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(NorFA), Bröderna Lars och Ernst Krogius forskningsfond, Waldemar von
Frenckells stiftelse and Letterstedtska föreningen (Finländska avdelningen) are
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PREFACE

In the thesis we consider inference for cointegration in vector autoregressive
(VAR) models. The thesis consists of an introduction and four papers. The
first paper proposes a new test for cointegration in VAR models that is directly
based on the eigenvalues of the least squares (LS) estimate of the autoregressive
matrix. In the second paper we compare a small sample correction for the like-
lihood ratio (LR) test of cointegrating rank and the bootstrap. The simulation
experiments show that the bootstrap works very well in practice and dominates
the correction factor. The tests are applied to international stock prices data,
and the finite sample performance of the tests are investigated by simulating the
data. The third paper studies the demand for money in Sweden 1970—2000 using
the I(2) model. In the fourth paper we re-examine the evidence of cointegration
between international stock prices. The paper shows that some of the previous
empirical results can be explained by the small-sample bias and size distortion of
Johansen’s LR tests for cointegration.

In all papers we work with two data sets. The first data set is a Swedish
money demand data set with observations on the money stock, the consumer
price index, gross domestic product (GDP), the short-term interest rate and
the long-term interest rate. The data are quarterly and the sample period is
1970(1)—2000(1). The second data set consists of month-end stock market index
observations for Finland, France, Germany, Sweden, the United Kingdom and the
United States from 1980(1) to 1997(2). Both data sets are typical of the sample
sizes encountered in economic data, and the applications illustrate the usefulness
of the models and tests discussed in the thesis.

v





CONTENTS

1 Introduction 1
2 Integrated Processes 2
3 Cointegration 4
4 Cointegration in the Framework of the Linear Process 5
5 Cointegration in Vector Autoregressive Models 6

5.1 Representation 6
5.2 Testing 7

6 Asymptotic Theory for Integrated Processes 8
7 The Likelihood Ratio Test for Cointegrating Rank 10

and Small Sample Correctiuons
8 Bootstrap Tests for Cointegration 11
9 The I(2) Model 12
10 Conclusions 13
References 14

The Papers

vii





THE PAPERS

[1] Ahlgren, N. and Nyblom, J. (2002), ’A Direct Test for Cointegration in
Vector Autoregressive Models’, Manuscript, Swedish School of Economics.

[2] Ahlgren, N. (2002), ’Comparison of a Small Sample Correction for the Test
of Cointegrating Rank and the Bootstrap’, Manuscript, Swedish School of Eco-
nomics.

[3] Ahlgren, N. (2002), ’An I(2) Model for Swedish Money Demand’, Manuscript,
Swedish School of Economics.

[4] Ahlgren, N. and Antell, J. (2002), ’Testing for Cointegration between Inter-
national Stock Prices’, forthcoming in Applied Financial Economics.

ix





1 Introduction

The notion of cointegration was introduced by Granger (1981, 1983), and Engle
and Granger (1987) (see also Granger 1986 and Hendry 1986). The simple idea
behind cointegration is that sometimes the lack of stationarity of a multidimen-
sional process is caused by common stochastic trends, which can be eliminated
by taking suitable linear combinations of the process, thereby making the linear
combination stationary (Johansen 1996a, 72). Seminal contributions in the liter-
ature on cointegration were made by Stock and Watson (1988), Johansen (1988,
1991, 1996b), and Johansen and Juselius (1990). Engle and Granger (1987), and
Stock and Watson (1988) considered cointegration in the framework of the linear
process. Johansen (1988, 1991, 1996b) showed that cointegration can be defined
as submodels of the vector autoregressive (VAR) model.

Johansen (1996a) notes that the reason why cointegration has been so popular
in econometrics is that classical macroeconomic models are often formulated as
simultaneous linear relations between variables following the Cowles Commission
tradition. This type of modelling has a long history in economics, going back to
the work of Tinbergen (1939) and Haavelmo (1944). For a modern rereading of
Haavelmo (1944), see Juselius (1993). These models were developed for stationary
processes, but in fact most economic variables are nonstationary. If we think of
the classical economic relations as long-run relations, we can easily imagine that
such relations can be stationary even if the variables themselves are nonstationary.
Cointegration is the mathematical formulation of this phenomenon (Johansen
1996a, 73).

