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Tests for Cointegration Rank and the Initial

Condition�

Niklas Ahlgreny Mikael Juseliusz

April 28, 2009

Abstract

Many economic events involve initial observations that substan-

tially deviate from long-run steady state. Initial conditions of this

type have been found to impact diversely on the power of univariate

unit root tests, whereas the impact on multivariate tests is largely un-

known. This paper investigates the impact of the initial condition on

tests for cointegration rank. We compare the local power of the widely

�The authors want to thank Søren Johansen and Pentti Saikkonen for useful comments.
A previous version of the paper was presented in the Annual Meeting of the Finnish Sta-
tistical Society in Oulu 2005, Nordic Econometric Meeting in Helsinki 2005, International
Symposium on Forecasting in Santander 2006, Econometric Society European Meeting
in Vienna 2006, Compstat Conference in Porto 2008, and workshops and seminars in
Copenhagen, Exeter and Helsinki.

yHanken School of Economics, PO Box 479 (Arkadiagatan 22), 00101 Helsingfors, Fin-
land (niklas.ahlgren@shh.fi).

zUniversity of Helsinki, Department of Economics and RUESG, PO Box 17 (Arkadia-
gatan 7), 00014 University of Helsinki (mikael.juselius@helsinki.fi).

1



used likelihood ratio (LR) test with the local power of a test based

on the eigenvalues of the companion matrix. We �nd that the power

of the LR test is increasing in the magnitude of the initial condition,

whereas the power of the other test is decreasing. The behaviour of

the tests is investigated in an application to price convergence.

Keywords: Asymptotic local power, Cointegration, Companion ma-

trix, Convergence, Initial condition, Likelihood ratio test, Unit root.

2



1 Introduction

The initial condition may have a large impact on the power of unit root

and cointegration tests. Müller and Elliott (2003) �nd that the power of

univariate unit root tests depend on the deviation of the initial observation

from its modelled deterministic part. They show that the impact of the initial

condition on power varies among commonly used unit root tests, because

these put very di¤erent weightings on the initial condition. For example,

the power of the Dickey�Fuller (DF) � -test increases in the magnitude of the

initial condition, whereas the opposite holds for the DF coe¢ cient test. Thus,

the choice between di¤erent unit root tests should be carefully considered

in applications where the initial observation is expected to be far from its

equilibrium value. For instance, in studies on economic convergence where

the initial condition is large, we may want to use a test that puts a large

weight on the initial condition in order to maximise power. In other cases

where we are unsure about the initial condition, it may be advantageous to

use tests which are robust with respect to the initial condition. Such tests

can be found in Elliott and Müller (2006), and Harvey and Leybourne (2005,

2006).

In many problems it may be preferable to use multivariate unit root or

cointegration tests. For instance, richer types of convergence can be studied

in a multivariate framework. However, there seems to be no previous work

on the impact of the initial condition in the multivariate case. In this paper
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we analyse the impact of the initial condition on the power of multivariate

unit root and cointegration tests. In particular, we compare the commonly

used likelihood ratio (LR) test of cointegration rank in vector autoregressive

(VAR) models (Johansen 1996) with a test for the number of unit roots in

VAR models based on the eigenvalues of the companion matrix (Ahlgren

and Nyblom 2008; henceforth referred to as the Q test). These two tests

can be viewed as the multivariate extensions of the DF � - and coe¢ cient

tests, respectively. Other multivariate tests (see e.g. Hubrich et al. 2001 for

a review) are not considered here, because they typically depend on nuisance

parameters which make the analysis di¢ cult.

The impact of the initial condition is studied through the local power

of multivariate tests. The local power function of the LR test has previ-

ously been derived by Johansen (1991, 1996) in the VAR model without

deterministic terms. Rahbek (1994), and Horvath and Watson (1995) ex-

tend Johansen�s results to the cases of di¤erent local alternatives and known

cointegrating vectors. Saikkonen and Lütkepohl (1999) provide a general

framework for deriving the local power properties of LR tests of cointegra-

tion rank under di¤erent assumptions about the deterministic terms. The

aforementioned papers assume that the initial condition is zero. We derive

the local power under the assumption that the initial condition is not zero

and does not vanish asymptotically. This extends the results obtained by Jo-

hansen (1991, 1996), and Saikkonen and Lütkepohl (1999) for the likelihood

ratio test when the initial condition is zero, as well as Müller and Elliott
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(2003) for univariate unit root tests when the initial condition is not zero

and matters asymptotically. An alternative approach to the initial condition

is taken in Phillips and Magdalinos (2008), who extend the initial condition

to the in�nite past.

We �nd that the power of the LR test is increasing in the magnitude

of the initial condition, whereas the Q test may have lower power against

alternatives close to a unit root when the initial condition is large. In com-

parison to the univariate case, we �nd that the impact of the initial condition

is similar, but is mitigated in multivariate tests when the dimension of the

process is large, or deterministic terms are �tted. The behaviour of the

tests is further highlighted by an empirical application to price convergence.

