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Abstract

Bootstrap likelihood ratio tests of cointegration rank are commonly

used because they tend to have rejection probabilities that are closer

to the nominal level than the rejection probabilities of the correspond-

ing asymptotic tests. The e¤ect of bootstrapping the test on its power

is largely unknown. We show that a new computationally inexpensive
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procedure can be applied to the estimation of the power function of

the bootstrap test of cointegration rank. The bootstrap test is found

to have a power function close to that of the level-adjusted asymp-

totic test. The bootstrap test estimates the level-adjusted power of

the asymptotic test highly accurately. The bootstrap test may have

low power to reject the null hypothesis of cointegration rank zero,

or underestimate the cointegration rank. An empirical application to

Euribor interest rates is provided as an illustration of the �ndings.

Keywords: Bootstrap, Cointegration, Euribor interest rates, Likeli-

hood Ratio Test, Test Power.

1 Introduction

In econometrics, cointegration analysis is used to estimate and test stationary

linear relations, or cointegrating relations, between nonstationary time series

variables such as consumption and income, interest rates at di¤erent matu-

rities, and stock prices. The vector autoregressive (VAR) model framework

has been widely applied to model cointegrated systems. In the modelling

of cointegrated systems, the determination of the number of cointegrating

relations, or the cointegration rank, is the most important decision, since
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all subsequent inferences in the cointegrated vector autoregressive model are

conditional on the choice of cointegration rank.

The most frequently used test for the cointegration rank is the likelihood

ratio (LR) test (Johansen 1996). Its asymptotic distribution may be a poor

approximation, because in �nite samples the distribution of the LR statistic

depends on the short-run dynamics. Swensen (2006), and Ahlgren and Antell

(2008) advocate the use of bootstrap likelihood ratio tests of cointegration

rank. They show that the level adjustment of the bootstrap test may be

substantial.

The economic theory may prescribe the number of cointegrating relations,

or a value for the cointegration rank. However, the formal procedure for test-

ing the cointegration rank begins by testing cointegration rank zero. Con-

sequently, the problem may be with the power of the test, because the null

hypothesis of cointegration rank zero is not a natural economic hypothesis

(Juselius 2006). Johansen (1996) derived the asymptotic local power function

of the LR test without deterministic terms. Saikkonen and Lütkepohl (1999)

provide a general framework for deriving the local power properties of LR

tests of cointegration rank. The results in Swensen (2006) show that boot-

strap LR tests of cointegration rank have the same asymptotic local power.
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The e¤ect of bootstrapping the test on its power in �nite samples is largely

unknown. The di¤erence between the asymptotic local power and the power

in �nite samples may be substantial.

Estimating the power of a bootstrap test by simulation requires a large

number of Monte Carlo replications. Since the power of bootstrap tests is

increasing in the number of bootstrap samples (Davidson and MacKinnon

2000), we should choose the number of bootstrap replications su¢ ciently

large, so that the results are reliable. In estimating the power function of the

bootstrap likelihood ratio test of cointegration rank, the computational time

becomes prohibitive (see Appendix A). Davidson and MacKinnon (2006)

propose a procedure for estimating the power of a bootstrap test, which

substantially reduces the computational burden. We show that their method

can be applied to the estimation of the power function of the LR test of

cointegration rank.

We �nd that the bootstrap likelihood ratio test of cointegration rank

has a power function close to that of the level-adjusted asymptotic test.

Consequently, the bootstrap test estimates the level-adjusted power of the

asymptotic test highly accurately. We also �nd that the bootstrap test of

cointegration rank may have low power to reject the null hypothesis of coin-
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tegration rank zero, or underestimate the cointegration rank. In particular,

against alternatives close to a unit root, the power of the bootstrap test may

be close to its size. The problem with the power of the bootstrap test is

illustrated by the expectations hypothesis of the term structure of interest

rates applied to the �rst ten years of data on Euribor interest rates.

The paper proceeds as follows. Section 2 brie�y describes the likelihood

ratio test of cointegration rank. In Section 3 we show how the method pro-

posed by Davidson and MacKinnon can be applied to estimating the power

function of bootstrap LR tests of cointegration rank. In Section 4 the power

functions of bootstrap tests are estimated by simulation and compared with

the power functions of the corresponding asymptotic and level-adjusted as-

ymptotic tests. Section 5 contains an empirical application to Euribor inter-

est rates. Section 6 concludes.
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2 Likelihood Ratio Test of Cointegration Rank

We consider the p-dimensional vector autoregressive (VAR) model in error

correction form:

�Xt = �Xt�1 +
k�1X
i=1

�i�Xt�i + �t + "t; t = 1; : : : ; T; (1)

where the errors "t are IID(0;
), and the initial observations are assumed

to be �xed. Here �t = �0+�1t denotes the deterministic part of the model.

