Further vb0 = vγ0 is
the same condition as in the adiabatic case. This implies δSγ0 = 0. Only δSc0 is now undetermined.
Now Sc is a free parameter that defines the primordial δc and consequently the final amplitude of all
perturbations.
In Newtonian gauge, using equations (2.79) and (2.66), and R = 0, we have a relation for the

density contrast δNγ and the metric perturbations as,

H−1Ψ′ + Φ = −2Ψ = −1
2δ

N = −1
2δ

N
γ , (2.122)

giving
δNγ = 4Ψ. (2.123)

Using the evolution equation, together with the condition (2.121), and with the Einstein equation
(2.67) to realize that relative velocity difference in between CDM and photons vanishes like 1/τ ,
gives finally

(δcN )′ = 3Ψ′ + S ′cγ = 3Ψ′. (2.124)
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So we get Scγ = constant. To close the system of equations, equation (2.68) gives that Ψ′′ = 0 and
further that Ψ = Cτ with C being a constant related to Scγ . So finally we can now conclude that
the Newtonian potentials start from zero. Below, for comparison, we will calculate the initial values
of the Newtonian potentials also for the other isocurvature modes.

Neutrino density isocurvature (NDI)

The initial condition for NDI states that there is a non-vanishing density contrast difference between
neutrinos and radiation,

3
4δ

S
ν0 = Sν0 + 3

4δ
S
r0 , (2.125)

it also states that R0 = 0 and
δSc0 = δSb0 = 3

4δ
S
r0 = 0. (2.126)

The perturbation in this mode originates from the fact that the total δ is no longer equal to δγ or
δν but,

δSr0 = fνδ
S
ν0 + fγδ

S
γ0 . (2.127)

Initial values for all perturbations except δγ0 and δν0 are zero.
A distinct feature for this mode is that the Newtonian gauge metric perturbations Ψ and Φ start

from a non-zero value. This happens because the density contrast difference, i.e., the perturbation is
now in between the dominating species. Starting with a constant metric perturbations, Ψ =constant,
Φ =constant or Ψ′ = Φ′ = 0 and R = 0, and equation (2.79) again, we get,

Φ = −2Ψ. (2.128)

Equation (2.69) becomes,

3
(
k

H

)2
Ψ = fνΠν . (2.129)

From (2.129) and (2.105) we get relation for vν and Ψ,

Π′ν = 1
fν

6k2τΨ = 8
5kv

N
ν =⇒ vNν = 15

4fν
kτΨ. (2.130)

Substituting vNν in the equation for neutrino velocity perturbation,

15
4fν

kΨ = 1
4kδ

N
ν − 2kΨ− 1

2fν
k

(
k

H

)2
Ψ (2.131)

as k � H, we get
15
4fν

Ψ = 1
4δ

N
ν − 2Ψ, (2.132)

and for δNν ,
δNν =

(
8 + 15

fν

)
Ψ. (2.133)
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Using equation (2.66) we have δN = 4Ψ. For δNγ we get,

δNγ = −
(11 + 8fν

1− fν

)
Ψ. (2.134)

For Sν in terms of Ψ we now get,

Sν = 3
4(δNν − δNr ) = 3

4(δNν − δNγ )(1− fν) = 3
4

(
(8 + 15

fν
)(1− fν) + 11 + 8fν

)
Ψ

= 3
4

(15 + 4fν
fν

)
Ψ.

(2.135)

So the primordial metric perturbations or Newtonian potentials are

Ψ = 4
3

(
fν

15 + 4fν

)
Sν , (2.136)

and
Φ = −8

3

(
fν

15 + 4fν

)
Sν . (2.137)

Neutrino velocity isocurvature (NVI)

The initial condition for NVI is non-zero relative velocities of neutrinos and photon-baryon plasma.

vν0 − vr0 = 3
4Sνv0

2. (2.138)

The rest of the quantities have zero initial values. The Newtonian potentials diverge as τ → 0 as
reported in [55], however this is only a gauge singularity and not a physical one. The potentials in
our notation are

Ψ = 16
3

(
fν

15 + 4fν

)
k−1τ−1Sνv0 , (2.139)

and
Φ = −16

3

(
fν

15 + 4fν

)
k−1τ−1Sνv0 . (2.140)

In synchronous gauge there is no singularity. The synchronous gauge is more local whereas the
Newtonian gauge needs to know how matter behaves infinitely far as the Newtonian gauge is based
on scalar-vector-tensor decomposition (that is non-local) [55].

2.3.9 Inflationary Perturbations

Inflaton field

Let us now include the vacuum energy term Λ to ρ in the second Friedmann equation (2.23) (note
that it is also a good approximation that Λ is zero for the early universe after inflation but we do not

2Following the conventions used in Camb [53,61] and Class [62,63], the primordial isocurvature modes are normalized
as follows in the synchronous gauge: for the CDI mode, the power spectrum of the density contrast δρc/ρc, originating
from unit primordial perturbation; for the NDI mode it is that of δρν/ρν ; and for the NVI mode, that of the neutrino
velocity vν times 4/3 or in other words, of the neutrino perturbation dipole, Fν1 = 4θv/(3k) in the notation of [54].
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consider this now). We see from equation (2.23) that to have inflation we need ä > 0. So ρ+3p < 0
or p/ρ < −1

3 , i.e., inflation requires negative pressure. Any scalar field that has this pressure and
energy density property could be responsible for inflation. We will assume that such a field exists
and call it inflaton. We describe it with the Lagrangian,

L = −1
2g

µν∂µφ∂νφ− V (φ). (2.141)

The Euler-Lagrange equation,

∂(
√
−gL)

∂φ(x) − ∂µ
∂(
√
−gL)

∂[∂µφ(x)] = 0, (2.142)

applied to L in a homogeneous FLRW universe gives,

φ̈+ 3Hφ̇ = −V ′(φ), (2.143)

where (′) now indicates derivative with respect to φ. The energy-momentum tensor for a Lagrangian
L is given by

Tµν = − ∂L
∂(∂µφ)∂νφ+ gµνL. (2.144)

If the field is homogeneous, we will get

ρ = T00 = 1
2 φ̇

2 + V (φ),

p = 1
3T

i
i = 1

2 φ̇
2 − V (φ),

(2.145)

and for H in terms of φ

H2 = 8πG
3 ρ = 8πG

3

[1
2 φ̇

2 + V (φ)
]

= 1
3M2

Pl

[1
2 φ̇

2 + V (φ)
]
. (2.146)

The condition for inflation (ρ+ 3p < 0) will be satisfied if

φ̇2 < V (φ). (2.147)

The evolution of φ in equation (2.143) will be damped by the term 3Hφ̇. For a successful inflation,
at some instant we have

φ̇2 � V (φ) (2.148)

and
|φ̈| � 3H|φ̇|. (2.149)

The above two relations are called the slow-roll conditions.
When these two conditions are valid, equations (2.143) and (2.146) can be simplified to,

H2 = 8πG
3 V (φ) (2.150)
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and
3Hφ̇ = −V ′(φ). (2.151)

The slow-roll parameters are defined as

ε(φ) = 1
16πG

(
V ′

V

)2
(2.152)

and
η(φ) = 1

8πG

(
V ′′

V

)
. (2.153)

The equations (2.148-2.151) require the slow-roll parameters to be small, |η(φ)| � 1 and ε(φ)� 1.
The smallness of these parameters is a necessary but not sufficient condition for slow-roll approxi-
mation.

Two-field inflation

More than one inflaton field φ may generate inflation [64, 65] as well. Our next hypothesis is that
there are two fields φ1 and φ2. The Lagrangian is then,

L = −1
2∂µφ1∂

µφ1 −
1
2∂µφ2∂

µφ2 − V (φ1, φ2). (2.154)

The slow-roll parameters are now defined as [50],

ε11 = 1
16πG

V1V1
V 2

ε22 = 1
16πG

V2V2
V 2

ε12 = ε21 = 1
16πG

V1V2
V 2 ,

(2.155)

where V1 = ∂V

∂φ1
and V2 = ∂V

∂φ2
. To calculate the evolution of H we need only the trace of the εij

matrix as H−2Ḣ = tr[εij ]. So we define a new parameter ε = ε11 + ε22. We further define,

η11 = 1
8πG

V11
V

η22 = 1
8πG

V22
V

η12 = η21 = 1
8πG

V12
V
,

(2.156)

where V11 = ∂2V

∂φ2
1
, V22 = ∂2V

∂φ2
2
and V12 = ∂2V

∂φ1∂φ2
.
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Perturbations

Next we study the generation of the perturbations during inflation. The energy density is dominated
by the inflaton field φ. As before for the metric perturbation, we now split the inflaton field into a
background and a perturbation part,

φ(t, ~x) = φ̄(t) + δφ(t, ~x). (2.157)

The comoving curvature perturbation R is gauge independent. In the spatially flat gauge in the
notation of [50] it takes the form,

R = −Hδφ
˙̄φ
⇐⇒ Rk = −Hδφk

˙̄φ
. (2.158)

During inflation quantum fluctuations generate inflaton field perturbations, whose power spectrum
after few Hubble times after horizon exit (when a has grown so that k � aH, as compared to a, H
changes slowly) is [66],

Pφ =
(
H

2π

)2
. (2.159)

Every scale exits the horizon at a unique time, so the value of H in the above expression is going to
be different for each scale k, i.e., aH = k.

Pφ(k) =
(
H

2π

)2

aH=k
. (2.160)

The power spectrum for the comoving curvature perturbation generated during inflation is thus

PR(k) =
(
H
˙̄φ

)2

aH=k
Pφ(k) =

(
H2

2π ˙̄φ

)2

aH=k
. (2.161)

Slow-roll inflation

In single-field inflation models, the energy density is dominated by one scalar inflaton field, φ. In
slow-roll inflation, the value of φ must be in a slow-roll section of the inflaton potential V (φ) for
inflation to start (see slow-roll conditions described above). At the end of inflation, after leaving
the slow-roll section and after H < V (φ), the inflaton starts to oscillate about the minimum of the
inflaton potential V (φ). The oscillations of the inflaton field can be interpreted as inflaton particles,
or quanta of oscillations of a field about the minimum of its potential. Gradually the amplitude of
the oscillations decreases as universe expands. Later during the so-called preheating era the inflaton
particles decay into other particles that create further new particles. These particles interact and
reach thermal equilibrium at some temperature, which is called the reheating temperature. Then,
the standard hot big bang evolution of our universe begins.
The Hubble parameterH decreases slowly during inflation, thus a slightly red-tilted power spectrum

is expected (see equation (2.160)), or in other words, more power on larger scales that exited earlier.
This spectrum is still quite close to a scale-invariant (the spectral index n = 1) power spectrum, the
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so-called Harrison-Zeldovich spectrum [67]. In linear perturbation theory all cosmic perturbations
giving rise to large-scale structure in the universe, are linearly proportional to these initial inflaton
fluctuations, δφ. For the largest scales in the universe with k−1 � 10h−1 Mpc the perturbations
are still small today, but on smaller scales (corresponding to galaxies and galaxy clusters) they have
grown so much that in order to describe them nonlinear treatment is needed.

Spectrum in 1-field slow-roll inflation

Using H and φ̇ from equations (2.150) and (2.151), give for the power spectrum,

PR(k) = (8πG)2

24π2
V

ε
. (2.162)

The potential V and the slow-roll parameter ε are evaluated at the time of horizon exit of the scale
k (like in equation (2.160)). When the slow-roll conditions are valid, V and V ′ change slowly, i.e.,
it takes several e-folds (expansion by a factor e) before considerable changes arise to V or V ′. So
PR(k) is only a slowly varying function of k. This small variation is then described by a spectral
index n(k), given by,

n(k)− 1 = d lnPR(k)
d ln k . (2.163)

If n(k) is a constant, the power spectrum is said to be scale-free. The primordial spectrum can then
be written as,

PR(k) = A2
0

(
k

k0

)n−1
, (2.164)

where k0 is the reference or the pivot scale and A0 is the amplitude at the chosen pivot scale. If the
spectral index is n = 1, then the power spectrum PR(k) is a constant, i.e., scale-invariant. For a
non-scale-free case dn/d ln k 6= 0, and we call this case as running spectral index.
The spectral index can be calculated as a function of the slow-roll parameters. Up to the first

order in ε and η we get,
n− 1 = −6ε+ 2η. (2.165)

As the slow-roll conditions are valid |η| � 1 and ε� 1, the spectral index is close to scale invariant.
Single field inflation can only produce curvature perturbations. The second field adds degrees of

freedom and isocurvature perturbations can also be generated. Thus we can, in a model with two
inflaton fields, study isocurvature perturbations in slow-roll approximation [66,68,69]. We define two
linear combinations of the field perturbations δσ and δs. Here σ is the integrated path length along
the trajectory of the background inflaton fields in the field space, δσ is the component of (δφ1, δφ2)
along this background trajectory, and δσ gives rise to adiabatic perturbations. δs is the orthogonal
distance from the background trajectory, and δs gives rise to isocurvature perturbations [50, 70–73].
The comoving curvature perturbation is

R = −Hδσ

σ̇
, (2.166)
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and an analogous entropy perturbation
S = H

δs

σ̇
. (2.167)

The spectrum of these would be [74],

PR∗(k) =
(
H∗
σ̇∗

)2
Pσ∗ =

(
H2
∗

2πσ̇∗

)2

[1 + (−2 + 6C)ε− 2Cησσ],

PS∗(k) =
(
H∗
σ̇∗

)2
PS∗ =

(
H2
∗

2πσ̇∗

)2

[1 + (−2 + 2C)ε− 2Cηss],

CRS∗(k) =
(
H∗
σ̇∗

)2
Cσs∗ =

(
H2
∗

2πσ̇∗

)2

[−2Cησs],

(2.168)

where C = 2− log 2−γ ≈ 0.7296 (γ is here Euler-Mascheroni constant γ ≈ 0.5772), ∗ denotes that
the corresponding quantity is evaluated at the horizon exit and ε, ησσ, ηss, and ησs are the slow-roll
parameters defined in equations (2.155) and (2.156).

2.4 Cosmic Microwave Background Anisotropies

In the previous Section 2.3 various possible initial conditions of the early universe were studied. Now
I will introduce the theory of CMB anisotropies and the spectra of different type of perturbations,
especially isocurvature perturbations.

2.4.1 Cosmic Microwave Background

The early universe after reheating consisted of relativistic components in thermal equilibrium. This
hot plasma then cooled according to the big-bang model, and the different particle species dropped
out of the thermal equilibrium one by one. Photons frequently scattered with electrons resulting
in a short mean free path of the photons. The universe was opaque. When the universe cooled
to about 3 000K, electrons and protons were combined to neutral hydrogen atoms. The scattering
of photons with electrons ceased and the universe became transparent. This happened when the
universe was about 380 000 years old [42, 75]. Still today we can see those first free photons when
we observe the CMB, i.e., the photons have travelled from that time of last scattering to us now.
Now as the universe has expanded and cooled, the present observed temperature of the CMB is
T = 2.725± 0.002K [76].
Although the CMB is almost isotropic, high precision instruments detect small anisotropies (devi-

ations from the mean temperature of T ∼ 2.725K). At the time the CMB formed, the universe was
highly homogeneous but, however, contained small perturbations.
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The anisotropy was first detected in 1992 by NASA’s Cosmic Background Explorer (COBE) satellite
[76]. The angular resolution of COBE was 7◦, i.e., it could detect maxima and minima of temperatures
only if they were separated by more than 7◦. The next whole-sky satellite exploration on CMB
anisotropy was done by the Wilkinson Microwave Anisotropy Probe (WMAP) satellite, launched in
2001 by NASA [78], with an angular resolution of 0.21◦. The latest satellite observation is by Planck,
with angular resolution of 0.08◦ [77]. The results of Planck are shown in Figure 2.1. In addition to
satellite observations there are also ground-based measurements. These are discussed in Chapter 5,
as well as other than CMB measurements.

2.4.2 Temperature Anisotropy

It is generally assumed that the CMB anisotropies arose from quantum fluctuations. Quantum
phenomena have a probabilistic nature. The theories predict only expectation values and probability
distributions. Unfortunately we do not have an ensemble of universes to observe, only our own. We
need to make a clear distinction between what a theory can predict and what we can observe out
of the selected theory predictions. First I discuss the theoretical predictions of anisotropy and then
make the correspondence with the observations.

Theoretical predictions

Now we define the temperature anisotropy as dimensionless fractional perturbation δT
T , instead of

dealing with the perturbation δT itself. The temperature anisotropy δT
T is a function of the direction

on the sky defined by angles (θ, φ). We can expand it into multipoles

δT

T
(θ, φ) =

∞∑
`=2

+∑̀
m=−`

a`mY`m(θ, φ). (2.169)

Y`m(θ, φ) are the spherical harmonics and a`m is a dimensionless number given by,

a`m =
∫
Y ∗`m(θ, φ)δT

T
(θ, φ)dΩ. (2.170)

We omit the terms ` = 0 and ` = 1 in the sum in equation (2.169). The ` = 0 term describes the
average over the sphere and average of δT (θ, φ) = 0 by definition, this implies a00 = 0. The ` = 1
term is the dipole. We are interested in the cosmological dipole part but unfortunately it is difficult
to separate it out. The dipole is primarily caused by the relative motion of the observer and the
fluid at the surface of the last scattering, i.e., δT |`=1 ∝ r̂ · ~vls [42, 79, 80]. This Doppler effect is
dominated by motion of the solar system with respect to the surface of last scattering.
The theory predicts averages over all possible universes, i.e., average over an ensemble from the

theory, denoted by 〈 〉. The ergodic theorem says that the average over an ensemble is equal to
the average of the quantity over all possible observers [42]. For higher ` (or smaller length scales)
we really can take the average over observations, or close to that, as we will see in a moment. For
lower `, unfortunately, we should measure the anisotropy from all positions in the universe to make
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an exact comparison between theory and observations, that is not realistic; we are limited by cosmic
variance which will be introduced later.
The assumed rotational invariance of the background universe results also in the rotational invari-

ance of the predicted averages. Averages should be independent of the direction (θ, φ). The simplest
average is 〈δT (θ, φ)〉. As discussed earlier it is zero by definition, and hence 〈alm〉 = 0. The simplest
non-trivial average is 〈δT (θ, φ)δT (θ′, φ′)〉,〈

δT (θ, φ)
T

× δT (θ′, φ′)
T

〉
=

〈∑
`m

a`mY`m(θ, φ)
∑
`′m′

a`′m′Y`′m′(θ′, φ′)
〉

=
∑
``′

∑
mm′

Y`m(θ, φ)Y`′m′(θ′, φ′) 〈a`ma`′m′〉 .

Using the properties of Y`m we get,

=
∑
`

[
2`+ 1

4π P`(r̂ · r̂′)
∑
m

〈a`ma`,−m〉
]

=
∑
`

2`+ 1
4π C`P`(r̂ · r̂′).

(2.171)

r̂ is a unit vector pointing in the direction (θ, φ) and C` is now defined as the theoretical angular
power spectrum

C` ≡ 〈a`ma`,−m〉 = 〈a`ma∗`m〉 =
〈
|a`m|2

〉
, (2.172)

which is independent of m because of the rotational invariance.