We �nd that large initial conditions in the real exchange rates of transition

economies enable us to reject the unit root hypothesis in the real exchange

rates using the LR test. This result entails that purchasing power parity

holds. However, if deterministic terms are �tted, or if the dimension of the

model is increased by including more information, the power gain gradually

disappears. In contrast, the Q test does not reject a unit root in the real

exchange rates.

The paper is organised as follows. The next section establishes a frame-

work for analysing the initial condition in the cointegrated VAR model. The

LR and Q tests of cointegration rank are described in Section 3, and their

local power properties are derived in Section 4. Section 5 considers the pow-

ers of the tests in �nite samples, and Section 6 illustrates the �ndings in an
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application to price convergence. Section 7 concludes.

2 The Initial Condition in the Cointegrated

Vector Autoregressive Model

In this section we introduce the cointegrated vector autoregressive (VAR)

model and use a new version of the Granger�Johansen representation theorem

to de�ne the magnitude of the initial condition.

We consider the p-dimensional VAR model

Xt = �1Xt�1 + � � �+�kXt�k +�Dt + "t; t = 1; : : : ; T; (1)

where Dt are the deterministic terms, and the errors "t are independent and

identically distributed (0;
). We write the model in error correction form:

�Xt = �Xt�1 +
k�1X
i=1

�i�Xt�i +�Dt + "t; (2)

where � =
Pk

i=1�i � I and �i = �
Pk

j=i+1�j. For later use we de�ne

� = I�
Pk�1

i=1 �i.

The characteristic polynomial of the process is

A(z) = (1� z)I��z �
k�1X
i=1

�i(1� z)zi:
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We assume that jA(z)j = 0 implies that jzj > 1 or z = 1, and that � has

reduced rank r < p. Then � = ��0, where � and � are p � r matrices

of full rank. We also assume that �0?��? has full rank, which ensures that

the process Xt is integrated of order one, I(1). We use the de�nition of an

integrated process as in Johansen (1996, pp. 34�35). Here �? and �? denote

the p� (p� r) orthogonal complements of � and �, respectively, such that

�0?� = 0 and �
0
?� = 0. In addition, the deterministic termsDt are assumed

to be bounded by some polynomial in t. Under these conditions, Johansen

(1996) shows that �Xt � E(�Xt) and �
0Xt � E(�0Xt) can be given initial

distributions such that they become I(0).

The moving average representation of the process (2) was derived by Jo-

hansen (1996). For our purpose, a more convenient version of the represen-

tation theorem is Theorem 1 of Hansen (2005), which under the assumptions

above states that the process has the representation

Xt = C
tX
i=1

"i +C(L)"t + � (t) +C(X0 � �1X�1 � � � � � �k�1X�k+1); (3)

where C = �?(�
0
?��?)

�1�0?. The polynomial C(z) =
P1

i=0Ciz
i is con-

vergent for jzj < 1 + � for some � > 0. The polynomial � (t) is given by

� (t) = C�
Pt

i=1Di + C(L)�Dt. Hansen gives a recursive formula for cal-

culating the coe¢ cients of the lag polynomial C(L), and proves in Lemma 2
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that the initial value can be expressed as

C(X0 � �1X�1 � � � � � �k�1X�k+1) = X0 �C(L)("0 +�D0): (4)

Premultiplying (4) by �0 yields

�0X0 = �
0C(L)("0 +�D0): (5)

If the initial value is chosen as in (5), we have that �0Xt � E(�0Xt) =

�0C(L)"t, which is I(0).

In practice, we cannot choose the initial value as in (5). In this case �0Xt�

E(�0Xt) is not I(0), although in some sense it is asymptotically stationary

(Johansen 1996, p. 15). Since we condition on the initial observations, we

may contend ourselves with

�0X0 = �
0C(L)�D0;

where the right-hand side corresponds to the expected value of �0X0.

We de�ne the initial observation �0X0 to be deviating from the determin-

istic component of the series, or to be o¤ its equilibrium value, if

j�0i(X0 �C(L)�D0)j > ci

for some i = 1; : : : ; r and some positive constant ci. For example, ci can
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be taken to be two standard deviations of the stationary process �0iXt. In

fact, as we shall see later, the initial condition begins to matter when ci is

equal to two standard deviations. Note that application of this condition

requires knowledge of the steady-state equilibrium, �0C(L)�Dt, or that we

can estimate it consistently.

3 Tests for Cointegration Rank

We consider again the p-dimensional VAR model (1) and (2), but now with

�Dt specialised to �t = �0 + �1t, where �t denotes the deterministic part

of the model. Five models for the deterministic terms are considered by

Johansen (1996, Section 5.7), and Saikkonen and Lütkepohl (1999). They

can succinctly be summarised by the following cases: no deterministic terms,

restricted and unrestricted constant, and restricted and unrestricted linear

trend. The di¤erent models are expressed as restrictions on the parameters

�0 and �1. By exploiting the identity I = �(�
0�)�1�0 + �?(�

0
?�?)

�1�0?,

the parameter �i can be decomposed into the directions � and �? as follows:

�i = �(�
0�)�1�0�i + �?(�

0
?�?)

�1�0?�i. For example, in the model with

a constant restricted to the cointegration space, �?(�0?�?)
�1�0?�0 = 0 and

�1 = 0.