The matrix � has reduced rank, � = ��0, where � and � are p � r

matrices of rank r < p, the number r being the cointegration rank. The

model for the deterministic terms is �t = �0 + ��1t, where �1 is r � 1,

and corresponds to the model with the trend restricted to the cointegration

space (see Johansen 1996, Section 5.7). We describe the likelihood ratio

test of cointegration rank for this model, since it is the model used in the

simulations in Section 4. It is the most general model recommended by

Juselius (2006) for determining the cointegration rank, which makes it a

good example for studying the power of bootstrap likelihood ratio tests of

cointegration rank.

The model (1) is the I(1) model, since Xt is integrated of order one,
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denoted I(1). We use the de�nition of an integrated process, I(d), d =

0; 1; 2; : : :, as in Johansen (1996, 34�35). The cointegrating vectors are �.

In the model with the trend restricted to the cointegration space, � is aug-

mented with �1. If we de�ne e� = (�0;�1)
0 and eXt = (X0

t; t)
0, then the

cointegrating relations are e�0 eXt, which are stationary and I(0).

We denote the model with rank r by H(r) and the model with rank p by

H(p). The likelihood ratio statistic for the hypotheses H(r) against H(p),

r � p� 1, is (Johansen 1996)

Q(r) = �T
pX

i=r+1

ln(1� b�i); (2)

where the eigenvalues 1 > b�1 > � � � > b�p > 0, b�p+1 = 0 solve
j�S11 � S10S�100 S01j = 0; (3)

and

Sij = T
�1

TX
t=1

RitR
0
jt; i; j = 0; 1; (4)

are the product moment matrices of the residuals R0t and R1t from regress-

ing �Xt and eXt�1 on the lagged di¤erences �Xt�1; : : : ;�Xt�k+1 and a con-
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stant. Thus we test all hypotheses against H(p). We accept cointegration

rank r if H(0); : : : ; H(r� 1) are rejected but H(r) is accepted (see Johansen

1996, Chapter 12, for details about the procedure for determining the coin-

tegration rank). The estimated cointegrating vectors b� are the eigenvectors
corresponding to the r largest eigenvalues.

The limiting distribution of Q(r) was derived by Johansen (1996), and is

given by

Q(r)
D! tr

(Z 1

0

(dB)F0
�Z 1

0

FF0 du

��1 Z 1

0

F (dB)0
)
; (5)

where B is a (p� r)-dimensional standard Brownian motion on the unit in-

terval and F(u) = ((B(u) �
R 1
0
B(u) du)0; u � 1=2)0. Note that the limiting

distribution depends on the deterministic terms. If the model for the deter-

ministic terms �t = �0 + �1t is di¤erent, then in (5) F is modi�ed as in

Johansen (1996, Sections 6.1 and 6.2). For example, in the application in

Section 5 we estimate a model with only a restricted constant, �t = ��0,

where �0 is r � 1. Then in (5), F(u) = ((B(u)0; 1)0.

Let bQ denote the realised value of the likelihood ratio statistic Q. The

null hypothesis is rejected at the signi�cance level � if bQ is larger than the
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1� � quantile of the limiting distribution of Q in (5).

3 Estimating the Power of Bootstrap Tests of

Cointegration Rank

For generating samples of bootstrap observations X�
1; : : : ;X

�
T , we use the

bootstrap algorithm in Swensen (2006). The same algorithm is used by

Ahlgren and Antell (2008) for investigating the size of bootstrap tests of

cointegration rank. It is a recursive algorithm based on the unrestricted

residuals obtained from the model (1) without imposing the null hypothesis.

We could also use the restricted residuals obtained from the model by impos-

ing the null hypothesis. This is not a serious issue under the null hypothesis.

Under the alternative hypothesis, which is the case when we study the power

of a bootstrap test, we would expect the unrestricted residuals to lead to a

bootstrap test with higher power.

Algorithm 1 (Bootstrap) 1. Estimate the model H(p) by least squares

(LS) to obtain the unrestricted estimates b�, b�1; : : : ; b�k�1, b�0 and b�1,
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and the unrestricted residuals

b"t = �Xt � b�Xt�1 �
k�1X
i=1

b�i�Xt�i � b�0 � b�1t; t = k + 1; : : : ; T:

2. Estimate the model H(r) by reduced rank regression to obtain the esti-

mates b�, b� and b�1. For the remaining parameters use the unrestricted
LS estimates b�1; : : : ; b�k�1 and b�0.

