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1. Introduction

1.1 Background and motivation

The rapid development of large language models (LLMs) in recent years has accelerated
progress in natural language processing, complex reasoning, and multimodal genera-
tion. With larger parameter scales, advanced transformer architectures, and extensive
training data, these foundation models have shown emerging abilities. In some tasks,
their performance can approach the human level [21, 44]. Despite these gains, the in-
ternal computational basis of such abilities is still not well understood. This is because
deep neural networks, especially large transformer-based models, often rely on complex
internal representations and computations that are difficult to interpret [8, 46]. This
opacity creates challenges not only for scientific understanding, but also for reliability,
controllability, and safety.

One source of this difficulty is that LLMs encode information through dense, high-
dimensional continuous vectors that do not directly correspond to human-interpretable
concepts [31]. As a result, strong behavioral performance does not necessarily explain
how the model works internally. It may still be unclear which representations support
the behavior. It may also be unclear whether the model relies on robust abstractions,
brittle heuristics, hidden biases, or unsafe patterns [9]. Traditional evaluation methods
mainly rely on external behavioral testing and input-output benchmarking, but these
tests cannot directly reveal how internal representations are structured [28]. For this
reason, there is a growing focus on analyzing model internals rather than only relying
on external behavior.

This broader motivation has contributed to the rise of mechanistic interpretabil-
ity, a branch of explainable artificial intelligence (AI). Mechanistic interpretability aims
to make model behavior more interpretable by analyzing internal representations in a
more direct and component-level way. Instead of treating explanation as a post-hoc
description of model behavior, it seeks to identify the representational units and mech-
anisms of that behavior [8, 36]. By doing so, the complex transformer computations
can be understood in much simpler, human-readable terms.

1



2 Chapter 1. Introduction

1.2 From neurons to features

A central question in mechanistic interpretability is what the basic units of represen-
tation should be. Early work often treated a single neuron as the fundamental unit
and assumed that each neuron matched a specific feature [5]. Later empirical studies
show that this assumption rarely holds for LLMs. Most neurons are not monoseman-
tic, meaning that they do not represent a single, well-isolated concept [10,14]. Instead,
models show strong polysemanticity, where one neuron can activate for several unre-
lated patterns. For instance, previous studies reported neurons in small transformer
models that respond to Arabic script, HTTP requests, and academic citations at the
same time. Because of this entanglement, neuron-level interpretation methods are no
longer sufficient for understanding the concepts that drive model behavior.

A widely used explanation for why polysemanticity is so common is the superpo-
sition hypothesis [14]. In natural language, the number of meaningful features, such as
concepts, syntactic rules, and semantic nuances, can be much larger than the number
of neural dimensions available to the network. To maximize representational capacity
and predictive accuracy within a limited parameter budget, the neural network does
not assign one feature to one orthogonal direction [8]. Instead, it represents many fea-
tures as dense vectors that are close to orthogonal but not perfectly separated within
a shared latent space. This mechanism allows the model to behave like a much larger
and sparser network, which greatly increases its capacity. However, this compression
also creates geometric interference because multiple features share the same represen-
tational space [14]. As a result, the neuron basis used by the network does not align
with the conceptual features that researchers want to study.

This observation has shifted the research focus from individual neurons to feature-
level methods, which aim to recover a more meaningful basis from dense activation
spaces. Therefore, the main task is no longer just to examine raw neuron activations,
but to identify latent features that better reflect the structure of model computation.

1.3 Sparse autoencoders

Sparse autoencoders (SAEs) have emerged as one of the most promising tools for
this purpose. In recent years, they have shown strong results in addressing neural
superposition and have become a key tool in mechanistic interpretability [16,19]. SAEs
function as unsupervised, weak dictionary-learning algorithms that are attached to the
frozen layers of a pre-trained LLM. During the forward pass, an SAE extracts the dense
activation vectors from a specific component, typically the residual stream or the MLP
output [10]. It then maps these activations into an overcomplete latent space with a
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much higher dimensionality than the original representation.
A key part of this approach is the use of sparsity constraints. Using mathematical

penalties or hard sparsity constraints, such as L1 regularization or Top-K routing, the
SAE is encouraged to keep most latent units inactive for any given input [16]. This
promotes the recovery of sparse feature directions in the activation space, rather than
encoding many concepts in a dense superposed form [10,19]. When successfully trained,
the SAE may produce a feature dictionary whose units are closer to monosemanticity,
which means that each feature activates more selectively for a specific, fine-grained,
human-interpretable pattern. By reconstructing the original activations from these
sparse features, researchers can study mechanisms, such as grammatical structure and
semantic regularities. In some cases, they can also use feature directions for causal
steering.

At the same time, SAE research has revealed two broad types of challenge. The
first concerns architecture and optimization, including issues such as shrinkage bias,
dead latents, and feature absorption [13,16,19]. The second concerns evaluation: even
when an SAE reconstructs activations well and achieves strong sparsity, it remains
difficult to determine whether its learned features truly correspond to clear, stable,
and interpretable concepts [22]. This thesis focuses primarily on the latter.

1.4 Research gap

Although SAEs have quickly developed from a promising interpretability method into
a widely used tool for analyzing language model activations, important gaps remain
in how their learned features are evaluated [10, 19]. Recent work has improved SAE
training at scale, introduced stronger architectures, and developed broader benchmark
suites for comparing reconstruction, disentanglement, and intervention-oriented per-
formance [22]. However, these advances also show that the main open problem is not
only how to train better SAEs. It is also how to evaluate what their learned features
actually mean.

This evaluation problem is closely tied to the main motivation for using SAEs:
they are expected to learn features that are more monosemantic than raw neurons.
Ideally, a feature should respond to one stable and human-interpretable pattern [10].
However, it is hard to prove monosemanticity just by looking at activation data. A few
highly active examples might make a feature seem interpretable, but this does not mean
the feature is truly reliable, selective, or meaningful across a large dataset. Therefore,
this thesis views monosemanticity as the ultimate interpretability goal, but focuses on
a measurable proxy: class alignment. In many practical settings, one tractable way
to operationalize feature meaning is to ask whether a feature is selectively associated
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with a known semantic class [23]. Here, class alignment measures how much of a
feature’s activation is concentrated on one or a few predefined categories. While it is
not the same as monosemanticity, class alignment offers a scalable and objective way
to evaluate a key aspect of it.

Against this background, the first gap concerns the limitations of existing struc-
tural proxy metrics. Traditional SAE evaluation has relied heavily on the sparsity-
fidelity trade-off [16,22]. These metrics are useful for quantifying reconstruction quality
and representational efficiency, but they cannot directly establish whether a feature cor-
responds to a single, clear, human-understandable concept. A stronger reconstruction-
sparsity balance does not automatically imply stronger interpretability. This creates
the need for an evaluation criterion that is closer to feature meaning than reconstruc-
tion loss, while still being scalable across many features.