The LR statistic for testing the cointegration rank hypotheses

H0 : rank(�) = r against H1 : rank(�) > r; r = 0; : : : ; p� 1; (6)
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in the model (2) is given by

LR(r) = �T
pX

i=r+1

ln(1� b�i); (7)

where the eigenvalues 1 > b�1 > � � � > b�p > 0 solve
j�S11 � S10S�100 S01j = 0;

and

Sij = T
�1

TX
t=1

RitR
0
jt; i; j = 0; 1;

are the product moment matrices of the residualsR0t andR1t from regressing

�Xt and Xt�1 (possibly augmented by a constant and linear trend) on the

lagged di¤erences �Xt�1; : : : ;�Xt�k+1, and possibly a constant and linear

trend.

The limiting distribution of LR(r) is given by

LR(r)
D! tr

(Z 1

0

(dB)F0
�Z 1

0

FF0 du

��1 Z 1

0

F (dB)0
)
; (8)

where B is a (p � r)-dimensional standard Brownian motion on the unit

interval and F is a Brownian motion which depends on the deterministic

terms.

The Q test (Ahlgren and Nyblom 2008) is a test for the same hypothe-

ses as in (6). The approach is to write the general VAR(k) model (1) in
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companion form as a large VAR(1) model, and employ the eigenvalues of

the companion matrix to test the cointegration rank. Let b�1; : : : ;b�p denote
the sample eigenvalues closest to one measured by the distance jb�i � 1j and
ordered as Re(b�1) � � � � � Re(b�p). The test allows for explosive roots, but
here we shall assume that there are no explosive roots. The Q statistic is

then given by

Q(r) = �T
pX

i=r+1

(Re(b�i)� 1): (9)

The limiting distribution of the Q(r) statistic is given by

Q(r)
D! tr

(Z 1

0

(dB)F0
�Z 1

0

FF0 du

��1)
; (10)

where B and F are as in (8).

4 Local Power of Tests for Cointegration Rank

For deriving the asymptotic local power, we consider model (2) with k = 1:

�Xt = �Xt�1 + "t; t = 1; : : : ; T; (11)

since the limit results do not depend on the short-term dynamics (see Jo-

hansen 1996, pp. 209�210). Here � is an unrestricted p � p matrix, and

the errors "t are as before independent and identically distributed (0;
).

Johansen (1991, 1996) derived the local power function of the LR test in this
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model, assuming that the initial condition is zero.

An application of the functional central limit theorem (FCLT) to

T�1=2�0?X[Tu] = T
�1=2�0?X0 + T

�1=2
[Tu]X
i=1

�0?"i; (12)

with [�] denoting the integer part, shows that the limiting distributions under

the null hypothesis (and the local alternatives) do not depend on the initial

value X0, since the �rst term is o(1). Following the analysis in Tanaka

(1996, Section 3.9), an approximation which retains the initial condition

asymptotically is obtained when X0 = O(T
1=2), implying that the �rst term

in (12) has the same order of magnitude as the second. For simplicity we

assume that the initial condition is of the form

X0 = T
1=2; (13)

where  is a constant p� 1 vector. However, the results obtained below also

hold if X0 is assumed to be a random variable of order OP (T
1=2).

We consider local alternatives to the null hypothesis � = ��0, of the

form

� = �T = ��
0 + T�1�1�

0
1; (14)

where�1 and �1 are p�smatrices of rank s such that� has rank r+s, s > 0.

Under the local alternatives the process has s extra cointegrating vectors �1.

We make the assumption that the eigenvalues of I+��0 are less than one in
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absolute value, so that the process is I(1) under the null hypothesis (6). The

derivations of the local power function are based on the results of Johansen

(1996, Section 14.2), and Saikkonen and Lütkepohl (1999). We denote by

W(u) a Brownian motion with covariance matrix 
 and by B(u) a standard

Brownian motion de�ned by B(u) = (�0?
�?)
�1=2W(u).

Under the local alternatives (14),

T�1=2�0?X[Tu]
D! K(u); (15)

where K(u) is an Ornstein�Uhlenbeck process de�ned by the integral equa-

tion

K(u) = �0?W(u) +�0?�1�
0
1�?(�

0
?�?)

�1
Z u

0

K(s) ds (16)

with K(0) = �0?. If we de�ne the standard Ornstein�Uhlenbeck process

N(u) = (�0?
�?)
�1=2K(u), we obtain that

N(u) = B(u) + ab0
Z u

0

N(s) ds; (17)

where N(0) = (�0?
�?)
�1=2�0?, a = (�0?
�?)

�1=2�0?�1 and

b = (�0?
�?)
1=2(�0?�?)

�1�0?�1.