Observations

The observed temperature anisotropy in the direction r̂ may be split into two contributions, firstly(
δT
T (r̂)

)
intr

due to intrinsic temperature anisotropy of the photons at t = tdec and secondly
(
δT
T (r̂)

)
jour

due to the redshift of photons during their journey,(
δT

T
(r̂)
)

obs
=
(
δT

T
(r̂)
)

intr
+
(
δT

T
(r̂)
)

jour
. (2.173)

The split into two terms
(
δT
T (r̂)

)
jour

and
(
δT
T (r̂)

)
intr

is gauge-dependent but the sum
(
δT
T (r̂)

)
obs

is a gauge-independent quantity as it is observed.
The observed spectrum is

Ĉ` = 1
2`+ 1

∑
m

|a`m|2 = 1
4π

∫
d2r̂d2r̂′P`(r̂ · r̂′)

δT (r̂)
T

δT (r̂′)
T

. (2.174)

By the ergodic theorem the ensemble average of Ĉ` is equal to theoretical C`,〈
Ĉ`
〉

= C`. (2.175)

So the average of this difference is zero,
〈
Ĉ` − C`

〉
= 0, but the variance which is called cosmic

variance is of interest. For a`m with a Gaussian probability distribution it is given by,〈
(Ĉ` − C`)2

〉
= 2

2`+ 1C
2
` . (2.176)
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Figure 2.2: Angular temperature power spectrum from the Planck 2013 data release [77].
The green curve shows the best-fit flat adiabatic ΛCDM model to the data, the red points are the
observed data points with their error bars and the light green band is the cosmic variance. Credit
Planck collaboration.

Thus just one real observation of our Universe does not accurately resolve C` for smaller `. For
higher ` we in a sense can observe several times.
Figure 2.2 shows the temperature power spectrum of Planck data. The green line shows the

best-fit flat adiabatic ΛCDM model to the data, the red points are the observed data points with
error bars and the green band is the cosmic variance.

Spectrum for adiabatic and isocurvature modes

Even for elementary and simplified models an analytic calculation of the C` is difficult. Approximate
expressions of the angular power spectrum can be found from e.g. [42, 81, 82]. In practice the C` is
calculated by the Boltzmann codes like Camb [83] or Class [63, 84].
A flat ΛCDM model can be defined with six independent parameters; physical baryon density

ωb, physical CDM density ωc, sound horizon angle θ, optical depth τ , amplitude of primordial
perturbations at a pivot scale A(k0) and the spectral index n. The parameters ωb, ωc, A(k0) and
n were introduced in section 2.1.2 and 2.3.9. The sound horizon angle θ is the angular size of the
sound horizon at the surface of last scattering as seen by us

θ = rcs(tdec)
dcA(tdec)

, (2.177)



36 Theory

10
1

10
2

10
3

10
−1

10
0

10
1

10
2

10
3

l

l(l
+

1)
C

l/2
π

 

 

Adiabatic
CDI
NDI
NVI

Figure 2.3: Scale invariant angular power spectrum for adiabatic and isocurvature modes, all
with equal primordial amplitude.

where rcs(t) is the comoving distance that sound waves have travelled by the time of photon decoupling
tdec with a speed cs(t),

rs(tdec) =
∫ tdec

0
csdt, (2.178)

and dcA(tdec) is the comoving distance to the surface of last scattering. For a flat universe, the sound
horizon angle is a function of ωb, ωc, and h [75].
The optical depth τ describes the probability e−τ that a photon, which is emitted after photon

decoupling and before reionization time trei, rescatters later due to the reionization of the interstellar
medium [85]. Due to this re-scattering the original anisotropy is reduced. Apart from the largest
scales (` few tens or of the order of horizon scale of trei) the spectrum C` is reduced by a factor of
e−2τ [66].
To calculate C` from the expression for δTT we need in addition to the six ΛCDM model parameters

(ωb, ωc, θ, τ , A, n), the parameters that define isocurvature perturbations. This will be discussed
in detail in the next chapter.
To visualize the impact of the different types of primordial perturbations Figure 2.3 shows the C`

spectrum for adiabatic and three isocurvature modes. All cases have equal primordial amplitude, but
as described earlier in section 2.3.8, the initial conditions vary case by case. All modes are plotted
with the same realistic parameter value combination ωb, ωc, θ, τ , and A. To better illustrate the
different k- or `-dependence of the models, the scale-invariant spectral index n = 1 was selected.
The acoustic oscillation peak structure has different forms, i.e., phase shifts, in different modes. The
adiabatic and neutrino velocity modes (NVI) are almost in phase mutually, but in opposite phase
compared to CDM density isocurvature (CDI) and neutrino density (NDI) modes. The C` spectrum
in the CDI mode is damped very fast at smaller scales (higher `). For lower ` the CDI mode can
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Figure 2.4: Angular power spectrum from scalar (adiabatic) and tensor perturbations with
r = 1, nT = 0, and n = 1.

give a higher contribution than the other modes.
The data favor an adiabatic spectrum so the pure isocurvature modes [86–89] are already ruled

out. Whether the early universe had a combination of, possibly correlated, adiabatic and isocurvature
perturbations is the topic of this thesis.

Spectrum from tensor perturbations

The power spectrum can be calculated from vector or tensor perturbations, as well as from the scalars,
presented above. Vector perturbations decay with time [42] so only scalar and tensor perturbations
are considered in this thesis.
The tensor perturbation spectrum can be approximated by a power law, similarly to the scalar

perturbations, by
PT = A2

T

(
k

k0

)nT
. (2.179)

Note, however, that the tensor spectral index nT is defined with a different convention (nT = 0
corresponding to scale invariance).
Tensor perturbations alone do not generate the realized inhomogeneity of the universe (we have

galaxies etc.), so only models where both scalar and tensor part exist are of interest. The scalar
and tensor perturbations do not mix at the first order, i.e., linear perturbation theory, so there is no
correlated component. We can simply consider the total perturbations as a sum of scalar and tensor
perturbations. Such a model is parametrized with the ratio of primordial amplitudes of tensor and
scalar perturbations,

r(k) = PT (k)
PR(k) . (2.180)
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One can see from the Figure 2.4 that the tensor contribution to the total power spectrum is
damped sharply as the scale gets smaller. Evidently only low-` tensor perturbations can have notable
role in the observed CMB unless nT is of order of at least a few.



Chapter 3

Parametrization

This chapter describes how the cosmological models in the papers A, B, and C are parametrized.
There are several choices how to represent the new degrees of freedom, when isocurvature is added
to the normal six parameters of the adiabatic ΛCDM-model. Each choice has its own advantages and
disadvantages. The parametrization of the tensor-to-scalar ratio is discussed as well in this chapter.

3.1 Generally Correlated Isocurvature Model

The total perturbation is a superposition of adiabatic and isocurvature perturbations. To first order,
the evolution equations are linear. Moreover, at superhorizon scales, adiabatic perturbations remain
adiabatic with the comoving perturbation R conserved, while isocurvature perturbations can evolve
into both isocurvature and adiabatic ones. Hence we can write [90],[

R(τ, k)
S(τ, k)

]
=
[

1 TRS(τ, k)
0 TSS(τ, k)

] [
R(τ∗, k)
S(τ∗, k)

]
, (3.1)

where TRS and TSS are transfer functions. R(τ∗, k) and S(τ∗, k) are the values for the adiabatic
and isocurvature perturbations at horizon exit during inflation. The transfer functions convert the
initial values to the primordial perturbations at later time, after reheating but deep in the radiation
dominated epoch when the scales considered are still well outside the horizon. The power spectrum
of such a model is [1],〈

[R(~k) + S(~k)]× [R(~k′) + S(~k′)]
〉

= (2π)3δ(3)(~k − ~k′)2π2

k3 [PR(k) + PS(k) + CRS(k) + CSR(k)]
(3.2)

39
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where 〈
R(~k)R(~k′)

〉
= (2π)3δ(3)(~k − ~k′)2π2

k3 PR(k)

〈
S(~k)S(~k′)

〉
= (2π)3δ(3)(~k − ~k′)2π2

k3 PS(k)

〈
R(~k)S(~k′)

〉
= (2π)3δ(3)(~k − ~k′)2π2

k3 CRS(k) = (2π)3δ(3)(~k − ~k′)2π2

k3 CSR(k).

(3.3)

Initially, to leading order in slow-roll parameters, the adiabatic and isocurvature perturbations are
not correlated, i.e., CRS∗ ≈ 0, because CRS∗ is an order higher than PR∗ and PS∗ (see equation
2.168), 〈

R(τ∗,~k)S(τ∗,~k)
〉

= O(ησs). (3.4)

Utilizing equation (3.1) we can write

PR(τ, k) = PR(τ∗, k) + T 2
RS(k)PS(τ∗, k)

PS(τ, k) = T 2
SS(k)PS(τ∗, k)

CRS(τ, k) = TRS(k)TSS(k)PS(τ∗, k).
(3.5)

From this equation arises two natural generalizations of the single power-law parametrization, which
is commonly used to describe pure adiabatic perturbations. 1) Assuming that the k dependence of
the transfer functions is also near to power law we can parametrize each of the four terms in equation
(3.5) by a power-law spectrum. Thus PR would be composed of a sum of two power law spectra
and PS would obey another (independent) power law. Also the correlation spectrum would obey a
power law. However, it would not have any free parameters, since PS and the second part of PR
would fully determine its amplitude and k dependence. This parametrization was used in papers A
and B. 2) Instead, we could think that the curvature spectrum as a whole obeys a power law. Then
both PS and CRS would obey independent power laws. This parametrization was used in paper C.
In the following subsections we go into the details of these two parametrizations.

3.2 Power Laws for Correlated Adiabatic and Isocurvature Terms

The following parametrization "correlated adiabatic" was used in papers A and B. For a model which
allows also correlated adiabatic and isocurvature perturbation, the total angular power spectrum from
scalar perturbations can be divided as

C` = Car
` + Cas

` + C iso
` + Ccor

` , (3.6)

where Car
` comes from the initial adiabatic perturbation, Cas

` from primordial adiabatic perturba-
tion which originates from the initial isocurvature perturbation, C iso

` from the initial isocurvature
perturbation. The last term Ccor

` comes from the correlation between the primordial adiabatic and
isocurvature components.
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3.2.1 Spectral Index Parametrization

In order to calculate contributions in equation (3.6) we assume that each primordial component
obeys a power law

PR = Par(k) + Pas(k) = A2
ar0

(
k

k0

)nar−1
+A2

as0

(
k

k0

)nas−1

PS = PS(k) = B2
0

(
k

k0

)niso−1

CSR = CSR(k) = Aas0B0

(
k

k0

)ncor−1
.

(3.7)

Now the total C` can be written in an alternative form

C` = A2
ar0Ĉ

ar
` +A2

as0Ĉ
as
` +B2

0Ĉ
iso
` +Aas0B0Ĉ

cor
` , (3.8)

where Ĉi` are the spectra resulting from Aar0 = Aas0 = B0 = 1. The last line of equation (3.5)
implies ncor = (nas + niso)/2.
We have 3 amplitudes and 3 spectral indices. A new parameter A0 is defined as,

A2
0 = A2

ar0 +A2
as0 +B2

0 . (3.9)

Next we define the isocurvature fraction and correlated fraction as,

α0 = B2
0

A2
0
, γ0 = sign(CSR(k0)) C2

SR(k0)
PR(k0)PS(k0) = sign(Aas0B0)

A2
as0

A2
as0 +A2

ar0
(3.10)

with ranges α0 ∈ [0, 1] and γ0 ∈ [−1, 1]. In the terms of the new parameters the angular power
spectrum is [1],

C` = A2
0[(1− α0)(1− |γ0|)Ĉar

`

+ (1− α0)|γ0|Ĉas
`

+ α0Ĉ
iso
`

+ sign(γ0)
√
α0(1− α0)|γ0|Ĉcor

` ].

(3.11)

From the last line we can read the relative amplitude of the correlated component

αcor0 = sign(γ0)
√
α0(1− α0)|γ0|. (3.12)

So altogether we have added 4 extra parameters: α0, γ0 and 2 spectral indices nas and niso in addi-
tion to the 6 usual ΛCDM-parameters common for both the pure adiabatic and mixed isocurvature
and adiabatic models (ωb, ωc, τ , θ, A0 and n = nar).

Finally the total CMB temperature angular power spectrum has the general form as,

C` = A2
0
[
(1− α0)(1− |γ0|)Ĉar

` + (1− α0)|γ0|Ĉas
`

+ α0Ĉ
iso
` + αcor0Ĉ

cor
` + (1− α0)r0Ĉ

T
`

]
≡ Car

` + Cas
` + C iso

` + Ccor
` + CT` , (3.13)
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where CT` comes from the primordial tensor perturbations. Subindex 0 refers to a pivot scale k0 at
which the parameters are calculated.
To measure the non-adiabaticity without reference to a particular scale, we define the total non-

adiabatic contribution to the CMB temperature variance as,

αT ≡ 〈(δT non−ad)2〉
〈(δT total from scalar perturbations)2〉

=
∑`max
`=2 (2`+ 1)(C iso

` + Ccor
` )∑`max

`=2 (2`+ 1)(Car
` + Cas

` + C iso
` + Ccor

` )
. (3.14)

In papers A and B where the data (WMAP, ACBAR, QUaD; see chapter 5) probes multipoles
` ≤ 2100 we set `max = 2100, whereas in paper C the Planck data probes ` ≤ 2500, so ve set
`max = 2500. The chosen sign convention for R and S is such that a positive primordial correlation
of NDI or NVI contributes positively to the final C` spectrum, i.e., a positive primordial γ (or
CSR(k) > 0) gives Ccor

` > 0. For CDI this is true only at low multipoles (in the Sachs-Wolfe region),
at higher multipoles Ccor

` changes sign as ` increases, albeit in our models the primordial correlation
does not change its sign. Figure 3.1 shows generally correlated CDI, NDI and NVI models with their
adiabatic, isocurvature and correlated component. Note the sign change of the correlated part in
the CDI model.
In the pure adiabatic case, a traditional parametrization is the spectral index parametrization. In

equation (3.7) this would correspond to specifying the amplitude of the curvature power spectrum
at a pivot scale (A2

ar0) and the spectral index of the power spectrum (nar). In the early isocurvature
literature this was generalized to the isocurvature and correlation contributions. So, each spectrum
was described by its own amplitude and spectral index. Unfortunately, this led to serious problems,
since the data favored almost pure adiabatic perturbations and whenever the isocurvature or cor-
relation amplitude was small (or zero) the spectral index of that component could take any value
within its (prior) range. Therefore the results depended heavily on the chosen prior ranges of spectral
indices and the chosen pivot scale. Indeed, the problem lies deep in the parametrization and not
in the data: The parameters of the pure adiabatic model are a subset of the parameters of a more
general mixed model. In a reasonable parametrization, the projection of the adiabatic model to the
subspace spanned by the extra isocurvature and correlation parameters should be one unique point
(whose volume is zero). In the spectral index parametrization this is not the case, since we obtain
the pure adiabatic model by setting two non-adiabaticity amplitudes equal to zero. However, the
two spectral indices corresponding to these components can take any value and all these models
lead to the same theoretical C` curve as the corresponding pure adiabatic model. When 1-d (or 2-d,
etc.) posterior probability densities are presented and the confidence level intervals calculated for a
parameter θk, one needs to marginalize over all the other parameters by integrating the posterior pdf
over the other directions in parameter space. If the prior volume of the parameter space spanned by
the "adiabatic parameters" is Vadi and the prior widths of the two non-adiabatic spectral indices are
Ln1 and Ln2, then the true volume of the adiabatic model will be Ṽadi = Vadi × Ln1 × Ln2. So,
when analyzing the mixed model, the parameter combinations where the non-adiabatic amplitudes
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Figure 3.1: Components of the temperature angular power spectrum in correlated CDI, NDI
and NVI models, with α = 0.1, γ = −0.5 and nar = nas = niso = 1.
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are zero receive a weight which is too large by a factor Ln1 × Ln2. This means that implicitly, the
chosen parametrization favors a pure adiabatic outcome. Unfortunately, the situation is even worse.
Had we decided to use two times broader prior for the non-adiabatic spectral indices, the adiabatic
model would seem 4 times more favorable than with our original prior widths Ln1 and Ln2. Now it is
clear that in the spectral index parametrization the marginalized posterior pdfs for the isocurvature
(and correlation) amplitudes would have the sharper peak at zero the broader prior we used for the
isocurvature (and correlation) spectral indices. Equally catastrophic, if not even worse, would the
situation be when evaluating Bayesian evidences (see subsection 5.2.1). One of the most important
rules in designing a parametrization for nested models (i.e., nesting a simpler model inside of a more
complex one) is that the prior parameter space volume of the simpler model should never depend on
the (prior ranges of the) extra parameters of the more complicated model.

3.2.2 Amplitude Parametrization "correlated adiabatic"

In this subsection I define the amplitude parametrization, which is one special type of phenomenolog-
ical parametrization of the primordial power spectra. Generally in phenomenological parametrizations
we do not assume that the initial fluctuations are necessarily created by inflation (in contrast to the
slow-roll parametrization). Phenomenological parametrizations are convenient for testing whether
there are any isocurvature signatures in the data.
At the end of last subsection problems with spectral index parametrization (also one type of

phenomenological parametrization) were discussed. Fortunately there is a solution to those problems:
amplitude parametrization. The power-law spectra (P) that we want to parametrize are straight lines
in (log k,log(P)) space. In the spectral index parametrization this line is expressed in terms of a
value at one scale, P(k0), and a tilt of the line, n− 1. We can equally well parametrize this line by
giving its value at two different scales, say P(k1) and P(k2). This idea was first presented in [91]
and is now used in almost all recent isocurvature literature. In this parametrization the adiabatic
model is one unique point in the space spanned by the extra (non-adiabaticity) parameters, namely
the point where all the non-adiabaticity amplitudes are zero.
Now we can apply this idea to equation (3.7). In the amplitude parametrization "correlated

adiabatic" we characterize the primordial spectra by specifying the following amplitudes: A2
ari ≡

Par(ki), A2
asi ≡ Pas(ki), and B2

i ≡ PS(ki), where i = 1, 2. In addition we will define a reference
pivot scale k0 at which we report some derived parameters in order to compare the results to those
obtained in the other parametrization schema. (Generally we can divide parameters to derived
parameters and primary parameters. When fitting different cosmological models to the CMB data
one has some primary parameter set that defines the cosmology uniquely, then one varies these
parameters, i.e., samples the parameter space, evaluates the likelihood, and posterior pdfs. Out of
these primary parameters one can then calculate other parameters that we call derived parameters.
Normally one sets flat, i.e, uniform prior over some range for the primary parameters when sampling.)
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For the WMAP analysis (in papers A and B) we choose

k1 = 0.002Mpc−1

k0 = 0.010Mpc−1

k2 = 0.050Mpc−1 . (3.15)

Using the same notation as before but for different scales i we get for the primordial perturbation
power

A2
i ≡ A2

ari +A2
asi +B2

i , (3.16)

for the primordial isocurvature fraction
αi ≡

B2
i

A2
i

, (3.17)

and for the ratio of the correlated adiabatic component to the total adiabatic power

γi ≡ sign(AasiBi)
A2
asi

A2
ari +A2

asi
. (3.18)

Finally we can write

A2
ari = (1− |γi|)(A2

ari +A2
asi) = (1− |γi|)(1− αi)A2

i

A2
asi = |γi|(A2

ari +A2
asi) = |γi|(1− αi)A2

i

B2
i = αiA

2
i

AasiBi = αcoriA
2
i = CRS(ki) = CSR(ki) . (3.19)

On the last line the relative amplitude of the primordial correlation between the adiabatic and isocur-
vature perturbations is again defined as αcori ≡ sign(γi)

√
αi(1− αi)|γi|.