3. Check whether the roots of the characteristic polynomial jb�(z)j = 0,

where

b�(z) = (1� z)Ip � b�b�0z � b�1(1� z)z � � � � � b�k�1(1� z)zk�1;
are equal to 1 or outside the unit circle and whether b�0?b�b�? is nonsin-
gular, where

b� = Ip � b�1 � � � � � b�k�1:
4. If both conditions are satis�ed, generate bootstrap observationsX�

1; : : : ;X
�
T ,

where X�
t = Xt, t = 1; : : : ; k, recursively from

�X�
t = b�b�0X�

t�1 +

k�1X
i=1

b�i�X�
t�i + b�0 + b�b�1t+ "�t ;
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where "�t , t = k+1; : : : ; T , is IID with "
�
t � bF" and bF" is the empirical

distribution of the residuals b"t.
If the number of bootstrap replications is B, repeated application of Algo-

rithm 1 gives B bootstrap samples X�
1j; : : : ;X

�
Tj, which are used to compute

bootstrap likelihood ratio statistics Q�j . The empirical distribution of the

bootstrap replications Q�j is used to approximate the distribution of Q under

the null hypothesis.

The power of a bootstrap likelihood ratio test of cointegration rank can

be estimated in simulation experiments (see Horowitz 1994, and Davidson

and MacKinnon 2006). Generate M time series Xt, index by m. For each

replication m = 1; : : : ;M , compute the LR statistic bQm and generate B

bootstrap LR statistics Q�mj, indexed by j = 1; : : : ; B. Compute Q
�
m(1� �),

the 1�� quantile of the Q�mj. The rejection probability of the bootstrap test

is then estimated by

1

M

MX
m=1

I( bQm > Q�m(1� �)); (6)

i.e. the fraction of the M replications for which the value of the LR statistic

bQm is larger than the bootstrap critical value Q�m(1� �).
11



The procedure involves computing M(B + 1) LR statistics. For estimat-

ing the size of the bootstrap LR test of cointegration rank, Ahlgren and

Antell (2008) used M = 10000 and B = 1000, resulting in computing ap-

proximately 10 million LR statistics. In this paper we useM = 100000. The

computational time for estimating the power function with a large number

of points becomes prohibitive when M and B are large (see Appendix A for

computational details).

Davidson and MacKinnon (2006) propose a procedure for estimating the

power of a bootstrap test which substantially reduces the computational

burden. The procedure allows us to estimate the power of bootstrap LR

tests of cointegration rank in Monte Carlo experiments. For each replication

m = 1; : : : ;M , compute the LR statistic bQm and generate one bootstrap

LR statistic Q�m. Compute Q
�(1 � �), the 1 � � quantile of the Q�m. The

approximate rejection probability of the bootstrap test is then estimated by

1

M

MX
m=1

I( bQm > Q�(1� �)): (7)

See Davidson and MacKinnon (2006) for more details.
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Both procedures estimate the nominal power of the bootstrap test, i.e. the

power of the bootstrap test at the nominal level �. The di¤erence between (6)

and (7) is in the estimation of the 1�� quantile of the bootstrap replications.

In (6) the bQm are compared to di¤erent estimated critical values, whereas in
(7) the bQm are compared to the same estimated critical value.
The amount of computation required to estimate (7) is 2M LR statistics,

which is much smaller than M(B +1). Davidson and MacKinnon (2006) es-

tablish the validity of (7) under the assumption of independence between the

bootstrap DGP and the test statistic. For the LR test of cointegration rank,

the bootstrap DGP and the LR statistic Q are asymptotically independent.

4 Simulated Power Functions

In this section we present the results of Monte Carlo experiments to estimate

the power of the likelihood ratio test of cointegration rank. We estimate

the power functions of the asymptotic test, level-adjusted asymptotic test

and bootstrap test. The unadjusted power functions show the power of the

asymptotic and bootstrap tests at the nominal 5% level. The power function

of the level-adjusted asymptotic test shows the adjusted power calculated for
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the DGP under the null, i.e. the level adjustment method uses the estimated

parameters under the null hypothesis.

The LR statistic is nonpivotal and the level adjustment of the power of

the asymptotic test depends on the DGP used to provide a critical value.

