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Bootstrapping the Error Correction Model

Cointegration Test

Niklas J. C. Ahlgren¤

August 18, 2000

Abstract

This paper is concerned with using the bootstrap to obtain improved
critical values for the error correction model (ECM) cointegration test in
dynamic models. In the paper we investigate the e®ects of dynamic speci¯-
cation on the size and power of the ECM cointegration test with bootstrap
critical values. The results from a Monte Carlo study show that the size of
the bootstrap ECM cointegration test is close to the nominal signi¯cance
level. We ¯nd that overspeci¯cation of the lag length results in a loss of
power. Underspeci¯cation of the lag length results in size distortion. The
performance of the bootstrap ECM cointegration test deteriorates if the
correct lag length is not used in the ECM. The bootstrap ECM cointegra-
tion test is therefore not robust to model misspeci¯cation.

Key words: cointegration, error correction model, bootstrap.

1 Introduction

In the category of single equation cointegration tests, the error correction model
(ECM) tests have been shown to have superior power properties compared to
residual-based tests (Boswijk and Franses, 1992; Kiviet and Phillips, 1992 and
Kremers, Ericsson and Dolado, 1992). In spite of this fact the ECM tests have
not been used in many applications. This is partly because some of the ECM
tests are not similar, so there are no tables of critical values for use with the
ECM tests. One way to solve these problems is to use the bootstrap to obtain
critical values (Mantalos and Shukur, 1998). There are many di®erent forms of
the ECM cointegration test. In this paper we consider the form proposed by

¤Swedish School of Economics, Department of Finance and Statistics, PO Box 479
(Arkadiankatu 22), FIN-00101 Helsinki, Finland. E-mail: niklas.ahlgren@shh.fi. I thank
Jukka Nyblom and Gunnar Rosenqvist for useful comments.
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Kremers, Ericsson and Dolado (1992). Therefore, the term 'ECM cointegration
test' refers to this form. Mantalos and Shukur (1998) compare the performance
of the ECM cointegration test with bootstrap, Dickey{Fuller (DF) and Gaussian
critical values. They ¯nd that the ECM cointegration test with bootstrap critical
values performs better than the ECM cointegration test with DF or Gaussian
critical values. The data-generation process (DGP) used in Mantalos and Shukur
(1998) is very simple and they only present some limited results on the size and
power of the ECM cointegration test with bootstrap critical values.

This paper is concerned with using the bootstrap to obtain improved critical
values for the ECM cointegration test in dynamic models. In the paper we in-
vestigate the e®ects of dynamic speci¯cation on the size and power of the ECM
cointegration test with bootstrap critical values. In some Monte Carlo experi-
ments we compare the performance of the ECM cointegration test with bootstrap
critical values to the performance of the ECM cointegration test with DF and
Gaussian critical values.

The paper is organised as follows. In Section 2 we introduce the ECM coin-
tegration test. In Section 3 we describe the bootstrap algorithm. In Section 4
we present the Monte Carlo design and report the results from the Monte Carlo
study. In Section 5 we discuss the results and present our conclusions. The
derivations of the asymptotic distribution of the ECM statistic are reproduced in
the appendix.

2 The Error Correction Model Cointegration Test

Consider the data-generation process (DGP)

¢yt = ¯1¢xt + ¯2(yt¡1 ¡ xt¡1) + "1t; (1)

¢xt = "2t; (2)

where Ã
"1t
"2t

!
» IID

"Ã
0
0

!
;

Ã
¾21 0
0 ¾22

!#
; t = 1; : : : ; T;

¢ denotes the ¯rst di®erence operator 1¡ L, L is the lag operator and T is the
sample size. The variables yt and xt are integrated of orders 1, I(1), and possibly
cointegrated, CI(1; 1). If ¯2 = 0, yt and xt are not cointegrated. If ¯2 < 0, then
yt and xt are cointegrated and the cointegrating vector is ¯ = (1;¡1)0. Note that
xt is weakly exogenous in (2). Kremers, Ericsson and Dolado (1992) show that a
test for cointegration can be based on the model

