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The recently revised small-x helicity evolution [J. High Energy Phys. 07 (2022) 095], resumming the
double-logarithmic factor, a,In?(1/x), allows for the study of helicity distributions of quarks and gluons at
small Bjorken x, corresponding to high center-of-mass energy. In this work, we calculate the moderate-x

initial conditions in the regime, o, In?(1/x) ~ 1, for the small-x helicity evolution using a light-front valence
quark model of the proton, which provides additional physical information about the target. The perturbative
emission and absorption of a gluon by the valence quarks are also included. The results, given in Egs. (35),
provide a new set of initial conditions with a significantly reduced number of free parameters than
conventional models [Phys. Rev. D 108, 114007 (2023)]. Consequently, the predictive power of small-x
helicity evolution is expected to improve once the initial conditions from this work are incorporated.

DOI: 10.1103/PhysRevD.110.054030

I. INTRODUCTION

The proton spin puzzle is a long-standing unsolved
problem in particle physics [1], concerning the amount
of proton spin that comes from the quarks and gluons
inside. Based on the Jaffe-Manohar decomposition [2],
each parton could contribute to the proton spin via its spin
or orbital angular momentum, amounting to the sum rule

1
§:Sq+SG+Lq+LG’ (1)

where S, (Sg) refers to the spin and L, (L) the orbital
angular momenta of the quarks (gluons) inside the spin-j
proton. In the helicity basis, the spin contributions can be
written in terms of the integrals over Bjorken x of helicity-
dependent parton distribution functions (hPDFs):

5,(07) = [ anaz(n.02) (2a)
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S6(0?) = / ' dxAG(x. 0%), (2b)

where AX is the flavor-singlet quark hPDF, that is, with the
flavors of quark and antiquark summed over, and AG is the
gluon hPDF. Recent measurements and analyses by the
Relativistic Heavy Ion Collider spin program show that at
resolution Q% = 10 GeV? we have S, € [0.15,0.20] for x >
1073 and S; €[0.13,0.26] for x > 0.05 [3,4]. The reason
for a lower bound on x in the integrals [cf. Egs. (2)] is due to
the high center-of-mass energy collisions required to probe
partons at small Bjorken x. With the numbers shown above,
there remains a missing contribution to proton helicity that
could come from the orbital angular momenta or the small-
x regions of quark and gluon hPDFs. This work focuses on
quantifying the latter.

In the past decade, there have been several theoretical
developments in order to understand spins at small Bjorken
x [5—-18], particularly surrounding the objective of deriving
a high-energy evolution that would allow one to write down
hPDFs at small x based on their values at moderate x, which
could be determined from experimental measurements. The
framework modifies the dipole formalism [19,20] to
account for helicity dependence in the scattering processes,
resulting in energy-suppressed, i.e. subeikonal, contribu-
tions to the dipole amplitude [5,6,11]. At the end, with the
inclusion of kinematic constraint [21-24], the small-x
evolution resums double logarithms of energy; that is,
each step of evolution yields the factor agIn*(1/x) [6].

Published by the American Physical Society
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The evolution equation does not close, in general, but
becomes a closed system of linear integral equation upon
taking the large-N, [25] or the large-N. & Ny [26] limit
with the mean-field approximation. The discussion in this
work focuses on the latter limit, as it is more realistic in the
helicity evolution where the quark exchange becomes
important relative to the gluon counterpart [5,16].

Recently, a global analysis has been performed in
Ref. [27] using a generalized Born-level amplitude as initial
condition at moderate x, which contains 24 free parameters
to be fitted to the experimental data. The analysis employs
the Jefferson Laboratory Angular Momentum (JAM)
Monte Carlo Bayesian framework and includes all available
polarized deep-inelastic scatter (DIS) and polarized semi-
inclusive DIS (SIDIS) measurements at 0.005 < x <0.1
and 1.69 GeV? < 0% < 10.4 GeV? with proton, deuteron
and helium-3 targets. In total, with 226 data points, the
initial condition model with the small-x helicity evolution is
able to describe the data excellently, with y* of 1.03 per data
point [27]. Unfortunately, the analysis has a shortcoming
when it comes to the prediction power. Due to the limited
amount of available polarized scattering measurements at
small x, the free parameters in the initial condition model,
and hence also the physical predictions, are not sufficiently
well constrained. In particular, the predicted amount of total
parton spin from the region 107 < x < 1 comes out to be
Sy +S¢ = —0.64 + 0.60. Although the uncertainty will
reduce dramatically [27] upon the inclusion of measure-
ments from the future Electron-Ion Collider (EIC) [28-30],
several improvements are possible on the theoretical side to
equip the small-x helicity evolution with a higher prediction
power given the currently available data.

In this work, we model the proton target at moderate
x as a bound state of three valence quarks, based on which
the correlators of polarized Wilson line operators are evalu-
ated [31,32]. With the help of the Yang-Mills equation, the
gluon fields are related to the color charges or currents and
subsequently expressed in terms of creation and annihilation
operators, which are later applied to the three-valence-quark
state. We also include perturbative corrections involving
gluon emission and absorption both within the target and
connecting the target and the projectile, in a similar
fashion to [33-37]. As a result, we obtain the leading-order
moderate-x expressions that serve as initial conditions for
the polarized dipole amplitudes in the small-x helicity
evolution [5]. Summarized in Egs. (35), our results contain
alinear power of transverse logarithm of the dipole size that is
completely determined, together with the constant term
accounting for the infrared (large-dipole) physics that we
leave as a free parameter. Overall, the physical proton model
employed in this work is capable of reducing the number of
free parameters in the initial conditions for helicity evolution
from the original 24 in Ref. [27] to 3-9 depending on the
flexibility of the model used in the global analysis.

In the past, there have been similar model calculations
for gluon hPDF, including [38,39], both of which employ

three-valence-quark models for the polarized target. The
latter work [39] also incorporates the Melosh rotation, which
takes into account the fact that the helicity of a particle with
nonzero transverse momentum does not exactly correspond
to the spin along the light-cone direction. In contrast, the
current work is the first to employ a valence quark model for
the polarized dipole operator relevant to the small-x helicity
evolution [5]. Although relations exist between the polarized
dipole degrees of freedom and the parton hPDFs, these
relations are derived with the assumption that x is small.
Applying such relations to the polarized dipole amplitude
obtained in this work requires caution, as our calculation is
based on a model valid at moderate x only.

Throughout this article, we use the light-cone coordi-
nates in which v# = (v, v~, ) with v* = (10 + v3)/V/2.
Transverse vectors are denoted by v = (v!,2?) with
v, = |v|. The light-cone directions are chosen such that
the projectile has a large light cone minus momentum, k-,
while the target proton has a large light cone plus
momentum, PT. The paper begins with Sec. II, which
provides a quick introduction to the formalism employed in
the small-x helicity evolution [5]. Subsequently, Sec. III
specifies the valence quark model we employ for the proton
target, explains the main calculation steps, then proceeds to
summarize and discuss the main results, with detailed
derivations provided in Appendixes. Finally, we conclude
in Sec. IV and discuss future projects that can be built up on
the results and development in this work.

II. POLARIZED SCATTERING PROCESSES
AT HIGH ENERGY

Before we discuss helicity-dependent scattering proc-
esses, it is helpful to review the dipole formalism for
unpolarized scattering processes; cf. [40—42] for more
complete reviews. Eikonal propagation of a high-energy
quark through the target color field at transverse coordinate
x is described by Wilson line V, defined as

V,=Pexp {ig/dx‘A*(O*,x‘,g)} (3)

Similarly, the antiquark propagation is described by V)T_C.
These objects serve as building blocks within the dipole
picture [19,20] of the deep-inelastic scattering at small x. In
particular, the unpolarized parton distribution functions
(PDFs), transverse-momentum-dependent (TMD) PDFs
and structure functions can be written in terms of the
dipole amplitude:

(4)

1
N(r.b,Y)=1 —Vﬁr[vk—rﬂ‘/;ﬂﬂb

- P unpol

Here, (- - -),upo1 gives the forward light-front matrix element
defined formally as
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1 Z <P+7 £9 SL|(A9|P+a Bv SL>

O)upor = > ’
(O) unpo 24~ (PT,P,S.|P*,P,Sp)
L

(5)

where S; is the proton’s longitudinal spin and P* is the
proton’s momentum. Note that here, and throughout this
work, we are ultimately interested in quantities integrated
over the impact parameter b, and as such only the forward
matrix element is necessary. The transverse size of the
dipole is denoted by r. This setup allows one to employ the
Wilson line as the main degree of freedom to study
unpolarized scattering at small x.

A. Polarized Wilson lines

In order to study the helicity of quarks and gluons inside
the proton, the latter has to be probed through a helicity-
dependent scattering process. This requires the inclusion of
helicity-dependent interactions between a high-energy
quark and the target. In [5,6,11], such interactions are
shown to come in as subeikonal corrections to the eikonal
Wilson line, V. It is convenient to group these corrections

into three types: (i) quark exchange, (ii) type-1 gluon
exchange and (iii) type-2 gluon exchange. In particular,
consider an incoming quark at transverse position y and
helicity o that interacts with the target and results in an
outgoing quark at transverse position x and helicity ¢’. Its
interaction with the target shock wave at x~ — 0 can be
written as

Voo = Vb (x = ¥)8pq + [qu + VO “]}52@ )06,

+ VY

Oy, + etc., (6)
where “etc.” contains other terms that do not contribute to
helicity-dependent scattering amplitudes. In the right-hand
side of Eq. (6), the first term corresponds to the eikonal
Wilson line in Eq. (3), while the next three objects
correspond respectively to the three types of subeikonal
corrections listed above that are relevant to helicity.
Explicitly, they are given by

Vq[] 92P+ °°dx_ oodx_v _th .
- 2zs Joo V) T2 xlo0, x|y (x5 x)

X U5 X7 ) (1t 7s) apa (37, x)1°V 37, —c0],  (7a)

igP™"

vl = / AV, [o0, x| F12 (x=, x) V,[x~, — 0,

(7b)

|><Q

P+
[X: ! / dz~ /dsz 00,776 (x — 2)

x D’(Z‘, D (7. 2)& (2= Y)V, [z —o0).  (Te)

where zs is the center-of-mass energy of the collision
between the polarized (anti)quark and the proton. Here, the
covariant derivatives are defined such that D" = 9" — i gA¥
and D" = 0" + igA¥. The signs of the covariant terms are
such that the gauge transformation property is consistent
with that of the Wilson line (3). In Egs. (7), the notation for
partial Wilson lines is such that

V.lam.b] = Pexp {ig / C A0t ) [, (8)
x -
and similarly for the adjoint representation, U,[a", b7].

