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ARTICLE INFO ABSTRACT

Keywords: Precise 3D mapping is crucial for a wide range of geospatial applications, including forest monitoring,
LiDAR-based mapping infrastructure assessment, and autonomous navigation. While 2D Light Detection and Ranging (LiDAR) sensors
Airborne laser scanning (ALS) offer superior range accuracy and higher point density compared to many 3D LiDARs, their limited sensing
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geometry makes full 3D reconstruction challenging. In this paper, we address these limitations and achieve
robust 3D mapping by proposing a direct method for integrating 2D LiDAR with a 6 Degrees of Freedom (DoF)
trajectory and sparse 3D reference maps derived from mobile laser scanning (MLS) or airborne laser scanning
(ALS). Our method begins with an initial 6 DoF trajectory and performs batch optimisation by jointly co-
registering buffered 2D LiDAR scans to a 3D reference map, enhancing both trajectory accuracy and mapping
completeness without relying on 2D scans’ overlap or segmentation. We also introduce a novel, targetless
extrinsic calibration approach between 2D LiDAR, 3D LiDAR, and a Global Navigation Satellite System-
Inertial Navigation System (GNSS-INS) system that does not rely on overlapping sensor Field of View (FOV).
We validate our approach in forest road environments using sparse ALS or MLS reference maps and initial
poses from GNSS-INS or 3D LiDAR-inertial odometry. Experiments in forest roads achieved mean localisation
accuracies of 0.1 m (using 3D MLS initialisation) and 0.16 m (using GNSS-INS initialisation), reducing drift by
up to nine times in translation and six times in rotation. The extrinsic calibration method converges even with
initial misalignments of up to 40° in rotation and 3 m in translation. The proposed framework enables multi-
platform, multi-temporal data fusion, offering a practical solution for field deployment and map correction

tasks.

1. Introduction helicopters or drones, offer wide-area coverage and benefit from reli-
able Global Navigation Satellite System and Inertial Navigation System

Accurate and up-to-date 3D mapping is essential for numerous (GNSS-INS) positioning due to minimal occlusions from buildings or
geospatial applications, including forest monitoring, infrastructure in- vegetation (Wehr and Lohr, 1999; Baltsavias, 1999; Matikainen et al.,
spection, and autonomous navigation (Hyyppé et al., 2021; Polewski 2019). However, ALS systems often struggle with occlusions in dense
et al., 2019; Dai et al., 2019). As geospatial technologies evolve, there environments like forests, where tree trunks can be shadowed by the
is a growing demand to integrate point cloud data collected from  canopy. Yet, mobile laser scanning (MLS) systems, mounted on ground
heterogeneous sensors and platforms across different times (Kukko vehicles, trolleys, or backpacks, provide detailed data from ground level
et al., 2012; Vezeteu et al., 2025). Depending on the operational and a different field of view (FOV), but suffer from degraded GNSS-INS
context and required resolution, various Light Detection and Ranging performance in GNSS-challenged environments, such as under dense
(LiDAR) systems are employed to acquire 3D point clouds. Among tree cover or near tall buildings (Puente et al., 2011; Kukko et al.,

them, airborne laser scanning (ALS) systems, typically mounted on 2012; Liang et al., 2014; Cheng et al., 2015; Kaartinen et al., 2015a;
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Sigrist et al., 1999; Feng et al., 2021). In the absence of reliable absolute
positioning, MLS systems that rely solely on LiDAR, IMU, or camera
sensors accumulate drift over time. A promising approach to address
this is to use ALS-derived maps as geospatial priors for MLS trajectories.
The fusion of 3D MLS and ALS data has been shown to improve both
map completeness (Hyyppa et al., 2020a, 2021; Muhojoki et al., 2024)
and trajectory accuracy (Lee et al., 2022; Vezeteu et al., 2025).

Various sensors are installed on the MLS and ALS platforms. Among
them, 2D and 3D LiDAR sensors offer complementary advantages.
While modern 3D LiDARs (e.g., rotating Ouster, Velodyne, Hesai) can
capture rich geometric details, especially for georeferencing, they often
have lower point density and range accuracy than 2D LiDARs such
as the Riegl VUX series. Conversely, 2D LiDARs offer high accuracy
and point density, but they lack the full 3D coverage required for
registration and, therefore cannot directly recover 6 degrees of freedom
(DoF) motion, making accurate 3D reconstruction with a 2D sensor an
ill-posed problem. Several approaches have attempted to overcome this
limitation. One approach is to install 2D LiDAR sensors on rotating
platforms to acquire 3D coverage of the measured scene (Kang et al.,
2018; Schadler et al., 2014; Bosse and Zlot, 2009), though this intro-
duces motion artefacts and synchronisation challenges. Alternatively, a
high-accuracy 6 DoF trajectory, for example, from GNSS-INS, can be
used to project 2D scans into 3D space (Li et al., 2024a; Lin et al.,
2012; Chen et al., 2017; Roca et al., 2016). In this case, the accuracy
of the final map depends heavily on both the quality of the trajectory
and the extrinsic calibration of the sensors. A notable method in forest
mapping (Muhojoki et al., 2024; Kukko et al., 2017) uses segmented
tree positions from ALS as references to refine MLS-based mapping
using a 2D sensor. However, this approach assumes that the 2D sensor
can observe curved tree arcs, which requires it to be oriented closely
perpendicular to tree trunks. In our case, the 2D sensor is mounted to
scan the ground directly for road-monitoring purposes, making tree arc
detection infeasible.

In contrast to prior methods, we propose a direct approach for
3D mapping using a 2D LiDAR without the need for segmentation,
feature extraction, or specific sensor mounting configurations. Starting
with an initial 6 DoF trajectory estimate, our method registers the
2D scan data into a 3D map and then refines the trajectory through
alignment with a sparse reference map (ALS or MLS) using batch update
corrections. Here, a batch refers to a list of sequential 2D scans collected
over a short time window, and batch updates involve co-registering
all scans in the batch simultaneously, rather than one at a time. This
joint optimisation leverages the spatial structure of the reference map
to enforce geometric consistency across the entire batch, even when
individual scans have limited or non-overlapping FOV. Additionally, we
introduce a direct method for extrinsic calibration between a 2D LiDAR,
a 3D LiDAR, and a 6 DoF system (GNSS-INS in our case). Our approach
does not require calibration targets or overlapping sensor FOV, making
it practical for field deployment.

We evaluate our proposed method using two types of initial tra-
jectory estimates: one derived from a Post-Processed Kinematic (PPK)
GNSS-INS system (NovAtel, 2024), and the other from a 3D MLS system
with LiDAR-inertial navigation that uses ALS maps as priors (Vezeteu
et al., 2025). For reference maps, we tested one MLS-based 3D map
and two different ALS-based maps. Our system performs registration
in a buffered (batch) manner, where neighbouring 2D scans mutually
support each other’s alignment through the constraints imposed by
the reference map. We also conduct an ablation study to evaluate
the model’s robustness to initial trajectory noise and measurement
uncertainties. The proposed approach improves both map completeness
and trajectory precision, enables multi-platform and multi-temporal
data fusion, and applies to both georeferencing new data and correcting
old maps with poor alignment.

The paper’s main contributions are as follows:
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» Direct 3D mapping with 2D LiDAR: We propose a method
that reconstructs accurate 3D maps from 2D LiDAR scans using
an initial 6 DoF trajectory and a sparse reference map. Jointly
registering buffered scans improves both trajectory accuracy and
map completeness, without assumptions of sensor placement,
scan overlap, or environment structure.

Targetless extrinsic calibration: We introduce a method to
calibrate 2D LiDAR, 3D LiDAR, and GNSS-INS systems without
artificial targets or overlapping fields of view. It is sufficient that
they observe the same environment at different times from a
moving platform.

Comprehensive experimental validation: We evaluate the sys-
tem in complex forest environments using MLS- and ALS-based
reference maps and conduct ablation studies to assess robustness
to trajectory noise and measurement uncertainty.

2. Related work

Point cloud registration is the process of aligning multiple scans
into a common reference frame, which may be local or global. This
alignment enables the estimation of the scanner’s motion over time,
commonly referred to as LiDAR odometry (LO). In contrast, georefer-
encing refers to assigning absolute coordinates, typically in a global
coordinate system, to the point clouds. Registration can be performed
by aligning consecutive scans directly, while georeferencing can be
achieved independently using external positioning systems such as
GNSS-INS trajectories. In practice, systems such as MLS platforms often
integrate these approaches by fusing 2D LiDARs, 3D LiDAR, GNSS, and
IMU data to perform both registration and georeferencing in a uni-
fied framework. In the following, we present the extrinsic calibration
method for 2D LiDAR, 3D LiDAR, and GNSS-INS, and then describe
how these sensors are fused for odometry and mapping.

2.1. Extrinsic calibration

To fuse the 2D LiDAR, 3D LiDAR, and GNSS-INS data, it is es-
sential to know the spatial extrinsic transformations, that is, the rigid
transformations between each pair of sensor frames. The transfor-
mation between the 3D LiDAR and GNSS-INS is typically estimated
using motion-based methods, also known as hand-eye calibration tech-
niques (Horn et al., 2021; Horaud and Dornaika, 1995; Vialiméki et al.,
2023). In this approach, relative motions from both sensor trajectories
are used to solve for the static extrinsic transformation. However, this
method assumes low-noise motion estimates from both trajectories and
sufficient excitation in all DoFs, which is often unrealistic for ground
vehicles. GNSS-based motion, in particular, may be noisy, and these
methods frequently require refinement using reference maps, such as
ALS or MLS (Vezeteu et al., 2025; Nie et al., 2023; Pi et al., 2024).