¢yt = ¯1¢xt + ¯2wt¡1 + "1t; "1t » IID(0; ¾21); (3)

where wt = yt ¡ xt. Model (3) is the error correction model (ECM). The null
hypothesis of no cointegration is H0 : ¯2 = 0 and the alternative hypothesis is
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H1 : ¯2 < 0 (cointegration). The t-statistic

tECM =
1

¾̂1

Ã
TX
t=1

w2t¡1

!1=2
^̄
2 +Op(T

¡1=2) (4)

is the ECM statistic. Kremers, Ericsson and Dolado (1992) derive the asymptotic
distribution of the ECM statistic under the null hypothesis of no cointegration.
See also Banerjee, Dolado, Hendry and Smith (1986). Under the null hypothesis
of no cointegration wt = yt ¡ xt in (3) is not stationary and the asymptotic
distribution of the ECM statistic is non-standard. The asymptotic distribution
of tECM under ¯2 = 0 is a functional of Brownian motions and is given by

tECM )
µ
¾2

Z 1

0
W (r)2 dr

¶¡1=2 µ
¾1

Z 1

0
W1(r) dW1(r) + (¯1 ¡ 1)¾2

Z 1

0
W2(r) dW1(r)

¶
;

(5)
where ¾2 = ¾21 + (¯1 ¡ 1)2¾22. Here ) denotes weak convergence of the probabil-
ity measure, W (r), W1(r) and W2(r) are Wiener processes or Brownian motions
on C[0; 1], the space of continuous functions on [0;1] (see e.g. Dhrymes, 1998
and Phillips, 1986). The derivations of the asymptotic distribution of the ECM
statistic are reproduced in the appendix. The test is not similar since the asymp-
totic distribution of the ECM statistic depends on the values of the nuisance
parameters f¯1; ¾

2
1 ; ¾

2
2g. For ¯1 = 1 the asymptotic distribution simpli¯es to the

Dickey{Fuller (DF) distribution:

tECM )
µZ 1

0
W (r)2 dr

¶¡1=2 µZ 1

0
W1(r) dW1(r)

¶
: (6)

De¯ne the 'signal-to-noise' ratio (SNR) q = ¡(¯1¡1)s, where s denotes the ratio
¾2=¾1 (assumed strictly positive). For large q the asymptotic distribution of the
ECM statistic is approximately standard normal:

tECM ) N(0;1) +Op(q
¡1): (7)

The ECM cointegration test can be generalised by including lagged values of
¢yt and ¢xt in model (3). The ¯rst di®erences are stationary, so the estimated
coe±cients on ¢yt and ¢xt are asymptotically independent of ^̄2. The asymptotic
distribution of the ECM statistic is therefore not changed by the inclusion of the
di®erences ¢yt and ¢xt (Banerjee, Dolado, Galbraith and Hendry, 1993).

Kiviet and Phillips (1992) develop an ECM cointegration test which is similar.
To get a similar test, the redundant regressor xt¡1 must be added to model (3).
The asymptotic distribution of the test statistic is non-standard, so its critical
values have to be obtained by simulation methods. See also Banerjee and Hendry
(1992).
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3 The Bootstrap Algorithm

In this section we introduce the bootstrap algorithm. We consider the ordinary
residual-based bootstrap. To describe the residual-based bootstrap, let the resid-
uals from model (3) be ("̂11; : : : ; "̂1T ). The ordinary bootstrap assumes the errors
f"1tg are independent and identically distributed (IID) and resamples residuals
from the empirical distribution of "̂1t to obtain a bootstrap sample. Denote the
bootstrap sample ("¤11; : : : ; "

¤

1T ). Then a bootstrap sample of (y1; : : : ; yT ) is gener-
ated from (x1; : : : ; xT ) and ("

¤

11; : : : ; "
¤

1T ) using the estimated model (3). Denote
the bootstrap sample (y¤1 ; : : : ; y

¤

T ). The bootstrap algorithm can be summarised
by the following steps:

1. Estimate the ECM

¢yt = ¯1¢xt + ¯2wt¡1 +
kX
i=1

±i¢yt¡i + "1t; "1t » IID(0; ¾21); (8)

and compute the ECM statistic tECM , as described in Section 2.

2. Compute the centred and rescaled residuals

~"1t =

Ã
"̂1t ¡

1

T

TX
t=1

"̂1t

! µ
T

T ¡ d

¶1=2
;

where d = k + 2 denotes the number of estimated coe±cients.