B. Parton helicity TMDs

Polarized Wilson lines introduced in Sec. I A arise
naturally in the calculation of the quark helicity TMD,
g}, (x, k1 ). Upon propagating the (anti)quark from one end
of the gauge link to the other under the shock-wave picture,
one obtains [5,11]

4 P+
! / dxd? / dky

ity X=Y) Kk 1+
x{e 67 E

glL(x k)=

+TuVEWVI 4+ Tuv, v+ TavE v

X— k
|( y|)2 k—2 /dZ < ik-(z— x)Ttr[V VG[Z] ]
A=Yy

+ eI Ta VIV } (9)

where T and T refer to (anti)time ordering of the traces
that depend on whether the Wilson lines arise from the
amplitude or the complex-conjugate amplitude in the
propagation of the quark field. In Eq. (9), the angle brackets
denote the helicity-dependent color-glass condensate
(CGC) averaging defined as

Z LP PSL|(9|P PSL>’ (10)
2 P+’£vSL|P+’£’SL>
which will be used throughout this work. Notice that this
averaging differs from the unpolarized counterpart in Eq. (5)
in the extra factor of S; within the summation. Finally, k7
refers to the momentum of the polarized (anti)quark in the
dipole. Once we sum over the quark and antiquark flavors,
we arrive at the flavor-singlet quark helicity TMD, while the
difference between the quark and the antiquark yields the
“flavor-nonsinglet” counterparts [8]. Explicitly,

= Z{Q?L()@ k) + gy (x k)], (11a)

f

Q?L(x’ ki)
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glL > (x, ki) = 91L(x ki)— Q?L(x’ ki) (11b)

Subsequently, we integrate Eq. (11a) over transverse
momentum k; to obtain the flavor-singlet quark helicity
PDF AX(x, 0?), which is most conveniently written as [5]

QZ
AZ(x, %) = / kg, (v, kL)

dz min{1/z0% 1/A*}
B 2”32A2/\ /

xlO [QJ(H’ZS) +2Gy(ry, zs)], (12)

where z is the minus momentum fraction of the polarized
quark within the dipole. Here, we have imposed a kin-
ematic constraint, x < l/zsxfo, and employed A as the
infrared cutoff. Furthermore, we defined the type-1 polar-
ized dipole amplitude as

+

zs xX+y o1+
= d2< . )Re<Ttr[V vy”}

+ Tor [V V] 4 T viv]

+Ttr [VS“] VH >

(13)

b
r=|y—x|

where the flavor f corresponds physically to the flavors of
the quark and antiquark in the Wilson line traces. In
deriving Eq. (12), integration by part has been performed

on the covariant derivatives in the type-2 Wilson line, Vggg],

from Eq. (9), eventually leading to a convenient expression
in term of the type-2 polarized dipole amplitude,

eijzj X+Yy
Gy(ry,z8) = 2 /d< 5 )G’(x Y, 28)

il ri=ly-x
oz €y S (XtY 2]
2N, 7} /d< 2 )< [V"VV }
iG2]7
tr {VX Vz} > e (14)
where
. PJr 0 g
vkl _° dx~V [0, x7][D'(x~, x)
= 25 J_w =
— D'(x™, x)]V,[x~, —o0]. (15)

In most cases, it is more convenient to express the

contribution originated from the type-2 polarized Wilson

line in terms of G,(r . zs) or Vi,

The flavor-nonsinglet quark helicity TMD and PDF are
important for polarized SIDIS [8,27]. Integrating Eq. (11b)
over k, yields

Q2
Aq7(x.0%) = / PhgNS (k)

N 1 dz/mm{l/zQz 1/A2}dx10 NS
r,,zs
/\Z/S x%o Qf ( Lo )
(16)
where
X+
QfNS(rL,zs):/dz( y)Q (x,, e
ri=ly-x
zs [ o (XTY < [ qmq
= Re(T
IN. d< 5 ) e(Ttr|V,V
+Ttr [V yglt ] ~Tir [Vg[”vﬂ
~Tu [VS“]VI] > , (17)
= T =y

where the flavor f corresponds again to the flavor of the
Wilson lines.

Next, we consider the gluon helicity TMD. The type-2
gluon exchange arises naturally in term of V’Gm from the
subeikonal term in the expansion of dipole gluon helicity
TMD, ¢9(x,k,), via the Lipatov vertex [5,10].
Ultimately, the calculation gives

i 4iN . Q2
Gdi c —ik-r
91L p(x’ki_):as(zﬂ)4/d2£€ k(k-1r)G, (rJ_7ZS:7)’
(18)
which integrates over k to the gluon helicity PDF,
2N b
AG(x,0) =<1+ —
(xQ) asﬂ_z |:< +riari>
2
><Gz<m,zs=Q)] . (19)
Y/ 11R=y0

From Egs. (12), (18), and (19), we see that both quark and
gluon helicity distributions at small x can be expressed in
terms of the subeikonal polarized dipole amplitudes, which
trace over a product of an unpolarized and a polarized
Wilson line.

C. Small-x helicity evolution

In Refs. [5,6,10,11], the small-x evolution equation has
been derived for the flavor-singlet polarized dipole ampli-
tudes. In the mean-field Veneziano’s limit of large N, and
Ny [26], where we take N. > 1 while keeping the ratio
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Ny/N, finite, the evolution equation reduces to a system of
linear integral equations involving Q f(r 1,28), Go(r 1, 28),
and G(r,,zs), with the last object being the adjoint
representation of Q(r,zs). It describes the type-1 quark
and gluon exchanges by a gluon dipole at large N. and N.
Its explicit form is

G(ri,zs) = /d2 <x+y>(~}(x,x, zs)

>Re Tt [V W‘“”}

ri=|y—x|

ZNL
—|—Ttr[Wq Tyt +Ttr[V v ot ]

!
-I-Ttr[V} ]>

(20)

9
r=|y—x]

where
2 p+
] g PT [
Wit = [ e

Xy (3, V)7 sl (7, )V, [T, —o0]  (21)

ood)chy[oo,xg]

describes the quark exchange by a gluon line at large N, and
N . As for the flavor-nonsinglet sector, the evolution equation
in the mean-field large-N, & N limit [26] is an integral
equation of Q?S(r 1,25), separately for each flavor f [8].
For both flavor-singlet and -nonsinglet sectors, the small-
x helicity evolution resums the double-logarithmic factor of
a,In*(1/x), which is in contrast to the single-logarithmic
factor aIn(1/x), resummed by the unpolarized small-x
evolution. As a result, the helicity evolution becomes

dX d)Cde3
\/_ \/X1x2x3

Pt P.S,) = 4r5(1 -

essential to study polarized scattering physics starting from
Xo =~ 0.1 and below, as this is roughly the point where the
resummation parameter o, In?(1/x) ~ 1. Furthermore, the
starting point of the evolution at x = 0.1 is supported
through global analyses [27,43] that the evolution equation
is capable of describing all polarized DIS and SIDIS data at
x < 0.1. Altogether, this justifies the main purpose of this
work: to calculate the initial condition of the helicity
evolution at x~0.1 using the valence quark picture,
lgqq), of the proton target. As discussed below, we will
also include corrections from gluon emissions so that the
final results contain all the terms up to O(a?) accuracy.

Finally, it is important to note that in practice our
calculation requires N. and N to be taken explicitly to
3. On the surface, this seems to contradict the large-N,. &
N limit imposed above in obtaining the helicity evolution
equation. However, the corrections to these limits would
come in at order O(1/N2) or higher [6,42,44]. This is
already smaller than typical values of the strong coupling
constant a, which we also assume to be sufficiently small
in order for our perturbative calculation to be valid.

III. INITIAL CONDITIONS FOR
HELICITY EVOLUTION FROM
A LIGHT-FRONT QUARK MODEL

A. The proton model

In our moderate-x calculation, we adopt the light-front
valence quark model of Refs. [45,46] which has been applied
to unpolarized small-x dipole-proton scattering [31-37].
There, the proton state with (predominantly plus) momentum
P¥ ~ (P*,07, P) and helicity S; is written as

d2q d2q dzq
X% - x3) / DT 08 (g, + g, +4,)

(27)°

X Z Z ws, (X1,.4,,01, [1:%2, 45,02, f23 X3, 5. 03, [3)

{f1.f2.3}={uud} 61.02.0

X Z €i,iyis|4(P12 11,01, f1)) ® |9(P2. 12,02, f2)) @ |g(p3. i3, 03, f3)), (22)

i12ini3

where p! = x;P* and P, = x;P + g, denote, respectively, the longitudinal and transverse momenta of the quarks. In
particular, g is the transverse momentum of the ith quark relative to the proton. The light-cone wave function s, is invariant
under both longitudinal and transverse boosts, and hence it depends only on the x; and g, Itis also symmetric under exchange of

any pair of quarks. The indices i; ...i3 and o ...03 denote the colors and spins of the valence quarks, respectively. Note that the
proton state as written in Eq. (22) assumes N = 3 colors. Hence, throughout this work, upon plugging in the explicit proton
state and/or wave function, N. = 3 should be automatically assumed.

As written in Eq. (22), the wave function is normalized such that

[lax] [g)

where for convenience we have defined the integration measures

Z ’wsL(xl’ql’al’fl’xz qZ’O-2 f2,x3,Q3,U3,f3) = ’ (23)
{f1.f2.f3}={u.ud} 61.02.03
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do;dx,d
ldx;] = %4;:5(1 — X =X — X3). (24a)
d’q. d*q,d%q
[d*q] = —= == (27)*6*(q, + 4, + q,).  (24b)

(27)°

This is consistent with the following normalization
convention:

(q(p’.i'.0.f)la(p.i.o.f))
=61:0,,0 12pT2n8(pt — p't)(27)28*(p—p').  (25)

for the quark state, together with the convention

ssL<f,-,a,»>:\%1_8{

<K+7K7 SL|P+7£7 SL>
=2P275(Pt — K)(2n)?8*(P - K),  (26)
for the proton state.

Throughout the paper we assume a factorized wave
function of the form

WSL(xlvgl’ 617f1;x2722v O'2,f2;.X3, g3a 0-3’f3)
= (D<xi’ﬂi)SSL(fi’6i)’ (27)

where dJ(x,-,gi) = @(xl,gl ;xz,gz;x3,g3) is a momentum-
space wave function and Sg, (fi.0;) = Ss,(f1.01;
f2.062; f3,03) is the normalized spin-flavor wave function
of the nonrelativistic quark model:

usfatt 5fsd
264,.5,06,.8,005-5, = 05,.5,00,-5,005.5, = 00,5, 00,5, 00y 5, |8/ 116/ 245/

+ [250’[,8L562.—SL6(73,SL _5(71.SL60'2,SL663,—S[_ _5(7[,—$L562,SL603.SL]5f1'Méfz’déf}'u
+ [2501,—$L50’2,SL5(73,SL _50'1.SL602,—SL50'3,8L _5(71,$L502,SL503,—$L]5f1'défz’uéfyu}‘ (28)

By using this spin wave function we are neglecting the
Melosh rotation of the nonrelativistic spins to light-cone
helicities; cf. [45—-47]. However, as will be shown below,
this simplification enables us to obtain simple analytic
expressions for the polarized dipole amplitudes at moderate
x. We intend to investigate quantitative corrections due to
the Melosh rotation in a future work.

The momentum-space wave function is taken to be the
“harmonic oscillator” model by Schlumpf [45,46]:

1 gk +M?
@(x;, q,) = Nexp [_T,Bzz%lxi] (29)
i=1 i

This is a minimal model for the effective valence quark
light-cone wave function, in that fluctuations of the squared
invariant mass of the three quarks, i.e. the sum of their light-
cone energies, about the extremal point are suppressed
exponentially. The width of the Gaussian exponential is
controlled by the parameter § which is of order N, times
the QCD confinement scale. Specifically, the proton
electromagnetic form factor requires f = 0.55 GeV and
M = 0.26 GeV in order to achieve the realistic proton
charge radius of about 0.75 fm [45]. Without loss of
generality, we take N\ to be real and positive in this work.
This form of the wave function allows for a relatively
simple way to analytically evaluate the integrals over g,’s,

as will be clear below.