The second gap concerns the interpretation and boundary conditions of
selectivity-based metrics. Measures such as entropy, concentration, and related dis-
tributional statistics may provide useful evidence about how strongly a feature is con-
centrated with respect to a chosen label space [5, 22]. However, such metrics should
not be equated directly with monosemanticity [10,26]. A feature may be strongly con-
centrated in one topic but still respond to several different local patterns within that
topic. In contrast, a truly interpretable feature may appear across multiple topics and
therefore may not show strong topic-level concentration. This issue becomes especially
important when the label space is coarser than the granularity of the learned feature.

Taken together, these two gaps show that SAE feature monosemanticity requires
a careful evaluation framework. The problem has two aspects. First, monosemanticity
must be operationalized in a way that is scalable and empirically checkable. Second,
the conditions under which this operationalization is informative must be made ex-
plicit. This thesis addresses this problem by studying class alignment as a constrained
operational proxy for monosemanticity. The following section turns these two gaps into
the research questions (RQs) that guide the thesis.

1.5 Research questions and scope

Guided by the two gaps above, the thesis addresses three RQs. The first gap motivates
RQ1 and RQ3, which focus on how SAE feature monosemanticity can be operational-
ized and validated beyond structural proxy metrics. The second gap motivates RQ2,
which examines the conditions under which this operationalization is informative.

• RQ1: How can SAE feature monosemanticity be evaluated under a scalable and
empirically grounded framework?
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• RQ2: How do label granularity, SAE sparsity, and layer depth affect SAE feature
monosemanticity?

• RQ3: Can features identified as monosemantic also function as useful detectors
for the corresponding classes?

The scope of the thesis is intentionally controlled. The experiments use one
selected open-source LLM, one SAE family, one activation-site type, and a fixed SAE
feature width. The empirical comparisons vary label granularity, selected residual-
stream layer, and sparsity level while keeping the rest of the evaluation pipeline fixed.
This design narrows the scope of the conclusions, but it makes the comparisons more
interpretable.

The thesis does not aim to compare SAE training algorithms, train new SAEs,
evaluate multiple base language models, or provide a full causal account of model
behavior. It also does not claim that class alignment is identical to monosemanticity.
Instead, class alignment is used as a measurable operational proxy, and the thesis
studies both its usefulness and its limitations.

1.6 Thesis approach

To answer these RQs, the thesis uses a two-stage evaluation approach. The first stage
measures class alignment in the feature-to-class direction. For each SAE feature, its
activation mass is summarized over a predefined label space, producing a feature-level
estimate of how concentrated or diffuse its class distribution is. This stage is used
to study the measurement problem in RQ1 and the condition-dependence problem in
RQ2.

The second stage validates the resulting feature rankings in the reverse direction.
Instead of only asking which classes a feature appears to align with, the thesis also asks
whether features selected for a target class can recover instances of that class. This
stage addresses RQ3 using reverse precision/recall (P/R) validation: features ranked
by low normalized Shannon entropy (H) or high Kullback-Leibler divergence (KL) are
tested as detectors for their associated classes.

1.7 Contributions

This thesis makes four main contributions. These contributions correspond directly to
the three RQs: the first and second contributions address RQ1, the third addresses
RQ2, and the fourth addresses RQ3.
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First, it frames the evaluation of SAE feature monosemanticity as a measurable
problem with explicit limits. Since monosemanticity cannot be directly established
from activation statistics alone, the thesis uses class alignment as an operational proxy.
This clarifies what the experiments measure, avoids treating class alignment as iden-
tical to monosemanticity, and provides a principled basis for interpreting feature-level
statistics under explicit label-space assumptions.

Second, it develops a scalable information-theoretic framework for measuring class
alignment across full SAE dictionaries. The framework uses normalized Shannon en-
tropy to measure concentration over classes, and KL divergence to compare a feature’s
class distribution with the empirical class prior. Entropy and KL are not new metrics.
The contribution of this thesis is to apply them systematically to SAE feature evalu-
ation. The thesis also clarifies their different roles and shows how prior-aware metrics
can separate genuinely class-aligned features from spurious low-entropy features.

Third, it provides a controlled empirical analysis of when this proxy is infor-
mative or misleading. With the base model, SAE family, activation site, and feature
width fixed, the thesis studies how class alignment changes with label granularity, SAE
sparsity, and layer depth. This analysis shows that label granularity is not just an im-
plementation detail. It is a key condition that determines whether entropy-based SAE
feature evaluation is meaningful. In particular, the comparison between document-level
and token-level label spaces helps identify the boundary conditions under which class
alignment can support claims about monosemanticity.

Fourth, it validates the class-alignment signal in the reverse direction. Instead of
only scoring features, the thesis tests whether features identified as class-aligned can
recover instances of their corresponding classes. Precision and recall are standard tools,
so the novelty is not the metrics themselves, but their use as an independent validation
step for SAE class-alignment evaluation. This reverse validation helps position entropy
and KL as scalable screening tools rather than final proof of monosemanticity, and
provides a more reliable basis for selecting candidate features for further interpretability
or causal analysis.

Overall, the novelty of this thesis lies in how it combines several components
within a controlled evaluation design. Prior work has studied SAE reconstruction,
sparsity, automated explanations, causal evaluation, and monosemanticity scores. This
thesis takes a different focus. It studies class alignment as a proxy for monosemantic-
ity with clear interpretive limits. It also applies information-theoretic metrics across
full SAE dictionaries, analyzes their failure modes, and validates the resulting feature
rankings from an independent class-recovery perspective. More broadly, the thesis ar-
gues that SAE feature evaluation should be label-space aware. Entropy-based metrics
can be useful, but only when they are interpreted together with label granularity, class



1.8. Thesis outline 7

imbalance, and reverse validation.

1.8 Thesis outline

The remainder of this thesis is organized as follows. Chapter 2 reviews the litera-
ture on mechanistic interpretability, superposition, sparse autoencoders, and current
approaches to SAE feature evaluation. Chapter 3 describes the experimental setup,
including the selected base model, SAE suite, datasets, layers, sparsity levels, and
activation extraction procedure. Chapter 4 presents the methodology, including the
class-alignment proxy, the information-theoretic H/KL framework, and the reverse P/R
validation design. Chapter 5 reports the empirical results, analyzes how class align-
ment varies across label granularity, sparsity, and layer depth, and checks validation
results. Chapter 6 concludes the thesis, discusses limitations, and outlines directions
for future work.





2. Literature Review

The theoretical and empirical basis of this thesis intersects several fast-developing sub-
fields within AI. This chapter places the method proposed in Chapter 1 in context. It
reviews the main research areas that have shaped modern dictionary learning. First,
it examines the foundation of mechanistic interpretability and highlights the super-
position hypothesis as a central challenge to model transparency. Next, it reviews
the mathematical foundations and architectural development of SAEs. Finally, the
chapter analyzes current paradigms of interpretability evaluation and establishes the
theoretical basis for using information-theoretic, entropy-based metrics.