Davidson and MacKinnon (2006) and Davidson (2008) de�ne the bootstrap

discrepancy as the di¤erence between the rejection probability of a bootstrap

test at nominal level � and the rejection probability of the level-adjusted as-

ymptotic test. They suggest using the critical values from a null DGP that

minimises the bootstrap discrepancy to do level adjustment in simulation

experiments. Their argument is that the bootstrap is usually the best way

to do level adjustment in practice, and we should therefore use critical values

from a null DGP that minimises the bootstrap discrepancy in order to get

power estimates close to the power of the bootstrap test. In order to do

this type of level adjustment, it is necessary to compute the parameters of

a pseudo-true DGP. For the LR test of cointegration rank, calculating the

pseudo-true DGP is di¢ cult because of the large dimension of the parame-

ter space. However, as we will see later, the estimated power functions of

the level-adjusted asymptotic test using the simple adjustment method (i.e.

estimate �, � and �1 under the null hypothesis and for the remaining pa-
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rameters use the unrestricted LS estimates) and the bootstrap test are very

close to each other. Since the simple adjustment works so well, there is no

need to go beyond it. In a few cases where the correspondence of the power

functions is not close, it is the bootstrap test which is oversized.

The limiting distribution of the Q statistic is in all experiments given by

(5) and the critical values are taken from Table 15.4 in Johansen (1996). The

power of the bootstrap test is estimated using the procedure in Davidson

and MacKinnon (2006). The number of Monte Carlo replications is M =

100000. The computations and simulations are performed using GAUSS

7.0.17. The function RNDN in GAUSS, which uses the fast acceptance-

rejection algorithm of Kinderman and Ramage, is used to generate pseudo-

random numbers.

The DGP used in the simulations is

�Xt = ��
0Xt�1 + �1�Xt�1 + �0 +��1t+ "t; (8)

where � and � are p�1 vectors, and �1 is 1�1. Due to the invariance of the

test to linear transformations, it is enough to consider DGPs with � being

a unit vector. In this case �0Xt � E(�0Xt) is a stationary autoregressive
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process with parameter 1+�0� = 1+�, � < 0. The DGP in the simulations

has p = 5, � = (�; 0; 0; 0; 0)0, � = (1; 0; 0; 0; 0)0, so that �0� =�, �1 = �Ip,

�0 = 0 and �1 = 0. The errors are mainly simulated as NID(0; Ip). In

addition to normal errors, we simulate with nonnormal and conditionally

heteroskedastic errors, which are of special interest for �nancial data.

The simulation experiments resemble the ones for the size of the tests in

Ahlgren and Antell (2008), and the �rst two correspond to the special cases

in Johansen (2002). We do not discuss the size of the tests in detail, but

refer to the above mentioned papers.

In the �rst experiment we estimate the power of the tests in the model

(1) when k = 2 and � = 0; 0:3; 0:5; 0:9. Note that when � tends to 1, the

process becomes I(2). The series lengths are T = 100; 200. The power

functions are shown in Figures 1 and 2. The asymptotic test is oversized, in

particular when � is large, so power comparisons between the asymptotic test

and the bootstrap test are not meaningful. The estimated power functions

of the bootstrap test are close to the level adjusted power functions of the

asymptotic test, except when � = 0:9, and then it is the bootstrap test which

is oversized. The power is increasing in �, and when � gets large, the power

functions become very steep. Thus, when the process is close to the I(2)
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boundary, the data are very informative about the cointegration rank.

In the second experiment we let � = 0, and then the DGP has k = 1. To

see the e¤ect of the lag length, we estimate the model (1) with k = 1; 2; 3; 4.

The series lengths are as before T = 100; 200. The power functions are shown

in Figures 3 and 4. The asymptotic test is oversized, in particular when k is

large. The estimated power functions of the level adjusted asymptotic test

and the bootstrap test are almost indistinguishable from each other. It is

interesting to note that the asymptotic and bootstrap tests behave radically

di¤erent when k is large. The asymptotic test becomes severely oversized.

In contrast, the bootstrap test becomes conservative (with a large value of k

the size deteriorates below the nominal level) and its power is low. Note that

for T = 100 and k = 4, the power functions of the level-adjusted asymptotic

test and the bootstrap test are almost �at. The bootstrap is able to control

the size of the test, but at the cost of low power. Thus, when bootstrapping

the LR test of cointegration rank, it is important to avoid a long lag length.

