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1.  Introduction 

 

The theory of modern portfolio management relies on the assumption that investors act 

homogeneously rationally and prefer large returns to small returns and low risk to high 

risk. These preferences sound intuitively plausible but the mathematical formulation of 

the problem is however relatively young. The size of investment profits and losses is 

easily measured in monetary value but for a long time the concept of risk was very 

abstract1. It was not until 1952 that the idea of compromising investment uncertainty into 

a single number was brought through. At that time Harry Markowitz published his 

seminal work “Portfolio Selection”. 

In here, he takes the approach that risk in asset returns are quantified in terms of 

their variance. For any given level of portfolio return variance, an investor would 

optimally choose the asset combination with highest expected return. Such a portfolio is a 

mean-variance efficient portfolio and Markowitz argues that all investors would 

optimally hold such portfolios. The use of return variance as risk measure in the 

optimization problem laid the groundwork for modern risk assessment where return 

standard deviation, or volatility, is by far the most used measurement tool. 

Immediate work by Sharpe (1964) and Lintner (1965) further motivated the use of 

standard deviation as a risk measure. Parallel to each other, they laid the groundwork of 

the Capital Asset Pricing Model (CAPM). In this model it is shown that if investors have 

homogeneous asset return and risk expectations and hold mean-variance efficient 

portfolios, then the market portfolio2 itself is a mean-variance efficient portfolio. An 

implication of this relation between expected excess return of an asset and expected 

return on the market portfolio is formulated in Equation 1, 

 [ ] [ ]mimi ZZ Ε=Ε β . ( 1 ) 

Here, expected excess return on the market portfolio, , and expected excess return on 

asset i , , are defined as expected return minus the risk free interest rate. The parameter 

mZ

iZ

                                                 
1 Bernstein (1996) even argues that mathematical modeling of uncertainty (risk assessment) defines the 
boundary between modern and past times. 
2 The market portfolio is the same as ‘all invested wealth’ 
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β  hence determines the market risk of an asset. Black (1972) derive a version of the 

CAPM in absence of risk free interest rate.  

The Sharpe-Lintner and the Black versions of the CAPM have no time dimension. 

In order to make econometric analysis and test the CAPM on market data some 

assumptions on the time-series properties of return data is made. The common approach 

has been to assume independently and jointly multivariate normally distributed returns 

over time3. 

In Merton (1972) and Roll (1977) the mathematics of mean-variance optimization 

are presented. In this setup there are  risky assets. The return covariance matrix4 is 

denoted  and the expected return vector5 is denoted 

N

Σ µ . Further, the weight of each 

asset in the portfolio is determined from elements in the vector6 . The constrained 

capital allocation problem is to solve 

w

 w'wmin
w

Σ , ( 2 ) 

given the constraints 

  ( 3 ) 1
1

=∑
=

N

i
iw

and 

 ( )rE'w ≥µ . ( 4 ) 

Here  is the investor expectation on portfolio return level. The solution to this 

problem can graphically be expressed in terms of portfolio standard deviation on the 

( )rE

x -

axis and investor return expectation on the - axis. Portfolios satisfying the condition (2) 

are said to be on the efficient frontier, i.e. optimal portfolios with respect to investor risk 

preferences. 

y

 Besides from portfolio theory, standard deviation as a risk measure has become 

very popular within options pricing. In 1973, Black and Scholes published an important 

article, “The Pricing of Options and Corporate Liabilities”. Results in this article were 

                                                 
3 Campbell et al. (1997). 
4 The return covariance matrix is of size ( )NN × . 
5 The expected return vector is of size ( )1×N . 
6 The weight vector is of size ( ) . 1×N
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parallel brought forward in Merton (1973). In these articles closed-form solutions to the 

options pricing problem is presented. Both Black and Scholes as well as Merton assume 

that prices follow a Geometrical Brownian motion (GBM), a process with a long history 

in price process modeling7. It states, that if the process at time  is at , then the price 

process is a continuous path where the price at time , 

0 0s

t ( )tS , is a random variable;  

 ( ) ( ) ( )tWtestS σσα +−=
2

2
1

0 . ( 5 ) 

Here, α  and σ  are constants that affect the drift and variability in the price and W  is a 

standard Wiener process. The Wiener process is characterized by independent and time-

scaled normally distributed increments8. The GBM is better recognized in differentiated 

form, standardized by the time  level of price,  

( )t

t

 
( ) ( )tdWdt
)t(S
tSd σα += . ( 6 ) 

This formula says that a small relative change in the price is based on two components, a 

drift that is linearly related to time and a normally distributed variable with mean zero 

and standard deviation linearly related to the square root of time.  