B. Polarized dipole amplitudes at moderate x

We calculate the expectation values of the dipole
operators defined in Egs. (13), (14), (17), and (20) from
Sec. II using the proton model specified in Sec. I A.
Except for the type-2 dipole amplitude G,(r,zs) from
Eq. (14) that only contains the gluon-exchange term, the
three remaining polarized dipole amplitudes—Q/(r ., zs),
QI;IS(}" 1,zs) and G(r,zs)—contain quark- and gluon-
exchange contributions, each of which is more conven-
iently evaluated separately. Each of the two contributions
involves the respective subeikonal operator [cf. Egs. (7a),
(7b), (15), and (21)] sandwiched between eikonal Wilson
lines. Hence, the dominant contribution that preserves
helicity dependence follows from taking all the eikonal
Wilson lines to identity while keeping the subeikonal
operator.

For the quark-exchange term, taking all the unpolarized
Wilson lines to identity yields a contribution of order
O(a,). In Appendix A 1, the expansion is performed in
detail. An important step involves writing the quark fields
in the subeikonal quark-exchange operator in terms of
quark creation and annihilation operators; cf. Eq. (A4). The
latter operators then act straightforwardly to the proton
state (22). With the valence quark model employed in this
work, we see that the expression vanishes, and we need to
look into the O(a?) corrections to find the leading nonzero
quark-exchange contribution. Considered in Appendix A 2,
the corrections include (i) a gluon connecting the projectile
dipole with the target, corresponding to expanding one of
the eikonal Wilson lines (8) to order O(g) and evaluating
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the resulting gluon field A" within the target proton state,
together with (ii) a gluon emitted and absorbed within the
target, which corresponds to expanding the valence quark
state (22) to include an extra perturbative gluon;
cf. Eq. (C4). As discussed in Appendix A 2, only the first
type of correction contributes perturbatively to the quark-
exchange term at O(a?), while the remaining terms do
not depend on the dipole size r,. The latter raises a
potential question regarding the perturbative nature of
|

2027 Pt
Q}(r1.28) = 0™ (r1.2s) =5 —1

&*p dp{ &*p,dpy

d*p,dp;

the calculation, as the insensitivity to r| requires the strong
coupling constant to run with an alternative scale inherent
to the problem.1 To evaluate the healthy r-dependent
contributions, we employ the Poisson equation (A15) to
relate the eikonal gluon field A" to the light-cone color
charge density [31], which can subsequently be written in
terms of the quark fields and eventually the quark ladder
operators. As a result, the dominant quark-exchange con-
tribution for each of the type-1 dipole amplitudes reads

e [0 o o o

d2p4dp4

=ip Xy +ipy Xy =i(py —py )y

X / d*x’

% ezp x+i(p,—p,)y

(2z)*\/2p7 /) (27)*\/2p3

/ SS!

Gq (ri,zs) = __ZQf ri,zs)

(2r) \/E
n 7 S BT
—i(p=pytp)x ZZS bp ¢, me’bP1lePZJS>}

(r-independent terms),

(27)*\/2pg

+ (r -independent terms),

ri=[y-x

(30a)

(30b)

cf. Eq. (A20). From the expressions, we evaluate the ladder operators via the valence quark state (22). At the end, we
integrate over the impact parameter and other kinematic variables to obtain the final results (A23) and (A25) at the end of
Appendix A 2.

Next, the gluon-exchange term is worked out in Appendix A 3. There, the leading contribution that results from putting all
eikonal Wilson lines to identity is shown to be nonzero and of order O(a?). As can be seen from Egs. (7b) and (15), the
subeikonal gluon-exchange operators involve transverse gluon field A’ that must be evaluated in the valence quark state. To do
so, we employ the Poisson equation (A30) relating A’ to transverse color current, which can then be written in terms of the quark
fields and subsequently the quark ladder operators; cf. Eq. (A31). This results in the gluon-exchange contributions given by

- 22222 P* x+y\ [ dp [dp p" /
G(ri,zs) ==GO(r ,zs) ==2""—Re! (19),,,(t /d2 == / = / e'2rr)y
Qf (rJ_ ZS) 3 (rJ_ ZS) 3 € ( )fm( )pq 2 (2”)2 (ZE)ZPJ_P i
2 2 2
X[1—e_ig'(z_i)]/de//dzy’/ dpid®p, dp;dp, dp3dp,
B =J (2n)*\/2p]J) 2=)3\/2p5 ) (27)%\/2p3
2
X/Mei(gl—pz p')y +ilp / / dxge” i(pf=p3)xy=i(py —pi)x;
(27)? 21’4
pl p2 ZZS A AR Y (31a)
P1 f.f 8.8 pis plmS’ pupSTpsa S ly \’
7S ri=ly-x
RiatztpPt x+y &cp [dp N ,
Go(ry.zs) =" (1), (1), | ?(=5= = |~y e B[ e
2(rJ_ ZS) 3 ( )fm( )pq/ ( 2 )/(2”)2/(2”)2pip/iri [ ¢ ]
prd + 12 + 2 + 12
/d2 /\/d2 ' d dp d dp d dp4d P4 '<£1_22_2/)'2/+i(ﬁ3_£4_ﬁ)'£1
(er \/2p1 (2r)? \/2p2 (2r)3 \/2p3 2py
X —i(pi - P\ p P PfE RS
/ dxl/ dxze P] 172) 1 (P% P4 |:E ]ZZS bp fS Pl mS’bp4pS’bp3 q,S’}>|"J_:|X—£‘ (31b)

ff 88

'In Appendix C, we briefly discuss these r | -independent terms and present the results that must be taken with caution as elaborated in

the text.
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[cf. Eq (A33)], while QG NS(r . zs) is proportional to the
commutator of the ladder operators and eventually vanishes.
Then, we similarly evaluate each of these expressions via the
valence quark state (22). Integrating over the impact param-
eter and other kinematic variables yields the final results
(A36) and (A44) at the end of Appendix A 3.

Putting together the quark-exchange terms—Eqgs. (A23)
and (A25)—and gluon-exchange terms—Eqs. (A36), (A38),
and (A44)—we obtain the following expressions for the
polarized dipole amplitudes at moderate x:

8n’a?
Qp(ry,zs) = — 7;1

< flasi; /53 e (i)

[18 + 46/ — 5/4]

+ (r-independent terms), (32a)
8n%a2
051, 29) = = 8 g — 54
dp 1 .
d ¢PTE(x.;
< Jlasi s [ G )
+ (r -independent terms), (32b)

. 4472 1 [dp 1 _,
G(ry.zs)=- x/[dx] / e FF(xip)
- 9 (27 p1 -
+ (7 -independent terms), (32¢)
167%a? 1 [ d&pilpr)
G ,28) = =] — [ e TP (x;
a(r19) =20 o) [ SRS e )

+ (| -independent terms), (32d)
where we have Q(r1, zs) = Q}(r1, zs) + QF (rL, zs) and
so on. Here, we only kept track of the terms sensitive to the
dipole size r|, which guaranteed the calculation of such
terms to be perturbative when the dipole size is perturba-
tively small. In contrast, the r| -independent term is left
unknown. However, as shown in Appendix C, the r-
independent term for G, (7, zs) in Eq. (32d) vanishes, and
hence we will drop them below. In Eqs. (32), for conven-
ience, we have also defined

ﬂmmz/h%m¢m@m2
— @ (x1.q, +P:X2.4, = P3¥3.45)P(x;.q,)]. (33)

Note that this function vanishes in the p | — 0 limit, so that
the integrals over p in Egs. (32) are free of infrared

|
1= [l i)

divergences. This is a consequence of the Ward identity
J"(p =0)|P) = 0 for any color singlet state |P), where
J*(p) is the transverse Fourier pair of [ dx~J"(x~, x) with
the color charge density J*, defined in Eq. (A15).

Then, with the momentum-space wave function from
Eq. (29), it is straightforward to analytically evaluate the
Gaussian integrals in Eq. (33), which yields

N2 M2 A1
(x; B) 1622 X1X2X3 €Xp [ ﬁ2 iEZI xi]

o B o

Note that F(x;; p) actually depends only on p, = |p|; that
is, the dependence on the azimuthal directions of p is
limited to the Fourier factor and, in the case of Eq. (32d),
the factor i(p - r). As a result, the integrals over p can be
written in terms of the incomplete gamma function which
allows us to numerically evaluate the integrals over x;, x,
and x53. The details of these numerical integrals are given in
Appendix B.

Ultimately, for small dipoles, we arrive at the following
approximate analytic parametrizations:

2na? — 1
Qf(ri»ZS) — % 18 +4o/ _5f7d]x_l In ( v Cl)
: 1 i A
+ (r-independent terms), (35a)
2ma? 1
O (i zs) = - 21 [467 — 87 ]x _lln( A2 +Cl>
+ (r -independent terms), (35b)
3 Haad — 1
+(r L—independent terms), (35¢)
2ma? 1
G , Sx7ln (—— , 35d
z(rl ZS) 9 <riA% + C2) ( )

where the parameters are given by A; = 0.267 GeV,
A, =0.161 GeV, ¢; = 0.668 and ¢, = 0.832. In particu-
lar, A; and ¢, are fitted from the numerical integrals
performed on the exact expression for the type-1 polarized
dipole amplitudes shown in Egs. (32), and similarly A, and

¢, from the type-2. Here, x™! = O(N,) denotes the average

of the inverse light-cone momentum fraction of a valence
quark in the proton. It is given by

2
Z ‘WSL(xl721’lefl;xZ’QZv627f2;x37g3’63’f3) ; (36)
{f1fof3t={uu.d}o1.02.05
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cf. Eq. (23). Numerically, for the momentum-space wave

function described above, we have x™' = 3.64. As evident
from Figs. 5 and 6 shown in Append1x B, the approximate
parametrizations (35) agree very closely with the exact
integral expressions (32) in the perturbative region up to the
dipole size of r; ~5 GeV~L.

Equations (32) and (35) are the main results of this work.
They provide the moderate-x expressions for the polarized
dipole amplitudes, which can serve as initial conditions for
the small-x helicity evolution [5,8]. The evolved dipoles then
describe polarized dipole-target scattering at small x, corre-
sponding to large center-of-mass energy. With Egs. (12),
(16), (18), and (19), which were derived in the small-x
regime [5], these evolved polarized dipole amplitudes
completely determine the quark and gluon hPDFs.

Furthermore, Eqgs. (35) can be generalized to a more
flexible model given by

2rma? 1
Qf(rL,zs):— 1 {18"’4&“ 5fd] _11n(r2A2 >+Cf7
TR
(37a)
051 25) = — 5 4t _ 5 (5o )+ O3
(37b)
~ lln'a 1 -
G(ry,zs) = *xTn ( > +C, (37¢)
9 AR
G,(r,.zs) i Y L S P (37d)
ri,zs) = n ,
) =gz ) @

where the r | -independent terms are now absorbed into Cy,
C?S and C. These parameters could be treated as free

parameters that will be fitted to small-x data in a future
global analysis. Furthermore, we also shifted A| and A, to a
common infrared scale Az, with the resulting constants in
Egs. (37a)—(37¢) absorbed into Cy, C]I)IS and C, respec-
tively, while the constant in Eq. (37d) yielded the constant
C,. These constant terms were also made to account for the
behavior at moderately large dipole, allowing for the
infrared-regulating parameters c; and ¢, inside the loga-
rithms in Egs. (35) to be neglected. We emphasize that the
coefficients of the r| -dependent terms remain completely
fixed by the perturbative calculation.

