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The recently revised small-x helicity evolution [J. High Energy Phys. 07 (2022) 095], resumming the
double-logarithmic factor, αsln2ð1=xÞ, allows for the study of helicity distributions of quarks and gluons at
small Bjorken x, corresponding to high center-of-mass energy. In this work, we calculate the moderate-x
initial conditions in the regime, αs ln2ð1=xÞ ∼ 1, for the small-x helicity evolution using a light-front valence
quarkmodel of the proton, which provides additional physical information about the target. The perturbative
emission and absorption of a gluon by the valence quarks are also included. The results, given in Eqs. (35),
provide a new set of initial conditions with a significantly reduced number of free parameters than
conventional models [Phys. Rev. D 108, 114007 (2023)]. Consequently, the predictive power of small-x
helicity evolution is expected to improve once the initial conditions from this work are incorporated.

DOI: 10.1103/PhysRevD.110.054030

I. INTRODUCTION

The proton spin puzzle is a long-standing unsolved
problem in particle physics [1], concerning the amount
of proton spin that comes from the quarks and gluons
inside. Based on the Jaffe-Manohar decomposition [2],
each parton could contribute to the proton spin via its spin
or orbital angular momentum, amounting to the sum rule

1

2
¼ Sq þ SG þ Lq þ LG; ð1Þ

where Sq (SG) refers to the spin and Lq (LG) the orbital
angular momenta of the quarks (gluons) inside the spin-1

2

proton. In the helicity basis, the spin contributions can be
written in terms of the integrals over Bjorken x of helicity-
dependent parton distribution functions (hPDFs):

SqðQ2Þ ¼ 1

2

Z
1

0

dxΔΣðx;Q2Þ; ð2aÞ

SGðQ2Þ ¼
Z

1

0

dxΔGðx;Q2Þ; ð2bÞ

where ΔΣ is the flavor-singlet quark hPDF, that is, with the
flavors of quark and antiquark summed over, and ΔG is the
gluon hPDF. Recent measurements and analyses by the
Relativistic Heavy Ion Collider spin program show that at
resolutionQ2 ¼ 10 GeV2 we have Sq ∈ ½0.15; 0.20� for x ≥
10−3 and SG ∈ ½0.13; 0.26� for x ≥ 0.05 [3,4]. The reason
for a lower bound on x in the integrals [cf. Eqs. (2)] is due to
the high center-of-mass energy collisions required to probe
partons at small Bjorken x. With the numbers shown above,
there remains a missing contribution to proton helicity that
could come from the orbital angular momenta or the small-
x regions of quark and gluon hPDFs. This work focuses on
quantifying the latter.
In the past decade, there have been several theoretical

developments in order to understand spins at small Bjorken
x [5–18], particularly surrounding the objective of deriving
a high-energy evolution that would allow one to write down
hPDFs at small x based on their values at moderate x, which
could be determined from experimental measurements. The
framework modifies the dipole formalism [19,20] to
account for helicity dependence in the scattering processes,
resulting in energy-suppressed, i.e. subeikonal, contribu-
tions to the dipole amplitude [5,6,11]. At the end, with the
inclusion of kinematic constraint [21–24], the small-x
evolution resums double logarithms of energy; that is,
each step of evolution yields the factor αs ln2ð1=xÞ [6].
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The evolution equation does not close, in general, but
becomes a closed system of linear integral equation upon
taking the large-Nc [25] or the large-Nc & Nf [26] limit
with the mean-field approximation. The discussion in this
work focuses on the latter limit, as it is more realistic in the
helicity evolution where the quark exchange becomes
important relative to the gluon counterpart [5,16].
Recently, a global analysis has been performed in

Ref. [27] using a generalized Born-level amplitude as initial
condition at moderate x, which contains 24 free parameters
to be fitted to the experimental data. The analysis employs
the Jefferson Laboratory Angular Momentum (JAM)
Monte Carlo Bayesian framework and includes all available
polarized deep-inelastic scatter (DIS) and polarized semi-
inclusive DIS (SIDIS) measurements at 0.005 ≤ x ≤ 0.1
and 1.69 GeV2 ≤ Q2 ≤ 10.4 GeV2 with proton, deuteron
and helium-3 targets. In total, with 226 data points, the
initial condition model with the small-x helicity evolution is
able to describe the data excellently, with χ2 of 1.03 per data
point [27]. Unfortunately, the analysis has a shortcoming
when it comes to the prediction power. Due to the limited
amount of available polarized scattering measurements at
small x, the free parameters in the initial condition model,
and hence also the physical predictions, are not sufficiently
well constrained. In particular, the predicted amount of total
parton spin from the region 10−5 ≤ x ≤ 1 comes out to be
Sq þ SG ¼ −0.64� 0.60. Although the uncertainty will
reduce dramatically [27] upon the inclusion of measure-
ments from the future Electron-Ion Collider (EIC) [28–30],
several improvements are possible on the theoretical side to
equip the small-x helicity evolution with a higher prediction
power given the currently available data.
In this work, we model the proton target at moderate

x as a bound state of three valence quarks, based on which
the correlators of polarized Wilson line operators are evalu-
ated [31,32]. With the help of the Yang-Mills equation, the
gluon fields are related to the color charges or currents and
subsequently expressed in terms of creation and annihilation
operators, which are later applied to the three-valence-quark
state. We also include perturbative corrections involving
gluon emission and absorption both within the target and
connecting the target and the projectile, in a similar
fashion to [33–37]. As a result, we obtain the leading-order
moderate-x expressions that serve as initial conditions for
the polarized dipole amplitudes in the small-x helicity
evolution [5]. Summarized in Eqs. (35), our results contain
a linear power of transverse logarithmof thedipole size that is
completely determined, together with the constant term
accounting for the infrared (large-dipole) physics that we
leave as a free parameter. Overall, the physical proton model
employed in this work is capable of reducing the number of
free parameters in the initial conditions for helicity evolution
from the original 24 in Ref. [27] to 3–9 depending on the
flexibility of the model used in the global analysis.
In the past, there have been similar model calculations

for gluon hPDF, including [38,39], both of which employ

three-valence-quark models for the polarized target. The
latterwork [39] also incorporates theMelosh rotation,which
takes into account the fact that the helicity of a particle with
nonzero transverse momentum does not exactly correspond
to the spin along the light-cone direction. In contrast, the
current work is the first to employ a valence quark model for
the polarized dipole operator relevant to the small-x helicity
evolution [5].Although relations exist between the polarized
dipole degrees of freedom and the parton hPDFs, these
relations are derived with the assumption that x is small.
Applying such relations to the polarized dipole amplitude
obtained in this work requires caution, as our calculation is
based on a model valid at moderate x only.
Throughout this article, we use the light-cone coordi-

nates in which vμ ¼ ðvþ; v−; vÞ with v� ¼ ðv0 � v3Þ= ffiffiffi
2

p
.

Transverse vectors are denoted by v ¼ ðv1; v2Þ with
v⊥ ¼ jvj. The light-cone directions are chosen such that
the projectile has a large light cone minus momentum, k−,
while the target proton has a large light cone plus
momentum, Pþ. The paper begins with Sec. II, which
provides a quick introduction to the formalism employed in
the small-x helicity evolution [5]. Subsequently, Sec. III
specifies the valence quark model we employ for the proton
target, explains the main calculation steps, then proceeds to
summarize and discuss the main results, with detailed
derivations provided in Appendixes. Finally, we conclude
in Sec. IVand discuss future projects that can be built up on
the results and development in this work.

II. POLARIZED SCATTERING PROCESSES
AT HIGH ENERGY

Before we discuss helicity-dependent scattering proc-
esses, it is helpful to review the dipole formalism for
unpolarized scattering processes; cf. [40–42] for more
complete reviews. Eikonal propagation of a high-energy
quark through the target color field at transverse coordinate
x is described by Wilson line Vx defined as

Vx ¼ P exp

�
ig
Z

dx−Aþð0þ; x−; xÞ
�
: ð3Þ

Similarly, the antiquark propagation is described by V†
x.

These objects serve as building blocks within the dipole
picture [19,20] of the deep-inelastic scattering at small x. In
particular, the unpolarized parton distribution functions
(PDFs), transverse-momentum-dependent (TMD) PDFs
and structure functions can be written in terms of the
dipole amplitude:

Nðr; b; YÞ ¼ 1 −
1

Nc
htr½Vb−r=2V

†
bþr=2�iunpol: ð4Þ

Here, h� � �iunpol gives the forward light-front matrix element
defined formally as
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hÔiunpol ¼
1

2

X
SL

hPþ; P;SLjÔjPþ; P;SLi
hPþ; P;SLjPþ; P;SLi

; ð5Þ

where SL is the proton’s longitudinal spin and Pμ is the
proton’s momentum. Note that here, and throughout this
work, we are ultimately interested in quantities integrated
over the impact parameter b, and as such only the forward
matrix element is necessary. The transverse size of the
dipole is denoted by r. This setup allows one to employ the
Wilson line as the main degree of freedom to study
unpolarized scattering at small x.

A. Polarized Wilson lines

In order to study the helicity of quarks and gluons inside
the proton, the latter has to be probed through a helicity-
dependent scattering process. This requires the inclusion of
helicity-dependent interactions between a high-energy
quark and the target. In [5,6,11], such interactions are
shown to come in as subeikonal corrections to the eikonal
Wilson line, Vx. It is convenient to group these corrections
into three types: (i) quark exchange, (ii) type-1 gluon
exchange and (iii) type-2 gluon exchange. In particular,
consider an incoming quark at transverse position y and
helicity σ that interacts with the target and results in an
outgoing quark at transverse position x and helicity σ0. Its
interaction with the target shock wave at x− → 0 can be
written as

Vx;y;σ0;σ ¼ Vxδ
2ðx − yÞδσ0σ þ

h
Vq½1�
x þ VG½1�

x

i
δ2ðx − yÞσδσ0σ

þ VG½2�
x;y δσ0σ þ etc:; ð6Þ

where “etc.” contains other terms that do not contribute to
helicity-dependent scattering amplitudes. In the right-hand
side of Eq. (6), the first term corresponds to the eikonal
Wilson line in Eq. (3), while the next three objects
correspond respectively to the three types of subeikonal
corrections listed above that are relevant to helicity.
Explicitly, they are given by

Vq½1�
x ¼ g2Pþ

2zs

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2Vx½∞;x−2 �tbψf
βðx−2 ;xÞ

×Uba
x ½x−2 ;x−1 �ðγþγ5Þαβψ̄f

αðx−1 ;xÞtaVx½x−1 ;−∞�; ð7aÞ

VG½1�
x ¼ igPþ

zs

Z
∞

−∞
dx−Vx½∞;x−�F12ðx−;xÞVx½x−;−∞�;

ð7bÞ

VG½2�
x;y ¼ −

iPþ

zs

Z
∞

−∞
dz−

Z
d2zVx½∞; z−�δ2ðx − zÞ

× D⃖iðz−; zÞD⃗iðz−; zÞδ2ðz − yÞVy½z−;−∞�; ð7cÞ

where zs is the center-of-mass energy of the collision
between the polarized (anti)quark and the proton. Here, the
covariant derivatives are defined such that D⃗μ ¼ ∂⃗

μ − igAμ

and D⃖μ ¼ ∂⃖
μ þ igAμ. The signs of the covariant terms are

such that the gauge transformation property is consistent
with that of the Wilson line (3). In Eqs. (7), the notation for
partial Wilson lines is such that

Vx½a−; b−� ¼ P exp

�
ig
Z

a−

b−
dx−Aþð0þ; x−; xÞ

�
; ð8Þ

and similarly for the adjoint representation, Ux½a−; b−�.