The Black-Scholes and Merton approach of pricing options has been widely used 

both in the academic literature and in practice. According to the pricing formula, the price 

of a plain vanilla european option is a function of several variables. However, the only 

variable related to the asset price process is return standard deviation. Other variables, not 

related to the price process, are either clearly observable or easily estimated. It is hence 

possible to establish a relation between the market price of an option and the input 

volatility that corresponds to the same option price according to the formula. The input 

                                                 
7 The history of the GBM goes back to Bachelier (1900). 
8 A stochastic process W , is a Wiener process if the following conditions are satisfied: ( )t

1. . ( ) 00 =W
2. Set utsr <≤< . Then ( ) ( )tWuW −  and ( ) ( )rWsW −  are independent 

random variables. 
3. Set . Then ts < ( ) ( )sWtW −  is normally distributed with mean 0  and standard 

deviation st − .  
4.  is continuous. ( )tW
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volatility that satisfies the market price is called implied volatility, and options trading is 

often referred to as trading volatility.  

Both approaches in Black and Scholes (1973) as well as in Merton (1973) to solve 

the option pricing problem, and implementations and tests of mean-variance efficient 

portfolios require returns to be independently and normally distributed over time. This is 

a strong assumption, with weak empirical base. A consequence of the time-changing 

properties of volatility and non-normality of returns observed in empirical data is a strong 

focus on volatility modeling during the last two decades. A great number of asset pricing 

models have been proposed, with the ARCH-model in Engle (1982) and the GARCH-

model in Bollerslev (1986) as pioneers.  

Having given the background to the use of volatility as the major risk 

measurement tool in modern finance we will now look at asset return regularities and 

discuss the concept of volatility. After the general discussion we turn to a summary of the 

essays including central findings and contributions as well as concluding remarks. 

 

2.  Empirical Regularities of Asset Returns 

 

The understanding of asset return properties has played a major role in the development 

of modern finance. Here, we will discuss empirical regularities observed in asset returns. 

We will also show illustrative examples based on a dataset consisting of daily returns on 

the Dow Jones Industrial Average Index (DJIA). Daily returns, , are defined tr ( )
1−t

t
P

Pln , 

where  is the observed closing price of day . The first observation in the sample is 

from October 1, 1928 and the last observation is from May 6, 2003, a total of 18726 days. 

Commodity Systems Inc has provided the data. 

tP t
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Table 1. Moments of sample returns 

 DJIA 
Mean (%) 0.019 
Standard deviation (%) 1.16 
Skewness -0.67 
Kurtosis 29.4 
 
Jarque-Bera 544481 
Probability 0.00000 

Moments of sample daily returns on the Dow Jones Industrial Average Index are presented. The data 
are from October 1, 1928 to May 6, 2003, for a total of 18726 observations. The Jarque-Bera test 
statistic reveals strong departure from normality. 

 
 

Table 2. Sample return and normal distribution probabilities 

 DJIA Normal distribution 

σµσµ 55 +<<− ir  0.9964 1.0000 
σµσµ 33 +<<− ir  0.9826 0.9973 
σµσµ 22 +<<− ir  0.9550 0.9545 

σµσµ +<<− ir  0.8171 0.6827 

22
σµσµ +<<− ir  0.5568 0.3829 

33
σµσµ +<<− ir  0.4056 0.2611 

55
σµσµ +<<− ir  0.2578 0.1585 

The average and standard deviation is based on daily returns on the Dow Jones Industrial Average 
Index (DJIA). The data are from October 1, 1928 to May 6, 2003, for a total of 18726 observations. 
The reported probabilities show the probability that a sample lies within the defined interval if drawn 
from the DJIA index and the normal distribution respectively.  

 
 

2.1.  Non-Normality 

 

Asset returns are generally non-normally distributed. Early references are for example 

Mandelbrot (1963) and Fama (1965). In Table 1 sample moments of DJIA returns are 

presented. The returns are negatively skewed with a coefficient –0.67 and a kurtosis 

coefficient of 29.4. Consequently, normality is strongly rejected by the Jarque-Bera test.  
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Sample asset return distributions are often leptokurtic, i.e. showing fatter tails and 

being more peaked than the standard normal. In Table 2 we look at probabilities of 

returns being a certain standard deviations from the mean. The sample return distribution 

is compared to a normal distribution with equal mean and standard deviation. Fat tails are 

recognized in the sample distribution. The proportion of returns further than five standard 

deviations from the mean is 0.34%. This corresponds approximately to one occurrence 

during a year. Such a return is almost impossible, if generated from a normal distribution. 