As the C parameters encode the physics of the r|-
independent terms, their expressions could also include
single ultraviolet logarithms, which at small x usually come
from requiring the squared dipole size to be bounded below
by the scale 1/zs, dictated by the center-of-mass energy.
Such contributions cannot be captured in this work due to
the fact that our formalism does not guarantee perturba-
tivity for the terms independent of the dipole size r,. In

Appendix C, we sketch the results for these r | -independent
terms assuming that the caveat about perturbative nature of
the problem could be set aside. There, we also discuss how
the ultraviolet condition 73 > 1/zs would come into play
and eventually yield single energy logarithms already at
moderate x.

Finally, it is important to remark that single logarithms in
the initial conditions at moderate x are not redundant with the
small-x helicity evolution because the latter is a double-
logarithmic evolution; that is, the dominant terms of its kernel
yield ag In?(1/x) per step of the evolution. This is in direct
contrast with the unpolarized counterpart, e.g. Balitsky-
Kovchegov equation [48,49], whose evolution kernel only
yields a single power of high-energy logarithm per iteration;
that is, the latter evolution instead resums o In(1/x).

C. Comparison to previously employed
parametrizations

In Refs. [5,8,10,11,16], the initial conditions for polar-
ized dipole amplitudes are calculated based on the tree-
level diagrams that are dominant in the Regge limit. In that
calculation, not only did they have the dipole projectile, but
the target was also taken to be a ¢g dipole. As a result, the
polarized dipole amplitudes at moderate x can be written as

1 .
Qf(H,ZS) :N*G(”LZS)
f
a’nCr { zs 1
_%"Cr |y~ 2)n ( )+21 ( )]
2N, Afr i Al
(38a)
ainC%. ([ zs
Q?S(VL,ZS) = SNC ]n (/\%R>, (38b)
a?ﬂ'CF 1
Gz(VJ_,ZS) = — ;NC In (%) (380)

The only possible comparison between Eqs. (37) and (38)
is on the coefficients of the transverse logarithms. As it
turns out, all the coefficients based on the valence quark
model are of the opposite signs to their Born-level counter-
parts, with the former consistently being 3.3—4.5 times
greater in magnitude. However, it is difficult to draw
definite conclusions at the current stage. For instance, in
Ref. [27], a global analysis was performed under the JAM
framework based on a generalized version of initial con-
dition (38), namely,

z
Qf(ri.zs) = ay ln<A > + by ln< e > +cp (39a)
R R

zs 1
ONS(r,zs)=d¥Sn <—> bNS ln< ) +cNS
/ / AIZR r J_AIR
(39b)
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~ . zs - 1 -
G(rp,zs)=aln <A12R> + bln(}m) +¢, (39¢)
G,(r,,2s) ln<zs)+bln< ! >+ (39d)
2F1,28) = ay 3 2 CE Cr.
Al AR

This results in the coefficients by, b?s, b and b, of the

transverse logarithm being 5-20 times greater in magni-
tude than the respective coefficients from our calculation,
i.e. Egs. (37), with four out of seven nonzero coefficients
having the same sign. Most importantly, all the coeffi-
cients from this work fall with the 95% confidence interval
of the respective JAM coefficients. Qualitatively, our
results from the valence quark model lead to the coef-
ficients that are roughly in the middle between the Born-
level calculation [8,16] and the JAM global analysis [27].

Ultimately, to quantitatively test the viability of our
initial conditions, a new global analysis of small-x helicity
data must be performed starting from initial conditions (37)
with a; together with C, C}5, C and C, as free parameters.

The strictest valence quark model would take the C
parameters of all the type-1 amplitudes in Egs. (37) to
be identical regardless of flavors, C; = C)$ = C, resulting

in three free parameters: g, C,, and C,. On the other hand, a
more flexible valence quark model could allow for each C
parameter to be distinct, resulting in nine free parameters:
ag, Cyy Cyy Cy, CNS, CNS, CNS, C and C,. Furthermore, as
discussed in more detail in Appendix C, the energy-
logarithmic terms could also be added to Eqs. (37) without
additional free parameters. In any case, the initial con-
ditions derived in this work based on the physical proton
model of three valence quarks provides a significant
improvement to the generalized Born-level model (39)
employed in JAM analysis [27], reducing the number of
free parameters from 24 in the latter to 3-9 in this work. As
aresult, we expect a significant reduction in the uncertainty
of the physical predictions, including the parton helicity
PDFs and g; structure function at small Bjorken x, that
result from a future global analysis based on this work.

IV. CONCLUSION AND OUTLOOK

In this work, we employ the valence quark model of the
proton target to calculate the polarized dipole amplitudes at
moderate values of Bjorken x to the order O(a2) in
perturbation theory. These dipoles are the key ingredients
for the small-x helicity evolution and allow for parton
helicity PDFs, g, structure functions and other physical
observables in polarized DIS and SIDIS processes to be
calculated at small x. Particularly, the final results (32) of
our calculation serves as a set of initial conditions for the
small-x helicity evolution at large N. & Ny [5]. We also
reported a simple analytical parametrization, Eq. (35), that
approximates the full result very accurately and can be
conveniently employed in fits. In contrast to previous initial

condition calculations [8,14,16], our results encode physi-
cal characteristics of the proton target at moderate x and
provide explicit flavor structure that reflects the valence
quark content of the proton. The framework employed here
can be generalized to other hadronic targets.

Our results contain free nonperturbative parameters to be
fixed by an upcoming global analysis, which will include at
least the polarized DIS and SIDIS data at small x < 0.1 [43].
In contrast to the recent global analysis [27] of polarized
small-x data based on the generalized Born-level initial
conditions (39), the new analysis based on the initial
condition presented in this work will automatically encode
part of the physical information about the target state
through the valence quark model, leaving us with fewer
free parameters to be fitted to the data. In particular, the
dipole-size dependence of the polarized dipole amplitude at
moderate x is completely determined by our perturbative
calculation. We are optimistic that the upcoming global
analysis will improve on the uncertainties in the predictions
of hPDFs and g; structure functions, contributing to an
improved understanding of the proton spin puzzle even
before future EIC measurements. Furthermore, the resulting
gluon hPDF will allow for a direct comparison to the results
of [38] where similar valence quark models are employed
directly to the gluon hPDF operator without the polarized
dipole framework considered here.

With the framework established in this paper, a potential
future direction towards higher precision is to perform the
calculation of the polarized dipole amplitudes with a more
realistic model that includes the Melosh rotation. Physically,
this takes into account that the helicity of each individual
valence quark, which generally has nonzero transverse
momentum, is not exactly the same as its spin along the
light-cone direction. Finally, the developments in this work
are also relevant for other calculations of correlators involv-
ing subeikonal Wilson lines, including the polarized dipole
amplitudes pertaining to other TMDs [50-53], the orbital
angular momentum [54-56] and other subeikonal correc-
tions to high-energy scattering processes [17,18,57-60].
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APPENDIX A: CALCULATION
OF THE MATRIX ELEMENTS

In this appendix, we present some details of the
calculation of the polarized dipole amplitudes. The general
method is similar to the one previously used to calculate
matrix elements of the unpolarized dipole S matrix in
Refs. [31,33,35]. As discussed in Sec. II, subeikonal
corrections to the light-cone Wilson line that are relevant
to helicity come in two types. While the type-2 dipole
amplitude is pure glue, containing only gluon-exchange
terms, the type-1 dipole amplitudes involve both quark and
gluon exchanges. In our calculation, it is convenient to
define

+
0i(r1.25) = oo d2<x y)Re<Ttr[V quq

2N, 2

T [Vg“]v;} > (Ala)

9
ri=[y—x|

1 -
—GG<H,ZS)
f

zs +y Gl
= o d2< . )Re<Ttr[VxVXH}

T [VXG“]@D

0F(ry,zs) = N

(Alb)

9
ri=|y—x|

- [ et
_Ttr[vq] §]> - (Alc)
rimlyx
0>C(ry,zs) = ;\S, d2<£42r >Re<Ttr[V VS “”}
- Tu|[vyvi]) o (Ald)
Gi(ry.zs) = 2?5 < ) Ttr v, will }
+Ttr [W?[HV4> sl (Ale)

for the quark- and gluon-exchange terms of the flavor-
singlet, flavor-nonsinglet and adjoint type-1 dipole ampli-
tudes, respectively. In Eq. (Alb), we denote by N, the
number of quark flavors, which throughout this work is
taken to be 3, for up, down and strange quarks. This is
because the gluon-exchange terms in the polarized Wilson

lines do not depend on the flavor of the (anti)quark that
moves along the light cone. Recall that the polarized Wilson

lines qu Vy Sl and qu are defined in Eqgs. (7) and (21).

The type—2 d1pole amphtude G,(ry,zs), which only con-
tains gluon-exchange terms, can be calculated as a whole
starting from Eqs. (14) and (15).

1. Quark-exchange diagrams at O(a;)

We start with the quark-exchange terms contained in
0}(r..zs), Q?S‘q(rl,zs) and G9(r,,zs). At order aj,
there is no extra vertex outside of the ones contained in
the polarized Wilson lines themselves. Since the proton
only contains the three valence quarks and no antiquark, the

terms ~Re(T tr[ng V1i]) and Re(T tr[ng V1i]) with polar-
ized quark in the dipole would result in disconnected
diagrams and therefore vanish. As for the remaining terms,

we will begin with the calculation for Re(T tr[VEngT]),
which contributes to Qf(ry,zs) and Q?S’q(rl,zs), and
then later generalize the results to the counterpart with
Wﬂ“]*, which contributes to G4(r , zs).

With the help of Eq. (7a), we have that

. +
= (T T =% zr / d;

2N
X (Ttr[VﬁVX[—oo, Xy u/a(xl‘,z)

c

X U7, 23] (r 7s) pul (67 )10
X V[, oo]]). (A2)

where Pt is the proton’s longitudinal momentum. In
Eq. (A2), a and f are Dirac indices, and f is the flavor
of the dipole that would finally go into fo. At order O(ay),

we must keep only the noninteracting term of each Wilson
line, which gives

j\j <Ttr [vzvg“”} >

an’C Pt
NF / xl/ dx2 l//za(xl’z)(y 75)

< (x5, y)) + O(a?).

(A3)

where i is a color index. Throughout the rest of this section,
we will drop O(a?) at the end for brevity, as it should be
clear that our current calculation concerns the terms of
order O(a;) only. The operator form in Eq. (A3) implies
that the contribution we are calculating here corresponds to
the diagram shown in Fig. 1.

To proceed, we plug in the quark field in terms of the
quark creation and annihilation operators:
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FIG. 1. The diagram contributing to the quark-exchange term at
order O(ay). The upper half of the diagram corresponds to the
projectile dipole that makes up the polarized dipole trace, while
the lower half corresponds to the interactions within the proton
target.