In contrast, estimating the extrinsics for 2D LiDAR is more challeng-
ing. The 2D LiDAR scanner lacks full 6 DoF pose information, and its
narrow FOV often does not overlap with other sensors. Consequently,
conventional target-based calibration methods (Fernandez-Moral et al.,
2015; Vezeteu, 2020; Yin et al., 2018) cannot be directly applied. The
most basic alternative is to physically measure the relative position
and orientation between sensors. However, accurate manual measure-
ment is difficult. Another option is to rely on Computer-Aided Design
(CAD) models to extract extrinsics during system design. Yet, this
requires precise and complete 3D modelling of the setup, which is often
challenging.

Some studies propose the estimation of 2D LiDAR extrinsics by
leveraging the motion of the platform. For example, Maddern et al.
(2012) estimate the extrinsic transformation between a 2D and 3D
LiDAR by first georeferencing a 3D point cloud using a GNSS-INS
trajectory. It then formulates the calibration as an entropy minimisation
problem, optimising the extrinsic parameters to sharpen the resulting
point cloud combined from 3D and 2D LiDAR measurements, thereby
improving alignment between the sensors. Napier et al. (2013) cali-
brate a 2D LiDAR and camera pair by maximising mutual information
between the LiDAR’s reflectivity and the camera’s intensity image.
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2.2. 3D LiDAR registration and fusion: MLS, ALS, and bundle adjustment

A fundamental method for point cloud registration is the Itera-
tive Closest Point (ICP) algorithm (Zhang, 2014; Vizzo et al., 2023),
which estimates the rigid transformation between two point clouds
by minimising distances between nearest-neighbour correspondences,
typically identified using spatial indexing structures such as KD trees or
hash maps (Vizzo et al., 2023). The original ICP algorithm minimises a
point-to-point error, directly pulling each source point towards its cor-
responding target point (Zhang, 2014; Vizzo et al., 2023). An important
extension of this idea is the Generalised ICP (Segal et al., 2009), which
models local neighbourhoods as distributions and minimises a point-to-
distribution error. This can be interpreted as a weighted point-to-point
error, where the weights are derived from the local covariance of the
source and target points, capturing surface structure and improving
robustness in noisy or unevenly sampled regions. To further enhance
accuracy and efficiency, several other extensions of ICP have been
proposed. Voxel-based methods (Yuan et al., 2022) aggregate points
in spatial grids to reduce redundancy and improve numerical stability.
LiDAR odometry and mapping (LOAM) algorithms (Zhang and Singh,
2014; Shan and Englot, 2018; Wang et al., 2020; Zhou et al., 2021)
extend beyond pairwise point correspondences by extracting geomet-
ric features, typically edges and planar regions, and formulating cost
functions that minimise point-to-feature distances. Local geometry is
estimated using Principal Component Analysis (PCA) on the nearest
neighbour points, where a dominant eigenvalue indicates a linear
(edge) structure and a small eigenvalue indicates a planar surface.
These point-to-line and point-to-plane constraints enable more accurate
and stable registration, particularly in structured environments.

A major advancement over pure LiDAR registration is the integra-
tion of inertial measurements via LiDAR-inertial odometry (LIO). In
this paradigm, IMU pre-integration corrects for motion distortion of the
point cloud and offers an initial pose guess, while LiDAR observations
help compensate for IMU biases and gravity. Fusion pipelines generally
fall into two categories: Kalman filter-based estimators and pose graph
optimisation frameworks. For example, LIO-SAM (Shan et al., 2020)
uses a factor graph formulation (based on iSAM2 Kaess et al., 2011)
for joint state and bias optimisation. FAST-LIO and FAST-LIO2 (Xu and
Zhang, 2020; Xu et al., 2022) achieve real-time performance through
an Iterated Extended Kalman Filter (IEKF) on a Riemann manifold (He
et al., 2021).

To further reduce the trajectory drift, bundle adjustment (BA) meth-
ods have been adapted to LiDAR mapping. Inspired by computer vision,
BA jointly refines a sequence of poses by minimising geometric error
terms such as point-to-plane or point-to-edge distances. Recent studies
such as Huang et al. (2021), Liu and Zhang (2021), Liu et al. (2024), Li
et al. (2024b) demonstrate that local BA over sliding windows of scans
can significantly improve map consistency.

Even with LIO and BA techniques, accumulated drift introduces
systematic positional errors, particularly over long trajectories. A com-
mon strategy is to incorporate absolute GNSS measurements to pro-
vide global positional corrections. However, GNSS positional perfor-
mance degrades in dense forests, urban canyons, or other occluded
environments.

To overcome GNSS positional limitations, researchers have explored
fusing MLS data with ALS. Since ALS is typically acquired from higher
altitudes with fewer obstructions hampering the GNSS signal, it offers
a reliable global reference. In urban environments, the approaches
of Cheng et al. (2015) and Cheng et al. (2018) align MLS and ALS point
clouds by extracting structural features like roads and building outlines.
Tree-based methods dominate registration in natural environments,
where trees serve as key landmarks (Lee et al., 2022; Zhou et al.,
2023; Muhojoki et al., 2024; Hyyppa et al., 2021; Kukko et al., 2017).
Recently, a general solution was proposed by Vezeteu et al. (2025),
who developed a direct online method for co-registering ALS and MLS
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data without relying on specific features, achieving good results in both
forested and urban settings.

However, most existing MLS-ALS fusion methods come with im-
portant limitations: they often assume the use of 3D LiDAR sensors,
require significant spatial overlap between consecutive measurements,
or depend on the observation of specific features like tree stems. These
assumptions restrict their applicability, especially when adapting to
diverse sensor configurations or environments.

2.3. 3D mapping with 2D LiDAR sensors

While 3D LiDAR sensors are becoming more accessible, 2D LiDAR
remains attractive for 3D mapping tasks, due to its higher point density
and better range accuracy. Methods for creating 3D maps from 2D
LiDAR data can be categorised into two main strategies, known as
mechanical transformation and trajectory-based projection.

In approaches based on mechanical transformation, the 2D LiDAR
is physically rotated to mimic 3D scanners. Systems such as those
described in Kang et al. (2018), Schadler et al. (2014) mount 2D LiDARs
on servo motors or spinning platforms to sweep out a 3D volume.
While effective, these setups are sensitive to mechanical inaccuracies,
synchronisation issues, and motion artefacts, which can degrade the
mapping quality. Continuous spin-matching approaches (Bosse and
Zlot, 2009) further extend this idea but remain prone to distortions
induced by the rotation.

Alternatively, 2D LiDARs can be combined with 6 DoF motion
estimation systems, such as visual-inertial odometry or GNSS-INS tra-
jectories, to georeference 2D scans into 3D space. Systems such as those
from Li et al. (2024a), Lin et al. (2012) augment 2D LiDAR with visual
sensors to build dense 3D coloured maps. Other studies, such as (Chen
et al., 2017), fuse 2D LiDAR, visual SLAM, and IMU data for real-time
3D reconstruction. A more direct approach is to georeference 2D LiDAR
scans solely using PPK GNSS-INS trajectories. In aerial mapping, Roca
et al. (2016) mounted 2D LiDARs on UAVs and reconstructed 3D maps
from GNSS-INS trajectories. While this is feasible outdoors in principle,
studies such as Muhojoki et al. (2024) and Kukko et al. (2017) show
that without refinement, GNSS-INS-only mapping often suffers from
drift-induced distortions caused by an occluded GNSS signal, making
post-processing necessary for accurate results. Kaartinen et al. (2015b)
reported that under forest canopies, the GNSS-INS system achieved a
root mean square error (RMSE) of 0.7 m. In summary, 3D mapping
with 2D LiDAR sensors offers a flexible alternative to 3D systems but
faces challenges related to mechanical complexity, motion estimation
accuracy, and the positioning of the sensor during scanning.

3. Method

The task of 3D mapping by georeferencing 2D LiDAR scans with
minimal or no overlap onto a sparse 3D reference map is challenging,
as individual 2D scans lack sufficient spatial constraints for reliable
registration, often leading to alignment failures. Although an initial
registration guess is available, it may contain unknown errors that
cause drift and distortions of the point cloud.

To address these challenges, we leverage an initial 6 DoF trajectory
estimate and accumulate a buffer of 2D LiDAR scans for registration. In
this study, we evaluate two types of initial trajectory estimations. The
first is a PPK GNSS-INS solution computed using the Inertial Explorer
software (NovAtel Inc., 2023), which performs Kalman smoothing of
RTK-corrected GNSS signals combined with IMU measurements. The
second method is based on the approach proposed in Vezeteu et al.
(2025), which fuses 3D LiDAR and IMU data for MLS and registers
the trajectory to a prior ALS map. A brief overview is provided in
Section 3.1.