The probability for returns being within two standard deviations from the mean is 

approximately equal for the sample and the normal distribution. Regarding the center of 

the distribution we observe that sample returns are more peaked than normal returns. The 

probability that a return is within the interval [ ]33
σµσµ ˆˆ,ˆˆ +−  is 40.56% for sample 

returns, but only 26.11% for the normal distribution.  

 
2.2.  Volatility Clustering 

 

Asset returns show in general small or insignificant first moment autocorrelation. 

Autocorrelation coefficients of squared returns are on the other hand often significant. 

Large absolute returns are probably followed by large absolute returns. An early 

reference is Mandelbrot (1963). 

In Figure 1 returns and squared returns are graphed. There is undoubtedly a 

clustering effect, even more pronounced in the picture of squared returns. In Table 3 

sample autocorrelation functions are presented. The correlation coefficients between 

returns and lagged returns are small compared to the correlation between squared returns 

and lagged squared returns. The largest value of the sample return autocorrelation 

function is found on the first lag, 0.0312, which is significant. The lags for squared 

returns are however much larger. 
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Figure 1. Dow Jones Industrial Average Index returns and squared returns 

 

Table 3. Sample autocorrelation function for daily returns and squared returns 

Number of Lags Returns Squared returns 
 1 0.0312 * 0.2052 * 
 2 - 0.0189 * 0.2111 * 
 3 0.0055 0.1633 * 
 4 0.0160 * 0.1225 * 
 5 0.0093 0.1808 * 
 6 - 0.0287 * 0.1067 * 
 7  0.0044  0.1053 * 
 8  0.0192 * 0.1236 * 
 9  0.0270 * 0.1065 * 
 10  0.0074  0.1032 * 

The sample autocorrelation functions of returns and squared returns are from the Dow Jones Industrial 
Average Index. Returns are sampled on a daily frequency. The data are from October 1, 1928 to May 
6, 2003, for a total of 18726 observations. A * indicates significant deviance from zero at the 5% level. 
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Table 4. Correlation coefficients between squared daily returns and lagged returns  

  Number of Lags Correlation Coefficient 

 1 - 0.0484 * 
 2 - 0.0631 * 
 3 - 0.0395 * 
 4 - 0.0327 * 
 5 - 0.0421 * 
 6 - 0.0287 * 
 7 - 0.0381 * 
 8 - 0.0381 * 
 9 - 0.0224 * 
 10 - 0.0337 * 

Sample correlation coefficients between squared returns and lagged returns on the Dow Jones 
Industrial Average Index are reported. The returns are based on prices, collected at a daily frequency. 
The data are from October 1, 1928 to May 6, 2003, for a total of 18726 observations. A * indicates 
significant deviance from zero at the 5% level. 

 

2.3.  Asymmetric Dependency between Subsequent Volatility and Returns 

 

Another stylized return property is the tendency towards negative returns being 

associated with large volatility in subsequent periods. This was first noted in Black 

(1976a). The economic interpretation is that assets will be more leveraged, and hence 

riskier, as equity becomes less valuable. Black argument however that leveraging cannot 

solely explain the asymmetry and further empirical work presented in Christie (1982) and 

Schwert (1989) support their observation.  

Besides from leveraging, asymmetric dependency can reflect the existence of 

time-varying risk premiums. An increased expected volatility should be reflected in 

higher expected equity return and hence lower equity prices. This hypothesis is brought 

forward and examined in for example Pindyck (1984), French et al. (1987) as well as 

Campbell and Hentschel (1992). These two competing explanations, where in the 

leverage hypothesis, negative returns are followed by an increased volatility, and in the 

time-varying risk premium hypothesis, high anticipated volatility is priced as negative 

asset returns, are empirically evaluated in Bekaert and Wu (2000). Their results support 

the time-varying risk premium hypothesis but find no evidence for the leverage effect. 

 

 

  10



Table 5. Return variance. 

