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ciated with the explosive production of gauge fluctuations. The synergy of these two
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of primordial black holes, and iii) a potentially observable background of chiral gravitational
waves at small scales.
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1 Introduction and discussion

Ground-breaking experiments such as WMAP [1] and Planck [2] have consolidated inflation as
the standard mechanism for the generation of the primordial density perturbations seeding
structure formation. To match observations, a canonically normalized inflaton field must
be endowed with a sufficiently flat potential, protected from quantum corrections by global
symmetries such as dilatation invariance [3–8] or shift symmetry [9, 10]. The latter possibility
is typically realized in Natural Inflation scenarios [11–13]. In this type of settings, the inflaton
field is identified with a pseudo-Nambu-Goldstone boson or axion, which, as happens in
the Peccei-Quinn mechanism [14], acquires a symmetry breaking potential at a scale f via
instanton effects.

One of the main difficulties of Natural Inflation is associated to its ultraviolet (UV)
completion. In particular, the super-Planckian values of f needed to support a sufficiently
long period of inflation are in tension with the usual expectations of controlled string com-
pactifications [15, 16] and the weak gravity conjecture [17]. Several ways of reconciling
inflation with sub-Planckian coupling constants have been proposed in the literature (see
e.g. refs. [18–28]). An interesting possibility not requiring the inclusion additional degrees of
freedom is to introduce a non-minimal coupling between the Einstein tensor and the inflaton
kinetic term. In this so-called UV-protected Natural Inflation scenario [29, 30], the infla-
ton friction is gravitationally enhanced, allowing for an accelerated expansion even in steep
potentials with sub-Planckian coupling constants.

In this work we re-examine the above UV-protected scenario in the presence of parity-
violating Chern-Simons interactions [31, 32].1 The evolution of the inflaton field during

1Due to the many appealing features of Chern-Simons interactions — such as the sourcing of chiral gravita-
tional waves, the appearance of parity breaking and anisotropic patterns in the cosmic microwave background,
the possible connections with magnetogenesis and the production of primordial black holes —, these kind
of scenarios have been enthusiastically studied in the literature. An incomplete list includes, for instance,
refs. [33–65].
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inflation translates into the spontaneous symmetry breaking of conformal symmetry and
the quantum generation of gauge fluctuations that tend to dissipate the background energy
density. This Schwinger-like mechanism, clearly reminiscent of warm inflation scenarios [66],
slows down the evolution of the inflaton field even when the gravitationally-enhanced friction
ceases to be efficient.

We perform here a detailed comparison of the above model’s predictions with present
and future data sets, highlighting the similarities and differences with previous studies in
the literature. At early times, the evolution of the system is dominated by the non-minimal
derivative coupling to gravity. The inflaton velocity is correspondingly small and the gauge
fluctuations are completely subdominant. This translates into an almost flat spectrum of
primordial density perturbations in perfect agreement with cosmic microwave background
(CMB) observations for an extensive range of sub-Planckian axion constants. The rise of
the field velocity as inflation proceeds leads to the exponential growth of the vector contri-
butions, which source subsequently the scalar and tensor perturbations. The enhancement
of scalar perturbations with respect to their CMB values allows for the potential formation
of primordial black holes (PBH) at sub-CMB scales. We argue that a proper choice of the
model parameters can easily accommodate present observational constraints on these appeal-
ing dark matter candidates. Finally, we confront the scenario with the sensitivity of future
gravitational wave (GW) interferometers. In particular, we show that the late-time amplifi-
cation of the tensor power spectrum during the axial regime allows to obtain an observable
GW signal which is both non-Gaussian and maximally chiral.

2 The model

We consider an UV-protected Natural Inflation scenario involving a pseudo-scalar inflaton
field φ interacting with N gauge fields Aaµ via Chern-Simons interactions. The action of the
model takes the form

S =

∫
d4x
√
−g
[
M2
P

2
R− 1

2

(
gµν − 1

M2
Gµν

)
∇µφ∇νφ− V (φ)− 1

4
Fµνa F aµν −

α

4

φ

f
F̃µνa F aµν

]
,

(2.1)
with Gµν ≡ Rµν − 1

2Rg
µν the Einstein tensor, the index a ranging from 1 to N , and

F aµν ≡ ∂µAaν − ∂νAaµ and
√
−g F̃ aµν = 1

2ε
µνστF aστ the field strength associated with each gauge

field and its dual. Here M is a constant with the dimension of mass, ε0123 = 1 and

V (φ) = Λ4

[
1 + cos

(
φ

f

)]
(2.2)

an axion-like cosine potential. This type of action may appear naturally in scenarios involving
several axion-like fields interacting non-minimally with an extended gauge sector of strength
Faµν 6= F aµν beyond (2.1). In particular, if one of the additional gauge fields in Faµν enters
into a strong coupling regime at an energy scale Λ, it may generate a periodic potential with
amplitude Λ4 and an effective Chern-Simons interaction αφ F̃µνa F aµν with α � 1 (see, for
instance, ref. [67]). The resulting action is technically natural since the shift symmetry on φ
is effectively restored in the Λ → 0 limit. This important feature is respected by the non-
minimal coupling Gµν∇µφ∇µφ, which, in spite of involving a higher number of derivatives,
does not introduce additional degrees of freedom beyond those originally present in the
theory [68].
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In an isotropic and flat Friedmann-Lemâıtre-Robertson-Walker spacetime ds2 = −dt2 +
a2(t) δij dxidxj with scale factor a(t), the Friedmann equations following from the variation
of the action (2.1) with respect to the metric take the form [69, 70]

H2 =
1

3M2
P

[
1

2
φ̇2

(
1 + 9

H2

M2

)
+ V (φ) +

1

2

(
〈 ~E2

a〉+ 〈 ~B2
a〉
)]
, (2.3)