2.1 Foundations of mechanistic interpretability

Efforts to understand the internal workings of neural networks have moved through
several stages, shifting from high-level behavioral observations to detailed, causal in-
vestigations of intermediate activations [8]. Early and widely used interpretability
work often relied on post-hoc methods, such as saliency mapping, attention rollout,
and gradient-based feature attribution [1,39,40]. These approaches offered an intuitive
view of which input tokens most influenced a specific output. However, they cannot
reveal the specific computations, algorithms, or logical structures implemented inside
the hidden layers.

Mechanistic interpretability represents an important shift in interpretability re-
search. It is closely related to the linear representation hypothesis. This hypothesis
suggests that deep neural networks learn to represent meaningful concepts as discrete,
linear directions within their high-dimensional activation spaces [34]. Under this frame-
work, an LLM is not merely a statistical "stochastic parrot" [7]. Instead, it is a system
that actively constructs complex, compositional world models [27]. In an ideally inter-
pretable network, every distinct concept would perfectly align with a single orthogonal
basis vector. In the simplest neuron-level interpretation, these directions would also
align with individual neuron axes [14].

However, empirical studies on both vision and language models show that this
ideal one-to-one mapping is exceptionally rare [5, 10]. Instead, empirical analyses in-

9



10 Chapter 2. Literature Review

dicate that many neurons are polysemantic, meaning they activate in response to a
mixture of unrelated inputs. If researchers try to label a single neuron based on its
strongest activations, they often find that it responds equally well to completely dif-
ferent concepts [33]. This overlap makes it very difficult to map clear, causal circuits.
This polysemantic entanglement makes traditional neuron-level interpretation difficult.
It also shows why we need to better understand how networks compress information.

2.2 Superposition and polysemanticity

A main theory for why polysemanticity is so common is the "superposition hypothe-
sis" [14]. This hypothesis addresses a fundamental geometric bottleneck: the model
may need to represent more sparse, meaningful features than it has available dimen-
sions. To cope with this limitation, the network does not always use strictly separate
directions. Instead, it encodes features as approximately orthogonal vectors in a shared
latent space. In high-dimensional spaces, the number of nearly orthogonal vectors is
exponentially larger than the number of strictly orthogonal ones. Superposition takes
advantage of this mathematical property, enabling the network to simulate a much
larger, highly sparse system.

However, superposition comes with an important trade-off [14]. While it increases
representational capacity, it also introduces geometric interference. When multiple fea-
tures share the same lower-dimensional space, activating one feature inevitably creates
noise along the directions of others. To manage this, the network uses non-linear acti-
vation functions, like Rectified Linear Unit (ReLU), as filters. This compression works
particularly well when features are sparse and only a few are active simultaneously.
During forward propagation, ReLU can suppress small and noisy activations. It keeps
stronger and more relevant signals. This helps the model decode superposed features
with less signal loss.

Although superposition is efficient for task optimization, it makes the model’s
internal representations much harder for humans to interpret [8, 14]. In this setting,
the standard computational basis defined by individual neurons does not align with the
conceptual basis defined by meaningful features. Furthermore, the geometric structures
formed by this superposition often resemble uniform polytopes, such as tetrahedrons
or pentagons. These complex formations make it more difficult to analyze or isolate
individual concepts using traditional methods.

Recent research has expanded on this issue by introducing the concept of inci-
dental polysemanticity [25]. The research showed that overlapping features can occur
purely by chance during random weight initialization. During the training process,
gradient descent focuses on reducing loss rather than separating features, so it can
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strengthen these early overlaps even when the model has enough neurons to repre-
sent features more cleanly. These findings suggest that polysemanticity is not just a
capacity-saving strategy, but a natural byproduct of standard gradient descent. This
highlights why post-hoc interventions, such as dictionary learning, are essential for
interpreting these models.

2.3 Sparse autoencoder architectures

To unpack the superposed representations, many mechanistic interpretability studies
now focus on SAEs as an unsupervised form of dictionary learning. An SAE is trained
offline using the frozen internal activations extracted from a specific layer of an LLM [10,
16]. Its training objective is to reconstruct the original dense activation vector, and
it achieves this by using a linear combination of a much larger set of learned, highly
sparse feature directions.

Mathematically, a standard SAE maps a dense activation vector x ∈ Rn into
an overcomplete latent feature space f ∈ RM , where M > n, often with M � n in
practice [16]. The encoder performs this projection using a weight matrix Wenc and
a bias benc, followed by a sparsity-inducing activation function σ. Subsequently, the
decoder reconstructs the activation vector x̂ using a dictionary weight matrixWdec and
a bias bdec:

f(x) = σ(Wencx+ benc)

x̂ = Wdecf(x) + bdec

2.3.1 Standard L1 SAEs

The foundational SAE architecture uses a standard ReLU activation function and an
L1 regularization penalty applied directly to the latent vector f [16, 19]. The loss
function is defined as:

L = ‖x− x̂‖2
2 + λ‖f‖1

Although this approach successfully separates early monosemantic features, it
is known to introduce two well-known limitations [16, 19, 37]. The first is activation
shrinkage. Because the L1 penalty applies a constant downward pressure on all non-zero
activations, baseline SAEs tend to underestimate feature magnitudes. This shrinkage
can reduce reconstruction quality, distort the geometry of the learned features, and
weaken downstream causal interventions. The second limitation is the occurrence of
dead latents, meaning SAE features that stop activating during training. Under strong
sparsity pressure, some latents may become permanently inactive, wasting a substantial
part of the dictionary’s capacity.
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2.3.2 Gated SAEs

To reduce activation shrinkage while maintaining differentiable regularization, Gated
SAEs introduce a decoupled architecture [37]. Specifically, they separate two key pro-
cesses: feature detection and magnitude estimation. In this architecture, the sparsity
penalty is applied mainly to the gating mechanism, rather than directly shrinking the
activation values. This strategy lowers systematic underestimation of feature magni-
tudes and improves the trade-off between reconstruction quality and sparsity. As a
result, Gated SAEs can be viewed as an intermediate step toward later architectures
with harder sparsity constraints.

2.3.3 Top-K and Batch Top-K SAEs

To avoid the shrinkage caused by L1 regularization, Top-K SAEs use a hard spar-
sity constraint instead of a continuous penalty. In the forward pass, only the top-K
pre-activations are retained, and the rest are set to zero [16]. Because the L1 term
is removed, the selected features can better preserve their magnitudes. Furthermore,
variants like Batch Top-K SAEs extend this rule across the whole batch, which en-
courages the model to activate a wider range of dictionary features and helps reduce
dead latents [11].