3. Resample residuals from (~"11; : : : ; ~"1T ) independently (with replacement)
to obtain a bootstrap sample ("¤11; : : : ; "

¤

1T ). Generate a bootstrap sam-
ple (y¤1 ; : : : ; y

¤

T ) from (x1; : : : ; xT ) and ("¤11; : : : ; "
¤

1T ) using the estimated
restricted model:

¢yt = ~̄
1¢xt +

kX
i=1

~±i¢y
¤

t¡i + "¤1t; (9)

where fy¤1¡k; : : : ; y
¤

0g = fy1¡k; : : : ; y0g. In model (9), ~̄1 and ~±1 denote
restricted estimates of ¯1 and ±1 under the null hypothesis ¯2 = 0.

4. Compute a bootstrap replication of the ECM statistic by estimating model
(8) using the bootstrap sample (y¤1 ; : : : ; y

¤

T ) and (x1; : : : ; xT ). Denote the
bootstrap ECM statistic t¤ECM .

5. Repeat steps 2{4 B times, where B is the number of bootstrap replications.

6. De¯ne the bootstrap critical value at the signi¯cance level ® (denoted c¤®) as
the ®Bth order statistic t¤ECM (1) · t¤ECM (2) · ¢ ¢ ¢ · t¤ECM(B). If tECM · c¤®,
then reject the null hypothesis of no cointegration at the signi¯cance level
®.
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Model (8) is estimated by ordinary least squares (OLS). Since no intercept is
included in the model, the residuals are centred before resampling to ensure that
the bootstrap population mean is zero. Since the OLS residuals are smaller than
the true errors, the residuals are rescaled (see Peters and Freedman, 1984). The
bootstrap samples are generated using a model that satis¯es the null hypothesis
¯2 = 0. It then follows using similar arguments as those in Ferretti and Romo
(1996) that the bootstrap estimator of the distribution of the ECM statistic
tECM is consistent. See also Horowitz (1999) and Li and Maddala (1996). There
is an important limitation of the ordinary bootstrap. The ordinary bootstrap
is only valid for IID errors. See Horowitz (1999), Li and Maddala (1996) and
Maddala and Kim (1998) for a discussion of the moving block bootstrap (MBB)
and stationary bootstrap.

4 The Monte Carlo Experiment

4.1 The Monte Carlo Design

We consider a bivariate time series fzt = (yt; xt)
0g, which may be cointegrated

via a single cointegrating relation. We use the same two DGPs as in Boswijk
and Franses (1992) and van Giersbergen (1996). Both DGPs are given by a
conditional ECM and a marginal unit root process. The ¯rst DGP is given by
DGP 1:

¢yt = ¯2(yt¡1 ¡ xt¡1) + ¯1¢xt + 0:6¢yt¡1 + "1t; (10)

¢xt = "2t;

where Ã
"1t
"2t

!
» NID

"Ã
0
0

!
;

Ã
¾21 0
0 ¾22

!#
; t = 1; : : : ; T:

The series fytg is generated by an autoregressive distributed lag (ADL) model.
The second DGP is given by DGP 2:

¢yt = ¯2(yt¡1 ¡ xt¡1) + ´1t ¡ 0:6´1;t¡1; (11)

¢xt = ´2t;

where Ã
´1t
´2t

!
» NID

"Ã
0
0

!
;

Ã
¾21 0
0 ¾22

!#
; t = 1; : : : ; T:

The series fytg is generated by an ARMAX model. In both DGPs yt and xt
are integrated of orders 1, I(1), and possibly cointegrated, CI(1,1). If ¯2 = 0, yt
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and xt are not cointegrated. If ¯2 < 0, then yt and xt are cointegrated and the
cointegrating vector is ¯ = (1;¡1)0. Note that xt is weakly exogenous in both
DGPs (10) and (11).

We ¯x ¾21 = 1 and consider the following parameter values for DGP 1 in the
Monte Carlo study:

¯1 = (0:2;0:5; 1:0);

¯2 = (0:00;¡0:05;¡0:20);

s = (1; 5; 10; 25);

T = (20; 50; 100):

For ¯1 = 1:0, only s = 1 is considered since ¯1 = 1 implies q = 0 and the
asymptotic distribution of the ECM statistic is the DF distribution and invariant
to the values of the nuisance parameters. To save space, for s > 1 only ¯1 = 0:5
is considered. This results in 54 experiments for DGP 1. For DGP 2 we consider
the following parameter values:

¯2 = (0:00;¡0:05;¡0:20);

s = 1;

T = (20; 50; 100):

This results in 9 experiments for DGP 2.
For DGPs 1 and 2 we generate N = 1000 samples of observations on fyt; xtg.