A buffer of 2D LiDAR scans is then co-registered to a pre-existing
sparse 3D reference map. We tested reference maps generated using
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Table 1

Notation
Notation Definition
W,1,L,G The World, IMU, LiDAR, and GNSS frames
ENU East-North-Up global frame
v 2D LiDAR VUX frame
X, X The ground-truth and predicted state
5x The error between ground-truth and the estimation
X; Vector x at time i
a, Measured vector a
Yp, Position of frame I w.r.t. frame W with p € R?
"R, Rotation of frame 7 w.r.t. frame W with R € SO(3)
Wy, Velocity of frame 7 w.r.t. frame W with ve R3
T, Transformation of frame £ w.r.t. frame I with T € SE(3)

a different set of sensors, each with distinct fields of view and mea-
surement accuracies, as detailed in Section 3.2. Additionally, precise
georeferencing requires an accurate extrinsic calibration between the
2D sensor and the 6 DoF system. Our proposed calibration method
is detailed in Section 3.3. Table 1 summarises the notations used
throughout this study.

3.1. Initial registration guess

Our approach builds on the ALS-aided LiDAR-inertial navigation
solution proposed in Vezeteu et al. (2025), which is based on the Robust
Iterated Error-State Extended Kalman Filter (RIEKF) formulated on a
Riemannian manifold (He et al., 2021). This system, referred to as
3D MLS, is employed in our study to provide an initial trajectory for
registering 2D LiDAR scans.

However, the original system in Vezeteu et al. (2025) does not
support 3D mapping using a 2D LiDAR scanner. To address this limita-
tion, we extend the method by introducing a batch-based registration
approach that operates directly on 2D scans. While our method builds
on the core principles of the original system, it differs significantly in
its adaptation to 2D LiDAR data and its use of batch updates instead of
sequential filtering.

The discrete system state is defined in Eq. (1):

M=R3%xS503)x SO3) xR xR> xR} xR? x R?,

b w

-
[WPI WRI IRC IPz WVI b, a g],

@

T
w:=[n, n, n, nba] ,
where IMU position, orientation, and velocity in the world frame W
(with W = I,)) are denoted by "Wp;, "R;, and "v;, respectively. The
inputs a,, and w,, denote the measured linear acceleration and angular
velocity, respectively, while n, and n,, represent the IMU measurement
noise. The terms n, and n, are zero-mean Gaussian driving noises for
the accelerometer and gyroscope biases b, and b,. The gravitational
acceleration is denoted as "g. The dimensions of the state, input, and
noise vectors are dim(x) = 24, dim(u) = 6, and dim(w) = 12.

Next, the system state is propagated through the process model from
Eq. (2):

Xy =x; B (4 f(x;,u;, W),

(2)
X; EM, w, ~N(0,9),

where x; denotes the system state at time step i, At is the time incre-
ment, and Q, is the process noise covariance. Vezeteu et al. (2025)
provide a definition for F. The function f(-) describes the system
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dynamics in Eq. (3) as: f(x;,u;,w;) =

A
WVZ:‘ + é (WRZ:(ami - ba: - nai) - ng)

®,, —b, —n

m; ; w;

03><1

03><1
. 3
WRI, (am, - ba,- - nai) - ng
n,

o,

aj

L 03><1 -

After propagation, LiDAR measurements are integrated into the state
update by minimising a point-to-plane cost function. Each LiDAR point
is first transformed into the IMU frame I using the known extrinsic
transformation T, = [!R,|'p,] € SE(3), and then into the world
frame using the latest IMU pose VW' T; € SE(3).

The point-to-plane residual is computed by projecting the trans-
formed point onto the estimated local surface normal. The normal
vector "Wv is obtained from the PCA decomposition of the nearest
neighbours of the corresponding map point. A validity check ensures
that all neighbouring points lie within a predefined distance threshold
from the fitted plane. The point-to-plane measurement is given in
Eq. (4):

#2¥ =h(x,m)eR

2= Wy ("1, 1T, (%, + Ln) = Wq)

i

C)

where h(-) is the measurement function, r, is a plane with normal
v € R and point on the plane q € R3, zf is the measurement of a
plane z, from state x;, £s; is a source 3D point in LiDAR frame, and
“n is its noise. VT is the transformation from local to global or the
initial trajectory guess, and T, is the extrinsic transformation matrix
from LiDAR to the IMU frame.

The system maintains a local reference map, organised as a KD
tree built from voxel-filtered recent scans within a fixed radius around
the latest pose. New LiDAR scans are first motion-compensated using
the IMU prediction, aligned to the local map, and then further refined
through co-registration with the global ALS reference map. The method
also estimates the transformation from the global ALS frame given in
the East-North-Up coordinates (EN'V’), where the ALS map is geo-
referenced and the PPK GNSS-INS trajectory is defined, to the local
MLS frame (W), represented as "T, - € SEQ3). In essence, it aligns
the MLS and GNSS trajectories to obtain a rough initial registration
guess, which is subsequently refined by co-registering the overlapping
regions of the ALS and MLS point clouds. More details about the
implementation of the method can be seen in Vezeteu et al. (2025).

3.2. Batch update

Registering a single 2D scan at a time into a 3D map is unstable
due to the limited FOV and the lack of overlap between successive
scans. To address this, we accumulate a buffer of scans along with
their initial pose estimates. Using a sliding window approach, we co-
register overlapping buffers, allowing adjacent scans to support each
other’s alignment. In addition to the scan data, we utilise a prior sparse
map as a reference to further constrain the solution. The core idea is
that multiple consecutive scans may observe the same planar surface,
which allows us to enforce geometric constraints and triangulate the
poses. This triangulation arises when multiple poses observe the same
plane, creating both pose-to-pose and pose-to-plane measurements. We
combine these measurements as a list of graph constraints that help
triangulate the trajectory and reduce drift.

Each buffer of scans is co-registered to the reference sparse map us-
ing batch optimisation, which we formulate as a maximum a posteriori
(MAP) estimation problem. Let x; denote the trajectory states, 7, the
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plane landmarks, and zf the set of observations of plane k from state
x;. The MAP problem is defined in Eq. (5):

aIgI&a?P({X,»} [ {u} {me ) {2, 5)
where P denotes the probability function. Assuming independent Gaus-
sian noise models for motion and observation, and applying Bayes’ the-
orem, the MAP estimate becomes equivalent to a maximum likelihood
estimation (MLE) in Eq. (6):

argr&aicHP(x,- |x,-,1,u,-,1)1_[P(z:c | X, 7) (6)
i ik

which can be formulated to minimise a negative log-likelihood (NLL),
where the objective function in Eq. (7) balances motion and observation
consistency:

arg 1{1)1(11)1 < z IIx; — f(X,-_la“i—l)”zz,
N

+§ ”z{‘ —h(x;, ) “§2k> %)
4k

z
i

The first term penalises deviations from the initial trajectory. The
second term penalises errors between observed and measured planes.
Note that the observed z,f‘ is always zero, as the expected value of the
point-to-plane cost function is zero when the point lies exactly on the
plane. X; is the motion covariance matrix from the initial trajectory,
and Q, is the observation covariance matrix (from the plane quality).
The operators || - ||_20 and || - ||22 denote the squared Euclidean distance
weighted by the Q and X covariances, respectively. To establish plane
measurements, we build a KD-tree from the sparse reference map and
search for neighbours within a 1 m radius of each scan point. If the
local neighbourhood can be approximated as a plane (using PCA),
and all points lie within a distance threshold from this plane, the
measurement is considered valid, and a plane constraint is added to
the graph. The resulting factor graph includes both pose-to-pose and
pose-to-plane constraints. An illustration is provided in Fig. 1, where
each constraint can be interpreted as a spring. The stiffness of these
springs is determined by the covariance matrices: X reflects confidence
in the initial trajectory (black springs), €2 reflects the quality of the
plane estimate (red springs), computed using the smallest eigenvalue
Ao (the variance along the smallest eigenvector) from PCA. The obser-
vation uncertainty of plane z; is defined in Eq. (8) using the 3-sigma
rule:

Q=B \[A ) =9, (8)

To ensure temporal continuity, the last pose from the previous buffer
is reused as an anchor in the current window.