In the third experiments we have ut in place of "t in the DGP, where

ut is nonnormal or conditionally heteroskedastic. These cases are especially

relevant with �nancial data. To be speci�c, we consider the following speci-

�cations for the errors ut:
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Figure 1: Power functions for T = 100, k = 2 and � = 0, 0:3, 0:5, 0:9.
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Figure 2: Power functions for T = 200, k = 2 and � = 0, 0:3, 0:5, 0:9.
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Figure 3: Power functions for T = 100 and k = 1, 2, 3, 4.
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Figure 4: Power functions for T = 200 and k = 1, 2, 3, 4.
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1. The errors are N(0; Ip). This case is included as the baseline to com-

pare with the speci�cations where the errors are nonnormal or conditionally

heteroskedastic.

2. The errors ut are skewed, where the elements uit are independent and

follow a skew-t distribution (Hansen 1994) with degrees of freedom parameter

� = 5 and skewness parameter � = �0:5. If � < 0 the distribution is skewed

to the left. With the choice of parameters, the skewness is �1:840 and the

excess kurtosis is 12:650.

3. The errors follow a multivariate GARCH(1; 1) process, ut = H
1=2
t "t,

"t � NID(0; Ip), where the diagonal elements hiit follow a univariate GARCH(1; 1)

process

hiit = �0 + �1"
2
i;t�1 + �1hii;t�1 (9)

with �0 = 0:05, �1 = 0:1, �1 = 0:85, and the o¤-diagonal elements hij =

0. The general GARCH(1; 1) process becomes very complicated. The zero

restrictions imposed in the multivariate GARCH(1; 1) process for the errors

reduce the number of parameters in the simulations. The distribution is

symmetric and the excess kurtosis is 0:774.

4. The errors follow a multivariate GARCH(1; 1) process (9), and the "it

are skew-t with � = 5 and � = �0:5. The skew-t GARCH errors imply severe
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skewness and kurtosis.

It is worth noting that there is no loss of generality from assuming that

the errors ut are contemporaneously uncorrelated in the DGP. Due to the

invariance of the test to linear transformations, we can always �nd a real

matrix, sayP, which transforms the model (8) so that the new errors PutP�1

are uncorrelated.

In the experiment k = 2 and � = 0 in the model (1). For �nancial

data we may have more observations, so we simulate with series lengths

T = 100; 200; 500; 1000. The power functions are shown in Figures 5�8 for

the cases N(0; 1), skew-t, GARCH(1; 1) and skew-t-GARCH(1; 1). We �nd

that in the case of normal errors, the power functions of the level-adjusted as-

ymptotic test and the bootstrap test are almost indistinguishable from each

other. The nonparametric bootstrap for generating the errors, i.e. boot-

strapping the residuals, incorporates the skewness and kurtosis of the errors

into the generation of bootstrap samples, but not the ARCH e¤ect. By com-

paring the power functions in Figures 5 and 6, we see that skewness has no

discernible e¤ect on the power of the bootstrap test. The ARCH e¤ect causes

the bootstrap test to be slightly oversized, as seen in Figures 7 and 8, but

has no discernible e¤ect on the power of the test. We do not consider the
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case where the bootstrap observations are generated with ARCH or GARCH

errors. The form of conditional heteroskedasticity is unknown with real data,

making it infeasible in practice.

In order to check the accuracy of the approximation in (7), we estimate

the rejection probability of the bootstrap test by (6) with M = 100000 and

B = 1000 for some points on the power functions (see Appendix B). The

di¤erence in rejection probability is smaller than 0:005% for size and smaller

than 0:5% for power.

5 Euribor Interest Rates

The common European currency, or the euro, was launched on 1 January

1999 and became legal tender on 1 January 2002 in 12 European Union

countries. With the introduction of the euro in 1999, a new inter-bank refer-

ence rate was created within the European Monetary Union. Euribor (Euro

Inter-bank O¤ered Rate) became the benchmark for short �xed-term inter-

bank deposits within the euro zone. This makes Euribor one of the most

important �nancial benchmarks in the world.

We use the �rst ten years of data on Euribor interest rates. The problem
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Figure 5: Power functions for T = 100, 200, 500, 1000 and N(0; 1) errors.
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Figure 6: Power functions for T = 100, 200, 500, 1000 and skew-t errors.
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Figure 7: Power functions for T = 100, 200, 500, 1000 and GARCH(1; 1)
errors.
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Figure 8: Power functions for T = 100, 200, 500, 1000 and skew-t-
GARCH(1; 1) errors.
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with the power of the bootstrap likelihood ratio test of cointegration rank

is illustrated by testing the expectations hypothesis of the term structure

of interest rates. The theory makes two predictions, which can be tested

in the cointegrated VAR model (Hall et al. 1992). First, if there are p

interest rate series in the system, then the cointegration rank is r = p � 1.