The limiting distribution of the LR statistic under the local alterna-

tives is obtained by replacing the Brownian motions in (8) by the Ornstein�
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Uhlenbeck process in (17):

LR(r)
D! tr

(Z 1

0

dNN0
�Z 1

0

NN0 du

��1 Z 1

0

N dN0

)
: (18)

An analogous result holds for theQ test (Ahlgren and Nyblom 2008), yielding

Q(r)
D! tr

(Z 1

0

dNN0
�Z 1

0

NN0 du

��1)
: (19)

Since the limiting distributions depend on �, �, 
, �1 and �1 only

through a and b, the results simplify if s = 1, i.e. if there is one cointegrat-

ing relation under the local alternatives. Then we can �nd an orthogonal

transformation of (17) such that N(u) is of the form

N1(u) = B1(u) + f

Z u

0

N1(s) ds; (20)

N2(u) = B2(u) + g

Z u

0

N1(s) ds; (21)

N3(u) = B3(u); (22)

and the limiting distributions depend only on the scalar parameters f =

b0a and g2 = a0ab0b � (a0b)2 (Johansen 1996, Corollary 14.5). The �rst

component N1(u) is an Ornstein�Uhlenbeck process, the second component

N2(u) is a Brownian motion, whereas the third componentN3(u) is a (p�r�

2)-dimensional standard Brownian motion, p�r > 2. A further simpli�cation

is obtained when �1 and �1 are proportional, entailing that g = 0. Although
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the local powers of the LR andQ tests depend on the parameter g, it turns out

to be not of great interest for the impact of the initial condition. This issue is

discussed in connection with the simulations below. Consequently, we impose

the restriction g = 0. In this case the second component N2(u) becomes a

standard Brownian motion, and then the limiting distributions depend only

on the parameter f . These results will be convenient for investigating the

impact of the initial condition on the local powers of the LR and Q tests.

The process (20) has the solution (see e.g. Tanaka 1996, Section 3.9)

N1(u) = e
fu1 + e

fu

Z u

0

e�fs dB1(s); (23)

where N1(0) = 1 = �0?1 follows from our choice of the initial condition

(13). From the expression for N1(u) in (23), it is seen that the impact on the

local power from the initial condition comes from the �rst term, which is zero

when 1 = 0. Since f < 0 for stationary alternatives, the e¤ect of the initial

condition is to add a geometrically decaying series, efu1, to the solution

of the Ornstein�Uhlenbeck process. By modifying the Ornstein�Uhlenbeck

processes in (18) and (19) as in Saikkonen and Lütkepohl (1999), the results

can be extended to models with a constant and linear trend.
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From (20)�(22) with g = 0, we get

dN1(u) = dB1(u) + fN1(u) du;

dN2(u) = dB2(u);

dN3(u) = dB3(u):

Hence, we simulate the discrete versions of the (p�r)-dimensional Ornstein�

Uhlenbeck processes with g = 0:

N1t = (1 + T�1c)N1;t�1 + "1t; (24)

N2t = N2;t�1 + "2t; (25)

N3t = N3;t�1 + "3t: (26)

We choose  as

 =

0BBBB@
�1(�2c)�1=2

0

0

1CCCCA : (27)

Our choice of  implies that N10 = �1T 1=2(�2c)�1=2, which following Müller

and Elliott (2003, pp. 1274�1275) measures the initial condition in terms

of the unconditional standard deviation of the stationary process (24) with

c < 0, and  denotes the standardised initial condition. A value of  = 1

corresponds to the initial condition being equal to one standard deviation of

the unconditional distribution of N1t when c < 0. The process N2t and the
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(p� r�1)-dimensional process N3t, p� r > 2, are random walks. We choose

the initial conditions of the random walks to be zero, since they do not a¤ect

the powers of the tests.

The impact of the initial condition on the local powers does not depend

on the value of g. This �nding emerged from conducting simulations with

di¤erent values for g (the results are available upon request). The powers of

the LR and Q tests are not directly comparable, though, since their relative

powers would also depend on g (Ahlgren and Nyblom 2008).

We have simulated the local powers for di¤erent values of f < 0, g = 0,

and for models with no deterministic terms, restricted and unrestricted con-

stant, and restricted and unrestricted linear trend, using the general result of

Saikkonen and Lütkepohl (1999). In the simulations we let t = 1; : : : ; 1000,

p � r = 1; 2; 3 and  = 0; 0:5; 1; 2; 4. The errors "it are independent and

normally distributed N(0; 1), and the number of replications is 100000. The

computations and simulations are performed using GAUSS 7.0.17. The func-

tion RNDN in GAUSS, which uses the fast acceptance-rejection algorithm of

Kinderman and Ramage, is used to generate pseudo-random numbers.

The asymptotic distributions of the LR statistics in the models with an

unrestricted constant or linear trend depend on whether �i = 0 or �i 6= 0,

i = 0; 1, respectively. In the models with an unrestricted constant or linear

trend, we assume that �i = 0. Critical values for the case �0 = 0 are

given by Johansen and Juselius (1990, Table A.2) and for the case �1 = 0 by

Perron and Campbell (1993). For the other cases, critical values are obtained
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from Johansen (1996). For comparison with the results in Saikkonen and

Lütkepohl (1999), it is worth noting that they use the notations LR� and

LRi0 for the tests with a restricted and an unrestricted constant, respectively,

and LR+ and LRPC for the tests with a restricted and an unrestricted linear

trend, respectively. In the Q test, the constant and trend are estimated

unrestricted, and critical values are given for the cases �0 = 0 and �1 = 0

in Ahlgren and Nyblom (2008, Table 1).