- [ 2L

f —ipTx~+ip-x
P

dfT

pi SUS(P)eipw__iE{} )

(A4)

together with its Hermitian conjugate. Here, one can choose
the basis spinor solutions ug(p) and vg(p) to be the
Brodsky-Lepage spinor [61]. Since both the incoming
and outgoing states in (---) contain the three valence
quarks, we are left with only one term, which reads

v, (T[]

a;rCFP+ dptd®p [ dp'td*p

- / / / 21)72p* / (2r)%2p’™
P')

X E MSZ

$1.5,

VAl f
<bP 152b1”51>

ipTxy+ip" g +i(p=p')y

rtrsus,(p)le”
(AS)
Along the way, we also anticommuted the two ladder
operators using the fact that the anticommutator would

yield a number times s, 81 = 0. To further simplify,

we employ the spinor matrix elements from Brodsky-
Lepage [61]:

Msz(Pz)J’ Vs5Us, (p2) = 2\/ Pz 20 2 S 105,.5, - (A6)

Plugging this result into Eq. (AS5), we obtain

<8 <Ttr[v V‘””*D
2N,

a;chP+ / / / dp+d2
= dxy

d /+d2 ! e
X/ p L e—lp+x|+lp/+xz+l(£—£/)-x

2”)3 /2p1+
XZS@?,S pzS>

The second line of Eq. (A7) can be written as follows
based on Eq. (10):

25<b£} .SV pi 5>
= lim > ZSSL

Then, we plug the proton state from Eq. (22) into the
numerator to get

(A7)

(K*.K.S, B!, BT, |P*.P.S,)
K+7K78L|P+7£’SL>

(A8)

7ZS8L K+ K SL|b7 LS I”S|P P SL>
SSL

=gt =5 [lax] [1@g)/ ol

(Pt P p+
x @ <F’£/_FK;XZF’%+XZP
Pt Pt Pt

K*K X3K+,g3+X3£—x3FK)(D(xi,g,-)
x4ns(p* —)clPJr)(27r)252(£—x1£—21)47r5(p/+—p+

+PT—K")(22)*8*(p' — p+P—K), (A9)

— Xy

where we also made use of Egs. (27) and (28). The latter
implies that

Z Z |S5L(S’f;627f2;637f3>|2

02,03 f2./3

1
25{[55s,sL +385_5, 16" + 85,5, +255. 5,16}, (A10)

Furthermore, we multiply to the initial result the symmetry
factor of 3 to account for the fact that any of the three
valence quarks could be the one interacting with the
projectile, instead of “quark 17 as depicted in Fig. 1.
Due to the symmetric nature of the proton wave function,
the results remain unchanged no matter which valence
quark interacts with the projectile.

Finally, plugging Eqgs. (A7)—-(A9) into Eqs. (Ala) and
(Alc) while keeping in mind that the polarized quark term
vanishes, we have that
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Ql(ry,z5) = Q>(r, zs)

__afﬂCF u _ sf.d )
— St =5 [ jax)

< [@gpmstn)iot ). (A1)

where along the way we picked out the real part of the
expression. Physically, owing to the factor of §(x;), this
diagram corresponds exclusively to the edge case where the
interacting valence quark (quark 1 in Fig. 1) carries no
longitudinal momentum. This is consistent with the fact
|

zs

!

that the diagram we are considering requires the interacting
valence quark to have the same kinematics as those of the
exchange quarks, whose momenta are dominated by their
transverse components. Ultimately, the whole expression
vanishes because the proton momentum-space wave func-
tion ®(x;, ¢;) has no support at x; = 0, implying that the
dominant quark-exchange contribution is at least of
order O(a?).

Before we proceed to calculate the O(a?) contributions,
we consider the quark-exchange term for the adjoint dipole
amplitude G9(r, zs). The Wilson line trace that contains a
connected diagram can be written as

SRR o I M AR R A 7 A
¢« f

(Al12)

_ag Pt
- / xl / dxy Z W;a(x] 7 7/ 7/5)/1{11//1,6()(27 )>
_ L « NSy, Al

4Cr " 2N 4 Y

This implies exactly the same qualitative features for
GY(r . zs) at order O(a,) as those of the Q4(r, zs) and
ONS4(r |, zs) counterparts. Most importantly, the contri-
bution to the moderate-x initial condition of G9(r |, zs) also
begins at O(a?2).

2. Quark-exchange diagrams at O(a?)

Since the O(ay) contribution to the quark-exchange term
vanishes, we proceed to consider the O(a?) expressions.
Such corrections come from two sources: (i) the O(g)
corrections to the Wilson lines within the polarized dipole
trace and (ii) the emission and absorption of a gluon by
valence quarks inside the proton.

Starting with the first contribution, we revisit Eq. (A2) to
notice that there are four Wilson lines that could receive an
O(g) correction. Each of these correction terms corre-
sponds physically to an eikonal gluon emission by the

respective parton line. Diagrammatically, they corresponds
to the four diagrams shown in Fig. 2. Respectively from
Fig. 2(a)-2(d), the corrections to Eq. (A3) read

v ATl

lga Pt

2N2 ta ]z }’ 75 /1(1/ / dx2/ d“x_

X (AT (x5 2yl (7 ) (7. 0), (A13a)

RGO D

Cc

_ jga, Pt (14

2N2 )jl }/ yS

_ (o] _ X7 _
/ o [ 7o [0
X —o0

X (AT (x5 Y)Wl (7 )y (a7 9)), (A13b)

—— {0000000000Y

00000000000000000

(a) (b)

10000000000

(©) ()

FIG.2. Corrections of order O(g) to the quark-exchange term of the polarized dipole, resulting in eikonal gluon emissions from one of

the parton lines that receives the correction. (a) Correction to V,.

(d) Correction to Vx5, oo].

(b) Correction to V,[—c0,x7]. (c) Correction to U,[x7,x3].
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el q[l]q
N, <T r |:V£VX > Uz[xl',x;]

2N,
iga,tP* o foo
I ), rshe [ [

X (Wl (37 VAT (x5, ) (7. ),

v (T,

dxg/x2 dxy

(Al3c)

_ iga,mPt e ©  feo
- 2N2 tu jl Y yS / 1 ll dx2 . dx3
X (L (67 ) (x5. ) AT (x5 y)). (A13d)
where along the way we used
1
lalbla — _71‘}1 d thta T¢ ab _ _7th‘ Al4
v, M () (A14)

A close look at Egs. (A13) allows us to realize that only
Eq. (A13a) [corresponding to Fig. 2(a)] is sensitive to the
dipole’s transverse separation r = y — x. The three remain-

ing expression depend only on y. Upon the integration over
impact parameter, b = (x + y)/2, the results would not
contain a transverse scale that could guarantee the validity
of perturbative physics employed in our calculation. In fact,
the results at O(a,) suffer the same symptom, as the
diagram contains no parton exchange between the target
and the unpolarized quark in the dipole. Furthermore, the
other type of O(a?) corrections that involve gluon emission
and absorption within the proton would include exactly the
same pair of quark exchanges, resulting in the expression
independent of r. Hence, for the rest of this section, we
simply focus on Eq. (Al3a). We will revisit the terms
independent of r in Appendix C.

To calculate the contribution in Eq. (A13a), we employ
the Poisson equation for the covariant gauge Yang-Mills
field to trade the gluon field for the light-cone color charge
density [31]:

pl(x,x) =J(x", x) = =V2AT4(x7, x). (A15)
In the Fourier space, this gives
&p
d2p . 1
= — ePE—p(x", p) (Al6)
/ (2z)*"  pi -

Furthermore, the charge density can be written in terms of
the quark fields as

p(xm2) = 93 () () () g (7.2, (ALT)
4

Putting Eqs. (A16) and (A17) together, we have

/222/ R
77:

x lZ/}n (X)) (1) g (7).

At4(x™,x)

(A18)

Then, plugging this result into Eq. (A13a) yields

s, (T V)

2ialn’ Pt
=~ : 2 <ta)ji<ta)t’m(7+75)/3a(y+);7§
c

N,
x/oodxl‘/oodxg/oodxg
—00 xl_ —00
/ dp 1 /d2 , il,.(x_x,)Z(_f,( - )
X [ —=— xe'l\E Wy, (X5, X
(27)? p1 ral

Xyt (x5 X Wl (7 ) (x5 )

VX

(A19)

When evaluating this expression, one needs to be careful
that the two quark fields with flavor f’ stemmed from one
single gluon field. As such, they must act on the same
valence quark inside the proton target. In total, as the proton
only contains three valence quarks, this leaves us with two
contributions shown in Fig. 3: (i) All four quark fields in
Eq. (A19) act on the same valence quark [cf. Fig. 3(a)], and
(i1) two quark fields with flavor f act on one quark, while
the remaining two quark fields with flavor f” act on another
distinct valence quark [cf. Fig. 3(b)].

To proceed, we recall from Eq. (A4) that the quark field is
a linear combination of quark and antiquark ladder oper-
ators. With a close look at Eq. (A19), any terms involving d

and d" lead to either a disconnected diagram or a term
proportional to tr(7*) = 0 for both case (i) and case (ii).
Thus, we are left with the terms involving two quark creation
operators and two quark annihilation operators:
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000000Q000000000000

(b)
FIG. 3. Diagrams illustrating possible ways the two quark fields from V?W and one gluon field from V, could interact with valence

quarks in the proton target. The diagrams are drawn for the case where x; < x] < x5, while the generalization to all the other values of
x3 is straightforward. (a) All the fields interact with one valence quark. (b) The quark and gluon fields interact with distinct valence

quarks.
__2ia§n2p+ ). (1) / / / /dzp 1 / 2 ,/ &p,dp{
v, N? i) em (27)*\/2p}

2 2 2
d p2dp2 d BSdp3 d £4dp4 e—ipfrxl’+ip2+x2’—i(p;—pz)x§+i£~£+i(£1—EZ)~X—i(£—£3+£A)~£’
(271' V2psJ 2=)\/2p5; ) (27)*\/2p;
prt pf P It
XZZS bp 2.8 PsmS’b 1!prz/S> (A20)
/ S S,

where we also used Eq. (A6), together with another Brodsky-Lepage spinor matrix element [61]:

s, (p5)ytus, (p2) = 24/ Py P'5 s, s, (A21)

Then, with the proton state specified by Eqgs. (22), (27), and (28), we obtain

22 12C A4zPtS8(PT=KT) . d? 1 . 1
< Re<Ttr[va§,“” > — —1im “5E =F 4 u_ 54 2E ( ) pie=K)y / B ey / [dx;] / [d2q ] —
w, SER V] Py ST (KIP) o X

X @ (x1,q, = (1=x))P+ (1 =x1)K;x3,q, + X2 P =%, K; X3, ¢, + X3P —x3K)D(x;, q,)
20272C 4raPtS(Pt—K™* d? 1 1
i 257y gra_ gy 7P ) oK) / P ety / d] / a2 )~
BN, K[P) Gn)p o
X‘D*(thl—(1—x1)£+(1—xl)K‘l'B;xz»gz+x2£—x2K—£§X3,g3+X3B—X3K)‘D(X,~,gi)-
(A22)

Finally, we plug this result into Egs. (Ala) and (Alc) for the fundamental dipole amplitudes to get

8 2 % d2p 1 —ipr 1
Q}(rl,zs) = Q]Ijs’q(rj_,zs) =- 7;10(‘ [45f’“—5f'd}/WE€ E‘/[dxi]/[dzﬂ,-]x_l

x [|®(x;, )P = @*(x1, 9, + P32, q, = P3 X3, 4,)@(x;, ¢,)] + (ro-independent terms),  (A23)

where we also put N. = 3 explicitly. This gives the leading nonzero contribution to the quark-exchange term of these dipole
amplitudes, which gives one of the terms in Egs. (32a) and (32b).

As for the adjoint dipole amplitude Gq(r 1,28), we revisit its operator form (A12) and expand each of the Wilson lines to
order O(g). This gives
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),

cf
iga,wPt
= 4Nc ta /1 7 75 /3(1/ / d'xZ/ dX3

x ;W X5 W, (7, )W (x5, ), (A24a)
23\2 a <Ttr[ Wq[1 D .

igamP™ (19) / /
- (rrs)
4Nc jl 5)p .