To accept cointegration rank r = p� 1, the test must reject the hypotheses

r = 0; 1; : : : ; p � 2. The theory may therefore be rejected by the data if

the test has low power. Second, the spreads between the interest rates at

di¤erent maturities span the cointegration space.

The data consist of T = 121 monthly observations from 1998(12) to

2008(12) on the 1, 3, 6, 9 and 12 month Euribor interest rates. All in-

terest rates are nominal and annualised. The Data were retrieved from

www.euribor.org.

We estimate a VAR model with a restricted constant. The information

criteria give no clear guidance for choosing the lag length (the Schwartz

information criterion has a minimum at k = 1, and the Hannan�Quinn and

Akaike at k = 3). For the LR test of cointegration rank it is important that

the residuals are serially uncorrelated, since the limiting distribution of the

Q statistic is derived under the assumption of IID errors. The model with
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the shortest lag length which passes the diagnostic tests for autocorrelation

is a VAR(4) model. In Section 5.1 we estimate a VAR(4) model and test

the cointegration rank hypothesis. In the previous section we found that

the bootstrap likelihood ratio test of cointegration rank may have low power

when many lags are �tted. We therefore report the results of tests for the

cointegration rank in a VAR(2) model in Section 5.2. It turns out that the

outcomes of the tests crucially depend on the choice of the lag length.

5.1 VAR(4) Model for the Interest Rates Data

We estimate a VAR(4)model with a restricted constant and dummy variables

to account for interest rate shocks in 1999(4), 2001(4), 2001(9), 2008(10),

2008(11) and 2008(12). The third interest rate shock coincides with the ter-

rorist attacks on 11 September 2001. The US subprime mortgage crisis, which

started in 2007, initially caused Euribor interest rates to increase. During

the last quarter of 2008, interest rates were falling sharply. For example, the

12 month Euribor rate peaked at 5:53% on 2 October 2008, falling to 3:05%

on 31 December 2008. The developments of the other maturities were sim-

ilar. In these very extraordinary circumstances, the VAR model is not able

to capture the interest rate dynamics. We have therefore included dummy
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variables for 2008(10), 2008(11) and 2008(12) in the model. In e¤ect, the

last three observations of the sample are not used for computing the tests of

cointegration rank.

Table 1 reports diagnostics for the estimated VAR(4) model. The tests

for autocorrelation are acceptable, with the exception of the system LM(12)

test. We �nd that the residuals exhibit excess kurtosis, in particular for the

1 and 3 month interest rate equations. The JB test rejects normality at the

1% level for the 1 and 3 month interest rate equations and the system. The

results in Section 4 suggest that these departures from normality are not so

serious for the tests of cointegration rank.

The eigenvalues, likelihood ratio statistics, and the asymptotic and boot-

strap p-values are given in Table 2. The p-values of the asymptotic test

are computed from the distribution approximations in Doornik (1998). The

number of bootstrap replications is B = 1 million. The asymptotic and

bootstrap tests both accept r = 2 if we use the signi�cance level 5%, and

then there are two cointegrating relations and p� r = 3 common stochastic

trends driving the system rather than one suggested by the economic theory

(Hall et al. 1992). The bootstrap p-value for the hypothesis r = 2 is 23%.

Finally, we mention that in the VAR(4) model with r = 2 it is not possible
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Table 1: Diagnostics for the estimated VAR models for the Euribor interest
rates data.

Equation LM(1) LM(12) ARCH(2) Skewness Exc.kurt. JB
VAR(4) model

1 month 0.117 1.091 7.639** 0:404 8:382 25.392**
3 months 1.576 2.152* 0.040 0:851 8:260 20.298**
6 months 0.796 1.768 0.011 0:452 4:298 6.493*
9 months 0.855 1.563 0.292 �0:379 3:696 1.854
12 months 0.726 1.431 0.630 0:044 2:751 1.036
System 1.263 1.562** 127.200**

VAR(2) model
1 month 2.472 2.379* 18.559** 0:474 7:941 50.204**
3 months 0.351 2.128* 5.642** 0:626 10:667 24.634**
6 months 0.774 1.259 3.476* 0:475 6:515 5.641
9 months 0.821 1.253 4.217* �0:351 4:257 1.607
12 months 0.599 1.281 4.443* 0:309 2:853 0.901
System 4.927** 1.776** 204.950**