The processes were initialised at 0 and the ¯rst 100 observations were discarded
to reduce the in°uence of the initial values. The ¯rst 5 observations are only used
to generate the necessary lags, so the sample size T is used for estimation and
testing. Random numbers are generated in GAUSS 3.2 using the function RNDN.
The estimation and testing is done using a program written in GAUSS 3.2. For
each sample we estimate the ECM (8) using lag length k = f1; 2; 4g and compute
the ECM statistic. Then we generate B = 1000 bootstrap samples fy¤t ; xtg using
the bootstrap algorithm in Section 3, compute the bootstrap replications of the
ECM statistic, obtain the bootstrap distribution of the ECM statistic and the
bootstrap critical values. Finally we compute the rejection frequencies using the
bootstrap critical values. Increasing the number of bootstrap replications beyond
1000 had little e®ect on the results of the experiments.

Note that with lag length k = 1, model (8) corresponds to DGP 1 in (10) and
with lag lengths k = 2 and k = 4 the model is overparameterised. For DGP 2 in
(11), model (8) can only approximate the DGP.
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4.2 The Monte Carlo Results

The results are reported in Tables 1{7. We report for ¯2 = 0:00 (no cointegration),
¯2 = ¡0:05 (cointegration) and ¯2 = ¡0:20 (cointegration) rejection frequencies
of the ECM cointegration test at the nominal signi¯cance level 5 per cent. We use
three critical values: bootstrap critical values, Dickey{Fuller (DF) critical values
(Fuller, 1976, Table 8.5.2, 373) and Gaussian (normal) critical values. These
rejection frequencies yield empirical size estimates for ¯2 = 0:00 and empirical
power estimates for ¯2 = ¡0:05 and ¯2 = ¡0:20 (provided the test has the correct
size). Figures 1{6 plot the empirical power functions for DGP 1, ¯1 = 0:5, s = 1,
k = 1 and DGP 2, s = 1, k = 4. The power functions are estimated by computing
the rejection frequencies for 21 values of ¯2 for T = 20 (0:00;¡0:01; : : : ;¡0:20)
and 11 values of ¯2 for T = 50 and T = 100 (0:00;¡0:01; : : : ;¡0:10), based on
N = 1000 Monte Carlo repetitions and B = 1000 bootstrap replications for the
bootstrap critical values. The power functions for the other values of ¯1, s and k
are available from the author on request.

First we discuss the results for DGP 1. For ¯2 = 0:00 with the bootstrap
critical values, the rejection frequencies for T = 20 and models with lag length
k = 1 are about 4.4 per cent. The rejection frequencies decrease with longer
lag lengths and are very low for models with lag length k = 4. The rejection
frequencies for T = 50, T = 100 and models with lag length k = 1 are about 5.4
and 5.3 per cent, respectively, which is close to the nominal signi¯cance level. For
T = 50 and T = 100, the empirical size stabilises at about 5 per cent, independent
of the lag length. We note that the rejection frequencies do not vary with q. With
the DF critical values, the rejection frequencies for T = 20, T = 50, T = 100 and
models with lag length k = 1 are about 6.2, 5.9 and 5.6 per cent, respectively,
which is slightly above the nominal level. Note that there is size distortion for
¯1 = 1 and q = 0. For the values of q considered, there is no tendency for the
rejection frequencies to decrease for large values of q. With the Gaussian critical
values, the rejection frequencies for T = 20, T = 50, T = 100 and models with
lag length k = 1 are about 10.5, 9.8 and 9.9 per cent, respectively, which is double
the nominal level. For the values of q considered, there is no tendency for the
rejection frequencies to converge to the nominal level.

For ¯2 = ¡0:05 with the bootstrap critical values, the empirical powers of
the ECM cointegration test for T = 20, T = 50, T = 100 and models with lag
length k = 1 are about 19, 53 and 90 per cent, respectively. For ¯2 = ¡0:20,
the empirical power for T = 20 and models with lag length k = 1 is about 76
per cent. For T = 50, T = 100 and models with lag length k = 1, the empirical
powers approach 100 per cent. The rejection frequencies under the alternative
hypothesis decrease with longer lag lengths. This is most pronounced for T = 20
with the bootstrap critical values (e.g., for ¯2 = ¡0:05, T = 20 and models with
lag length k = 4, the empirical power is only about 9.1 per cent). The optimal
lag length in terms of both size and power is therefore k = 1. We note that
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the empirical power increases with the value of q. From Figures 1{3 we see that
the empirical power of the ECM cointegration test with the DF critical values is
slightly higher than the empirical power of the ECM cointegration test with the
bootstrap critical values. The power functions are not based on size-corrected
critical values, so they are di±cult to interpret for the Gaussian critical values,
which over-reject.