However, the Top-K operator is non-differentiable, so Top-K SAEs typically rely
on surrogate gradient methods or auxiliary objectives during training, such as straight-
through estimation and auxiliary losses that provide a usable gradient signal [16, 20].
Even with this added complexity, Top-K SAEs offer clear control over the active-
feature budget, since the sparsity level can be fixed precisely (e.g., K = 32) when
studying scaling laws. A remaining limitation is that better performance on the MSE-
L0 frontier does not necessarily mean more monosemantic or interpretable features.
Here, L0 denotes the number of active latent features. Some studies suggest that
certain sparsity settings can produce more generic or absorption-like features [13, 32].
This makes careful tuning of K and related hyperparameters important.

2.3.4 JumpReLU and ProLU SAEs

To approximate the ideal L0-style sparsity without using complex gating networks, an-
other line of studies modified activation functions, especially JumpReLU and Proximal
ReLU (ProLU). JumpReLU uses a discontinuous activation function that learns a sep-
arate threshold for each latent feature [38]. If the pre-activation is below the threshold,
the output is set to zero; if it is above, the output passes through without the continuous
shrinkage induced by an L1 penalty. In contrast, ProLU replaces standard ReLU with
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a learnable thresholded activation that aims to improve the sparsity-reconstruction
trade-off, although its threshold parameter still requires approximate gradients during
training [41].

Empirical results on modern LLMs show that these advanced variants can improve
the Pareto trade-off between the L0 norm and recovered cross-entropy loss [38,41]. In
some reported settings, these variants achieve better reconstruction accuracy at fixed
sparsity levels than Top-K or Gated SAEs. A key limitation is that their sparsity is
controlled indirectly, so L0 cannot be set to a specific target value. As a result, fair
comparisons often require large hyperparameter sweeps, which increases computational
cost.

2.3.5 Advanced SAE architectures and feature absorption

Despite these architectural improvements, feature absorption can still occur in SAEs.
Feature absorption occurs when a broad, high-frequency feature captures activations
that should belong to more specific features. This can happen because using the broad
feature reduces the overall sparsity cost [13]. For instance, when a document mentions
both "biology" and "mitochondria," an SAE with strong sparsity pressure may activate
only the general "biology" feature and suppress the more detailed concept.

Recent methods such as Matryoshka SAEs and KronSAE aim to mitigate this
problem through different mechanisms. Matryoshka SAEs enforce nested dictionar-
ies that preserve higher-level features while allowing finer-grained features to emerge.
KronSAE uses a Kronecker-factorized design to improve efficiency while reducing ab-
sorption under fixed compute [12,24]. Empirical results suggest that these approaches
reduce feature absorption and improve measures related to disentanglement or inter-
pretability under their respective evaluation settings.

2.4 Evaluation of sparse autoencoders

As SAE architectures have become more advanced, evaluating their learned features
has become a separate problem from training them. Because dictionary learning is
unsupervised, there is no single ground-truth label for each learned feature. Therefore,
existing evaluation methods measure different aspects of feature quality, such as recon-
struction fidelity, natural-language interpretability, causal influence, and feature-level
monosemanticity scores. These methods are complementary. Therefore, this section
reviews the main families of SAE evaluation methods.
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2.4.1 Structural proxy metrics

In early SAE evaluation, researchers relied heavily on intrinsic structural proxy metrics,
especially the trade-off between reconstruction fidelity and sparsity [19,22]. A common
assumption was that if the sparse latent space is well aligned with the dense activation
space, the learned features will naturally correspond to interpretable concepts. Under
this view, the standard training objective for SAEs is designed to explicitly balance
these two goals:

L = ||x− x̂(x)||22︸ ︷︷ ︸
Reconstruction Error

+λ ||f(x)||1︸ ︷︷ ︸
Sparsity Penalty

To compare performance across different SAE architectures, researchers com-
monly use the Fraction of Variance Unexplained (FVU) as a main evaluation met-
ric [16,22]. By normalizing the squared reconstruction error against the total variance
of the original activations, FVU offers a scale-invariant way to measure information loss.
For some time, the dominant goal was to minimize FVU while keeping the L0 norm
low. Related model-level fidelity measures also evaluate whether replacing original
activations with SAE reconstructions preserves model behavior, for example, through
recovered loss, cross-entropy changes, or divergence between original and reconstructed
model outputs.

However, recent benchmarking shows that optimizing only structural proxy met-
rics does not reliably improve semantic interpretability. It may also be associated with
failure modes such as feature absorption [22, 30]. When an SAE is strongly pushed
to minimize the L0 norm, it tends to compress conceptually distinct but related con-
cepts into a single latent feature [13]. This compression minimizes the loss function
mathematically but destroys the granularity needed for precise interpretation. Consis-
tent with this, task settings with supervised or ground-truth feature labels show that
features optimized primarily for sparsity do not always cleanly distinguish specific con-
cepts from broader categories [13, 30]. Therefore, structural metrics are necessary but
not sufficient. They measure whether the SAE preserves information efficiently, but
they do not answer whether the learned dictionary decomposes representations into
semantically clean features [16].

2.4.2 Automated interpretability methods

After researchers found that strong structural scores can still produce semantically
unclear features, the focus shifted toward semantic and functional evaluation of learned
features [22]. This shift led to automated interpretability, where advanced LLMs (e.g.,
GPT-4) act as evaluators and produce explanations for learned features based on the



2.4. Evaluation of sparse autoencoders 15

text snippets that activate them most [35]. The basic idea is to inspect the highest-
activating examples for a feature, generate a natural-language hypothesis for what the
feature represents, and then test whether this explanation predicts further activations.

Among existing evaluation routes, this approach is relatively close to monose-
manticity evaluation because it asks whether a single feature can be described by one
coherent human-readable concept [35]. It also has an important advantage over label-
based metrics; it can discover semantic patterns that are not visible under a predefined
class partition.

However, automated interpretability has important limitations. Single-pass gen-
eration often suffers from hallucinations. LLM-generated explanations may assign plau-
sible meanings to a feature even when the underlying representation is fragile. These
explanations may also be insufficiently grounded in the actual activation structure [35].
To address this, frameworks like SAE Agentic Explainer treat interpretation as a multi-
agent scientific discovery loop, where different agents collaborate to generate, challenge,
and refine hypotheses against empirical data [17]. Even with these improvements, au-
tomated interpretability remains relatively expensive and is usually applied to selected
features rather than to every feature in many SAE dictionaries.

In addition, text-based explanations may miss distributed coding. In a distributed
setting, a human-meaningful concept can be predicted from a combination of features.
However, no single feature may represent the concept by itself [43]. As a result, a high
interpretability score from an LLM can be misleading. It may hide the fact that the
concept is still spread across many latent features. In that case, the representation
remains entangled, and the goal of dictionary learning is not fully achieved.