LM(1) is the Lagrange multiplier (LM) test for residual autocorrelation
of order 1. LM(12) is the test for residual autocorrelation up to order 12.
ARCH(2) is the test for autoregressive conditional heteroskedastic residuals
of order 2. JB is the Jarque�Bera test for normality of the residuals.
All statistics are F , except JB which is �2. * denotes statistically signi�cant at
the 5 per cent level. ** denotes statistically signi�cant at the 1 per cent level.
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Table 2: The eigenvalues, likelihood ratio statistics, and asymptotic and
bootstrap p-values for the Euribor interest rates data.

r b�r+1 Q p p� b�r+1 Q p p�

VAR(4) model VAR(2) model
0 0:469 144:247 0:000 0:000 0:514 206:868 0:000 0:000
1 0:273 70:158 0:001 0:020 0:423 121:041 0:000 0:000
2 0:148 32:836 0:087 0:232 0:215 55:622 0:000 0:001
3 0:091 14:036 0:294 0:416 0:155 26:756 0:005 0:015
4 0:024 2:900 0:607 0:655 0:055 6:675 0:149 0:193

to identify the cointegration space, because all restrictions on � suggested

by the economic theory are rejected by the data.

5.2 VAR(2) Model for the Interest Rates Data

We continue the empirical illustration based on a VAR(2) model. Table 1

reports diagnostics for the estimated VAR(2) model. The diagnostic tests

are worse than in the VAR(4) model, but may be deemed acceptable, in

particular since we want to avoid a long lag length. The individual tests for

autocorrelation are acceptable, with the exception of the LM(12) tests for

the 1 and 3 month interest rate equations, which reject at the 5% level. The

system LM(1) and LM(12) tests both reject at the 1% level. The tests for

ARCH are all signi�cant. The JB test rejects normality at the 1% level for

the 1 and 3 month interest rate equations and the system.
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The eigenvalues, likelihood ratio statistics, and the asymptotic and boot-

strap p-values are given in Table 2. The asymptotic test accepts r = 4 if we

use the signi�cance level 5%, and then there are four cointegrating relations

and p � r = 1 common stochastic trend driving the system, as suggested

by the expectations hypothesis. The bootstrap test rejects r = 0; 1; 2; 3, but

not r = 4. The bootstrap p-values for the hypotheses r = 3 and r = 4

are 1:5% and 19%, respectively. The bootstrap test therefore leads to the

same conclusion about the cointegration rank as the asymptotic test. Some

further simulations show that the power of the bootstrap test of r = 3 is

about 72% and the size of the bootstrap test of r = 4 is 4:8% (see Table 3

and the discussion in Section 5.3). Finally, it is worth mentioning that the

hypothesis that the spreads between the interest rates span the cointegration

space, as predicted by the economic theory (Hall et al. 1992), is accepted

by an LR test, LR(4) = 8:421, p-value 0:077. Figure 9 plots the estimated

cointegrating relations and they look stationary.

In the VAR(2) model the economic theory is accepted. The choice of

cointegration rank r = 2 in the VAR(4) model would have left out important

information in the data about the term structure of the Euribor interest

rates. The power analysis in Section 4 suggests that this may be due to the
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Figure 9: The estimated cointegrating relations in the VAR(2) model.

loss of power when many lags are �tted. The �nal section investigates the

power of the asymptotic and bootstrap LR tests of cointegration rank by

simulating the data.

5.3 Simulated Interest Rates Data

We simulate the Euribor interest rates data assuming both a VAR(2) and a

VAR(4) model. In the simulations we use the estimated parameters
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(b�; b�; b�1; : : : ; b�k�1; b�0, b
). For each value of r = 0; : : : ; p � 1, 100000 time
series with T = 121 observations are simulated. The processes are started at

the actual initial values. The errors are drawn from a multivariate normal

distribution with covariance matrix equal to the estimated covariance matrix.

Although this is not strictly true for the real data, the skewness and kurtosis

in the errors have no discernible e¤ect on the power of the tests, as found

in the previous section. Thus the normality assumption of the errors is not

so serious for the conclusions. In the VAR(2) model some autocorrelation

remains in the residuals, but in the simulated data the errors are NID(0; b
).
We apply the tests to the simulated data to estimate the power. For each

value of r = 0; : : : ; 4 in Table 3, the last row gives the size of the tests and the

other rows give the power of the tests at the nominal 5% level. From Table

3 we �nd that when r = 4, the powers of the asymptotic and bootstrap tests

of r = 3 in the VAR(2) model are about 88% and 72%, respectively, and in

the VAR(4) model about 41% and 21%, respectively. The loss of power of

the bootstrap test in the VAR(4) model compared with the VAR(2) model

is large. Finally, we note that the bootstrap test is slightly undersized in the

VAR(4) model, in particular when the value of r being tested is large.