We now consider the results for DGP 2. For ¯2 = 0:00 with the bootstrap
critical values, the rejection frequencies for T = 20, T = 50, T = 100 and models
with lag length k = 1 are 1.1, 1.6 and 1.1 per cent, respectively. The rejection
frequencies increase with longer lag lengths and for T = 20, T = 50, T = 100
and models with lag length k = 4 they are 2.0, 3.2 and 3.0 per cent, respectively,
which is still below the nominal level. With the DF critical values, the rejection
frequencies for T = 20, T = 50, T = 100 and models with lag length k = 4 are
2.9, 3.2 and 3.1 per cent, respectively, which is below the nominal level. With the
Gaussian critical values, the rejection frequencies for T = 20, T = 50, T = 100
and models with lag length k = 4 are 6.7, 5.5 and 5.2 per cent, respectively,
which is slightly above the nominal level. For ¯2 = ¡0:05 with the bootstrap
critical values, the empirical powers of the ECM cointegration test for T = 20,
T = 50, T = 100 and models with lag length k = 4 are 21, 65 and 93 per cent,
respectively. For ¯2 = ¡0:20, the empirical power for T = 20 and models with
lag length k = 4 is 65 per cent. For T = 50, T = 100 and models with lag length
k = 4, the empirical powers approach 100 per cent. From Figures 4{6 we see that
the empirical power of the ECM cointegration test with the DF critical values is
slightly higher than the empirical power of the ECM cointegration test with the
bootstrap critical values. The power functions are not based on size-corrected
critical values, so they are di±cult to interpret for the Gaussian critical values,
which over-reject.

5 Discussion and Conclusions

In this paper we have investigated the e®ects of dynamic speci¯cation on the size
and power of ECM cointegration test with bootstrap critical values. The results
from the Monte Carlo study show that the size of the bootstrap ECM cointegra-
tion test is close to the nominal signi¯cance level. We ¯nd that overspeci¯cation
of the lag length results in a loss of power. Underspeci¯cation of the lag length
results in size distortion. Using the DF critical values results in a size of the ECM
cointegration test that is slightly higher than the nominal level and the bootstrap
ECM cointegration test corrects the size distortion. The empirical power of the
bootstrap ECM cointegration test is lower than the power of the ECM cointe-
gration test with the DF critical values although the di®erence is small. The
results reported in this paper suggest that the bootstrap ECM cointegration test
has the correct size and good power properties if the correct lag length is used in
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¯2 = 0:00 ¯2 = ¡0:05 ¯2 = ¡0:20
(no cointegration) (cointegration) (cointegration)

¯1 = 0:2, s = 1, q = 0:8

T k B DF G B DF G B DF G

20 1 0.044 0.068 0.121 0.165 0.212 0.331 0.667 0.736 0.843
2 0.044 0.064 0.120 0.156 0.209 0.299 0.545 0.614 0.757
4 0.036 0.071 0.124 0.082 0.174 0.272 0.329 0.482 0.632

50 1 0.052 0.057 0.097 0.442 0.462 0.672 0.991 0.997 0.998
2 0.055 0.059 0.095 0.419 0.432 0.631 0.973 0.971 0.993
4 0.048 0.056 0.099 0.351 0.370 0.565 0.937 0.936 0.970

100 1 0.047 0.049 0.088 0.856 0.861 0.951 1.000 1.000 1.000
2 0.049 0.053 0.084 0.841 0.839 0.934 1.000 1.000 1.000
4 0.046 0.046 0.091 0.779 0.785 0.894 1.000 1.000 1.000

Notes: B denotes bootstrap critical values, DF Dickey{Fuller critical values
(¡1:95) and G Gaussian critical values (¡1:645). The DF critical values are
from Fuller (1976, Table 8.5.2, 373).

Table 1: Rejection Frequencies for DGP 1, ¯1 = 0:2, s = 1 and q = 0:8.