Y (AT g W (T ) (7. 9)).,
f

v, 2Tl

l ga Pt

_"T_
2/dx3

(A24b)

2
[ee] (s}
dx; dx; dx;
Xy Xy

X Z<Vfia(x1_’ V)irlpx z)A“ (3, 9))- (A24c)
f

ta)_]l }/ 7/5

This leads to exactly the same conclusion as that of
Qf(r.,zs) and Q?S
factor. Hence, the term sensitive to the dipole separation

r =y —x can be written as
42 [ dp 1 1
= [ e [l [ieg)
9 (2”) pL X1
- (I)*(xl,gl +E;x2’ﬂz

x [|®(x;, q,)?
= P x3,45)P(xi, q,)]

+ (r_-independent terms).

“(r,zs), except for a constant pre-

GY(ry, zs)

(A25)

This gives the quark-exchange term in Eq. (32c).

3. Gluon-exchange diagrams at O(a?)

In this section, we consider the gluon-exchange con-
tribution to each of the polarized dipole amplitudes. Here,
both polarized-antiquark and polarized-quark terms are
nonzero. Furthermore, there are gluon-exchange terms in

igP™

e Lo [

N <Tt [VJ]VXD W / dxl‘(Ttr[VX[oo,x,‘]Flz(x,‘,X)VX[x,‘, oo Vi)

o (o )
)

both types of polarized Wilson lines. We will look at each
case one by one.
First, we start with the type-1 Wilson line, which con-

tributes to OF (r, zs), Q;IS’G(FL, zs) and GO(r |, zs). With
the help of Eq. (7b), the term with polarized antiquark is

o, (Tl

c

lgP+ o0 _ _ 12/.— _
=N dxp (Tur[V, V [—o0,x7 [ F12(x7,y)V, [x7, o0]])
c —00

igPt . [ _
:2—]\]06//_00(1)61 <Ttr[V£VX[—oo,x1]

y (%Aja(x;,z)>’“Vz[x‘_’oo]]>’

where we neglected the four-gluon vertex. Naively, the
leading-order contribution would follow from taking all
the Wilson lines in Eq. (A26) to identity color matrices.
However, such terms would be proportional to tr(z*) = 0.
Thus, we need to expand one of the Wilson lines to order
O(g). This gives

S o)
_Wym/%<%<www>
Al ol i)
8 e (s

wau;p>+0w%

(A26)

(A27)

where for now we took the terms written explicitly to be of
order O(g?). However, below, once we write down the gluon
fields in terms of color currents we will gain some additional
factors of g. In Eq. (A27), the first term comes from the
O(g) correction to the unpolarized quark’s Wilson line, V,
[Figs. 4(a) and 4(b)], while the two other terms come from the
correction to one of the semi-infinite Wilson lines,
Vy[—oo.x7] or Vy[x7, o] [Figs. 4(c) and 4(d)]. Similarly,
for the polarized quark term, we have

D=L [0
o [ / s (St o)

(A28)
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(a) (b) (c) (d)

TO00

TO0PO000000000000[00

—
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FIG. 4. Diagrams illustrating all possible gluon exchanges at order O(a?) from V)G,W, with the extra power of a; coming from an extra
eikonal gluon emission from the dipole. In each diagram, the eikonal gluon is either emitted from V. or one of the semi-infinite Wilson

lines that are parts of VS[]H-, and the eikonal gluon interacts with either the same valence quark or a distinct valence quark that interacts

with the subeikonal glu_on. The diagrams are drawn for the case where x > x7, while the generalization to the other ordering of light-
cone times is straightforward. (a) Emission from V,, interacting with the same quark. (b) Emission from V,, interacting with a distinct

Gl1]t G1]t

quark. (c) Emission from V" "', interacting with the same quark. (d) Emission from V"', interacting with a distinct quark.

again neglecting the four-gluon vertex. Then, altogether, we Jia(x=, x) = =V2A(x~, x). (A30)
have that
zs G[1]i } [ G[1) -}-} > Following the same steps outline in Egs. (A15)—(A18), we
Tu| T i . . .
2N, < wVaVy +TulVyV obtain the following relation for transverse gluon fields:

4N u/ dxl/ <{ “(x3.y) }

a( P a2y i)
Hoths - [ S5 forene
—-A (xzv )’6y A (x1 y) (A29)

X (V7 Y ) () (1) e (072 ).

A3l

To proceed, we employ the Poisson field equation to ( )
relate, in the weak field limit, the covariant gauge trans-

verse fields to color currents: Then, together with Eq. (A18), we rewrite Eq. (A29) as

s A T[] e vitval)

et [ e [ i [Ta [T 453
[/ @ [ @yt g (0 Wl 7)o X W 450

/

— / dzl/ / dzy/eiﬁ'(z_fwﬁ/'(ri/)<{IZ/§,,(XI,y’)W{,,¢(x1—,y/),l/'/{aa(x;)_c/)v/{;,;(x;,!)}>] + O(gS), (A32)

where the quark fields of the same flavor, f or f’, must act on the same valence quark in the proton. Similar to the quark

case, all the nonzero terms that do not involve disconnected diagrams only contain quark ladder operators b and b'. By
Eq. (A4), we have that
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= <Ttr [V vyt ] +Ttr [Vg’[”vgb

- ApD+ d2 d2 / i )
_ g a P P r z(p+p)y o) 2. 2.
=8N €7 (") (1) g (2”)2/(2”)217117,3_6 Ly dxl dx2 X' [ dy

2 2 + 72 2
dP1 d pl dpz d p2 dP3 d p3 dp4 d p4 i(pr—p;)xl‘—i(p;—p:r)x;Jri(ﬁl_EZ_E/),X/J”-(B}_&_E)'E,
(2r)? \/2p1 (2x)3 )*V2p5 (2r)3 *\2p5 2ps
p1 + lSeJk Bé — iSelk £2 Y T
" ; SZS; [ - Py <{b”2 £.5Ppims Uy 5P, qS’}> +0(g), (A33)

where along the way we made use of another spinor product [61]:

P+ iSejkBk B’j - iSejkB’k

g (p)y/us(p) = 6sg v/ pp'* [ o o

(A34)

Then, with the proton state specified in Egs. (22), (27), and (28), we have that

- Re(Ter[v i e [viVE])

) 2 2 1
— lim 167 as/ d E / d E Lei(£+£/).x[1_e_ig,(z_@}

k-p 9 (27)* ) (27)* p1

2P 278(PT — KY)(27)?8*(P-K—p—p’ 1
8 ( )(2n)°6*(P—K—p B)/[dx}/[cﬂ]

(K|P) x|

x [@(x1,q, +X\P—x;K —p—p'ixs,q, + 2P — x,K;x3, ¢, + 3P — 3K)@(x1, q,)
=@ (x,q, +x1P = x;K = p'i x5, q, + P — x2K — pix3, q; + 03P — x3K)®@(x1, q,)], (A35)

where we again had to include the contributions with the two gluon lines interacting with the same valence quark [Figs. 4(a)
and 4(c)] and distinct valence quarks [Figs. 4(b) and 4(d)]. Finally, we plug this result into Eq. (A1b) and obtain

~ ot d? .
05(r1.29) = 36 z0) =<5 [ S Ei - [lan) [l

_l xl
X [|®(x1, g,)]F = @*(x1, 9, + psx2, 4, = P3 X3, 45)P(x1, ¢,)], (A36)
whose 7 -dependent terms proportional to ¢~'2” lead to the gluon-exchange contributions to Egs. (32a) and (32¢). A
notable observation here is that the gluon-exchange term is flavor independent, which makes physical sense because a gluon

is expected to interact with light quarks the same way regardless of their flavors.
As for the flavor-nonsinglet term, we take the other linear combination of Eqgs. (A27) and (A28):

23\5/5 <Ttr[vzvg“]'} Ttr[V)HVx} S / / <[A+a %5.,%), a(;’ A (x- X)D
e ae Lo o]
e e [Cax <P”xyw—muaﬂ>+o@» (a3

Then, we follow the same steps outlined in Eqs. (A30)—(A36), obtain commutators of b'h and eventually realize that the
expression of Eq. (A37) vanishes. Thus, there is no gluon-exchange contribution to the flavor-nonsinglet dipole amplitudes:

0N (r.. z5) = 0. (A38)
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This result is physically consistent with the fact that gluon exchange should not be sensitive to the charge conjugation of the
polarized (anti)quark in the dipole.

Finally, we turn our attention to the type-2 dipole amplitude, which only contains the gluon-exchange terms. Starting
from Egs. (14) and (15), we have that

i pi X+
Galrs29) = s [ @ (552 (o [vivi®] vy, ])

"L ri=ly=x|
Pt €yl x+y — ~
e [@(552) [ e v oo B 7. 5) = D7 )b =Dl
c 'l

_P_+€ijfj/ (x+y>/ duy (tr[V oo,xl](ﬁl(xl,_) Bi(xf,x))vg[xf’°°]Vﬂ>|m:|z—£l’ (A39)

4N, r3

where we recall that D" = 9" — igA* and D' =9+ igA*. To proceed, we first write down the transverse position
derivative of a partial light-cone Wilson line:

0

wvz[a_, b7 = igA dgiX[a_,xg]F”(xg,X)Vz[xg,b_]. (A40)

In Eq. (A40), only the term ~d'A™ is significant, while all the other terms would turn out to be subsubeikonal and beyond
the subeikonal order considered in small-x helicity evolution [5]. Thus, keeping only the relevant terms, we have that

G Pt ey x+y
Gy(ry,zs) = ‘/d —= / dx/ doy
4N, ri !
(

x ({Ai(x7,y) —xl—a'AH()cl—,X),A+ (x3,) = A (3, D)D), =y (A41)

where in each term we also expanded one of the eikonal Wilson lines to order O(g). Then, we write each gluon field in terms
of the color current and subsequently the quark fields:

it pp ; _ ) .

—0'AT(ay.y ZQZ / / G (6T ) () () o (T, ¥), (A42a)
1 ipe(ym _

A(x7.y gZ / / Ry P0G (T ) () (1) i (67, ¥). (A42b)

Plugging these fields together with Eq. (A18) into Eq. (A41), we obtain

G2<w>:—%iﬁ*<r+>aﬂ<ra>m<ﬂ>pfi’f/ (157) Lo Lo [ [ o™

Ud2 ’/dz (I (] (7 Y (373 ) a2 (53 ))
ff/

- [ [ @y o, uﬂ,;ax;,z'),u-félxx;,wwg’ﬁ(xg,x)}ﬂ|n|y_§+o<gﬁ>. (A43)

Consider the term proportional to (y*)% in Eq. (A43). Upon plugging in the quark fields in terms of the creation and

annihilation operators, we would obtain two powers of iigyTug~ S5y and eventually end up with an expression
~3 s, St = 0. Thus, the term vanishes. This makes physical sense because the term is known to correspond to the color

charge correlator (p?p®), which is not sensitive to helicity. As for the term proportional to (y/ )y¢» it is remarkably similar to
Eq. (A32). This allows us to read off the result from Eq. (A35) and obtain
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Gy(ry.zs) =
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. 2PM2m8(PT
X lim

16n2a%/dz<£+y>/ d’p /d2 P i(p' 1)
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9 2 (2”)2 (27T> PLP 11

12,2

K—P (K|P)
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X [@*(x1, g, + X1 P —x1K—p—p'ixs, q, + 2P = %,K; X3, q; + X3P — x3K)D(x1, q,)

— @' (x1.q, + 1P = XK = p'ix2. ¢, + 0P — 1K = pix3, g5 + 5P — i3 K)®(x1. )]~y

16722 [ d*p i(p-r)

~ T 9 (2752 Pzﬂ’zl 1 _e_igq/[dxi]/[dzgi]x—llH(I)(xl,gi)P

=@ (x1,q, + Pix2. g,

This gives the moderate-x expression written in Eq. (32d)
for the type-2 polarized dipole amplitude according to the
valence quark model. Although both terms appear to be
sensitive to the dipole size r, it appears that the term

without the Fourier factor, e 27, would vanish because
the term [[dx;] f[dzgi]%CD*(xl,gl + PiX2. g, = P3 X3, 95)
®(x;,q,) only depends on p% and not the transverse
direction of p itself. The reason for this follows from

the fact that the momentum-space wave function @ is
totally symmetric under exchange of any pair of quarks.

