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Abstract:

In recent years, anomaly detection (AD) has attracted wide attention in areas such as
financial risk control, medical diagnosis, and industrial process monitoring, especially for
time series data. Compared to stationary time series, non-stationary time series often exhibit
changes in statistical properties like mean and variance over time, which makes traditional
statistical modeling methods difficult to apply directly. In addition, anomalies are typically
rare and hard to label, further increasing the difficulty of anomaly detection tasks. Therefore,
building robust and effective anomaly detection models in complex and dynamic data
environments has become a major research focus.

This study focuses on unsupervised anomaly detection in non-stationary time series and uses
the ECG5000 dataset as a unified platform. It systematically analyses four mainstream
detection methods: statistical control-based CUSUM, density estimation-based COPOD,
random split-based iForest, and the deep learning-based 1D-CNN. Based on a comparative
analysis of their modeling principles and performance differences, I further propose three
improvements: (1) EWSW-CUSUM, which incorporates a sliding window and exponential
weighting to enhance sensitivity to local changes and significantly reduce false positives; (2)
SWA-COPOD, which captures contextual relationships among anomalies through multi-
sample window modeling and prediction aggregation, addressing the original COPOD’s
limited sensitivity to structural anomalies; and (3) PCA-iForest, which applies dimensionality
reduction to decrease invalid splits caused by redundancy in high-dimensional data. After
hyperparameter tuning on the validation set and comprehensive evaluation on the test set,
results show that both EWSW-CUSUM and SWA-COPOD achieve F1-scores comparable to or
better than 1D-CNN, with advantages in both efficiency and interpretability.



This work integrates theoretical analysis and empirical validation, emphasizing the role of
sliding windows, contextual modeling, and principal component analysis in anomaly
detection for non-stationary sequences. The proposed algorithms remain robust under
sample scarcity and unknown data distributions. Future work may extend these optimization
mechanisms to other algorithms or apply the proposed algorithms to multivariate time series
and other datasets, further investigating the potential of ensemble learning and semi-

supervised approaches in this field.
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1 Introduction

1.1 Background and Motivation

In the era of big data and artificial intelligence, data has become increasingly
important. It serves both as input and output and exists in the form of data streams
across a wide range of scenarios. Among various types of data, time series data refers
to a sequence of observations collected either continuously or discretely over time,
and it can be represented as:

S={X,T)}i=1,2,.. (1D

Each observation in the sequence can be represented by (X;, T;), where X; =

(X1, Xip, ..., X;q) € R? is a d-dimensional vector observed at time T;.

Time series data have characteristics such as temporal dependency, high
dimensionality, and non-stationarity [1-3]. These properties make it fundamentally
different from other types of data. In practice, time series data is widely used in
various domains, such as finance (e.g., stock prices and trading volumes), healthcare
(e.g., blood pressure, glucose levels, ECG), the Internet of Things (e.g., sensor data
from smart devices), economics (e.g., GDP, unemployment rates), and natural

sciences (e.g., temperature, precipitation) [4-8].

Due to the importance and complexity of time series data, a wide range of analytical
approaches have emerged, among which anomaly detection (AD) has received
significant attention. Over the years, many definitions of AD tasks have been
proposed. According to Chandola et al. (2009), anomaly detection essentially
involves identifying samples in a dataset that significantly deviate from the majority
of the data distribution [9].

Anomalies can arise for various reasons depending on the context, such as
mechanical failures, system errors, changes in behaviour patterns, fraudulent
activities, malicious attacks, measurement errors, and noise. These factors make
anomaly detection highly meaningful. For example, in the financial domain, AD can
help detect credit card fraud; in cybersecurity, it can be used to identify abnormal
patterns; and in industrial manufacturing, it can detect product defects in time to

improve product quality and production efficiency [9-11].



In the real world, non-stationary time series—whose statistical properties like mean
and variance change over time—are more common. Anomalies in such data are often
rare and difficult to label. Therefore, unsupervised methods are generally a more

suitable choice for anomaly detection in these scenarios.

Based on the above factors, I chose the task of unsupervised anomaly detection in

non-stationary time series as the research topic of my master's thesis.
1.2 Related Work

Over the past few decades, with the development of big data, the Internet of Things,
and artificial intelligence, both academia and industry have conducted extensive
research on anomaly detection. Relevant theories have already been applied to

industrial processes, signal processing, cybersecurity, and other fields.

Even within time series data, the characteristics of the data can vary greatly, such as
data types, dimensionality, and the presence or absence of labels. In addition, the
goals of anomaly detection differ: some scenarios rely on offline data for decision
support, while others require real-time analysis of streaming data. To address the
challenges posed by diverse data characteristics and application scenarios, a wide
range of techniques and algorithms have been proposed for solving AD problems.
These methods can generally be categorized into two groups: statistical methods and

machine learning methods.

Statistical methods detect anomalies in time series based on probability distributions,
statistical tests, or other statistical measures. These methods typically rely on strong

assumptions about data distributions but are generally efficient in computation.

In 1954, E.S. Page proposed the Cumulative Sum Control Chart (CUSUM) technique,
which was the first to use cumulative sums to detect small shifts in processes [12].
Essentially, CUSUM is a change point detection (CPD) method. However, CPD and
AD tasks in time series are closely related in both techniques and application
scenarios. As a result, CUSUM has inspired many improvements and variants for

solving AD tasks [15, 16].

The Gaussian Mixture Model (GMM) is a type of density-based statistical model that

has been widely used in time series AD tasks, particularly for detecting anomalies in



complex, multimodal data. Jiahui Qu et al. (2012) proposed a GMM-based method
called GMMD, which achieved excellent performance on hyperspectral data [17].

Both standard CUSUM and GMM are parametric methods, meaning they depend on
predefined probability distributions. In real-world scenarios, however, data
distributions are often difficult to estimate or may change over time, limiting the
applicability of such methods. To address this, Goldstein et al. (2012) proposed a
non-parametric anomaly detection algorithm called HBOS, which offers extremely

fast computation [18].

Machine learning methods detect changes by training models to learn the
characteristics of time series data, often using classification, clustering, and deep
learning techniques. These approaches are suitable for scenarios with uncertain data
distributions, although they generally have higher computational complexity

compared to statistical methods.

Scholkopf et al. (2001) proposed the concept of Support Vector Data Description
(SVDD), a method based on Support Vector Machines (SVM), which estimates the
primary distribution region of high-dimensional data and identifies anomalies that
deviate from it [19]. SVDD has become a classic algorithm in anomaly detection and

is widely applied in industrial processes, healthcare, and finance [20-22].

With the increasing availability and performance of computational resources, deep
learning techniques have also been widely adopted for solving AD problems. LSTM-
based autoencoder models (LSTM-AE) have been extensively studied and improved.
Mahmoud Said Elsayed et al. (2020) employed OC-SVM and LSTM-AE to build a
hybrid model for anomaly detection in network environments [23]. Rakesh Shrestha
et al. (2024) integrated LSTM-AE with federated learning to detect anomalies in
smart grids [24]. Originally designed for two-dimensional image processing,
Convolutional Neural Networks (CNNs) are now increasingly used for anomaly

detection in time series data through one-dimensional CNN (1D-CNN) techniques

[25, 41-42].