In the generally mixed adiabatic and isocurvature model the primordial perturbations are described
by six parameters. We choose the primary perturbation parameters (to which we assign uniform
priors) as follows:

ln(1010A2
1), ln(1010A2

2) ∈ (1, 7), α1, α2 ∈ (0, 1),

γ1 ∈ (−1, 1), and |γ2| ∈ (0, 1) . (3.20)

From the primary parameters one can calculate derived parameters like

nar − 1 = ln(A2
ar2/A

2
ar1)

ln(k2/k1)

nas − 1 = ln(A2
as2/A

2
as1)

ln(k2/k1)

niso − 1 = ln(B2
2/B

2
1)

ln(k2/k1) . (3.21)

Then using these spectral indices we get values for α0 and γ0. Even though the priors for the primary
parameters are flat, the derived parameters do not necessarily have flat prior. This will be discussed
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in section 6.1.2. Equivalently to equation (3.21) we also define an effective single adiabatic spectral
index neffad at pivot scale at k = k0 by

neffad − 1 = d ln(PR)
d ln(k) = (nar − 1)(1− |γ0|)(k/k0)nar−1 + (nas − 1)|γ0|(k/k0)nas−1

(1− |γ0|)(k/k0)nar−1 + |γ0|(k/k0)nas−1 . (3.22)

As we assume power law spectra, the sign of the correlations does not depend on k so the sign
of γ2 is equal to that of γ1. The background is described by the 4 ΛCDM background parameters,
i.e., the physical baryon density ωb, the physical CDM density ωc, the sound horizon angle at last
scattering θ, and the optical depth τ . We assume uniform priors for these over the following ranges:

ωb ≡ Ωbh
2 ∈ (0.01, 0.05), ωc ≡ Ωch

2 ∈ (0.02, 0.30),

100θ ∈ (0.5, 2.2), τ ∈ (0.02, 0.30) . (3.23)

In addition, tensor perturbations are included in the model. The power law spectrum for tensors
is defined as

PT (k) = PT (k0)
(
k

k0

)nT
. (3.24)

Describing tensor perturbations r(k) ≡ PT (k)/PR(k) in amplitude parametrization would require
two relative amplitude parameters r1, and r2, to replace the original r0 and nT . We avoid this by
using the first inflationary consistency relation which fixes nT , see, e.g., [92–96]. The motivation
to skip one tensor parameter is the poor observational constraint on tensors, especially now when
we have in the model also isocurvature parameters. Neither tensor nor isocurvature perturbations
have been detected so far1. To obtain constraints on isocurvature parameters is the primary focus
of this thesis, which we do not want to compromise. In conclusion, tensor perturbations add only
one extra free parameter and the tensor spectral index is just a derived parameter given by the
consistency relation nT0 = −r0/[8(1− |γ0|)] which is a consequence of the slow-roll approach on
the inflation. We impose also the second consistency relation [95, 97], which gives the running
qT0 ≡ dnT /d ln k|k=k0 = nT0[nT0 − (nar − 1)] (to be precise, nT in equation (3.24) runs, i.e.,
nT = nT (k)).
The tensor spectral index gets huge negative values when |γ0| is near to one. This leads to

an unphysical prior on nT if γ1,2 and r0 have a uniform prior. The original idea of the consistency
relation was to keep the tensor spectrum close to the scale invariance, |nT | � 1, a typical inflationary
prediction. The large scale (low multipole) CMB data do not allow a large tensor contribution, thus
|γ| near to one is also excluded by the data for any non-negligible r0, if tensors are parametrized this
way. In order to avoid these problems we adopted a renewed tensor parametrization in paper B. We
did not parametrize the tensor power by r0 like in paper A, but instead by

r̃0 ≡
PT (k0)
Par(k0) = r0

1− |γ0|
. (3.25)

1see BICEP2 footnote in chapter 6 on page 65



3.2 Power Laws for Correlated Adiabatic and Isocurvature Terms 47

The component Par reflects the scalar perturbations at the horizon exit whereas PR in equation
(2.180) has also the component Pas included (see equation 3.7).2 Thus a uniform prior on r̃0 is
physically motivated because it reflects directly the inflationary physics and what happened at time
of horizon exit. In conclusion, parameter r̃ is the ratio of tensor-to-curvature perturbations generated
at horizon exit. Contrary to r̃ , r is a parameter directly related to observables. We set the prior
as r̃0 ∈ (0, 1.35) (for r0 in paper A we had r0 ∈ (0, 0.75)). With the r̃ parametrization the first
consistency relation reads

nT0 = − r̃0
8 . (3.26)

Thus the derived tensor spectral index parameter has an uniform prior nT0 ∈ (−0.17, 0) without
being affected by the correlation parameter γ0.

3.2.3 Inflationary Slow-roll Parametrization

In the slow-roll approach at least two “active” fields are assumed during the inflation. At any instant
and location the field perturbation can be divided into an adiabatic field perturbation δσ in the
direction of the background field trajectory and to an entropy field perturbation δs in the orthogonal
direction in the field space. Isocurvature perturbations arise from the δs perturbation. With this
setting we define four slow-roll parameters, as derivatives of the inflationary potential V (σ, s), at the
horizon exit of the studied scale, as

ησσ = 1
8πG

∂σ∂σV
V ,

ησs = 1
8πG

∂σ∂sV
V ,

ηss = 1
8πG

∂s∂sV
V ,

ε = 1
16πG(∂σVV )2. (3.27)

From the slow-roll parameters we can determine the spectral indices and the tensor-to-scalar ratio
at horizon exit, r̃, as [74]

nar = 1− 6ε+ 2ησσ,

nas = 1− 2ε+ 2ηss − 4ησs tan ∆,

niso = 1− 2ε+ 2ηss,

r̃ = 16ε ,

nT = −2ε . (3.28)

The primordial correlation angle ∆ is defined by

cos ∆ ≡ CRS
P1/2
R P

1/2
S

= sign(γ)
√
|γ| , (3.29)

2Recall that the Pas is an adiabatic component which is generated from the primordial isocurvature perturbations
after the horizon exit.
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with 0 ≤ ∆ ≤ π. The above formulae (3.28) are valid only to first order in slow-roll parameters,
see [74, 93, 94, 98, 99]. Note also that, e.g., in Byrnes & Wands [74] n = 0 stands for a scale-
invariant spectrum, but we have added the conventional 1 (except for tensors), furthermore we use
a different sign convention for cos ∆ and thus also for tan ∆ = sign(γ)

√
1− |γ|/

√
|γ|. Note also

that |γ| = 1⇒ |cos∆| = 1⇒ sin∆ = 0⇒ tan∆ = 0.
The background parameters do not change in the slow-roll approach: e.g., equation (3.23) is

similarly valid, as in the amplitude parametrization. The perturbations are parametrized by the four
slow-roll parameters: three ηij ∈ (−0.075, 0.075) and ε ∈ (0, 0.075), two additional isocurvature
amplitude parameters α0 ∈ (0, 1) and γ0 ∈ (−1, 1), and total amplitude parameter ln(1010A2

0) ∈
(1, 7). Only small magnitudes for the slow-roll parameters are allowed, accordingly the choice of
the prior ranges guarantees that the second order corrections to nar,iso − 1 are less than O(10%) in
equation (3.28) (the spectral index nas may be large due to the term tan ∆ but where this happens
the correlation gets small as seen from equation (3.29)). Note that this restriction of small ε and η
parameters is not needed in fully numerical treatments, see e.g. [100].

3.3 Power Laws for Total Adiabatic and Isocurvature Terms

The following parametrization "total adiabatic" was used in paper C. Now the adiabatic part PR of the
primordial power spectrum is described by one single power law (hence the name "total adiabatic"),
the isocurvature part PS by another power law, and the correlation part CSR by a third (independent)
power law. So, we have an amplitude at the pivot scale and an independent spectral index for each
of these components; nadi, niso, and ncor. In the "correlated adiabatic" parametrization ncor was not
free, but instead it was determined from the free parameters nas and niso as ncor = (nas + niso)/2.
In the "total adiabatic" parametrization we express the primordial spectra as

PR = PR(k) = PR
(
k

k0

)nadi−1

PS = PS(k) = PS
(
k

k0

)niso−1

CSR = CSR(k) = CSR
(
k

k0

)ncor−1
.

(3.30)

Note that here the first row is not divided into two terms like in equation (3.7) for the parametrization
"correlated adiabatic". Similarly as in equation (3.8) the total C` can be written in a form

C` = PRĈadi
` + PSĈ iso

` + CSRĈcor
` , (3.31)

where Ĉi` are the spectra resulting from PR = PS = CSR = 1. Full correlation corresponds to
C2
SR = PRPS so we require

C2
SR ≤ PRPS . (3.32)

In a theoretical context, we could specify PR, CSR, PS at a pivot scale k0 and then the spectral indices
for each component nadi, ncor, niso [e.g., 89, 101]. We did not follow this approach in the amplitude
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parametrization "correlated adiabatic" and neither we follow it here as explained in the begining
of subsection 3.2.2. Like in the amplitude parametrization "correlated adiabatic" the amplitude
parameters are given at two scales ki: PRi ≡ PR(ki), PSi ≡ PS(ki), and CSRi ≡ CSR(ki). Now we
set k1 = 0.002 Mpc−1 and k2 = 0.100 Mpc−1, thus [k1, k2] covers most of the scales constrained
by Planck data. Note that k2 in "correlated adiabatic" parametrization was only k2 = 0.050 Mpc−1,

as WMAP did not have as much information on small scales. A uniform prior for the parameters
PR1, PS1, CSR1, PR2, PS2, CSR2 is assumed.
The auto-correlation amplitudes PR1, PS1, PR2, PS2, are positive, but the cross-correlation am-

plitudes CSR1, CSR2, may take both signs. The cross-correlation amplitudes have the constraints like
in equation (3.32)

C2
SR1 ≤ PR1PS1,

C2
SR2 ≤ PR2PS2. (3.33)

Note still that this parameterization does not allow the case where the sign of the correlation changes.
Accordingly we assume a uniform prior, not on CSR2, but on its absolute value, and then we set
CSR2 = sign(CSR1)× |CSR2|. Outside the interval [k1, k2], either for very small or very large k, the
condition (3.32) is violated. Where this would happen we reduce the magnitude of CSR so that
there is either total correlation or anti-correlation: C2

SR = PRPS . As we introduce these kinks only
outside the range [k1, k2], the spectral indices nadi, ncor, niso are scale-independent inside the range
[k1, k2].
Finally, our sign conventions are similar to the parameterizations presented earlier: positive values

for CSR1,2 correspond to a positive contribution of the cross-correlation term to the Sachs-Wolfe
component of the total temperature spectrum.
Primordial isocurvature and correlation fractions are defined the same way as before, see equations

(3.10), (3.17), and (3.18),

αi = PSi
PRi + PSi

,

γi =sign(CSR1) C
2
SRi

PRiPSi
. (3.34)

We also define the following derived quantities to better differentiate high-`, medium-` or low-`
isocurvature content in the power spectrum.

αadiT (`min, `max) = (∆T )2
R(`min, `max)

(∆T )2
tot(`min, `max)

, (3.35)

αisoT (`min, `max) = (∆T )2
S(`min, `max)

(∆T )2
tot(`min, `max)

, (3.36)

αcorT (`min, `max) =(∆T )2
SR(`min, `max)

(∆T )2
tot(`min, `max)

, (3.37)

where

(∆T )2
X(`min, `max) =

`max∑
`=`min

(2`+ 1)CTTX,`. (3.38)
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The upper index TT indicate that we mean here specificly the temperature power spectrum. The
total non-adiabatic contribution to CMB temperature variance αT defined in equation (3.14) is
related to αadiT as

αT = 1− αadiT (1,2500) = αisoT (2,2500) + αcorT (2,2500). (3.39)

Note that in the Planck analysis we extended the ` range from 2 ≤ ` ≤ 2100 used with WMAP data
to 2 ≤ ` ≤ 2500, since the Planck temperature anisotropy data covers this range.

3.4 Comparison of the Parametrizations "correlated adiabatic" and
"total adiabatic"

Let us compare the parametrizations presented in the previous subsection for paper C ("total adi-
abatic") and the parametrization in papers A and B ("correlated adiabatic"). The parametrization
"total adiabatic" is clear and easy to represent. Also the analysis does not leave much freedom to
interpret in case of null detection. Parametrization "correlated adiabatic" is natural for models where
part of the primordial curvature perturbation originates from the entropy perturbation, leading to
that part being fully correlated, but there is still another uncorrelated part with a different origin.
Multi-field inflationary models will lead to this situation, i.e., the curved background trajectory causes
part of the isocurvature perturbation S to be converted to fully correlated curvature perturbation R
while the original curvature perturbation R stays uncorrelated (to first order in slow-roll). Also the
mixed inflaton-curvaton model falls into this category where there appears naturally an uncorrelated
and a fully correlated part of curvature perturbation R. Note however that it does not matter how
the correlation appears: models with large correlations already at horizon exit can be also described
with the parametrization "correlated adiabatic".
If we allow a general shape for the spectra, the two representations, "correlated adiabatic", and

"total adiabatic", are equally valid. But to constrain the spectra with data we have to assume a
simple form for them. In the thesis we assume that the three (four) spectra have a power-law shape,
and we have to choose for which set of three independent spectra we do this (unless we assume that
all spectra have the same spectral index). It is more convenient to do this for "correlated adiabatic",
since this guarantees that the necessary condition of equation (3.32) is satisfied. In "total adiabatic"
this condition is only satisfied if the correlation spectral index equals the mean of adiabatic and
isocurvature spectral indices. Therefore, in order to study the general case with "total adiabatic"
parametrization, one needs, e.g., to implement a kink in the correlation spectrum at arbitrary k
outside the range [k1, k2], see the discussion after equation (3.33).



Chapter 4

Special Inflationary Models with
Isocurvature Imprint

In this chapter I will briefly introduce some inflation models that could have isocurvature perturbation
imprint to the universe. Curvaton, modulated reheating, and axion scenarios are discussed, as well
as double quadratic inflation.
The first three sections deal with inflation scenarios where a (correlated) mixture of adiabatic and

isocurvature perturbations could arise without multiple (dynamical) inflaton fields, so the spectral
indices are limited to some special cases of the generic formulae of equation (3.28). The spectral
indices are not fully free, as in the phenomenological parametrization. Hence these specific models
require additional parameter-scan runs (called special cases in the papers). For comparison the fourth
section reviews one simple two-field inflation model, double quadratic inflation (see [102]), in which
the spectral indices obey equation (3.28). Neutrino isocurvature is treated in the last, fifth, section
as there are distinct scenarios that could produce the neutrino isocurvature perturbation.

4.1 Mixed Inflaton-Curvaton Scenario

There are several possible models in which the inflationary evolution is, as usual, dominated by the
inflaton field φ, but there is also another important lighter field. In curvaton scenario all or part
of the curvature perturbations come from the perturbations of a light curvaton field, i.e., not from
inflaton filed. The wording light here means that during inflation the light field has only marginal
contribution to the energy density of the universe. The light field, present during inflation, has
entropy perturbations that may be converted into curvature perturbations after the inflation is over.
Particularly, in the curvaton scenario the curvaton field χ stays constant during the inflation but once
the Hubble parameter gets smaller than the curvaton mass, the curvaton starts oscillating and its
energy density behaves like that of non-relativistic matter. As the universe expands the energy density
decreases slower for the curvaton than for radiation. Thus the curvaton may have a dominant role
to the energy density of the universe and to the curvature perturbation. The curvature perturbation

51
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is given by [103]
R(k) = 1√

2M2
Plε∗

δφ∗ê1(k) + 2R
3
δχ∗
χ∗

ê2(k), (4.1)

where ê1 and ê2 are two independent (Gaussian) random variables that obey 〈ê∗i (k)êj(k̃)〉 =
(2π)3δ(3)(k − k̃)δij . and (∗) means that a quantity is evaluated at the time of horizon exit of
the Fourier mode k = |k|. The inertia fraction

R ≡
( (ρ+ p)χ

(ρ+ p)tot

)
dec

=
(

3ρχ
3ρχ + 4ρr

)
dec

(4.2)

is evaluated at the time of curvaton decay, where ρr is the radiation energy density.
There are two scenarios: in case 1) CDM is created before curvaton decay and in case 2) CDM is

created from curvaton decay. In case 1) we get for the entropy perturbation [103]

S(k) = −2Rδχ∗
χ∗

ê2(k), (4.3)

and further for α and γ we get

α(k) = 9λ
1 + 10λ , γ(k) = − λ

1 + λ
, (4.4)

where
λ ≡ 8

9R
2ε∗

(
MPl
χ∗

)2
. (4.5)

As observations constrain α to be small, the only allowed possibility in scenario 1) is that λ also is
small. This in turn leads to (almost) uncorrelated perturbations. In case 2) when CDM is created
from curvaton decay we get for the entropy perturbation [103]

S(k) = (1−R)2δχ∗
χ∗

ê2(k), (4.6)

and further for α and γ we now have

α(k) = 9(1−R)2

R2(1 + λ−1) + 9(1−R)2 , γ(k) = λ

1 + λ
. (4.7)

Now the observational constraints of α force either λ to be small, or R very close to one. Small
λ leads to uncorrelated perturbations as in case 1). If R is close to one the curvaton dominates
the energy density of the universe at the time of decay. The parameter α stays small for arbitrarily
large λ, which leads to fully correlated perturbations. According to equation (4.5), this happens
provided that the value of the curvaton field is sufficiently below the Planck scale at the time when
observationally relevant scales exit the horizon.
With ε and ηφφ evaluated at horizon exit, we get for the spectral indices

nar ' 1− 6ε+ 2ηφφ ; nas ' niso ' 1− 2ε . (4.8)

The difference with respect to equation (3.28) is that now the second field contribution to nas and
niso is zero as the adiabatic and isocurvature perturbations originate from the same dominating
inflaton field.
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4.2 Modulated Reheating with Gravitino Dark Matter

In the modulated reheating scenario the inflaton decay rate Γ = Γ(σ) depends on a light scalar
field σ (see definition of light in the previous section). The inflaton decays into radiation happens
when H ∼ Γ. Due to the inherent entropy perturbations in σ the inflaton decay occurs at various
times depending on the location. The inflaton oscillates and behaves like non-relativistic matter
after inflation ends and the Hubble parameter gets smaller than the inflaton energy. The energy
density decreases more slowly for inflaton than for radiation. So the places where the inflaton decays
later become overdense compared to places where the decay happens earlier. Hence the entropy
perturbations in the modulating field σ are converted into curvature perturbations as

R(k) = 1√
2M2

Plε∗
δφ∗ê1(k) + 1

6

(
dΓ/dσ

Γ

)
δσ∗ê2(k) . (4.9)

If gravitinos form CDM, the entropy perturbation is given by

S(k) = ±1
2

(
dΓ/dσ

Γ

)
δσ∗ê2(k) , (4.10)

where + and − correspond to thermal and non-thermal production of gravitinos, respectively [104].
For α and γ we get

α(k) = 9ξ
9 + 10ξ , γ(k) = ± ξ

9 + ξ
, (4.11)

where
ξ ≡ 1

2ε∗
(
σdΓ/dσ

Γ

)2

∗

(
MPl
σ

)2

∗
. (4.12)

As observations constrains α to be small, the perturbations are constrained to be (almost) uncorre-
lated. The spectral indices are the same as in the curvaton case.