B. Parton helicity TMDs

Polarized Wilson lines introduced in Sec. II A arise
naturally in the calculation of the quark helicity TMD,
gq1Lðx; k⊥Þ. Upon propagating the (anti)quark from one end
of the gauge link to the other under the shock-wave picture,
one obtains [5,11]

gq1Lðx;k⊥Þ¼−
4iPþ

ð2πÞ5
Z

d2xd2y
Z

dk−1

×

�
e−ik·ðx−yÞ

ðx−yÞ
jx−yj2 ·

k
k2⊥

hTtr½VxV
q½1�†
y �

þ T̄ tr½Vq½1�
x V†

y�þTtr½VxV
G½1�†
y �þ T̄ tr½VG½1�

x V†
y�i

þ i
ðx−yÞ
jx−yj2×

k
k2⊥

Z
d2zheik·ðz−xÞTtr½VxV

G½2�†
z;y �

þe−ik·ðz−xÞT̄tr½VG½2�
z;y V†

x�i
�
; ð9Þ

where T and T̄ refer to (anti)time ordering of the traces
that depend on whether the Wilson lines arise from the
amplitude or the complex-conjugate amplitude in the
propagation of the quark field. In Eq. (9), the angle brackets
denote the helicity-dependent color-glass condensate
(CGC) averaging defined as

hÔi ¼ 1

2

X
SL

SL
hPþ; P;SLjÔjPþ; P;SLi
hPþ; P;SLjPþ; P;SLi

; ð10Þ

which will be used throughout this work. Notice that this
averaging differs from the unpolarized counterpart in Eq. (5)
in the extra factor of SL within the summation. Finally, k−1
refers to the momentum of the polarized (anti)quark in the
dipole. Once we sum over the quark and antiquark flavors,
we arrive at the flavor-singlet quark helicity TMD, while the
difference between the quark and the antiquark yields the
“flavor-nonsinglet” counterparts [8]. Explicitly,

gS1Lðx; k⊥Þ ¼
X
f

½gq1Lðx; k⊥Þ þ gq̄1Lðx; k⊥Þ�; ð11aÞ
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gNS1L ðx; k⊥Þ ¼ gq1Lðx; k⊥Þ − gq̄1Lðx; k⊥Þ: ð11bÞ

Subsequently, we integrate Eq. (11a) over transverse
momentum k⊥ to obtain the flavor-singlet quark helicity
PDF ΔΣðx;Q2Þ, which is most conveniently written as [5]

ΔΣðx;Q2Þ ¼
Z

Q2

d2kgS1Lðx; k⊥Þ

¼ −
Nc

2π3
X
f

Z
1

Λ2=s

dz
z

Z
minf1=zQ2;1=Λ2g

1=zs

×
dx210
x210

½Qfðr⊥; zsÞ þ 2G2ðr⊥; zsÞ�; ð12Þ

where z is the minus momentum fraction of the polarized
quark within the dipole. Here, we have imposed a kin-
ematic constraint, x ≪ 1=zsx210, and employed Λ as the
infrared cutoff. Furthermore, we defined the type-1 polar-
ized dipole amplitude as

Qfðr⊥; zsÞ ¼
Z

d2
�
xþ y

2

�
Qfðx; y; zsÞ

			
r⊥¼jy−xj

¼ zs
2Nc

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxV

q½1�†
y

i

þ T tr
h
VxV

G½1�†
y

i
þ T tr

h
Vq½1�
y V†

x

i

þ T tr
h
VG½1�
y V†

x

iE			
r⊥¼jy−xj

; ð13Þ

where the flavor f corresponds physically to the flavors of
the quark and antiquark in the Wilson line traces. In
deriving Eq. (12), integration by part has been performed

on the covariant derivatives in the type-2 Wilson line, VG½2�
z;y ,

from Eq. (9), eventually leading to a convenient expression
in term of the type-2 polarized dipole amplitude,

G2ðr⊥; zsÞ ¼
ϵijrj

r2⊥

Z
d2
�
xþ y

2

�
Giðx; y; zsÞ

			
r⊥¼jy−xj

¼ zs
2Nc

ϵijrj

r2⊥

Z
d2
�
xþ y

2

�D
tr
h
V†
xV

iG½2�
y

i

þ tr
h
ViG½2�†
y Vx

iE			
r⊥¼jy−xj

; ð14Þ

where

ViG½2�
x ¼ Pþ

2s

Z
∞

−∞
dx−Vx½∞; x−�½D⃗iðx−; xÞ

− D⃖iðx−; xÞ�Vx½x−;−∞�: ð15Þ

In most cases, it is more convenient to express the
contribution originated from the type-2 polarized Wilson

line in terms of G2ðr⊥; zsÞ or ViG½2�
x .

The flavor-nonsinglet quark helicity TMD and PDF are
important for polarized SIDIS [8,27]. Integrating Eq. (11b)
over k⊥ yields

Δq−f ðx;Q2Þ¼
Z

Q2

d2kgNS1L ðx;k⊥Þ

¼ Nc

2π3

Z
1

Λ2=s

dz
z

Z
minf1=zQ2;1=Λ2g

1=zs

dx210
x210

QNS
f ðr⊥;zsÞ;

ð16Þ

where

QNS
f ðr⊥; zsÞ ¼

Z
d2
�
xþ y

2

�
QNS

f ðx; y; zsÞ
			
r⊥¼jy−xj

¼ zs
2Nc

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxV

q½1�†
y

i

þ T tr
h
VxV

G½1�†
y

i
− T tr

h
Vq½1�
y V†

x

i

− T tr
h
VG½1�
y V†

x

iE			
r⊥¼jy−xj

; ð17Þ

where the flavor f corresponds again to the flavor of the
Wilson lines.
Next, we consider the gluon helicity TMD. The type-2

gluon exchange arises naturally in term of ViG½2�
x from the

subeikonal term in the expansion of dipole gluon helicity
TMD, gGdip

1L ðx; k⊥Þ, via the Lipatov vertex [5,10].
Ultimately, the calculation gives

gGdip
1L ðx;k⊥Þ¼

4iNc

αsð2πÞ4
Z

d2re−ik·rðk · rÞG2

�
r⊥;zs¼

Q2

x

�
;

ð18Þ

which integrates over k to the gluon helicity PDF,

ΔGðx;Q2Þ ¼ 2Nc

αsπ
2

��
1þ r2⊥

∂

∂r2⊥

�

×G2

�
r⊥; zs ¼

Q2

x

��				
r2⊥¼1=Q2

: ð19Þ

From Eqs. (12), (18), and (19), we see that both quark and
gluon helicity distributions at small x can be expressed in
terms of the subeikonal polarized dipole amplitudes, which
trace over a product of an unpolarized and a polarized
Wilson line.

C. Small-x helicity evolution

In Refs. [5,6,10,11], the small-x evolution equation has
been derived for the flavor-singlet polarized dipole ampli-
tudes. In the mean-field Veneziano’s limit of large Nc and
Nf [26], where we take Nc ≫ 1 while keeping the ratio
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Nf=Nc finite, the evolution equation reduces to a system of
linear integral equations involving Qfðr⊥; zsÞ, G2ðr⊥; zsÞ,
and G̃ðr⊥; zsÞ, with the last object being the adjoint
representation of Qðr⊥; zsÞ. It describes the type-1 quark
and gluon exchanges by a gluon dipole at large Nc and Nf.
Its explicit form is

G̃ðr⊥; zsÞ ¼
Z

d2
�
xþ y

2

�
G̃ðx; y; zsÞ

			
r⊥¼jy−xj

¼ zs
2Nc

X
f

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxW

q½1�†
y

i

þ T tr
h
Wq½1�

y V†
x

i
þ T tr

h
VxV

G½1�†
y

i

þ T tr
h
VG½1�
y V†

x

iE			
r⊥¼jy−xj

; ð20Þ

where

Wq½1�
y ¼ g2Pþ

8s

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2Vy½∞; x−2 �

× ψf
βðx−2 ; yÞ½γþγ5�αβψ̄f

αðx−1 ; yÞVy½x−1 ;−∞� ð21Þ

describes the quark exchange by a gluon line at largeNc and
Nf.As for the flavor-nonsinglet sector, the evolution equation
in the mean-field large-Nc & Nf limit [26] is an integral
equation of QNS

f ðr⊥; zsÞ, separately for each flavor f [8].
For both flavor-singlet and -nonsinglet sectors, the small-

x helicity evolution resums the double-logarithmic factor of
αs ln2ð1=xÞ, which is in contrast to the single-logarithmic
factor αs lnð1=xÞ, resummed by the unpolarized small-x
evolution. As a result, the helicity evolution becomes

essential to study polarized scattering physics starting from
x0 ≃ 0.1 and below, as this is roughly the point where the
resummation parameter αs ln2ð1=xÞ ∼ 1. Furthermore, the
starting point of the evolution at x ¼ 0.1 is supported
through global analyses [27,43] that the evolution equation
is capable of describing all polarized DIS and SIDIS data at
x ≤ 0.1. Altogether, this justifies the main purpose of this
work: to calculate the initial condition of the helicity
evolution at x ∼ 0.1 using the valence quark picture,
jqqqi, of the proton target. As discussed below, we will
also include corrections from gluon emissions so that the
final results contain all the terms up to Oðα2sÞ accuracy.
Finally, it is important to note that in practice our

calculation requires Nc and Nf to be taken explicitly to
3. On the surface, this seems to contradict the large-Nc &

Nf limit imposed above in obtaining the helicity evolution
equation. However, the corrections to these limits would
come in at order Oð1=N2

cÞ or higher [6,42,44]. This is
already smaller than typical values of the strong coupling
constant αs, which we also assume to be sufficiently small
in order for our perturbative calculation to be valid.

III. INITIAL CONDITIONS FOR
HELICITY EVOLUTION FROM

A LIGHT-FRONT QUARK MODEL

A. The proton model

In our moderate-x calculation, we adopt the light-front
valence quarkmodel of Refs. [45,46] which has been applied
to unpolarized small-x dipole-proton scattering [31–37].
There, the proton statewith (predominantly plus)momentum
Pμ ≃ ðPþ; 0−; PÞ and helicity SL is written as

jPþ; P;SLi ¼
1ffiffiffi
6

p
Z

dx1dx2dx3
ð4πÞ3 ffiffiffiffiffiffiffiffiffiffiffiffiffi

x1x2x3
p 4πδð1 − x1 − x2 − x3Þ

Z d2q
1
d2q

2
d2q

3

ð2πÞ6 ð2πÞ2δ2ðq
1
þ q

2
þ q

3
Þ

×
X

ff1;f2;f3g¼fu;u;dg

X
σ1;σ2;σ3

ψSL
ðx1; q1; σ1; f1; x2; q2; σ2; f2; x3; q3; σ3; f3Þ

×
X
i1;i2;i3

ϵi1i2i3 jqðp1; i1; σ1; f1Þi ⊗ jqðp2; i2; σ2; f2Þi ⊗ jqðp3; i3; σ3; f3Þi; ð22Þ

where pþ
i ¼ xiPþ and p

i
¼ xiPþ q

i
denote, respectively, the longitudinal and transverse momenta of the quarks. In

particular, q
i
is the transverse momentum of the ith quark relative to the proton. The light-cone wave function ψSL

is invariant
under both longitudinal and transverse boosts, and hence it depends only on thexi andqi. It is also symmetric under exchange of
any pair of quarks. The indices i1…i3 and σ1…σ3 denote the colors and spins of the valence quarks, respectively. Note that the
proton state as written in Eq. (22) assumes Nc ¼ 3 colors. Hence, throughout this work, upon plugging in the explicit proton
state and/or wave function, Nc ¼ 3 should be automatically assumed.
As written in Eq. (22), the wave function is normalized such that

Z
½dxi�

Z
½d2q

i
�

X
ff1;f2;f3g¼fu;u;dg

X
σ1;σ2;σ3

			ψSL
ðx1; q1; σ1; f1; x2; q2; σ2; f2; x3; q3; σ3; f3Þ

			2 ¼ 1; ð23Þ

where for convenience we have defined the integration measures
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½dxi� ¼
dx1dx2dx3
ð4πÞ3 4πδð1 − x1 − x2 − x3Þ; ð24aÞ

½d2q
i
� ¼ d2q

1
d2q

2
d2q

3

ð2πÞ6 ð2πÞ2δ2ðq
1
þ q

2
þ q

3
Þ: ð24bÞ

This is consistent with the following normalization
convention:

hqðp0; i0;σ0;f0Þjqðp;i;σ;fÞi
¼ δi0iδσ0σδ

f0;f2pþ2πδðpþ−p0þÞð2πÞ2δ2ðp−p0Þ; ð25Þ

for the quark state, together with the convention

hKþ; K;SLjPþ; P;SLi
¼ 2Pþ2πδðPþ − KþÞð2πÞ2δ2ðP − KÞ; ð26Þ

for the proton state.
Throughout the paper we assume a factorized wave

function of the form

ψSL
ðx1; q1; σ1; f1; x2; q2; σ2; f2; x3; q3; σ3; f3Þ
¼ Φðxi; qiÞSSL

ðfi; σiÞ; ð27Þ

where Φðxi; qiÞ ¼ Φðx1; q1; x2; q2; x3; q3Þ is a momentum-
space wave function and SSL

ðfi; σiÞ ¼ SSL
ðf1; σ1;

f2; σ2; f3; σ3Þ is the normalized spin-flavor wave function
of the nonrelativistic quark model:

SSL
ðfi;σiÞ¼

1ffiffiffiffiffi
18

p f½2δσ1;SL
δσ2;SL

δσ3;−SL
−δσ1;SL

δσ2;−SL
δσ3;SL

−δσ1;−SL
δσ2;SL

δσ3;SL
�δf1;uδf2;uδf3;d

þ½2δσ1;SL
δσ2;−SL

δσ3;SL
−δσ1;SL

δσ2;SL
δσ3;−SL

−δσ1;−SL
δσ2;SL

δσ3;SL
�δf1;uδf2;dδf3;u

þ½2δσ1;−SL
δσ2;SL

δσ3;SL
−δσ1;SL

δσ2;−SL
δσ3;SL

−δσ1;SL
δσ2;SL

δσ3;−SL
�δf1;dδf2;uδf3;ug: ð28Þ

By using this spin wave function we are neglecting the
Melosh rotation of the nonrelativistic spins to light-cone
helicities; cf. [45–47]. However, as will be shown below,
this simplification enables us to obtain simple analytic
expressions for the polarized dipole amplitudes at moderate
x. We intend to investigate quantitative corrections due to
the Melosh rotation in a future work.
The momentum-space wave function is taken to be the

“harmonic oscillator” model by Schlumpf [45,46]:

Φðxi; qiÞ ¼ N exp

�
−

1

2β2
X3
i¼1

q2i⊥ þM2

xi

�
: ð29Þ

This is a minimal model for the effective valence quark
light-cone wave function, in that fluctuations of the squared
invariant mass of the three quarks, i.e. the sum of their light-
cone energies, about the extremal point are suppressed
exponentially. The width of the Gaussian exponential is
controlled by the parameter β which is of order Nc times
the QCD confinement scale. Specifically, the proton
electromagnetic form factor requires β ¼ 0.55 GeV and
M ¼ 0.26 GeV in order to achieve the realistic proton
charge radius of about 0.75 fm [45]. Without loss of
generality, we take N to be real and positive in this work.
This form of the wave function allows for a relatively
simple way to analytically evaluate the integrals over q

i
’s,

as will be clear below.