1.3 Research Objectives and Contributions

Although the "Related Work" section has introduced various anomaly detection
methods, their applicability is often limited by dataset characteristics or algorithm
design. The goal of this study is to systematically analyse the performance of several
types of unsupervised AD methods on a unified dataset, and to explore improvements
to existing algorithms so that they can achieve robust detection performance even
under unfavourable data conditions. These exploratory enhancements may offer
directions for future research and provide insights for model optimization in practical

applications.
The contributions of this study are as follows:

® Selected the ECG5000 dataset as the time series data for training and testing,

which posed two major challenges for anomaly detection (AD) tasks:

(1) Non-stationarity of the data, making it unsuitable for statistical methods

relying on stable distributions

(2) An imbalanced train-test ratio (1:9), which tests the generalization ability of

the methods under limited training data.

® Systematically compared four representative unsupervised AD algorithms—
CUSUM, COPOD, iForest, and 1D-CNN—from both theoretical and practical

perspectives.
® Proposed enhancements to the three baseline algorithms:

(1) EWSW-CUSUM for robust anomaly detection without requiring strict

distributional assumptions.

(2) SWA-COPOD to compensate for COPOD's lack of contextual awareness in

detecting anomalies.
(3) PCA optimization applied to iForest.

® Conducted a comprehensive performance evaluation of both standard and
proposed methods, demonstrating the improved robustness and generalizability

of the proposed algorithms.



The overall research structure is shown in Figure 1.

A Study of Anomaly Detection Algorithms in Non-Stationary Time Series
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Figure 1. Research structure
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2 Dataset

2.1 ECG5000 Dataset

In this study, I used the ECG5000 dataset, which is derived from the BIDMC
Congestive Heart Failure Database. This source contains approximately 20 hours of
electrocardiogram (ECG) recordings. The original signals were preprocessed by Y.
Chen and E. Keogh, and 5000 heartbeats were randomly selected to form the
ECG5000 dataset [26, 27]. Each sequence contains 140 time points. The dataset
consists of two parts: a training set with 500 samples and a test set with 4500
samples. Each sequence was standardized using z-normalization based on its own
mean and standard deviation. Every heartbeat is assigned to one of five subclasses, as

shown in Table 1.

Table 1: All categories in the ECG5000 dataset

Class Subclass & Label Meaning
Normal N (1) Normal
R-on-T (2) R-on-T PVC
R-on-T PVC (3) Polymorphic ventricular tachycardia
Abnormal
SP (4) Supraventricular premature beats
UB (5) Unclassified beats

Table 2 lists the number of heartbeats in each category (Class 1—5) in the original

training and test sets.

Table 2: Number of heartbeats per class in the ECG5000 training and test sets

Class Subclass & Label Training Set Test Set Total
Normal N (1) 292 2627 2919
R-on-T (2) 177 1590
R-on-T PVC (3) 10 86
Abnormal 2081
SP (4) 19 175
UB (5) 2 22
Total 500 4500 5000
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2.2 Exploratory Data Analysis

To gain a better understanding of the dataset and prepare for model building, it is
necessary to perform exploratory analysis. As shown in Figure 2, the majority of

heartbeats in ECG5000 (58.37%) correspond to normal cycles. Among the abnormal

35.35%

samples, most (1 s 84.91%) are associated with the R-on-T phenomenon

(Class 2).

ECGS5000 Label Distribution with Percentages (N = 5000)

3000

58.37%

2500

2000

35.35%

1500

Count

1000

1.92% 20
—— 0.49%

3.0 40 5.0
Class Label

Figure 2. Distribution of different classes in the dataset (Class 1 = normal, Classes 2-5 = abnormal)

To visually highlight the differences between categories, I plotted the mean curves
and standard deviation bands for each class, as shown in Figure 3. Class 1 (normal)
clearly exhibits the smallest standard deviation, and its trough between time points
0—20 is the deepest among all classes (approaching -4). Classes 2 and 3 show
abnormal troughs in the final 10 time points, but Class 2 features a sharp upward
spike. Class 4 resembles Class 3, though its terminal trough is shallower and
accompanied by a noticeably wider standard deviation band. Class 5 consistently has
the widest standard deviation band throughout the entire sequence, indicating high
variability. The final subplot overlays all class curves, revealing significant differences
in both mean and standard deviation between the normal class (Class 1) and the
abnormal classes (Class 2-5) in the intervals [0, 20] and [100, 140]. This preliminary
analysis suggests that the beginning and end segments of the heartbeat time series

may be potential candidates for anomalies.
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Figure 3. Mean curves and standard deviation bands

2.3 Data Splitting

Although the ECG5000 dataset already provides a test set (4500 samples) and a

training set (500 samples), I further split the training set into a training subset and a

validation subset (in an 8:2 ratio) for hyperparameter tuning. Since the training set is

small and most samples belong to the normal class (Class 1), I used stratified

sampling to ensure similar label distributions in both the training and validation

subsets. This helps provide a more consistent evaluation of the model's generalization

ability and avoids overfitting to the validation set during tuning. The number of

samples and class distribution in the split subsets are shown in Table 3, and their

distribution is illustrated in Figure 4.



Table 3: Training set and validation set obtained based on stratified sampling partitioning

Dataset Normal (Class 1) Abnormal (Class 2-5)
Training Set (N = 400) 233 167
Validation Set (N = 100) 59 41

ECG5000 Label Distribution (Train vs Validation)

300 B Original Training Data
W Train (After Splitting)
B Validation (After Splitting)
250
200
€
3
0
O
@
3 150
£
5]
2}
100
50
o l e HW_

Class 1 Class 2 Class 3 Class 4 Class 5

Figure 4. Class distribution before and after splitting
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3 Methodology

3.1 Cumulative Sum Control Chart (CUSUM)
3.1.1 Classic CUSUM

The Cumulative Sum Control Chart (CUSUM) is a classic tool in statistical process
control that has been widely used and developed over time. Although originally
proposed for solving change point detection (CPD) problems, CUSUM can also be
applied in anomaly detection (AD) settings, since change points in time series are
often related to anomalies [15, 16]. Proposed by E.S. Page (1954), CUSUM was
initially designed for industrial quality control, particularly to detect mean shifts in
the production process [12]. The core idea of the algorithm is to accumulate the
deviation between the observed value and the target value to identify potential

changes.

Assuming the observed value x, follows a normal distribution N (i, 62) under the

under the null hypothesis, the CUSUM statistics are defined as follows:

{Positive CUSUM: Sf = max(0, S;=; + (x; — o — k) @

Negative CUSUM: S; = max(0,S_; + (o — x; — k))

An alarm is triggered when either S or S; exceeds a predefined threshold h,
indicating that a change point is likely to have occurred. The threshold h is typically

set to 4 to 5 times the standard deviation.