Ḣ = − 1

2M2
P

[(
1 + 3

H2

M2

)
φ̇2 − 1

M2

d(Hφ̇2)

dt

]
− 1

3M2
P

(
〈 ~E2

a〉+ 〈 ~B2
a〉
)
, (2.4)

with the dots denoting derivatives with respect to the coordinate time t. Here we have partic-
ularized to the Coulomb gauge Aa0 = ~∇· ~Aa = 0, used the standard electromagnetic notation
to denote the “electric” ( ~Ea) and “magnetic” ( ~Ba) gauge field components and assumed a
mean field approximation to account for the backreaction of the associated fluctuations, with
the brackets denoting quantum expectation values (for details cf. section 2.1). The Friedmann
equations (2.3) and (2.4) are supplemented by the equations of motion for the inflaton and
vector fields, namely

1

a3

d

dt

[
a3φ̇K

]
+ Vφ =

α

f
〈 ~Ea · ~Ba〉 , ~Aa′′ −∇2 ~Aa =

α

f
φ′ ~∇× ~Aa , (2.5)

with the primes denoting derivatives with respect to the conformal time τ ≡
∫
dt/a,

Vφ ≡ ∂V/∂φ and

K ≡ 1 + 3
H2

M2
. (2.6)

2.1 Vector field production and backreaction

To determine the averages in eqs. (2.3)–(2.5), let us perform a canonical quantization of the
gauge fields, namely

~Aa (τ, ~x) =
∑
λ=±

∫
d3~k

(2π)3/2

[
Aaλ(τ,~k)~ελ(~k) âλ(~k) ei

~k·~x + H.c.
]
, (2.7)

with Aaλ the mode functions associated with the two helicities λ = ±1. Here âλ(~k) and â†λ(~k)
stand for the usual annihilation and creation operators satisfying the canonical commutation
relations

[
âλ(~k), â†λ′(

~k′)
]

= δλλ′ δ
(3)(~k − ~k′) and ~ε± is an orthonormal basis in the complex

vector space perpendicular to the momentum, i.e.

~ελ(~k) · ~ε ∗λ′(~k) = δλλ′ , ~ελ(~k) · ~k = 0 , i~k × ~ελ(~k) = λ k~ελ(~k) , k = |~k| . (2.8)

Plugging the expansion (2.7) into the corresponding field equation in (2.5) and taking into
account that φ′ = −φ̇/(Hτ), we get

Aa±
′′ +

[
k

(
k ∓ 2ξ

|τ |

)]
Aa± = 0 , (2.9)

where we have used the background isotropy to relabel the modes Aa±(τ,~k) as functions Aa±
depending only on the absolute value of the momenta. The instability parameter

ξ ≡ α φ̇

2 f H
(2.10)
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grows adiabatically with time, meaning that its value should be understood as the one ac-
quired when the mode under consideration crosses the horizon.

The mode equation (2.9) displays the parity-violating nature of the system. While
negative-helicity modes Aa− experience just a shift in their dispersion relation for positive ξ

(i.e. for φ̇ > 0), the positive-helicity modes Aa+ become tachyonically unstable for

k < kcr ≡
2 ξ

|τ |
. (2.11)

This qualitative behavior is consistent with the exact solutions of eq. (2.9) satisfying the
Bunch-Davies boundary condition lim−kτ→∞A

a
± (τ) = e−ikτ/

√
2k, namely

Aa±(x) =
e±

π
2
ξ

√
2 k

W±iξ, 1
2
(2i x) ' 1√

2k

(
k

2 ξ aH

)1/4

eπ ξ−2
√

2ξ k/(aH) , (2.12)

with x ≡ −k τ , W the regular Whittaker function, and the right-hand side approximation
corresponding to k � kcr. Neglecting the vanishing contribution of negative-helicity modes
and taking into account the de Sitter scale factor a = −1/(Hτ), we can express the quantum
averages in eqs. (2.3), (2.4) and (2.5) as [31]

〈 ~E2
a〉 '

1

a4

∫
d3~k

(2π)3

∣∣∣∣ ∂∂τ Aa+
∣∣∣∣2 = I1 ×N H4 e

2πξ

ξ3
, (2.13)

〈 ~B2
a〉 '

1

a4

∫
d3~k

(2π)3 k
2
∣∣Aa+∣∣2 ' I2 ×N H4 e

2πξ

ξ5
, (2.14)

〈 ~Ea · ~Ba〉 = − 1

2a4

∫
d3~k

(2π)3
k
∂

∂τ
|Aa+|2 = −I3 ×N H4 e

2πξ

ξ4
. (2.15)

Here [59, 71]

I1 =
ξ3

4π2
e−π ξ

∫ xc

0
dxx3

∣∣∣∣ ∂∂xWiξ,1/2 (2ix)

∣∣∣∣2 'ξ�1
2.6× 10−4 , (2.16)

I2 =
ξ5

4π2
e−π ξ

∫ xc

0
dxx3

∣∣Wiξ,1/2 (2ix)
∣∣2 '

ξ�1
3× 10−4 , (2.17)

I3 = − ξ4

8π2
e−π ξ

∫ xc

0
dxx3 ∂

∂x

∣∣Wiξ,1/2 (2ix)
∣∣2 '

ξ�1
2.6× 10−4 , (2.18)

are some appropriately defined functions that for ξ & 3 become insensitive to the precise
choice of the cutoff xc regularizing the infinite contribution of high-frequency modes. Note
that while the growth of the modes Aa+ takes its maximum value at the momenta k ' kcr/2

maximizing the tachyonic frequency in eq. (2.9), the larger contribution to 〈 ~Ea · ~Ba〉 comes
from scales k ' kcr, due to the additional τ derivative and the approximate k4 dependence
in eq. (2.15).

3 Primordial power spectra

Having determined the influence of the gauge fields in the background equations of motion, we
calculate now the primordial power spectra of scalar and tensor perturbations. The scenario

– 4 –
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with K = 1 (M → ∞) was considered in ref. [31], where it was shown that the generated
scalar perturbations can only reproduce the observed amplitude and Gaussianity of CMB
perturbations if the pseudoscalar inflaton field φ couples to N ' 105 gauge fields [31, 32].
As we will see in the following sections, this result is completely modified in the presence of
gravitationally-enhanced friction term K 6= 1.