 Weekday Variance in Variance in Variance in 
  Daily returns (10-4) op-hr returns (10-4) cl-hr returns (10-4) 

 
Monday 2.049 1.844 0.143 
Tuesday 1.649 1.521 0.130 
Wednesday 1.632 1.521 0.097 
Thursday 1.813 1.480 0.193 
Friday 1.712 1.563 0.123 
Sample variance from daily returns on the Dow Jones Industrial Average Index is reported. The data 
are from February 2, 1998 to May 6, 2003, for a total of 1318 observations9. The daily return is defined 
as the return between the closing price of weekday i and the closing price of the previous trading day. 
The weekday i op-hr return is defined as the return between the weekday i closing and opening price. 
Weekday i cl-hr return is defined as the return between the weekday i opening price and the closing 
price of the previous trading day.  

 

Tests for return asymmetry can be conducted by estimating the correlation 

coefficient between squared returns and lagged returns. A significant negative correlation 

indicates asymmetry. From results in Table 4, we notice a clear negative relationship, 

significant on all lags up to the tenth. There is strong evidence of asymmetric volatility-

return dependency on the DJIA. 

 

2.4.  Low Volatility during Closing Hours 

 

Return volatility is generally lower during non-trading periods than during opening hours. 

This is documented in for example Fama (1965) as well as French and Roll (1986). If 

volatility would be equal during trading- and non-trading periods, the variance in 

Monday returns, including the weekend close, would be approximately three times the 

variance on other weekdays. Also overnight returns would in most cases be larger than 

the return between market open and close, due to the limited time that markets are open. 

  11

                                                 
9 The dataset is a sub-period of data previously used because of poor quality in open-prices before February 
1998. 



Table 6. Inverse relationship between volatility and autocorrelation. 

  α  1β  2β  
  (10-4) (10-2) 

 
Restricted Model 2.50* 3.00*  
  0.843 0.731  
 

Unrestricted Model  2.45* 5.67* -4.17* 
  0.842 0.829 0.615 

Inverse relationship between past market volatility and autocorrelation from daily returns on the Dow 
Jones Industrial Average Index is reported. The data are from October 9, 1928 to May 6, 2003, for a 
total of 18721 observations10. The estimated model is 

( )( ) ttttt rrrfr εββα +++= −−− 15121 ,...,  
where  is the day t return and  is a measure for market volatility defined by  tr ( 51,..., −− tt rrf )

                                                

( ) ∑
=

−−− =
5

1

2
51,...,

i
ittt rrrf . 

Estimated standard deviations are reported within brackets. A * indicates significance on the 5% level. 
 

 Sample variance in daily returns, open-hour returns and closed-hour returns 

reported in Table 5 do not support equal variance during opening and closing hours. 

Generally, the variance in open-hour returns is much larger than variance in returns 

during close-hours, supporting results in previous research. The variance in daily returns 

is however noticeable larger for Mondays than for the other weekdays. The higher 

Monday variance can anyhow almost extensively be deducted to open-close variance, 

indicating that information flow leading to return variance is small during weekends. The 

highest closed-hour variance can be found for Thursdays. A possible explanation to this 

phenomenon can be found in Taylor and Xu (1997), where they find a corresponding 

Thursday effect and derive it to the release of important macro-economic figures prior to 

the opening. 

 

2.5. Inverse Relationship between Volatility and Autocorrelation 

 

Several authors, among others Kim (1989), LeBaron (1992) and Campbell et al. (1993), 

provide strong empirical evidence of a negative relationship between trading volumes or 
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return volatility and return autocorrelation. Koutmos (1997) deduce this phenomenon to 

feedback trading. Sentana and Wadhwani (1992) show that positive feedback trading 

(buy with rising prices) results in negative return autocorrelation and that negative 

feedback trading (contrarian strategies) correspondingly results in positive return 

autocorrelation. Feedback trading strategies can be expected to be more active during 

periods of higher price movements, and consequently it is hypothesized that higher 

volatility is associated with smaller return autocorrelation. 

In Table 6 the inverse relationship between past return volatility, measured as the 

sum of squared past returns, and autocorrelation is presented. Coefficients are significant, 

and an inverse relationship between volatility and autocorrelation is established.  

 

3.  Volatility Modeling and Classification 

  

Several fundamental conclusions may be drawn from regularities exemplified in the 

descriptive analysis above. First, there is little or no serial dependency in the first 

moment. With standard statistical measures we conclude that linear transformations of 

past returns do not contain much information regarding the sign and magnitude of future 

returns. The great part of return variation can be described as random and not possible to 

forecast. 