The parameter k in Equation (2) serves as a reference value to adjust detection
sensitivity. For the positive CUSUM S;', if x, — uy > k, it indicates that the deviation
of x; from the normal mean g, is significant and should be accumulated; otherwise,
the deviation is considered negligible. The same logic applies to the negative CUSUM
S; . In this way, k controls the sensitivity of the chart to mean shifts: a smaller k
increases sensitivity but also raises the false alarm rate. In industrial control
applications, a common empirical formula for k is k = §/2, where § represents the
expected mean shift (expressed in units of o). When the observation sequence is
standardized, (i.e., uy = 0,0 = 1), detecting a shift of 1 standard deviation

corresponds to k = 0.5.
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The original definition of CUSUM focuses on detecting mean shifts. While it is easy to
understand and implement, it cannot be directly applied to other types of shifts and
lacks a solid theoretical foundation. As research in statistical process control and
signal detection advanced, scholars began elevating control charts from empirical
tools to a framework based on stochastic process theory. In 1971, G. Lorden formally

proposed a likelihood ratio-based version of the CUSUM algorithm [13], defined as:

S; = max (0, S +1o fl(xt))

8 G 3)

Here, f,(x;) and f; (x;) are the probability density functions under hypotheses H, (no
change) and H; (change), respectively. An alarm is triggered when S; > h for a given
threshold h. The work of G. Lorden (1971) and Moustakides (1986) demonstrated
that, when the distributions are known, the likelihood ratio-based CUSUM method is

theoretically optimal in minimizing detection delay [13, 14].
3.1.2 Exponentially Weighted Sliding Window CUSUM (EWSW-CUSUM)

The classic CUSUM method is highly interpretable and computationally efficient, but
it also has certain limitations in practice. Page’s CUSUM assumes that the data follow
a normal distribution, while the likelihood ratio-based CUSUM requires prior
knowledge of the distributions before and after the change. Both approaches also
assume that the observations are independently and identically distributed (i.i.d.).
When these assumptions are violated, directly applying the classic CUSUM may lead
to increased false alarm rates or delayed detection. In such cases, nonparametric or
adaptive variants of CUSUM become more valuable. For example, Ejaz Ahmed et al.
(2008) proposed a dynamic sliding window CUSUM to detect traffic bursts in
network data, and Veronica et al. (2010) developed a percentile-based nonparametric
CUSUM algorithm [28, 29].

As discussed in Section 2, ECG5000 is a non-stationary time series. Inspired by
previous studies, I decided to adopt a sliding window combined with exponential
weighting to implement a CUSUM variant capable of dynamically capturing
changes—Exponentially Weighted Sliding Window CUSUM (EWSW-CUSUM). The

implementation steps of the algorithm are as follows:
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1) Sliding Window Statistics

Given a time series of length T, denoted as x = {x;, x5, ..., x7}, we define a

reference window of length w at any time point ¢ as:

We = {Xe—w) Xp—wi1s s Xe—1} 4)

The mean and standard deviation within the window are calculated as:

t—1 t
1

1
1
" X0 = Ty (x; — He)? (5)

i=t-w i=t—-w

2) Exponentially Weighted CUSUM Recursion

Based on the sliding window statistics, the bidirectional cumulative sums are
defined as:

{St+ =max(0,4 - S{_y + (x¢ — pe — k) 6)
S¢ = max(0,4- Sy + (Ut — x¢ — k))

The initial values of S and S; are set to 0. Here, 1 € (0, 1] denotes the
exponential weighting factor, which serves to discount historical memory. In non-
stationary time series, local fluctuations are common. By adjusting the
accumulation using the local window standard deviation y,, the model can adapt
to local dynamic changes. Therefore, in this CUSUM variant, the sensitivity
parameter k should be scaled based on y,. On the other hand, the alarm threshold
should not fluctuate with local variations. To ensure the robustness of the model,
it is preferable to estimate the threshold h based on the overall standard deviation
of the sequence, denoted as y. A time point t is marked as an alarm when either
St >horS; > h.

3) Consecutive Alarm Criterion

If there exists a time interval of length [, denoted as {t,t + 1,...,t + [ — 1},in
which all time points are alarm points, then the entire sequence is labeled as an

anomalous sequence.
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The design motivation behind this CUSUM variant is as follows. First, the sliding
window mechanism is a widely used approach for handling non-stationary
sequences. It essentially segments a long, non-stationary sequence into multiple
short subsequences, each assumed to be locally stationary. On top of this, I applied
exponential weighting. In fact, a class of change-point detection methods based on
Exponentially Weighted Moving Average Chart (EWMA Chart) has already been
proposed in the literature [43-45]. The standard form is:

ze=Ax+A—=21) 2z, (7)

However, the original purpose of the standard EWMA method is to smooth input
data, which is more suitable for detecting gradual drifts or long-term trends. Each
sample in the ECG5000 dataset represents a single heartbeat cycle, which is a local
signal on a very short time scale. Anomalies in such data typically appear as abrupt
changes, which do not align with the gradual variations that EWMA is designed to
capture. In contrast, I aim to maintain sensitivity to abrupt changes, which is why I
adopted the weighted summation form in Equation (6). This formulation preserves
the deviation of the most recent observation while introducing A to gradually forget
the accumulated bias from historical distributions, thereby enhancing the method’s

adaptability to non-stationary sequences.

To illustrate how the algorithm works, I randomly selected a heartbeat from the
ECG5000 dataset and used a plot to demonstrate the changes in the positive and
negative cumulative sums when applying the method. When setting the window size
tow = 20, with parameters k = 0.5u;, h = 5u,, and using A = 0.9 as the historical

accumulation weight, the results shown in Figure 5 can be obtained.

The positive CUSUM produces 4 consecutive alarms within the interval [100,110],
while the negative CUSUM triggers 5 consecutive alarms around time point 120.

Whether this heartbeat is ultimately labelled as an anomaly depends on the chosen
threshold for consecutive alarms. If the threshold is set to any value greater than 5,

then neither direction will trigger anomaly labelling.
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Figure 5. Bidirectional exponentially weighted cumulative sums for all windows
3.2 Copula-Based Outlier Detection (COPOD)
3.2.1 Standard COPOD

COPOD (Copula-Based Outlier Detection) is a relatively new anomaly detection
algorithm proposed by Zheng Li et al. in 2020 [30]. It is particularly suitable for
identifying anomalies in high-dimensional data and is entirely non-parametric,

requiring no assumptions about the data distribution.