APPENDIX B: ANALYTIC PARAMETRIZATION
OF POLARIZED DIPOLE AMPLITUDES

In this appendix, we determine the numerical values of
polarized dipole amplitudes in Egs. (32) as a function of
dipole size r,, starting from the Gaussian momentum-
space wave function (29) of the proton and the analytic
expression (33) of F(x;; p,). Essentially, there are two
types of integrals to evaluate, one for Egs. (32a)—(32c) and
another for Eq. (32d). They differ in the functions of p and

r in the integral over p. For the first type of integrals
relevant to type-1 dipole amplitudes, we have

dzg 1
/ (Zﬂ)ZT

_ N M~ 1) [dpy
S e Y Y
B0 1 exp { _ / DL o(piry)

) -
pi (1 1
1— e N [
X{ exp[ 4 <xl+x2>_}
N2ﬁ4 M 3 1_ X1Xp )
64r i3 X1XpX3 EXP |: _22)(__1_‘(0’7()(1 —|—x2)ﬂ rj_),

(B1)

ePLF(x;: p)

where we used the fact that

= P3X3,q,)®@(x1, q,)]-

(A44)

2n .
/ d@eiacos® = 27],(a) (B2)

0

for some constant a > 0. Here, J; is the Bessel function of
the first kind, and IT" is the incomplete gamma function,
which is defined as

F(s,x):/ drrs=te !,

Then, to compute Egs. (32a)—(32c¢), we need to evaluate the
integral:

2
I(r) = /[dx}l/d’; L vt p(x p)

24 —x

Nﬂ/ / dxox (1 = xp — x7)

S
P ﬂz xox (I-x—x)

X1Xo 0 2)
xI't 0,———p°r7 |,
< (1 +x)7

which needs to be performed numerically.
As for the integral over p in Eq. (32d), we obtain

&pilpr .
/ (—B%e"”f? (x;:p)

(B3)

(B4)

2z)* piri
_Np M 17 1 [dp
ELPERIREAE XP{ FZ;}Z/I)—{_JI(ADJ_”J_)
i=1 X
2
pi(l 1
1— AL
X{ exp[ 4 <x1+x2>]}
N2p M2

X1X2 2
1287 3xlex3exp{ P = l]{ ( T )

=

e e |
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where along the way we used

2r . d 2n .
/ dicos@eiawost — _ C [T qpp-iacst 277 (q) (B6)
0 da Jo

for a > 0. Then, the final result for Eq. (32d) will follow from the integral:

1 [ d&pilp-r) . N2B* [ 1-x,
b = [y [ 550 D emrep) = NP [ asy [ dxon(t - -

@t P P) = Sy
M2T1 1 1 XX o, 1 /1 1
“"P{‘ﬁz [xﬁxﬁa -xzﬂ}{F(% o) ) e (*)
X1X2
<|1-ew(-zen )|} (57

which again has to be evaluated numerically.

Before we proceed, a necessary ingredient essential to the computation is the normalization constant A/ for the wave
function. Starting from Eq. (23), we have that

1= / [dx] / @qllo@.g)P S 3 ISs (o0 fiion faion £l

{f1:f2:f3}={u,ud} 61.02.03

=2 [lan) [leg)exp [—%iw]

N2 (1 1-x M2T1 1 1
— 'B/dx1 A ldxz)c])cz(l—xl—xz)exp{— [—+—+—]}. (BS)
0

1672 Blx x (1 =x; —x,)

This integral can be evaluated numerically. With M = r, between 5 GeV~! (Agcp scale) and 5 x 1075 GeV~!
0.26 GeV and f = 0.55 GeV as determined in [40], one  (LHC energy scale), equally spaced in the logarithmic scale.
obtains ' = 845 fm?. The plot displays a clear linear pattern that breaks down as

Then, for a given value of r,, we numerically evaluate  the dipole size increases to approach the strong interaction
Eq. (B4)using scipy.integrate.dblquad[62]. The  scale Agep. This inspires the ansatz that 7;(r, ) is a trans-
results are shown as blue dots in Fig. 5(a) for 200 values of  yerge logarithm with an infrared regulator:

6 Numerical result 0.81 Numerical result
— Analytic parametrization —— Analytic parametrization
5 4
0.6 1

= -
= <
= 3 = 0.4

2 4

11 0.2

- - - - - 0.0

1074 1073 1072 107! 100 100 2 x 10° 3x10° 4 x10°
r1 (GeV™h r1 (GeVY
(@) (b)

FIG.5. The integral /,(r, ), obtained by numerically evaluating Eq. (B4) (blue dots), as a function of dipole size r, . The full result is
compared to the analytical ansatz (B9) with parameters given in Eq. (B10) (red lines). (a) Full range. (b) Enlarged for
1GeV ' < r <5GeV™!.
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Numerical result
—— Analytic parametrization

IQ(TL)

1.0
0.51

0.0+

1072 1071 100

0.5 Numerical result
—— Analytic parametrization

0.4
3
&
5 0.31

0.2 1

0.1

10° 2 % 10° 3x 100 4 x10°
T (Ge\/fl)

(b)

FIG. 6. The integral I,(r, ), obtained by numerically evaluating Eq. (B7) (blue dots), as a function of dipole size r, . The full result
is compared to the analytical ansatz (B11) with parameters given in Eq. (B12) (red lines). (a) Full range. (b) Enlarged for

1GeV~!' < r, < 5GeV—! .

1
Il(rl)zalln <ri[\%+bl> (Bg)

Then, we perform a fit using scipy.optimize.cur-
ve fit [62] and find that

a;=0.290, A;=0.267GeV and b, =0.668, (B10)
with the uncertainties dominated by those coming from the
available accuracies of M and 8. Indeed, A is close to Agcp.

Here, it is reasonable to relate a, to x~! = 3.64, which has
the physical meaning as the average of the inverse light-cone
momentum fraction of a valence quark in the proton;

cf. Eq. (36). To our accuracy, we have a, = x~'/4x.
Qualitatively, Eq. (B9) is an excellent fit, as evident in
Fig. 5, in which the fitted function is shown to reproduce the
numerical results well, even in the large-dipole regime where
the logarithmic behavior breaks down.

Next, we repeat the process for I,(r, ), starting from
Eq. (B7). The steps are similar, albeit with a slightly more
complicated integrand. The results of the numerical inte-
gration are shown as blue dots in Fig. 6(a). Again, we see a
very similar logarithmic behavior that breaks down as r |
increases and approaches the strong interaction scale Agep.
This leads to the similar ansatz

1
Iz(l"J_) :612111 (7‘2—/\§+b2> (Bll)

€

We again fit coefficients a,, A, and f, to the numerically
obtained results and find

a,=0.145, A,=0.161GeV and b»,=0.832, (Bl12)
with the uncertainties dominated by the available accura-
cies of M and f. Similarly to the 7, case, these parameters

provide an excellent fit to the numerical integral, as shown
in Fig. 6. Quantitatively, we see that A, is smaller than A,
but remains close to the Agcp scale. Remarkably, to our
accuracy (and a couple more digits), we see that a, = “2—‘
We believe that this relation is likely analytic, at least in the
logarithmic regime with a not-too-large dipole. Similar to
the I, case, we put a, = x~'/8z. Equation (B12), together
with Eq. (B10), is the main result of this appendix. They
provide the central piece for the analytic parametrizations
(35) of all polarized dipole amplitudes relevant to small-x
helicity evolution.

APPENDIX C: TERMS INDEPENDENT
OF THE DIPOLE SIZE

In this section, we discuss the contributions independent
of the dipole size r . As discussed in the main text, these
terms have possible issues that stem from their lack of
external perturbative scale inherent to the setup. This
appendix discusses their results assuming that the pertur-
bative calculation still holds.

Similar to the r,-dependent term, we start with the
quark-exchange contributions. Again, the leading terms are
at order O(a?) and come from two origins: (i) an eikonal
gluon connecting the dipole with the target and (ii) a gluon
emitted and absorbed within the target. Note that gluons
emitted and absorbed within the dipole should be included
as parts of the small-x evolution.

For (i), as discussed in Appendix A 3, the r | -indepen-
dent terms result from expanding the Wilson lines at y,
including V[—co,x7], U,[x7.x;7] and V[x3, 0], to the
linear order O(g). Starting from Egs. (A13b)~(A13d), we
employ the Poisson equation (A15) on the gluon field, then
subsequently write the color density in terms of the quark
fields [cf. Eq. (A17)], and at the end express all the quark
fields in terms of quark creation and annihilation operators
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via Eq. (A4). Putting all the three terms together, we have that

neneli)

dipole

Ttr [v yallr D <Tt [V VqWD <Tt [V vl D
2N < 2 V,[~eox] 2N, U] 2N, f v, [x;.00]
2ir*al Pt dp 1
= T(la)ji(la)fm (2752p2l/ 2—/
2 2 2 2
Fpdri [ Epdpy [ dpdpy [ dp 4dp i p) v, )

(27)*\/2p] ) 2z 3@ (27)3\/2p5 2p)
{/ dxl/ / dxye —ipia Py =Py Py xzzz <b{;+f3'bfqms/b{7115b{£/5>

f/ S.s
[So]
- x5 —i f fI f’ AfI‘
N2 [y [Tasg [ age s i ST S S8 s )
—o0 X f/ SS/
A fiopft b
/ dxl/ dxz/ dag e P PG o ZZ < p1:przjsbp4t’s’bp3m,s’>}' (C1)
f/ S,S’

Then, with the proton state given in Sec. III A, we write down the correlators of the creation and annihilation operators in
Eq. (C1). We see that all the contributions come from the terms with the eikonal gluon acting on a different quark than the
one exchanging quarks with the dipole, similar to Fig. 3(b). Altogether, we obtain

_ 87%a? 4xPTS(PT —KT) pgry [ P 1
Tt |V, Vq[I]T — S [45fu — §fd i(P K);/ = __
2N < [ D e L S T ] &Py ¢ 2r) p2
1
- /[dxi] /[dzﬁi]x_,q)*(xl’ﬂl — (U =x)P+ (1= x)K+ pixs. g, + 0P
— K — p;x3, ¢, + X3P — x3K)®(x;, q,). (C2)

Similarly, starting from Eq. (A24), we obtain

(refian)

~im 4725 4xPS(PT = KY) i)y / d’p 1
dipole  K—P 9 <K|P> B (Zﬂ')z pi

1
X/[dxi]/[dzgi]xq’*(xl,g] (1=x)P+ (1 =x))K + p;x3,9, + 2P
1

— K — pix3, q; + 03P — x:3K)®(x;, ). (C3)

Another contribution comes from an emission and an absorption of a gluon inside the proton. This contribution vanishes
for the r | -dependent term, as the only interactions with the dipole are the two exchanged quarks that take place at y as parts