3.1 Scalar perturbations

The spectrum of scalar perturbations can be straightforwardly computed in the δφ 6= 0
gauge [30, 72, 73] (see also refs. [74–76]). Following the steps in appendix A, the corresponding
second-order action in conformal time takes the form

S
(2)
δφ =

∫
d3xdτ

1

2

[
u′

2−c2
s (∇u)2+

(
z′′

z
−m2a2

)
u2

]
+

∫
d3xdτ a4 α

f

u

z
δ[ ~Ea · ~Ba] , (3.1)

with

u ≡ z δφ , z ≡ aF
√

2G

εK
, (3.2)

the canonical Mukhanov-Sasaki variables,

εK ≡
φ̇2

M2M2
P

, F ≡
1− 1

2εK

1− 3
2εK

, G ≡ εK
2

(
1 + 3

H2

M2

1 + 3
2εK

1− 1
2εK

)
, (3.3)

and c2
s and m2 effective speed and mass parameters whose explicit expressions can be found in

eqs. (A.3) and (A.4). The term δ[ ~Ea · ~Ba] contains two contributions associated respectively
with the intrinsic inhomogeneities in ~Ea · ~Ba at φ = 0 and the explicit φ̇ dependence [31, 77],
namely

δ[ ~Ea · ~Ba] '
[
~Ea · ~Ba − 〈 ~Ea · ~Ba〉

]
δφ=0

+
∂〈 ~Ea · ~Ba〉

∂φ̇
δφ̇ ≡ δ ~Ea· ~Ba +

∂〈 ~Ea · ~Ba〉
∂φ̇

δφ̇ . (3.4)

In Fourier space, the equation of motion derived from the action (3.1) takes the form

u′′ +

(
c2
s k

2 +m2a2 − z′′

z

)
u =

α

f

a4

z
δ[ ~Ea · ~Ba] , (3.5)

with u = u(k, τ) and k the corresponding wave number or comoving momentum. This
differential equation can be solved in two separated pieces: a vacuum homogeneous solution
u(0) including the effect of the non-minimal kinetic coupling and a particular solution u(s)

sourced by the axial contribution, i.e. u(k, τ) = u(0)(k, τ) + u(s)(k, τ). Assuming these
to be statistically independent [36], 〈u(k)u(k′)〉 = 〈u(0)(k)u(0)(k′)〉 + 〈u(s)(k)u(s)(k′)〉, and
neglecting order one corrections associated with the precise choice of the pivot scale, the
spectrum of primordial density fluctuations can be written as (cf. appendix A for details)

Pζ(k) ' P̄ζ
(
− csk

2aH

)γp−1

, (3.6)

with

P̄ζ '
H4

4π2Kφ̇2
0

(
εK

2GF 2 c3
s

)[
1 +

4GF 2 c3
sF

N εK

(
αN H

∆K f

)2 e4πξ

ξ8

(
26ξ

cs

)γp−1
]
. (3.7)

– 5 –



J
C
A
P
1
1
(
2
0
2
0
)
0
0
9

Here F ' 2.13 × 10−6 is a numerical constant coming from the momentum integral of the
δ ~E· ~B spectrum [31, 77],

γp − 1 = 3− σ ±∆ , σ ≡
π αVφ
Kf H2

, ∆2 ≡ (1− σ)2 + 4

(
ν2 − 1

4
− σ

)
, (3.8)

and

ν ≡ 3

2

√
1 +

4

3
εH +

8

9
δK −

4

9

m2

H2
, δK ≡

9

2

Ḣ

M2K
. (3.9)

Note that this cumbersome expression reduces to the standard one in the decoupling limit
α → 0, M → ∞, where F = K = cs = 1, G = δK = εK = 0 and φ̇ ' −Vφ/(3H). For the
non-vanishing α and finite M case we are interested in, we rather have εK ' 0, F ' cs ' 1
and G ' εK K/2, such that

P̄ζ '
H4

4π2 φ̇2K

[
1 +

2KF
N

(
αN H

∆K f

)2 e4πξ

ξ8
(26ξ)γp−1

]
. (3.10)

It is convenient to rewrite this expression as a function of the number of e-folds N till the
end of inflation. To this end, let us consider the evolution of the background inflaton field. In
the strong friction [H2 ' 2Λ4/(3M2

P ) ] and strong axial [H2 ' V/(3M2
P ) and Vφ ' −V/f '

− I3N α
f (H/ξ)4 e2πξ ] regimes, the equation of motion (2.5) admits an approximate solution

φ(N) '

φ∗ e
B (N∗−N) for N∗ ≥ N � Nc ,

π f − 2 f ξ
α N +O(N2) for Nc � N ≥ 0 ,

(3.11)

with φ∗ the initial field value, N∗ = 60 the number of e-folds at which the pivot scale left the
horizon,

B ' 1

4

(
M

f

)2(MP

Λ

)4

, Nc '
φ∗ BN∗ + φ∗ − π f

φ∗ B − 2f ξ
α

, (3.12)

and

ξ ' − 2

π
W−1

[
− π√

6

Λ

MP
(αN C I3)1/4

]
, (3.13)

with C an order one constant and W−1(x) the Lambert function. The approximate solution
of eq. (3.11) fits well the result of numerically solving the system of equations (2.3), (2.4)
and (2.5), shown in figure 1 for two benchmark points. The figure displays also the evolution
of ξ and its derivative, as given by eq. (2.10). This instability parameter grows large towards
the end of inflation, acting as an effective friction term for the inflaton field and generating
additional e-folds even if the potential is steep and the gravitationally-enhanced friction
ceases to be important.