¯2 = 0:00 ¯2 = ¡0:05 ¯2 = ¡0:20
(no cointegration) (cointegration) (cointegration)

¯1 = 0:5, s = 1, q = 0:5

T k B DF G B DF G B DF G

20 1 0.045 0.055 0.112 0.163 0.204 0.316 0.626 0.701 0.821
2 0.043 0.059 0.116 0.134 0.174 0.281 0.472 0.537 0.710
4 0.024 0.066 0.122 0.071 0.144 0.244 0.248 0.379 0.552

50 1 0.051 0.056 0.088 0.432 0.449 0.623 0.987 0.990 0.998
2 0.053 0.058 0.091 0.398 0.409 0.585 0.976 0.975 0.990
4 0.046 0.049 0.087 0.335 0.351 0.530 0.907 0.909 0.957

100 1 0.053 0.052 0.098 0.842 0.862 0.947 1.000 1.000 1.000
2 0.050 0.048 0.090 0.811 0.810 0.928 1.000 1.000 1.000
4 0.053 0.056 0.088 0.736 0.740 0.886 0.999 0.999 1.000

Notes: See Table 1.

Table 2: Rejection Frequencies for DGP 1, ¯1 = 0:5, s = 1 and q = 0:5.
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¯2 = 0:00 ¯2 = ¡0:05 ¯2 = ¡0:20
(no cointegration) (cointegration) (cointegration)

¯1 = 1:0, s = 1, q = 0

T k B DF G B DF G B DF G

20 1 0.044 0.065 0.091 0.209 0.270 0.409 0.689 0.750 0.858
2 0.038 0.055 0.089 0.167 0.221 0.358 0.515 0.591 0.746
4 0.027 0.051 0.085 0.096 0.186 0.287 0.236 0.365 0.521

50 1 0.052 0.059 0.103 0.581 0.601 0.750 0.997 0.999 1.000
2 0.054 0.056 0.093 0.526 0.534 0.717 0.990 0.990 0.998
4 0.049 0.055 0.089 0.450 0.460 0.625 0.898 0.907 0.962

100 1 0.059 0.059 0.103 0.926 0.930 0.969 1.000 1.000 1.000
2 0.059 0.060 0.102 0.900 0.903 0.965 1.000 1.000 1.000
4 0.058 0.054 0.104 0.844 0.852 0.931 1.000 1.000 1.000

Notes: See Table 1.

Table 3: Rejection Frequencies for DGP 1, ¯1 = 1:0, s = 1 and q = 0.

¯2 = 0:00 ¯2 = ¡0:05 ¯2 = ¡0:20
(no cointegration) (cointegration) (cointegration)

¯1 = 0:5, s = 5, q = 2:5

T k B DF G B DF G B DF G

20 1 0.046 0.060 0.103 0.175 0.225 0.359 0.762 0.828 0.899
2 0.048 0.069 0.111 0.155 0.196 0.320 0.594 0.675 0.806
4 0.022 0.052 0.096 0.082 0.175 0.282 0.324 0.498 0.669

50 1 0.058 0.064 0.096 0.501 0.519 0.680 0.999 1.000 1.000
2 0.057 0.061 0.095 0.465 0.469 0.646 0.992 0.994 0.999
4 0.057 0.059 0.096 0.382 0.399 0.562 0.962 0.969 0.991

100 1 0.058 0.064 0.100 0.900 0.911 0.959 1.000 1.000 1.000
2 0.056 0.057 0.093 0.874 0.881 0.952 1.000 1.000 1.000
4 0.059 0.054 0.099 0.802 0.817 0.924 1.000 1.000 1.000

Notes: See Table 1.

Table 4: Rejection Frequencies for DGP 1, ¯1 = 0:5, s = 5 and q = 2:5.
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¯2 = 0:00 ¯2 = ¡0:05 ¯2 = ¡0:20
(no cointegration) (cointegration) (cointegration)

¯1 = 0:5, s = 10, q = 5

T k B DF G B DF G B DF G

20 1 0.040 0.062 0.096 0.190 0. 243 0.398 0.844 0.879 0.947
2 0.040 0.053 0.097 0.167 0.223 0.337 0.677 0.734 0.856
4 0.022 0.054 0.091 0.098 0.195 0.313 0.359 0.553 0.700

50 1 0.057 0.063 0.106 0.552 0.573 0.733 1.000 1.000 1.000
2 0.054 0.060 0.104 0.518 0.526 0.689 0.998 0.998 1.000
4 0.052 0.056 0.090 0.419 0.433 0.607 0.981 0.985 0.997

100 1 0.057 0.058 0.099 0.922 0.935 0.973 1.000 1.000 1.000
2 0.055 0.054 0.102 0.906 0.906 0.966 1.000 1.000 1.000
4 0.061 0.061 0.098 0.848 0.857 0.940 1.000 1.000 1.000

Notes: See Table 1.