2.4.3 Probing-based evaluation

Another evaluation route uses supervised probes to test whether information about a
concept can be recovered from model or SAE activations. In probing-based evaluation,
a classifier is trained on activation vectors or SAE feature activations to predict a target
label [3,6]. High probe accuracy indicates that the representation contains information
about the concept and that this information is accessible to the classifier.

The strength of probing is that it provides a clear task-grounded signal. It can
show whether a concept is linearly or nonlinearly separable in the representation, and
it can be applied to specific downstream concepts of interest. This makes probing
useful for studying whether SAEs expose information that is relevant to a labeled
task [16]. However, probing does not directly evaluate single-feature monosemanticity.
Probe accuracy is usually a property of a representation or a group of features, not of
one latent feature alone [6]. Thus, probing is better understood as measuring concept
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separability.

2.4.4 Causal disentanglement metrics

To address the ambiguity of correlation-based metrics, recent evaluation work has
increasingly moved toward causal disentanglement. The primary goal is to provide
stronger causal evidence about whether independent concepts are mapped to distinct,
minimally interfering latent dimensions [22, 30]. A common approach in this line of
research is zero-ablation, where selected latent features are artificially set to zero, and
the resulting changes in model outputs are measured [35].

Two key metrics exemplify this evaluation framework: Targeted Probe Pertur-
bation (TPP) and Spurious Correlation Removal (SCR) [22]. TPP evaluates concept
isolation by training class-specific probes and identifying the latents most relevant to
a target class. Next, these specific latents are set to zero. If the concept is properly
isolated, this ablation will sharply reduce the accuracy of the target probe while leav-
ing unrelated probes unaffected. SCR complements this approach by testing whether
zero-ablating a small group of latents can remove a false, spurious concept from a bi-
ased probe without harming the true signal. Therefore, SCR tests whether correlated
concepts are separated into distinct groups of latents.

Under this rigorous framework, a causally isolated feature should satisfy two
requirements: necessity and exclusivity [22]. Necessity requires the feature to cause
high divergence on the target concept, while exclusivity requires near-zero impact on
unrelated concepts. Together, this process of causal verification helps test whether
the SAE is not only capturing correlations, but is localizing concept-relevant causal
influence into more separable latent groups.

2.4.5 Feature monosemanticity scores

Although causal and task-grounded evaluations provide useful evidence about whether
features are functionally isolated, they are often benchmark-specific and do not always
yield a single scalar measure of feature monosemanticity [22]. Recent work has ad-
dressed this limitation in complementary ways. SAEBench systematizes task-grounded
and intervention-based evaluation across settings, while Feature Monosemanticity Score
(FMS) introduces a scalar observational metric based on feature capacity together with
local and global disentanglement [18,22].

FMS operationalizes interpretability by training an interpretable classifier over
latent activations, and decomposes monosemanticity into three measurable dimensions:
feature capacity, local disentanglement, and global disentanglement [18]. Feature ca-
pacity measures whether a single best feature can predict the target concept on its
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own. Local disentanglement measures how much performance declines when the pri-
mary feature is ablated. Global disentanglement measures whether adding auxiliary
features provides little additional information beyond the primary feature. The re-
sulting score measures how closely a learned feature approaches the "one feature, one
concept" ideal. Fundamentally, FMS aims to evaluate feature-level monosemanticity
in a scalable way, and its setup is concept-centric. It begins with a target concept
and evaluates whether a feature cleanly carries that concept under a particular labeled
dataset and classifier-based procedure.

2.4.6 Distributional and information-theoretic perspectives

Information-theoretic perspectives provide another way to think about interpretability
and feature evaluation. Rather than asking only whether an SAE reconstructs acti-
vations well or whether an external model can describe a feature in natural language,
these approaches examine how information is organized, compressed, or distributed
across representations [4,15,16]. In the context of SAE features, this suggests that fea-
ture activations can be studied not only as isolated examples, but also as distributions
over annotated data.

Distributional metrics are useful because they can summarize whether a feature’s
activations are spread broadly across many categories or concentrated under a smaller
part of the label space [15]. This makes them attractive for scalable evaluation, espe-
cially when many features must be compared at once. However, their interpretation is
limited by the labels used for evaluation. A feature that is concentrated under one label
space is not necessarily monosemantic in a broader semantic sense, and a meaningful
feature may appear diffuse if the available labels are too coarse [13].





3. Experimental Setup

This chapter describes the experimental setup used to evaluate SAE features. The aim
is to build a controlled experimental environment in which feature-level class align-
ment can be measured across datasets, layers, and sparsity levels without changing
the underlying language model or the evaluation pipeline. Section 3.1 introduces the
base language model. Section 3.2 describes the SAEs used in the study. Section 3.3
presents the datasets and label spaces. Section 3.4 explains the activation extraction
and preprocessing procedure. Section 3.5 summarizes the experimental design.

3.1 Base language model

All experiments use google/gemma-2-2b as the base language model. Gemma 2 is a
family of open language models released by Google DeepMind, covering model sizes
from approximately 2 billion to 27 billion parameters [42]. The Gemma 2 technical
report describes architectural modifications such as interleaved local-global attention
and grouped-query attention, and reports that the 2B and 9B models are trained
with knowledge distillation. These properties make Gemma 2 a suitable target for
interpretability experiments. It is large enough to contain non-trivial internal repre-
sentations, while still small enough to allow systematic feature-level analysis on a single
high-memory GPU.

The experiments use the pre-trained base model because the goal of this thesis
is to evaluate class alignment in a controlled setting. Compared with instruction-
tuned variants, the pre-trained model provides a cleaner target for studying the rep-
resentational structure learned during language-model pre-training. Instruction-tuned
variants may introduce additional behavioral constraints and alignment-related repre-
sentations, which could complicate the interpretation of latent features.

The model is loaded in bfloat16 precision. This precision is commonly used for
efficient inference on modern accelerators and reduces memory consumption without
changing the conceptual evaluation setup. The model weights are kept frozen through-
out the study. No fine-tuning, probing, or additional supervised training is applied to
the language model itself. All measurements are therefore observational with respect
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to the base model and the already trained SAEs.

3.2 SAE suite

The SAEs evaluated in this thesis come from the Gemma Scope family. Gemma Scope
is an open suite of SAEs trained on internal activations of Gemma 2 models. The
technical report introduces Gemma Scope as a set of JumpReLU SAEs trained on
all layers and sub-layers of Gemma 2 2B and 9B, and selected layers of Gemma 2
27B [29]. The specific SAE collection used here is gemma-scope-2b-pt-res, where
2b-pt indicates that the SAEs are trained on the Gemma 2 2B pre-trained base model,
and res indicates that the target activation site is the residual stream.

The residual stream is chosen because it acts as a central communication chan-
nel across transformer blocks. The residual stream integrates information from both
attention and MLP submodules. Thus, its representations are ideal for studying high-
level feature structures. Restricting the analysis to residual-stream SAEs also keeps
the comparison focused; differences in the results can be attributed mainly to layer
depth or sparsity level.