The simulated local power functions of the LR and Q tests are plotted

in Figures 1�8. It is seen from the �gures that the power of the LR test

increases in the magnitude of the initial condition , whereas the power of

the Q test decreases. The power functions of the LR test with  > 0 are

shifted upwards and become more steep, in particular when p�r = 1, and for

the Q test they are shifted downwards. The e¤ect of the initial condition on

the local power is much more pronounced for the LR test than for the Q test.

The local power is decreasing as the dimensions p � r increase, as found by

Johansen (1996). In general, with a constant or a constant and linear trend,

the impact of the initial condition is mitigated. In the special case p� r = 1

and no deterministic terms in the model, the power of the Q test decreases for

values of c close to the null hypothesis, whereas the opposite holds for values

of c further away from the null hypothesis. A similar result was obtained by

Catani (2008) for the local power of the Dickey�Fuller coe¢ cient test (with

p� r = 1 the test statistics are the same).

Our results may readily be used in applications by noticing that the
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coe¢ cient 1 + T�1c = 1 + T�1�01�1 can be interpreted as the autoregres-

sive parameter in a near-integrated relation. For example, assume that we

have T = 100 observations and an autoregressive coe¢ cient of 0:91 (choose

c = �9). Then in the model with no deterministic terms, if p � r = 2, the

power of the LR test is 0:166 when  = 0, 0:230 when  = 2, and 0:502

when  = 4. The corresponding powers of the Q test are 0:269 when  = 0,

0:225 when  = 2, and 0:143 when  = 4. In the model with an unrestricted

constant, the power gains of the LR test are smaller but still substantial.

Then if p� r = 2, the power of the LR test is 0:128 when  = 0, 0:160 when

 = 2, and 0:285 when  = 4. The corresponding powers of the Q test are

0:204 when  = 0, 0:175 when  = 2, and 0:121 when  = 4. The value of

 = 2 is found to be the point when the initial condition begins to matter

for the power of the tests.

5 Power in Finite Samples

The previous section demonstrated that the asymptotic local power of the LR

test increases in the magnitude of the initial condition and the local power

of the Q test decreases in the magnitude of the initial condition. To check

the accuracy of the asymptotic local power approximations, we simulate the

powers of the LR and Q tests in �nite samples.

Toda (1994, 1995) suggests a VAR(1) data generating process (DGP)

which is a canonical form for investigating the properties of tests for the
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Figure 1: Local power of the LR test with no deterministic terms.
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Figure 2: Local power of the Q test with no deterministic terms.

21



Figure 3: Local power of the LR test with restricted constant.
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Figure 4: Local power of the LR test with unrestricted constant.
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Figure 5: Local power of the Q test with unrestricted constant.
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Figure 6: Local power of the LR test with unrestricted constant and restricted
trend.
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Figure 7: Local power of the LR test with unrestricted constant and trend.
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Figure 8: Local power of the Q test with unrestricted constant and trend.
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cointegration rank, since other VAR(1) processes can be obtained from it by

linear transformations. In the simulations we use a three-dimensional version

of Toda�s DGP from Hubrich et al. (2001) of the form

Xt =

0BBBB@
�1 0 0

0 �2 0

0 0 1

1CCCCAXt�1+

0BBBB@
0

0

�

1CCCCA+"t; "t � NID

0BBBB@
0BBBB@
0

0

0

1CCCCA ;
0BBBB@
1 �1 �2

�1 1 0

�2 0 1

1CCCCA
1CCCCA :

(28)

Analogous with the asymptotic analysis in Section 4, we only consider the

cases when the cointegration rank is r = 0 or r = 1. Then �2 = 1, and we

can set �2 = 0. If �1 = 1, the cointegration rank is zero, and if j�1j < 1, the

cointegration rank is one. The case f = 0 in Section 4 corresponds to �1 = 1

and f < 0 corresponds to �1 < 1. The quantity �1 is the correlation between

the �rst component of the process and the second component. The case

g = 0 corresponds to �1 = 0, and then the two components are uncorrelated.

In line with the asymptotic analysis in Section 4, we impose �1 = 0 (the

results for di¤erent values of �1 are available upon request). The initial value

X10 is de�ned as X10 = =(1 � �21). A value of  = 1 corresponds to the

initial condition being equal to one standard deviation of the unconditional

distribution of X1t when j�1j < 1. The series X2t and X3t have initial values

0. If � 6= 0 there is a linear trend in the random walk component and � = 0

corresponds to no linear trend. In the simulations we set � = 0.
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We estimate a VAR(1) model with an unrestricted constant:

�Xt = �Xt�1 + �+ "t; (29)

and test the null hypothesis of cointegration rank r = 0. We report in Table

1 the rejection probabilities of the LR and Q tests for di¤erent values of �1

and a range of initial conditions . We let �1 take the values 1, 0:99, 0:975,

0:95 and 0:90, which are the ones recommended by Busetti et al. (2006) for

simulating tests of convergence. For quarterly data and T = 100, �1 = 0:95

is a plausible value. A value of �1 = 0:90 represents fast convergence and a

value of �1 = 0:975 corresponds to slow convergence. Note that when �1 = 1,

the sizes of the tests do not depend on X10, so the simulations for �1 = 1 are

from a single experiment withX10 = 0. The values of j�1j < 1 give the powers

of the tests. We let  vary among 0, 0:5, 1, 2, 4. The nominal signi�cance

level is 5% and the number of replications is 100000. The computations and

simulations are performed as described in Section 4.