In the last two decades cointegration has been the topic of intensive research
in econometrics and statistics. There is a number of books and collections of
papers dealing with cointegration (see Johansen 1996 and the references in the
preface therein). The book by Maddala and Kim (1998) is a review of unit
roots and cointegration for economists. Mills (1999) and Chan (2002) consider
cointegration with a view towards financial time series. Hubrich, Lütkepohl and
Saikkonen (2001) is a recent survey of system cointegration tests.

In the thesis we consider inference for cointegration in VAR models. The
thesis consists of an introduction and four papers. The papers are referred to
by their numbers, [1], [2], [3] and [4]. Paper [1] (jointly with Jukka Nyblom)
proposes a new test for cointegration in VAR models that is directly based on
the eigenvalues of the least squares (LS) estimate of the autoregressive matrix.
In paper [2] we compare a small sample correction for the likelihood ratio (LR)
test of cointegrating rank and the bootstrap. Paper [3] studies the demand for
money in Sweden 1970—2000 using the I(2) model. Paper [4] (jointly with Jan
Antell) tests for cointegration between international stock prices.

In all papers we work with two data sets. The first data set is a Swedish
money demand data set with observations on the money stock, the consumer
price index, gross domestic product (GDP), the short-term interest rate and
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the long-term interest rate. The data are quarterly and the sample period is
1970(1)—2000(1), giving 117 quarterly observations. The second data set consists
of month-end stock market index observations for Finland, France, Germany,
Sweden, the United Kingdom and the United States from 1980(1) to 1997(2),
yielding 206 monthly observations. Both data sets are typical of the sample sizes
encountered in economic data, and the applications illustrate the usefulness of
the models and tests discussed in the thesis.

Section 2 of the introduction gives the basic definitions of integrated pro-
cesses. Section 3 discusses the notion of cointegration and gives the basic defini-
tions. Section 4 considers cointegration in the framework of the linear process.
Representation and testing for cointegration in VAR models are considered in
Section 5. Section 6 is a short introduction to the asymptotic theory for inte-
grated processes. The likelihood ratio (LR) test for cointegrating rank, small
sample corrections, and bootstrap tests for cointegration are reviewed in Sections
7 and 8, respectively. Section 9 gives an overview of the I(2) model. Section 10
concludes and summarises the contributions of the thesis.

The following notation is used. The vector Xt = (X1t, . . . , Xpt)
′ denotes an

observable p-dimensional time series. The sample size is denoted by T . The
lag operator is denoted by L and the differencing operator is denoted by ∆, i.e.
∆Xt = (1 − L)Xt and ∆dXt = (1 − L)dXt. The symbol I(d) is used to denote
a process which is integrated of order d, i.e. is stationary (or asymptotically
stationary) after differencing d times but is nonstationary after differencing only

d − 1 times. The symbol
P
→ signifies convergence in probability, and OP (·) and

oP (·) are the usual symbols for the order of convergence in probability of a se-

quence. The symbol
D
→ signifies convergence in distribution or more generally,

weak convergence. We abbreviate ’independent, identically distributed’ by iid.
The normal distribution with mean µ and covariance matrix Ω is denoted by
N(µ,Ω). We denote the (p × p) identity matrix by Ip. If A is a (p × r) ma-
trix of full rank, we denote by A⊥ a p × (p − r) matrix of full rank such that
A′A⊥ = 0. If r = 0, we define A⊥ = Ip, and if p = r, we choose A⊥ = 0. We
denote A = A(A′A)−1, such that PA = A(A′A)−1A′ = AA′ is the projection
onto the space spanned by A. We denote the norm of a matrix A by ‖A‖, i.e.
‖A‖ =

√
tr(A′A), where tr(A) denotes the trace of A. As a general convention,

a sum is defined to be zero if the lower bound of the summation index exceeds
the upper bound.

2 Integrated Processes

Let εt be a doubly infinite sequence of p-dimensional iid random variables with
mean 0 and finite covariance matrix Ω. From these we construct linear ergodic
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processes defined by

Xt =
∞∑
i=0

Ciεt−i, t = 1, . . . , T, (1)

where we assume that the coefficient matrices Ci decrease exponentially fast such
that C(z) =

∑
∞

i=0Ciz
i with C(0) = Ip is convergent for |z| ≤ 1 + δ for some

δ > 0. This guarantees the existence of the process Xt in the sense that the
series is convergent almost surely (see Johansen 1996b). Informally we can say
that a stationary sequence is ergodic if it has the property that a random event
involving every member of the sequence always has probability either 0 or 1, but
see Hannan (1970, 201—220) for a formal definition. For integrated processes we
restrict the time index to t = 0, 1, . . . , where t = 0 determines the initial value
X0.