Taking into account the above relations and assuming i) the absence of trans-Planckian
masses, f � MP , ii) a weak coupling regime in the inflaton-gauge interactions, f � M ,
iii) sub-Planckian curvatures, H �MP , and iv) a large gravitational friction at early times
H(N∗)�M , the scalar power spectrum (3.10) can be approximated as

P̄ζ(N) '


4

3π2

(
f
M

)2 (
Λ
MP

)8 (
f
φ

)2
for N∗ ≥ N � Nc ,

5×10−2

N ξ2 for Nc � N ≥ 0 ,

(3.14)

with the first and second lines corresponding respectively to the strong friction [30, 76] and
the strong axial regime [31, 32, 42, 77, 78].

– 6 –
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Figure 1. Evolution of the inflaton field φ and the instability parameter ξ as a function of the number
of e-folds N , for fiducial values Λ = 4.6×10−3 MP , f/M = 1.7×105, α = 150 (black solid lines), and
Λ = 5.1 × 10−3 MP , f/M = 1.5 × 105, α = 200 (blue dashed lines), assuming always N = 20 fields.
Additionally, we display the derivative and the logarithmic derivative of ξ.

3.2 Tensor power spectrum

The creation of gauge fluctuations via the Chern-Simons interaction φ F̃ F sources also the
production of helical GW. To determine their amount and chirality, let us consider the
perturbed metric ds2 = a2(τ)

[
−dτ2 + (δij + hij) dxidxj

]
with hij a transverse-traceless per-

turbation, hii = ∂jhij = 0. The variation of the quadratic expansion of the action (2.1) in
hij [30],

S
(2)
t =

M2
P

8

∫
d3x dτ a2

[(
1− 1

2a2

φ′2

M2M2
P

)
h′2ij −

(
1 +

1

2a2

φ′2

M2M2
P

)
(∇hij)2

]
, (3.15)

leads to the following equation of motion for the tensor modes in Fourier space,

h′′ij +

[
2
a′

a
+
β′

β

]
h′ij + c2

t k
2 hij =

2

βM2
P

TEM
ij , (3.16)

with

β ≡ 1− 1

2
εK , c2

t ≡
1 + 1

2εK

1− 1
2εK

. (3.17)
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Projecting into the helicity basis defined by the polarization vectors εiλ(~k) and using the
relations

hij(τ, ~k) =
√

2
∑
λ=±

εiλ(~k) εjλ(~k)hλ(τ, ~k) , hλ(τ, ~k) = Πlm
λ hlm(τ, ~k) , (3.18)

Πlm
λ =

1√
2
εl−λ(~k)εm−λ(~k) , (3.19)

the equation for the tensor modes with right- (λ = +2) and (λ = −2) left-handed polariza-
tions can be written as

h′′λ +

[
2
a′

a
+
β′

β

]
h′λ + c2

t k
2 hλ =

2

βM2
P

Πlm
λ TEM

lm , (3.20)

with TEM the energy momentum tensor for the source part of the action (2.1). Due to the
projector Πlm

λ , only the transverse part of this quantity contributes to the tensor perturbation,

namely TEM, TT
ij = −a2(Eai E

a
j + Ba

i B
a
j ). In a slow-roll quasi-de Sitter regime where both ξ

and H are approximately constant, we can rewrite eq. (3.20) as

h′′λ −
2

τ
h′λ + c2

t k
2 hλ =

2

βM2
P

Πlm
λ TEM

lm , (3.21)

which is formally equivalent to that in refs. [77, 78] upon the trivial replacement
1/M2

P → 1/(βM2
P ). Assuming again the vacuum and sourced modes to be statistically inde-

pendent [36], 〈hλ(k)hλ(k′)〉 = 〈h(0)
λ (k)h

(0)
λ (k′)〉+ 〈h(s)

λ (k)h
(s)
λ (k′)〉, the total tensor spectrum

for each polarization mode can be written as Pt,λ ≡ P
(0)
t,λ + P

(s)
t,λ with

P
(0)
t,λ =

k3

2π2
|hλ|2 '

H2

π2M2
P ct

(
1 + 1

2εK
) , P

(s)
t,λ '

AλN
π2 β2

H4

M4
P

e4πξ

ξ6
, (3.22)

the vacuum and sourced contributions, A+ ' 8.6 × 10−7 and A− ' 1.8 × 10−9 [78]. Using
these expressions, we can define the tensor-to-scalar ratio r and the chirality parameter or
degree of polarization ∆χ,

r ≡
∑

λ Pt,λ
Pζ

, ∆χ ≡ Pt,+ − Pt,−
Pt,+ + Pt,−

. (3.23)

As for the scalar perturbations, we can distinguish two regimes. At early times, the friction
due to the non-minimal coupling controls the dynamics, such that the contribution of the
axial coupling to the tensor power spectrum is completely negligible. In this stage, the
spectrum is approximately flat and non-chiral,

Pt,λ '
2

3π2

(
Λ

MP

)4

, r '
(
M

f

)2(MP

Λ

)4(φ
f

)2

, ∆χ ' 0 . (3.24)

At later times, the exponential amplification of the A+ modes as the field velocity increases
makes them the dominant source of tensor perturbations [32, 42, 77, 78], providing an en-
hanced parity-violating GW background with

Pt,λ'
4AλN
9π2β2

(
Λ

MP

)8 e4πξ

ξ6
' 9Aλ
π2N I2

3α
2β2

ξ2, r' 2.9×102 ξ
4

α2
, ∆χ' δχ

1+δχ
, (3.25)
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where we have again assumed the strong axial regime approximation to be valid
[H2 ' V/(3M2

P ) and Vφ ' −V/f ' − I3N α
f (H/ξ)4 e2πξ ] and defined

δχ ≡ NA+

3

(
Λ

MP

)4 e4π ξ

ξ6
'

27A+M
4
p ξ

2

2I2
3Nα2β2

. (3.26)

4 Phenomenology

In order to assess the testability of our scenario and determine the viable parameter space,
we confront now the scalar and tensor power spectra obtained in section 3 with present
and future data sets. On the one hand, we will enforce the compatibility of our predictions
with current CMB observations. On the other hand, we will consider small-scale restrictions
coming from PBH formation. Finally, we discuss the potential detection of chiral GW by
future GW experiments.