B. Polarized dipole amplitudes at moderate x

We calculate the expectation values of the dipole
operators defined in Eqs. (13), (14), (17), and (20) from
Sec. II using the proton model specified in Sec. III A.
Except for the type-2 dipole amplitude G2ðr⊥; zsÞ from
Eq. (14) that only contains the gluon-exchange term, the
three remaining polarized dipole amplitudes—Qfðr⊥; zsÞ,
QNS

f ðr⊥; zsÞ and G̃ðr⊥; zsÞ—contain quark- and gluon-
exchange contributions, each of which is more conven-
iently evaluated separately. Each of the two contributions
involves the respective subeikonal operator [cf. Eqs. (7a),
(7b), (15), and (21)] sandwiched between eikonal Wilson
lines. Hence, the dominant contribution that preserves
helicity dependence follows from taking all the eikonal
Wilson lines to identity while keeping the subeikonal
operator.
For the quark-exchange term, taking all the unpolarized

Wilson lines to identity yields a contribution of order
OðαsÞ. In Appendix A 1, the expansion is performed in
detail. An important step involves writing the quark fields
in the subeikonal quark-exchange operator in terms of
quark creation and annihilation operators; cf. Eq. (A4). The
latter operators then act straightforwardly to the proton
state (22). With the valence quark model employed in this
work, we see that the expression vanishes, and we need to
look into the Oðα2s Þ corrections to find the leading nonzero
quark-exchange contribution. Considered in Appendix A 2,
the corrections include (i) a gluon connecting the projectile
dipole with the target, corresponding to expanding one of
the eikonal Wilson lines (8) to order OðgÞ and evaluating
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the resulting gluon field Aþ within the target proton state,
together with (ii) a gluon emitted and absorbed within the
target, which corresponds to expanding the valence quark
state (22) to include an extra perturbative gluon;
cf. Eq. (C4). As discussed in Appendix A 2, only the first
type of correction contributes perturbatively to the quark-
exchange term at Oðα2s Þ, while the remaining terms do
not depend on the dipole size r⊥. The latter raises a
potential question regarding the perturbative nature of

the calculation, as the insensitivity to r⊥ requires the strong
coupling constant to run with an alternative scale inherent
to the problem.1 To evaluate the healthy r⊥-dependent
contributions, we employ the Poisson equation (A15) to
relate the eikonal gluon field Aþ to the light-cone color
charge density [31], which can subsequently be written in
terms of the quark fields and eventually the quark ladder
operators. As a result, the dominant quark-exchange con-
tribution for each of the type-1 dipole amplitudes reads

Qq
fðr⊥;zsÞ¼Qq;NS

f ðr⊥;zsÞ¼
2α2sπ

2Pþ

9
Im

�
ðtaÞjiðtaÞlm

Z
d2
�
xþy

2

�Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2

Z
∞

−∞
dx−3

Z
d2p

ð2πÞ2
1

p2⊥

×
Z

d2x0
Z

d2p
1
dpþ

1

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

1

p
Z

d2p
2
dpþ

2

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

2

p
Z d2p

3
dpþ

3

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

3

p
Z

d2p
4
dpþ

4

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

4

p e−ip
þ
1
x−
1
þipþ

2
x−
2
−iðpþ

3
−pþ

4
Þx−

3

×eip·xþiðp
1
−p

2
Þ·y−iðp−p

3
þp

4
Þ·x0X

f0

X
S;S0

Shb̂f0†p4;l;S0
b̂f

0
p3;m;S0 b̂

f
p1;i;S

b̂f†p2;j;S
i
�				

r⊥¼jy−xj
þ ðr⊥-independent termsÞ; ð30aÞ

G̃qðr⊥; zsÞ ¼ −
3

2

X
f

Qq
fðr⊥; zsÞ þ ðr⊥-independent termsÞ; ð30bÞ

cf. Eq. (A20). From the expressions, we evaluate the ladder operators via the valence quark state (22). At the end, we
integrate over the impact parameter and other kinematic variables to obtain the final results (A23) and (A25) at the end of
Appendix A 2.
Next, the gluon-exchange term is worked out in Appendix A 3. There, the leading contribution that results from putting all

eikonal Wilson lines to identity is shown to be nonzero and of order Oðα2s Þ. As can be seen from Eqs. (7b) and (15), the
subeikonal gluon-exchange operators involve transverse gluon fieldAi that must be evaluated in the valence quark state. To do
so,we employ thePoisson equation (A30) relatingAi to transverse color current, which can then bewritten in termsof the quark
fields and subsequently the quark ladder operators; cf. Eq. (A31). This results in the gluon-exchange contributions given by

QG
f ðr⊥;zsÞ¼

1

3
G̃Gðr⊥;zsÞ¼

2α2sπ
2Pþ

3
Re

�
ðtaÞlmðtaÞpq

Z
d2
�
xþy

2

�Z
d2p

ð2πÞ2
Z

d2p0

ð2πÞ2
p0i

p2⊥p02⊥
eiðpþp0Þ·y

× ½1−e−ip·ðy−xÞ�
Z

d2x0
Z

d2y0
Z

dpþ
1 d

2p
1

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

1

p
Z

dpþ
2 d

2p
2

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

2

p
Z dpþ

3 d
2p

3

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

3

p

×
Z

dpþ
4 d

2p
4

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

4

p eiðp1
−p

2
−p0Þ·y0þiðp

3
−p

4
−pÞ·x0

Z
∞

−∞
dx−1

Z
∞

−∞
dx−2 e

−iðpþ
1
−pþ

2
Þx−

1
−iðpþ

3
−pþ

4
Þx−

2

×

�
pi
1

pþ
1

−
pi
2

pþ
2

�X
f;f0

X
S;S0

Shfb̂f†p2;l;S
b̂fp1;m;S; b̂

f0†
p4;p;S0

b̂f
0

p3;q;S0
gi
�				

r⊥¼jy−xj
; ð31aÞ

G2ðr⊥;zsÞ¼
2iα2sπ2Pþ

3
ðtaÞlmðtaÞpq

Z
d2
�
xþy

2

�Z
d2p

ð2πÞ2
Z

d2p0

ð2πÞ2
ri

p2⊥p02⊥r2⊥
eiðpþp0Þ·y½1−e−ip·ðy−xÞ�

×
Z

d2x0
Z

d2y0
Z

dpþ
1 d

2p
1

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

1

p
Z

dpþ
2 d

2p
2

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

2

p
Z dpþ

3 d
2p

3

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

3

p
Z

dpþ
4 d

2p
4

ð2πÞ3 ffiffiffiffiffiffiffiffiffi
2pþ

4

p eiðp1
−p

2
−p0Þ·y0þiðp

3
−p

4
−pÞ·x0

×
Z

∞

−∞
dx−1

Z
∞

−∞
dx−2 e

−iðpþ
1
−pþ

2
Þx−

1
−iðpþ

3
−pþ

4
Þx−

2

�
pi
1

pþ
1

−
pi
2

pþ
2

�X
f;f0

X
S;S0

Shfb̂f†p2;l;S
b̂fp1;m;S; b̂

f0†
p4;p;S0

b̂f
0

p3;q;S0
gijr⊥¼jy−xj ð31bÞ

1In Appendix C, we briefly discuss these r⊥-independent terms and present the results that must be taken with caution as elaborated in
the text.
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[cf. Eq (A33)], while QG;NS
f ðr⊥; zsÞ is proportional to the

commutator of the ladder operators and eventually vanishes.
Then, we similarly evaluate each of these expressions via the
valence quark state (22). Integrating over the impact param-
eter and other kinematic variables yields the final results
(A36) and (A44) at the end of Appendix A 3.
Putting together the quark-exchange terms—Eqs. (A23)

and (A25)—and gluon-exchange terms—Eqs. (A36), (A38),
and (A44)—we obtain the following expressions for the
polarized dipole amplitudes at moderate x:

Qfðr⊥; zsÞ ¼ −
8π2α2s
81

½18þ 4δf;u − δf;d�

×
Z

½dxi�
1

x1

Z
d2p

ð2πÞ2
1

p2⊥
e−ip·rFðxi;pÞ

þ ðr⊥-independent termsÞ; ð32aÞ

QNS
f ðr⊥; zsÞ ¼ −

8π2α2s
81

½4δf;u − δf;d�

×
Z

½dxi�
1

x1

Z
d2p

ð2πÞ2
1

p2⊥
e−ip·rFðxi;pÞ

þ ðr⊥-independent termsÞ; ð32bÞ

G̃ðr⊥;zsÞ¼−
44π2α2s

9

Z
½dxi�

1

x1

Z
d2p

ð2πÞ2
1

p2⊥
e−ip·rFðxi;pÞ

þðr⊥-independent termsÞ; ð32cÞ

G2ðr⊥;zsÞ¼
16π2α2s

9

Z
½dxi�

1

x1

Z
d2p

ð2πÞ2
iðp ·rÞ
p4⊥r2⊥

e−ip·rFðxi;pÞ

þðr⊥-independent termsÞ; ð32dÞ

where we haveQfðr⊥; zsÞ ¼ Qq
fðr⊥; zsÞ þQG

f ðr⊥; zsÞ and
so on. Here, we only kept track of the terms sensitive to the
dipole size r⊥, which guaranteed the calculation of such
terms to be perturbative when the dipole size is perturba-
tively small. In contrast, the r⊥-independent term is left
unknown. However, as shown in Appendix C, the r⊥-
independent term for G2ðr⊥; zsÞ in Eq. (32d) vanishes, and
hence we will drop them below. In Eqs. (32), for conven-
ience, we have also defined

Fðxi;pÞ¼
Z

½d2qi�½jΦðxi;qiÞj2

−Φ�ðx1;q1þp;x2;q2−p;x3;q3ÞΦðxi;qiÞ�: ð33Þ

Note that this function vanishes in the p⊥ → 0 limit, so that
the integrals over p in Eqs. (32) are free of infrared

divergences. This is a consequence of the Ward identity
J þðp ¼ 0ÞjPi ¼ 0 for any color singlet state jPi, where
J þðpÞ is the transverse Fourier pair of R dx−Jþðx−; xÞwith
the color charge density Jþ, defined in Eq. (A15).
Then, with the momentum-space wave function from

Eq. (29), it is straightforward to analytically evaluate the
Gaussian integrals in Eq. (33), which yields

Fðxi;pÞ ¼
N 2β4

16π2
x1x2x3 exp

�
−
M2

β2
X3
i¼1

1

xi

�

×

�
1 − exp

�
−
p2⊥
4β2

�
1

x1
þ 1

x2

���
: ð34Þ

Note that Fðxi;pÞ actually depends only on p⊥ ¼ jpj; that
is, the dependence on the azimuthal directions of p is
limited to the Fourier factor and, in the case of Eq. (32d),
the factor iðp · rÞ. As a result, the integrals over p can be
written in terms of the incomplete gamma function which
allows us to numerically evaluate the integrals over x1, x2
and x3. The details of these numerical integrals are given in
Appendix B.
Ultimately, for small dipoles, we arrive at the following

approximate analytic parametrizations:

Qfðr⊥;zsÞ¼−
2πα2s
81

½18þ4δf;u−δf;d�x−1 ln
�

1

r2⊥Λ2
1

þc1

�

þðr⊥-independent termsÞ; ð35aÞ

QNS
f ðr⊥; zsÞ ¼ −

2πα2s
81

½4δf;u − δf;d�x−1 ln
�

1

r2⊥Λ2
1

þ c1

�

þ ðr⊥-independent termsÞ; ð35bÞ

G̃ðr⊥; zsÞ ¼ −
11πα2s
9

x−1 ln

�
1

r2⊥Λ2
1

þ c1

�

þ ðr⊥-independent termsÞ; ð35cÞ

G2ðr⊥; zsÞ ¼
2πα2s
9

x−1 ln

�
1

r2⊥Λ2
2

þ c2

�
; ð35dÞ

where the parameters are given by Λ1 ¼ 0.267 GeV,
Λ2 ¼ 0.161 GeV, c1 ¼ 0.668 and c2 ¼ 0.832. In particu-
lar, Λ1 and c1 are fitted from the numerical integrals
performed on the exact expression for the type-1 polarized
dipole amplitudes shown in Eqs. (32), and similarly Λ2 and

c2 from the type-2. Here, x−1 ¼ OðNcÞ denotes the average
of the inverse light-cone momentum fraction of a valence
quark in the proton. It is given by

x−1¼
Z

½dxi�
1

x1

Z
½d2q

i
�

X
ff1;f2;f3g¼fu;u;dg

X
σ1;σ2;σ3

			ψSL
ðx1;q1;σ1;f1;x2;q2;σ2;f2;x3;q3;σ3;f3Þ

			2; ð36Þ
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cf. Eq. (23). Numerically, for the momentum-space wave

function described above, we have x−1 ¼ 3.64. As evident
from Figs. 5 and 6 shown in Appendix B, the approximate
parametrizations (35) agree very closely with the exact
integral expressions (32) in the perturbative region up to the
dipole size of r⊥ ∼ 5 GeV−1.
Equations (32) and (35) are the main results of this work.