Table 5: Rejection Frequencies for DGP 1, ¯1 = 0:5, s = 10 and q = 5.

¯2 = 0:00 ¯2 = ¡0:05 ¯2 = ¡0:20
(no cointegration) (cointegration) (cointegration)

¯1 = 0:5, s = 25, q = 12:5

T k B DF G B DF G B DF G

20 1 0.047 0.063 0.108 0.246 0.317 0.460 0.946 0.962 0.982
2 0.047 0.062 0.098 0.204 0.261 0.390 0.786 0.829 0.921
4 0.029 0.060 0.091 0.119 0.232 0.326 0.401 0.590 0.741

50 1 0.052 0.057 0.096 0.673 0.693 0.823 1.000 1.000 1.000
2 0.056 0.054 0.089 0.632 0.644 0.779 1.000 1.000 1.000
4 0.050 0.055 0.086 0.496 0.514 0.700 0.993 0.993 1.000

100 1 0.044 0.051 0.105 0.969 0.969 0.991 1.000 1.000 1.000
2 0.049 0.048 0.096 0.953 0.959 0.978 1.000 1.000 1.000
4 0.045 0.046 0.096 0.900 0.902 0.971 1.000 1.000 1.000

Notes: See Table 1.

Table 6: Rejection Frequencies for DGP 1, ¯1 = 0:5, s = 25 and q = 12:5.
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¯2 = 0:00 ¯2 = ¡0:05 ¯2 = ¡0:20
(no cointegration) (cointegration) (cointegration)

s = 1

T k B DF G B DF G B DF G

20 1 0.011 0.012 0.029 0.145 0.202 0.324 0.729 0.793 0.906
2 0.021 0.025 0.046 0.212 0.234 0.356 0.738 0.767 0.867
4 0.020 0.029 0.067 0.206 0.275 0.380 0.651 0.741 0.832

50 1 0.016 0.021 0.042 0.569 0.600 0.773 0.998 0.999 0.999
2 0.017 0.019 0.043 0.612 0.625 0.757 0.994 0.995 0.999
4 0.032 0.032 0.055 0.651 0.669 0.759 0.994 0.994 0.996

100 1 0.011 0.011 0.035 0.956 0.959 0.989 1.000 1.000 1.000
2 0.017 0.019 0.040 0.936 0.936 0.976 0.999 0.999 0.999
4 0.030 0.031 0.052 0.933 0.933 0.972 0.999 0.999 0.999

Notes: See Table 1.

Table 7: Rejection Frequencies for DGP 2.

the ECM. The performance of the bootstrap ECM cointegration test deteriorates
if the correct lag length is not used in the ECM. Berkowitz and Kilian (2000)
discuss lag order uncertainty. The bootstrap ECM cointegration test is therefore
not robust to model misspeci¯cation.
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A The Asymptotic Distribution of the ECM Statis-

tic

Consider DGP (1) and (2) and the model in (3). The OLS estimator of (¯1; ¯2)
0

in (3) is

Ã
^̄
1

^̄
2

!
=

0BBBB@
TX
t=1

(¢xt)
2

TX
t=1

¢xtwt¡1

TX
t=1

¢xtwt¡1
TX
t=1

w2t¡1

1CCCCA
¡1 0BBBB@

TX
t=1

¢xt¢yt

TX
t=1

wt¡1¢yt

1CCCCA : (12)

Multiply (12) by diag(T 1=2; T ) and substitute (3) into (12) to obtain

Ã
T 1=2( ^̄1 ¡ ¯1)

T ( ^̄2 ¡ ¯2)

!
=

0BBBB@
T¡1

TX
t=1

(¢xt)
2 T¡3=2

TX
t=1

¢xtwt¡1

T¡3=2
TX
t=1

¢xtwt¡1 T¡2
TX
t=1

w2t¡1

1CCCCA
¡1

£ (13)

0BBBB@
T¡1=2

TX
t=1

¢xt"t

T¡1
TX
t=1

wt¡1"t

1CCCCA :

By the functional central limit theorem (FCLT)

T¡1=2¾¡11

[rT ]X
t=1

²1t ) W1(r)

and

T¡1=2¾¡12

[rT ]X
t=1

²2t ) W2(r);

where r 2 [0; 1] and [rT ] denotes the integer part of rT . Here ) denotes weak
convergence of the probability measure, W1(r) and W2(r) are Wiener processes
or Brownian motions on C[0; 1], the space of continuous functions on [0; 1] (see
e.g. Dhrymes, 1998 and Phillips, 1986).