The rejection probabilities in Table 1 mirror the local powers in Section 4.

We �nd that when  is large, the LR test has high power whereas the Q test

has low power. For example, if �1 = 0:95, the power of the LR test is 0:080

when  = 0, 0:291 when  = 2, and 0:955 when  = 4. The corresponding

powers of the Q test are 0:046 when  = 0, 0:019 when  = 2, and 0:019

when  = 4.
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Table 1: Rejection probabilities of the LR and Q tests in model (29) with
an unrestricted constant. The DGP is given by (28) with �2 = 0, � = 0 and
�1; �2 = 0. The series lengths are T = 100 and the nominal signi�cance level
is 5%.

= �1 1 0:99 0:975 0:95 0:90 1 0:99 0:95 0:975 0:90

LR Q

0 0:067 0:069 0:071 0:080 0:117 0:033 0:039 0:046 0:061 0:118
0:5 0:067 0:063 0:077 0:088 0:124 0:033 0:026 0:036 0:054 0:112
1 0:067 0:073 0:104 0:114 0:145 0:033 0:019 0:024 0:041 0:096
2 0:067 0:141 0:277 0:291 0:276 0:033 0:020 0:019 0:025 0:067
4 0:067 0:548 0:929 0:955 0:876 0:033 0:018 0:019 0:020 0:042

6 Price Convergence

In this section we illustrate the impact of the initial condition on the powers of

the LR andQ tests by investigating price convergence of transition economies

in Central Europe and the Baltics to the Euro Area. For the former, the

initial observation on the real exchange rate is o¤ its equilibrium level. We

study the e¤ect of the dimension of the VAR model on the powers of the

tests by including UK and Danish real exchange rates in an extended VAR

system. The UK and Denmark are currently outside the Euro Area.

We begin by discussing a time series de�nition of convergence. Let pit,

i = 0; 1; :::; p, denote a log price index for country i, and let eijt denote the

log nominal exchange rate between countries i and j. Then the real exchange
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rate, or the real price di¤erence, zijt, is de�ned as

zijt = pit + eijt � pjt: (30)

Busetti et al. (2006) adapt a de�nition of output convergence in Bernard

and Durlauf (1996) to price convergence. According to this de�nition, the

price levels between countries i and j are said to converge if zijt satis�es the

condition

lim
�!1

E (zij;t+� j Ft) = 0; (31)

where Ft is the information set at time t. The de�nition entails that absolute

purchasing power parity is expected to hold, as � goes to in�nity, since the

choice of base year for price indices is arbitrary. Busetti et al. (2006) distin-

guish between price level convergence and in�ation convergence, since prices

are often found to contain an I(2) component. They further distinguish

between countries in the process of converging and countries that have con-

verged, by employing stationarity tests to zijt. Since this distinction is not

a major concern here, we do not discuss it further, and refer to Busetti et

al. (2006) for details. Moreover, none of the zijt in our data was found to

contain an I(2) component. Thus we may exclusively focus on price level

convergence.

An important implication of condition (31) is that the real exchange rate

is asymptotically stationary under convergence, since the conditional expec-

tation would not be de�ned otherwise. Nevertheless, it has typically been
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di¢ cult to reject a unit root in real exchange rates. Such persistence may re-

�ect nonlinear threshold dynamics rather than �true�unit root behaviour, as

shown by Taylor et al. (2001), among others. In this case, the real exchange

rate will behave like a unit root process within some small interval around

zero, and long time series are required to detect mean reversion. However,

the increase in power of the LR test of cointegration rank due to a large

initial condition in the real exchange rate of transition economies may allow

rejection of the unit root hypothesis in shorter time series.

The data consist of monthly observations on the consumer price index and

nominal exchange rate for the Euro Area (EA), the Czech Republic (CZ),

Estonia (EE), Poland (PL), the UK and Denmark (DK), obtained from the

EuroStat database. The sample period is 1996:1�2007:12 and the number of

monthly observations is 144. We index the Euro Area as j = 0, and take it

as the reference economy, i.e. we �x j = 0 in (30). Following Busetti et al.

(2006), we take the last period to be the base year. This normalisation yields

the maximum power gain in the model with no deterministic terms, but has

no consequences for the other speci�cations of the deterministic terms.

Figure 9 plots the real exchange rates. As can be seen from the �gure,

the initial condition is most pronounced in the real exchange rate of the

Czech Republic and Estonia, and also to some extent Poland, which show

clear convergence trends. In contrast, UK and Danish real exchange rates

are more consistent with threshold dynamics. For instance, both series show

persistent deviations on both sides of the zero line, although the Danish
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Figure 9: Real exchange rates of Czech republic (CZ), Estonia (EE), Poland
(PL), UK and Denmark (DK) against the Euro Area (EA).

deviations are of a smaller magnitude than the UK. Thus, at the outset,

and in concurrence with previous evidence on real exchange rates, we would

expect to �nd unit roots in the UK and Danish series.