Second, normality of returns is clearly rejected. Observed returns distributions are 

generally leptokurtic. In contradiction to empirical evidence, a significant part of 

financial modeling assumes normally distributed returns. Observed returns are however 

reasonable well modeled as a function of several normally distributed variables. Kon 

(1984) use this approach for modeling asset returns.  

Third, there is serial dependence in squared returns. Large absolute returns are 

with a high probability followed by large absolute returns. The structure of this serial 

dependency is deeply penetrated in the literature. The topic is central within asset price 

modeling literature and the discussion regarding volatility modeling is very active. 

Within the financial community volatility has been classified into three different 

classes, depending on how a volatility estimate or forecast is used. We talk about implied, 
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statistical and process volatility11. We will here briefly discuss this terminology. Since 

our analysis is rather empirically driven, we find it natural to start with the most directly 

observable volatility, which is the implied volatility. 

 

3.1.  Implied Volatility 

 

Implied volatility is the input volatility that satisfies a certain option price using a specific 

option pricing formula. Since volatility is the only unobservable variable in many 

extensively used formulas, the observed options price can be regarded the market’s 

volatility forecast over the maturity of an option. This is of course only true if the pricing 

formula is correctly specified. 

Pricing formulas used in practice are however clearly miss-specified. The models 

in Black and Scholes (1973), Merton (1973), Black (1976b) as well as Garman and 

Kohlhagen (1983) all assume normally distributed returns. Rational investor behavior 

may also induce a bias between the implied and the historical volatility, in that a risk 

premium is demanded for bearing the risk of large losses associated with a short options 

position. This is discussed in for example Christensen and Prabhala (1998), Poon and 

Granger (2002) as well as Bollerslev and Zhou (2003). 

The implied volatility can be regarded as a volatility estimate, with statistical 

properties that are, to say the least, gloomy. Miss-specified option pricing formulas has 

not prevented development of models that try to capture the behavior of implied volatility 

itself. These include implied volatility functions, presented in Derman and Kamal (1997) 

and Derman (1999), and further developed and applied to principal component analysis 

in Alexander (2001b). The relatively frequent publishing in more practically oriented 

journals compared to academic journals indicates that implied volatility models have not 

been easily motivated from a theoretical point of view.  

Implied volatility is also directly traded through futures on the VIX index. This in 

an index on implied volatility from at-the-money options on the S&P 500 futures. Also 

variance swaps, which are instruments for swapping realized return standard deviation 

                                                 
11 See for example Alexander (2001a) for this classification. 
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with implied option volatility, are a class of instruments with a growing interest in the 

financial industry. 

 

3.2.  Statistical Volatility 

 

Return volatility is an unobserved quantity. It cannot be exactly measured on return data; 

only its time-series properties can be detected for volatility estimation. Parameterization 

of the volatility process will yield a statistical model, which can be estimated. Models 

yield historical estimates of volatility and can be used for return variance forecasts. 

Return-generating processes, where volatility is non-constant, have 

unconditionally non-normal return distributions. In order to show this, we let tε  denote 

normally distributed innovations of a discrete random process. Innovations are linearly 

uncorrelated over time. The variance of tε , denoted , is defined as the time t  

conditional variance of 

2
tσ

1+tε . Hence, 

 ( )2
1 0 tt ,N~ σε + . ( 7 ) 

We denote the kurtosis of a random variable, x , by ( )xΚ . It is defined, 

 ( ) ( )
( )22

4

xE
xEx =Κ , ( 8 ) 

where  is the expectation on ( )xE x . Let  be a normally distributed variable with mean 

 and standard deviation 1. Now, 

tz

0 11 ++ = tt zt σε , and 

 ( ) ( ) ( )
( ) ( )2

1
222

4
1

4

1
+

+
+ =Κ

tt

tt
t zEE

zEE
σ
σ

ε . ( 9 ) 

The kurtosis of a normally distributed variable is 3, and hence 

 ( ) ( )
( )22

4

1
3

t

t
t E

E
σ
σ

ε =Κ + . ( 10 ) 
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Now, according to Jensen’s inequality12 we have that ( )( ) ( )2222
tt EE σσ ≥ , and 

 ( ) ( )
( ) 3

3
22

22

1 =≥Κ +
t

t
t E

E
σ
σ

ε . ( 11 ) 

We can see that a well specified statistical volatility model can handle not only 

correlation in squared returns and changing levels of volatility, but that the unconditional 

return distribution will in fact be non-normal.  