4.3 Axion

In this model the axion field produces isocurvature perturbation. During inflation the axion is mass-
less, but after the inflation ends and as the temperature of the universe drops below the quantum
chromodynamics (QCD) scale, ΛQCD, the axion obtains a mass. When, during the expansion of the
Universe, the Hubble parameter decreases below the axion mass, the axion field starts oscillating.
Oscillation again means that it behaves like non-relativistic matter and can account for dark matter.
In the axion model the curvature perturbation is due to inflaton [96],

R(k) = 1√
2M2

Plε∗
δφ∗ê1(k) . (4.13)

The axion isocurvature perturbation is,

S(k) = 2ωχ
ωc

δχ∗
χ∗

ê2(k) , (4.14)



54 Special Inflationary Models with Isocurvature Imprint

where ωχ/ωc is the fraction of axions in CDM. The axion field during inflation is given by χ∗ = faθi,
where fa is the axion decay constant and θi is the initial misalignment angle. For α and γ we get

α(k) = λ

1 + λ
, γ(k) = 0 , (4.15)

where
λ ≡ 8ε∗

θ2
i

(
ωχ
ωc

)2 (MPl
fa

)2
. (4.16)

The final abundance of axions is [96]

ωχ = 10−3 × fdθ2
i

( ΛQCD
200MeV

)−2/3 ( fa
1010GeV

)7/6
, (4.17)

where fd ≤ 1 is a dilution factor. If there is no entropy release after axions start oscillation fd = 1.
The parameter fa is cosmologically constrained to be in the region 1010 GeV ≤ fa ≤ 4.1 ×1012 GeV
[96]. The bounds come from the observed neutrino luminosity from supernova 1987A, and other
astrophysical and laboratory searches rule out some windows of axion mass. The upper bound comes
from cosmology, i.e., the amount of CDM has limits. Thus if axions account for a significant portion
of CDM, then ε∗ is constrained to be extremely small. This is because in (4.16) λ should be small,
as α is small due to the observations, and 8

θ2
i

(
ωχ
ωc

)2
is not very small, whereas

(
MPl
fa

)2
is extremely

large. The spectral indices are given by

nar ' 1− 6ε+ 2ηφφ, niso ' 1− 2ε. (4.18)

Here again the difference with respect to equation (3.28) is that the contribution of the second field
to niso is zero as the adiabatic and isocurvature perturbations originate from the same dominating
inflaton field. In addition the phase coherence is lost as the adiabatic and isocurvature perturbation
originate from different eras.

4.4 Double Quadratic Inflation

Perhaps the simplest multi-field inflation model is the double quadratic inflation, having two non-
interacting fields with quadratic potentials,

V = 1
2m

2
φφ

2 + 1
2m

2
χχ

2 , (4.19)

where we choose m2
χ ≥ m2

φ. As usual with multi-field inflation models, the direction of the back-
ground evolution plays a role. Perturbations along the background evolution trajectory are adiabatic,
denoted by δσ, while perturbations perpendicular to it are entropy perturbations, denoted by δs.
We further assume that the heavy field decays into CDM and the light field into radiation. The
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perturbations are [103]

R(k) = 1√
2M2

Plε∗
δσ∗ê1(k)

+1
4M

−2
Pl (1−R−2)ξ∗ sin 2θ∗δs∗ê2(k)

S(k) = − 4R2

sin 2θ∗ξ∗
δs∗ê2(k) , (4.20)

where tan θ ≡ χ̇/φ̇ and R ≡ mχ/mφ ≥ 1 and ξ ≡
√
φ2 +R4χ2. For α and γ we get in this case

α(k)= β

1 +
[
1 + 4ε2(R2−1)2

β2

]
β
, γ(k)=− 4ε2(R2−1)2

β + 4ε2(R2−1)2 , (4.21)

where
β ≡ 32ε∗

sin2 2θ∗
R4
(
MPl
ξ

)2

∗
. (4.22)

The isocurvature fraction α is small if β � 1. This can lead to arbitrary negative correlations. The
other alternative to have small α is when 2ε(R2 − 1) � β & 1. This leads to fully anticorrelated
perturbations. The spectral indices for this model are given by Eq. (3.28) with ε = (∂σV )2/(16πGV 2)
and ε = εφφ + εχχ,

2ησσ = ηφφ(1 + cos 2θ) + ηχχ(1− cos 2θ),

2ηss = ηφφ(1− cos 2θ) + ηχχ(1 + cos 2θ), (4.23)

and ησs tan ∆ = ηss, where ηij = (∂i∂jV )/(8πGV ).

4.5 Mechanisms That May Produce Neutrino Isocurvature

One well-motivated scenario to produce NDI perturbations is in the context of inhomogeneous lepton
asymmetry combined with curvaton as suggested by [105] (see also [106–108]). The perturbations
of curvaton field χ, originating from the inhomogeneous lepton asymmetry, are transferred to the
curvature perturbation (in the same way as earlier in equation 4.1),

R(k) ' 2R
3
δχ∗
χ∗

ê1(k), (4.24)

where R ≡
(

3ρχ
4ρr+3ρχ

)
dec

is evaluated at the time of curvaton decay.
In case 1) the lepton number is generated before curvaton decay. Then the NDI perturbation is

Sν(k) ' −λR(k), with λ = 135
7 (1− fν)

(
ξ

π

)2
, (4.25)

where ξ ≡ µ/T is the neutrino asymmetry parameter.1 Perturbations are fully anticorrelated and
the isocurvature fraction is

α = λ2

1 + λ2 . (4.27)

1The non-zero chemical potential µ of neutrinos affects the effective number of neutrino species by

Neff
ν → Ñeff

ν '
[
1 + 30

7

(
ξ
π

)2 + 15
7

(
ξ
π

)4]
Neff
ν . (4.26)
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Big bang nucleosynthesis (BBN) constrains |ξ| < 0.07 [109], which implies α . 10−4, too small to
be observed.
In case 2) the lepton number is created directly from curvaton decay. The neutrino isocurvature

perturbation is [105]
Sνr ' λ

(1−R
R

)
R, (4.28)

and the perturbations are fully correlated with isocurvature fraction

α = λ2(1−R)2

R2 + λ2(1−R)2 . (4.29)

In this case the isocurvature fraction α can be significant if the curvaton decays sufficiently early,
i.e., R is small. In the curvaton scenario, the non-Gaussianity parameter is

f local
NL = 5

4R −
5
3 −

5R
6 . (4.30)

By using the latest Planck 2σ constraint f local
NL < 14.3 [110] we get the condition R > 0.078 . Larger

λ2 gives larger α as seen from Eq. (4.29). Giving λ the upper bound of BBN constraint, we get,
with the above lower bound of R, α < 0.0045.
The neutrino velocity (NVI) mode was only studied in the phenomenological set-up, hence no

theoretical discussion is included here. The NVI mode is more difficult to motivate theoretically
because perturbations in the flow velocities of neutrinos would have to be generated after neutrino
decoupling and there are no proposed theoretical models to date.

Assuming the standard Neff
ν = 3.046 and the big bang nucleosynthesis (BBN) constraint |ξ| < 0.07, we find that the

corrected number would be Ñeff
ν = 3.052. Even as large |ξ| as 0.2, would lead to quite a small correction, Ñeff

ν = 3.099.
Anyway, we checked that our NDI γ = −1 runs (see Sec. 6.1.5) led to virtually identical results with Neff

ν = 3.046 and
3.100. So, we can safely perform the analysis with the standard Neff

ν = 3.046.



Chapter 5

Observational Data and Anlysis

5.1 Observational Data

In this section I briefly introduce the observational data used in the papers of the thesis. CMB satellite
observations that cover the full sky are the main contribution to this work, but auxiliary ground-based
CMB observations can be used to complement the satellite data. Supernova measurements and
large-scale structure and baryonic acoustic oscillation (BAO) data are needed to reduce background
parameter degeneracies. The motivations for selecting some data sets and omitting others is discussed
in more detail in the papers.

5.1.1 CMB Observations

Satellite CMB observations

The thesis utilizes two major CMB-data satellite projects: the Wilkinson Microwave Anisotropy Probe
(WMAP-7) [111, 112], WMAP-9 [113], and Planck [77]. WMAP-9 has two additional years of data,
improving the systematics compared to WMAP-7. Planck data will be divided into two or more
separate releases. At the moment of writing this thesis the first data set is available. It contains 15.5
month CMB data without polarization. The baseline Planck Likelihood release have combined Planck
temperature data with WMAP-9 polarization data. Being the "third generation" CMB satellite, the
Planck is more sensitive than the WMAP satellite and it has a better angular resolution.

Ground-based CMB observations

To complement the full-sky WMAP satellite data with with high-` data, we use ground-based obser-
vations by ACBAR (Arcminute Cosmology Bolometer Array Receiver) [114]. For extra polarization
data we include QUaD data [115] (QUEST at DASI (QUaD)) to WMAP-7 and WMAP-9. With
these additional datasets we can impose for the WMAP analysis in the CMB likelihood calculations
a cut-off multipole `max = 2100.
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For the Planck analysis we did not use auxiliary ground based CMB data as Planck covers the high-
` region (`max computed from theoretical C` curves was 3000 and the `max used when calculating the
likelihood was 2500, as the one needs to calculate extra ` with Camb (see the next section) to take
into account the propagation of hierarchy for highest ` and effect of lensing with Planck accuracy).

5.1.2 Other Cosmological Observations

In paper A we make the analysis first with CMB data alone, and then repeat everything with the
same CMB data and one auxiliary data set at a time.
We combine the CMB analysis with Supernova data (SN) from the Supernova Cosmology Project

(SCP) Union 2 compilation [116]. The Union2 compilation combines the latest SN data sets and refits
the light curves with the SALT2 fitter (the Spectral Adaptive Lightcurve Template). SN data gives
direct distance information (magnitudes versus redshift) whereas from CMB the scale of the Universe
is outcome of the selected and then fitted cosmological theory. The direct distance scale information
that SN data provide can be used, e.g., to define Ωm directly, whereas with CMB observations the
infered value of Ωm depends on the assumed cosmological model (e.g. ΛCDM parametrization).
We also combine the CMB analysis with matter power spectrum and BAO data (referred in later

chapters with MPK). The matter power spectrum derived from SDSS DR7 LRG [117, 118] is also
complementary to the CMB (and to SN data). The data are based on the reconstructed halo density
field from luminous red galaxies (LRGs) from the Sloan Digital Sky Survey (SDSS) Seventh Data
Release (DR7). It is assumed that the dark matter perturbations follow closely the perturbations of
the luminous matter modulo some (a possibly scale, i.e., k dependent) bias factor. Currently the
dark matter power spectrum is reliably resolved till k < 0.2h Mpc−1. It should be noted that, we
do not use just the simplified BAO distance measure(s) or BAO scale(s), but the full matter power
spectrum data (MPK) as a function of k that include the baryon wiggles spectrum BAO(k).

5.2 Analysis

Chapter 3 was about parametrization of the cosmology and chapter 2 about calculating the theoretical
C` power spectrum that results from the assumed models and cosmological parameters. Next we
need to find the set of cosmological parameters (set of primary parameters) that give the theoretical
C` that best fits to the observed data. We are not interested only in the single set of best-fitting
parameters but in ranges of parameter values, that the observation allows with some confidence level
(C.L.). In addition we would like to define what model is favored over the others by the data, not
only the best-fitting parameters within one single model. This section shortly describes how these
tasks are carried out.

5.2.1 Bayesian Model Comparison and Jeffreys’ Scale

A Bayesian analysis that provides Bayes factors for pairs of models can be used to make model
comparison. The comparison could be done also comparing directly likelihoods that different models
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with best fitting parameter set provide and then correcting the ratio with respect to the number
of parameters per model. As this method is rather inaccurate, we have here selected the fully
Bayesian approach. It suites well the weakly constrained isocurvature models that typically have
wide ranges for posteriors that furthermore have typically non-Gaussian shapes (thus it is not enough
to compare single best-fitting parameters combinations per model). The Bayesian model comparison
also properly penalizes for any extra parameters of the model.
We denote the measured data D as a set of values Y meas

i and covariance matrix Cij ,

D = {Y meas
i , Cij}Ni,j=1 . (5.1)

Here Y meas
i , is the ith measured data point and Cij the covariance matrix, i.e., covariances of the ith

and jth data points associated with the measurements, when we have N data points. The covariance
tells how the two measurements are expected to change together, i.e., what is the expected value
of jth measurement if ith is given. We define the likelihood of the data L(D) as the conditional
probability of the data given the model (M) and the parameter values {θα}kα=1,

L(D) = L(D| {θα} ,M). (5.2)

Within a model M we can calculate the theoretical prediction Y th
i ({θα}), and then the likelihood as

− 2 lnL = χ2 =
∑
ij

[(
Y th
i − Y meas

i

)
C−1
ij

(
Y th
j − Y meas

j

)]
. (5.3)

By Bayes’ theorem
p({θα} |D,M) = L(D| {θα} ,M)× π({θα} |M)

p(D|M) , (5.4)

where p({θα} |D,M) is the posterior probability density function of the parameters θα given the data
and the model, π({θα} |M) is called the prior for the parameters θα given the model, and p(D|M)
is called the evidence of the model [119], often denoted by Z(M). The evidence is the conditional
probability of the data given the model. Integrating equation (5.4) over the whole parameter space
we should get a unit probability

1 =
∫
p({θα} |D,M)dθ1....dθk = 1

p(D|M)

∫
L(D| {θα} ,M)× π({θα} |M)dθ1....dθk. (5.5)

Thus the evidence can be calculated by,

Z(M) ≡ p(D|M) =
∫
L(D| {θα} ,M)× π({θα} |M)dθ1....dθk. (5.6)

For a flat prior π({θα} |M) = 1
V
, where V is the prior parameter volume, the evidence Z(M) is

given by,
Z(M) = 1

V

∫
V
L(D| {θα} ,M)dθ1....dθk. (5.7)

What we have calculated is p(D|M) but what we need is to calculate is p(M |D), i.e., the probability
of the model given the data. So we apply Bayes’ theorem again,

p(M |D) = p(D|M)π(M)
p(D) = Z(M)π(M)

p(D) . (5.8)
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Note that π(M) here is the prior probability of the particular model M out of the whole set of
possible models. If there is no reason to prefer one model over the other, we can take this to be
equal for all models considered. What we are interested in is the comparison between two models
M1 and M2. Assuming π(M1) = π(M2) we get

p(M1|D)
p(M2|D) = Z(M1)

Z(M2) = B12. (5.9)

B12 is known as the Bayes’ factor. We will evaluate this quantity to classify the models as favorable
and unfavorable. Our task is to calculate the posteriors for parameters p({θα} |D,M) and the
Bayesian factors B12. For doing this we have to scan the parameter space for calculating the integral
in equation (5.6). There are many ways of doing this, the simplest is a brute force method known
as the grid method. In this method, we scan the entire parameter space using a regular grid. This
is very slow, as we have to devote much computing time for points which have very small likelihood
values. When the dimension of parameter space is high, this process becomes unfeasible. Better
algorithms have been devised for doing this task. What we need to do is to identify the region in the
parameter space which has a higher likelihood and spend more computing time in that region and
not to waste time on the low likelihood regions. The sampling method we use is called the nested
sampling algorithm. The process in detail is described in [119, 120] and an application of Bayesian
model comparison is also described in [121–123]. To summarize we draw N points from a uniform
distribution in the parameter space, then we take out the point ~θl which has the smallest likelihood
Ll. Now we are left with N − 1 points and we store the discarded point. Next we pick up a new
point which has a higher likelihood value than Ll. We repeat these steps till we end up with a good
fit region. For sampling the parameter space we use the MultiNest package [124] which is based on
the nested sampling algorithm interfaced with CosmoMC [61] (see the next subsection).
Jeffreys’ scale [125] classifies the Bayes factors by the strength of evidence. The scale gives

thresholds that correspond to phrasings. Suppose model q is our null hypothesis and the model q′ is
a alternative model, then the original Jeffreys’ book [125] tabulates the grades like Table 5.1. The
Jeffreys’ wording “null hypothesis” means a simpler model which is a subset of the other model i.e.
nested within the other model. The other or new, more complicated model, is called an “alternative”
model. In the null hypothesis model the extra parameters of the alternative model are fixed (often
to zero values). Finding that the data favors non zero values in the alternative model would lead
to a new discovery with new extra parameters. Strictly speaking we can only find evidence against
the null hypothesis, not evidence against the alternative model, or oppositely, the null-hypothesis is
supported if the extra parameters of the alternative model do not show up with the accuracy of the
available data.
In this thesis there is always a clear comparison of the null hypothesis versus alternative model,

so we can take the above-described conservative “Jeffreys’ approach”: 1) In adiabatic versus mixed
isocurvature model, the null hypothesis is the adiabatic model, as the “non-adiabaticity” parameters
have null values. 2) In the model with primordial tensor contribution versus a model without it, the
null hypothesis is the model without tensors, when r0 or ε has a null value. 3) In the comparison
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Table 5.1: A verbal interpretation of various odds (Bqq′) according to [125].

Bqq′ ≡ Pq/Pq′ Bf ≡ lnBqq′ Interpretation
>1 >0 “Null hypothesis q supported”
1:3.16 ... 1:1 -1.15 ... 0 “Evidence against q, but not

worth more than a bare mention”
1:10 ... 1:3.16 -2.72 ... -1.15 “Evidence against q substantial”
1:31.6 ... 1:10 -3.45 ... -2.72 “Evidence against q strong”
1:100 ... 1:31 -4.61 ... -3.45 “Evidence against q very strong”
<1:100 <-4.61 “Evidence against q decisive”

of CMB lensing versus a model without it, the number of non zero parameters is the same. In the
model with lensing, the lensing potential modifies the unlensed C` spectrum, and we take the model
without lensing to be the null hypothesis. 4) In the generally correlated versus fully (anti)correlated
model or scale free model versus models with free spectral index, the null hypothesis is the one with
fewer free parameters.
In the appendix of [120] you can find a brief summary of Bayesian model comparison, calculation

of evidence, i.e., the model probability P = Z, the sampling method, and MultiNest. For a review
of Bayesian cosmology, see [121].

5.2.2 Computer Codes for Numerical Calculations

Only a numerical computation can resolve the cosmological parameter combination, or model, that
best fits the observed cosmological data. The calculation gets heavy if one needs to characterize
posterior probability density functions or compare models. Below I will list the codes that we have
used, as basis for our special application of constraining isocurvature perturbations.