The basic definitions of integrated processes are the following (Johansen 1996b).

Definition 1 A linear p-dimensional process Xt =
∑

∞

i=0Ciεt−i is called inte-
grated of order zero, I(0), if

∑
∞

i=0Ci �= 0.

The concept of I(0) is defined without allowing deterministic terms like a mean
or a trend. The condition that

∑
∞

i=0Ci �= 0 guarantees that if Xt is stationary,
then the cumulated process

∑t
i=1Xt is nonstationary, and the so-called long-run

variance is positive.

Definition 2 A p-dimensional stochastic process Xt is called integrated of order
one, I(1), if ∆(Xt − E(Xt)) is I(0).

Note that the property of being integrated is related to the stochastic part
of the process since we have subtracted the expectation in the definition. The
simplest example of an I(1) process is a random walk. Many economic variables
can be thought of as being I(1) or at least well approximated by I(1) processes.
In practice unit root tests can be applied to determine the degree of integration
of an economic time series. In the unit root literature the classic references are
Dickey and Fuller (1979, 1981), and Fuller (1976, 2nd edition 1996).

Definition 2 can be generalised to processes integrated of order d.

Definition 3 A p-dimensional stochastic process Xt is called integrated of order
d, I(d), d = 0, 1, 2, . . . , if ∆d(Xt − E(Xt)) is I(0).

Note that the definitions take the order of integration of the vector Xt to be
the maximum order of integration of the single components Xit, i = 1, . . . , p. In
practice d = 0, d = 1, and possibly d = 2.

It is possible to classify a linear trend as an I(1) process and a quadratic trend
as an I(2) process (see Paruolo 1996 and Yoo 1986), but we do not want to do
so here since we are mainly interested in stochastic trends.

3



Juselius (1999a) argues that treating an economic variable as being integrated
of order d in empirical applications is only an approximation and depends on the
length of the time period considered. See Juselius (1999a) for empirical examples.

In paper [4] (jointly with Jan Antell) we treat logarithmic stock prices log pt
as being I(1), and consequently logarithmic returns log pt− log pt−1 as being I(0),
where pt is the stock price. This has a long tradition in finance, going back more
than 100 years to Bachelier (1900) (see Berglund 1986). Some economic time
series behave as I(2) processes. Examples include the nominal money stock and
the price level, implying that the inflation rate is I(1). In paper [3] we estimate
an I(2) model for Swedish money demand.

3 Cointegration

A formal definition of cointegration is

Definition 4 If Xt is integrated of order one but some linear combination β′Xt,
β �= 0, can be made stationary by a suitable choice of its initial distribution β′X0,
then Xt is called cointegrated with cointegrating vector β. The cointegrating rank
is the number of linearly independent cointegrating vectors, and the space spanned
by the cointegrating vectors is the cointegrating space.

Note that we are disregarding deterministic terms in the definition of cointe-
gration. If Xt contains deterministic terms like a constant and a linear trend, we
subtract the expectation in the definition. Thus, if β′X−E(β′X) is stationary,
Xt is said to be cointegrated. The I(1) process Xt is called cointegrated even if
β′Xt can only be made trend-stationary.

The geometric interpretation is the following (see Paruolo 1996). The p-
dimensional process Xt is cointegrated if there exists a subspace R0 of Rp such
that for any β ∈ R0, the process β′Xt is I(0). R0 is the cointegrating space,
and the dimension of the subspace R0, dim(R0), is the cointegrating rank. The
number of common trends is the dimension of the orthogonal complement R1 in
R
p of the cointegrating space, dim(R1). By the definition, R0 and R1 provide an

orthogonal direct sum decomposition of Rp, and dim(Rp) = dim(R0) + dim(R1).
The following example from Johansen (1996a, 71) illustrates the concept of

cointegration.