1]t

of the polarized Wilson line V(yl[ . The calculation of this term amounts to including O(g?) corrections to the target states,

as detailed in Ref. [33]. Then, the resulting linear combination of (gqq) and (gqqg) states is employed to calculate the
correlator in Eq. (A7). As it turns out, most of the terms, including all of those with virtual gluon emissions, become
proportional to the delta function of x; or x/, which are the longitudinal momentum fractions of one of the incoming or
outgoing valence quarks. Then, the proton wave function dictates that most terms vanish [45,46]. The only remaining term
corresponds to the diagram in Fig. 7, with the lower gluon contained within the proton target. To calculate this term, we first
write down the valence quark state with O(g) correction term:
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2 . : | : dfdk, 1
H|q(pmlman1fn)> :H|q(pnvln90mfn)>0_z 2g(ta)jin/ , _k+)l//q—>qg(pn;pn_kg’ kg)
9

n=1 n=1 n=1 o.1,j.a 2k(J]r (2ﬂ)3 2([72»
< q(Pn = kg Jo 0. F))o ® 19(kgr @, 2))g & [1a(Pos ims O fin))o + O(P), (C4)
m#n

where the ¢ — gg splitting function is given by

(k _Zp>f *m

, (C5)
|]_€g - Z£|2

A N
Dima(P g k) = 20°VT =2 [( _) fm*ﬁ"’efm]éw

with z = % and o(0’) being the helicity of the outgoing(incoming) quark. In the diagram in Fig. 7, it is the second term of

Eq. (C4) that sandwiches the quark creation and annihilation operators in Eq. (A7). Calculating the correlator and
performing the integrals, we obtain

a1t L 6] o g 4TPTS(PT—KY) p g, 1 e
<Ttr[V£VX ]>targe1_ 81 [~ ]11(1_13}) (K|P) ¢ - [ il [ 1&g

dk§ &k, ki lkg—q,—x1P]-[k,—q,+(1=x;)P-K]
X/ﬁzﬂ' X — + 5
2k (27) Pt ) |k,~ gl—xlﬂ lky—q,+(1=x)P—K]|

X ®(x;,q, )P (x1.9, — (1 =x) P+ (1=x)K; x5, g, + %P =, K3 3.9, + x:P —x3K). (C6)

Here, physically, k, is the momentum of the gluon within the proton. Then, we integrate over k; and relabel k, —
P +4q,+xPtoget

j\sf Re<Ttr [vivgﬂ >

c

327202 . ' 4zPTS(PT —K*') 1
= 2B s — 5] i — ( ) ek / [dx;] / [d*q,] —
target 81 K—-P <K|P> X1

/dzp p-(p+P-K)
(27)? pilp+ P - K|?

+ X2 P — K5 x3, ¢5 + X3P — x3K). (C7)

D (x;, q,)P(x1,g, — (1 —=x)P + (1 = x)K; x5, q,

Furthermore, by Eq. (A12), we deduce from Eq. (C7) that

2.2
<Ttr [v wallt D _ 2y APTOPT —KT) ey (g [d*q,] — :
target 9 Kk-pP <K|P> X1

/ d’p p'(p+P—K)
(27)* pilp+ P —KP?
+ xX2P — 0K X3, ¢, + X3P — x3K). (C8)

2N

CI)( )CD (xlﬂql (l_xl)B“‘(l_xl)K;Xz’%

Then, adding together the “dipole” and “target” terms, we obtain the r | -independent quark-exchange terms for each
polarized dipole amplitude of type 1. Similar to the previous cases, the term with polarized quark contains no quark-

exchange contribution because the proton in our valence quark model contains no antiquark. For Qq and QNS 49, we add
Egs. (C2)—(C7) together and obtain

87%a? d’p 1
q _ NSq _ O & u d L
Qf(rJ_a ZS)lrj_—indep = Qf (rJ_7 Zs>|rL—indep == 81 [45f -8 ]/ (Zﬂ,)ZE

1
x / dx) / (@) 1 MO0 )P + @ (51.q, + pixng, = piveg)Oing)) (CO)
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FIG. 7. The only diagram with gluon emission and absorption
inside the proton that contributes to the quark-exchange term of
the polarized dipole amplitude.

As for the adjoint dipole amplitude G9(r , zs), we sim-
ilarly have
2nta? / d’p 1
9 J (22’ p3

< [las] [ @q) 196, q)P

—20%(x1, ¢, + p; X2, 4,

Gq(’lv Zs)|rL—indep =

~ pix4)®(x. ). (C10)
using Egs. (C3) and (C8). Again, as discussed in
Appendix A, the type-2 polarized dipole amplitude
G,(r,,zs) contains no quark-exchange contribution.

The gluon-exchange contributions as calculated in
Appendix A3 already include r|-independent terms,
which can be read off directly from Egs. (A36), (A38),
and (A44). Together with the results written in Egs. (C9)
and (C10), we can write the complete r | -independent term
for all polarized dipole amplitudes as

1 67[2 o’

— 5/ 4+ 11879 4 95/+]

X/(d;TL;Z%/[dxi]x—lf](xi)

8 2.2
- 7;1“ 2265 + 17674 4 185/

d’p 1 |
(2”) /[dx,-] x—lfz(xi;g),

(Clla)

a [ L 1
-0 [ G
x / [dx,-]j—l[ztfl (k) + ol ).
(C11b)

Qf(rL’ ZS)|rl—indep

87%a?
81

Q]ISS (rJJ ZS) |rJ_-indep == [45f,u

. 272 [ d*p 1 1
G(r1,25)|,, indep :T/(zﬂszg/[dxi}x_l[ﬁﬂ(xi)

_22f2<xi;£)]7 (Cllc)

GZ(rJ_’ Zs)|rrindep -

167202 / d’p i(p-r)

9 (2n)* ptri
x / [dx,»]xl—l[ (1) = falxis p)]

(C11d)

where f(x;) and f,(x;; p) are defined, respectively, as

fite) = [ €)@l q)P (C12a)
fr(xip) = /[dzgi]d)*(xhgl +pixa.q,
- Pix3,4,)P(xi. q,) (C12b)

The next step is to evaluate the remaining integrals. First,
we recall that f,(x;; p) is independent of the azimuthal
direction of p; cf. Eq. (34). An important consequence is
that the integrand of Eq. (C11d) is odd under p — —p.
Thus, Eq. (C11d) vanishes, and there is no r | -independent
contribution to G,(r, zs).

As for the other dipole amplitudes, we need to evaluate
two types of integrals—one involving f(x;) and another
involving f,(x;; p). To compute these integrals, we begin
by writing down the analytic expressions for f;(x;) and
f2(x;; p). The former is a straightforward generalization of
Eq. (B8), while the latter subsequently follows via Eq. (34).
Explicitly, this gives

2 p4 3 1
fi(x) = '/;/6'82 X1X2X3 €Xp [ %Zx_] (C13a)
N2p 31
f2<xi;B) = Tﬂﬁlexz)@ exp [ 2 Zx_]
pi (1l 1
X exp |:—4—ﬁ2 <x—l+x2>:| (C13b)

Then, the relevant integral involving f;(x;) is relatively
straightforward because the logarithmic integral over p
separates. However, the integral is both ultraviolet and
infrared divergence, requiring the cutoffs on both ends.
Explicitly, we have
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d’p 1 1
/WE/[Mi]x_lf(xi)
N2ﬂ4 AZ 1 1-x,
= (471-)5 ln(%) [) dx1 A dx2x2(1 — X —XQ)

M?T1 1 1
“"p{ ﬂz{ +_+<1—x1—xz>H‘

The integrals over x; and x, can now be evaluated
numerically using scipy.integrate.dblquad [62].
This gives

where x~I = 3.64 is the same parameter that appeared in
the r l—dependent results in Sec. III B. For the integral
involving f,(x;; p), we similar start by evaluating the
integral over p analytically, obtaining

&p 1 Lo
/Wz/[dxi]fo(xisB)
N2ﬁ4/ dxl/ - dXz)Cz 1—x1 —)Cz)
AZ 1 1
<o (i +s)

M?[1 1 1
Xexp{‘?[ﬁ@*(l—xl—xz)}}‘ 10

Notice that we only require an infrared cutoff for this
integral. In fact, if we take A to be much smaller than f,
then the incomplete gamma function can be written as a
power series such that

AR (1 1Y) _ i
(o () - reon()
1/1 1 A%
-l (5] oG

(C17)

(C14)

where yp is the Euler-Mascheroni constant. Then,

Eq. (C16) becomes

d2
/ (275; / {dxl-]jlfxxi;g)

F ﬂ2 ﬂ2
=—|In{— ) — K~ —1 C18
i [2(5) v () e
where K = 0.186. Here, we again employed scipy.in-
tegrate.dblguad [62] to evaluate the integrals over x;

and x, numerically. In the final step, we simply kept the
dominant logarithmic term.

Finally, plugging Egs. (C15) and (C18) into Egs. (C11),
we obtain

Qf(rl’zs)|rrindep
2
4”“ % (574 11574 4 967 ‘lln(AUV>

Af
2 2
- ”‘lx 2284 + 1784 + 188/ —'m(f

), (C19a)

IR

2 < A2
051,29, ey =~ 431~ 574 -1[41n(A )

IR
ﬂZ
i <A>}

B 71'(127 A2 ﬁz
G ’ . s —1 231 —22In ’
(rl ZS) |rL-mdep 18 |: n ( AIZR ) (AIR>:|

(C19¢)

(C19b)

where we recall that G,(r,zs) has no r,-independent
term. Equation (C19) is the main result of this appendix.

The r,-independent terms of all type-1 polarized
dipole amplitudes contain both ultraviolet and infrared
divergences. In small-x dipole calculations, it is a common
practice to employ the center-of-mass energy as the
ultraviolet cutoff for the transverse momentum transfer,
so that pi < 75 [5,6,11]. Had we imposed such constraint
on the momentum transfer p, in our problem, the ultra-
violet logarithms in Egs. (C19) would have become
In(zs/A%), which is the common longitudinal logarithms
con51dered in [5,13,16,27,43,63].

On a more general note, since /3 is taken to be 0.55 GeV
throughout this work, it remains relatively close to Ajg. Asa
result, it might be justified in higher-energy settings to
simply discard the second term in each of the square brackets
in Egs. (C19) as being negligible compared to the other
logarithmic term. Furthermore, similar to the r | -dependent
case, constant terms could also be added to account for
possible shifts in the cutoffs. Overall, the calculation
performed in this appendix fixes the coefficient of
In(A%y/A%), which plays an important role in the moder-
ate-x initial condition for small-x helicity evolution [5,6,11].

Finally, if one proceeds to put A, — zs and neglect the
terms proportional to In(f?/A%), then the resulting coef-
ficients of the ultraviolet logarithms can be compared to the
Born-level calculation [8,16] [cf. Egs. (38)] and the recent
JAM global analysis [27]. The results are qualitatively
similar to those of the transverse logarithmic terms, which
are discussed at the end of Sec. IIIB. Namely, the
coefficients from Eqgs. (C19) are greater in magnitude than
the respective Born-level coefficients from Egs. (38) but
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smaller in magnitude than the JAM analysis results [27],
with the sign differences in a number of coefficients.
Overall, as remarked in Sec. III B, the definite conclusion
about the initial conditions from this work would require

another global analysis based on the initial condition
calculated in this work. In particular, the coefficients of
the ultraviolet logarithm calculated in this appendix could
play a part in the future global analysis.
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