CosmoMC and Camb

CosmoMC is a Fortran 2003/2008 Markov-Chain Monte-Carlo (MCMC) code to study cosmological
parameter space. We used CosmoMC [61] to sample the cosmological parameter space against
the Planck data. For WMAP data we used CosmoMC combined with MultiNest described below.
CosmoMC in turn works with Camb [83]. Camb calculates numerically the theoretical power spectra
from the given cosmological parameters. The camb notes [53] are the basis of the calculation and
notation of the thesis. We have made modifications to Camb and CosmoMC codes, so that they can
handle an arbitrarily correlated mixture of adiabatic and isocurvature perturbations.

MultiNest

The MultiNest package [124] is based on an efficient variant of the nested sampling algorithm. We
have adopted MultiNest to calculate the Bayesian evidences. With the same MultiNest runs we have
also executed the full parameter scans for posterior probability density functions.
The nested sampling algorithm, introduced by [119], has been applied to cosmology first by [126] in

a simple case. The sampling technique has been refined by [127] and [128] to minimize the required
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number of likelihood evaluations and to improve efficiency for multi-modal posterior distributions
and strongly curved parameter degeneracies. Lately, a still more robust and efficient code has been
released by [124, 129] for applications in cosmology, astronomy and particle physics. The package is
publicly available from http://ccpforge.cse.rl.ac.uk/gf/project/multinest/. It contains an interface
for the Camb/CosmoMC cosmology code [61,83] that we then actually have modified, as mentioned
above.
The MultiNest has three tuning parameters: the tolerance (accuracy), the number of live points

N , and the maximum efficiency e, which sets how fast to reduce the parameter space volume per
iteration. In our runs with WMAP data, we set the efficiency parameter in MultiNest to 0.3, the
tolerance parameter to 0.5, and the number of live points to N = 400. With the above settings the
error estimate for the logarithm of the total model probability was |δ lnZ| = 0.20 – 0.26. When
comparing model q to model q′, the logarithm of the Bayes factor Bf , i.e., the logarithm of the ratio
of the model probabilities,

Bf ≡ lnBqq′ = ∆ lnZ = ln(Zq/Zq′), (5.10)

thus has uncertainty δBf ≈ ±0.4. Differently from MultiNest, CosmoMC needs some initial as-
sumption on parameter relations when the sampler proposes changes in the parameters to better fit
the model to the data. This initial setting ’proposal matrix’ (approximate covariance matrix for the
parameters) is difficult to find. Thus MultiNest is in many cases easier and faster to use and leads to
more robust results. Also MultiNest can tackle complicated shapes of likelihood surfaces, (see also
[100, 130] for a similar argument in the case of inflationary reconstruction). So our insight is that
MultiNest is very well suited for analyses of isocurvature modes.

5.2.3 Computer System, CSC, Numerics

The cosmological parameter estimation for WMAP CMB data combined with the assumption of
flat ΛCDM-cosmology results in only a moderate challenge for an ordinary computer. Adding extra
isocurvature parameters makes the challenge a factor of a few heavier. Then swapping the WMAP-
data to high resolution Planck-data, with 11 nuisance parameters related to foreground astrophysics,
makes the challenge one order of magnitude more laborious. So the numerical calculations were
a serious challenge and few million CPU hours were used altogether during the course of making
the publications. Fortunately the computing resources of CSC - Scientific Computing Ltd (Finland)
allowed massive parallel computing with their Louhi supercomputer. In 2013 Louhi was replaced by
the Sisu supercomputer and most of the Planck computations were done with Sisu. Louhi was a
Cray XT4/XT5 Massively Parallel Processor (MPP) supercomputer. The Cray XT4 facility contained
4048 compute cores in 1012 compute nodes and the Cray XT5 part contained 6816 compute cores
in 852 compute nodes. Sisu is a Cray XC30, and has in total 11776 cores for computing, provided
by 1472, 8-core Intel (Xeon) Sandy Bridge (E5-2670, 64bits) processors, located in 736 compute
nodes.

http://ccpforge.cse.rl.ac.uk/gf/project/multinest/


Chapter 6

Results

This chapter summarizes the results. The results are not discussed paper by paper, instead I have
generated a synthesis of all the main findings in the papers. To get a general view Fig. 6.1 shows
schematically how the analysis is actually divided to the papers A, B and C. The used cosmological
model, parametrization, data sets and special assumptions such as including tensors or lensing are
indicated. Throughout this chapter the CMB data called WMAP means WMAP 7-year or WMAP
9-year CMB data combined with additional ground based CMB data, and Planck means Planck CMB
temperature data combined with WMAP 9-year polarization data.
Papers A and B use the WMAP data, paper C the Planck data. Only paper A uses also SN and BAO

data in combination with CMB data, and tests the effect of lensing. In paper A only CDI perturbations
are analyzed whereas in papers B and C also NDI and NVI perturbations are studied. Papers A and
B test also models with tensors, use amplitude and slow roll parametrizations, whereas paper C uses
only amplitude parametrization and analysis is always without tensor perturbations. Also variants
of mixtures of adiabatic and isocurvature perturbations, such as fully correlated, anticorrelated or
uncorrelated isocurvature have been adapted differently in the analysis of the papers.

6.1 Synthesis from the Papers A, B and C

6.1.1 CMB Lensing and Tensor Perturbations

Lensing: Bayesian evidence and degeneracy with isocurvature

In paper A we use our code for the first time with CMB lensing, so it is studied, what effect the
lensing has when applied in the generally mixed adiabatic and CDI perturbations case. Runs without
lensing are by a factor of 4–10 faster. Lensing has only a minor effect on the 1-d posterior probability
densities with WMAP data. However, the best-fit χ2 improves a lot when allowing for lensing
(∆χ2 ≈ −8 in the adiabatic case, −6 in the mixed adiabatic and CDI case) and, as expected,
we find moderate Bayesian evidence against the unlensed models. For example, in the amplitude
parametrization and with the adiabatic model we get for the odds Punlensed/Plensed = 1 : 110. In the
mixed model the odds against the unlensed model are less overwhelming: Punlensed/Plensed = 1 : 27.
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Figure 6.1: Content of the papers A, B and C. The data, cosmological models and parametrization
per paper are shown. CDI, NDI and NVI labels indicate which isocurvature component is modeled
in each case.
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The reason for this difference is that the amplitude parametrization favors large isocurvature spectral
indices (niso & 2) so the isocurvature and correlation contribution affect rather uniformly the whole
C` spectrum [91]. At high multipoles the isocurvature (and correlation) components are able to
“fill” dips and “eat” peaks of the adiabatic spectrum as they are almost in opposite phase. Hence
the isocurvature component can smear the total C` spectrum compared to the pure adiabatic case
and this the data seem to favor. The CMB lensing has a similar smearing effect. Therefore, there
is a degeneracy between lensing and isocurvature, and the Bayesian evidence against “no lensing”
is weaker in the mixed model. In conclusion all runs should be made with CMB lensing as the
comparison of models and subsequent conclusions may depend on lensing. Consequently in all three
papers the runs are made with CMB lensing although it increases the calculation time considerably.

Tensor Perturbations

The tensor perturbation contribution has minimal effect to the results on isocurvature perturbations
and vice versa. The maximum allowed primordial tensor-to-scalar ratio, r0, does not vary much if
CDI is allowed or not: r0 < 0.249 in the mixed model and r0 < 0.264 in the pure adiabatic model
at 95% C.L for WMAP-7. This is due to the consistency relation: the tensors have a red spectrum
(nT < 0), whereas the CDI perturbations in our phenomenological approach have a steeply blue
spectrum. Now the two adjustable parameter sets, tensor and CDI, fit mainly two non overlapping
scale ranges of the data. The slight tightening of the r0 constraint in the mixed model arise from
the use of the consistency relation nT = −r/[8(1− |γ|)]. With fixed r0 the mixed model has more
negative nT (whenever γ 6= 0) than the adiabatic model, hence the r0 value in the mixed model have
a larger effect on large scales (where the constraint on tensor contribution comes from). This has
been noticed also by [96]. In paper B we use a flat prior for r̃0, the ratio of the tensor perturbation
power to curvature perturbation power at horizon exit during inflation, as defined in equation (3.25).
With r̃0 as a primary parameter, the effect discussed above is avoided.
Testing the CDI model with WMAP-7, we find that the Bayesian model comparison supports the

model without a tensor contribution: in the mixed model the odds are Pno tensors/Ptensors = 7 : 1,
and in the adiabatic model 11 : 3 ≈ 3.7 : 1 in support of the model without tensors. So there is no
evidence for the presence of tensor perturbations. The model with primordial tensor perturbations
is chosen as our baseline case anyway for papers A and B. Two considerations motivate the tensor
model: 1) Inflationary models include tensor perturbations inherently, thus the comparison of the
slow-roll model and the phenomenological model is more straightforward with tensor perturbations
allowed for both models or parametrizations. 2) We have a well motivated theoretical prior that the
tensor perturbations exist, but the amplitude may be much smaller than our “guessed” flat prior
r0 < 0.75. So, what we find above is only that the model without tensors (r0 = 0) is supported over
the model with r0 ∼ O(0.3)1.

1This conclusion is based on the WMAP, ACBAR, and QUaD temperature and polarization data, as well as on the
Planck temperature data. Note, however, that while this thesis was under review the BICEP2 [131] results indicated
significant B-mode polarization power at multipoles ` ∼ 50 − 200, which might be due to the primordial tensor
contribution of the order of r ∼ 0.1− 0.2.
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Figure 6.2: The effect of priors. Priors (dashed) and posteriors (solid) of selected derived parame-
ters, and posteriors divided by priors (dot-dashed) in CDI model. The red color is for the amplitude
parametrization and the black for the slow-roll parametrization.

In the slow-roll parametrization and WMAP-7 the odds for the adiabatic model compared to the
mixed model in the slow-roll parametrization are 24 : 1 with tensors, and 80 : 1 without tensors, in
support of the adiabatic model. In the adiabatic model, with our priors for the slow-roll parameters,
we find again support for the model without tensor contribution, Pno tensors/Ptensors = 9 : 1. In the
mixed models this changes to Pno tensors/Ptensors = 2.8 : 1.

6.1.2 Characteristics of the Models

Priors of derived parameters

We assume uniform (flat) prior probabilities for our chosen set of independent primary parameters.
The prior is then not necessarily flat for the derived parameters, and hence the posterior of the
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Figure 6.3: Typical temperature angular power spectra of well-fitting mixed models with a
non-negligible non-adiabatic contribution. Model I (αT = +0.025) is from our CDI amplitude
parametrization "correlated adiabatic" runs and Model II (αT = −0.049) from our CDI slow-roll
parametrization runs. Both models are within ∆χ2 ≈ 4 from the best-fit adiabatic model for
WMAP-7 data. Solid black curves are for the total lensed `(` + 1)C`/(2π), the solid red for the
adiabatic contribution, the solid green for the positive non-adiabatic contribution, the dashed green
for the negative non-adiabatic contribution, and the dotted black for the tensor contribution.

derived parameters could be biased by the prior. We checked that this is not the case for the derived
parameters reported in our papers. Fig. 6.2 shows the prior in amplitude ("correlated adiabatic") and
slow-roll parametrizations for the derived parameters of interest. Also the posterior divided by the
prior is given, to indicate how the results for derived parameters would look with a flat prior for them.
The prior is almost flat in the region of the peak of the posterior for all of our derived parameters
(including the isocurvature parameters), except niso. The CMB data do not constrain niso, so a
flat wide range prior for it would lead to very large values being “preferred” [91, 132], niso ∼ 3–7
depending on the chosen pivot scale. The amplitude parametrization leads naturally to a prior that
excludes models with niso & 3.5, see Fig. 6.2, and the slow-roll parametrization limits niso close to
one.

Typical spectra in amplitude and slow-roll parametrizations

Fig. 6.3 shows the temperature C` spectra of two example models: Model I is found from our
CDI amplitude parametrization "correlated adiabatic" runs and has roughly the maximum 95% C.L.
allowed primordial non-adiabatic contribution at scale k2 (αcor2 = 0.42). Model II is from the
CDI slow-roll parametrization run and has roughly the maximum allowed negative nonadiabatic
contribution at k1 (αcor1 = −0.11). The models represent typical features of well-fitting mixed
models in amplitude and slow-roll parametrizations, for WMAP data. Note that slow-roll have lower
large scale amplitude. In amplitude parametrization the correlation is positive for low-`, whereas for
slow-roll it is negative and much larger. The high-` amplitudes for correlated part are smaller for



68 Results

slow-roll.

6.1.3 Phenomenological Approach for CDI, NDI and NVI

Constraints from WMAP

For the NDI and CDI modes a positive correlation is preferred, whereas in the NVI mode, a negative
correlation is preferred. This can be understood by the temperature angular power spectra of Fig.3.1.
The first acoustic peaks of CDI and NDI modes are to the right of the first acoustic peak of the
adiabatic case, whereas for the NVI mode the peak is slightly to the left. In the CDI case the WMAP
data prefer minimizing the CDI contribution everywhere [91, 120, 133]. Due to `−2 damping of the
CDI mode compared to the adiabatic mode (see again Fig.3.1), the isocurvature contribution is evenly
minimized with a relatively large niso. With WMAP-9 the median of the posterior probability density
function (pdf) for CDI is niso = 2.05. For the CDI mode, as well as for the NDI mode, the correlation
component can push the first acoustic peak to the right compared to the pure adiabatic case (which
fits the data well). To push the peak back toward the left (in order to fit the data ) we need in these
models a larger sound horizon angle. As explained, e.g., in [91,120,133] this leads to a larger Hubble
parameter H0, a larger ΩΛ, and a smaller ωc than in the pure adiabatic model, since we are studying
models with a flat spatial geometry (Ωtot = 1). In contrast to CDI and NDI, positively correlated
NVI could move the first acoustic peak to the left compared to the pure adiabatic model. However,
a negative NVI correlation works in the opposite way, and hence leads to a very similar effect as the
positive correlation in the NDI and CDI cases. Then the probability distribution functions (pdfs) of
the primary background parameters ωc, θ, and τ , as well as the derived parameters ΩΛ and H0 are
very similar in all the mixed models, whereas the pdfs of γ1,2,0 for the mixed NVI model are rough
mirror images of those of the mixed NDI and CDI models (compare the dashed curves of γk=0.05 in
Fig. 6.5, 6.6, and 6.7). The constraints on the primordial isocurvature fraction are tightest for the
CDI on large scales and weakest on small scales. This is reflected in the derived parameter niso. A
nearly scale-invariant spectrum is preferred in the NVI case.
If the correlation parameter γ is not zero or close to zero, the primordial deviation from pure adia-

baticity is best described by the primordial correlation amplitude αcor. We find at k0 = 0.01Mpc−1

a constraint −0.08 < αcor0 < 0.18 for NDI, −0.16 < αcor0 < −0.03 for NVI, and −0.08 < αcor0 <

0.15 for CDI at 95% C.L. For the primordial isocurvature fraction the corresponding numbers are
α0 < 0.14 (NDI), 0.10 (NVI), and 0.10 (CDI). The WMAP data do not show any preference for
the mixed models: all the posterior pdfs of the primordial isocurvature fraction α peak around zero.
The best-fitting isocurvature models improve the χ2 less than the number of the extra parameters
introduced if compared to the adiabatic model.
Neutrino isocurvature modes allow a larger non-adiabatic contribution to the CMB temperature

variance, αT , than the CDI mode. This is due to the C` peak structure of NDI contribution that
is better in-phase with the adiabatic contribution as seen in Fig. 3.1. Also, in the CDI case the
correlation component Ccor

` keeps changing its sign as a function of multipole, resulting in some
cancellations in the summation over ` in equation (3.14). This may lead to a smaller non-adiabatic
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contribution to the total CMB temperature variance than to the individual multipoles in the CDI
case. The 95% C.L. constraints are −5% < αT < 10% (NDI), −13% < αT < −1% (NVI), and
−3% < αT < 5% (CDI). The very similar acoustic peak structures of the NVI and adiabatic modes
may explain why the adiabatic case is not within the 95% C.L. interval of the NVI case: the NVI
mode is the most difficult to distinguish from the adiabatic one. However, as given above, the pdf
of the primordial isocurvature fraction is large at zero even in the NVI case.
Fig. 6.4 shows the effect of the r̃ parametrization on the posterior pdfs of γ1,2,0 and r0 (which

in the r̃ parametrization is a derived parameter). The constraints on r0 are not much affected, but
in the r̃ parametrization the values of γ are constrained by the data, not by the unphysical prior of
the derived parameter nT (tensor spectral index). The constraints on γ are now weaker than those
presented in paper A for the CDI case with WMAP-7 or those presented in [96] for the NDI, NVI,
and CDI cases with WMAP-9 data. The posterior pdfs of other parameters than γ or r are also
affected to some extent, e.g., we obtain slightly tighter constraints on the isocurvature fraction in
the new parametrization (since larger correlation fractions are allowed and hence a fixed α leads to
a larger non-adiabatic contribution). The betting odds in favor of the pure adiabatic model against
the mixed models are roughly 100 : 1.