4.1 Cosmic microwave background

The precise measurements of CMB anisotropies [2] impose strong constraints on the primor-
dial power spectrum at scales 0.008 Mpc−1 . k . 0.1 Mpc−1, providing exquisite information
on the first 7 e-folds of inflation. This range of knowledge is extended to about 20 e-folds
by measurements of Lyman-α forest and µ spectral distortions,2 which are sensitive to the
integrated scalar power spectrum in the range 50 Mpc−1 . k . 104 Mpc−1 [79].

The parameter space compatible with the latest Planck results on the amplitude and
tilt of primordial density fluctuations [2] is displayed in the left panel of figure 2 for N∗ = 60
and N = 20 (cf. section 4.2). Note that the allowed region could be additionally constrained
by the kinematic restriction (B.3) in appendix B. For the O(1) values of ξ in this regime,
this restriction is very mild, α & 7.5.

For illustration purposes, we display also exemplary power spectra in the right panel of
figure 2. The initial values φ∗ and φ̇∗ for the inflaton field and its derivative were fixed using
its equation of motion (2.5) and the COBE normalization. Additionally, the parameters Λ
and f/M are related by the spectral tilt

ns − 1 ≡
d lnPζ(k)

d ln k
' −2B (4.1)

around N∗ = 60. In this region, the power spectrum is fairly Gaussian since the dominant
gravitationally-enhanced friction in eq. (2.5) could be easily transferred to the axion poten-
tial (2.2) by performing a suitable field redefinition [30]. This reduces the scenario to the
standard one with no extra scales and slow-roll suppressed non-Gaussianities [80]. Note that
this argument does not apply to the upward bent of the spectrum at small scales, where
non-Gaussianity plays indeed a very important role [44], as we now proceed to discuss.

4.2 Primordial black holes

The axial enhancement of the primordial power spectrum at sub-CMB scales (cf. right panel
of figure 2) can lead to the formation of PBH with masses of the order of the horizon mass
at the time of reentry [43, 56, 85]. Assuming radiation domination to start immediately

2These are related to the energy injection into the photon-baryon plasma from primordial perturbations
reentering the horizon at redshift 2 × 106 . z . 5 × 104.
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Figure 2. Left panel: parameter space compatible with Planck results on the amplitude and tilt of
primordial density fluctuations, assuming N∗ = 60 and N = 20. Right panel: scalar spectra for the
benchmark points used in figure 1. The colored regions are excluded by CMB anisotropies (red) [2],
Lyman-α forest (yellow) [81], µ distortions (green) [82, 83] and PBH bounds (blue) [83, 84].

after the end of inflation and disregarding any mass growth due to merging or accretion, we
have [43, 56, 86]

MPBH(N) ' 4πγMP

(
MP

H

)(
Hend

H

)
e2N ' 55 g γ

(
10−6MP

H

)(
Hend

H

)
e2N , (4.2)

with H = H(N) and γ ' 0.4 a parameter encoding the efficiency of the gravitational col-
lapse [87, 88]. While PBH with masses below 1011 g decay before big bang nucleosynthesis,
heavier black holes can play the role of dark matter3 and are severely constrained by di-
rect searches [83, 89]. These bounds restrict the primordial power spectrum on scales much
smaller than those currently probed by CMB and large scale structure surveys, providing an
invaluable information on the last 40 e-folds of inflation.

The formation of a PBH is a rare event. For a given perturbation amplitude in the
scalar power spectrum, the fraction of causal regions collapsing into PBH is given by

β =

∫ ∞
ζc

P (ζk) dζk , (4.3)

with P (ζk) the probability density of perturbations and ζc ∼ 0.5 a critical threshold [87, 91],
within the range ζc ∼ O(0.05–1) [85, 91, 92] suggested by the analytic and numerical studies
in refs. [88, 93]. As shown in section 3.1, the enhanced part of the power spectrum (3.10) can
be well-approximated by its axial contribution (3.14), which is generated by the convolution
of two Gaussian modes (A + A → δφ) and obeys therefore a χ2 statistics [43]. For this
distribution, eq. (4.3) becomes

βχ2(N) = Erfc

(√
1

2
+

ζc√
2Pζ(N)

)
, (4.4)

with Erfc (x) ≡ 1 − Erf (x) the complementary error function. Together with eq. (4.2), this
expression allows to convert the primordial power spectrum P̄ζ into a limit on the PBH

3For a general and comprehensive review see e.g. ref. [89]. For a summary of new space- and ground-borne
electromagnetic instruments potentially able to test this appealing hypothesis within the next decade, see, for
instance, ref. [90].
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Figure 3. Evolution of the derivative of the slow-roll parameter ε = −Ḣ/H2 as a function of the
number of e-folds N , for the benchmark points used in figure 1.

abundance and vice versa. We follow here the second approach and display in the right panel
of figure 2 the restrictions on the power spectrum following from present PBH bounds [83].
The minimal number of fields needed to pass these constraints turns out to very moderate
(N ' 20) and can be easily accommodated in usual grand unified groups such as SU(N)
without significantly altering the treatment presented here.4

The above analysis is just meant to illustrate the versatility of our scenario and should
be not be understood as a precise one. For the sake of clarity, there are several subtleties
that should be mentioned here:

1. Slow-roll validity. It is a well-established fact that the production of PBHs in single-
field scenarios driven by a potential requires the existence of an inflection point along
the inflationary trajectory where the slow-roll conditions are severely violated [94, 95].
We emphasize that this important result, usually stated as a no-go theorem, does not
directly apply to the problem at hand. In particular, the enhancement of the primordial
power spectrum at small scales is not related to any special feature of the potential
but rather to the explosive production of gauge fluctuations which subsequently source
curvature perturbations. The validity of the slow-roll approximation during the whole
inflationary evolution is illustrated in the lower panel of figure 3, where we display the
result of numerically solving the system of equations (2.3), (2.4) and (2.5).