Example 1 We define a three-dimensional process by

X1t =
t∑

i=1

ε1i + ε2t, (2)

X2t =
1

2

t∑
i=1

ε1i + ε3t, (3)

X3t = ε4t, t = 0, 1, . . . , T, (4)
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where the εjt, j = 1, . . . , 4, t = 0, 1, . . . , T , are iid with mean zero and finite
variance. It is seen that Xt is nonstationary, and that ∆Xt is stationary and
I(0). Thus Xt is an I(1) process, which can be made stationary by differencing.
It is also seen that X1t − 2X2t is stationary, and we say that Xt is cointegrated
with (1,−2, 0)′ as a cointegrating vector. In fact, X3t is also stationary and I(0),
and with a slight abuse of language the unit vector (0, 0, 1)′ is a cointegrating
vector. The cointegrating rank is thus 2. The process

∑t
i=1 ε1t is called a common

stochastic trend. In the example the dimension of Xt is p = 3, the cointegrating
rank is r = 2 and the number of common stochastic trends is p− r = 1.

We have defined the class CI(1, 1) of integrated processes that are I(1) and
which cointegrate to I(0). The generalisation to CI(d, b) leads to the following
definition.

Definition 5 The I(d) process Xt is called cointegrated CI(d, b) with cointegrat-
ing vector β �= 0 if β′Xt is I(d− b), b = 1, . . . , d, d = 1, . . .

4 Cointegration in the Framework of the Linear

Process

Engle and Granger (1987), and Stock and Watson (1988) consider cointegration
in the framework of the p-dimensional linear process

∆Xt = C(L)εt,
∞∑
j=1

j ‖Cj‖ < ∞, t = 1, . . . , T, (5)

whereC(z) =
∑

∞

i=0Ciz
i with C(0) = Ip, and εt is iid with mean 0 and covariance

matrix Ω. The 1-summability condition in (5) ensures that the linear process is
stationary and ergodic. The 1-summability condition is stronger than the square
summability condition

∑
∞

j=1 ‖Cj‖
2 < ∞ in Theorem 3 of Hannan (1970, 204).

The stronger assumption is needed to prove large sample results (see e.g. Hayashi
2000).

Engle and Granger (1987) showed that if the (p × 1) vector Xt given in (5)
is cointegrated with d = 1, b = 1 and with cointegrating rank r, then C(1) is
of rank p − r, and there exists a (p × r) matrix β such that β′C(1) = 0. The
columns of β are the cointegrating vectors. The theorem is known as Granger’s
representation theorem (Engle and Granger 1987). Note that Stock and Watson
(1988) allow for a possible drift in Xt.
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5 Cointegration in Vector Autoregressive Mod-

els

5.1 Representation

Consider a general vector autoregressive (VAR) model for the p-dimensional pro-
cess Xt defined by the equations

Xt = Π1Xt−1 + · · ·+ΠkXt−k +ΦDt + εt, t = 1, . . . , T, (6)

where εt, t = 1, . . . , T , are p-dimensional independent Gaussian with mean 0
and covariance matrix Ω. The values X−k+1, . . . ,X0 are assumed fixed. The
deterministic terms Dt can contain a constant, a linear trend, seasonal dummies
and intervention dummies, and Dt is an (m× 1) vector of deterministic terms.

The parameters are
(Π1, . . . ,Πk,Φ,Ω),

where Π1 . . . ,Πk, are (p × p) parameter matrices, Φ is a (p × m) parameter
matrix and Ω is a (p× p) positive definite covariance matrix.

The properties of the matrix polynomial

Π(z) = Ip −Π1z − · · · −Πkz
k (7)

determine the properties of the process. This is a well known result in multivariate
time series analysis (see e.g. Anderson 1971). We let |Π(z)| denote the determi-
nant of Π(z), and define the matrices Π = −Π(1) and Γ = −dΠ(z)/dz |z=1 +Π.
We make the following assumption:

Assumption 1 The roots of
|Π(z)| = 0

are either outside the unit circle or at z = 1.

Johansen (1991) proved Granger’s representation theorem in the vector au-
toregressive representation. The theorem is known as the representation theorem
for I(1) variables. In order to state the theorem, we need the notation α⊥ and
β⊥ for the p × (p − r) orthogonal complements of α and β of rank p − r such
that α′α⊥ = 0 and β′β

⊥
= 0.