Constraints from Planck

We investigate also the three isocurvature modes CDI, NDI, and NVI in the ΛCDM scenario with
Planck data. The nonadiabatic contribution to the temperature variance can be up to 7% (9%,
5%) in the CDI (NDI, NVI) model (95% CL). For ` ≤ 40, the Planck data points on average have
a slightly smaller amplitude than in the best-fitting adiabatic ΛCDM model. Thus the data prefer
anticorrelated isocurvature modes, as these reduce amplitude of the Sachs-Wolfe plateau decreasing
χ2 by up to 4.6. Therefore the negative non-adiabatic contribution to the CMB temperature variance
from the range ` = 2...20 can be preferable.
For CDI and NDI the constraints are mainly driven by the low `’s, as the amplitude of the acoustic

peaks quickly decreases with increasing ` and already low-` data alone do not allow huge spectral
indices. Now as the same value of the primordial amplitude PS1 leads to different Sachs Wolfe
plateau amplitudes for these isocurvature models (see Fig.3.1), also the bounds on PS1 and CSR1

are different; consistently stronger for CDI than for NDI. For NVI, the acoustic peak amplitude is
larger than the plateau amplitude and thus the data cannot allow a too large amplitude of correlated
NVI modes at small `. Hence in the NVI case we obtain slightly stronger constraints and a smaller
reduction of the effective χ2. The fact that the data allows for models with a significant contribution
from CDI or NDI modes should be interpreted with care. The preference of these models is driven by
a small deficit of amplitude in the Sachs-Wolfe plateau, that could have several different explanations.
However, multi-field inflationary scenarios can produce an anticorrelated mixture of curvature and
isocurvature fluctuations which we have found to provide a good fit to the Planck data.
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Figure 6.4: Comparison of parametrizing the tensor contribution by the tensor-to-scalar
ratio at the horizon exit (r̃) and by the primordial tensor-to-scalar ratio (r) in the amplitude
parametrization "correlated adiabatic". Marginalized 1-d posterior pdfs of correlation amplitudes
γ1, γ2, γ0, and the tensor-to-scalar ratio r0 (the ratio of the tensor perturbation power to total
curvature perturbation power at primordial time) in the mixed NDI (top four panels), NVI (middle
four panels) and CDI (bottom four panels) models. Solid lines and the dashed orange line are obtained
with r̃0 (the ratio of the tensor perturbation power to curvature perturbation power at horizon exit
during inflation) as a primary parameter (and with a uniform prior on it). The dot-dashed red lines
are obtained with r0 as a primary parameter.
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6.1.4 Two-field Inflation Approach — Slow-roll Parametrization for NDI and CDI

Constraints from WMAP

The slow-roll parametrization forces the power spectra, including the isocurvature and correlation
spectra, to be nearly scale-invariant. Thus in the slow-roll parametrization the CDI and NDI modes
can significantly modify only the low-` part of the C` spectrum (see Fig. 2.3, model II). The difference
of results between slow-roll and phenomenological parametrizations is most dramatic for CDI, and
moderate for NDI. The constraints are tighter than in the phenomenological approach: now −0.04 <
αcor0 < 0.15, α0 < 0.06 (NDI), and −0.08 < αcor0 < 0.10, α0 < 0.03 (CDI). However for NVI the
slow-roll and phenomenological (niso ∼ 1.15) approaches lead to almost identical results.
In the slow-roll parametrization the NDI and CDI models prefer, for most of the parameters, values

that are in between the preferred values of the pure adiabatic case and the amplitude parametriza-
tion. The near scale-invariance of the primordial isocurvature spectrum prevents any significant
non-adiabatic contribution to the acoustic peak structure, so the high-` part of angular power spec-
trum is left virtually “adiabatic”.
The data prefer a positive correlation for the NDI model, like it did in the phenomenological

parametrization. The nearly scale-invariant NDI mode is able to modify the first acoustic peak almost
the same way as in the amplitude parametrization (with niso ∼ 1.45) if the correlation fraction is
large enough. Thus, in the slow-roll parametrization larger correlation fractions are favored and the
pdf of γ0 peaks at one, i.e., at the full correlation. Also the tensor-to-scalar ratio, r0, is constrained
more tightly in the slow-roll parametrization, since the positive correlation adds power at low-`. Thus
there is less room for the tensor contribution which would also add power at low-`. For the CDI
mode, while positive correlation was clearly preferred in the amplitude parametrization, now any
correlation fraction γ0 between −1 and +1 is allowed. In the slow-roll parametrization the correlated
CDI only adds or reduces some power to low-` range, which is dominated by cosmic variance, so the
data are insensitive to the sign of correlation. Thus, for example, the parameters αcor0 and αT just
reflect the uncertainty caused by the cosmic variance, and their pdf is almost symmetric around zero.
In all cases the slow-roll parameter ε was well constrained, while the three ηij were unconstrained

or only poorly constrained, except ησσ in the adiabatic case where it is just the η. The (un)observed
tensor contribution constrains ε, naturally, but also the formulae for spectral indices limit it. From
the first line of Eq. (3.28) it is obvious that a large value of ε, close to the upper bound (0.075) of our
chosen prior range, would lead to a too red-tilted adiabatic spectrum, that cannot be compensated
by the blue-tilted isocurvature spectrum at high-`, since the third line of Eq. (3.28) gives 0.70 <

niso < 1.15.
The betting odds in favor of the adiabatic model are 13 : 1 against NDI, and 51 : 1 against CDI.

So the mixed NDI case is not overwhelmingly disfavored by the Bayesian model comparison in the
slow-roll approach.
With the Planck data we did not use the slow-roll parametrization.
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6.1.5 Special Cases

Constraints from WMAP

Uncorrelated (γ = 0) and maximally correlated (γ = 1) or anticorrelated (γ = −1) cases are
studied in this subsection. The uncorrelated model has only two extra parameters compared to
the “standard” adiabatic ΛCDM model. In the maximally correlated cases there is an inherent
assumption that the adiabatic and isocurvature spectra have the same shape (paper B). This, in the
amplitude parametrization, further reduces the number of parameters by one, leading to only one
extra parameter. In the slow-roll parametrization the same shape of spectra follows directly from the
second and third lines of Eq. (3.28) since tan∆ = 0, when |γ| = 1(⇒ |cos∆| = 1⇒ sin∆ = 0).

Uncorrelated case for NDI, NVI, and CDI

The Pas(k) spectrum is not present in the uncorrelated case, so we have only nine independent
parameters: the four background parameters ωb , ωc , θ , τ , and five perturbation parameters
lnA2

0 , nar , α0 , niso , r0 , where

nar = 1− 6ε+ 2ησσ
niso = 1− 2ε+ 2ηss
r0 = 16ε . (6.1)

The primary perturbation parameters in the amplitude parametrization "correlated adiabatic" are
lnA2

1 , lnA2
2 , α1 , α2 , r̃0 = r0 , and in the slow-roll parametrization lnA2

0 , α0 , ησσ , ηss , ε .

A much larger value of the primordial isocurvature fraction (α1,2,0) is allowed by the data in the
uncorrelated case than in the generally correlated case (or in the maximally correlated cases γ = ±1
discussed later). This remark is valid for all scales and in all cases. In the uncorrelated case the only
difference with respect to the adiabatic spectrum comes from the isocurvature itself, whereas in the
other models the main non-adiabatic effect comes from the correlation that has a larger contribution
to C`. Thus smaller primordial fractions can be accommodated by the WMAP data for correlated
models. However, since the acoustic peak structure of the isocurvature component is more off-
phase from the adiabatic one than the correlation component, the resulting allowed non-adiabatic
contribution, |αT |, to the observed CMB temperature variance is smaller in all uncorrelated cases
than in the general cases.
In the uncorrelated NDI and CDI cases the slow-roll parameter ηss remains unconstrained since

there is no detection of an isocurvature component. A small isocurvature contribution at low-` is
allowed by the data in particular due to cosmic variance and the nearly scale invariant spectrum
(due to our chosen priors of the slow-roll parameters). The parameters ησσ and ε are constrained
equally well as in the adiabatic case. Since r0 is simply 16 times ε, there is a tight constraint on the
tensor-to-scalar ratio. We find that r0 < 0.25 for the both NDI and CDI uncorrelated cases, while
the pure adiabatic case leads to r0 < 0.31 at 95% C.L. The tightening of the constraint on r0 is
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natural, since the uncorrelated isocurvature component add power at low-` leaving less room for the
tensor contribution.
The betting odds in favor of the adiabatic model are 3.4, 16, 5.2, 3.5, and 16 : 1 when compared to

the NDI (ampl. par.), NVI (ampl. par.), CDI (ampl. par.), NDI (slow-roll), CDI (slow-roll), respec-
tively. Indeed the uncorrelated mixed NDI model in amplitude parametrization is the least disfavored
isocurvature model compared to the adiabatic model in terms of Bayesian model comparison.

Maximally (anti)correlated NDI or CDI

The Par(k) spectrum is not present in the fully correlated cases. No tensor perturbations are as-
sumed as in these models the perturbations arise later out of second field, when the second field
is dominating the energy density of the universe. Then inflaton field perturbations and the related
tensor perturbations are negligible. We can see this also from equation (3.25), when |γ| = 1 any
r̃ at horizon exit results zero primordial r. According to Eq. (3.28), the two-field slow-roll inflation
gives

nas = niso = 1 + 2(ηss − ε) . (6.2)

There is no observational limit to ε, since, whatever ε is, these models lead to zero tensor contribution.
We can only constrain the combination ηss − ε, not ηss and ε separately. To make the comparison
of amplitude parametrization "correlated adiabatic" results to slow-roll results more straightforward,
we assume nas = niso also in the amplitude parametrization (paper B). The number of parameters in
both parametrizations are then the same, and the Bayesian model comparison is clear (note that in
paper A we had a different approach, see Fig. 6.1). We have now only seven independent parameters:
background parameters ωb , ωc , θ , τ , and three perturbation parameters lnA2

0 , niso = nas , α0 .

Since nas = niso (and the “ar” component is missing), the primordial isocurvature fraction is scale
independent, α = α1,2 = α0. The primary perturbation parameters in the amplitude parametrization
are lnA2

1 , lnA2
2 , α1 (= α2), and in the slow-roll parametrization lnA2

0 , α0 , ηss − ε .
We do not study the mixed NVI model with maximal (anti)correlation, as they likely originate

from a very different epoch of the evolution of the universe and thus any physical mechanism that
would lead to a correlation between NVI and adiabatic perturbations is unlikely.
In the amplitude parametrization the isocurvature fraction α is very tightly constrained for both

the NDI and CDI cases, γ = ±1. The 95% C.L. limits for NDI are α < 0.0303 and α < 0.0093 for
γ = +1 and γ = −1, respectively. As the data constrains the adiabatic spectrum to be nearly scale
invariant, and as niso = nas, the slow-roll parametrization gives very similar results, α < 0.0280 and
α < 0.0104 for γ = +1 and γ = −1, respectively. The tight constraints in the maximally correlated
cases are expected as a fixed value of α leads to a much larger non-adiabatic contribution than in
the partially correlated cases. When the maximal correlation has the same sign that was preferred
in the general case, the constraints on αcor0 and αT are very similar in the maximally correlated and
generally correlated models. The only “slow-roll parameter” of the maximally correlated cases, the
combination ηss − ε, is also well constrained.
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The Bayesian evidences for the maximally correlated models are in all cases worse than for the
uncorrelated models where we found the best evidences compared to the adiabatic model.

Constraints from Planck

Like in the general case, maximally anti-correlated isocurvature perturbations slightly improve the
fit to Planck data. In the following subsections the implications of our results for two important
scenarios, the axion and curvaton scenarios are considered.

Constraints on uncorrelated isocurvature (axion)

Within the general parametrization "total adiabatic" presented in section 3.3, we can select the axion
case by setting CSR1,2 = 0. In addition we set PS2 = PS1, corresponding to niso = 1. There are now
three independent parameters, PR1,2, PS1, with uniform prior distributions. The fraction α(k) with
k = 0.05 Mpc−1 is a derived parameter. Since the data constrain α� 1, the relation between α and
PS1 is nearly linear, so also the primordial isocurvature fraction is sampled with a close-to-uniform
prior. We find α < 0.039 (95% C.L.), at the scale kmid = 0.05 Mpc−1, with a best-fit value
of zero. There is no evidence for axion-generated isocurvature perturbations. This limit improves
the earlier CMB bounds: at the scale klow = 0.002 Mpc−1, Planck result reads α < 0.036, to be
compared with α < 0.15 for WMAP 9-year alone [2], or α < 0.061 for WMAP+ACT+SPT at 95%
C.L. [134].

Constraints on maximally correlated isocurvature (curvaton)

Of all the many possible curvaton scenarios [105, 135–139], we now focus on the simple version
where the curvaton decays into CDM particles while contributing a non-negligible fraction R =

3ρcurvaton
3ρcurvaton+4ρradiation

to the total energy density of the universe. If the curvaton dominates at decay
time (R = 1), all curvature perturbations arise from that, similarly to a single source pure adiabatic
mode. If R < 1, curvaton fluctuations are only partially converted into adiabatic perturbations,
while CDM particles carry CDI perturbations, that are fully correlated with the adiabatic ones since
they share a common origin. Recall that with our conventions, “fully correlated” means that the
cross-correlation term brings a positive contribution to the Sachs-Wolfe component of the total
temperature spectrum.
The best-fit model is the pure adiabatic case, and the upper bound α < 0.0025 (95% CL,

Planck+WP) is scale independent, as the adiabatic and isocurvature spectral indices were assumed
to be equal. This is a significantly tighter constraint than the WMAP 9-year bounds, α < 0.011 for
WMAP 9-year alone [2], or α < 0.0076 for WMAP+ACT+SPT at 95% C.L. [134]. From the bound
for α one can conclude that the curvaton should decay only when it dominates the energy density
of the Universe, with R > 0.983 (see equation (4.7) with γ = 1, i.e., λ−1 = 0).
The local non-linearity parameter, describing deviation from Gaussian statistics, for the curvaton

model above is f local
NL = 5

4R −
5
3 −

5R
6 [140–142], assuming a quadratic potential for the curvaton
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field and sudden, i.e., instantaneous decay of curvaton [142]. In the pure adiabatic case (R = 1) this
leads to f local

NL = −5/4. The constraint 0.98 < R < 1 then corresponds to −1.25 < f local
NL < −1.21.

Taking into account the Planck result f local
NL = 2.7 ± 5.8 [143], we conclude that the Planck data

are consistent with the scenario where the curvaton decays into CDM when it dominates the energy
density of the Universe, and its fluctuations are almost entirely converted into adiabatic ones.

6.1.6 The General CDI Case with Additional Data

After using WMAP-7 and other CMB data alone, we included in the analysis the supernova (SN)
[116] or matter power spectrum (MPK) [117] data one at a time. The additional data exclude those
mixed CDI models that have a large ΩΛ. These models, in the phenomenological approach, have
a large positive nonadiabatic contribution. Therefore, by constraining the background parameters
closer to the “adiabatic values”, the positive non-adiabatic contribution gets indirectly constrained
tighter than with the WMAP data alone: the upper limit for αT changes from 4.9% (WMAP) to
4.2% (WMAP and SN) or to 2.4% (WMAP and MPK).
In the slow-roll approach the additional data have a smaller effect. The additional data prefer a

smaller ΩΛ than the WMAP data in the adiabatic model. The isocurvature contribution in the slow-
roll approach pulls ΩΛ in the same direction. Including the additional data makes the mixed model
more favorable than with the WMAP data alone. The upper limit to the CDI fraction relaxes from
α0 < 0.026 (WMAP) to 0.032 (WMAP and SN) or to 0.034 (WMAP and MPK). The preference for
small ΩΛ leads to a very strong preference for a negative non-adiabatic contribution. Thus the 95%
C.L. range for αT in the slow-roll parametrization changes from αT ∈ (−5.8%, 4.5%) with WMAP
to (−5.6%, 3.0%) with WMAP and SN or to (−6.3%,−0.8%) with WMAP and MPK. So, in the
slow-roll parametrization the MPK data exclude a positive non-adiabatic contribution with more than
95% C.L.
For most of the parameters, the WMAP+SN results are in between the WMAP-alone results

and the WMAP+MPK results. The SN data constrain ΩΛ only mildly and are in relatively good
agreement with the WMAP data. On the contrary, the MPK data prefer a significantly smaller ΩΛ

(larger Ωm) than the WMAP data [117, 118].
In the slow-roll parametrization the isocurvature perturbations are almost scale-invariant, thus

only a small amplitude is allowed by the large-scale WMAP data. Accordingly, in the slow-roll
parametrization, the isocurvature perturbations are not able to modify the matter power spectrum.
So the MPK constraints on non-adiabaticity come indirectly through background constraints. In
contrast, in the phenomenological approach, where the CMB allows large primordial isocurvature
and correlation components on small scales, the slope of the matter power spectrum at large k could
be affected [91, 132] by the correlation component. The exact overall shape is not known due to the
nonlinear effects, so we would not expect tight extra constraints from it, but instead from the phase
and amplitude of the baryon acoustic oscillations (BAO). Primordial isocurvature perturbations of the
same amplitude as the adiabatic ones lead to 20 – 150 times smaller matter power spectrum over the
presently observable scales. For correlated component the difference is smaller, but still, to set direct
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phenomenological 
parametrization WMAP-7 WMAP-9 Planck CDI

k=0.002 (low) 0.061 [0.064] [0.045] 0.075 alpha
k=0.050 (mid) 0.536 [0.512] [0.38] 0.39 alpha

k=0.01 (-0.072, 0.17) [(-0.088, 0.162)] [(-0.08, 0.15)] alpha_cor
scale independent (-0.093, 0.014) alpha_T^cor
scale independent (-0.021, 0.053) [(-0.03, 0.049)] [(-0.03, 0.05)] (-0.07, 0.02) alpha_T

k=0.002 (low) 0.008 alpha
k=0.050 (mid) 0.41 alpha

scale free (as n_as=n_iso) 0.0148 0.0025 alpha
k=0.01 (0.047, 0.195) alpha_cor

scale free (as n_as=n_iso) (0.01, 0.1206) alpha_cor
scale independent (0, 0.028) alpha_T^cor
scale independent 0.045 (0.0055, 0.0582) 0.03 alpha_T

k=0.002 (low) 0.011 alpha
k=0.050 (mid) 0.033 alpha

scale free (as n_as=n_iso) 0.0073 0.0087 alpha
k=0.01 (-0.114, -0.019) alpha_cor

scale free (as n_as=n_iso) (-0.0852, -0.0063) alpha_cor
scale independent (-0.067, 0) alpha_T^cor
scale independent (-0.088, -0.007) (-0.0532, -0.0035) (-0.06, 0) alpha_T

k=0.002 (low) 0.127 [0.112] [0.1114] 0.036 alpha
k=0.050 (mid) (0.064, 0.608) [(0.075, 0.623)] [0.5012] 0.039 alpha

scale independent (0,0.043) [(0,0.037)] [(0,0.0358)] (0,0.02) alpha_T

WMAP-7 WMAP-9 Planck

Results general CDI, no tensors as default [with tensors]:

Results fully correlated CDI, no tensors:

Results fully anticorrelated CDI, no tensors:

Results uncorrelated CDI, no tensors as default [with tensors ]

Table 6.1: 95% C.L. intervals indicated with (xxxx,yyyy) or 95% C.L. upper limits indicated with
xxxx, for the CDI using WMAP-7, WMAP-9, and Planck data. The phenomenological amplitude
parametrization,"correlated adiabatic" for WMAP and "total adiabatic" for Planck is used, and as a
default tensor perturbations are not allowed (if allowed then indicated with [ ]).

extra constraints on isocurvature, the matter power data should be about an order of magnitude more
accurate. The required accuracy could be within the reach of Euclid [144]. Anyway the future large
scale structure (LSS) surveys will be important in constraining the isocurvature modes by breaking
degeneracies that the CMB leaves between the background parameters and non-adiabaticity.