Algorithm 1 summarises the optimisation process, which performs
one Gauss-Newton (Nocedal and Wright, 2006) iteration given the
factor graph. The algorithm updates the system matrices H and b
using the Jacobians of the motion and plane measurements. It shows
how measurement covariances influence the weighting of errors and
Jacobians during optimisation. Lines 17-24 compute the motion error
between consecutive poses and update the Hessian and gradient. Lines
29-35 handle the point-to-plane measurements, introducing geometric
constraints based on plane landmarks. Appendix A provides details
of the Jacobian computation and the optimisation update step. To
mitigate the impact of outliers while maintaining efficiency for inliers,
we apply a double weighting for point-to-plane measurements. The first
weighting is given by the plane quality 2, and further weighting is
obtained using a Cauchy robust kernel (Chebrolu et al., 2021) denoted
by a, whose formulation is given in Appendix B.
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Algorithm 1 Batch update

1: Input:

2 P={x,....xy5} > Initial states
3 C={cp,....cp) > Constraints
4 k() > Robust kernel function
5 € > Stopping threshold
6: Output:

7. P* > Optimised states
8:

9: Initialise x « vectorise(P)

10: while - converged do

11: H < Ognuon > Hessian matrix
12: b — O¢ny; > Right-hand side
13: for all constraints ¢ € C do
14: if c.type = pose-pose then
15: X « c.cov; > Covariance matrix
16: i,j < c.from, c.to;
17: i,’ - c.zf ; > Odometry measurement
18: e, < 2 B&THx):
19: > Compute Jacobians
i de;;(x) | de;;(x) |
20: Ji < ox Jj « _r)x/ 5
21:
22: Hy, +=J1=7'J; Hy; +=J7271;
. S . _ T y-17.
23: Hyy+=J; 270 Hy+=J3;27J5
. T y—lg . _Ty—lg .
24: by +=JZ7es by +=J7 e
25:
26: else if c.type = pose-landmark then
27: Q « c.cov; > Covariance matrix
28: i,k « c.from, c.to;
20: B ez > Point-to-plane measurement
30: e, < 0- zf.‘;
31: o — Kk(e;); > Robust Kernel Weight
32: > Compute Jacobians
. 9e;x (x)
33: Ji < Tox,
34:
35: H;) += aJZ.Q_]Jk;h[,-J += aJZ.Q_]e,-k;
36:
37: end if

38: end for

30: Solve H6x = —b;
40: X < X + 6X;

41: if ||5x|| < € then
42: break

43: end if

44: end while

45: P* « reconstruct(x);
46: return P*

> Gauss-Newton step

3.3. Extrinsic calibration

Given a sparse reference map and a known 6 DoF trajectory defined
in the same frame, the core idea is to reconstruct the reference map
using the 2D LiDAR measurements and the known trajectory. Specif-
ically, we use a 3D MLS system to generate a local sparse map and
its associated trajectory over a short segment of motion (~ 20 m),
which was found sufficient in our experiments. Points from the 2D
LiDAR frame V are then projected onto the 3D map using the estimated
trajectory and a rough initial guess of the extrinsic transformation
IT,, € SEQ3). To refine the extrinsic transformation, we formulate an
optimisation problem that minimises a hybrid cost function combining
point-to-plane and point-to-point residuals in Eq. (9):

(7 (b -a)

| Iplane i€Tpjane

vt 3 (] s o) ):

| Ipoint J€Ipoint

©)

Here, ITy, is the extrinsic transformation from the 2D LiDAR frame
to the MLS trajectory frame Z, and "T; is the known trajectory of
frame 7 in the world frame W. The loss function uses a robust kernel
(defined in Appendix B) «(-) to down-weight outliers. Source and target
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Fig. 1. Example of a graph constructed using initial odometry estimates and fixed plane landmarks. The blue and green circles represent pose nodes, where the
green node Y|, corresponds to the final pose from the previous optimisation window and serves as an anchor to maintain continuity. Yellow squares denote fixed
plane landmarks. Black springs indicate pose-to-pose constraints derived from odometry, while red springs represent point-to-plane measurements linking poses
to landmarks. Each constraint is visualised as a spring: its stiffness reflects the confidence (inverse uncertainty) of the corresponding measurement.

Fig. 2. A demonstration of the 2D LiDAR extrinsic calibration with the 3D MLS system. The coloured point cloud is the sparse 3D MLS point cloud downsampled
with a voxel grid size of 0.5 m and coloured by the z-axis values. The grey point cloud is the overlapped 2D scans over the 3D MLS sparse map using the extrinsic
transformation and the trajectory estimated by the 3D MLS system (green line). (a) shows the point cloud with the initial extrinsic transformation guess, (b)
shows the point cloud after 10 iterations with our method, and (c) shows the georeferenced point cloud over the 3D MLS map with the final estimated extrinsic
calibration parameters. The red arrows indicate the initial misalignment and its further correction. A small trajectory of ~ 20 m was used for this example. The

map scale is shown in the bottom-left corner.

point correspondences (s;, q;) are found via a KD-tree nearest neighbour
search. Points are included in the index set I, if a stable plane
can be estimated in their local neighbourhood using PCA. Otherwise,
they are placed in I, and contribute to the point-to-point cost. The
terms ‘Iplane and ‘lpoim‘ represent the number of point-to-plane and
point-to-point errors, respectively. The optimisation problem is solved
using the Gauss-Newton method. Implementation details are provided
in Appendix C. Fig. 2 illustrates a distorted point cloud generated using
a poor initial extrinsic guess, followed by the corrected, deskewed point
cloud after extrinsic calibration.

Similarly, the extrinsic transformation between the 2D LiDAR and
the GNSS-INS can be estimated, where we try to recreate the reference
map using the 2D LiDAR data and the GNSS-INS motion defined in
this map. The reference map is given in the MLS (W) frame, while
the GNSS-INS poses VT, € SE(3) in the global East-North-Up
frame (EN'VU'). Therefore, we first bring the GNSS-INS trajectory into
a common reference W frame. Using the ALS-to-MLS transformation

YT, 1 € SE(3) estimated by Vezeteu et al. (2025), we transform the
GNSS-INS trajectory to the local MLS frame as in Eq. (10):

g =T g S NYT,  Vielo,... NI, (10)

where N is the number of poses in the trajectory. Thus, we minimise
the objective function Eq. (11):
)

QTVHEI.iSnEG) <; Z * (”V"(WTQ “Tys; - q,~)|

|Zotane| ietane an
i (e -af))
point point

Similar to Eq. (9), Zpjane and Ipyipn denote the sets of reference planes
and points, respectively. The term 9Ty, € S E(3) represents the extrinsic
transformation from the 2D LiDAR frame to the GNSS-INS frame G,
while YT denotes the known trajectory of frame G in the world frame
W. This method estimates the extrinsic transformation between the 2D
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LiDAR and GNSS-INS using a reference map aligned with the GNSS-
INS trajectory. While we use an MLS-generated map here, any map
(e.g., ALS) can be used, 3D LiDAR is not required, as long as the
GNSS-INS trajectory is in the same frame as the reference map.

Note that the presented map-based extrinsic calibration between a
2D LiDAR and a 3D MLS (defined in the I frame) or GNSS-INS system
requires a rough initial guess, which is then refined. When such a guess
is unavailable, it can be estimated as follows. In our setup, we have two
extrinsic pairs: 2D LiDAR with GNSS-INS, and 2D LiDAR with 3D MLS.
A rough transformation between the GNSS-INS and the 3D MLS system,
T, can be estimated by aligning their 6 DoF trajectories using motion-
based calibration. If the transformation between the 2D LiDAR and the
3D MLS is known, the 3D MLS can serve as an intermediate frame to
recover an initial guess for the 2D LiDAR to GNSS-INS calibration.

To estimate the transformation between the 3D MLS and GNSS-
INS, we formulate a motion-based calibration problem as a classical
hand-eye calibration (Horn et al., 2021; Horaud and Dornaika, 1995;
Vilimaki et al., 2023), where relative motions from both trajectories
are used to solve the static extrinsic transformation. Given a set of
3D MLS LiDAR poses WTL_ € SE@) and their corresponding PPK
GNSS-INS poses WTQ € SE(3) we aim to estimate the fixed extrinsic
transformation ’T; € SE(3) that can be used to approximate PPK
GNSS-INS poses with Eq. (12):

4 VIR R 12)
or, equivalent, we can approximate 3D MLS poses with Eq. (13):
[ PRI VR v (13)

As sensor measurements are provided at discrete time steps, we first
fit a cubic spline in SE(3) to interpolate each trajectory, using the
sensor measurements as control points. This yields a continuous-time
trajectory that can be queried at arbitrary timestamps. Next, for a range
of time intervals 4i € [0.1,0.5, 1,2, 3,4,5] s, we compute pairs of relative
motion transforms A;,B; € SE(3), defined in Eq. (14) as:

A =",

i+Ai
a4
B, = WT;: vt

Givai

We then formulate the following constraint as in Eq. (15):
AT ="TgB, = A TgB T, =T e SEQ). (15)

From this, we define the cost function (Eq. (16)) to be minimised:

2
log (A,.ngBi—”T;I)' a6)

ngrgivnE@) zl“
where log(-) is the Lie logarithm map from SE(3) to se(3) (Sola et al.,
2018). We compute the Jacobian of the cost function numerically and
solve the optimisation using the Gauss—Newton. An illustration of the
method is shown in Fig. 3.

Given the earlier estimated transformation from the 2D LiDAR to the
3D MLS ITy, € SE(3), and the transformation from GNSS-INS to MLS
I T, € SE(3). The transformation from the 2D LiDAR to the GNSS-INS
system is given in Eq. (17):

9Ty, = 9T, 1Ty, a7

where 9T; = IT;!. Although the motion-based calibration performs
comparably to the previously introduced map-based calibration, it has
both an advantage and a disadvantage. Its main advantage is that it
does not require an initial guess of the extrinsic transformation, un-
like the map-based approach, which does. However, the motion-based
method relies on sufficiently rich and non-degenerate sensor motion,
i.e., motion that includes both non-parallel translation and rotation and
is not limited to purely linear or rotational movement. This requirement
can be challenging to satisfy with ground vehicles, which typically
move in planar trajectories and cannot easily rotate and translate
around all axes. Motion-based calibration is therefore primarily used
to generate an initial estimate of the extrinsic transformation, which is
then refined using the map-based approach.
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Fig. 3. Illustration of motion-based extrinsic calibration between two sensors.
Given two sensor trajectories, the relative motion over any time interval is
represented by transformations A; and B, in their respective frames. The
goal is to find the fixed transformation “T; between the sensors such that
AT, = I'TB,. This relationship is visualised by showing two equivalent paths
from the red star to the green star: one via A,’T;, the other via ?TB,.