We extend the univariate approach of Busetti et al. (2006) to a multivari-

ate framework by estimating the VARmodel (2) on a vector of real exchanges

rates and using the LR and Q tests to infer the rank, r, of � = ��0. The

null hypothesis that country i converge to the Euro Area or, equivalently

that zi0t is stationary, can be formulated as � = (ei; ��i), where ei is a unit

vector and ��i is a p�(r�1) dimensional matrix of unrestricted coe¢ cients.

The test of this hypothesis is described in Johansen (1996), and the corre-
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sponding LR statistic is asymptotically distributed as �2 with p� r degrees

of freedom under the null hypothesis.

An advantage of the multivariate framework is that it permits convergence

to other economies than the Euro Area. Although such zijt are unlikely to

have a large initial condition, and are therefore not of interest from the

perspective of the present paper, they can nevertheless easily be tested as

restrictions on �. To see this, note that convergence between i and j can be

formulated as the hypothesis zijt = zi0t � zj0t � I(0).

We �rst focus on the transition economies by settingX1t = (zCZ0t; zEE0t; zPL0t)
0,

where the initial conditions are likely to be large, and later extend this vector

to X2t = (zCZ0t; zEE0t; zPL0t; zUK0t; zDK0t)
0. This setup allows us to analyse

the impact of the initial condition on the powers of the LR andQ tests for dif-

ferent dimensions of the random walk component, since the UK and Danish

real exchange rates are likely to display independent unit roots behaviour, as

discussed above. We consider models with no deterministic terms, a constant

restricted to the cointegration space, and an unrestricted constant. A model

with no constant is consistent with (31), provided that the last observation,

which is set to zero, is in equilibrium. Including a constant in the model

allows for uncertainty with respect to this normalisation. If the constant is

unrestricted, a linear trend is permitted in zijt under the alternative hypoth-

esis of no convergence, whereas no trend is permitted when the constant is

restricted to the cointegration space.

Initial modelling of X1t and X2t suggests two lags (k = 2) in both cases,
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Table 2: Dummy variables included in the estimated models. The inter-
vention dummies take the value 1 in the quarter yymm and 0 otherwise.
The transitory dummies take the value 1 in the quarter yymm, �1 in the
consequtive quarter, and 0 otherwise.

Country Intervention Transitory

CZ D9705, D9807, D9901 �
EE D9609, D9701, D9711, D9802 D9703, D9707
PL D0107 �
UK � D0004
DK D9810 �

based on information criteria. The models are estimated using CATS in

RATS 2.0. We included dummy variables, listed in Table 2, to account for

outliers. However, the results are only marginally di¤erent if the dummies

are removed from the analysis. Table 3 reports misspeci�cation statistics for

the estimated models. There are no serious misspeci�cations in the models,

apart from rejection of normality due to some large outliers in the beginning

of the sample for the transition economies.

6.1 The Transition Economies

Table 4 reports the LR andQ test for models withX1t = (zCZ0t; zEE0t; zPL0t)
0,

and di¤erent deterministic terms. As can be seen from the table, r = 0 and

r = 1 are rejected by the LR test when there is no constant in the model

(Model 1), whereas r = 0 is not rejected by the Q test. Thus, the LR test

suggests r = 2, and the Q test suggest r = 0. Table 5 reports the results
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Table 3: Misspeci�cation statistics for the estimated models in Tables 4 and
6. Models 2 and 3, as well as 5 and 6 are identical. LM(1) and LM(12)
are Lagrange multiplier tests for residual autocorrelation. ARCH(1) is the
test for autoregressive conditional heteroskedastic residuals and JB is the
Jarque�Bera test for normality of the residuals. All statistics are �2. *
denotes statistically signi�cant at the 5 per cent level. ** denotes statistically
signi�cant at the 1 per cent level.

LM(1) LM(12) ARCH(1) JB

Model 1 3.682 5.184 46.506 17.042**
Model 2 4.129 5.156 50.465 16.021*
Model 4 28.574 24.089 240.387 58.897**
Model 5 29.019 25.549 256.589 57.097**

from tests of unit vectors in � given r = 2, corresponding to stationary

zi0ts. As can be see from the table, given r = 2, both Czech and Estonian

real exchange rates have unit vectors in �, implying convergence, or remark-

ably, that purchasing power parity holds. These �ndings are in line with the

results in Sections 4 and 5 for the model with no constant, in which the ini-

tial condition produced the highest power gain for the LR test, but no such

gain for the Q test. However, when a constant is added, either restricted

(Model 2) or unrestricted (Model 3), the power gain of the LR test gradually

disappears, yielding r = 1 and r = 0, respectively. The Q test, on the other

hand, suggests r = 0 irrespective of the deterministic terms. We note that

the �nding of r = 1 in Model 2 is incompatible with unit vectors in both

Czech and Estonian real exchange rates, as is suggested by Table 5. However,

if we impose r = 1 in Model 2, only the Estonian real exchange rate has a
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Table 4: LR and Q tests for the transition economies with X1t =
(zCZ0t; zEE0t; zPL0t)