In Engle (1982) the class of autoregressive conditional heteroscedasticity models 

is proposed. In these models the conditional variance is a function of squared past 

innovations, such that  

 ( ) 22
tt L εαωσ += . ( 12 ) 

Here ( )Lα  is the lag operator. 

 A common observation from ARCH-models is that many lags are needed to 

model dependency in volatility. From table 3 we observe that the autocorrelation seems 

to decay slowly with an increasing number of lags and it is also reasonable to assume 

more than ten significant lags. An ARCH model for daily returns on the DJIA would 

hence include quite a few parameters. This inconvenience is circumventing in Bollerslev 

(1986). They put forward the class of generalized autoregressive conditional 

heteroscedasticity models (GARCH). The GARCH-model has the following variance 

structure:  

 ( ) ( ) 22
1

2
ttt LL εασβωσ ++= − . ( 13 ) 

The most frequently used parameter structure is the GARCH (1,1), which is 

widely applied both practically and academically. Mikosch (2002) discuss factors 

explaining the popularity of the model. They note that GARCH-processes are seemingly 

closely related to autoregressive moving average processes, which are a well-known class 

of time series processes. A GARCH (1,1), with only three parameters, also gives 

reasonable fit to real-life data. Residual tests often support the hypothesis that the model 

is well specified. Parameter estimation is also relatively straightforward, with several 

                                                 
12 Jensen’s inequality theorem. For a convex function, ( ).f , it holds that ( )( ) (( )xfExEf )≤ . 
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program packages that support estimation and statistical inference based on quasi-

maximum likelihood techniques.  

Despite its popularity, there are stylized features in the GARCH model that have 

motivated further development. When applied on financial data, there is a tendency 

towards that the sum of the estimates on α  and β  approaches unity as the sample period 

increases. Engle and Bollerslev (1986) suggest the integrated GARCH, or the IGARCH-

model, where the sum of parameters iα  and iβ  equals one. Also specification of the 

volatility structure, such that it handles asymmetric return-volatility dependence as 

reported in Table 4, has been suggested. Among these, the exponential GARCH, or the 

EGARCH (1,1) model, proposed by Nelson (1991) is the most well-known. Here, 

 ( ) ( ) ( )11loglog −− ++= ttt zfασβωσ  ( 14 ) 

and 

 ( ) 1111 −−−− +Ε−= tttt zzzzf δ , ( 15 ) 

where 

 
1

1
1

−

−
− =

t

t
tz

σ
ε

. ( 16 ) 

A generalization suggested in Glosten et al. (1993) nests the simple GARCH 

model and incorporates the capability to handle asymmetric return dependencies as in the 

EGARCH. The GJR-GARCH (p,q) has the following formulization,  

 . ( 17 ) [ ] ∑∑
=

−
=

−−− +++=
p

i
iti

q

i
ititiitit s

1

2

1

222 σβεγεαωσ

Here,  is a dummy variable with ts 1=ts  if 0<tε  and zero otherwise. The intuitive 

interpretation of the relative size of the asymmetry has made this specification more 

popular during recent years. 

 Numerous other specifications have been proposed in the literature. In Mikosch 

(2002) it is noted that over 150 different GARCH-type volatility structures have been 

suggested over the years. This is evidential of a solid interest for volatility modeling, but 

it also indicates that the issue is complicated and ambiguous.  
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3.3.  Process Volatility 

 

Both implied volatility and statistical volatility are estimates of the true volatility. Implied 

volatility can in a broad context be regarded as the market’s expectation on sub-sequent 

volatility and statistical volatility models describe the latent second moment properties of 

return data. These types of volatility aim at estimating and forecasting the true, 

unobserved process volatility.  

Most process volatility specifications come from the option pricing literature. The 

options pricing model in Black and Scholes (1973) has gained large popularity despite 

the model assumptions are clearly false. Contradictory to the assumptions, it is for 

example not possible to trade continuously and market prices are discrete. As we have 

seen in the previous sections, it is also incorrect to assume that prices follow a GBM, 

where volatility is constant over time. The most obvious model improvement has in many 

cases been to generalize the price processes, and several stochastic volatility models have 

been proposed to undertake the weaknesses in the Black and Scholes model.  