4. Experiments
4.1. Platform and data collection

The sensor system illustrated in Fig. 4: (a) shows the physical vehi-
cle, while (b) presents an example of the collected data. The platform
is equipped with two sensor setups mounted at the front and rear
of the car. The first setup, referred to as the Hesai system (Fig. 4(a)
blue window), includes a Hesai Pandar XT-32 LiDAR (Hesai, 2024)
integrated with an IMU CPT7 (NovAtel CPT7, 2022) and a NovAtel
GNSS antenna (NovAtel, 2024). The Hesai LiDAR can generate up
to 640,000 points per scan in single return mode at 10 Hz, with a
measurement accuracy of +1 cm. It has a 360° x 31° FOV, with 0.18°
horizontal and 1° vertical angular resolution. The IMU provides inertial
measurements at 100 Hz.

The Hesai system was oriented to maximise the point coverage in
front of the vehicle. Each scan contained approximately 100,000 points.
The 3D MLS coordinate system is defined with the y-axis pointing in the
direction of vehicle motion, the x-axis pointing to the right, and the z-
axis pointing upwards. Further details about the system are provided
in Vezeteu et al. (2025).

The second sensor setup (Fig. 4(a) red window) is based on the
Roamer mobile mapping system, previously described in El Issaoui
et al. (2021), and includes a NovAtel GNSS-INS system (NovAtel, 2024)
and two RIEGL VUX-1HA LiDAR scanners (RIEGL, 2023). Unlike the
original configuration, which included a VUX-1HA and a miniVUX-
1UAV, this version has two VUX-1HA scanners. In this study, we use
only the left-hand scanner (relative to the vehicle’s direction of motion).
The VUX scanner operates at 250 Hz and delivers high-precision point
measurements with survey-grade accuracy of 5 mm, a precision of
3 mm (lo), and angle measurement resolution of 0.001°. It is mounted
with its laser beams oriented nearly perpendicular to the ground,
allowing a detailed assessment of road surface quality. The 2D VUX
scanner frame has approximately the following orientation w.r.t. the
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b)

Fig. 4. (a) The 3D MLS system (blue frame) consists of a Hesai PandarXT-
32 LiDAR sensor fused with a CPT7 IMU and a NovAtel GNSS antenna, all
mounted on top of the vehicle. The 2D MLS system (red frame) includes a
RIEGL VUX LiDAR scanner, fused with a uIMU-1C IMU and a NovAtel GNSS
antenna. (b) Visualisation of the field of view (FOV): the grey points represent
sparse ALS data from the National Land Survey (NLS), red-to-green points are
from the Hesai scanner, and the purple points behind the car are from the VUX
scanner. Hesai and VUX data are visualised using different colour mappings
(z-axis colouring vs. intensity) to aid visual separation. A scale reference is
shown in the bottom-left corner.

vehicle: x-axis points upward, the y-axis points to the left, and the z-
axis points back. The synchronisation and triggering of the sensors are
controlled via the GNSS clock.

In this study, we refer to the first system as the 3D MLS system
(Hesai setup) and the second as the 2D MLS system (VUX setup). The
3D MLS system is considered fully calibrated: the Hesai LiDAR and
NovAtel GNSS-INS share a synchronised time base, and the geometric
transformations between the sensors have been accurately estimated.
The extrinsic transformation between the 2D VUX scanner and the 3D
Hesai system was estimated using the method presented in Section 3.3.
An initial approximation of the extrinsic rotation was derived from
the sensor mounting configuration shown in Fig. 4, providing a rough
orientation between the two sensors. The translation was initialised
to zero. Appendix D provides further details of the initial orientation
estimate. After estimation, the resulting extrinsic transformation was
manually inspected, and the quality of the generated point cloud was
visually assessed.

Data collection took place on forest roads in the Evo area, in
the municipality of Himeenlinna, Finland, driving at approximately
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40 km/h. The experiments presented here focus on a roughly 1 km
segment of this route.

4.2. Experimental configuration

In this study, we evaluated the following configurations using initial
registration obtained either from the PPK GNSS-INS solution or from
the 3D MLS Hesai system, for georeferencing the 2D VUX scanner data:

» The PPK GNSS-INS trajectory is generated using the Inertial
Explorer (NovAtel, 2024), which applies Kalman smoothing to
fuse GNSS and inertial data.

+ The trajectory estimated with the online 3D MLS Hesai system
generated with the method of Vezeteu et al. (2025).

For each initial trajectory guess, we performed batch update cor-
rections using three types of reference point cloud maps, illustrated in
Fig. 5:

1. MLS map: Generated by the 3D MLS Hesai system and down-
sampled with a voxel leaf size of 30 cm. This map has a re-
ported mean accuracy of 17 cm (Vezeteu et al., 2025) and an
approximate point density of 2500 %Izns.

2. Dense ALS data from FGI (2023): Georeferenced using a PPK
GNSS-INS solution processed in RiPROCESS (RIEGL, 2023) and
downsampled with a 30 cm voxel leaf size. This dataset has an
accuracy error of up to 20 cm and an RMSE of roughly 5 cm,
with an approximate point density of 5000 p‘;—;ts.

3. Sparse ALS data from NLS: Referred to as sparse NLS, this dataset
provides only about 5 Pl::;ts, significantly lower density than the
other maps, and was used without downsampling. It exhibits a
maximum vertical error of 10 cm and a planimetric error of up
to 45 cm.

The 3D MLS Hesai system uses the FGI ALS data as the prior
for registration. The buffer size of 50 2D LiDAR scans was used for
batch update. It is important to note that no real-time (online) GNSS-
INS solution was used. All GNSS-INS data were processed offline
with NovAtel (2024).

The tested configurations were the following:

GNSS-INS: 2D VUX point cloud georeferenced using the PPK
GNSS-INS trajectory, with no batch update corrections.

Hesai: 2D VUX point cloud georeferenced using the trajectory
from the 3D MLS Hesai system, with no batch update corrections.
GNSS-INS + MLS: Initial 2D scans georeferencing based on the
PPK GNSS-INS trajectory, followed by batch update corrections
using the downsampled Hesai-generated map as a reference.
Hesai + MLS: Initial 2D scans georeferencing based on the He-
sai trajectory, followed by batch update corrections using the
downsampled Hesai-generated map as a reference.

GNSS-INS + D-ALS: Initial 2D scans georeferencing based on the
PPK GNSS-INS trajectory, followed by batch update corrections
using the dense ALS map from FGI as a reference.

Hesai + D-ALS: Initial 2D scans georeferencing based on the
Hesai trajectory, followed by batch update corrections using the
dense ALS map from FGI as a reference.

GNSS-INS + S-ALS: Initial 2D scans georeferencing based on the
PPK GNSS-INS trajectory, followed by batch update corrections
using the sparse ALS map from NLS as a reference.

Hesai + S-ALS: Initial 2D scans georeferencing based on the Hesai
trajectory, followed by batch update corrections using the sparse
ALS map from NLS as a reference.

The naming of each configuration indicates the following: ‘GNSS-
INS’ or ‘Hesai’ specifies which system was used to obtain the initial
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Fig. 5. An example of reference maps used for batch update corrections, visualised from a bird’s-eye view. (a) Map generated using the 3D MLS Hesai system,
showing the field of view from a moving vehicle, colour-coded by z-axis values. (b) ALS data from FGI, and (c) sparse ALS data from NLS. A voxel leaf size of
0.3 m was applied in (a) and (b), while voxelization was skipped for (c) due to the sparsity of the data. The scale bar is displayed in the bottom-left corner.

Table 2

Summary of tested configurations for 2D VUX georeferencing.
Configuration Description
GNSS-INS Only trajectory from PPK GNSS-INS
Hesai Only trajectory from the 3D MLS Hesai system
GNSS-INS + PPK GNSS-INS trajectory and Hesai-generated MLS
MLS reference map.
Hesai + MLS 3D Hesai trajectory and Hesai-generated MLS

reference map.

GNSS-INS + PPK GNSS-INS trajectory and dense ALS reference
D-ALS map.

Hesai + D-ALS

3D Hesai trajectory and dense ALS reference map.

GNSS-INS +
S-ALS map.
Hesai + S-ALS

PPK GNSS-INS trajectory and sparse ALS reference

3D Hesai trajectory and sparse ALS reference map.

trajectory, followed by the type of reference map used. The tested con-
figurations are summarised in Table 2, for easy reference throughout
the paper.

To assess the accuracy of the 2D VUX point cloud registration, we
use another ALS dataset that was recorded in 2024 at FGI, referred
to as the evaluation map data. This dataset was georeferenced using a
PPK GNSS-INS solution from a UAV platform and exhibits a registration
accuracy with an RMSE of approximately 5 cm. It is important to note
that the evaluation map data were not used in any registration process.
It serves solely as an external reference for evaluation.

Two types of evaluation were performed using the evaluation map:
a map-based surface deviation analysis and a tree-based landmark
comparison, providing complementary insights into the geometric con-
sistency of the 2D VUX scans registration.