6.1.7 Summary of Constraints on Isocurvature

The following tables show some isocurvature constraints that are reported in the papers of the thesis
based on CMB data only. As the parameters are defined with slightly different settings in each
paper, the variants (tensors/no tensors, phenomenological/slow-roll parametrization) are indicated
in the table with {} or [ ]. If only one parameter value x is given in the table it means upper limit
for the parameter: parameter value < x, if two numbers are in brackets (x, y) it means range for
the parameter: x < parameter value < y. Table 6.1 gives the 95% C.L. intervals or constraints
for the isocurvature parameters in the CDI model using the phenomenological parametrizations. All
three analyses are shown. Table 6.2 gives the 95% C.L. intervals or constraints for the isocurvature
parameters in CDI model using slow roll parametrization. Slow-roll results are given for WMAP-7
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slow-roll parametrization as 
a default {phenomenological 
parametrization}

WMAP-7 WMAP-9 Planck CDI

k=0.01 0.068 [0.026] [0.0298] alpha
k=0.01 (-0.092, 0.092) [(-0.101, 0.092)] [(-0.0836, 0.1004)] alpha_cor

scale independent {(-0.093, 0.014)} alpha_T^cor
scale independent (-0.050, 0.047) [(-0.058, 0.045)] [(-0.0448, 0.0497)] {(-0.07, 0.02)} alpha_T

k=0.01 0.012 alpha
scale free (as n_as=n_iso) 0.0125 {0.0025} alpha

k=0.01 (0.009, 0.121) alpha_cor
scale free (as n_as=n_iso) (0.0113, 0.1249) alpha_cor

scale independent {(0, 0.028)} alpha_T^cor
scale  independent (0,0.052) (0.0083, 0.0541) {(0,0.03)} alpha_T

k=0.01 0.009 alpha
scale free (as n_as=n_iso) 0.0064 {0.0087} alpha

k=0.01 (-0.099, -0.009) alpha_cor
scale free (as n_as=n_iso) (-0.0871, -0.0076) alpha_cor

scale independent {(-0.067, 0)} alpha_T^cor
scale independent (-0.064, -0.005) (-0.0550, -0.0043) {(-0.06, 0)} alpha_T

k=0.01 0.125 [0.110] [0.1171] alpha
k=0.050, n_iso=1 {0.039} alpha

- - - alpha_cor
scale independent 0.041 [0.039] [0.0404] {0.02} alpha_T

WMAP-7 WMAP-9 Planck

Results general CDI, no tensors as default [with tensors]:

Results fully correlated CDI, no tensors:

Results fully anticorrelated CDI, no tensors:

Results uncorrelated CDI, no tensors as default [with tensors]

Table 6.2: 95% C.L. intervals indicated with (xxxx,yyyy) or 95% C.L. upper limits indicated with
xxxx, for CDI using WMAP-7, WMAP-9, and Planck data. Slow-roll parametrization is used for
WMAP (but the phenomenological amplitude parametrization "total adiabatic" for Planck indicated
with { }), and as a default tensor perturbations are not allowed (if allowed then indicated with [ ]).

and WMAP-9 data, Planck results in the phenomenological "total adiabatic" parametrization are
just for comparison. Tables 6.3 and 6.4 give the constraints for the NDI and NVI models with the
WMAP-9 and Planck data.

6.2 Comparison

6.2.1 Older Results

Soon after COBE [145], in the mid 1990s, the earliest constraints on isocurvature were obtained by
several studies [146–149]. The firm observation of the first acoustic peak in the CMB by Boomerang
[150] and Maxima [151] in the year 2000, enabled the setting of tight observational constraints on
isocurvature [152]. Before WMAP, several constraints were derived, e.g., in the studies [101, 139,
153, 154]. Finally a pure CDI perturbation even in a spatially curved universe was ruled out [86].
Constraints from the Boomerang 2003 flight were derived in [155] and from the Cosmic Background
Imager (CBI) observations in [156]. The WMAP first-year data [157] were used by several studies
[87–91, 106, 158–168] to constrain various mixtures of adiabatic and isocurvature perturbations in a
spatially flat universe.
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phenomenological 
parametrization as a default 
{slow-roll parametrization}

WMAP-9 {WMAP-9} Planck NDI

k=0.01 [0.1414] {[0.0568]} alpha
k=0.002 (low) [0.098] 0.27 alpha
k=0.050 (mid) [0.2713] 0.27 alpha
k=0.10 (high) 0.32 alpha

k=0.01 [(-0.0824, 0.1808)] {[(-0.0424, 0.1535)]} alpha_cor
scale independent (-0.18, 0.0) alpha_T^cor
scale independent [(-0.0486, 0.1028)] {[(-0.0222, 0.0840)]} (-0.09, 0.01) alpha_T

scale free (as n_as=n_iso) 0.0303 {0.028} alpha
scale free (as n_as=n_iso) (0.0184, 0.1713) {(0.0194, 0.1649)} alpha_cor

scale independent (0.0104, 0.0916) {(0.0110, 0.0881)} alpha_T

scale free (as n_as=n_iso) 0.0093 {0.0104} alpha
scale free (as n_as=n_iso) (-0.0960, -0.0067) {(-0.1015, -0061)} alpha_cor

scale independent (-0.0593, -0.0039) {(-0.0623, -0.0035)} alpha_T

k=0.01 [0.2816] {[0.2482]} alpha
k=0.002 (low) [0.2421] alpha
k=0.050 (mid) [0.4003] alpha

scale independent [0.0531] {[0.0503]} alpha_T

WMAP-9 {WMAP-9} Planck

Results general NDI, no tensors as default [with tensors]:

Results fully correlated NDI, no tensors:

Results fully anticorrelated NDI, no tensors:

Results uncorrelated NDI, no tensors as default [with tensors]

Table 6.3: 95% C.L. intervals indicated with (xxxx,yyyy) or 95% C.L. upper limits indicated with
xxxx, for NDI using WMAP-9 and Planck data. The phenomenological parametrization is used (if
slow-roll then indicated with { }), and as a default tensor perturbations are not allowed (if allowed
then indicated with [ ]).

The WMAP 3-year data [169] were employed by [96, 133, 170–173]. The constraints and model
selection with WMAP 5-year data [174] combined with SN and SDSS matter power spectrum data
were presented in the study [132] for a spatially flat universe. A comprehensive Bayesian model
comparison of flat and curved universes both in pure adiabatic and in mixed cases was presented in
[120], finding that the spatial curvature is disfavored roughly by the same amount as the isocurvature
compared to the flat adiabatic model. The possibility of extra radiation (a radiation component other
than photons or 3 standard species of neutrinos) carrying isocurvature was studied in [107]. It was
concluded that the current data allow the existence of an extra radiation component but do not favor
its isocurvature mode. In the study [175] it was shown that constraints on dark energy isocurvature
are very weak. Slow-roll parameters and parameters of inflationary potentials in the adiabatic case,
paying particular attention to reasonable priors, have been constrained, e.g., by the studies [100,176].
We choose six publications [91, 96, 120, 133, 177, 178] for a closer comparison with our results.

Those publications have the most similar pivot scale(s) and parametrizations. In [91], [133], and
[120], 1-year, 3-year, and 5-year WMAP data were used, respectively, combined with older small-scale
CMB data, and the tensor perturbations were not included. In the slow-roll parametrization this would
correspond to assuming ε = 0, but as all those works were in a phenomenological parametrization,



6.2 Comparison 79

phenomenological 
parametrization WMAP-9 Planck NVI

k=0.01 [0.0997] alpha
k=0.002 (low) [0.1245] 0.18 alpha
k=0.050 (mid) [0.1349] 0.14 alpha
k=0.10 (high) 0.17 alpha

k=0.01 [(-0.1636, -0.0333)] alpha_cor
scale independent (-0.090, 0.026) alpha_T^cor
scale independent [(-0.1267, -0.0091)] (-0.05, 0.04) alpha_T

k=0.01 [0.1617] alpha
k=0.002 (low) [0.1961] alpha
k=0.050 (mid) [0.1976] alpha

scale free (as n_as=n_iso) alpha
scale independent [0.0576] alpha_T

WMAP-9 Planck

Results general NVI, no tensors as default [with tensors]

Results uncorrelated NVI, no tensors as default [with tensors]

Table 6.4: 95% C.L. intervals indicated with (xxxx,yyyy) or 95% C.L. upper limits indicated with
xxxx, for NVI using WMAP-9 and Planck data. The phenomenological parametrization is used and
as a default tensor perturbations are not allowed (if allowed then indicated with [ ]).

we should compare only to our results obtained in the phenomenological parametrization. Our new
result for CDI (with WMAP-7 data) is α0 < 0.158, while in [91] it was obtained α0 < 0.18; in
[133] α0 < 0.169; and in [120] α0 < 0.22. The limit to the non-adiabatic contribution to the CMB
temperature variance has evolved consistently toward tighter limits: from −0.075 < αT < 0.075
[91], 0.017 < αT < 0.073 [133], and −0.031 < αT < 0.067 [120] to our new constraint in paper
A −0.021 < αT < 0.053 without and −0.030 < αT < 0.049 with tensors. However Planck is
an exception to this trend (−0.07 < αT < 0.02 for CDI without tensors in paper C), opening
again slightly wider range for negative non-adiabatic contribution; range for positive non-adiabatic
contribution is tighten in line with the ’trend’. We explained this unexpected result in the end of
section 6.1.3 and we will further comment on the issue in section 6.2.2.
Of other publications, the most similar to our work are [96, 177]. The study [96] employs WMAP

3-year data with or without the SDSS DR4 LRG matter power spectrum, and includes tensor perturba-
tions fixing the tensor spectral index nT by the first consistency relation and impose an “inflationary
constraint” that niso= nas= 1+nT . Therefore their work is closer to our slow-roll case than to
our phenomenological approach. Since they use the spectral index parametrization with pivot scale
k = 0.05Mpc−1, we need to map our slow-roll results to spectral indices and then from our pivot
scale k0 = 0.01Mpc−1 to their pivot scale. Furthermore, we need to map to their isocurvature
and correlation parameters: Ba =

√
α/(1− α) and cos θa = sign(γ)

√
|γ|, respectively. The general

agreement is good, especially considering the differences in the data sets and parametrizations.
The study [177] uses the same CMB, SN and MPK data sets as we (except QUaD replaced by
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CBI and Boomerang). It employs the phenomenological amplitude parametrization without tensor
contribution and therefore the corresponding case in our study is the amplitude parametrization
(no tensors) with either CMB and SN or CMB and MPK data. As they have included both SN
and MPK simultaneously, we would expect their results to lie somewhere between our CMB&SN and
CMB&MPK results, and be slightly tighter. Indeed, comparison shows a good qualitative agreement,
except for the exact shape of α2. We cannot do exact one-to-one comparison as they have one fewer
parameter in their model, since they assume nas = nar.
The study [178] constrained uncorrelated models, assuming niso = nar. Closest of our cases is

the uncorrelated slow-roll model without tensors. However, even if niso is forced to be close to one
in this model, it is completely free from nar, see Eq. (6.1) remembering that ε = 0. As the CMB
data are very “adiabatic” and hence require that the isocurvature contribution is subdominant at all
multipoles, they prefer spectral index niso ∼ 3. However, our slow-roll prior requires niso ≤ 1.15 and
the posterior actually peaks at niso = 1.15. This means that our model is quite different from the
model of [178] where the posterior peaks at niso = nar ∼ 0.987. We find α0 < 0.125. Mapping
into the spectral index parametrization and to pivot scale k = 0.002Mpc−1 used in the study [178]
we obtain α < 0.117, whereas their constraint 0.19 with QUaD and WMAP 5-years data is much
weaker.
In the paper [100] a slow-roll reconstruction was performed employing Bayesian model comparison

by MultiNest. Only pure adiabatic models were studied. Apart from the different pivot scale (k =
0.05Mpc−1), their ε∗ corresponds to our ε and their η∗ to our ησσ (to first order), but as their
treatment was fully numerical they did not need to demand inflaton to be slowly rolling and could
allow broad ranges: 0 ≤ ε∗ ≤ 1 and −1 ≤ η∗ ≤ 1. Instead of the median and 95% C.L. ranges
of marginalized posteriors, they report the mean and σ. With WMAP-7 and a uniform prior for ε∗,
they find ε∗ = (6.71 ± 4.96) × 10−3 and η∗ = (0.38 ± 1.89) × 10−2, while we find, in agreement,
ε = (6.53± 4.97)× 10−3 and ησσ = (0.87± 2.11)× 10−2. For a model without tensor contribution
they find with WMAP-7 and SPT data η∗ = (−2.23± 0.54)× 10−2, and our result with CMB data
is ησσ = (−1.73± 0.64)× 10−2.
In the literature, the CDI modes have been extensively compared with observations, but the

observational constraints on neutrino isocurvature have been studied less, although theoretical work
and future forecasts can be found in many publications, see e.g. the studies [59, 179–182].

6.2.2 Comparison of Results for WMAP-9 and Planck Data

In this section we compare the two most recent constraints on the phenomenological mixed CDI,
NDI, and NVI models that come from the Planck temperature anisotropy data and the WMAP-9
data. The Planck and WMAP-9, ACBAR and QUaD (“WMAP”) constraints on the key isocurvature
variables are summarized in Table 6.5. Perhaps surprisingly, the Planck constraints on the primordial
isocurvature fraction in generally correlated mixed models are weaker than WMAP, in particular at
large scales. For example, the Planck constraint α1 < 0.27 in the NDI model is almost by a factor
three weaker than the WMAP constraint α1 < 0.10. The reason for such an unexpected difference
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Table 6.5: Comparison of 95% C.L. constraints on isocurvature in phenomenological
parametrizations "total adiabatic" with Planck and "correlated adiabatic" WMAP-9 data.
The first three rows are for the generally correlated mixed models and the last two rows for the
maximally correlated (γ = 1) or anticorrelated (γ = −1) CDI.

α1 constraint1 α2 constraint2 αT constraint3

Planck WMAP4 Planck WMAP4 Planck WMAP4

NDI 0.27 0.10 0.27 0.27 (-0.09, 0.01) (-0.05, 0.10)
NVI 0.18 0.12 0.14 0.13 (-0.05, 0.04) (-0.13, -0.01)
CDI 0.075 0.045 0.39 0.38 (-0.07, 0.02) (-0.03, 0.05)
γ=1 0.0025 0.0148 0.0025 0.0148 (0, 0.03) (0.006, 0.058)
γ=−1 0.0087 0.0073 0.0087 0.0073 (-0.06, 0.0) (-0.053, -0.004)

[1] The primordial isocurvature fraction at k = 0.002Mpc−1 is called βiso(klow) in paper C.
[2] The primordial isocurvature fraction at k = 0.050Mpc−1 is called βiso(kmid) in paper C.
[3] The non-adiabatic contribution to the CMB temperature variance, αT , can be calculated from paper C as 1− α(2,2500)

RR .
[4] Results of paper B with WMAP-9 [113], ACBAR [114] and QUaD [115] data.

between WMAP and Planck is that the Planck data seem to prefer a negative correlation due to a
relatively low power at low multipoles ` ∼ 2. . . 40 compared to the higher multipoles. The adiabatic
ΛCDM model fits the acoustic peak structure of the Planck data with high precision, but even the
best-fitting adiabatic model leads to more power at low-` than seen in the data. This leads to a
“demand” of some power-reducing mechanism at low-`; a negatively correlated isocurvature mode
can provide such an effect. This explains why the Planck constraints are weaker than the WMAP
constraints on large scales and why Planck prefers negative correlation for all three cases (CDI,
NDI, NVI), whereas WMAP prefers a positive correlation in the CDI and NDI cases and a negative
correlation in the NVI case (since with WMAP the main non-adiabatic effects come from the first
acoustic peak region).
Another crucial difference between WMAP and Planck is that the Planck data prefer smaller H0

and ΩΛ, and constrain the background parameters much more tightly, thus leaving less freedom
to play with their values. The above is valid for both the pure adiabatic ΛCDM and the mixed
isocurvature (CDI, NDI, NVI) models. The WMAP data preferred very large H0 and ΩΛ in the
phenomenological mixed models in order to compensate the shift of the first acoustic peak to right
caused by the non-adiabatic component.
In the last two rows of Table 6.5 we compare the constraints in two special cases: the maximally

correlated or anticorrelated CDI. (The uncorrelated cases are not comparable, since our WMAP runs
allowed for a free niso, whereas for Planck niso was fixed to unity.) The maximally (anti)correlated
cases are the most directly comparable, since we do not allow for tensor contribution in this case
and both WMAP and Planck assume that the adiabatic and isocurvature spectral indices are equal.
After the above discussion of the generally correlated cases, it is not a surprise that the Planck data
lead to extremely tight constraints in the maximally correlated case, and weaker than the WMAP
constraints in the maximally anticorrelated case. This reinforces the conclusion that the Planck data



82 Results

Table 6.6: Multinest/cosmomc input parameters in WMAP-9 and Planck comparison run.

parameter value, center min max
high_accuracy_default = T
accuracy_level = 1
H0_min = 20
H0_max = 100
pivot_k1 = 0.002
pivot_k2 = 0.100
pivot_k0 = 0.050
param[omegabh2] = 0.02 0.035
param[omegach2] = 0.08 0.16
param[theta] = 1.00 1.08
param[tau] = 0.05 0.18
param[logA1] = 2.5 4
param[logA2] = 2.5 4
param[alpha1] = 0 1
param[alpha2] = 0 1
param[gamma1] = -1 1
param[gamma2] = 0 1
compute_tensors = F
CMB_lensing = T
lmax_computed_cl = 3000
do_INS = T
nlive = 400
eff = 0.02
tol = 0.1
ceff = T
updInt = 100
Compiled_CAMB_version = Mar_13
Compiled_Recombination = Recfast_1.5.2
Compiled_Equations = crossing_ppf
Compiled_InitialPower = power_tilt

disfavor any contribution that would increase the temperature angular power at large scales (low `)
over the one obtained in the adiabatic ΛCDM model, and indeed favor a negative contribution.
Some of the differences between the published Planck and WMAP results may come from the

different parametrizations and assumptions. For Planck the curvature (i.e. adiabatic) spectrum was
described by one power law, the isocurvature by another one, and the correlation by a third power
law, which had a kink either at the low-k or at the high-k region to keep |CRS(k)| ≤

√
PR(k)PS(k)

(amplitude parametrization "total adiabatic"). Instead, for WMAP, the curvature perturbations
were assumed to have two power-law components, out of which the other was fully correlated with
the isocurvature power spectrum (parametrization "correlated adiabatic"). This led our curvature
spectrum to “auto-adjust” (run) in such a way that the above-mentioned mathematically neces-
sary condition was always automatically satisfied without introducing kinks to any of the spectra.
Moreover, the parametrization "correlated adiabatic" used the relative amplitudes α1,2 and γ1,2 and
logarithm of the “total” amplitudes ln(1010A2

1,2) as primary parameters, but in the parametrization
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"total adiabatic" the actual amplitudes of the three power spectra at two scales were primary pa-
rameters. For WMAP we included also tensor perturbations in the analysis while for Planck the
isocurvature analysis was done without tensor perturbations.