Theorem 1 (Johansen 1991, Theorem 4.1, 1559) If Xt is given by (6) and
if Assumption 1 holds, then Xt is I(1) if and only if

Π = αβ′, (8)

where α, β are (p× r) matrices of full rank r < p, and

α′

⊥
Γβ⊥ (9)
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has full rank. In this case ∆Xt−E(∆Xt) and β′Xt−E(β′Xt) can be given initial
distributions such that they become I(0). The process has the representation

Xt = C
t∑

i=1

(εi +ΦDi) +C(L)(εt +ΦDt) + Pβ⊥
X0, (10)

where C = β⊥(α
′

⊥
Γβ⊥)

−1α′

⊥
. Thus Xt is a cointegrated I(1) process with coin-

tegrating vectors β.

Without reference to the initial distributions, we can say that ∆Xt−E(∆Xt)
and β′Xt − E(β′Xt) are asymptotically stationary and I(0).

Under the reduced rank condition (8), the process has the reduced form error
correction representation

∆Xt = αβ′Xt−1 +
k−1∑
i=1

Γi∆Xt−i +ΦDt + εt, (11)

where Γi = −
∑k

j=i+1Πj and the parameters (α,β,Γ1, . . . ,Γk−1,Φ,Ω) vary
freely (see Johansen 1996b, Definition 5.1, 70).

Model (11) defined by the reduced rank condition (8) and the full rank of
(9) is known as the I(1) model. The full rank condition (9) excludes processes
integrated of higher order than one. In particular, the condition excludes I(2)
processes, which is the practical meaning of condition (9) (see Section 9).

5.2 Testing

Assume that Xt is a (p × 1) vector of time series that has a finite order VAR
representation

Xt = Π1Xt−1 + · · ·+ΠkXt−k +ΦDt + εt, t = 1, . . . , T. (12)

The error correction representation is

∆Xt = ΠXt−1 +
k−1∑
i=1

Γi∆Xt−i +ΦDt + εt, (13)

where Π =
∑k

i=1Πi − Ip, Γi = −
∑k

j=i+1Πj, and for later use we denote Γ =

Ip−
∑k

i=1Γi, as defined below equation (7). The hypothesis of cointegration can
be formulated in model (13) as

H0 : rank(Π) = r against H1 : rank(Π) > r, r ≤ p− 1. (14)

The rank of Π is the cointegrating rank and is the number of linearly independent
cointegrating vectors.
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Several tests for cointegration in VAR models have been suggested. Stock
and Watson (1988) suggested a test for the number of unit roots or common
trends based on principal components. Johansen (1988, 1991, 1992a, 1994, 1996b)
derived the likelihood ratio (LR) test for the hypotheses (14). The LR test is
based on the canonical correlations between ∆Xt and Xt−1. Bewley and Yang
(1995), and Yang and Bewley (1996) proposed a test for cointegration, which
is based on the levels canonical correlations between Xt and Xt−1. Hubrich,
Lütkepohl and Saikkonen (2001) is a recent review of system cointegration tests.

6 Asymptotic Theory for Integrated Processes

In this section Xt denotes a (p× 1) vector of random variables and β is a (p× 1)
parameter vector. In the linear regression model

yt = X′

tβ + εt, t = 1, . . . , T, (15)

where εt are iid with mean 0 and finite variance σ2, the standard proof of con-
sistency of the least squares (LS) estimator β̂ of β uses the assumption that

T−1
∑T

t=1XtX
′

t
P
→ M, where M is a positive definite matrix of full rank. Under

some further assumptions (see e.g. Proposition 2.1 of Hayashi 2000, 113), the LS
estimator of β has a limiting distribution which is normal

T 1/2(β̂ − β)
D
→ N(0, σ2M−1). (16)

If the regressors Xt are nonstationary and integrated, the usual asymptotic
normality does not hold for estimators. Stock (1987) proved that

T 1−δ(β̂ − β)
P
→ 0, δ > 0, (17)

under the assumption that the regressors Xt are I(1) processes and that (yt,X
′

t)
′

is cointegrated with cointegrating vector (1,−β′)′, i.e. yt − X′

tβ is stationary.