The core idea behind COPOD is that, in a multi-dimensional space, a normal point is
expected to have moderate values along each dimension. If a data point lies at the
extreme ends of all dimensions, it is likely to be an outlier. Based on this intuition, the
algorithm turns to the joint distribution of the variables, which leads to the
theoretical foundation of COPOD—the Sklar theorem [31]. Given a d-dimensional
continuous random variable (X;, X, ..., X;) with joint distribution function F(x;,

X5, .., Xg) and marginal distribution functions F; (x;), F;(x3), ..., F;(x4), there exists a

unique copula function C( - ) such that:
F(Xl, X2y eees xd) = C(Fl(xl)' Fz(xz); ey Fd(xd)) (8)

Since the true marginal distribution F;(x;) is typically unknown, COPOD estimates it
using the empirical cumulative distribution function (ECDF). Given an n X d sample
matrix, where each column represents a feature, the ECDF for the i-th feature X; is

computed as:
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Fi(x) = 12": I (xi(j) < xi) )

Here, I( - ) is an indicator function, and xl.(j ) denotes the i-th feature value of the j-th

sample. The function returns 1 if xl.(j ) < x; and 0 otherwise. By applying this
estimation to each dimension, the original variable X; can be transformed into a
standard uniform variable U; ~ Uniform(0, 1). As a result, the original sample matrix

is transformed into an n X d matrix U. After transformation, the i-th feature of the j-

th sample becomes:

ulgj) =F (x(j)),ugj) € [0,1] (10)

i

Each row of the matrix U can then be regarded as a sample drawn from the copula

distribution. Using the empirical ranks, the empirical copula function is defined as:

n
. 1 . . .
Clug, uy, .., ug) = — E I (ug) < ui,ugj) < u,, ...,uflj) < ud) (11)

j=1

S

As previously discussed, the core intuition of COPOD is to evaluate how far a data

point deviates from the distribution in each of its dimensions. COPOD characterizes

this using tail probabilities. Given a test point x = (x;, X3, ..., Xg), which is
transformed into the copula space asu = (uy, uy, ..., u,), the following definitions
apply:

® Left-tail probability: P(U < u) represents the proportion of samples in the
space for which all dimensions are less than or equal to u. Its empirical estimate
is:

n
P, =Clu,uy, ..., uy) = %Z I (ugj) < ui,ugj) < Uy, ...,u((ij) < ud) (12)
i=1

® Right-tail probability: P(U > u) is the proportion of samples where all
dimensions are greater than or equal to u. To simplify the computation in high-
dimensional space, COPOD does not use C( - ) here, but instead estimates this

directly in the original sample space as:
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n

1
5 __ ) ) ()
Pq == E I( Y >xl,x2] > Xy, e, X >xd) (13)

i=1
To amplify tail probabilities, COPOD takes the negative logarithm and defines the

outlier score as:

0(x) = max(—log(P,), —log(Pr)) (14)

After computing the outlier scores for all data points, a threshold can be set based on

quantiles. Any point with a score exceeding this threshold is considered an outlier.

The above describes the mathematical derivation of the method based on copulas. In
practice, Zheng Li et al. also incorporated additional enhancements, including the use
of both-sided tail probabilities and skewness-adjusted tail probabilities, to further

improve performance [30].

To further illustrate the execution process of the COPOD method, I conducted the

following experiment.

1) A dataset with 100 rows and 2 columns was generated to simulate samples from a
two-dimensional random variable. Among them, 95 samples follow a standard
bivariate normal distribution, while the remaining 5 are synthetic anomalies. The

distribution of these samples is shown in Figure 6.

Raw Data in Original Space (X1 vs X2)
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Figure 6. Distribution of a 2D random variable (original sample space)



2) Based on the sample ranks, the ECDFs and frequency histograms of the two

features are plotted, as shown in Figure 7.
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Figure 7. ECDF and frequency histogram of X; and X,

3) Each data point (xV ) ng )) is transformed using the ECDF into the copula space

as (u

0))
1

1

,ud?). The result is shown in Figure 8.
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4) Finally, an outlier score is computed for each point. Points with extremely high

outlier scores are identified as detected outliers. Figure 9 visualizes the outlier

scores of all original data points using a heatmap.

Anomaly Score in Original Space (X1 vs X2)
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Figure 9. Heatmap of outlier scores for data points

3.2.2 Sliding Window Aggregated COPOD (SWA-COPOD)
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Despite its many advantages, I identified a limitation of COPOD during its theoretical

analysis—COPOD is a static anomaly detection method, which may fail to effectively

capture temporal dependencies or contextual correlations in high-dimensional data.

In the ECG5000 dataset, each heartbeat record contains 140 columns, which can be

treated as 140 features. Notably, each column corresponds to a specific time point. If

the copula distribution is constructed directly on this original feature space, then

detecting an anomalous heartbeat indicates that the heartbeat exhibits deviations at

several positions within the 140 time points of that interval. While this detection

scheme appears intuitive, it overlooks an important clinical fact: anomalous

heartbeats are often not isolated events. Many studies and textbooks have pointed out

that arrhythmias tend to exhibit continuity, and abnormal heartbeats may appear in

clusters or in a sustained fashion [32-34]. This implies that such anomalies are

context-dependent. Therefore, considering multiple consecutive heartbeats may help

improve anomaly detection performance.
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Based on the above analysis, I propose a method called Sliding Window Aggregated
COPOD (SWA-COPOD), which flattens and concatenates multiple consecutive
samples to form a single sliding window. Compared with the original vectors, each
window has a higher dimensionality. Applying COPOD to such high-dimensional

representations allows the model to capture correlations across successive heartbeats.

Let the original time series data be represented by a matrix X € R"* ¢, where n
denotes the number of training samples and d is the feature dimension of each

sample. The detailed execution steps of the algorithm are as follows:
1) Sliding Window Construction

Given a window size w and stride s, sliding windows are constructed along the row

direction as follows:
W ={Xiizw-ali=1,1+s1+2s,..,.n—w+ 1} (15)

Each window X;.;.,,—; € R X consists of w consecutive d-dimensional rows from

the original data matrix. Each window is then flattened into a vector:
% = vec(Xii4w-1) ERY ¢ (16)

The resulting collection of windowed samples is:

~

X =[x®,x®, .., g™]" ¢ RMx WD (17)
Here, M = l%] + 1 denotes the maximum number of windows that can be
extracted from n rows of original training samples.

2) Constructing the COPOD Model

The COPOD model is built on the feature matrix X € R %2, where D = w - d. For
each feature dimension i = 1, ..., D, the empirical cumulative distribution function

(ECDF) is computed as:

i (1) (18)
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Each sample is then mapped to the copula space by:
u® = £ (z7) (19)

The remaining steps follow the original COPOD procedure to construct the
empirical copula distribution €(-) (Equation (11)).

3) Window-Level Prediction

For the test sample matrix with n’ rows, denoted as X;est € R™ %4, the same sliding

window operation is applied to obtain windowed test samples:

< < <2 NUSIE s (w-
Xiest = [xtest(l),xgezt, ""Xgest) = RM x(w-d) (20)
The original test sequence can be divided into at most M’ = |~ S_WJ + 1 windows.

For the i-th sample in the original space, the set of windows it contributes to (after

transformation) is denoted as:

< (k)

... belongs to a window containing the i*h sample} (21)

_ (g
Wi - {Xtest

Each window is scored using COPOD to obtain an anomaly score s;. Outlier

windows are then identified based on a percentile threshold (contamination rate).
4) Aggregating Window-Level Predictions to Sample-Level

Finally, the prediction results at the window level need to be mapped back to the
sample level. This step is highly flexible and can be implemented in different
ways. One approach is to aggregate window anomaly scores. For example, the
anomaly score of the current sample s; can be computed as the average score of all

windows that cover this sample:

1
22
IWII Sk ( )

~(k
Xgegtewi

S; =

Another approach is to aggregate the window-level classification results by
computing the proportion of anomalous windows in W,. If this proportion exceeds

a threshold, the corresponding sample is labeled as anomalous.