2. Critical threshold. We followed closely the approach of refs. [85, 91, 92], employing a
critical threshold ζc ∼ 0.5. A precise calculation should take into account, however,
the full shape of the correlation functions since ζc depends strongly on the real space
distribution of overdensities [96–99], being lower for broader shapes where pressure
gradients play are less important role.

3. Non-Gaussianities. The formation of PBHs is inevitably a non-Gaussian process [100,
101] and the precise calculation of the abundance should involve a priori the convolution
of two non-Gaussian modes instead of two Gaussian ones.

4. Post-inflationary evolution. We are implicitly assuming a standard ΛCDM scenario
where gravity is the only attractive force for the clumping of matter. Alternative

4Note that the non-Abelian character of gauge interactions does not play a significant role since self-
interactions are higher order and can be consistently neglected for weak gauge couplings.
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cosmologies involving fifth forces and/or deviations from radiation domination during
the earliest post-inflationary epochs [84] could affect the above estimates, allowing
even for the formation of PBHs without the need of a significant enhancement of the
primordial power spectrum of density fluctuations [102–104].

A precise and self-consistent computation should take into account the aforementioned details
while involving a combination of numerical and analytical approaches, as done for instance in
refs. [97, 105, 106] for standard ΛCDM scenarios. However, it is not in the scope of this work
to go beyond the approximation implied by the χ2 statistics (4.4) [91, 92] and the choice
of a particular threshold ζc, since the potential changes on the restrictions on the shape
and amplitude of the primordial power spectrum are expected to be degenerate with the
model parameters controlling the transition time Nc in eq. (3.12) and the number of fields
N , respectively. A more complete and detailed discussion is left for a future research work.

4.3 Gravitational waves

Gravitational waves are probably the most promising relic to probe the unknown early Uni-
verse. Interestingly, the late-time amplification of the inflationary power-spectrum in the
strong axial regime opens the possibility of obtaining an observable chiral GW signal in
the frequency range probed by future terrestrial and space interferometers. The associated
fractional energy density per logarithmic frequency interval fGW = k/2π is given by [37]

ΩGW ≡
1

ρc

∂ρGW,0

∂ log k
=

ΩR,0

24

∑
λ

Pt,λ , (4.5)

with ΩR,0 h
2 ' 4.2×10−5 the radiation density parameter today, Pt,λ the GW power spectra

in eq. (3.22) and

N = N∗ − 44.92 + ln

(
k∗

0.002 Mpc−1

)
− ln

(
fGW

100 Hz

)
+ ln

(
HN

H∗

)
, (4.6)

with N∗ = 60 and HN the value of the Hubble rate N e-folds before the end of inflation.

The frequency dependence in eq. (4.5) takes the schematic form ΩGWh
2 ' fntGW, with

nt(fGW) =
d ln ΩGWh

2

d ln fGW
(4.7)

the tensor spectral tilt, understood as a time-dependent quantity. During the first stages
of the evolution (N∗ ≥ N � Nc) the tensor power spectrum is dominated by the vacuum
contribution in eq. (3.22). In this regime, and at the leading order in the slow-roll parameters
εH = −Ḣ/H2 and η ≡ −φ̈/(Hφ̇), we have

nt(fGW) ' −2εH = −
(
M

f

)2(MP

Λ

)4

, (4.8)

up to mild corrections associated with the field evolution displayed in figure 1. On the other
hand, the tensor spectral tilt at late times (N � Nc) is rather given by [107],

nt(fGW) = −4εH + 4π
dξ

dN
− 6

d ln ξ

dN
. (4.9)
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Figure 4. GW spectra for the benchmark points used in figure 1. The asymptotic power law behavior
is obtained from the analytical approximations in eq. (4.7). The experimental power-law integrated
sensitivity curves account for the enhancement in detector sensitivity following the integration over
frequency on top of the integration over time [108, 109].

Since the backreaction of the gauge fields on the Hubble rate is small almost till the end of
inflation (cf. appendix B), we can still approximate the slow-roll parameter εH by its value in
eq. (4.8) during this regime, i.e. assume inflation to be still driven by the potential. On the
other hand, from figure 1 we can infer that a good approximation to the ξ evolution during
this stage is ξ = aN+b. In the absence of a simple analytical solution, these coefficients have
to be extracted by fitting the numerical solution for ξ. However, as can be seen from figure 4,
the power-law approximation provides a reasonably good fit to the slope of the GW spectrum.

The GW spectra generated by our mechanism for the benchmark points in figures 1
and 2 are compared in figure 4 with the power-law integrated sensitivity curves5 of different
experiments. The Laser Interferometer Space Antenna (LISA) [110] is mostly sensitive to fre-
quencies 10−4 . f . 10−1 Hz, corresponding to momenta 1011 Mpc−1 . k . 1014 Mpc−1 or
an e-fold range 22 . N . 28. The Deci-hertz Interferometer Gravitational wave Observatory
(DECIGO) [111, 112], the advanced LIGO detector (aLIGO) [113] and the Einstein Telescope
(ET) [114] extend this range all the way up to ∼ 102–103 Hz, corresponding to scales around
k ∼ 1017–1018 Mpc−1 and N ∼ 15. Note that, although our GW spectra display generically
a “knee” rather than a peak structure, they are maximally chiral and non-Gaussian, which
could serve as a smoking gun for this mechanism and facilitate their discrimination against
astrophysical backgrounds (see e.g. refs. [115–118]). Although the measurement of the polar-
ization is more challenging than the measure of the total spectrum, there are good prospects
of detection with future experiments such as LISA or ET for sufficiently large amplitude of
the total spectrum [119, 120].