The estimator β̂ is said to be superconsistent.
The distributions of estimators and test statistics for integrated processes are

nonstandard. The basic result used in the derivations of limiting distributions is
Donsker’s theorem. Let εt be a sequence of p-dimensional iid random variables
with mean 0 and finite, positive definite covariance matrix Ω. Then

XT (u) = T−1/2
[Tu]∑
i=1

εi
D
→ W(u), u ∈ [0, 1], (18)

whereW(u) is a Brownian motion on C[0, 1], the space of continuous functions on
the unit interval [0, 1], with covariance function Cov(W(s),W(u)) = min(s, u)Ω,

s, u ∈ [0, 1], and
D
→ signifies weak convergence of probability measures in the
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sense of Billingsley (1968, 2nd edition 1999). Note that XT (u) is not an element
of C[0, 1], but belongs to the space D[0, 1] of cadlag functions (for the definition
of cadlag functions, see Billingsley 1999, 121). The space C is a subset of D.
Donsker’s theorem can be formulated for both C[0, 1] and D[0, 1] (see Billingsley
1968, 1999).

The second important theorem used to derive limiting distributions is the

continuous mapping theorem (CMT). If XT
D
→ X on C[0, 1] and if g(·) is any

continuous functional on C[0, 1] with values in R
p or C[0, 1], then g(XT )

D
→ g(X).

The basic reference for Donsker’s theorem and the CMT for univariate processes
is Billingsley (1968, 1999). Phillips and Durlauf (1986) extended the results to
multivariate processes.

Define the function

XT (t/T ) = T−1/2
t∑

i=1

εi, (19)

and interpolate continuously for all 0 ≤ t/T ≤ 1. Then by Donsker’s theorem

XT
D
→ W, where W is a Brownian motion with covariance matrix min(s, u)Ω.

We also have

T−2
T∑
t=1

XtX
′

t = T−2
T∑
t=1

(
t∑

i=1

εi)(
t∑

i=1

εi)
′

= T−1
T∑
t=1

XT (t/T )XT (t/T )
′

=

∫ 1

0

XT (u)XT (u)
′ du+ oP (1).

Applying the CMT to the continuous functional x →
∫ 1

0
x(u)x(u)′ du, we obtain

T−1
T∑
t=1

XT (t/T )XT (t/T )
′ D
→

∫ 1

0

W(u)W(u)′ du. (20)

The third important result is convergence to the stochastic integral

T−1
T∑
t=1

Xt−1ε
′

t = T−1
T∑
t=1

(
t−1∑
i=1

εi)εt
′ D
→

∫ 1

0

W(u) dW′, (21)

proved in the paper by Chan and Wei (1988).
The asymptotic theory for regression models with integrated processes was

developed by Phillips (1987, 1991), Phillips and Durlauf (1986), Park and Phillips
(1988, 1989), and Phillips and Ouliaris (1990).

The limiting distributions of estimators and test statistics in the I(1) model
are functionals of Brownian motion (see Johansen 1996b). The limiting distri-
bution of Johansen’s LR test statistic for cointegrating rank is given in paper
[2].
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7 The Likelihood Ratio Test for Cointegrating

Rank and Small Sample Corrections

The likelihood ratio (LR) trace statistic for the hypotheses (14) is

LR = −T

p∑
i=r+1

ln(1− λ̂i), (22)

where the eigenvalues 1 > λ̂1 > · · · > λ̂p > 0 solve the eigenvalue problem

|λS11 − S10S
−1
00 S01| = 0 (23)

and

Sij = T−1
T∑
t=1

RitR
′

jt, i, j = 0, 1 (24)

are the product moment matrices of the residuals R0t and R1t from regressing
∆Xt and Xt−1 on the lagged differences and the deterministic terms, respectively
(see Johansen 1996b for details).

Monte Carlo studies have shown that in small samples the distribution of the
LR test is not well approximated by the limiting distribution (see e.g. Cheung
and Lai 1993, Gonzalo and Pitarakis 1999, Haug 1996, Ho and Sørensen 1996,
and Toda 1995).

The total number of parameters in each equation in a p-dimensional VAR
model with k lags is kp, excluding the deterministic terms. Reinsel and Ahn
(1992) suggested to use the small sample correction (T −kp)/T and the adjusted
statistic

LR = −(T − kp)

p∑
i=r+1

ln(1− λ̂i). (25)

Some other small sample corrections have also been suggested, but they are all
based on the same idea. The motivation for these degrees of freedom correc-
tions is that Johansen’s LR test tends to overreject the null hypothesis of no
cointegration, and the small sample correction corrects down the LR statistic.