25

The above provides a formal description of SWA-COPOD. In the original COPOD
algorithm, anomaly scores are derived by computing tail probabilities for each sample

across all feature dimensions. These scores mainly depend on two factors:

® A particular feature value is significantly large or small in its dimension, i.e., it

falls into the tail region of the ECDF (close to 0 or 1)

® The sample exhibits tail deviations in multiple dimensions, resulting in an overall

higher anomaly score

Based on these two points, the expected performance improvement of SWA-COPOD

can be attributed to the effects of “anomaly diffusion” and “anomaly amplification”.
® Anomaly Diffusion Effect (Training Phase)

If an outlier exists in the training set, it may be included in multiple windows
across different dimensions due to the sliding window mechanism. When
constructing the ECDF for the affected dimensions, the tail regions may be
stretched. This smoothing of the tails can enhance model robustness, reducing

the chance of false alarms caused by noise or moderate deviations during testing.

Example: Suppose we collect 200 observations from a specific dimension of a
high-dimensional dataset, among which 195 values follow a standard normal

distribution, and the remaining 5 are outliers.

We first construct an ECDF from all 200 observations, then construct a baseline
ECDF by replacing the 5 outliers with normal values. As illustrated in Figure 10,
the grey dashed line (with probability = 0.95) denotes the threshold for the tail
region. The red curve (with outliers) shows a long right tail, while the tail of the
blue curve (with no outliers) is steeper and shorter. If the observation falls near 2,
its probability under the red curve is around 0.95, meaning that only extremely
deviated values (within [4, +o0]) would result in large tail probabilities. In
contrast, under the blue curve, even moderately deviated values (within [2, 3])

can lead to high probability values.
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Simplified ECDF Comparison: With vs Without Anomalies
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Figure 10. Impact of anomalies on the tail structure of the ECDF

® Anomaly Amplification Effect (Testing Phase)

If a group of adjacent anomalous heartbeats exists in the test set, their anomalous
segments may become aligned within the same feature dimension due to the
overlapping nature of sliding windows. This causes the affected dimension to
receive high anomaly scores repeatedly, thereby increasing the anomaly score of
the window. When window-level scores are later aggregated back to the sample
level (per heartbeat), the resulting sample-level anomaly score also increases. In
this way, the shared structure among abnormal heartbeats can amplify the

anomalies and enhance the model’s detection capability.

Example: Consider a test set of shape 30 x 10, where each sequence contains 30
samples with 10 features. Let S;, i € [1,30] denote the i-th test sample. All
dimensions follow a standard normal distribution, except that the 7-th dimension
of samples S,; to S, are assigned extreme values to simulate a shared anomaly

pattern.

Using SWA-COPOD with a window size of 5 and stride 1, both the training and

test sets are transformed into high-dimensional datasets of shape 26 x 50

([?J + 1 = 26,5 % 10 = 10). Each window contains a pair of samples in the

form of [S,, ..., Ss], [S, ..., S¢l, [S3, s S71, o) [S26) -oe» S30]. After transformation, the



27

anomalous value in S,, first appears in the 47-th feature of window 17 (W,,; =
[S17, .., S21]). As the window slides, the anomalies in neighbouring samples
(dark-coloured blocks) become aligned at dimensions 47, 37, 27, 17, and 7 in
subsequent windows. As a result, the anomaly scores at these dimensions are

amplified (see Figure 11).

Ampllflcanon in Testing (Common Structure at Samples 21-23, Time 7)

e r = iy
g l } g™
- { y g [

21 31 4
Flattened Feature Index
s3

Figure 11. Aligned anomaly dimensions across neighbouring samples within the same window feature
3.3 Isolation Forest (iForest)
3.3.1 Standard iForest

The Isolation Forest (iForest) algorithm, proposed by Fei Tony Liu et al. in 2008, is a
widely used method for anomaly detection [35]. Unlike earlier approaches, which
typically relied on assumptions about the data distribution or required distance- or
density-based metrics, iForest introduces a novel mechanism based on the idea of
random partitioning and isolation. It offers strong performance with linear time
complexity, making it well-suited for anomaly detection in high-dimensional

datasets.

The core intuition behind iForest is that anomalies are “isolated” and “different” from
the rest of the data. Here, “different” typically means deviating—being either
unusually large or small—which allows anomalous values to be separated from the
rest with fewer random partitioning operations. An iForest consists of a collection of
isolation trees (iTrees). To improve isolation efficiency, the algorithm applies sub-
sampling: it randomly selects 1) samples from a dataset of n points to build a single
iTree. Given a sample matrix of size n X d, the construction of an iTree proceeds as
follows: randomly select a feature dimension i from the d available features and then

choose a split point p along this dimension. The split value p is drawn uniformly at
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random from the range between the minimum and maximum values of the current
subset along dimension i, that is:

p ~ Uniform(min;, max;) (23)

Let xi(j ) denote the i-th feature value of the j-th sample. The dataset is recursively
)] )]

split based on the condition x;”” < p and x;”’ > p, dividing the ¥ samples into left

and right child nodes. The recursion terminates under one of the following three

conditions:
® The current node contains only one sample and can no longer be split.

® All samples in the node have identical values. For high-dimensional data, this

requires equality across all feature dimensions, i.e., for any two samples in the

node, x = x*,i € {1,2,...,d}.
® The tree has reached the maximum depth limit, typically set to log, (1).

Once an iTree is built, the path length of a sample x, denoted as h(x), is defined as the
number of edges from the root node to the leaf node that contains x—that is, the

number of splits encountered by x before recursion terminates. According to Donald
E. Knuth (1973) [36], the average depth of a node in a random binary search tree
(BST) with n nodes is:

E[D(0)] ~ 2H(n) — 2 (24)

Here, H(n) denotes the n-th harmonic number, which is calculated as follows (y is the

Euler’s constant, approximately 0.577):

H(n) = i
k=1

In Knuth's formulation (Equation (24)), the random variable D (x) represents the

~Inn+y (25)

&=

number of edges from the root to node x, which could also be an internal node. In the
case of an iTree, what we care more about is the stopping point of splitting—that is,
the number of edges from the root to a leaf node h(x). Since a leaf in an iTree may

contain multiple samples, the path length cannot be estimated solely by Knuth’s

formula and must be adjusted based on the size of the leaf node. To this end, the
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authors proposed a correction term c(n), which denotes the average path length of a
subtree containing n samples:

2(n—1)
C(Tl): 2H(n—1)—T,n>1 (26)

0, n=1
Thus, the path length of a sample x in a single iTree can be expressed as:
h(x) = e(x) + c(n;) (27)

Here, e(x) is the number of edges from the root to the leaf node, and n; is the number
of samples contained in that leaf. To enhance the algorithm’s robustness, iForest
builds t iTrees and computes the average path length over them as the expected path

length of x:

hG) =3 Y b = B[] (28)

By the law of large numbers, when t is sufficiently large, h(x) —» E[h(x)].