Comparison of WMAP-9 and Planck in amplitude parametrization "correlated adiabatic"

Due to the above-mentioned questions about the effect of different parametrizations to the end
results, in particular to the constraints on isocurvature, I now repeat the WMAP-9 and Planck anal-
ysis using exactly the same parametrization, the same settings in MultiNest, the same CosmoMC
and Camb versions, the same prior ranges, and the same k1, k2, and k0 values with both data
sets. The most important settings of these new WMAP-9 and Planck MultiNest runs, made exclu-
sively for this thesis, are documented in Table 6.6. The parametrization is now similar to the one
used in the WMAP-9 analysis in paper B (amplitude parametrization "correlated adiabatic") and
k values are similar to the ones used in the Planck analysis in paper C (k1 = 0.002Mpc−1, k0 =
0.050Mpc−1, k2 = 0.100Mpc−1). These new comparisons are done without a tensor contribution.
Fig. 6.5 shows 1-d marginalized posterior pdfs for selected isocurvature parameters in the CDI

model, using WMAP-9 (dashed red curves) and Planck (solid red curves) data. Figs. 6.6 and 6.7 show
a similar comparison for the NDI (blue) and NVI (green) cases. Qualitatively the results are similar
to papers B (WMAP-9) and C (Planck), but naturally — as there is no detection of isocurvature —
the quantitative constraints on some isocurvature parameters differ slightly, in particular, from paper
C, since now the parametrization does not allow for a kink in the correlation spectrum (i.e. there
is effectively one feature less that could be tuned in the primordial spectra). In brief, all qualitative
statements made before and in papers B and C hold, but below I re-summarize the main findings,
now based on Figs. 6.5, 6.6, and 6.7.
In case of the density isocurvature modes (CDI and NDI) the Planck constraints on primordial

isocurvature fraction α are clearly weaker than the WMAP constraints on large scales (see αk=0.002),
but the Planck constraints are much tighter on small scales (see αk=0.050). This comparison also
reaffirms that in all isocurvature cases Planck prefers a negative correlation, whereas WMAP-9 prefers
a positive correlation with CDI and NDI but a negative correlation with NVI (see γ on the second
lines and αcor on the third lines of figures). From the pdfs of the spectral indices we get further
confirmation to our earlier conclusion that with CDI or NDI the Planck data do not allow for a
significant non-adiabatic contribution to the acoustic peaks (niso . 1 and ncor . 1 which means
that CDI and NDI modify only the low-multipole range of the spectrum), whereas with the WMAP
data the pdfs of niso and ncor have a peak above 1.4. The remaining 9 panels show posterior pdfs for
the non-adiabatic contribution to the CMB temperature variance over various multipole ranges, as
defined in equations (3.36), (3.37), and (3.39). These further strengthen our previous conclusions:
the only significant non-adiabatic contribution allowed by the Planck data lies on large scales (low
multipoles) and it has to be negative, i.e., it has to reduce the power at low multipoles compared to
the pure adiabatic model. At higher multipoles the allowed isocurvature or correlation contribution
is negligible compared to the range ` = 2..20, except in the NVI case, since NVI leads to almost
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Figure 6.5: Isocurvature parameters of the CDI model using WMAP or Planck data. 1-
d posterior probability density for selected isocurvature parameters in the mixed CDI model with
WMAP-9 & Acbar & QUaD data (WMAP-9) and with Planck temperature & WMAP-9 polarization
data (Planck+WP), using amplitude parametrization “correlated adiabatic”.
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Figure 6.6: Isocurvature parameters of the NDI model using WMAP or Planck data. 1-
d posterior probability density for selected isocurvature parameters in the mixed NDI model with
WMAP-9 & Acbar & QUaD data (WMAP-9) and with Planck temperature & WMAP-9 polarization
data (Planck+WP), using amplitude parametrization “correlated adiabatic”.
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Figure 6.7: Isocurvature parameters of the NVI model using WMAP or Planck data. 1-
d posterior probability density for selected isocurvature parameters in the mixed NVI model with
WMAP-9 & Acbar & QUaD data (WMAP-9) and with Planck temperature & WMAP-9 polarization
data (Planck+WP), using amplitude parametrization “correlated adiabatic”.
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Figure 6.8: Standard cosmological parameters in the pure adiabatic and mixed CDI model
using WMAP or Planck data. 1-d posterior probability density for selected parameters that exist
both in the pure adiabatic and in the mixed CDI model, obtained using WMAP-9 & Acbar & QUaD
data (WMAP-9) or Planck temperature &WMAP-9 polarization data (Planck+WP) in the amplitude
parametrization “correlated adiabatic”.

"adiabatic" acoustic peak structure and thus does not disturb the spectrum too much at high `. In
contrast to Planck, WMAP prefers a small non-adiabatic contribution to the first and second acoustic
peaks. As explained earlier, the favoured effect is achieved by a positive correlation with CDI and
NDI, or by a negative correlation with NVI. So, with CDI and in particular with NDI, the Planck
and WMAP results for αT (` = 2..2500) are rough mirror images of each other (Planck favoring a
negative correlation), whereas with NVI both favor a negative correlation (but due to a different
reason).
This confirms that the difference between the Planck and WMAP isocurvature results is related

to the detected low power at low multipoles ` ∼ 2. . . 40 compared to the higher multipoles, which
can not be reproduced well by the adiabatic ΛCDM model. Although the WMAP data have similar
behavior of "missing" power at low-`, it does not make a negative correlation favorable,2 since the

2It should be noticed that, with the WMAP data in the CDI and NDI cases, the pdfs of αcor and all the αcor
T

parameters have a small secondary peak at negative correlation, roughly at the same position as the main peak in the
Planck pdfs. With the WMAP data there is a competition between two effects: the low power at low multipoles would
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Figure 6.9: Standard cosmological parameters in the pure adiabatic and mixed NDI model
using WMAP or Planck data. 1-d posterior probability density for selected parameters that exist
both in the pure adiabatic and in the mixed NDI model, obtained using WMAP-9 & Acbar &
QUaD data (WMAP-9) or Planck temperature & WMAP-9 polarization data (Planck+WP) in the
amplitude parametrization “correlated adiabatic”.

effect of a positively correlated isocurvature component to the first acoustic peak can, with WMAP,
be compensated with a shift in the sound horizon angle θ. All this works with WMAP due to relatively
large error bars in the first and second acoustic peak region and due to the lack of data above the
third acoustic peak. With the Planck data this mechanism does not work due to the tight constraints
on the background parameters and in particular due to the favored low values of H0 and ΩΛ, as we
will see in the next paragraph.

Effect of initial conditions on determination of standard cosmological parameters

Fig. 6.8 shows the 1-d pdfs of standard cosmological parameters that exist also in the pure adiabatic
model: the red curves are obtained in the CDI model and the black ones in the pure adiabatic
model, the dashed line style is for WMAP-9 and solid for Planck. Figs. 6.9 and 6.10 show a similar
require a negatively correlated CDI or NDI, but on the other hand the fit to the first and second acoustic peak can be
improved by a positive correlation and this effect wins when fitting the WMAP data.
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Figure 6.10: Standard cosmological parameters in the pure adiabatic and mixed NVI model
using WMAP or Planck data. 1-d posterior probability density for selected parameters that exist
both in the pure adiabatic and in the mixed NVI model, obtained using WMAP-9 & Acbar & QUaD
data (WMAP-9) or Planck temperature &WMAP-9 polarization data (Planck+WP) in the amplitude
parametrization “correlated adiabatic”.

comparison for the NDI (blue) and NVI (green) models. First we recall that even in the pure adiabatic
model WMAP-9 and Planck prefer quite different values, in particular, for ωc, H0 and ΩΛ. These are
the key background parameters whose values either favor are disfavor certain types of isocurvature
or correlation contributions. More importantly, comparing the pdfs of the standard cosmological
parameters in the pure adiabatic model and in the mixed isocurvature models we notice that with
Planck data they are very similar: the Planck data do not allow significant shifts in the favored values
nor widening of the posterior pdfs even when we relax the pure adiabaticity assumption. In contrary,
with the WMAP data, for example the determination of ωb, ωc, H0, and ΩΛ is very sensitive to the
initial conditions. In this sense, the Planck results present a significant step forward.
Moreover, with the WMAP data the determination of the adiabatic spectral index is sensitive

to the initial conditions. While in the pure adiabatic case the scale-invariant primordial adiabatic
spectrum is strongly disfavored (neff

ad < 1 at much more than 3σ), allowing for any of the primordial
isocurvature modes restores neff

ad = 1 to the middle of the posterior pdf. With the Planck data,
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Table 6.7: Bayesian model comparison between pure adiabatic and generally correlated mixed
isocurvature models. The model comparison results from paper B obtained in the amplitude
parametrization "correlated adiabatic" with pivot scales k1 = 0.002Mpc−1 and k2 = 0.050Mpc−1,
along with our new results with pivot scales k1 = 0.002Mpc−1 and k2 = 0.100Mpc−1. In addition
to the difference in k2, the WMAP-9 results are not comparable together, since the prior ranges of
parameters were different in paper B and in the new runs. In contrast, as the new results have been
calculated for WMAP-9 and Planck using exactly the same settings, WAMP-9 (new) and Planck
(new) are directly comparable.

Bf = ln(Zadiab./Ziso) Zadiab. : Ziso
WMAP-9 WMAP-9 Planck WMAP-9 WMAP-9 Planck
(Paper B) (new) (new) (Paper B) (new) (new)

CDI 4.8 6.1 8.1 120 : 1 450 : 1 3200 : 1
NDI 4.6 5.5 8.6 100 : 1 250 : 1 5600 : 1
NVI 4.4 6.1 9.5 80 : 1 430 : 1 13000 : 1

neff
ad < 1 at much more than 3σ, even if we allow for a primordial CDI or NDI mode. Only in the

NVI case the scale-invariant adiabatic component can survive.

Bayesian model comparison in amplitude parametrization "correlated adiabatic"

In the new WMAP-9 and Planck runs, made for this thesis, the upper pivot k is not particularly
suitable for WMAP-9, since k2 = 0.100Mpc−1 corresponds to the multipole ` ∼ 1 400 and the
WMAP data do not extend this far. However, we chose for the comparison purposes with Planck
exactly the same parametrization and pivot scales. We present in Table 6.7 the Bayesian model
comparison reported in paper B, obtained in the amplitude parametrization "correlated adiabatic"
with pivot scales k1 = 0.002Mpc−1 and k2 = 0.050Mpc−1, along with the new results obtained
with pivot scales k1 = 0.002Mpc−1 and k2 = 0.100Mpc−1. The change in k2 and different prior
ranges of parameters make the WMAP-9 isocurvature models to seem worse compared to the pure
adiabatic model. However, this change allows us now to directly compare the WMAP-9 (new) and
Planck (new) results. While the betting odds for the pure adiabatic model against mixed models are
250–450:1 with WMAP-9, they are 3 200–13 000:1 with Planck. So, with the Planck data the odds
for the isocurvature modes are below one tenth of what they were with the WMAP-9 data. Planck
data support so strongly ΛCDM model that deviation from it (adding an isocurvature component)
is more disfavoured compared to WMAP data. This leads to low odds for isocurvature with Planck
data, even though Planck low-` data favor negatively correlated isocurvature.



Chapter 7

Conclusions

In this work the possibility of a mixture of the dominant adiabatic and subdominant primordial isocur-
vature perturbations of the early universe have been analyzed using the latest cosmic microwave
background (CMB) observations. Several approaches for parametrization of the isocuvature pertur-
bations have been taken. Different isocurvature perturbation modes: cold dark matter isocurvature
(CDI), neutrino density isocurvature (NDI), and neutrino velocity isocurvature (NVI) perturbations
have been tested an compared. The effect of gravitational lensing on the CMB, adding or omit-
ting primordial tensor perturbation component, and different variants of mixtures of adiabatic and
isocurvature perturbations, such as correlated, anticorrelated, or uncorrelated isocurvature have been
studied.
The characterization of the primordial perturbations, i.e., setting constraints for the different modes

of the perturbations, e.g., adiabatic versus isocurvature, or trying to separate different isocurvature
modes from each other, is even more interesting for cosmology now as new, more accurate, CMB
data is available by the Planck satellite mission. The new analyzed results are put in the scope with
the preceding analysis with the WMAP CMB data, particularly in this work, in the context of the
isocurvature perturbations. The nature of primordial perturbations set constraint also to different
(inflationary) models of the early universe: what inflationary model is supported by the data or what
model is disfavored. This discussion and speculation on inflation models is an interesting and hot
topic also because new observations (BICEP21) hint for a primordial tensor perturbation contribution.
The major new findings from the analysis using WMAP data compared to an earlier similar study

[120] with MultiNest and Bayesian model comparison, are: 1) Showing that allowing for a primordial
tensor contribution has a negligible effect on the determination of the non-adiabatic contribution
and vice versa that the possible presence of a CDM or baryon isocurvature mode has a minor effect
on the determination of the tensor-to-scalar ratio2, as long as the tensor spectral index obeys the
first inflationary consistency relation. 2) Showing that the results with WMAP change considerably
if, instead of the phenomenological parametrization, one uses inflationary slow-roll parametrization

1see footnote in chapter 6 on page 65
2But this conclusion does not hold with the Planck data, since the Planck data allow the isocurvature features only

in the same part of the angular power spectrum that is modified by the tensor contribution.
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that forces all spectra near scale invariance. 3) Including one of the most important complementary
(to CMB) data sets into the analysis, namely the matter power spectrum, and showing that its
current accuracy is not enough to give direct extra constraints on isocurvature. However, even the
current MPK data change the results considerably due to the tension between the low matter density
preferred by the WMAP data and the high matter density preferred by the MPK data. 4) Studies
[120] and [132] performed all the runs without CMB lensing. We noticed that comparing the unlensed
mixed model to the unlensed adiabatic model may make the mixed model seem slightly more favored
than it actually is, in particular what comes to the Bayesian evidences. Therefore, the CMB lensing
is included in the analysis.
In the phenomenological approach with WMAP data the power law spectra of the curvature and

isocurvature mode (CDI, NDI, NVI), and the correlation between them, had independent amplitudes
and tilts. This added four independent perturbation parameters to the standard adiabatic flat ΛCDM
scenario. If any clear non-adiabatic features were present in the CMB data used (WMAP, ACBAR, and
QUaD), this approach should have found them. Bayesian methods did not indicate any preference for
any of the isocurvature modes: the CMB data set tight upper bounds on non-adiabatic contribution
to the observed temperature variance. For the generally correlated mixture of the adiabatic and one
isocurvature mode (either NDI, NVI, or CDI) compared to the pure adiabatic primordial perturbation
mode we found the odds to be as small as 1 : 100. However, in the special cases where we
imposed restrictions to the correlation component, the betting odds were higher. In particular, for
an uncorrelated mixed NDI model (which had two non-adiabatic extra parameters) the betting odds
were 1 : 3.4 compared to the pure adiabatic model.
The tensor perturbations, in a similar way to our phenomenological setup for WMAP-9 in paper B,

have been included in at least two different earlier publications, in [96] for NDI, NVI, and CDI, and in
our paper A for CDI using WMAP-7 data. The first inflationary consistency relation is used in order
to reduce the number of extra parameters: nT = −r/[8(1−|γ|)], where r is the tensor-to-scalar ratio
at the primordial time and γ the correlation fraction. In both [96] and paper A, assigning uniform
priors on r and γ (or

√
1− |γ|) led to “tight” constraints on γ. This was due to an unphysical prior

on nT : whenever |γ| was near to one, the tensor spectral index was very negative. As a solution
to this unphysical-prior-of-nT -problem, we introduced another tensor-to-scalar ratio r̃, now during
inflation, at horizon exit. This is related to the above definition by r = r̃(1− |γ|). The inflationary
consistency relation, to first order, reads now nT = −r̃/8, and this leads to a uniform prior on
nT between min(−r̃/8) and zero, avoiding huge |nT |-values, and most importantly avoiding the
interference of the use of consistency relation with the constraints on γ.
For WMAP data we studied the matter (CDI) and neutrino density (NDI) modes also in the

two-field slow-roll inflation context. Uniform priors on the four first order slow-roll parameters (ε,
ησσ, ησs, ηss) were assumed. The prior magnitudes of these parameters were limited to less than
0.075. In the two-field slow-roll inflation approach it is not feasible to go beyond the level of first
order in slow-roll parameters, since the number of parameters would then become too large to be
constrained even by the Planck data. In any case, the slow-roll approximation is only valid, when
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the parameters are small. The main difference with respect to the phenomenological approach came
from the fact that the choice of prior ranges of the slow-roll parameters restricted all the primordial
spectra to be nearly scale invariant. In all those slow-roll cases, where tensor perturbations were
produced, the posterior probability density of ε was much narrower than its prior. In the models with
generally correlated primordial adiabatic and CDI or NDI mode, the constraint on ε was weaker than
in the pure adiabatic model, but in the models with uncorrelated adiabatic and CDI or NDI mode the
constraint on ε was tighter since the only possible effect (on the temperature angular power) of the
nearly scale-invariant uncorrelated isocurvature component is to add power to the low multipoles,
where also the tensor contribution would add power. Unlike ε, all three ηij parameters were weakly
constrained or unconstrained as there was no clear detection of isocurvature components.
Within a specific maximally correlated neutrino density isocurvature model; a curvaton-type model,

where inhomogeneous lepton asymmetry is assumed, we can derive an upper limit for the primordial
isocurvature fraction α. We need to include the big bang nucleosynthesis constraint on the neutrino
asymmetry and the Planck constraint on non-Gaussianity, then calculate a constraint of the curvaton
inertia fraction R at curvaton’s decay time and then finally get the constraint for primordial NDI
fraction α < 0.45%. The direct constraint from WMAP CMB data is α < 3.03%. With Planck and
CDI we have α < 0.25%.
When the Planck isocurvature analysis was compared to the WMAP-9 analysis an unexpected

result stood out; WMAP seems to constrain isocurvature tighter than Planck. This is due to the
lack of power at low multipoles, ` ∼ 2. . . 40, in the Planck data compared to the prediction of the
best-fitting adiabatic ΛCDM model. Hence the Planck data prefer a power-reducing mechanism,
which the mixed adiabatic and isocurvature models with negative correlation or full anticorrelation
can offer. In the near future, it will be interesting to see whether the Planck low-` polarization data
support the negatively correlated isocurvature contribution or agree better with the pure adiabatic
model. (It should be kept in mind that the current Planck isocurvature analysis presented in the
thesis used the WMAP polarization data.) Moreover, the Planck high-` polarization data will be
valuable, since the different phases of isocurvature and adiabatic modes are not only imprinted in
the temperature angular power but also in the polarization E-mode.
In the longer term the measurement of baryon acoustic oscillations at the precision forecasted for

the Euclid mission [183] may provide further constraints or a detection of isocurvature components
(for more details, see e.g. [180, 184]), in particular, if the isocurvature spectral index niso is larger
than the adiabatic spectral index. Apart from these direct constraints set by the amplitudes and
phases of perturbations, any measurements that tighten or shift the constraints on the background
parameters, such as ωc, H0, ΩΛ, will affect the constraints on isocurvature modes.
Finally, we took a different point of view. Instead of asking how much isocurvature the data

allow, we asked: "How sensitive are the standard cosmological parameters (describing also the pure
adiabatic ΛCDM model) to the assumed initial conditions?" A pure adiabatic perturbation mode is
usually assumed (either implicitly or explicitly), when determining the standard parameters. This is a
common practice even though the WMAP (and Acbar and QUaD) data allow significant shifts in the
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favored values of the background parameters and broadening of their posterior pdfs, if models with
one isocurvature mode together with the dominant adiabatic mode are assumed. In particular, the
determination of ωb, ωc, H0, and ΩΛ is very sensitive to the initial conditions. Most importantly, the
scale-invariant (adiabatic) primordial perturbation spectrum has been claimed to be ruled out by 3.6σ
with the WMAP data, but this conclusion changes when we allow for an isocurvature contribution.
In any mixed model with the adiabatic component and either a CDI, NDI, or NVI contribution, the
primordial adiabatic spectrum could have been scale invariant according to the WMAP data (the
value neffad = 1 is within 68% C.L. interval, and actually the posterior pdf has a peak at one). One
could now wonder if there are any solid grounds to omit the isocurvature modes when determining
the cosmological parameters (apart from the obvious "keep it simple" principle). In this thesis we
showed that the Planck data leads to a major improvement in this respect. With the Planck data,
the determination of background parameters is much more robust against the assumed primordial
perturbation modes, and the scale-invariant primordial adiabatic perturbation spectrum is disfavored
at much more than 3σ even if the mixed adiabatic and CDI or NDI primordial modes are allowed
for. Only the NVI mode, which leads to a very adiabatic-like angular power spectrum, could still
somewhat mess up the determination of the primordial adiabatic spectral index, which is one of the
key observables when probing the inflationary models.
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