In a simulation study Reimers (1992) finds that overspecification of the lag
length induces a high rejection probability of the null hypothesis of no cointegra-
tion. Ho and Sørensen (1996) examine the performance of the LR test in high
dimensional systems, and find that Johansen’s ML estimator and LR test find
too much cointegration when the lag length is overspecified. Their conclusion
is that monotone degrees of freedom adjustments do not much improve the size
of the test. Gonzalo and Pitarakis (1999) term this the dimensionality effect in
cointegration analysis, and propose various alternative solutions.

In a recent paper, Johansen (2002) proposes a correction factor to the LR test
which improves the finite sample properties. The correction factor uses the idea of
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the Bartlett correction, and involves finding an approximation to the expectation
of the LR statistic. The LR statistic is then corrected to have the same mean
as the limiting distribution. Let θ denote the parameters of model (13) under
the assumption that Π = αβ′. Johansen (2002) derives an approximation to
Eθ(−2 logLR{Π = αβ′}), which is a function of θ and T under the assumption
of Gaussian errors.

In paper [4] we use the small sample correction in (25) when testing for coin-
tegration between international stock prices. We find that the conclusions of
the LR tests change if we use the small sample correction, and we do not find
cointegration any longer if we use the small sample correction. The empirical
application in paper [2] considers the same problem and data set, but uses the
correction factor in Johansen (2002) and the bootstrap.

8 Bootstrap Tests for Cointegration

The bootstrap was invented by Efron (1979). The principles of bootstrap method-
ology are discussed in Chapter 1 in Hall (1992). A good general introduction
to the bootstrap is Efron and Tibshirani (1993), and in econometrics Horowitz
(2001). Li and Maddala (1996), and Berkowitz and Kilian (2000) discuss boot-
strapping time series.

For stationary data and pivotal test statistics, the bootstrap provides an ap-
proximation to the Edgeworth expansion (Hall 1992, 1994). For integrated and
cointegrated data there are no theoretical results on the bootstrap, but results
from Monte Carlo simulations show that in practice the size of bootstrap tests
are closer to the nominal significance level than the size of tests using asymptotic
critical values (Li and Maddala 1997, Maddala and Kim 1998, Chapter 10, and
Fachin 2000).

In paper [2] we compare the asymptotic and corrected LR tests for cointegrat-
ing rank with the bootstrap test by Monte Carlo simulation. Bootstrap replica-
tions of the LR statistic are generated by resampling the data and computing
the LR statistic for the bootstrap samples. The finite sample distribution of the
LR statistic is then approximated by the empirical distribution of the bootstrap
replications of the LR statistic. A practical problem is how to choose the number
of bootstrap samples. Two recent proposals are Andrews and Buchinsky (2000,
2001), and Davidson and MacKinnon (2000).

Without going into details about the bootstrap algorithm, we reject the null
hypothesis H0 : rank(Π) = r at the significance level α, if P

̂θ
(LR∗ > L̂R) < α,

where L̂R denotes the computed value of the LR statistic and LR∗ denotes the
bootstrap LR statistic. The bootstrap p-value is computed as

p̂∗ =
1

B

B∑
b=1

I{LR∗ > L̂R}, (26)
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where I{·} is the indicator function and B is the number of bootstrap samples.
As B → ∞, the estimated bootstrap p-value p̂∗ tends to the ideal bootstrap p-
value p∗ (Davidson and MacKinnon 2000, 56). The ideal bootstrap p-value is the
probability that the test statistic is greater than the computed value of the test
statistic under the bootstrap data generation process (DGP), i.e. P

̂θ
(LR > L̂R).

The simulation experiments reported in paper [2] suggest that the bootstrap
works very well in practice, and dominates the correction factor in Johansen
(2002).

9 The I(2) Model

We consider again the p-dimensional VAR model in (6). For the statistical anal-
ysis of the I(2) model it is convenient to write the model in error correction
form

∆2Xt = Γ∆Xt−1 +ΠXt−2 +
k−2∑
i=1

Γi∆
2Xt−i +ΦDt + εt. (27)

The relation between the parameters (Γ,Π,Γ1, . . . ,Γk−2) and (Π1, . . . ,Πk) is
found by identifying coefficients of the lagged levels in the two different represen-
tations (Johansen 1992b).