Overall, the synergy of shift-symmetric interactions advocated in this paper reconciles
Natural Inflation scenarios with well-motivated UV expectations, while providing a rich phe-

5These curves account for the enhancement in detector sensitivity following the integration over frequencies
on top of the integration over time.
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nomenology over a humongous range of scales. The natural enhancement of scalar and tensor
perturbations taking place at the end of inflation translates into the simultaneous production
of a dark matter component in the form of PBH and a chiral GW signal within the reach
of future GW interferometers, opening the possibility of testing the model with sub-CMB
physics. Our estimates rely, of course, on the accuracy of eqs. (2.15) and (3.5), meaning
that O(1) corrections should be certainly expected, especially in the large ξ regime. A fully
numerical computation along the lines of refs. [121–126] will most likely be required to obtain
precise results. Having presented the main qualitative features of our scenario, we postpone
this detailed study to a future publication.
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A Action for scalar perturbations

In this appendix, we present a detailed derivation of the total spectrum of primordial density
fluctuations in eqs. (3.6) and (3.7). Following the standard Arnowitt-Deser-Misner (ADM)
approach [127], we consider the metric decomposition

ds2 = −N2 dt2 + γij
(
dxi + βidt

) (
dxj + βjdt

)
, (A.1)

together with the gauge choiceN = 1+n; βi = ∂iψ; γij = a2(t) δij ; φ(xi, t) = φ0(t)+δφ(xi, t),
with φ0(t) the homogeneous background component of the inflaton field. After expanding
up to second order and integrating by parts, the scalar part of the action (2.1) is rewritten
as [73]

S
(2)
δφ =

∫
d4x a3F

2G

εK

[
δφ̇2 − c2

s

a2
(∇δφ)2 −m2 δφ2

]
+

∫
d4x a3 α

f
δ[ ~Ea · ~Ba]δφ . (A.2)

Here the equations for ψ and n are solved in terms of δφ and plugged back in the quadratic
action. By doing that, one obtains the effective speed of sound cs and mass m, namely

c2
s =

εK

2
(
1− 1

2εK
)
G

[(
1+

3

2
εK

)
K+

2H2εK
M2F

+6
Ḣ

M2

(
1− 1

2
εK

)]
, (A.3)

m2≡ εK
2GF 2

VφφF+
Vφ
MP

M

H

√
εK

1− 3
2εK

(
K+3

H2

M2
+

1+ 3
2εK

1− 3
2εK

(
1

2
K+Ḣ

1− 1
2εK

M2εK

))
(A.4)

− K
2M2εK(M2εK+6H2(3εK−1))

4H2(1− 3
2εK)2

− 1

a3

d

dt

a3KM2εK

(
K+ εK

2

(
9H2

M2 −1
))

2H(1− 3
2εK)2

 ,
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where K, εK , F and G are defined in eqs. (2.6) and (3.3), and δ[ ~Ea · ~Ba] includes the first-order
perturbations of the axial term φF F̃ , cf. eq. (3.4). Introducing the canonical Mukhanov-
Sasaki variables (3.2), integrating by parts and performing some algebraic manipulations, the
action (A.2) can be reduced to the form (3.1). The solution of the associated equations of
motion in Fourier space is given by the sum of a vacuum homogeneous solution u(0) including
the effect of the non-minimal kinetic coupling and a particular solution u(s) sourced by the
axial coupling, i.e. u(k, τ) = u(0)(k, τ) + u(s)(k, τ).

The spectrum of vacuum scalar perturbations u(0)(k) is computed by solving the homo-
geneous part of eq. (3.5). To this end, we work within the approximation in which the
perturbations’ speed of sound cs is constant and assume a nearly de Sitter background
a ' −(H τ(1− εH))−1, with εH = −Ḣ/H2. With this, we obtain

z′′

z
' 2

τ2

[
1 +

3

2
εH + δK

]
+O(ε2H) , (A.5)

with δK defined in eq. (3.9), and z ' a
√
K. Therefore, the homogeneous part of eq. (3.5)

becomes

u(0)′′ +

[
c2
s k

2 − 1

τ2

(
ν2 − 1

4

)]
u(0) = 0 , (A.6)

with ν given in eq. (3.9). The solution that matches the Bunch-Davies vacuum initial condi-
tion limτ→−∞ u(k, τ) = e−i cs k τ/

√
2cs k is given by

u(0) =

√
π

2

ei
π
2

(ν+ 1
2

)

√
2cs k

√
−cs k τ H(1)

ν (−cs k τ) , (A.7)

with H
(1)
ν the Hankel function of the first kind. The super-horizon limit of this solution

lim
|cskτ |→0

u(0)(k) =
2ν−3/2 ei

π
2

(ν−1/2)

√
2cs k

Γ(ν)

Γ(3/2)
(−cs k τ)1/2−ν (A.8)

allows to compute the spectrum of the vacuum primordial curvature perturbations
ζ = −Hδφ/φ̇0 = −H u/(z φ̇0), namely

δ(~k + ~k′)P
(0)
ζ (k) =

k3

2π2

H2

φ̇2
0

〈δφ(0)(~k) δφ(0)(~k′)〉 =
k3

2π2

H2

z2φ̇2
0

〈u(0)(~k)u(0)(~k′)〉 , (A.9)

which, in a de Sitter background, becomes

P
(0)
ζ (k) =

k3

π2

H2

z2 φ̇2
0

22ν−5

cs k

∣∣∣∣∣Γ(ν)

Γ(3
2)

∣∣∣∣∣
2

(−cs k τ)1−2ν ' H4

8π2φ̇2
0

εK
F 2Gc3

s

∣∣∣∣∣Γ(ν)

Γ(3
2)

∣∣∣∣∣
2(
−cs k τ

2

)3−2ν

.