4.3. Evaluation of point-to-surface deviation

We estimate the 2D VUX point cloud registration accuracy by
evaluating the consistency of local planar surfaces with respect to the
evaluation map data. The assumption is that the planar surfaces on the
reference map should remain planar in the registered VUX data. For
each point in the registered 2D VUX point cloud, nearest neighbours are
identified from the reference map within a 1-metre radius using a KD-
tree search. This ball-query approach is generally more robust in sparse
environments than a k-nearest neighbours search. A local plane is then
fitted to the neighbouring points using PCA of their covariance matrix.
The plane’s normal vector is defined by the eigenvector corresponding
to the smallest eigenvalue, 4, and the curvature ¢ is computed with
Eq. (18):

Ao

c= ————.
Ag+ A+ 4y

(18)

A plane is considered valid if its curvature is less than 1072, PCA
configurations with the eigenvalue ratio 4,/4, < 1073 are rejected, to

filter out cases of collinear points, which are common in tree branches
or overhead cables and may also yield small A, without forming true
planes. An illustration of the local plane extraction process is provided
in Fig. 6. For points with a valid corresponding plane in the reference
map, the point-to-plane distance is computed using Eq. (4) and the
estimated extrinsic parameters. This metric quantifies local surface de-
viation: smaller errors indicate better alignment and higher registration
quality. To assess whether reference plane quality influences the point-
to-plane error, we compute the Pearson correlation coefficient r (Cohen
et al.,, 2009) between point-to-plane distances and plane curvatures.
Here, r = +1 indicates perfect linear correlation, r = 0 indicates no
correlation, r ~ +0.5 indicates moderate correlation, and r ~ +0.1
indicates a weak correlation. This analysis verifies that the estimated
registration errors are not significantly biased by the quality of the
reference planes.

4.4. Evaluation based on tree locations

A tree-based registration evaluation was conducted by comparing
the tree locations extracted from the evaluation map to those detected
in the 2D VUX-generated maps. Tree detection was performed using the
method introduced by Hyyppa et al. (2020b), which was later extended
to 3D MLS data by Hyyppd et al. (2020a) and to high-density ALS
data by Hyyppa et al. (2022). Using the same ALS data as in this
study, Muhojoki et al. (2024) demonstrated that this tree detection
approach has a horizontal positioning error below 6 cm and a vertical
positioning error below 10 cm for the detected trees.

After tree detection, trees in the 2D VUX and ALS maps were associ-
ated using a nearest-neighbour search, followed by manual verification.
A total of 132 reference trees were used in the evaluation, as Fig. 7
shows.

Two types of errors were computed based on the matched tree
locations: Absolute Pose Error (APE) and Relative Pose Error (RPE).
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Fig. 6. An example of nearest plane estimation from the reference map. The grey point cloud represents the reference ALS data, while the orange-to-yellow
points show a georeferenced VUX scan, colour-coded by z-axis values. In the zoomed-in window, green lines indicate the estimated nearest planes, visualised by
their surface normals. A scale bar is provided in the bottom-left corner.
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Fig. 7. Test area consisting of a forest road with a length of 1 km, shown over an orthophoto of the Evo region in southern Finland, where the study was
conducted. The red dots represent the estimated vehicle positions, plotted at every 30th point. The vehicle is shown in blue at the end of the test road. The blue

stars mark the reference ALS tree locations used for trajectory evaluation, while the orange circles denote the corresponding trees detected from the 2D MLS
map.
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APE measures the positional deviation of each estimated tree from
its corresponding reference tree. Given the reference and estimated
absolute position P, and P, € R? at index i, the absolute error
is defined in Eq. (19):

- Pref,i”-

To evaluate the local consistency of the tree layout, we used RPE. We
compute the pairwise distances between each tree i and all other trees
Jj in both the reference and estimated datasets. The RPE (Eq. (20)) for
a pair is calculated as:

APE, = ||P, 19)

st,i

RPE; = | [ Preg,i = Prer,jll = 1 Pest,i = Pest sl |- (20)

Note that tree-based metrics compute the errors based on the planar xy
position of the trees, as the height of the tree is sometimes unreliable.

4.5. Ablation study

Given an accurate initial trajectory, we aim to evaluate the system’s
robustness to noise. To do this, we conduct an ablation study by inject-
ing Gaussian noise into the trajectory and assessing the system’s ability
to correct for it. The original accurate trajectory serves as the reference,
allowing us to determine how effectively the system compensates for
the added noise. For each pose (defined as an element of SE(3)), we
define a local perturbation £ in the Lie algebra se(3) (Sola et al., 2018),
where Gaussian noise is applied only to the pitch angle (rotation around
the y-axis) and the translation along the z-axis in Eq. (21):

Px 0

Py 0
=P =% sp. ~ N(0.02), b1, ~ N(0.0P) 1)
g— ¢X = o |’ ¢y~ so-d)! z "™ , 0y

6| |é0,

¢, 0

where p denotes the translation and ¢ denotes the rotation part. 5¢,
and 6, are sampled from zero-mean Gaussian distributions with stan-
dard deviations ngb and o2, respectively. This perturbation is mapped to
a transformation using the exponential map in Eq. (22):

Thoisy = Texp(é)

with Ty, T € SE(3). Since we have 2D measurements with a small
FOV and no overlap, the point-to-plane cost function used in this study
enforces constraints only along the normal direction of planes. This
introduces a requirement: both vertical and horizontal planes should
be present.

In our case, the ground is a dominant planar surface, and it allows
drift to be corrected in the translation along the z-axis and the pitch
angle, which corresponds to the direction of vehicle motion. However,
to constrain the remaining DoF, vertical planes are needed, which
are largely absent in forested environments. In contrast, 3D sensors
with wider FOV and overlapping frames can provide enough geometric
structure to constrain all 6 DoF. But in our setting, the limited FOV and
lack of overlap of 2D sensor data restrict our corrections to only 2 DoF.

As will be shown later, the ‘Hesai’ configuration yields approxi-
mately the most accurate trajectory based on our evaluation methods.
We therefore use it as the ground truth for the ablation study. The
following perturbation levels were tested: a; €[1,2,3,4,5,6,7,8,9,10]°
and o? € [5, 10, 15,20, 25,30, 35,40,45,50] cm.

In the batch update step, we use relative transformations between
poses and inject realistic noise to simulate sensor inaccuracies. This
controlled approach allows us to closely mimic real-world conditions,
ensuring that our evaluation remains both rigorous and representative
of practical scenarios.

Similarly to the tree-based location evaluation, described in
Egs. (19) and (20), we compute both absolute and relative pose errors
between the ‘Hesai’ ground truth trajectory and the poses estimated

(22)
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from noisy inputs via batch update corrections. The reference prior map
used in this evaluation is the FGI ALS map.

Finally, we assess the performance of each configuration using stan-
dard error metrics, including root mean squared error (RMSE), mean,
median, and standard deviation for surface deviation, tree-based loca-
tion, and ablation study errors. These metrics provide complementary
insights, as no single metric fully captures all aspects of the registration
accuracy. Because the error distributions may be non-Gaussian, we also
compute 95% confidence intervals for the mean using the bootstrap
method described in DiCiccio and Efron (1996), ensuring a statistically
robust comparison of the evaluated configurations.

We conducted an ablation study on the extrinsic calibration be-
tween the 2D LiDAR and the 3D MLS system, denoted as T, =
[lell pyl € SE(3). The extrinsic parameters were estimated using the
method described in Section 3.3 and manually verified. The extrinsic
translation vector is Ip,, = [-0.22,-3.01,—0.80]". To evaluate the
system’s robustness to errors in the initial extrinsic guess, we performed
experiments in which the initial extrinsic translation was set to zero
(ZpVinit = [0,0,0]7), and varying levels of rotational error were added
to the ground truth rotation.

Specifically, we introduced rotation errors by composing the ground
truth rotation matrix with synthetic perturbation matrices generated
from fixed-angle Euler rotations ©® € [5, 10, 15,20,25,30,35,40]°. For
each noise level # € O, we constructed a rotation matrix R, . €
SO0(3) by applying a fixed-angle Euler rotation of § around each axis
(roll, pitch, yaw). The composite noise rotation is built using the ZYX
convention (yaw-pitch-roll) in Eq. (23):

R, (23)

noise

= Ryaw (Q)Rpilch (e)Rroll (9)

The perturbed rotation lepe,.mbed

was then obtained with Eq. (24):

IR =TR,R, e € SO3).

vpcrlurbcd

@4
The system was initialised with ITy,;, = [ZRvpmmbedllpvinn] € SEQ),
which was then refined during optimisation. This setup enabled a
systematic evaluation of the system’s performance under progressively
larger errors in the initial extrinsic parameters. Specifically, we tested
with rotation noise levels of up to 40° while keeping the translation
vector set to zero.