They provide the moderate-x expressions for the polarized
dipole amplitudes, which can serve as initial conditions for
the small-x helicity evolution [5,8]. The evolved dipoles then
describe polarized dipole-target scattering at small x, corre-
sponding to large center-of-mass energy. With Eqs. (12),
(16), (18), and (19), which were derived in the small-x
regime [5], these evolved polarized dipole amplitudes
completely determine the quark and gluon hPDFs.
Furthermore, Eqs. (35) can be generalized to a more

flexible model given by

Qfðr⊥;zsÞ¼−
2πα2s
81

½18þ4δf;u−δf;d�x−1 ln
�

1

r2⊥Λ2
IR

�
þCf;

ð37aÞ

QNS
f ðr⊥;zsÞ¼−

2πα2s
81

½4δf;u−δf;d�x−1 ln
�

1

r2⊥Λ2
IR

�
þCNS

f ;

ð37bÞ

G̃ðr⊥; zsÞ ¼ −
11πα2s
9

x−1 ln

�
1

r2⊥Λ2
IR

�
þ C̃; ð37cÞ

G2ðr⊥; zsÞ ¼
2πα2s
9

x−1 ln

�
1

r2⊥Λ2
IR

�
þ C2; ð37dÞ

where the r⊥-independent terms are now absorbed into Cf,
CNS
f and C̃. These parameters could be treated as free

parameters that will be fitted to small-x data in a future
global analysis. Furthermore, we also shiftedΛ1 andΛ2 to a
common infrared scale ΛIR, with the resulting constants in
Eqs. (37a)–(37c) absorbed into Cf, CNS

f and C̃, respec-
tively, while the constant in Eq. (37d) yielded the constant
C2. These constant terms were also made to account for the
behavior at moderately large dipole, allowing for the
infrared-regulating parameters c1 and c2 inside the loga-
rithms in Eqs. (35) to be neglected. We emphasize that the
coefficients of the r⊥-dependent terms remain completely
fixed by the perturbative calculation.
As the C parameters encode the physics of the r⊥-

independent terms, their expressions could also include
single ultraviolet logarithms, which at small x usually come
from requiring the squared dipole size to be bounded below
by the scale 1=zs, dictated by the center-of-mass energy.
Such contributions cannot be captured in this work due to
the fact that our formalism does not guarantee perturba-
tivity for the terms independent of the dipole size r⊥. In

Appendix C, we sketch the results for these r⊥-independent
terms assuming that the caveat about perturbative nature of
the problem could be set aside. There, we also discuss how
the ultraviolet condition r2⊥ ≫ 1=zs would come into play
and eventually yield single energy logarithms already at
moderate x.
Finally, it is important to remark that single logarithms in

the initial conditions atmoderate x are not redundant with the
small-x helicity evolution because the latter is a double-
logarithmic evolution; that is, the dominant termsof its kernel
yield αs ln2ð1=xÞ per step of the evolution. This is in direct
contrast with the unpolarized counterpart, e.g. Balitsky-
Kovchegov equation [48,49], whose evolution kernel only
yields a single power of high-energy logarithm per iteration;
that is, the latter evolution instead resums αs lnð1=xÞ.

C. Comparison to previously employed
parametrizations

In Refs. [5,8,10,11,16], the initial conditions for polar-
ized dipole amplitudes are calculated based on the tree-
level diagrams that are dominant in the Regge limit. In that
calculation, not only did they have the dipole projectile, but
the target was also taken to be a qq̄ dipole. As a result, the
polarized dipole amplitudes at moderate x can be written as

Qfðr⊥; zsÞ ¼
1

Nf
G̃ðr⊥; zsÞ

¼ α2sπCF

2Nc

�
ðCF − 2Þ ln

�
zs
Λ2
IR

�
þ 2 ln

�
1

r2⊥Λ2
IR

��
;

ð38aÞ

QNS
f ðr⊥; zsÞ ¼

α2sπC2
F

Nc
ln

�
zs
Λ2
IR

�
; ð38bÞ

G2ðr⊥; zsÞ ¼ −
α2sπCF

2Nc
ln

�
1

r2⊥Λ2
IR

�
: ð38cÞ

The only possible comparison between Eqs. (37) and (38)
is on the coefficients of the transverse logarithms. As it
turns out, all the coefficients based on the valence quark
model are of the opposite signs to their Born-level counter-
parts, with the former consistently being 3.3–4.5 times
greater in magnitude. However, it is difficult to draw
definite conclusions at the current stage. For instance, in
Ref. [27], a global analysis was performed under the JAM
framework based on a generalized version of initial con-
dition (38), namely,

Qfðr⊥; zsÞ ¼ af ln

�
zs
Λ2
IR

�
þ bf ln

�
1

r2⊥Λ2
IR

�
þ cf; ð39aÞ

QNS
f ðr⊥;zsÞ¼ aNSf ln

�
zs
Λ2
IR

�
þbNSf ln

�
1

r2⊥Λ2
IR

�
þcNSf ;

ð39bÞ
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G̃ðr⊥; zsÞ ¼ ã ln

�
zs
Λ2
IR

�
þ b̃ ln

�
1

r2⊥Λ2
IR

�
þ c̃; ð39cÞ

G2ðr⊥; zsÞ ¼ a2 ln

�
zs
Λ2
IR

�
þ b2 ln

�
1

r2⊥Λ2
IR

�
þ c2: ð39dÞ

This results in the coefficients bf, bNSf , b̃ and b2 of the
transverse logarithm being 5–20 times greater in magni-
tude than the respective coefficients from our calculation,
i.e. Eqs. (37), with four out of seven nonzero coefficients
having the same sign. Most importantly, all the coeffi-
cients from this work fall with the 95% confidence interval
of the respective JAM coefficients. Qualitatively, our
results from the valence quark model lead to the coef-
ficients that are roughly in the middle between the Born-
level calculation [8,16] and the JAM global analysis [27].
Ultimately, to quantitatively test the viability of our

initial conditions, a new global analysis of small-x helicity
data must be performed starting from initial conditions (37)
with αs together with Cf, CNS

f , C̃ and C2 as free parameters.
The strictest valence quark model would take the C
parameters of all the type-1 amplitudes in Eqs. (37) to
be identical regardless of flavors, Cf ¼ CNS

f ¼ C̃, resulting
in three free parameters: αs,Cu andC2. On the other hand, a
more flexible valence quark model could allow for each C
parameter to be distinct, resulting in nine free parameters:
αs, Cu, Cd, Cs, CNS

u , CNS
d , CNS

s , C̃ and C2. Furthermore, as
discussed in more detail in Appendix C, the energy-
logarithmic terms could also be added to Eqs. (37) without
additional free parameters. In any case, the initial con-
ditions derived in this work based on the physical proton
model of three valence quarks provides a significant
improvement to the generalized Born-level model (39)
employed in JAM analysis [27], reducing the number of
free parameters from 24 in the latter to 3–9 in this work. As
a result, we expect a significant reduction in the uncertainty
of the physical predictions, including the parton helicity
PDFs and g1 structure function at small Bjorken x, that
result from a future global analysis based on this work.

IV. CONCLUSION AND OUTLOOK

In this work, we employ the valence quark model of the
proton target to calculate the polarized dipole amplitudes at
moderate values of Bjorken x to the order Oðα2s Þ in
perturbation theory. These dipoles are the key ingredients
for the small-x helicity evolution and allow for parton
helicity PDFs, g1 structure functions and other physical
observables in polarized DIS and SIDIS processes to be
calculated at small x. Particularly, the final results (32) of
our calculation serves as a set of initial conditions for the
small-x helicity evolution at large Nc & Nf [5]. We also
reported a simple analytical parametrization, Eq. (35), that
approximates the full result very accurately and can be
conveniently employed in fits. In contrast to previous initial

condition calculations [8,14,16], our results encode physi-
cal characteristics of the proton target at moderate x and
provide explicit flavor structure that reflects the valence
quark content of the proton. The framework employed here
can be generalized to other hadronic targets.
Our results contain free nonperturbative parameters to be

fixed by an upcoming global analysis, which will include at
least the polarized DIS and SIDIS data at small x ≤ 0.1 [43].
In contrast to the recent global analysis [27] of polarized
small-x data based on the generalized Born-level initial
conditions (39), the new analysis based on the initial
condition presented in this work will automatically encode
part of the physical information about the target state
through the valence quark model, leaving us with fewer
free parameters to be fitted to the data. In particular, the
dipole-size dependence of the polarized dipole amplitude at
moderate x is completely determined by our perturbative
calculation. We are optimistic that the upcoming global
analysis will improve on the uncertainties in the predictions
of hPDFs and g1 structure functions, contributing to an
improved understanding of the proton spin puzzle even
before future EICmeasurements. Furthermore, the resulting
gluon hPDF will allow for a direct comparison to the results
of [38] where similar valence quark models are employed
directly to the gluon hPDF operator without the polarized
dipole framework considered here.
With the framework established in this paper, a potential

future direction towards higher precision is to perform the
calculation of the polarized dipole amplitudes with a more
realisticmodel that includes theMelosh rotation. Physically,
this takes into account that the helicity of each individual
valence quark, which generally has nonzero transverse
momentum, is not exactly the same as its spin along the
light-cone direction. Finally, the developments in this work
are also relevant for other calculations of correlators involv-
ing subeikonal Wilson lines, including the polarized dipole
amplitudes pertaining to other TMDs [50–53], the orbital
angular momentum [54–56] and other subeikonal correc-
tions to high-energy scattering processes [17,18,57–60].
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APPENDIX A: CALCULATION
OF THE MATRIX ELEMENTS

In this appendix, we present some details of the
calculation of the polarized dipole amplitudes. The general
method is similar to the one previously used to calculate
matrix elements of the unpolarized dipole S matrix in
Refs. [31,33,35]. As discussed in Sec. II, subeikonal
corrections to the light-cone Wilson line that are relevant
to helicity come in two types. While the type-2 dipole
amplitude is pure glue, containing only gluon-exchange
terms, the type-1 dipole amplitudes involve both quark and
gluon exchanges. In our calculation, it is convenient to
define

Qq
fðr⊥; zsÞ ¼

zs
2Nc

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxV

q½1�†
y

i

þ T tr
h
Vq½1�
y V†

x

iE			
r⊥¼jy−xj

; ðA1aÞ

QG
f ðr⊥; zsÞ ¼

1

Nf
G̃Gðr⊥; zsÞ

¼ zs
2Nc

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxV

G½1�†
y

i

þ T tr
h
VG½1�
y V†

x

iE			
r⊥¼jy−xj

; ðA1bÞ

QNS;q
f ðr⊥; zsÞ ¼

zs
2Nc

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxV

q½1�†
y

i

− T tr
h
Vq½1�
y V†

x

iE			
r⊥¼jy−xj

; ðA1cÞ

QNS;G
f ðr⊥; zsÞ ¼

zs
2Nc

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxV

G½1�†
y

i

− T tr
h
VG½1�
y V†

x

iE			
r¼jy−xj

; ðA1dÞ

G̃qðr⊥; zsÞ ¼
zs
2Nc

Z
d2
�
xþ y

2

�
Re

D
T tr

h
VxW

q½1�†
y

i

þ T tr
h
Wq½1�

y V†
x

iE			
r¼jy−xj

; ðA1eÞ

for the quark- and gluon-exchange terms of the flavor-
singlet, flavor-nonsinglet and adjoint type-1 dipole ampli-
tudes, respectively. In Eq. (A1b), we denote by Nf the
number of quark flavors, which throughout this work is
taken to be 3, for up, down and strange quarks. This is
because the gluon-exchange terms in the polarized Wilson

lines do not depend on the flavor of the (anti)quark that
moves along the light cone. Recall that the polarizedWilson

lines Vq½1�
y , VG½1�

y and Wq½1�
y are defined in Eqs. (7) and (21).

The type-2 dipole amplitude G2ðr⊥; zsÞ, which only con-
tains gluon-exchange terms, can be calculated as a whole
starting from Eqs. (14) and (15).