(A.10)
In an analogous way, we can compute the spectrum of the perturbations sourced by the

axial coupling, i.e. u(s)(k). Starting again with eq. (3.5) in a nearly de Sitter background, we
can write

u(s)′′ +

[
c2
s k

2 − 1

τ2

(
ν2 − 1

4

)]
u(s) =

α

f

a4

z
δ[ ~Ea · ~Ba] , (A.11)

with δ[ ~Ea · ~Ba] ' δ ~Ea· ~Ba + (∂〈 ~Ea · ~Ba〉/∂φ̇)δφ̇. Following ref. [31], we evaluate the variation

of 〈 ~Ea · ~Ba〉 as

∂〈 ~Ea · ~Ba〉
∂φ̇

δφ̇ ' ∂〈 ~Ea · ~Ba〉
∂ξ

∂ξ

∂φ̇
δφ̇ ' ∂〈 ~Ea · ~Ba〉

∂ξ

α

2fH
δφ̇ ' πα

f
〈 ~Ea · ~Ba〉

δφ′

aH
. (A.12)
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In the strong axial regime, we can approximate Vφ ' (α/f)〈 ~Ea · ~Ba〉 and write the variation

of the source term as δ[ ~Ea · ~Ba] ' δ ~Ea· ~Ba + πVφδφ
′/(aH). Taking into account that u = z δφ,

and neglecting the subdominant gradient term at super horizon scales, eq. (A.11) becomes

u(s)′′ +
σ

τ
u(s)′ − 1

τ2

(
ν2 − 1

4
− σ

)
u(s) =

α

f

a4

z
δ ~Ea· ~Ba , (A.13)

with σ given in eq. (3.8). Using now eq. (2.12) and taking into account that u(s) ' a
√
K δφ(s),

we obtain [31, 77]

〈δφ(s)(~k) δφ(s)(~k ′)〉 ' F H
4

N
δ(~k + ~k ′)

k3

(
αN

∆K f

)2 e4πξ

ξ8
(−25ξ k τ)2+2ν± , (A.14)

with F ' 2.13×10−6, ∆ given in eq. (3.8) and the indices ν± ≡ 1
2 (1− σ ±∆) corresponding

to the growing and decaying solutions of eq. (A.13). The 1/N factor in this expression comes
from assuming that the contributions of the N gauge fields to the two-point function of δ ~Ea· ~Ba
add incoherently [31, 32]. Using this result, the sourced contribution to the spectrum of the
primordial curvature perturbations ζ(s) = −H δφ(s)/φ̇0,

δ(~k + ~k ′)P
(s)
ζ (k) ≡ k3

2π2

H2

φ̇2
0

〈δφ(s)(~k) δφ(s)(~k ′)〉 , (A.15)

becomes

P
(s)
ζ (k) ' H4

4π2φ̇2
0

[
2F
N

(
αN H

∆K f

)2 e4πξ

ξ8
(−25ξ k τ)2+2ν±

]
. (A.16)

Combining this result with the vacuum contribution (A.10), we obtain the total spectrum of
primordial density fluctuations in eqs. (3.6) and (3.7). These expressions are accurate up to
O(1) corrections associated with the precise choice of the pivot scale k∗.

B Slow-roll regime and backreaction

In this appendix we analyze the conditions allowing for an inflationary epoch in the presence
of gauge modes production and gravitationally-induced friction. To this end, we note that
the first Friedmann equation (2.3) can be written as the cosmic sum rule ΩEM+ΩK+ΩV = 1,
with

ΩEM ≡
〈 ~E2

a〉+ 〈 ~B2
a〉

6M2
PH

2
, ΩK ≡

φ̇2

6M2
PH

2

(
1 + 9

H2

M2

)
, ΩV ≡

V (φ)

3M2
PH

2
(B.1)

the density parameters for the gauge fields and the inflaton kinetic and potential components.
In order to have a potential-driven inflationary epoch, we need to make sure that both ΩK

and ΩEM are much smaller than the potential term ΩV. More generically, the requirements
ΩEM ≤ 1 and ΩK ≤ 1 are consistency checks on the parameter space:

1. Using the relations (2.13) and (2.14), the condition ΩEM ≤ 1 becomes

ΩEM ' 3× 10−16N e2πξ

(
2.6

ξ3
+

3

ξ5

)(
H

1013 GeV

)2

≤ 1 , (B.2)
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Figure 5. Level curves for the ΩEM contribution to the energy density. Notice that the region above
the curve corresponding to ΩEM = 1 is forbidden as it would imply more than 100% energy density
stored in the gauge fields.

meaning that, as shown in figure 5, there exists a maximum value for the Hubble rate H
for each value of the instability parameter ξ. For instance, for ξ = 6 and a single gauge
field N = 1, we have H . 1014 GeV. From a dynamical point of view, the growth of
the instability parameter ξ towards the end of inflation, increases the energy density of
gauge fluctuations while dissipating the energy density of the inflaton condensate. This
is a very efficient heating mechanism leading potentially to a very rapid thermalization
for non-Abelian gauge sectors [128].

2. Using eq. (2.10), the condition ΩK ≤ 1 in the strong friction limit H � M can be
written as

ΩK ' 6

(
ξ

α

)2( f

M

)2( H

MP

)2

≤ 1 . (B.3)

Numerically, and for the range of parameters considered in this paper, this translates
into an approximate relation α & 7.5 ξ.

For the sake of completeness, we discuss also here the interplay between the
gravitationally-enhanced friction generated by the non-minimal derivative coupling to grav-
ity and the one induced by the exponential growth of gauge fluctuations. Depending on the
hierarchy of scales, any of these two independent mechanisms can a priori dominate. Here
we want to determine when the contribution coming from the gauge fields becomes relevant.
Assuming as usual a small acceleration in the Klein-Gordon equation (2.5), the evolution of
the scalar field is approximately given by 3HK φ̇+Vφ ' α

f 〈 ~Ea · ~Ba〉, where we have neglected
a term proportional to εH � 1. Comparing the two friction terms in this equation, we get

R ≡
∣∣∣∣α 〈Ea ·Ba〉3HKφ̇f

∣∣∣∣ ' I3 α
2NH2

6f2K

e2πξ

ξ5
' 10−5N

(
α
M

f

)2 e2πξ

ξ5
, (B.4)

where in the last equality we have assumed the high gravitational friction limit H/M � 1. As
long as this ratio is much smaller than one, the contribution coming from the gauge fields in
the Klein-Gordon equation can be safely neglected. For the parameter space compatible with
Planck results on the amplitude and tilt of primordial density fluctuations, and assuming
N∗ = 60 and N = 20 (left panel of figure 2), R approaches unity when the instability
parameter reaches ξ ∼ 5–6.
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