5. Results and discussions
5.1. Results on georeferencing the 2D VUX scans

Fig. 8 presents a qualitative comparison between point clouds gen-
erated using the 2D VUX LiDAR and the 3D Hesai LiDAR. Subfigures (a)
to (c) show both a top-down overview and zoomed-in views of the map.
These views highlight differences in point density and structural clarity
between the two sensors. Subfigure (d) specifically focusesona 1l x 1 m
road patch, where the point clouds from both sensors are overlaid, VUX
in green and Hesai in blue. In this patch, the VUX scanner produced
approximately 5200 points, whereas the Hesai scanner recorded around
2680 points. As expected, it demonstrates that the VUX generates a
denser point cloud than the Hesai in the same environment and driving
at the same speed (roughly 40 km/h). This increased density allows the
VUX-based map to capture finer-grained details of the environment,
making it more suitable for tasks requiring high spatial resolution,
such as precise road surface modelling or tree structure estimation. The
result is particularly important, as it highlights the motivation for using
2D LiDAR for 3D mapping. Table 3 presents the surface-based trajectory
results for each configuration (previously summarised in Table 2). They
reflect the deviation between planar surfaces in the reference map
and those reconstructed by each model configuration. No significant
difference is observed between the PPK GNSS-INS and Hesai-based
initial trajectories, with both achieving a mean error of approximately
0.14 m. However, GNSS-INS configurations tend to produce a slightly
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Fig. 8. Qualitative comparison of point cloud maps generated using the 2D
VUX LiDAR and the 3D Hesai LiDAR. (a) Top-down view of the overall point
cloud. (b) and (c) show a zoomed-in segment comparing point clouds from the
VUX (blue) and Hesai (red) LiDAR. The point clouds are coloured by height
(z-axis). (d) A 1 x 1 m patch of road from the VUX data (shown in green)
overlaid on the Hesai map (shown in blue), highlighting differences in point
cloud density.

Table 3

The statistics on point-to-surface evaluation errors. The point-to-surface mean
values are accompanied by bootstrap 95% confidence intervals. The last
column shows the Pearson correlation factor between the point-to-surface error
and the reference plane’s curvature.

Statistics

Point-to-surface [m] Pearson

Mean Median RMSE sd  correlation
GNSS-INS 0.14 + 0.0012 0.09 0.20 0.15 0.15
GNSS-INS + MLS 0.14 + 0.0011  0.09 0.20 0.15 0.14
GNSS-INS + D-ALS  0.13 + 0.0012  0.08 0.20 0.15 0.15
GNSS-INS + S-ALS 0.14 + 0.001 0.09 0.20 0.14 0.13
Hesai 0.14 + 0.0009 0.11 0.19 0.13  0.05
Hesai + MLS 0.14 + 0.001 0.11 0.19 0.13  0.05
Hesai + D-ALS 0.14 + 0.0008 0.11 0.19 0.13 0.05
Hesai + S-ALS 0.14 + 0.001 0.11 0.19 0.13  0.04

lower median error (0.09 m) than Hesai configurations (0.11 m).
Conversely, the Hesai-based configurations exhibit lower RMSE and
standard deviation, suggesting more consistent overall performance.
To evaluate the full distribution of point-to-surface errors, we com-
pare the average performance of the GNSS-INS and Hesai configura-
tions using the cumulative distribution function (CDF), shown in Fig.
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9. Here, ‘average’ refers to all errors obtained using either GNSS-INS
or Hesai as the initial trajectory source. The GNSS-INS configuration
performs better in the low-error region (up to 0.16 m), with a steeper
CDF curve indicating higher precision under typical conditions. How-
ever, Hesai achieves a higher cumulative probability for larger errors,
indicating greater robustness to outliers. This highlights a trade-off:
GNSS-INS provides more accurate estimates in nominal conditions,
while Hesai offers improved consistency and resilience to large devia-
tions. It is noteworthy that the point-to-surface deviation was computed
only for points with a stable nearest plane, which in our data were
predominantly ground points. The ground surface, therefore, dominates
the point-to-surface error. To ensure that the point-to-surface errors
are meaningful and unbiased by the quality of the reference planes,
we examine their correlation with reference surface curvature. Fig.
10 presents the 2D histogram of this relationship for the ‘Hesai’ and
‘GNSS-INS’ configurations. In theory, poorly estimated planes would
result in higher point-to-plane residuals, which would manifest as a
visible linear trend in the 2D histogram. However, such a trend is not
observed. This indicates that the reported errors are not significantly
influenced by the quality of the reference surfaces. The correlations for
all configurations are reported in Table 3. For most Hesai-based models,
the correlation is close to 0.05, suggesting no dependency on surface
quality. GNSS-INS-based models also show only a weak correlation
(r = 0.15), indicating minimal influence. These findings support the
conclusion that the point-to-surface errors are largely independent of
reference surface quality, reinforcing the reliability of the evaluation
results.

The summary statistics on tree-based localisation results are pre-
sented in Table 4 and visualised in Fig. 11. These results reflect the
deviations between tree positions extracted from the reference map and
those estimated by each model. Overall, the Hesai-based models outper-
form the GNSS-INS-based ones, achieving a lower mean error (0.10 m
vs. 0.16 m) and consistently better performance across all metrics,
including median, RMSE, and standard deviation of both absolute and
relative errors. This suggests that the Hesai-based approach provides
higher localisation accuracy in the horizontal (xy-plane) domain.

In terms of initial trajectory quality, both the Hesai-based and PPK
GNSS-INS methods produce comparable mean errors when evaluated
against surface deviation. This is expected, as the initial trajectories
are already accurate due to minimal canopy obstruction, which also
ensures reliable GNSS performance. However, the tree-based evalu-
ation reveals that the Hesai-based trajectory provides slightly better
accuracy. This suggests that point-to-plane distances, primarily influ-
enced by flat ground planes, are more sensitive to vertical (z-axis)
errors, whereas tree-based metrics better capture horizontal (xy-axis)
discrepancies. It is noteworthy that the reference map used for evalua-
tion contains minor inaccuracies, so we cannot conclusively determine
that the Hesai-based trajectory is definitively superior. Nonetheless,
the PPK GNSS-INS approach is an offline method reliant on GNSS
availability and signal quality, making it less effective in GNSS-denied
environments. In contrast, the Hesai-based method operates online
and GNSS-free, making it more robust and better suited to real-time
applications.

5.2. Ablation study results

Fig. 12 presents the impact of trajectory noise. Artificial Gaussian
noise was added to the trajectory of the ‘Hesai’ configuration, and
the resulting noisy trajectory was used as the initial guess for the
‘Hesai + D-ALS’ model configuration (chosen arbitrarily). This model
effectively corrects for both translational and rotational noise. For
translation, the resulting error remains nearly flat up to 30 cm of
induced trajectory noise, demonstrating strong robustness. In contrast,
the model is slightly less robust to rotational noise, as indicated by a
small upward trend in the model error curve. This is also observable,
when comparing the slopes of the added noise (red line) with the
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Table 4
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Absolute and relative error statistics based on the reference tree locations. The mean values are
accompanied by bootstrap 95% confidence intervals.

Statistics
Absolute  [m] Relative  [m]
Mean Median RMSE Std Mean Median RMSE Std
GNSS-INS 0.16 = 0.014 0.13 0.18 0.09 0.10 = 0.001 0.08 0.14 0.09
GNSS-INS + MLS 0.17 £ 0.016 0.13 0.20 0.10 0.13 + 0.001 0.10 0.17 0.11
GNSS-INS + D-ALS 0.16 + 0.019 0.13 0.20 0.10 0.12 + 0.001 0.09 0.16 0.10
GNSS-INS + S-ALS  0.16 + 0.016 0.13 0.19 0.10 0.12 + 0.001 0.09 0.16 0.10
Hesai 0.10 + 0.011 0.10 0.12 0.06 0.08 + 0.001 0.06 0.11 0.07
Hesai + MLS 0.10 = 0.010 0.10 0.12 0.06 0.08 + 0.001 0.06 0.11 0.07
Hesai + D-ALS 0.11 + 0.016 0.10 0.14 0.09 0.08 + 0.002 0.06 0.13 0.10
Hesai + S-ALS 0.11 + 0.013 0.10 0.14 0.09 0.09 + 0.002 0.07 0.14 0.10
Model
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Fig. 11. The box plots of (a) absolute and (b) relative tree-based translation errors, with the mean indicated by a dashed black line.

residual error of the model (green line), where there is a substantial
reduction: the translation error reduces by a factor of approximately
% = 9.88, and the rotation error by a factor of % = 6.75. Fig. 13
presents a visual comparison of the improvement, where the refined
trajectory results in a significantly sharper and more coherent point
cloud. Note that in the ablation study, we added artificial noise in only
2 DoF (pitch and vertical translation) due to the limited availability of
planar references, mostly ground planes. To robustly evaluate all 6 DoF,
planar surfaces in multiple directions are needed. Although the current
study focuses on 2D sensors (VUX), the proposed method applies even
better to 3D LiDARs. The larger FOV and scan overlap of 3D LiDARs
provide better constraints for full 6 DoF estimation.

14

When a reliable initial trajectory is available, incorporating a ref-
erence map provides little to no benefit and may even slightly reduce
performance while increasing computational cost, due to imperfections
in the map itself. However, reference maps are still useful in cases
where the quality of the initial trajectory is uncertain, because they can
assist in verifying or correcting the trajectory, as shown in our ablation
study.

5.3. Extrinsic calibration results

Fig. 14 illustrates the system’s robustness to errors in the initial
extrinsic guess. The figure shows the mean squared error (MSE) of
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Fig. 12. Mean absolute pose errors (APE) from the ablation study. (a) Mean absolute translation error for varying levels of added noise. (b) Mean absolute
rotation error for the same noise levels. In each case, translation and rotation noise are applied simultaneously. The red line represents the error of the noisy
trajectory, while the green line shows the error after using the ‘Hesai + D-ALS’ configuration. The slope of each line indicates the model’s robustness to noise,
quantifying how much the output error increases per unit increase in input noise standard deviation. A flatter slope suggests higher robustness.