1. Quark-exchange diagrams at OðαsÞ
We start with the quark-exchange terms contained in

Qq
fðr⊥; zsÞ, QNS;q

f ðr⊥; zsÞ and G̃qðr⊥; zsÞ. At order αs,
there is no extra vertex outside of the ones contained in
the polarized Wilson lines themselves. Since the proton
only contains the three valence quarks and no antiquark, the

terms ∼RehT tr½Vq½1�
y V†

x�i and RehT tr½Wq½1�
y V†

x�i with polar-
ized quark in the dipole would result in disconnected
diagrams and therefore vanish. As for the remaining terms,

we will begin with the calculation for RehT tr½VxV
q½1�†
y �i,

which contributes to Qq
fðr⊥; zsÞ and QNS;q

f ðr⊥; zsÞ, and
then later generalize the results to the counterpart with

Wq½1�†
y , which contributes to G̃qðr⊥; zsÞ.
With the help of Eq. (7a), we have that

zs
2Nc

D
T tr

h
VxV

q½1�†
y

iE
¼ αsπPþ

Nc

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2

× hT tr½VxVy½−∞; x−1 �taψf
αðx−1 ; yÞ

×Uab
y ½x−1 ; x−2 �ðγþγ5Þβαψ̄f

βðx−2 ; yÞtb

×Vy½x−2 ;∞��i; ðA2Þ

where Pþ is the proton’s longitudinal momentum. In
Eq. (A2), α and β are Dirac indices, and f is the flavor
of the dipole that would finally go into Qq

f. At orderOðαsÞ,
we must keep only the noninteracting term of each Wilson
line, which gives

zs
2Nc

D
T tr

h
VxV

q½1�†
y

iE

¼ αsπCFPþ

Nc

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2 hψf
iαðx−1 ; yÞðγþγ5Þβα

× ψ̄f
iβðx−2 ; yÞi þOðα2sÞ; ðA3Þ

where i is a color index. Throughout the rest of this section,
we will drop Oðα2sÞ at the end for brevity, as it should be
clear that our current calculation concerns the terms of
order OðαsÞ only. The operator form in Eq. (A3) implies
that the contribution we are calculating here corresponds to
the diagram shown in Fig. 1.
To proceed, we plug in the quark field in terms of the

quark creation and annihilation operators:
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ψf
iαðx−; xÞ ¼

Z
dpþd2p
ð2πÞ32pþ

X
S

h
b̂fp;i;Su

α
SðpÞe−ip

þx−þip·x

þ d̂f†p;i;Sv
α
SðpÞeip

þx−−ip·x
i
; ðA4Þ

together with its Hermitian conjugate. Here, one can choose
the basis spinor solutions uSðpÞ and vSðpÞ to be the
Brodsky-Lepage spinor [61]. Since both the incoming
and outgoing states in h� � �i contain the three valence
quarks, we are left with only one term, which reads

zs
2Nc

D
Ttr

h
VxV

q½1�†
y

iE

¼−
αsπCFPþ

Nc

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2

Z
dpþd2p
ð2πÞ32pþ

Z
dp0þd2p0

ð2πÞ32p0þ

×
X
S1;S2

½ūS2ðp0Þγþγ5uS1ðpÞ�e−ip
þx−

1
þip0þx−

2
þiðp−p0Þ·y

×
D
b̂f†p0;i;S2

b̂fp;i;S1

E
: ðA5Þ

Along the way, we also anticommuted the two ladder
operators using the fact that the anticommutator would
yield a number times

P
SL

SL ¼ 0. To further simplify,
we employ the spinor matrix elements from Brodsky-
Lepage [61]:

ūS2ðp0
2Þγþγ5uS1ðp2Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
2 p

0þ
2

q
S1δS1;S2 : ðA6Þ

Plugging this result into Eq. (A5), we obtain

zs
2Nc

D
T tr

h
VxV

q½1�†
y

iE

¼ −
αsπCFPþ

Nc

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2

Z
dpþd2p

ð2πÞ3
ffiffiffiffiffiffiffiffiffi
2pþp

×
Z

dp0þd2p0

ð2πÞ3
ffiffiffiffiffiffiffiffiffiffi
2p0þp e−ip

þx−
1
þip0þx−

2
þiðp−p0Þ·y

×
X
S

S
D
b̂f†p0;i;Sb̂

f
p;i;S

E
: ðA7Þ

The second line of Eq. (A7) can be written as follows
based on Eq. (10):

X
S

S
D
b̂f†p0;i;Sb̂

f
p;i;S

E

¼ lim
K→P

1

2

X
S;SL

SSL

hKþ;K;SLjb̂f†p0;i;Sb̂
f
p;i;SjPþ;P;SLi

hKþ;K;SLjPþ;P;SLi
: ðA8Þ

Then, we plug the proton state from Eq. (22) into the
numerator to get

1

2

X
S;SL

SSLhKþ;K;SLjb̂f†p0;i;Sb̂
f
p;i;SjPþ;P;SLi

¼ 1

9
½4δf;u−δf;d�

Z
½dxi�

Z
½d2q

i
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðPþÞ3
Kþ pþp0þ

r

×Φ�
�
p0þ

Kþ ;p0−
p0þ

KþK;x2
Pþ

Kþ ;q2þx2P

−x2
Pþ

KþK;x3
Pþ

Kþ ;q3þx3P−x3
Pþ

KþK
�
Φðxi;qiÞ

×4πδðpþ−x1PþÞð2πÞ2δ2ðp−x1P−q
1
Þ4πδðp0þ−pþ

þPþ−KþÞð2πÞ2δ2ðp0−pþP−KÞ; ðA9Þ

where we also made use of Eqs. (27) and (28). The latter
implies that

X
σ2;σ3

X
f2;f3

jSSL
ðS;f;σ2;f2;σ3;f3Þj2

¼1

9
f½5δS;SL

þδS;−SL
�δf;uþ½δS;SL

þ2δS;−SL
�δf;dg: ðA10Þ

Furthermore, we multiply to the initial result the symmetry
factor of 3 to account for the fact that any of the three
valence quarks could be the one interacting with the
projectile, instead of “quark 1” as depicted in Fig. 1.
Due to the symmetric nature of the proton wave function,
the results remain unchanged no matter which valence
quark interacts with the projectile.
Finally, plugging Eqs. (A7)–(A9) into Eqs. (A1a) and

(A1c) while keeping in mind that the polarized quark term
vanishes, we have that

FIG. 1. The diagram contributing to the quark-exchange term at
order OðαsÞ. The upper half of the diagram corresponds to the
projectile dipole that makes up the polarized dipole trace, while
the lower half corresponds to the interactions within the proton
target.
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Qq
fðr⊥; zsÞ ¼ QNS;q

f ðr⊥; zsÞ

¼ −
αsπCF

18Nc
½4δf;u − δf;d�

Z
½dxi�

×
Z

½d2q
i
�2πδðx1ÞjΦðxi; qiÞj2; ðA11Þ

where along the way we picked out the real part of the
expression. Physically, owing to the factor of δðx1Þ, this
diagram corresponds exclusively to the edge case where the
interacting valence quark (quark 1 in Fig. 1) carries no
longitudinal momentum. This is consistent with the fact

that the diagram we are considering requires the interacting
valence quark to have the same kinematics as those of the
exchange quarks, whose momenta are dominated by their
transverse components. Ultimately, the whole expression
vanishes because the proton momentum-space wave func-
tion Φðxi; qiÞ has no support at x1 ¼ 0, implying that the
dominant quark-exchange contribution is at least of
order Oðα2s Þ.
Before we proceed to calculate the Oðα2s Þ contributions,

we consider the quark-exchange term for the adjoint dipole
amplitude G̃qðr⊥; zsÞ. The Wilson line trace that contains a
connected diagram can be written as

zs
2Nc

X
f

hT tr½VxW
q½1�†
y �i ¼ αsπPþ

4Nc

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2
X
f

htr½VxVy½−∞; x−1 �ψf
αðx−1 ; yÞðγþγ5Þβαψ̄f

βðx−2 ; yÞVy½x−2 ;∞��i

¼ αsπPþ

4Nc

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2
X
f

hψf
iαðx−1 ; yÞðγþγ5Þβαψ̄f

iβðx−2 ; yÞi

¼ 1

4CF
×

zs
2Nc

X
f

hT tr½VxV
q½1�†
y �i: ðA12Þ

This implies exactly the same qualitative features for
G̃qðr⊥; zsÞ at order OðαsÞ as those of the Qqðr⊥; zsÞ and
QNS;qðr⊥; zsÞ counterparts. Most importantly, the contri-
bution to the moderate-x initial condition of G̃qðr⊥; zsÞ also
begins at Oðα2s Þ.

2. Quark-exchange diagrams at Oðα2
sÞ

Since theOðαsÞ contribution to the quark-exchange term
vanishes, we proceed to consider the Oðα2s Þ expressions.
Such corrections come from two sources: (i) the OðgÞ
corrections to the Wilson lines within the polarized dipole
trace and (ii) the emission and absorption of a gluon by
valence quarks inside the proton.
Starting with the first contribution, we revisit Eq. (A2) to

notice that there are four Wilson lines that could receive an
OðgÞ correction. Each of these correction terms corre-
sponds physically to an eikonal gluon emission by the

respective parton line. Diagrammatically, they corresponds
to the four diagrams shown in Fig. 2. Respectively from
Fig. 2(a)–2(d), the corrections to Eq. (A3) read

zs
2Nc

D
T tr

h
VxV

q½1�†
y

iE			
Vx

¼ −
igαsπPþ

2N2
c

ðtaÞjiðγþγ5Þβα
Z

∞

−∞
dx−1

Z
∞

x−
1

dx−2

Z
∞

−∞
dx−3

× hAþaðx−3 ; xÞψf
iαðx−1 ; yÞψ̄f

jβðx−2 ; yÞi; ðA13aÞ

zs
2Nc

D
T tr

h
VxV

q½1�†
y

iE			
Vy½−∞;x−

1
�

¼ igαsπPþ

2N2
c

ðtaÞjiðγþγ5Þβα
Z

∞

−∞
dx−1

Z
∞

x−
1

dx−2

Z
x−
1

−∞
dx−3

× hAþaðx−3 ; yÞψf
iαðx−1 ; yÞψ̄f

jβðx−2 ; yÞi; ðA13bÞ

(a) (b) (c) (d)

FIG. 2. Corrections of orderOðgÞ to the quark-exchange term of the polarized dipole, resulting in eikonal gluon emissions from one of
the parton lines that receives the correction. (a) Correction to Vx. (b) Correction to Vy½−∞; x−1 �. (c) Correction to Uy½x−1 ; x−2 �.
(d) Correction to Vy½x−2 ;∞�.
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zs
2Nc
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T tr
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y
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¼ igαsπPþ

2
ðtaÞjiðγþγ5Þβα

Z
∞

−∞
dx−1

Z
∞

x−
1

dx−2

Z
x−
2

x−
1

dx−3

× hψf
iαðx−1 ; yÞAþaðx−3 ; yÞψ̄f

jβðx−2 ; yÞi; ðA13cÞ
zs
2Nc

D
T tr

h
VxV

q½1�†
y

iE			
Vy½x−2 ;∞�

¼ igαsπPþ

2N2
c

ðtaÞjiðγþγ5Þβα
Z

∞

−∞
dx−1

Z
∞

x−
1

dx−2

Z
∞

x−
2

dx−3

× hψf
iαðx−1 ; yÞψ̄f

jβðx−2 ; yÞAþaðx−3 ; yÞi; ðA13dÞ
where along the way we used

tatbta ¼ −
1

2Nc
tb and tbtaðTcÞab ¼ −

Nc

2
tc: ðA14Þ

A close look at Eqs. (A13) allows us to realize that only
Eq. (A13a) [corresponding to Fig. 2(a)] is sensitive to the
dipole’s transverse separation r ¼ y − x. The three remain-
ing expression depend only on y. Upon the integration over
impact parameter, b ¼ ðxþ yÞ=2, the results would not
contain a transverse scale that could guarantee the validity
of perturbative physics employed in our calculation. In fact,
the results at OðαsÞ suffer the same symptom, as the
diagram contains no parton exchange between the target
and the unpolarized quark in the dipole. Furthermore, the
other type ofOðα2s Þ corrections that involve gluon emission
and absorption within the proton would include exactly the
same pair of quark exchanges, resulting in the expression
independent of r. Hence, for the rest of this section, we
simply focus on Eq. (A13a). We will revisit the terms
independent of r in Appendix C.
To calculate the contribution in Eq. (A13a), we employ

the Poisson equation for the covariant gauge Yang-Mills
field to trade the gluon field for the light-cone color charge
density [31]:

ρaðx−; xÞ≡ Jþaðx−; xÞ ¼ −∇2Aþaðx−; xÞ: ðA15Þ
In the Fourier space, this gives

Aþaðx−; xÞ ¼
Z

d2p

ð2πÞ2 e
ip·xÃþaðx−; pÞ

¼
Z

d2p

ð2πÞ2 e
ip·x 1

p2⊥
ρ̃aðx−; pÞ: ðA16Þ

Furthermore, the charge density can be written in terms of
the quark fields as

ρaðx−;xÞ¼g
X
f0
ψ̄f0
lηðx−;xÞðγþÞηζðtaÞlmψf0

mζðx−;xÞ: ðA17Þ

Putting Eqs. (A16) and (A17) together, we have

Aþaðx−;xÞ¼ g
X
f0

Z
d2p

ð2πÞ2
1

p2⊥

Z
d2x0eip·ðx−x

0Þ

× ψ̄f0
lηðx−;x0ÞðγþÞηζðtaÞlmψf0

mζðx−;x0Þ: ðA18Þ

Then, plugging this result into Eq. (A13a) yields
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D
T tr

h
VxV

q½1�†
y

iE			
Vx

¼ −
2iα2sπ2Pþ
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dx−1

Z
∞

x−
1

dx−2

Z
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dx−3

×
Z
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1

p2⊥
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d2x0eip·ðx−x

0ÞX
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hψ̄f0

lηðx−3 ; x0Þ

× ψf0
mζðx−3 ; x0Þψf

iαðx−1 ; yÞψ̄f
jβðx−2 ; yÞi: ðA19Þ

When evaluating this expression, one needs to be careful
that the two quark fields with flavor f0 stemmed from one
single gluon field. As such, they must act on the same
valence quark inside the proton target. In total, as the proton
only contains three valence quarks, this leaves us with two
contributions shown in Fig. 3: (i) All four quark fields in
Eq. (A19) act on the same valence quark [cf. Fig. 3(a)], and
(ii) two quark fields with flavor f act on one quark, while
the remaining two quark fields with flavor f0 act on another
distinct valence quark [cf. Fig. 3(b)].
To proceed, we recall from Eq. (A4) that the quark field is

a linear combination of quark and antiquark ladder oper-
ators. With a close look at Eq. (A19), any terms involving d̂
and d̂† lead to either a disconnected diagram or a term
proportional to trðtaÞ ¼ 0 for both case (i) and case (ii).
Thus,we are left with the terms involving two quark creation
operators and two quark annihilation operators:
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1
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3
þp
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Þ·x0

×
X
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X
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Shb̂f0†p4;l;S0
b̂f

0
p3;m;S0 b̂

f
p1;i;S

b̂f†p2;j;S
i; ðA20Þ

where we also used Eq. (A6), together with another Brodsky-Lepage spinor matrix element [61]:

ūS2ðp0
2ÞγþuS1ðp2Þ ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþ
2 p

0þ
2

q
δS1;S2 : ðA21Þ

Then, with the proton state specified by Eqs. (22), (27), and (28), we obtain

zs
2Nc

Re
D
Ttr

h
VxV

q½1�†
y

�E			
Vx

¼− lim
K→P

2α2sπ
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Z
d2p

ð2πÞ2
1

p2⊥
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Z
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Z
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i
� 1
x1

×Φ�ðx1;q1−ð1−x1ÞPþð1−x1ÞK;x2;q2þx2P−x2K;x3;q3þx3P−x3KÞΦðxi;qiÞ

þ lim
K→P

2α2sπ
2CF

9Nc
½4δf;u−δf;d�4πP
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hKjPi eiðP−KÞ·y
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Z
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Z
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i
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×Φ�ðx1;q1−ð1−x1ÞPþð1−x1ÞKþp;x2;q2þx2P−x2K−p;x3;q3þx3P−x3KÞΦðxi;qiÞ:
ðA22Þ

Finally, we plug this result into Eqs. (A1a) and (A1c) for the fundamental dipole amplitudes to get

Qq
fðr⊥; zsÞ ¼ QNS;q

f ðr⊥; zsÞ ¼ −
8π2α2s
81

½4δf;u − δf;d�
Z

d2p

ð2πÞ2
1

p2⊥
e−ip·r

Z
½dxi�

Z
½d2q

i
� 1
x1

× ½jΦðxi; qiÞj2 −Φ�ðx1; q1 þ p; x2; q2 − p; x3; q3ÞΦðxi; qiÞ� þ ðr⊥-independent termsÞ; ðA23Þ

where we also putNc ¼ 3 explicitly. This gives the leading nonzero contribution to the quark-exchange term of these dipole
amplitudes, which gives one of the terms in Eqs. (32a) and (32b).
As for the adjoint dipole amplitude G̃qðr⊥; zsÞ, we revisit its operator form (A12) and expand each of the Wilson lines to

order OðgÞ. This gives

(a) (b)

FIG. 3. Diagrams illustrating possible ways the two quark fields from Vq½1�†
y and one gluon field from Vx could interact with valence

quarks in the proton target. The diagrams are drawn for the case where x−3 < x−1 < x−2 , while the generalization to all the other values of
x−3 is straightforward. (a) All the fields interact with one valence quark. (b) The quark and gluon fields interact with distinct valence
quarks.
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y

iE			
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jβðx−2 ; yÞi; ðA24aÞ
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Vy½−∞;x−

1
�

¼ −
igαsπPþ

4Nc
ðtaÞjiðγþγ5Þβα
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×
X
f
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jβðx−2 ; yÞi; ðA24bÞ
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X
f

D
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q½1�†
y

iE			
Vy½x−2 ;∞�

¼ −
igαsπPþ
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×
X
f

hψf
iαðx−1 ; yÞψ̄f

jβðx−2 ; yÞAþaðx−3 ; yÞi: ðA24cÞ

This leads to exactly the same conclusion as that of
Qq

fðr⊥; zsÞ and QNS;q
f ðr⊥; zsÞ, except for a constant pre-

factor. Hence, the term sensitive to the dipole separation
r ¼ y − x can be written as

G̃qðr⊥; zsÞ ¼
4π2α2s
9

Z
d2p

ð2πÞ2
1

p2⊥
e−ip·r

Z
½dxi�

Z
½d2q

i
� 1
x1

× ½jΦðxi; qiÞj2 −Φ�ðx1; q1 þ p; x2; q2
− p; x3; q3ÞΦðxi; qiÞ�
þ ðr⊥-independent termsÞ: ðA25Þ

This gives the quark-exchange term in Eq. (32c).

3. Gluon-exchange diagrams at Oðα2
sÞ

In this section, we consider the gluon-exchange con-
tribution to each of the polarized dipole amplitudes. Here,
both polarized-antiquark and polarized-quark terms are
nonzero. Furthermore, there are gluon-exchange terms in

both types of polarized Wilson lines. We will look at each
case one by one.
First, we start with the type-1 Wilson line, which con-

tributes to QG
f ðr⊥; zsÞ, QNS;G

f ðr⊥; zsÞ and G̃Gðr⊥; zsÞ. With
the help of Eq. (7b), the term with polarized antiquark is

zs
2Nc

D
Ttr

h
VxV

G½1�†
y

iE

¼−
igPþ

2Nc

Z
∞

−∞
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Z
∞

−∞
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Ttr½VxVy½−∞;x−1 �

×

�
∂

∂yi
Ajaðx−1 ;yÞ

�
taVy½x−1 ;∞��

�
; ðA26Þ

where we neglected the four-gluon vertex. Naïvely, the
leading-order contribution would follow from taking all
the Wilson lines in Eq. (A26) to identity color matrices.
However, such terms would be proportional to trðtaÞ ¼ 0.
Thus, we need to expand one of the Wilson lines to order
OðgÞ. This gives
zs
2Nc

D
Ttr
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VxV
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−∞
dx−1

Z
∞

x−
1

dx−2


�
∂
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�
þOðg3Þ; ðA27Þ

where for now we took the terms written explicitly to be of
orderOðg2Þ. However, below, oncewewrite down the gluon
fields in terms of color currents wewill gain some additional
factors of g. In Eq. (A27), the first term comes from the
OðgÞ correction to the unpolarized quark’s Wilson line, Vx

[Figs. 4(a) and 4(b)],while the two other terms come from the
correction to one of the semi-infinite Wilson lines,
Vy½−∞; x−1 � or Vy½x−1 ;∞� [Figs. 4(c) and 4(d)]. Similarly,

for the polarized quark term, we have

zs
2Nc

D
Ttr

h
VG½1�
y V†
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iE
¼ igPþ

2Nc

Z
∞

−∞
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∂yi
Ajaðx−1 ;yÞ

�
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��
; ðA28Þ

DUMITRU, MÄNTYSAARI, and TAWABUTR PHYS. REV. D 110, 054030 (2024)

054030-16



again neglecting the four-gluon vertex. Then, altogether, we
have that

zs
2Nc

D
T tr

h
VxV

G½1�†
y

i
þ T tr

h
VG½1�
y V†

x

iE

¼ g2Pþ

4Nc
ϵij

Z
∞

−∞
dx−1

Z
∞

−∞
dx−2


�
Aþaðx−2 ; yÞ

− Aþaðx−2 ; xÞ;
∂

∂yi
Ajaðx−1 ; yÞ

��
: ðA29Þ

To proceed, we employ the Poisson field equation to
relate, in the weak field limit, the covariant gauge trans-
verse fields to color currents:

Jiaðx−; xÞ ¼ −∇2Aiaðx−; xÞ: ðA30Þ

Following the same steps outline in Eqs. (A15)–(A18), we
obtain the following relation for transverse gluon fields:

∂

∂yi
Ajaðy−; yÞ ¼ ig

X
f

Z
d2p

ð2πÞ2
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0Þ

× ψ̄f
lηðy−; y0ÞðγjÞηζðtaÞlmψf

mζðy−; y0Þ:
ðA31Þ

Then, together with Eq. (A18), we rewrite Eq. (A29) as
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þ T tr
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pαðx−2 ; x0Þψf0
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�
þOðg5Þ; ðA32Þ

where the quark fields of the same flavor, f or f0, must act on the same valence quark in the proton. Similar to the quark
case, all the nonzero terms that do not involve disconnected diagrams only contain quark ladder operators b̂ and b̂†. By
Eq. (A4), we have that

(a) (b) (c) (d)

FIG. 4. Diagrams illustrating all possible gluon exchanges at orderOðα2s Þ from VG½1�†
y , with the extra power of αs coming from an extra

eikonal gluon emission from the dipole. In each diagram, the eikonal gluon is either emitted from Vx or one of the semi-infinite Wilson

lines that are parts of VG½1�†
y , and the eikonal gluon interacts with either the same valence quark or a distinct valence quark that interacts

with the subeikonal gluon. The diagrams are drawn for the case where x−2 > x−1 , while the generalization to the other ordering of light-
cone times is straightforward. (a) Emission from Vx, interacting with the same quark. (b) Emission from Vx, interacting with a distinct

quark. (c) Emission from VG½1�†
y , interacting with the same quark. (d) Emission from VG½1�†

y , interacting with a distinct quark.
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b̂fp1;m;S; b̂
f0†
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0
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gi þOðg5Þ; ðA33Þ

where along the way we made use of another spinor product [61]:

ūS0 ðp0ÞγjuSðpÞ ¼ δSS0
ffiffiffiffiffiffiffiffiffiffiffiffiffi
pþp0þp �

pj þ iSϵjkpk

pþ þ p0j − iSϵjkp0k

p0þ

�
: ðA34Þ

Then, with the proton state specified in Eqs. (22), (27), and (28), we have that
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T tr

h
VxV
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i
þ T tr
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where we again had to include the contributions with the two gluon lines interacting with the same valence quark [Figs. 4(a)
and 4(c)] and distinct valence quarks [Figs. 4(b) and 4(d)]. Finally, we plug this result into Eq. (A1b) and obtain

QG
f ðr⊥; zsÞ ¼

1

3
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9
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whose r⊥-dependent terms proportional to e−ip·r lead to the gluon-exchange contributions to Eqs. (32a) and (32c). A
notable observation here is that the gluon-exchange term is flavor independent, which makes physical sense because a gluon
is expected to interact with light quarks the same way regardless of their flavors.
As for the flavor-nonsinglet term, we take the other linear combination of Eqs. (A27) and (A28):
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þOðg3Þ: ðA37Þ

Then, we follow the same steps outlined in Eqs. (A30)–(A36), obtain commutators of b̂†b̂ and eventually realize that the
expression of Eq. (A37) vanishes. Thus, there is no gluon-exchange contribution to the flavor-nonsinglet dipole amplitudes:

QNS;G
f ðr⊥; zsÞ ¼ 0: ðA38Þ
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This result is physically consistent with the fact that gluon exchange should not be sensitive to the charge conjugation of the
polarized (anti)quark in the dipole.
Finally, we turn our attention to the type-2 dipole amplitude, which only contains the gluon-exchange terms. Starting

from Eqs. (14) and (15), we have that
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where we recall that D⃗μ ¼ ∂⃗
μ − igAμ and D⃖μ ¼ ∂⃖

μ þ igAμ. To proceed, we first write down the transverse position
derivative of a partial light-cone Wilson line:

∂

∂yi
Vy½a−; b−� ¼ ig

Z
a−

b−
dx−2Vy½a−; x−2 �Fþiðx−2 ; yÞVy½x−2 ; b−�: ðA40Þ

In Eq. (A40), only the term ∼∂iAþ is significant, while all the other terms would turn out to be subsubeikonal and beyond
the subeikonal order considered in small-x helicity evolution [5]. Thus, keeping only the relevant terms, we have that

G2ðr⊥; zsÞ ¼
g2Pþ

4Nc

ϵijrj

r2⊥

Z
d2
�
xþ y

2

�Z
∞
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dx−1

Z
∞

−∞
dx−2

× hfAiaðx−1 ; yÞ − x−1 ∂
iAþaðx−1 ; yÞ; Aþaðx−2 ; yÞ − Aþaðx−2 ; xÞgijr⊥¼jy−xj; ðA41Þ

where in each term we also expanded one of the eikonal Wilson lines to orderOðgÞ. Then, wewrite each gluon field in terms
of the color current and subsequently the quark fields:

−∂iAþaðx−1 ; yÞ ¼ ig
X
f

Z
d2p

ð2πÞ2
pi

p2⊥

Z
d2y0eip·ðy−y

0Þψ̄f
lηðx−1 ; y0ÞðγþÞηζðtaÞlmψf

mζðx−1 ; y0Þ; ðA42aÞ

Aiaðx−1 ; yÞ ¼ g
X
f

Z
d2p

ð2πÞ2
1

p2⊥

Z
d2y0eip·ðy−y

0Þψ̄f
lηðx−1 ; y0ÞðγiÞηζðtaÞlmψf

mζðx−1 ; y0Þ: ðA42bÞ

Plugging these fields together with Eq. (A18) into Eq. (A41), we obtain

G2ðr⊥;zsÞ¼−
g4Pþ

4Nc
ðγþÞαβðtaÞlmðtaÞpq

ϵijri
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xþy

2

�Z
∞

−∞
dx−1

Z
∞

−∞
dx−2

Z
d2p

ð2πÞ2
Z

d2p0

ð2πÞ2
ðγjþ ix−1p

jγþÞηζ
p2⊥p02⊥

×
X
f;f0

�Z
d2x0

Z
d2y0eip·ðy−y

0Þþip0·ðy−x0Þhfψ̄f
lηðx−1 ;y0Þψf

mζðx−1 ;y0Þ; ψ̄f0
pαðx−2 ;x0Þψf0

qβðx−2 ;x0Þgi

−
Z

d2x0
Z

d2y0eip·ðy−y
0Þþip0·ðx−x0Þhfψ̄f

lηðx−1 ;y0Þψf
mζðx−1 ;y0Þ; ψ̄f0

pαðx−2 ;x0Þψf0
qβðx−2 ;x0Þgi

�
jr⊥¼jy−xj þOðg5Þ: ðA43Þ

Consider the term proportional to ðγþÞηζ in Eq. (A43). Upon plugging in the quark fields in terms of the creation and
annihilation operators, we would obtain two powers of ūS0γþuS ∼ δSS0 and eventually end up with an expression
∼
P