Each SAE has width 16k, corresponding to F = 16, 384 latent fea-
tures. The evaluated configurations cover three transformer layers and five
sparsity levels per layer, giving fifteen SAE configurations in total. The
hook points are blocks.5.hook_resid_post, blocks.12.hook_resid_post, and
blocks.19.hook_resid_post.

The selected layers represent shallow, middle, and deep residual-stream positions.
Layer 5 is used as an early-layer representative, layer 12 as a middle-layer represen-
tative, and layer 19 as a later-layer representative. This allows the study to examine
whether class alignment changes with depth while avoiding an overly broad layer sweep.

The five sparsity levels are represented by the average L0 values provided for each
layer. The complete set is:

Table 3.1: Average L0 values across different layers and hook points.

Layer Hook point Average L0 values

5 blocks.5.hook_resid_post 18, 34, 68, 143, 309

12 blocks.12.hook_resid_post 22, 41, 82, 176, 445

19 blocks.19.hook_resid_post 23, 40, 73, 137, 279
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Here, average L0 denotes the average number of active SAE features per token.
Lower L0 corresponds to stronger sparsity, meaning fewer features are active for each
token, so each active feature is under stronger pressure to represent a narrower direc-
tion. Higher L0 corresponds to a denser representation, where more features can jointly
participate in reconstruction. Therefore, comparing these five levels provides a con-
trolled way to study how sparsity affects class alignment and its role as an operational
proxy of monosemanticity.

For analysis, the five L0 settings are grouped into the following tiers:

Table 3.2: Sparsity tiers and their approximate L0 ranges and interpretations.

Tier Approximate range Interpretation

ultra-sparse L0 < 25 strongest sparsity

sparse 25 ≤ L0 < 50 low activation count

mid 50 ≤ L0 < 100 intermediate sparsity

dense 100 ≤ L0 < 200 high activation count

very-dense L0 ≥ 200 weakest sparsity

This design yields a 3 × 5 grid of layer and sparsity settings. Since the base
model, activation site, SAE width, and evaluation pipeline are fixed, the resulting
comparisons isolate two main factors: layer depth and sparsity strength. It should
be noted that the sparsity tiers are used as descriptive analysis groups rather than
theoretically sharp categories. Their purpose is to make later comparisons easier to
interpret by summarizing trends across L0 levels while still preserving the exact average
L0 in Table 3.1.

3.3 Datasets and label spaces

This study uses three datasets to cover two levels of label granularity: document-
level topic labels and token-level entity labels. This distinction is crucial to the thesis
because the proposed information-theoretic metrics measure how a feature’s activation
mass is distributed across a predefined label space. If the label space is too coarse, a
feature may be semantically coherent but not concentrated under the available labels.
Conversely, a finer-grained token-level label space may expose class-aligned features
more clearly.
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The datasets are summarized in Table 3.3.

Table 3.3: Dataset information used in the experiments.

Dataset Granularity
Number of

classes
Split and sam-
ple use

Role in the
study

fancyzhx/ag_news
document-

level
4 all test samples

coarse topic-level
baseline

dbpedia14
document-

level
14 all test samples

finer document-
level baseline

ai4privacy/pii-

masking-300k
token-level 25 / 26

first 10,000 vali-
dation samples

main token-level
experiment

3.3.1 AG News

AG News is a topic classification dataset derived from a large news corpus [45]. It
contains four classes: World, Sports, Business, and Sci/Tech. Each class contains
30,000 training samples and 1,900 test samples, giving 120,000 training samples and
7,600 test samples in total. In this thesis, all test samples are used. AG News serves
as a coarse document-level baseline. This makes it useful for testing whether entropy-
based class-alignment metrics can separate SAE features under a low-resolution label
space.

3.3.2 DBpedia14

DBpedia14 is a document classification dataset constructed from DBpedia ontology
classes [45]. It contains fourteen non-overlapping classes, with 40,000 training samples
and 5,000 test samples per class, giving 560,000 training samples and 70,000 test sam-
ples in total. In this thesis, all test samples are used. DBpedia14 provides a second
document-level baseline, but with more classes than AG News. Thus, it allows the
analysis to distinguish between two possible causes of weak class-alignment signals:
coarse document-level semantics and small class count. If DBpedia14 still produces
high-entropy distributions despite having fourteen classes, this would support the in-
terpretation that document-level granularity itself limits the metric’s resolution.

3.3.3 PII-masking-300k

The main dataset is PII-masking-300k, a token-level privacy-masking dataset designed
for training and evaluating models that detect personally identifiable information (PII)
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and other sensitive information in text [2]. The dataset card describes it as an open
dataset for privacy masking, with more than 220,000 examples, 30.4 million text tokens,
and 7.6 million PII tokens.

This dataset is used because its labels correspond to token-level entity types,
making it directly suitable for class alignment evaluation. Compared with document-
level topics, token-level PII classes provide a more direct setting for testing whether
SAE features align with specific semantic or format-based categories, such as email
addresses, names, phone numbers, dates, or locations.

The original labels include a non-entity class O. Including this background class
gives 26 classes. However, most main experiments use a no-O variant, denoted as PII-
noO, which removes the background class and leaves 25 PII entity classes. This is an
evaluation choice designed to prevent the dominant non-entity class from overwhelm-
ing the class distribution. The consequences of including O are analyzed explicitly in
Chapter 5.

For token-level experiments, the first 10,000 samples from the validation split are
used with a context length of 128 tokens. This sample size is large enough to provide
stable activation statistics over many token instances while keeping the computational
cost manageable. In the validation analysis of experiments, the CARDISSUER class is
excluded from macro-averaged results because it has fewer than 20 token instances in
the validation subset and therefore does not support stable recall estimation. As a
result, the validation results are macro-averaged over 24 classes.

3.3.4 Ethical considerations of datasets

This study uses publicly available benchmark datasets, including AG News, DBpe-
dia14, and PII-masking-300k. The main ethical consideration comes from PII-masking-
300k, because it contains labels for personally identifiable information. However, the
dataset is publicly available and mainly relies on synthetic or heavily processed text,
rather than real, unauthorized private records. Its use in this thesis follows the access
conditions of the original dataset.

The dataset is used only for observational feature-level analysis. The base lan-
guage model and SAE weights remain unchanged, and no text generation is triggered.
The experiments do not attempt to identify individuals, recover private information, or
redistribute sensitive data. Since the analysis is conducted at an aggregate statistical
level, it does not create new personal records or expose individual-level information.
Therefore, the ethical risk of using this dataset is limited.
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3.4 Activation extraction and feature statistics

For each dataset and SAE configuration, the base model is run on the input text, and
residual-stream activations are extracted at the SAE’s corresponding hook point. The
SAE encoder then maps each residual activation vector into a sparse feature activation
vector of dimension F = 16, 384. Let af (t) ≥ 0 denote the activation value of SAE
feature f on evaluation unit t. For document-level datasets, t refers to a document-level
unit after the relevant aggregation step (exact aggregation rules are defined in Chapter
4). For token-level PII experiments, t refers to a token with a valid token-level label.