Fig. 13. (a) The ablation study point cloud was generated using a trajectory corrupted with 20 cm translation noise and 2° rotation noise. (b) Point cloud
georeferenced from the refined trajectory after noise correction. The point clouds are coloured by z-axis value.

the extrinsic calibration objective (Eq. (9)) across varying levels of
rotational noise. Each experiment starts with a zero translation initiali-
sation and a perturbed rotation matrix. The results demonstrate that the
system reliably converges to accurate estimates under low to moderate
rotational disturbances, up to about 40°. It is noteworthy that the initial
extrinsic translation was set to zero, which is far away from the true
translation along the vehicle axis (> 3m). Despite this, the proposed
calibration method, described in Section 3.3, successfully recovers the
full 6-DoF transformation between the 2D LiDAR and the 3D MLS
(or GNSS-INS) system, given a rough rotational prior. For improved
calibration results, we recommend that the process be performed in a
structured environment that benefits scan matching. We demonstrated
that the method converges even when the initial extrinsic translation
is entirely unknown. Additionally, Appendix D provides a step-by-step
guide for manually estimating an initial extrinsic rotation. Although
our experiments focus on a ground vehicle setup, the proposed method
generalises well to other platforms, including vehicles and drones, and
applies to both 2D and 3D LiDAR sensors.
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Fig. 15 illustrates the qualitative extrinsic calibration results for the
georeferenced 2D VUX data. The figure compares the 2D VUX point
cloud georeferenced with the PPK GNSS-INS trajectory before and after
applying extrinsic correction and trajectory refinement. The point cloud
is overlaid on an MLS map that combines 3D Hesai and ALS data. In
the initial state, clear misalignments are visible, particularly around
trees, power lines, and building edges, due to inaccurate extrinsic
parameters in the ‘GNSS-INS + MLS’ configuration. After applying
our extrinsic calibration and performing map-based refinement, the
alignment improves significantly. This demonstrates that even when
using a high-quality trajectory, poor extrinsic calibration can lead to
local bending and misalignments in the final point cloud.

6. Conclusion

This paper presented a novel solution for 3D mapping using a 2D
LiDAR sensor. We achieved this by introducing a direct integration
framework that fused 2D LiDAR measurements with comprehensive
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Fig. 14. Convergence behaviour of the extrinsic calibration T, between the
2D LiDAR and the 3D MLS system. The figure shows the mean squared error
(MSE) cost, computed using Eq. (9), for the final calibrated transformation.
Each calibration run starts from a zero extrinsic translation guess and an
extrinsic rotation, with varying perturbation levels applied to the rotation
matrix.

3D information from both MLS and ALS systems, leveraging the high
accuracy of PPK GNSS-INS.

Our approach performed a direct batch optimisation by jointly co-
registering multiple 2D scans using a given initial trajectory and a
sparse reference map. Furthermore, we introduced a direct extrinsic
calibration method that estimates the transformation between the 3D
LiDAR, GNSS-INS, and 2D LiDAR systems without requiring calibration
targets.

Our method was successfully implemented and tested in a real-
world forest scenario. Experimental results show that when the initial
trajectory guess is accurate, further refinement using the reference
map offers little to no additional benefit. However, the system’s accu-
racy still depends on well-calibrated extrinsic parameters. Overall, the
method achieved a localisation error of approximately 10 cm in the xy-
plane and 14 cm along the z-axis, when evaluated against a reference
map with an accuracy of about 5 cm RMSE. Additionally, when the
initial trajectory is noisy, the proposed method effectively reduces this
noise through scan alignment and batch optimisation.

The successful integration of 3D MLS and ALS systems with 2D
LiDAR enables precise localisation and mapping, opening new oppor-
tunities for applications in mapping, forestry, and autonomous navi-
gation. Future work could explore extending the proposed framework
to directly handle 3D LiDAR scans and operate in more challenging or
GNSS-denied environments.
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Appendix A. Batch optimisation

In the following, we present the Jacobian estimation only for the
S E(3) part of Eq. (1), which has the format translation first, and then
rotation in se(3). Given:

T; € SE(3): pose of scan i, to be optimised
’i‘l- ; € SEQ): odometry measurement from pose i to pose j

7, = (v, q): fixed plane landmark with normal v, € R? and point
on the plane q € R?
s; € R3: source point in LiDAR frame i observed to lie on plane

i

The cost function in Eq. (7) can be rewritten as Eq. (A.1):

. odom |2 plane 2
r{r}u)l<2|le,, I3, + 2 lleh ||Qk>
s

(V)] (i.k)

(A1)

where:

. e?jd"m € RO: pose-to-pose error
plane
ik

+ %,;: R%6 odometry covariance of SE(3) part

ce € R: point-to-plane error

* ©,: scalar covariance for plane constraint

The odometry (pose-to-pose) and the pose-to-plane errors are given
by Eq. (A.2):

d — F—1p-1 6
eodom — log (T'T;'T,) € R

plane
ik

(A.2)
=v[(T;s;—q) €R.

where log() is the Lie logarithm map from SE(3) to se(3) (Sola et al.,
2018).

The pose is updated with a small perturbation 6¢; € R® applied via
Eq. (A.3):

T; < exp(6&)T;. (A.3)
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Fig. 15. The comparison of the 2D VUX georeferencing with before and after extrinsic calibration with map refinement. The comparison is between the 2D VUX
and the reference 3D MLS, which contains combined Hesai and ALS data. The red arrows in enlarged windows (a) and (c) show the resulting misalignment in
trees, electric cables, and buildings achieved with the ‘GNSS-INS + MLS’ configuration before the extrinsic refinement. The enlarged windows (b) and (d) show
the resulting point cloud after the extrinsic estimation and batch update correction done with ‘GNSS-INS + MLS’ configuration. The 3D MLS map is coloured by
the intensity values (purple point cloud), and the VUX point cloud is coloured by the z-axis values. The scale of the map is in the bottom left corner.

By linearising, we can approximate the errors as shown in Eq. (A.4):

{egjfiom ~ €M + J .68, + 1,68, (A4
plane _ plane .
ik ~ e‘.k + Jk5§[
Then, the Jacobians are computed with Eq. (A.5):
~ S _ 6x6
3= —Ad (T'T7)). ) =1 e B (A5)

Je=v] I, —[R;syly] € R

where the adjoint of a transformation T = [R|p] € SE(3) is computed
with Eq. (A.6):

i 1
[plxR R

with [-], skew-symmetric matrix operator.

Adj(T) = (A.6)

Appendix B. Robust kernel

The Cauchy loss function (Chebrolu et al., 2021) is defined in
Eq. (B.1):

.
p(e) = c2 log <1 + 2)
C2

where e is the residual and ¢ is a user defined robustness parameter
(threshold). The weight (first derivative) of the Cauchy loss function is
given by the Eq. (B.2):

(B.1)

2

< B.2
cz+ele .2

k(e) =

Appendix C. Gauss-Newton step for scan registration

We update the pose using Eq. (A.3). The Jacobians of the point-to-

point and point-to-plane cost functions are estimated as in Eq. (C.1):
{ Jpaint = [I'i _[RP]X] € R3X6
Jplane = VT [13

C.1
_[Rp]x] c RIx6 ( )

17

The Gauss—Newton matrices H < 0 € R and b « 0 € R*! are
updated for all correspondences, as shown in Eq. (C.2):

_ 1T
H+= Jplanei aJplanei ’
—_ 17 :
b += Jplane,- ®€plane, Vi e Zplane
—_ 17 .
H+= Jpointj aJPDIHtj ’

b+=JT

point; aePOi“t,

(C.2)
vje Zpoint

where a = K (€pgin) OF @ = K(€pjane) is the Cauchy robust kernel function
to downsample the effect of outliers. One update step comes from
solving Eq. (C.3):

HSE = —b. (C.3)
Appendix D. Initial approximate extrinsic rotation between two
sensors

In this section, we present an example of how to compute a rough
initial extrinsic rotation between two sensor frames. This step is essen-
tial for our map-based projection extrinsic calibration. As shown in Fig.
4 and further illustrated in Fig. D.16, we consider two sensor frames:
A, mounted at the front of the car, and B, located at the rear. The
coordinate axes of each sensor are aligned as follows:

+ Sensor frame A (3D MLS):

- % 4:right =[1,0,0]7
- j4: forward =10,1,0]"
-20up =[0,0,1]7

« Sensor frame 3 (2D LiDAR):

~ 2, =1[0,0,1]7
~—%,4 =[-1,0,0]"
~ =94 =10,-1,01"

- Xpg:up
- Pp left
— 25t backward

Given the approximate axis alignment between the two frames, we
can construct the rotation matrix that transforms a 3D point from frame
B to frame A, denoted as “Ry € R3*3. This matrix is constructed by
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Fig. D.16. Initial extrinsic rotation from frame 5 to frame A.

expressing the unit vectors of frame /3 in the coordinate system of frame
A:

Rp-R4 Pm-Rk4 25-%4] [o -1 0
AR =|%5-94 Pn-94 25-94l=l0 0 =1 (D.1)
Rpfa sl 2524 1 0 0

Thus, any point expressed in frame B can be rotated to frame A as
shown in Eq. (D.2):

A

p="R;"p. (D.2)
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