SL
SL ¼ 0. Thus, the term vanishes. This makes physical sense because the term is known to correspond to the color

charge correlator hρ̂aρ̂ai, which is not sensitive to helicity. As for the term proportional to ðγjÞηζ, it is remarkably similar to
Eq. (A32). This allows us to read off the result from Eq. (A35) and obtain
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G2ðr⊥; zsÞ ¼
16π2α2s

9

Z
d2
�
xþ y

2

�Z
d2p

ð2πÞ2
Z

d2p0

ð2πÞ2
iðp0 · rÞ
p2⊥p02⊥r2⊥

eiðpþp0Þ·y½1 − e−ip·r�

× lim
K→P

2Pþ2πδðPþ − KþÞð2πÞ2δ2ðP − K − p − p0Þ
hKjPi

Z
½dxi�

Z
½d2q

i
� 1
x1

× ½Φ�ðx1; q1 þ x1P − x1K − p − p0; x2; q2 þ x2P − x2K; x3; q3 þ x3P − x3KÞΦðx1; qiÞ
−Φ�ðx1; q1 þ x1P − x1K − p0; x2; q2 þ x2P − x2K − p; x3; q3 þ x3P − x3KÞΦðx1; qiÞ�jr⊥¼jy−xj

¼ −
16π2α2s

9

Z
d2p

ð2πÞ2
iðp · rÞ
p4⊥r2⊥

½1 − e−ip·r�
Z

½dxi�
Z

½d2q
i
� 1
x1

½jΦðx1; qiÞj2

−Φ�ðx1; q1 þ p; x2; q2 − p; x3; q3ÞΦðx1; qiÞ�: ðA44Þ

This gives the moderate-x expression written in Eq. (32d)
for the type-2 polarized dipole amplitude according to the
valence quark model. Although both terms appear to be
sensitive to the dipole size r⊥, it appears that the term
without the Fourier factor, e−ip·r, would vanish because
the term

R ½dxi� R ½d2qi� 1
x1
Φ�ðx1; q1 þ p; x2; q2 − p; x3; q3Þ

Φðx1; qiÞ only depends on p2⊥ and not the transverse
direction of p itself. The reason for this follows from
the fact that the momentum-space wave function Φ is
totally symmetric under exchange of any pair of quarks.

APPENDIX B: ANALYTIC PARAMETRIZATION
OF POLARIZED DIPOLE AMPLITUDES

In this appendix, we determine the numerical values of
polarized dipole amplitudes in Eqs. (32) as a function of
dipole size r⊥, starting from the Gaussian momentum-
space wave function (29) of the proton and the analytic
expression (33) of Fðxi;p⊥Þ. Essentially, there are two
types of integrals to evaluate, one for Eqs. (32a)–(32c) and
another for Eq. (32d). They differ in the functions of p and
r in the integral over p. For the first type of integrals
relevant to type-1 dipole amplitudes, we have

Z
d2p

ð2πÞ2
1

p2⊥
e−ip·rFðxi;pÞ

¼ N 2β4

32π3
x1x2x3 exp

�
−
M2

β2
X3
i¼1

1

xi

� Z
dp⊥
p⊥

J0ðp⊥r⊥Þ

×

�
1 − exp

�
−
p2⊥
4β2

�
1

x1
þ 1

x2

���

¼ N 2β4

64π3
x1x2x3 exp

�
−
M2

β2
X3
i¼1

1

xi

�
Γ
�
0;

x1x2
ðx1 þ x2Þ

β2r2⊥
�
;

ðB1Þ

where we used the fact that

Z
2π

0

dθe−ia cos θ ¼ 2πJ0ðaÞ ðB2Þ

for some constant a > 0. Here, J0 is the Bessel function of
the first kind, and Γ is the incomplete gamma function,
which is defined as

Γðs; xÞ ¼
Z

∞

x
dtts−1e−t: ðB3Þ

Then, to compute Eqs. (32a)–(32c), we need to evaluate the
integral:

I1ðr⊥Þ ¼
Z

½dxi�
1

x1

Z
d2p

ð2πÞ2
1

p2⊥
e−ip·rFðxi;pÞ

¼ N 2β4

ð4πÞ5
Z

1

0

dx1

Z
1−x1

0

dx2x2ð1 − x1 − x2Þ

× exp

�
−
M2

β2

�
1

x1
þ 1

x2
þ 1

ð1 − x1 − x2Þ
��

× Γ
�
0;

x1x2
ðx1 þ x2Þ

β2r2⊥
�
; ðB4Þ

which needs to be performed numerically.
As for the integral over p in Eq. (32d), we obtain

Z
d2p

ð2πÞ2
iðp · rÞ
p4⊥r2⊥

e−ip·rFðxi;pÞ

¼N 2β4

32π3
x1x2x3 exp

�
−
M2

β2
X3
i¼1

1

xi

�
1

r⊥

Z
dp⊥
p2⊥

J1ðp⊥r⊥Þ

×

�
1− exp

�
−
p2⊥
4β2

�
1

x1
þ 1

x2

���

¼N 2β4

128π3
x1x2x3 exp

�
−
M2

β2
X3
i¼1

1

xi

��
Γ
�
0;

x1x2
ðx1þx2Þ

β2r2⊥
�

þ 1

β2r2⊥

�
1

x1
þ 1

x2

��
1− exp

�
−

x1x2
ðx1þx2Þ

β2r2⊥
���

; ðB5Þ
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where along the way we used
Z

2π

0

dθicosθe−iacosθ ¼−
d
da

Z
2π

0

dθe−iacosθ ¼ 2πJ1ðaÞ ðB6Þ

for a > 0. Then, the final result for Eq. (32d) will follow from the integral:

I2ðr⊥Þ ¼
Z

½dxi�
1

x1

Z
d2p

ð2πÞ2
iðp · rÞ
p4⊥r2⊥

e−ip·rFðxi;pÞ ¼
N 2β4

2ð4πÞ5
Z

1

0

dx1

Z
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0
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�
−
M2
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�
1
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þ 1
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þ 1

ð1 − x1 − x2Þ
���

Γ
�
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x1x2
ðx1 þ x2Þ
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�
þ 1
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�
1
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þ 1

x2

�

×

�
1 − exp

�
−

x1x2
ðx1 þ x2Þ

β2r2⊥
���

; ðB7Þ

which again has to be evaluated numerically.
Before we proceed, a necessary ingredient essential to the computation is the normalization constant N for the wave

function. Starting from Eq. (23), we have that

1 ¼
Z

½dxi�
Z

½d2q
i
�jΦðxi; qiÞj2

X
ff1;f2;f3g¼fu;u;dg

X
σ1;σ2;σ3

jSSL
ðσ1; f1; σ2; f2; σ3; f3Þj2

¼ N 2

Z
½dxi�

Z
½d2q

i
� exp

�
−

1

β2
X3
i¼1

q2i⊥ þM2

xi

�

¼ N 2β4

16π2

Z
1

0

dx1

Z
1−x1

0

dx2x1x2ð1 − x1 − x2Þ exp
�
−
M2

β2

�
1

x1
þ 1

x2
þ 1

ð1 − x1 − x2Þ
��

: ðB8Þ

This integral can be evaluated numerically. With M ¼
0.26 GeV and β ¼ 0.55 GeV as determined in [46], one
obtains N ¼ 845 fm2.
Then, for a given value of r⊥, we numerically evaluate

Eq. (B4) using scipy.integrate.dblquad [62]. The
results are shown as blue dots in Fig. 5(a) for 200 values of

r⊥ between 5 GeV−1 (ΛQCD scale) and 5 × 10−5 GeV−1

(LHC energy scale), equally spaced in the logarithmic scale.
The plot displays a clear linear pattern that breaks down as
the dipole size increases to approach the strong interaction
scale Λ−1

QCD. This inspires the ansatz that I1ðr⊥Þ is a trans-
verse logarithm with an infrared regulator:

(a) (b)

FIG. 5. The integral I1ðr⊥Þ, obtained by numerically evaluating Eq. (B4) (blue dots), as a function of dipole size r⊥. The full result is
compared to the analytical ansatz (B9) with parameters given in Eq. (B10) (red lines). (a) Full range. (b) Enlarged for
1GeV−1 ≤ r⊥ ≤ 5GeV−1 .
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I1ðr⊥Þ ¼ a1 ln

�
1

r2⊥Λ2
1

þ b1

�
: ðB9Þ

Then, we perform a fit using scipy.optimize.cur-
ve_fit [62] and find that

a1¼ 0.290; Λ1 ¼ 0.267GeV and b1 ¼ 0.668; ðB10Þ

with the uncertainties dominated by those coming from the
available accuracies ofM and β. Indeed,Λ1 is close toΛQCD.

Here, it is reasonable to relate a1 to x−1 ¼ 3.64, which has
the physical meaning as the average of the inverse light-cone
momentum fraction of a valence quark in the proton;
cf. Eq. (36). To our accuracy, we have a1 ¼ x−1=4π.
Qualitatively, Eq. (B9) is an excellent fit, as evident in
Fig. 5, in which the fitted function is shown to reproduce the
numerical resultswell, even in the large-dipole regimewhere
the logarithmic behavior breaks down.
Next, we repeat the process for I2ðr⊥Þ, starting from

Eq. (B7). The steps are similar, albeit with a slightly more
complicated integrand. The results of the numerical inte-
gration are shown as blue dots in Fig. 6(a). Again, we see a
very similar logarithmic behavior that breaks down as r⊥
increases and approaches the strong interaction scale ΛQCD.
This leads to the similar ansatz

I2ðr⊥Þ ¼ a2 ln

�
1

r2⊥Λ2
2

þ b2

�
: ðB11Þ

We again fit coefficients a2, Λ2 and β2 to the numerically
obtained results and find

a2¼ 0.145; Λ2 ¼ 0.161GeV and b2 ¼ 0.832; ðB12Þ

with the uncertainties dominated by the available accura-
cies of M and β. Similarly to the I1 case, these parameters

provide an excellent fit to the numerical integral, as shown
in Fig. 6. Quantitatively, we see that Λ2 is smaller than Λ1

but remains close to the ΛQCD scale. Remarkably, to our
accuracy (and a couple more digits), we see that a2 ¼ a1

2
.

We believe that this relation is likely analytic, at least in the
logarithmic regime with a not-too-large dipole. Similar to

the I1 case, we put a2 ¼ x−1=8π. Equation (B12), together
with Eq. (B10), is the main result of this appendix. They
provide the central piece for the analytic parametrizations
(35) of all polarized dipole amplitudes relevant to small-x
helicity evolution.

APPENDIX C: TERMS INDEPENDENT
OF THE DIPOLE SIZE

In this section, we discuss the contributions independent
of the dipole size r⊥. As discussed in the main text, these
terms have possible issues that stem from their lack of
external perturbative scale inherent to the setup. This
appendix discusses their results assuming that the pertur-
bative calculation still holds.
Similar to the r⊥-dependent term, we start with the

quark-exchange contributions. Again, the leading terms are
at order Oðα2s Þ and come from two origins: (i) an eikonal
gluon connecting the dipole with the target and (ii) a gluon
emitted and absorbed within the target. Note that gluons
emitted and absorbed within the dipole should be included
as parts of the small-x evolution.
For (i), as discussed in Appendix A 3, the r⊥-indepen-

dent terms result from expanding the Wilson lines at y,
including Vy½−∞; x−1 �, Uy½x−1 ; x−2 � and Vy½x−2 ;∞�, to the

linear order OðgÞ. Starting from Eqs. (A13b)–(A13d), we
employ the Poisson equation (A15) on the gluon field, then
subsequently write the color density in terms of the quark
fields [cf. Eq. (A17)], and at the end express all the quark
fields in terms of quark creation and annihilation operators

(a) (b)

FIG. 6. The integral I2ðr⊥Þ, obtained by numerically evaluating Eq. (B7) (blue dots), as a function of dipole size r⊥. The full result
is compared to the analytical ansatz (B11) with parameters given in Eq. (B12) (red lines). (a) Full range. (b) Enlarged for
1GeV−1 ≤ r⊥ ≤ 5GeV−1 .
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via Eq. (A4). Putting all the three terms together, we have that
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: ðC1Þ

Then, with the proton state given in Sec. III A, we write down the correlators of the creation and annihilation operators in
Eq. (C1). We see that all the contributions come from the terms with the eikonal gluon acting on a different quark than the
one exchanging quarks with the dipole, similar to Fig. 3(b). Altogether, we obtain

zs
2Nc

Re
D
T tr

h
VxV

q½1�†
y

iE			
dipole

¼ − lim
K→P

8π2α2s
81

½4δf;u − δf;d� 4πP
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� 1
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− x2K − p; x3; q3 þ x3P − x3KÞΦðxi; qiÞ: ðC2Þ

Similarly, starting from Eq. (A24), we obtain
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y
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¼ lim
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½d2q
i
� 1
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Φ�ðx1; q1 − ð1 − x1ÞPþ ð1 − x1ÞK þ p; x2; q2 þ x2P