Johansen (1992b) proved the representation theorem for I(2) variables, and
showed that if Xt is I(2), then the space spanned by Xt can be decomposed into
r stationary directions β and p − r nonstationary directions β

⊥
. Further, β

⊥

can be decomposed into β1 and β2, where β1 is (p× s1) and β2 is (p× s2), and
s1 + s2 = p− r.

The result of Theorem 1 shows that the condition (9) that α′

⊥
Γβ

⊥
is of full

rank is necessary for the process to be I(1). If this matrix has reduced rank, we
have processes that are integrated of higher order than one. In practice we are
interested in I(2) processes. If α′

⊥
Γβ

⊥
has reduced rank s, it holds that

α′

⊥
Γβ

⊥
= ξη′ (28)

for some matrices ξ and η of dimension (p−r)×s, and rank s, with s < p−r. We
introduce the notation α = α′(α′α)−1 and β = β′(β′β)−1 such that α′α = Ip
and β′β = Ip. We then decompose α⊥ and β

⊥
as follows

α1 = α⊥ξ, α2 = α⊥ξ⊥, (29)

β1 = β
⊥
η, β2 = β

⊥
η
⊥
. (30)

Note that α, α1 and α2 are mutually orthogonal, and (α,α1,α2) span R
p. The

same holds for β, β1 and β2. We need a special notation for the matrix

θ = Γβα′Γ+
k−1∑
i=1

iΓi, (31)

12



since it will appear in the conditions for I(2) below. With this notation we then
formulate the representation theorem for I(2) variables.

Theorem 2 (Johansen 1992b, Theorem 3, 194—195) If Xt is given by (6)
and if Assumption 1 holds, then Xt is I(2) if and only if

Π = αβ′, (32)

where α, β are (p× r) matrices of full rank r < p,

α′

⊥
Γβ⊥ = ξη′, (33)

where ξ, η are (p− r)× s matrices of full rank s < p− r, and

α′

2θβ2 (34)

has full rank p− r − s. In this case ∆2Xt − E(∆2Xt), β
′

1∆Xt − E(β′1∆Xt) and
β′Xt−α′Γβ2β

′

2∆Xt−E(β′Xt−α′Γβ2β
′

2∆Xt) can be given initial distributions
such that they become I(0).

The solution of equation (27) or the common trends representation of Xt is
given in Johansen (1992b).

The conditions for I(2) thus involve two reduced rank conditions (32) and
(33), and the full rank of (34), to exclude I(3) and higher order processes. The
model is the so called I(2) model.

Johansen’s (1995) two-step procedure can be used to determine the number
of common components integrated of a given order, I(0), I(1) and I(2). Paruolo
(1996) called these the integration indices, and suggested a two-step procedure
for determining the integration indices in a VAR system in the presence of a
linear trend. Rahbek et al. (1999) proposed an I(2) model which allows for
trend-stationary components and restricts the deterministic part of the process
to have at most a linear trend. Johansen (1997) derived the ML estimator in the
I(2) model. The full likelihood analysis of the I(2) model is fairly complicated
and has not been used in applications due to the lack of computer programs
for computing the ML estimator, but see the illustrative example in Section 9
of Johansen (1997). For a nice application of the I(2) model and the two-step
procedure, see Juselius (1999b). Paper [3] studies the demand for money in
Sweden 1970—2000 using the I(2) model.

10 Conclusions

In the thesis we consider inference for cointegration in VAR models. We believe
that the VAR model is useful for summarising the variation in economic data,
and as a framework for formulating and testing hypotheses of cointegration. In
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small samples the distributions of test statistics are not well approximated by the
limiting distributions, and some modifications of the test statistics are required
in small samples.

The main contributions of the thesis are to suggest a simple alternative to
the LR test for cointegrating rank in paper [1], to show that bootstrap inference
can be used to improve the approximation provided by the limiting distribution
of the LR statistic in small samples in paper [2], and to model some real life
economic data using cointegration in papers [3] and [4].

It is, of course, important to recognise the limitations of the VAR model.
The VAR model is only an approximation, and in some cases the autoregressive
approximation can be very poor, even if a large number of parameters is used
(Harvey 1997).
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