Like COPOD, iForest ultimately needs to quantify the likelihood that a sample is an
anomaly by computing an anomaly score. Since the expected path lengths of different
samples may vary significantly, iForest normalizes the path length into an anomaly
score:

_E[h()]
S(x’ l/)) =2 c®) (29)

Here, c(y) is the normalization factor, representing the average path length of a
subtree with size 1. It can be calculated using Equation (26). After normalization, we

have s(x,y) € [0, 1]. According to the anomaly scoring rule:

® IfE[h(x)] K c(y),then s(x,y) — 1, meaning it takes fewer splits to isolate x,

which is likely an anomaly.

® IfE[h(x)] > c(), then s(x,y) — 0, indicating many splits are needed to isolate

x, which is likely normal.

® IfE[h(x)] = c(¥), then s(x,) = 0.5, suggesting the anomaly status of x is

uncertain.
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To better illustrate the execution process of iForest, I visualized the data splitting
steps, as shown in Figure 12. Consider a dataset of size 30 x 2, where each sample has
two feature dimensions X and Y. Among them, 27 samples are drawn from a bivariate
normal distribution (blue dots), while the remaining 3 are anomalies (red dots) that
significantly deviate from the center. For simplicity, I did not apply sub-sampling;
instead, a single iTree was built using the entire dataset with ¥ = 30, and the split

termination conditions remain the same as in the original iForest algorithm.

In Figure 12, vertical dashed lines indicate splits on feature X with a randomly
selected split value py within its range; horizontal dashed lines indicate splits on
feature Y with a randomly chosen value py. After the tree is built, each anomaly is
separated in no more than 3 splits, while the average path length for normal points
reaches 8.81. This result reconfirms the theoretical intuition behind iForest:
anomalies are likely located on the edge or isolated, thus requiring only short paths to

be separated.

Isolation Tree Splits (w = 30)
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Figure 12. Dataset split as a single iTree (y = 30)



31

Figure 13 shows the anomaly score heatmap of all points in the iTree. As observed, all
anomalous points have anomaly scores above 0.7, indicating strong abnormality,
while most normal points near the centre experience more splits and are shown in

blue, reflecting lower anomaly scores.

Isolation Forest Anomaly Score Heatmap (g = 30)
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Figure 13. Anomaly score heatmap after dataset splitting (y = 30)
3.3.2 PCA-iForest

Fei Tony Liu et al. have pointed out that the iForest algorithm also suffers from the
curse of dimensionality [35]. From the execution process of iForest, it is clear that the
algorithm heavily relies on the selection of dimensions during random splitting.

When the sample space has too many dimensions, it may lead to:

® Many redundant features, which increase the path length in the iTree during

partitioning
® Greater susceptibility to noise dimensions

® Increased computational overhead for the model
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When conducting exploratory analysis on the full ECG5000 dataset, I reached a
preliminary conclusion: except for the intervals [0,20] and [100, 140], where the
means and standard deviations of normal and anomalous classes differ significantly,
the differences in other time segments are relatively small. To further support this

conclusion, I plotted the variance at each time point (Figure 14):

Variance of Each Dimension

\anance

Figure 14. ECG5000 variance per time point

The plotted results closely align with my earlier observation: within the interval
[20,100], the variance is relatively flat, with an average below 0.5, and the variance of
several dimensions approaches zero. This indicates that in this range, the difference
between normal and abnormal heartbeats is minimal. If iForest is applied directly to
the ECG5000 dataset, it is likely to suffer from the curse of dimensionality caused by
these features. Therefore, I decided to introduce Principal Component Analysis (PCA)

as an optimization step before applying iForest.

The theoretical details of PCA are beyond the scope of this paper; here I only

summarize the main steps:

® Compute the covariance matrix: Calculate the covariance matrix of the
centered feature values. The eigenvectors of the matrix represent the directions
of the principal components, and the eigenvalues indicate the variance along

those directions.

® Select principal components: Rank the eigenvalues in descending order and

select the top k eigenvectors as the principal component directions.

® Linear transformation: Transform the centered data linearly into a lower-

dimensional space based on the selected principal component directions.
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Essentially, a principal component is a weighted combination of original features. It
is chosen to capture the maximum variance in the data when samples are projected
onto this direction. By using these directions as new axes and projecting the original

data onto them, dimensionality reduction can be achieved.

Figure 15 shows the explained variance of the first 20 principal components obtained
by applying PCA to the full ECG5000 dataset. The red curve represents the
cumulative explained variance, which intersects the horizontal 90% threshold at the
10th principal component. This indicates that the first 10 components can explain
more than 90% of the total variance. Therefore, when applying iForest later, it is
possible to reduce the dimensionality from 140 to 10 while retaining about 90% of the
original information. Although the figure is based on the full dataset, in practice, PCA
should be fitted using only the training set. The resulting principal component
directions should then be used to project the validation and test sets. Applying PCA

directly to the entire dataset would lead to information leakage.

Explained Variance of First 20 Principal Components

Explained Variance Ratio

—®— Cumulative Explained Variance
=== 90% Explain /e Threshold
! Individual Ex

Figure 15. The first 20 principal components of ECG5000 with cumulative explained variance.
3.4 One-Dimensional Convolutional Neural Network (1D-CNN)

At the end of the last century, Yanne LeCun and colleagues developed LeNet-5
(1998), which was the first complete and systematic neural network architecture [37].
It was successfully applied to handwritten character recognition tasks and is widely
regarded as the origin of convolutional neural networks (CNNs). In recent years, with

advances in computing power, particularly the rise of GPUs, CNNs have been widely
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adopted in fields such as computer vision and natural language processing [38, 39].
Traditional CNNs typically take two- or three-dimensional data as input. However, as
CNNs have expanded into new domains, an increasing number of scenarios involve
one-dimensional input data. As a result, a method known as One-Dimensional

Convolutional Neural Network (1D-CNN) has been developed and widely adopted
[40-42].

The modeling process of 1D-CNN is as follows:

1) Input Layer: A single-channel sequence of length T, typically representing time

series, signal data, etc.

2) Convolutional Layer: This layer uses F one-dimensional convolutional kernels
of width k. Each kernel works like a filter. It slides over the input sequence to
compute weighted sums and extract features. At each step, it multiplies its k
weights with k input values in the current window, sums the result, and adds a

bias term b to increase the flexibility.

Let the kernel be w = [w;,w,, ..., w,] and the stride be s. Then the convolution

can be written as:

T—-k
s

K
}’i:ZWj'x(i—1)*s+j+b,i=1,2,---,[ J+1 (30)

j=1

The output width of each feature map is [%J + 1, and there are F such feature

maps.

3) Activation Function: The convolutional layer performs only linear
transformations, which limits its ability to represent complex patterns. To address
this, a nonlinear activation function is applied. The most common one is the ReLU
function, defined as f(x) = max(0, x). It processes the output feature map as

follows:

z; = o(y;) = ReLU(y;) = max(0, y;) (31)

4) Pooling Layer: The pooling layer reduces the number of parameters and helps
prevent overfitting. It also lowers the computational cost of the following layers. A

common method is max pooling, where a sliding window moves across the feature
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map and outputs the maximum value in each window. These outputs together

form a new feature map.

A complete CNN layer consists of a convolutional layer, an activation function,
and a pooling layer. It represents one round of feature extraction. A CNN model—
whether 1D or 2D—can stack multiple such layers to extract higher-level and more

abstract features.