In stochastic volatility models, the following general structure on the price 

process and volatility process is formulated; 

 ( ) ( ) ( ) ( ) ( )tdWtStdttStSd 1σµ +=  ( 18 ) 

and 

 ( ) ( )( ) ( )( ) ( )tdWtgdttftd 2σσσ += . ( 19 ) 

Here, W  and W  are Standard Wiener processes with the instantaneous correlation ( )t1 ( )t2

ρ and  and  are functions determining the drift and volatility of volatility. ( )⋅f ( )⋅g

Various volatility processes have been suggested. Hull and White (1987) show 

that the solution to the options pricing problem where investors are risk-neutral, volatility 

is uncorrelated with the asset price and variance follows the GBM  

 ( ) ( ) ( ) ( )tdWtdtttd 2
222 σζσασ += , ( 20 ) 

can be determined from the Black and Scholes’ price with the expected volatility over the 

maturity of the option as the input volatility. 
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Heston (1993) give a closed-form solution to the options pricing problem in a 

stochastic volatility environment where volatility follows the mean-reverting process 

 ( ) ( )[ ] ( ) ( )tdWtdtttd 2
22 ξσσθωσ +−= . ( 21 ) 

Other specifications have also been suggested. Lewis (2000) provide a review of 

functional specifications and solutions to the option pricing problem under stochastic 

volatility. 

The use of stochastic volatility models for describing process volatility has mainly 

found its attraction in a theoretical framework. One probable reason is difficulty to 

estimate parameters. Javaheri (2004) examine maximum likelihood-estimates from 

simulated prices. In estimating the four parameters in the Heston (1993) model, the 

convergence is very slow13 and the likelihood functions are flat and in some cases 

irregular. 

Andersen, Bollerslev, Diebold and Labys (1999, 2000a, 2000b and 2001) as well 

as Andersen, Bollerslev, Diebold and Ebens (1999) introduce and mathematically justify 

measurement of process volatility with high-frequency sampling methods. From the 

theory of quadratic variations of diffusions, they show that volatility measures, based on 

very high-frequent data are error-free volatility estimates. 

In an arbitrage-free context they assume a logarithmic price process, ( )tp , 

described by the following stochastic volatility diffusion, 

 ( ) ( ) ( ) ( )tdWtdtttpd σµ += . ( 22 ) 

As long as the volatility process is strictly stationary, estimation error in the volatility 

estimator 

 ( )22
tttt ppˆ −= ∆+σ , ( 23 ) 

approaches zero as the sampling interval decreases. Here, , denotes the time t  

realization of the price process. This approach, going under the appellation “measurement 

tp

                                                 
13 In a joint observation of the parameters, the following estimates are obtained after 1,000,000 and 
5,000,000 return simulations respectively (The true value is reported within brackets): ω̂ : 0.105, 0.101 

(0.10), θ̂ : 10.55, 10.12 (10.0), ξ̂ : 0.044, 0.029 (0.03) and ρ̂ : -0.36, -0.51 (-0.50).  
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of realized volatility”, has attracted a large interest and quite a few articles have recently 

been investigating the properties of these volatility measures14. 

 

4.  Paper Summaries and Central Findings 

 

Essays presented here deal with the concept and modeling of risk. This section 

summarizes the essays, and provides results as well as their implications and 

contributions. 

 

4.1.  Essay 1: A New Approach for Detection of Serial Return Dependency in the 

First Moment 

 

Return dependency in the first moment is generally detected with tests of the sample 

autocorrelation function. Results in Brock et al. (1992) provide evidence for long-term 

dependency, not easily detected by standard autocorrelation tests. In testing technical 

trading rules, they find that these rules significantly outperform a buy-and-hold strategy. 

Since the rules are designed to suggest long positions in rising markets and short 

positions in falling markets, results can be interpreted as long-term positive serial 

dependency in the first moment. They also find that the trading rules perform better in 

rising markets than in falling markets. This would suggest a different dependency 

structure in rising and falling markets. 

In this essay we propose an algorithm for classifying markets into bull or bear. 

The approach is built on ideas in Lunde and Timmerman (2004). Given the algorithm, we 

derive a statistic: the Trend Switch Probability, for detection of long-term return 

dependency in the first moment. We also derive the duration distribution for the market 

being in one of the states, bull or bear. Tests on the Trend Switch Probability are also 

tests of the Random Walk hypothesis. 