Under the null hypothesis of no cointegration, wt = yt ¡ xt is a random walk,

wt = wt¡1 + ut;

where ut = "1t + (¯1 ¡ 1)"2t. The variance of ut is ¾2 = ¾21 + (¯1 ¡ 1)2¾22. By the
FCLT

T¡1=2¾¡1
[rT ]X
t=1

ut ) W (r);
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where W (r) is a Wiener process or Brownian motion on C[0;1]. Since ²1t and
²2t are independent, W1(r) andW2(r) are independent Brownian motions and we
have

¾W (r) = ¾1W1(r) + (¯1 ¡ 1)¾2W2(r)

and

¾
Z 1

0
W (r) dW1(r) = ¾1

Z 1

0
W1(r) dW1(r) + (¯1 ¡ 1)¾2

Z 1

0
W2(r) dW1(r):

By the FCLT and the continuous mapping theorem (CMT)

Ã
T 1=2( ^̄1 ¡ ¯1)

T ( ^̄2 ¡ ¯2)

!
)

0@ ¾22 0

0 ¾2
Z 1

0
W (r)2 dr

1A¡1 0@ N(0; ¾21¾
2
2)

¾¾1

Z 1

0
W (r) dW1(r)

1A :(14)

The ECM statistic is

tECM =
1

¾̂1

Ã
TX
t=1

w2t¡1

!1=2
^̄
2 +Op(T

¡1=2): (15)

The asymptotic distribution of the ECM statistic under the null hypothesis is
given by

tECM )
µ
¾2

Z 1

0
W (r)2 dr

¶¡1=2 µ
¾1

Z 1

0
W1(r) dW1(r) + (¯1 ¡ 1)¾2

Z 1

0
W2(r) dW1(r)

¶
:

(16)
For ¯1 = 1 (and q = 0, as de¯ned below), (16) simpli¯es to the Dickey{Fuller

(DF) distribution:

tECM )
µZ 1

0
W (r)2 dr

¶¡1=2 µZ 1

0
W1(r) dW1(r)

¶
: (17)

De¯ne q = ¡(¯1¡1)s, where s = ¾2=¾1 and s > 0 is assumed. Then it follows
from the de¯nitions that

tECM )
µZ 1

0
W2(r) dr ¡ 2q¡1

Z 1

0
W2(r) dW1(r) + q¡2

Z 1

0
W1(r)

2 dr
¶¡1=2

£
µZ 1

0
W2(r) dW1(r)¡ q¡1

Z 1

0
W1(r) dW1(r)

¶
: (18)

Thus the asymptotic distribution of the ECM statistic only depends on the nui-
sance parameters f¯1; ¾

2
1 ; ¾

2
2g through q. Furthermore,

tECM )
µZ 1

0
W2(r) dr

¶¡1=2 µZ 1

0
W2(r) dW1(r)

¶
+Op(q

¡1): (19)
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By the de¯nitions, W1(r) and W2(r) are independent Brownian motions and
the ratio in (19) has the standard normal density N(0; 1) (Park and Phillips, 1988,
Lemma 5.1, 485). Thus (19) implies

tECM ) N(0;1) +Op(q
¡1): (20)

This shows that for large q the asymptotic distribution of the ECM statistic is
approximately standard normal.
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Figure 1: The power functions for DGP 1, T = 20, ¯1 = 0:5, s = 1, q = 0:5 and
k = 1.
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Figure 2: The power functions for DGP 1, T = 50, ¯1 = 0:5, s = 1, q = 0:5 and
k = 1.
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Figure 3: The power functions for DGP 1, T = 100, ¯1 = 0:5, s = 1, q = 0:5 and
k = 1.
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Figure 4: The power functions for DGP 2, T = 20, s = 1 and k = 4.
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Figure 5: The power functions for DGP 2, T = 50, s = 1 and k = 4.
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Figure 6: The power functions for DGP 2, T = 100, s = 1 and k = 4.
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