Fully Connected Layer: In a 1D-CNN, the feature maps output from
convolutional layers have a two-dimensional structure. To use them in a fully

connected layer, they must first be flattened into a one-dimensional vector.

A fully connected layer consists of several neurons. Each neuron takes the features
from the CNN layer as input, computes a weighted sum, adds a bias term, and
applies an activation function to introduce non-linear relationships between
features. The number of neurons determines the dimensionality of the output

vector.

Assume there are m neurons in the current layer. Given an input vector x =
[x1, X5, ..., x,] € R", the weight vector of the j-th neuron is w) =
WP w, .., wi] and the bias is b¥). The operation of the fully connected layer

can be expressed as:
n
y, =0 (Z wPx; + b(f)> Jj=12,..,m (32)
i=1

The output is a high-level feature vector y = [y,, v5, ..., ¥ 1, as illustrated in Figure
16.

Fully Connected

Figure 16. Fully connected layer: inputs to outputs
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6) Output Layer: For a binary classification task, the output layer can use a single
neuron with a Sigmoid function to map the high-level features y from the previous
layer to a classification probability. During training, this probability is passed into
a loss function to guide backpropagation and update the network parameters.
During testing, the probability serves as the prediction result, and a predefined

threshold can be used to determine the final class label.

To further illustrate the 1D-CNN approach, I selected a sample from the ECG5000

dataset to demonstrate the training process of a 1ID-CNN model with a single CNN

layer. The entire process is shown in Figure 17.

Input Convolutional Layer Pooling Layer Flatten Fully Connected Layer
(140, 1) (131, 8) (65, 8) (520, 1) (64, 1)

=

Figure 17. Training a 1D-CNN using ECG5000 with a single CNN layer

1) Input Layer: Each sample is a univariate time series of length 140, so the input

shape is (140, 1).

2) Convolutional Layer: In this layer, 8 convolutional filters of size 10 are applied

with a stride of 1. Each filter acts as a sliding window that moves along the time
axis, observing 10 consecutive time steps at a time. Each filter multiplies its 10

weights with the 10 input values, sums the results, and adds a bias. For an input of
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140-10
1

length 140, a single filter produces an output of length 131 ( + 1 =131).

With 8 filters, the output shape becomes (131, 8).

3) Activation Function: A ReLU function is applied to each value, keeping the

feature map shape as (131, 8).

4) Pooling Layer: Using a max pooling window of size 2 with no overlap, the length

131
2

of each feature map is reduced to 65 ([ _ZJ + 1 = 65), resulting in an output

shape of (65, 8).

5) Fully Connected Layer: After flattening, the total number of features becomes
520 (65 x 8 = 520), so the input shape becomes (520, 1). This is passed to a fully
connected layer. If the layer has 64 neurons, each sample will produce a new

vector of shape (64, 1) as its high-level representation.

6) Output Layer: A Sigmoid function is applied to the 64-dimensional feature
vector to produce a predicted probability.
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4 Experiments and Results

4.1 Evaluation Metrics

The task of modeling and prediction on the ECG5000 dataset is essentially a binary
classification problem. The goal is to identify abnormal heartbeats (Class 2—5), so
abnormal heartbeats are defined as Positive, while normal heartbeats (Class 1) are
considered Negative. Based on this setup, we can construct the confusion matrix

shown in Table 4.

Table 4: Binary confusion matrix

Predicted Abnormal Predicted Normal
Actual Abnormal TP (True Positive) FP (False Negative)
Actual Normal FP (False Positive) TN (True Negative)

Based on the confusion matrix, we can evaluate the model’s prediction performance

using the following metric:

® Accuracy: Accuracy measures the proportion of correctly predicted samples

(true positives and true negatives) among all samples.

TP+TN
TP+TN+FP+FN

(33)

Accuracy =

® Precision: Precision measures the proportion of correctly predicted positive
samples among all predicted positives. A high precision indicates that the model

has a low false positive rate.

Precision = L (34)
recision = o=

® Recall: Recall measures how many actual positives are correctly identified by the

model. A high recall means the model can capture most of the abnormal data.

Recall = — (35)
= TPYFN
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® F1 Score: As the harmonic mean of precision and recall, the F1 score provides a

balanced measure of the model’s predictive performance.

Fl— 2 * Precision * Recall (36)
" Precision + Recall

® ROC Curve: The Receiver Operating Characteristic (ROC) curve illustrates the
relationship between the True Positive Rate (TPR) and the False Positive Rate
(FPR) at different classification thresholds based on anomaly scores. It provides a
comprehensive view of a model’s performance across different decision

boundaries.

TPR = e FPR = kil (37)
"~ TP+ FN'’ ~ FP+TN

The area under the ROC curve (AUC) measures the overall discriminative ability
of the model. Its value lies within the interval [0, 1]. A higher AUC indicates
better ranking performance, meaning the model is more likely to assign higher
scores to positive samples than to negative ones. When AUC = 1, it represents a
perfect classifier, while AUC = 0.5 suggests the model performs no better than

random guessing.
4.2 Hyperparameter Tuning

To improve the performance of different models during the prediction phase, I
performed hyperparameter tuning using the validation set. I chose F1-score as the
evaluation metric for hyperparameter optimization, since it considers both precision
and recall and provides a balanced view of false positives and false negatives. Tables

5—8 present the parameter settings and optimal configurations for the four methods.

Table 5: EWSW-CUSUM

Parameter Meaning Search Space Optimal Setting
window_size Window size [10, 20, 50] 20
k Sensitivity parameter [0.3u;, 0.5u;, 0.7u,] 0.3u;
h Alarm threshold [Bus, Sug, 7Tug] Ty
lam Weight of historical accumulation [0.8, 0.9, 0.95] 0.8
alarm_lens Consecutive alarm threshold [3, 5, 7] 3




Table 6: SWA-COPOD
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Parameter Meaning Search Space Optimal Setting
window_size Window size [20, 30, 40] 30
stride Window stride [2, 4, 6] 4
contamination Assumed anomaly proportion [0.1,0.15,0.2] 0.1
ratio_threshold Abnormal window ratio threshold [0.2, 0.4, 0.6] 0.2

Table 7: PCA-iForest

Parameter Meaning Search Space Optimal Setting
pca_variance_ratio | Proportion of original data [0.9, 0.95, 0.99] 0.95
variance retained by PCA
estimators Number of iTrees in iForest [50, 100, 150] 50
contamination Assumed anomaly proportion [0.01, 0.05, 0.1, 0.4] 04

Table 8: 1D-CNN

connected layer

Parameter Meaning Search Space Optimal Setting
conv_filters Number of filters in the first [16, 32, 64] 64
convolutional layer
conv2_filters Number of filters in the second [32, 64, 128] 32
convolutional layer
dense_units Number of neurons in the fully [32, 64, 128] 64

4.3 Results and Discussion

After determining the optimal parameters for each model using the validation set, I

proceeded to build anomaly detection models on the prediction set. To

comprehensively evaluate the effectiveness of the proposed method, I also introduced

several classical algorithms as baselines for comparison. The following models were

included in the evaluation:

CUSUM-Based

® EWSW-CUSUM: The proposed variant of CUSUM designed for non-stationary

time series.