We perform tests of the Trend Switch Probability on 75 years of daily returns on 

the Dow Jones Industrial Average Index. Reported probabilities seem to be robust over 

                                                 
14 Besides from the mentioned articles ny Andersen, Bollerslev, Diebold and Labys as well as Andersen, 
Bollerslev, Diebold and Ebens, see for example Giot and Laurent (2003) as well as Thomakos and Wang 
(2003). 
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various volatility specifications. The serial dependency in bear and bull markets is clearly 

different. It is strongly positive in rising market whereas bear markets behave more 

randomly. A tendency towards longer than expected durations in bull markets and shorter 

than expected durations in bear markets is also reported. 

In estimation of the Trend Switch Probability a threshold level must be specified. 

The distribution for the duration of a market being in a specific state is a function of the 

threshold level, and is hence linked to the investment horizon. The combination of the 

duration distribution and the Trend Switch Probability should work as an effective tool in 

active asset allocation, since it combines the expected holding period of an asset and the 

asset’s long-term return dependency. 

 

4.2.  Essay 2: Properties of Realized Volatility and Correlation 

 

The methods proposed by Andersen, Bollerslev, Diebold and Labys (1999, 2000a, 2000b 

and 2001) and Andersen, Bollerslev, Diebold and Ebens (1999) suggest that high-

frequency return estimates can be used as observations on the process volatility.  

In this essay we use this technique and measure realized volatility and correlation 

on a set of German stocks. We find that returns standardized with realized volatility are 

close-to-normally distributed. This is in line with earlier results presented in the literature 

and suggests that the model is correctly specified. We also report distributional properties 

for logarithmic realized volatility and realized correlation. Distributions are 

approximately normal, which is also in line with earlier examinations reported in the 

literature. 

One of the theoretical assumptions in deriving the properties of volatility 

measures based on frequently sampled returns is a strictly stationary covariance process. 

Our empirical examination of serial dependence in realized volatility measures does not 

support this assumption. Contradictory, estimates of the degree of integration of realized 

volatilities suggest that serial dependency structure is highly unstable and changes 

randomly, and that volatility is in many cases non-stationary.  

The practical consequence of the unstable behavior in measured volatility based 

on high frequency data is that complex volatility specifications are likely to bring little or 
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no out-of-sample forecasting value. This might also explain that relatively simple 

volatility models are preferred to more complex models in many practical 

recommendations15. 

 

4.3.  Essay 3: Implications of Market Microstructure for Realized Variance 

Measurement 

 

In the third essay we continue our examination of realized variance measures. An 

increasing sampling frequency will theoretically motivate the sum of squared intra-period 

returns to contain less estimation error and in the limit be an error-free variance measure. 

Market microstructure characteristics may however affect the possibility to measure 

returns frequently enough to treat variance estimates as observations of the variance 

process.  

We simulate well-documented market microstructure effects, return 

autocorrelation and clustering of absolute returns, and examine the estimation error on 

different sampling frequencies. 

In absence of return autocorrelation, we are able to conclude that high sampling 

frequency is preferred to low sampling frequency. We observe that lower sampling 

frequency adds significantly to the error standard deviation. However, when 

autocorrelation is present, systematic errors are reduced with lower sampling frequency.  

In order to investigate the effects from time-changing volatility we have simulated 

two sources of non-constant volatility, a deterministic one and a stochastic one. Findings 

suggest that there is no impact from non-constant volatility on average bias in realized 

variance measurement. However, changing return volatility increases the bias standard 

deviation. In the simulations ARCH-effects, volatility seasonality as well as volatility 

shocks are included. Independent of the source of non-constant volatility, the increase is 

relatively largest for the highest sampling frequencies.  

Based on simulations we are not ready to suggest that realized variance should be 

treated as observations on variance. The informational content in frequently sampled 

                                                 
15 See for example the RiskMetrics recommendations. 
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returns compared to lower frequencies is also easily overrated, due to sensitivity towards 

return autocorrelation and non-constant volatility.  

 

5.  Concluding remarks 

 

Our objective with this collection of essays is to bring together and conclude on some 

normative information regarding quantitative portfolio management and risk assessment. 

Generally, volatility is not easily estimated, even from high frequency data. It is neither 

very well behaved in terms of stability nor dependency over time. Based on these 

observations, we would recommend the use of simple, transparent methods that are likely 

to be more robust over changing volatility regimes than models with a complex 

parameter universe.  

In analyzing long-term return dependency in the first moment we find that the 

Trend Switch Probability is a robust estimator. This is an interesting area for further 

research, with important implications for active asset allocation. 
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