A feature is considered active on t if af (t) > 0. This criterion is appropriate for
the JumpReLU SAE family used in the experiments because its activation distribution
contains exact zero activations and clearly separated nonzero activations. Since this
property is architecture-dependent, it should be rechecked before applying the same
thresholding rule to other SAE families.

All feature-level statistics are computed in a streaming manner. Rather than
storing the full token-by-feature activation matrix for the entire dataset, the imple-
mentation accumulates class-conditioned activation sums as the data is processed. This
makes the computation feasible on a single A100 40GB GPU. The main memory cost
arises from accumulating token-level activation statistics for 16k features over the PII
validation subset.

3.5 Experimental design

The experimental design is organized around two complementary stages.
The first stage measures class alignment directly using information-theoretic met-

rics. For each feature, its activation mass is distributed over the label classes, producing
a class-conditional distribution. Normalized Shannon entropy H measures how concen-
trated this distribution is, and KL divergence measures how far it deviates from the
empirical class prior. This stage is observational and feature-to-class in direction: it
asks which classes account for a feature’s activation mass.

The second stage validates these metrics in the reverse direction using P/R. In-
stead of asking which class a feature belongs to, it asks whether the top-ranked features
for a class can recover instances of that class. This stage is class-to-feature in direction
and provides an external validation signal for the information-theoretic metrics.

The overall design therefore avoids relying on a single metric family. Entropy
and KL provide scalable feature-level screening, while P/R validation tests whether
the selected features can function as class-aligned detectors. This division is important
because class alignment is treated in this thesis as an operational proxy for monose-
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manticity, not as a complete definition of it. A low-entropy feature is not automatically
assumed to be truly monosemantic; it must also be evaluated against low-frequency
artifacts, high-frequency baselines, and random feature selection.

The scope of the experiments is intentionally controlled. The study does not
compare different base language models, different SAE training algorithms, or different
activation sites. Instead, it fixes the base model, SAE family, activation site, and
feature width, varying only layer depth, sparsity level, and label granularity. This
makes the empirical conclusions narrower but more interpretable.





4. Methodology and
Implementation

This chapter defines the evaluation framework used to measure and validate SAE fea-
ture monosemanticity. The central methodological problem is that monosemanticity
is not directly observable from activations alone. A feature may appear interpretable
in a small number of examples, but fail to generalize across the dataset. Conversely,
a feature may be stable, but not aligned with the label space used for evaluation. To
handle this, the thesis evaluates a measurable proxy: class alignment, defined as the
concentration of a feature’s activation distribution over a predefined class partition.

Section 4.1 introduces the information-theoretic framework based on normalized
Shannon entropy and KL divergence. Section 4.2 defines the reverse P/R validation
framework. Section 4.3 specifies implementation choices and filtering rules used in the
experiments.

4.1 Information-theoretic framework

4.1.1 Motivation: From monosemanticity to class alignment

The core question in evaluating whether an SAE feature is monosemantic is whether
its activations are concentrated primarily on a single semantic concept, or at most
a very small number of concepts. In this framework, these semantic concepts are
approximated by dataset labels. For example, a feature that activates consistently
only on tokens of the "email address" class can be regarded as highly class-aligned and
plausibly monosemantic under this label space. By contrast, a feature that activates on
email addresses, person names, cities, and unrelated tokens is closer to a polysemantic
feature.

Strictly speaking, this framework does not measure monosemanticity directly. It
measures how concentrated a feature’s activations are under a predefined class parti-
tion. This thesis refers to that quantity as class alignment. Class alignment is useful
evidence for monosemanticity, but it is not sufficient on its own. A truly monoseman-
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tic feature should show stable behavior under meaningful class partitions. However, a
feature that aligns with one label may still mix several subconcepts within that label.

The evaluation framework therefore treats class alignment as an operational
proxy. This proxy is useful because it is scalable, quantitative, and externally check-
able. However, it must be interpreted carefully. Low entropy does not by itself prove
that a feature has a single human-interpretable meaning. It only shows that the fea-
ture’s activation mass is concentrated under the chosen label space. For this reason,
the information-theoretic metrics are later validated with a reverse P/R framework.

The basic intuition is simple: if a feature’s activations are concentrated in one
class, it is more class-aligned; if its activations are spread across many classes, it is
less class-aligned. Shannon entropy provides a natural way to formalize this intuition
because it measures the uncertainty of a probability distribution. A distribution con-
centrated on one class has low entropy; a distribution spread uniformly across classes
has high entropy. KL divergence is then introduced as an auxiliary metric to account
for class imbalance, especially when a dominant background class is present.

4.1.2 Symbols and notation

Let F denote the total number of SAE features and let C denote the number of classes
in the evaluation label space. Let N be the total number of valid evaluation items.

Depending on the dataset, an item may be a document or a token. For each
feature f and item t, let af (t) ≥ 0 be the activation value of feature f on item t. Let
y(t) ∈ {0, 1, . . . , C − 1} ∪ {−1} be the class label of item t, where y(t) = −1 indicates
that item t is excluded from the statistics.

Based on this notation, define the accumulated activation mass of feature f on
class c as

Sf (c) =
∑

t: y(t)=c

af (t),

that is, the sum of the activation values of feature f over all evaluation items in class
c.

We further define
Tf =

C−1∑
c=0

Sf (c) =
∑

t: y(t)≥0
af (t),

which represents the total activation mass of feature f across all labeled evaluation
items.

Sf (c) measures how much activation mass feature f accumulates on class c, while
Tf gives its total activation mass. All subsequent metrics are built on these two quanti-
ties. In other words, the framework is not concerned with how many evaluation items a
feature is active on, but with how its total activation mass is distributed across classes.
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4.1.3 Entropy and KL divergence

Based on Sf (c) and Tf defined in Subsection 4.1.2, we first normalize feature activa-
tions into a class distribution, and then construct two feature-level metrics. Normalized
Shannon entropy H serves as the primary metric and KL divergence serves as an aux-
iliary metric.

The first step is to normalize the accumulated activations in Subsection 4.1.2
into a probability distribution. We define the activation-weighted conditional class
distribution of feature f as

P (c | f) = Sf (c)
Tf

.

This quantity measures how much of feature f ’s total activation mass belongs to
class c. It is not a binary measure of whether the feature is active.