® SW-CUSUM: A sliding window version of CUSUM used as a baseline to
compare against EWSW-CUSUM. The differences lie in: (1) the cumulative sum

is computed using the standard CUSUM formulation without applying any

forgetting weights to historical data; (2) anomaly labelling is based on single
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alarm points rather than requiring consecutive alarms. All other parameters are
consistent with EWSW-CUSUM.

COPOD-Based

® SWA-COPOD: The proposed variant of COPOD tailored for non-stationary time

series.
® COPOD: The original nonparametric COPOD algorithm.
iForest-Based
® PCA-iForest: iForest implemented after dimensionality reduction using PCA.

® iForest: The original iForest algorithm, using the same parameters as PCA-

iForest.
Deep Learning

® 1D-CNN: A convolutional neural network with two CNN layers, using ReLU

activation and max pooling.

Table 9: Evaluation of Prediction Results

Method / Metric Accuracy Precision Recall F1-Score
SW-CUSUM 0.4169 0.4165 1.0000 0.5881
EWSW-CUSUM 0.9527 0.9952 0.8905 0.9400
COPOD 0.6207 0.6673 0.1767 0.2794
SWA-COPOD 0.9669 0.9349 0.9893 0.9613
iForest 0.6178 0.5410 0.5387 0.5399
PCA-iForest 0.6304 0.5504 0.5750 0.5643
1D-CNN 0.9804 0.9972 0.9557 0.9760

Table 9 presents a comprehensive comparison of all methods across four metrics:
Accuracy, Precision, Recall, and F1-Score. The differences among them are

significant.

First, looking within the same method category, although SW-CUSUM achieves a
perfect Recall score of 1.0000, its Precision is only 0.4165 and the F1-Score is just
0.5881. This indicates that while it successfully captures all anomaly points, it also

produces many false positives. In contrast, EWSW-CUSUM introduces exponential
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weighting and a consecutive alarm mechanism, which effectively reduce the frequent
false alarms seen in the standard sliding window method. As a result, its Precision
increases dramatically to 0.9952. Although Recall slightly drops to 0.8905, the
overall F1-Score reaches 0.9400, significantly outperforming SW-CUSUM. This
demonstrates that the two mechanisms not only suppress noise-triggered false

alarms effectively but also preserve strong anomaly detection capability.

Compared to the original COPOD algorithm, SWA-COPOD introduces a multi-sample
sliding window mechanism. This leads to a modest improvement in Precision,
increasing from 0.6673 to 0.9349. However, the improvement in Recall is much more
significant—it rises sharply from 0.1767 to 0.9893. As a result, the overall F1-Score
rises to 0.9613, more than three times higher than the original COPOD score of
0.2794. This shows that SWA-COPOD effectively reduces COPOD’s over-sensitivity to
isolated points. At the same time, it can better capture contextual structural
anomalies. In other words, the “anomaly diffusion effect” and “anomaly amplification

effect” that I proposed in the methodology section are well validated here.

The prediction results of iForest and PCA-iForest show that introducing PCA brings
only a slight performance improvement. This is closely related to the internal
mechanism of iForest. iForest relies on sample density in the feature space to detect
anomalies. While PCA helps avoid the curse of dimensionality by compressing
redundant features, it may also remove key local patterns. In ECG5000, anomalies
often appear as subtle local waveform changes. So, PCA’s limited benefit for iForest is

understandable.

1D-CNN gives the best results, with an F1-Score of 0.9760. Precision and Recall are
also high (0.9972 and 0.9557), showing good sensitivity and noise tolerance. But
unlike statistical methods, 1D-CNN needs a lot of parameters and training time, so
the cost is much higher. In comparison, the proposed methods, EWSW-CUSUM and
SWA-COPOD, only depend on statistical computations, yet they achieve detection
results close to 1D-CNN. They are especially practical in scenarios where real-time

performance and computational resources are limited.

The following describes the ROC curves of the three improved algorithms and the 1D-

CNN model. Since ROC evaluation requires each model to output an anomaly score,
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and not all methods naturally produce such a score, I define the anomaly scores as

follows:

True Positive Rate

True Positive Rate

08

06

04

0.2

0.0

08
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0.2

0.0

EWSW-CUSUM: The maximum cumulative sum within a sample is used as the

anomaly score for that interval.

SWA-COPOD: The anomaly score is defined as the proportion of anomalous

windows among all windows that include the given sample.

PCA-iForest: The anomaly score is directly taken from the iForest output.

1D-CNN: The anomaly score is directly taken from the 1D-CNN output.
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Figure 18. ROC curves with AUC values

As Figure 18 shows, SWA-COPOD achieved the highest AUC value of 0.9943,
indicating excellent anomaly detection performance. It was closely followed by 1D-
CNN with an AUC of 0.9940 and EWSW-CUSUM with 0.9490, both demonstrating
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strong ranking capabilities. In contrast, PCA-iForest performed relatively poorly,
with an AUC of only 0.6920, suggesting weaker ranking ability in this task. Overall,
1D-CNN and the two proposed methods, SWA-COPOD and EWSW-CUSUM, exhibit

a clear performance advantage in this task.

Finally, the experimental results were also affected by the structure of the ECG5000
dataset. After splitting out the validation set, only 400 normal samples were left for
training, while the test set contained 4500 samples. This setup, a small training set
with a large test set, can limit the generalization of some models. However, under this
challenging setting, the statistical models I proposed still performed reliably, further

proving their practicality in small-sample scenarios.
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5 Conclusion and Outlook

This study systematically examined four unsupervised anomaly detection algorithms.
The first two, CUSUM and COPOD, are statistical methods; iForest represents an
ensemble learning approach; and 1D-CNN is a deep learning method. For the first
three, I proposed adaptations to better handle non-stationary time series: EWSW-
CUSUM, SWA-COPOD, and PCA-iForest. Using ECG5000 as a unified benchmark
dataset, I conducted modeling and testing, and the results show that EWSW-CUSUM
and SWA-COPOD achieved anomaly detection performance comparable to the neural
network-based 1D-CNN.

The initial goal of this study was to explore potential improvements to existing
methods so they could perform well on non-stationary sequences. EWSW-CUSUM
incorporates a sliding window within the sequence, exponential weighting, and a
consecutive alarm mechanism. SWA-COPOD introduces multi-sample sliding
windows and prediction aggregation. These mechanisms are entirely based on
statistics and rules, without assuming any underlying data distribution, and therefore
have strong transferability. Although PCA-iForest did not show significant
improvement, PCA as a dimensionality reduction technique still offers valuable
reference for anomaly detection in high-dimensional datasets. Overall, I believe this

work successfully achieved its intended objectives.

For future work, the first step is to evaluate these algorithms on a wider range of
datasets and re-assess their applicability and limitations. Another direction is to
apply the proposed optimization mechanisms to other algorithms beyond the scope
of this study to test whether better performance can be achieved. Given the
complexity of anomaly detection scenarios, exploring broader usage of these methods
is also worth considering—for example, adapting them for supervised or semi-
supervised anomaly detection tasks, or integrating them into ensemble learning

frameworks to overcome the limitations of any single method.
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