0.

r b�r+1 LR 95% p-value b�r+1 Q 95% p-value

Model 1: No deterministic terms

0 0:231 53:94 24:21 0:00 0:983 �16:41 �32:60 0:494
1 0:085 16:59 12:28 0:01 0:950 �9:41 �18:47 0:304
2 0:027 3:94 4:07 0:05 0:950 �2:41 �8:00 0:286

Model 2: Restricted constant

0 0:237 55:65 35:07 0:00 0:984 �15:64 �44:75 0:914
1 0:088 17:31 20:16 0:12 0:953 �8:94 �27:72 0:775
2 0:029 4:23 9:14 0:39 0:953 �2:23 �14:03 0:753

Model 3: Unrestricted constant

0 0:094 27:05 29:80 0:10 0:984 �15:64 �44:75 0:914
1 0:070 12:97 15:41 0:12 0:953 �8:94 �27:72 0:775
2 0:019 2:68 3:84 0:10 0:953 �2:23 �14:03 0:753

reasonably large � coe¢ cient, indicating that only this series converges.

6.2 The extended set of economies

Table 6 reports the LR and Q test for models withX2t = (zCZ0t; zEE0t; zPL0t;

zUK0t; zDK0t)
0, and di¤erent deterministic terms. As before, in the model

with no deterministic terms, r = 0 and r = 1 are rejected by the LR, but

not by the Q test. However, the hypothesis r = 1 is now close to not being

rejected with a p-value of 0:04. Moreover, the results in Table 5 (Model 4)
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Table 5: Tests of unit vectors in �.

Model r zCZ0t zEE0t zPL0t zUK0t zDK0t

1 2 0:07 0:06 0:00
2 1 0:07 0:13 0:00
4 1 0:00 0:00 0:00 0:00 0:00
4 2 0:00 0:00 0:00 0:00 0:00
5 1 0:00 0:00 0:00 0:00 0:00
6 1 0:00 0:00 0:00 0:00 0:00

suggest that there are no unit vectors in � regardless of the choices r = 1 or

r = 2. This outcome excludes price convergence to the Euro Area level, but

does not exclude the possibility of price convergence between other country

pairs. However, we do not �nd any homogeneously cointegrated price pairs

zijt (not reported), and consequently no evidence of such convergence. For

the models with a constant (Models 5 and 6), the results of the LR test and

Q tests unambiguously suggest r = 1 and r = 0 respectively. Also for these

model, there are neither unit vectors in �, nor other homogeneously cointe-

grated price pairs. Hence, compared to the VAR system for the transition

economies, the increase in dimension seems to have reduced the power gained

by the LR test due to the initial condition.

7 Conclusions

We have derived the local powers of the LR and Q tests for cointegration

rank when the initial condition is nonzero and does not vanish asymptotically.
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Table 6: LR and Q tests for the extended set of economies X2t =
(zCZ0t; zEE0t; zPL0t; zUK0t; zDK0t)

0.

r b�r+1 LR 95% p-value b�r+1 Q 95% p-value

Model 4: No deterministic terms

0 0:351 102:80 97:78 0:00 0:990 �37:53 �72:45 0:816
1 0:169 41:35 31:18 0:04 0:969 �19:81 �50:96 0:877
2 0:063 15:13 7:39 0:45 0:950 �12:81 �32:60 0:688
3 0:029 5:88 3:43 0:45 0:950 �5:81 �18:47 0:554
4 0:012 1:70 1:26 0:22 0:874 �1:49 �8:00 0:397

Model 5: Restricted constant

0 0:354 108:41 76:81 0:00 0:967 �41:39 �90:56 0:968
1 0:171 46:42 53:95 0:20 0:967 �29:42 �65:76 0:911
2 0:089 19:87 35:07 0:73 0:943 �17:45 �44:75 0:863
3 0:033 6:63 20:16 0:91 0:915 �9:38 �27:72 0:747
4 0:013 1:82 9:14 0:81 0:915 �4:69 �14:03 0:465

Model 6: Unrestricted constant

0 0:272 81:58 69:61 0:00 0:967 �41:39 �90:56 0:968
1 0:124 36:47 47:71 0:38 0:967 �29:42 �65:76 0:911
2 0:089 17:68 29:80 0:60 0:943 �17:45 �44:75 0:863
3 0:026 4:44 15:41 0:86 0:915 �9:38 �27:72 0:747
4 0:005 0:73 3:84 0:39 0:915 �4:69 �14:03 0:465
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Our main results are that the local power of the LR test is increasing in the

magnitude of the initial condition, whereas the local power of the Q test is

decreasing. If the dimension of the process is large, or if deterministic terms

are �tted, the impact of the initial condition is mitigated. We investigate the

behaviour of the tests in an application to price convergence. Our results help

explain the outcomes of tests for price convergence of transition economies,

where the initial condition is expected to be large. In particular, in models

that exploit the power gain due to the initial condition, we establish price

convergence, or that purchasing power parity holds.
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