There is, of course, a crucial di¤erence between the simulations of the
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Table 3: Rejection probabilities of a nominal 5% level test for the simulated
interest rates data.

Q Q� Q Q� Q Q� Q Q� Q Q�

VAR(4) model
Rank in the data

Rank tested r = 0 r = 1 r = 2 r = 3 r = 4
r = 0 0:404 0:050 0:999 0:861 1:000 0:999 1:000 1:000 1:000 1:000
r = 1 0:242 0:045 0:981 0:820 0:999 0:970 1:000 0:992
r = 2 0:168 0:043 0:683 0:344 0:901 0:643
r = 3 0:100 0:035 0:412 0:207
r = 4 0:057 0:038

VAR(2) model
Rank in the data

Rank tested r = 0 r = 1 r = 2 r = 3 r = 4
r = 0 0:157 0:049 1:000 0:999 1:000 1:000 1:000 1:000 1:000 1:000
r = 1 0:164 0:050 1:000 0:999 1:000 1:000 1:000 1:000
r = 2 0:151 0:049 0:947 0:812 1:000 0:993
r = 3 0:111 0:047 0:883 0:720
r = 4 0:076 0:049
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data, in which the DGP is known and the power of the tests are analysed,

and the empirical applications in which the DGP is unknown. What the

simulations con�rm is that the bootstrap test may have low power.

6 Conclusions

We have estimated the power of bootstrap likelihood ratio tests of cointegra-

tion rank using a new computationally inexpensive procedure. The results

show that the bootstrap test has a power function close to that of the level-

adjusted asymptotic test. Consequently, the bootstrap test estimates the

level-adjusted power of the asymptotic test highly accurately. Comparison

between the power functions of the asymptotic and bootstrap tests leads to

the misleading appearance of greater power for the asymptotic test, because

the former may be seriously oversized, whereas the latter has the correct

size. From a practical point of view, if there is a large di¤erence between the

p-values of the asymptotic and bootstrap tests, the bootstrap test should be

preferred. It should be pointed out that the bootstrap test may have low

power to reject the null hypothesis of cointegration rank zero, or underesti-

mate the cointegration rank. The bootstrap test is found to have low power
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in models with a long lag length. Hence, when bootstrapping the likelihood

ratio test of cointegration rank it is important to avoid �tting many lags.

An empirical application using the �rst ten years of data on Euribor interest

rates is provided as an illustration of the �ndings. The empirical application

suggests that the expectations hypothesis holds, but in VAR models with

a long lag length it may not be accepted because of the low power of the

bootstrap test of cointegration rank.
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A Computational Details

To compute the rejection probability of a bootstrap likelihood ratio test of

cointegration rank by (6) in the model (1) with p = 5, k = 2 and T = 100

when M = 100000 and B = 1000 requires about 12 hours 40 minutes CPU

time on the Core 2 Duo CPU, 2:4 GHz, 2:00 GB memory machine used to

estimate the power functions in the paper. The total computational time for

estimating a power function with 100 points would be about 57 days CPU

time, making the computational time prohibitive. The computational time

increases with the series length and the numbers of lags in the VAR model.

Models with nonnormal or conditionally heteroskedastic errors require more
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computational time than models with normal errors.

The method in Davidson and MacKinnon (2006) reduces the computa-

tional burden by a factor of B=2 LR statistics, which for B = 1000 is 500.

The computational time to compute the rejection probability of a bootstrap

likelihood ratio test of cointegration rank by (7) is about 2 minutes CPU

time. The estimation of a power function with 100 points takes about 3

hours 20 minutes CPU time.

B Checking the Approximation

In order to check the accuracy of the approximation in (7), we estimate the

rejection probability of the bootstrap test by (6) with M = 100000 and

B = 1000 for some points on the power functions in Figure 1. Table 4

compares the estimated rejection probabilities of the bootstrap tests with

B = 1000 and B = 1. The di¤erence in rejection probabilities is smaller

than 0:005% for size and smaller than 0:5% for power.
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Table 4: Estimated rejection probabilities in the model (1) when k = 2, � = 0
and T = 100.

� B = 1000 B = 1 Di¤erence %
0:00 0:05080 0:05076 0:004

�0:22 0:08098 0:07998 0:100
�0:48 0:25136 0:24732 0:404
�0:58 0:34995 0:34616 0:379
�0:83 0:61777 0:61625 0:152
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