− x2K − p; x3; q3 þ x3P − x3KÞΦðxi; qiÞ: ðC3Þ

Another contribution comes from an emission and an absorption of a gluon inside the proton. This contribution vanishes
for the r⊥-dependent term, as the only interactions with the dipole are the two exchanged quarks that take place at y as parts

of the polarized Wilson line Vq½1�†
y . The calculation of this term amounts to including Oðg2Þ corrections to the target states,

as detailed in Ref. [33]. Then, the resulting linear combination of hqqqi and hqqqgi states is employed to calculate the
correlator in Eq. (A7). As it turns out, most of the terms, including all of those with virtual gluon emissions, become
proportional to the delta function of xi or x0i, which are the longitudinal momentum fractions of one of the incoming or
outgoing valence quarks. Then, the proton wave function dictates that most terms vanish [45,46]. The only remaining term
corresponds to the diagram in Fig. 7, with the lower gluon contained within the proton target. To calculate this term, we first
write down the valence quark state with OðgÞ correction term:
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where the q → qg splitting function is given by
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with z ¼ kþg
pþ and σðσ0Þ being the helicity of the outgoing(incoming) quark. In the diagram in Fig. 7, it is the second term of

Eq. (C4) that sandwiches the quark creation and annihilation operators in Eq. (A7). Calculating the correlator and
performing the integrals, we obtain
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2πδ

�
x1−

kþg
Pþ

� ½kg−q
1
−x1P� · ½kg−q

1
þð1−x1ÞP−K�

jkg−q
1
−x1Pj2jkg−q

1
þð1−x1ÞP−Kj2

×Φðxi;qiÞΦ�ðx1;q1−ð1−x1ÞPþð1−x1ÞK;x2;q2þx2P−x2K;x3;q3þx3P−x3KÞ: ðC6Þ

Here, physically, kg is the momentum of the gluon within the proton. Then, we integrate over kþg and relabel kg ↦
pþ q

1
þ x1P to get

zs
2Nc

Re
D
T tr

h
VxV

q½1�†
y

iE			
target

¼ −
32π2α2s
81

½4δf;u − δf;d� lim
K→P

4πPþδðPþ − KþÞ
hKjPi eiðP−KÞ·y

Z
½dxi�

Z
½d2q

i
� 1
x1

×
Z

d2p

ð2πÞ2
p · ðpþ P − KÞ
p2⊥jpþ P − Kj2Φðxi; qiÞΦ�ðx1; q1 − ð1 − x1ÞPþ ð1 − x1ÞK; x2; q2

þ x2P − x2K; x3; q3 þ x3P − x3KÞ: ðC7Þ

Furthermore, by Eq. (A12), we deduce from Eq. (C7) that

zs
2Nc

X
f

Re
D
T tr

h
VxW

q½1�†
y

iE			
target

¼ −
2π2α2s
9

lim
K→P

4πPþδðPþ − KþÞ
hKjPi eiðP−KÞ·y

Z
½dxi�

Z
½d2q

i
� 1
x1

×
Z

d2p

ð2πÞ2
p · ðpþ P − KÞ
p2⊥jpþ P − Kj2Φðxi; qiÞΦ�ðx1; q1 − ð1 − x1ÞPþ ð1 − x1ÞK; x2; q2

þ x2P − x2K; x3; q3 þ x3P − x3KÞ: ðC8Þ

Then, adding together the “dipole” and “target” terms, we obtain the r⊥-independent quark-exchange terms for each
polarized dipole amplitude of type 1. Similar to the previous cases, the term with polarized quark contains no quark-
exchange contribution because the proton in our valence quark model contains no antiquark. For Qq

f and QNS;q
f , we add

Eqs. (C2)–(C7) together and obtain

Qq
fðr⊥; zsÞjr⊥-indep ¼ QNS;q

f ðr⊥; zsÞjr⊥-indep ¼ −
8π2α2s
81

½4δf;u − δf;d�
Z

d2p

ð2πÞ2
1

p2⊥

×
Z

½dxi�
Z

½d2q
i
� 1
x1

½4jΦðxi; qiÞj2 þΦ�ðx1; q1 þ p; x2; q2 − p; x3; q3ÞΦðxi; qiÞ�: ðC9Þ
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As for the adjoint dipole amplitude G̃qðr⊥; zsÞ, we sim-
ilarly have

G̃qðr⊥; zsÞjr⊥-indep ¼ −
2π2α2s
9

Z
d2p

ð2πÞ2
1

p2⊥

×
Z

½dxi�
Z

½d2q
i
� 1
x1

½jΦðxi; qiÞj2

− 2Φ�ðx1; q1 þ p; x2; q2
− p; x3; q3ÞΦðxi; qiÞ�; ðC10Þ

using Eqs. (C3) and (C8). Again, as discussed in
Appendix A, the type-2 polarized dipole amplitude
G2ðr⊥; zsÞ contains no quark-exchange contribution.
The gluon-exchange contributions as calculated in

Appendix A 3 already include r⊥-independent terms,
which can be read off directly from Eqs. (A36), (A38),
and (A44). Together with the results written in Eqs. (C9)
and (C10), we can write the complete r⊥-independent term
for all polarized dipole amplitudes as

Qfðr⊥; zsÞjr⊥-indep ¼
16π2α2s
81

½δf;u þ 11δf;d þ 9δf;s�

×
Z

d2p

ð2πÞ2
1

p2⊥

Z
½dxi�

1

x1
f1ðxiÞ

−
8π2α2s
81

½22δf;u þ 17δf;d þ 18δf;s�

×
Z

d2p

ð2πÞ2
1

p2⊥

Z
½dxi�

1

x1
f2ðxi;pÞ;

ðC11aÞ

QNS
f ðr⊥; zsÞjr⊥-indep ¼ −

8π2α2s
81

½4δf;u − δf;d�
Z

d2p

ð2πÞ2
1

p2⊥

×
Z

½dxi�
1

x1
½4f1ðxiÞ þ f2ðxi;pÞ�;

ðC11bÞ

G̃ðr⊥; zsÞjr⊥-indep ¼
2π2α2s
9

Z
d2p

ð2πÞ2
1

p2⊥

Z
½dxi�

1

x1
½23f1ðxiÞ

− 22f2ðxi;pÞ�; ðC11cÞ

G2ðr⊥; zsÞjr⊥-indep ¼ −
16π2α2s

9

Z
d2p

ð2πÞ2
iðp · rÞ
p4⊥r2⊥

×
Z

½dxi�
1

x1
½f1ðxiÞ − f2ðxi;pÞ�;

ðC11dÞ

where f1ðxiÞ and f2ðxi;pÞ are defined, respectively, as

f1ðxiÞ ¼
Z

½d2q
i
�jΦðxi; qiÞj2; ðC12aÞ

f2ðxi;pÞ ¼
Z

½d2q
i
�Φ�ðx1; q1 þ p; x2; q2

− p; x3; q3ÞΦðxi; qiÞ: ðC12bÞ

The next step is to evaluate the remaining integrals. First,
we recall that f2ðxi;pÞ is independent of the azimuthal
direction of p; cf. Eq. (34). An important consequence is
that the integrand of Eq. (C11d) is odd under p → −p.
Thus, Eq. (C11d) vanishes, and there is no r⊥-independent
contribution to G2ðr⊥; zsÞ.
As for the other dipole amplitudes, we need to evaluate

two types of integrals—one involving f1ðxiÞ and another
involving f2ðxi;pÞ. To compute these integrals, we begin
by writing down the analytic expressions for f1ðxiÞ and
f2ðxi;pÞ. The former is a straightforward generalization of
Eq. (B8), while the latter subsequently follows via Eq. (34).
Explicitly, this gives

f1ðxiÞ ¼
N 2β4

16π2
x1x2x3 exp

�
−
M2

β2
X3
i¼1

1

xi

�
; ðC13aÞ

f2ðxi;pÞ ¼
N 2β4

16π2
x1x2x3 exp

�
−
M2

β2
X3
i¼1

1

xi

�

× exp
�
−
p2⊥
4β2

�
1

x1
þ 1

x2

��
: ðC13bÞ

Then, the relevant integral involving f1ðxiÞ is relatively
straightforward because the logarithmic integral over p
separates. However, the integral is both ultraviolet and
infrared divergence, requiring the cutoffs on both ends.
Explicitly, we have

FIG. 7. The only diagram with gluon emission and absorption
inside the proton that contributes to the quark-exchange term of
the polarized dipole amplitude.
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Z
d2p

ð2πÞ2
1

p2⊥

Z
½dxi�

1

x1
fðxiÞ

¼ N 2β4

ð4πÞ5 ln
�
Λ2
UV

Λ2
IR

�Z
1

0

dx1

Z
1−x1

0

dx2x2ð1 − x1 − x2Þ

× exp

�
−
M2

β2

�
1

x1
þ 1

x2
þ 1

ð1 − x1 − x2Þ
��

: ðC14Þ

The integrals over x1 and x2 can now be evaluated
numerically using scipy.integrate.dblquad [62].
This gives

Z
d2p

ð2πÞ2
1

p2⊥

Z
½dxi�

1

x1
fðxiÞ ¼

x−1

4π
ln

�
Λ2
UV

Λ2
IR

�
; ðC15Þ

where x−1 ¼ 3.64 is the same parameter that appeared in
the r⊥-dependent results in Sec. III B. For the integral
involving f2ðxi;pÞ, we similar start by evaluating the
integral over p analytically, obtaining

Z
d2p

ð2πÞ2
1

p2⊥

Z
½dxi�

1

x1
f2ðxi;pÞ

¼ N 2β4

ð4πÞ5
Z

1

0

dx1

Z
1−x1

0

dx2x2ð1 − x1 − x2Þ

× Γ
�
0;
Λ2
IR

4β2

�
1

x1
þ 1

x2

��

× exp

�
−
M2

β2

�
1

x1
þ 1

x2
þ 1

ð1 − x1 − x2Þ
��

: ðC16Þ

Notice that we only require an infrared cutoff for this
integral. In fact, if we take ΛIR to be much smaller than β,
then the incomplete gamma function can be written as a
power series such that

Γ
�
0;
Λ2
IR

4β2

�
1

x1
þ 1

x2

��
¼ −γE þ ln

�
β2

Λ2
IR

�

− ln

�
1

4

�
1

x1
þ 1

x2

��
þO

�
Λ2
IR

β2

�
;

ðC17Þ

where γE is the Euler-Mascheroni constant. Then,
Eq. (C16) becomes

Z
d2p

ð2πÞ2
1

p2⊥

Z
½dxi�

1

x1
f2ðxi;pÞ

¼ x−1

4π

�
ln

�
β2

Λ2
IR

�
− γE

�
− K ≃

x−1

4π
ln

�
β2

Λ2
IR

�
; ðC18Þ

where K ¼ 0.186. Here, we again employed scipy.in-
tegrate.dblquad [62] to evaluate the integrals over x1

and x2 numerically. In the final step, we simply kept the
dominant logarithmic term.
Finally, plugging Eqs. (C15) and (C18) into Eqs. (C11),

we obtain

Qfðr⊥;zsÞjr⊥-indep
¼ 4πα2s

81
½δf;uþ11δf;dþ9δf;s�x−1 ln

�
Λ2
UV

Λ2
IR

�

−
2πα2s
81

½22δf;uþ17δf;dþ18δf;s�x−1 ln
�
β2

Λ2
IR

�
; ðC19aÞ

QNS
f ðr⊥;zsÞjr⊥-indep¼−

2πα2s
81

½4δf;u−δf;d�x−1
�
4 ln

�
Λ2
UV

Λ2
IR

�

þ ln

�
β2

Λ2
IR

��
; ðC19bÞ

G̃ðr⊥;zsÞjr⊥-indep¼
πα2s
18

x−1
�
23 ln

�
Λ2
UV

Λ2
IR

�
−22 ln

�
β2

Λ2
IR

��
;

ðC19cÞ

where we recall that G2ðr⊥; zsÞ has no r⊥-independent
term. Equation (C19) is the main result of this appendix.
The r⊥-independent terms of all type-1 polarized

dipole amplitudes contain both ultraviolet and infrared
divergences. In small-x dipole calculations, it is a common
practice to employ the center-of-mass energy as the
ultraviolet cutoff for the transverse momentum transfer,
so that p2⊥ ≪ zs [5,6,11]. Had we imposed such constraint
on the momentum transfer p⊥ in our problem, the ultra-
violet logarithms in Eqs. (C19) would have become
lnðzs=Λ2

IRÞ, which is the common longitudinal logarithms
considered in [5,13,16,27,43,63].
On a more general note, since β is taken to be 0.55 GeV

throughout this work, it remains relatively close toΛIR. As a
result, it might be justified in higher-energy settings to
simply discard the second term in each of the square brackets
in Eqs. (C19) as being negligible compared to the other
logarithmic term. Furthermore, similar to the r⊥-dependent
case, constant terms could also be added to account for
possible shifts in the cutoffs. Overall, the calculation
performed in this appendix fixes the coefficient of
lnðΛ2

UV=Λ2
IRÞ, which plays an important role in the moder-

ate-x initial condition for small-x helicity evolution [5,6,11].
Finally, if one proceeds to put Λ2

UV → zs and neglect the
terms proportional to lnðβ2=Λ2

IRÞ, then the resulting coef-
ficients of the ultraviolet logarithms can be compared to the
Born-level calculation [8,16] [cf. Eqs. (38)] and the recent
JAM global analysis [27]. The results are qualitatively
similar to those of the transverse logarithmic terms, which
are discussed at the end of Sec. III B. Namely, the
coefficients from Eqs. (C19) are greater in magnitude than
the respective Born-level coefficients from Eqs. (38) but
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smaller in magnitude than the JAM analysis results [27],
with the sign differences in a number of coefficients.
Overall, as remarked in Sec. III B, the definite conclusion
about the initial conditions from this work would require

another global analysis based on the initial condition
calculated in this work. In particular, the coefficients of
the ultraviolet logarithm calculated in this appendix could
play a part in the future global analysis.
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