Here, features with Tf = 0 over the evaluation set are excluded because their
class-conditional activation distributions are undefined. P (c | f) satisfies the basic
properties of a probability distribution: ∑

c P (c | f) = 1 and P (c | f) ≥ 0. It describes
what fraction of all activations of feature f fall on class c. Thus, P (c | f) turns
feature activation into a probability distribution over the class set, which can then
be characterized directly by information-theoretic metrics. The central intuition from
Subsection 4.1.1 is that the more a feature’s activations are concentrated on a small
number of classes, the more monosemantic it is. Shannon entropy captures exactly this
intuition. We define the normalized entropy of feature f as

H(f) = −
∑C−1

c=0 P (c | f) log2 P (c | f)
log2 C

∈ [0, 1],

with the convention that 0 log 0 = 0. The denominator log2 C is the maximum
entropy of the uniform distribution over C classes; it normalizes H into the interval
[0, 1], enabling cross-dataset comparison when the number of classes differs. When
P (c | f) is fully concentrated on a single class, H(f) = 0; when P (c | f) is uniform over
all classes, H(f) = 1. Therefore, the smaller H(f) is, the stronger the feature’s class
alignment under the current class partition. Under the proxy assumption introduced
in Subsection 4.1.1, this provides evidence that the feature may be closer to being
monosemantic.

H is the primary metric in this work because it directly addresses the main mea-
surement question: is a feature’s activation mass concentrated on only a few classes?
It depends only on the feature’s own class distribution and does not require the prior
distribution. However, the limitation of H follows directly from its strength; it only
measures how concentrated a distribution is, but not why it is concentrated or where
it is concentrated. For datasets whose class distributions are approximately balanced,
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this is usually not a problem. Conversely, if the datasets have severe class imbalance,
H will introduce a systematic bias.

Consider a typical named-entity setting: 90% of tokens belong to the non-entity
class, while only 10% belong to all entity classes combined. If a feature places 99% of
its activations on the non-entity class, its H can still be very low, making it look like a
"highly monosemantic" feature. In reality, however, it may simply be tracking the most
common background class in the data, rather than encoding a genuinely discriminative
concept.

This shows a limitation of H. It cannot distinguish between true class alignment
and simple agreement with the data prior. The latter produces a feature that appears
monosemantic on the surface but in fact provides almost no additional discriminative
power with respect to the classes. We refer to this phenomenon as spurious low entropy.

To identify such spurious low-entropy cases, we need a reference distribution for
P (c | f). The natural reference is not the uniform distribution, but the class prior of
the data itself:

Q(c) = Nc

N
, Nc = #{t : y(t) = c}.

Here we use the empirical class distribution of the data as the prior, rather than
the uniform prior Q(c) = 1/C. The reason is that real datasets are usually class-
imbalanced. If the uniform distribution were used as the baseline, then any feature devi-
ating from uniformity could be misinterpreted as having additional class-discriminative
power, including background features that merely track the data prior. Under the em-
pirical class prior, by contrast, KL(f) = 0 corresponds exactly to the case where the
feature’s class distribution is identical to the data prior, and therefore contributes no
additional discriminative information about the classes.

On this basis, we define the KL divergence of feature f relative to the class prior
as

KL(f) =
C−1∑
c=0

P (c | f) log2
P (c | f)
Q(c) .

Returning to the example above: if a feature merely follows the background O
distribution, then its P (c | f) will be very close to Q(c), and hence KL(f) ≈ 0. If
another low-H feature instead concentrates its activations on a rare entity class, then
P (c | f) will differ substantially from Q(c), and KL(f) will be correspondingly larger.
The former has low entropy but stays close to the empirical class prior. The latter is
more likely to be genuinely class-discriminative. Under the proxy interpretation, it is
also closer to monosemanticity.

When the class distribution is perfectly balanced, i.e. Q(c) = 1/C, we have

KL(f) = log2 C · (1−H(f)).
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In this case, H and KL carry the same information. When class distributions are
approximately balanced, they remain approximately equivalent, so H alone is sufficient.
Under strong class imbalance, however, the two decouple: H still measures the absolute
concentration of the distribution, whereas KL measures its deviation from the data
prior, and can therefore identify the spurious low entropy cases described above. In
summary, we use H as the primary metric to quantify how concentrated a feature’s
activations are across classes, and KL as the auxiliary metric to identify spurious low
entropy cases under class imbalance.

4.2 Reverse precision/recall validation framework

4.2.1 Motivation: From feature-to-class to class-to-feature

The information-theoretic metrics above operate in the feature-to-class direction. They
ask how concentrated a feature’s activation mass is across classes. This direction is
useful for evaluating monosemanticity, but this is insufficient to prove the metrics’
effectiveness. A feature may receive a very low entropy score simply because it activates
only once or twice. Those rare activations may happen to fall in a single class. Such
a feature is not useful as a class detector, even though its class distribution appears
pure. To address this problem, the thesis introduces a reverse validation direction,
class-to-feature. Instead of asking which class accounts for a feature’s activation mass,
the reverse framework asks how many instances of a target class are covered by the
top-k features selected for that class.

This corresponds directly to recall, which is the core evidence for whether H/KL
is genuinely useful. If the features selected by low H / high KL are indeed more
monosemantic, then they should activate stably on instances of the corresponding
class and achieve higher coverage.

Precision and recall are complementary here. Recall measures coverage, while
precision measures whether those features truly concentrate their activations on the
target class. Ideally, a highly class-aligned feature should achieve both high recall
and high precision. By contrast, a feature whose class alignment is spuriously inflated
because it activates on only a few target-class instances will usually show low recall.

Therefore, the validation framework tests two claims. First, features ranked
highly by low H or high KL for a target class should outperform random features
from the same class candidate pool. Second, they should not merely behave like high-
frequency features. If their performance can be explained by activation frequency alone,
then entropy and KL would not provide a distinct class-alignment signal.
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4.2.2 P/R evaluation framework

Let F denote the set of features participating in evaluation, and C the class space. For
each feature f ∈ F , we first assign it to a unique main class using the existing P (c | f)
from Subsection 4.1.3:

cf = arg max
c∈C

P (c | f) = arg max
c∈C

∑
t:yt=c af (t)∑
t:yt∈C af (t) .

Here af (t) is the activation value of feature f on token t, and yt is the class label
of that token. This assignment is based on activation mass rather than activation
frequency. For each evaluation class c, we first collect the candidate features whose
main class is c. For each ranking group g, we then select the top-k features from this
pool according to its score function sg:

Tg,c,k = TopKf∈F :cf =c(sg(f), k).

where sg is the score used by ranking group g, such as KL, H, density, or the
MI-like score defined below. The detailed ranking groups are defined in the following
subsection.

This defines the token-level frequency-based precision and recall. We view the k
features in Tg,c,k as an OR-union detector for class c: a token t is predicted as class c
if and only if at least one feature in the set activates on t. Let 1hit(t) = 1[∃f ∈ Tg,c,k :
af (t) > 0], and let Nc = ∑

t:yt∈C 1[yt = c] be the total number of tokens of class c.
Then:

TP(c) =
∑

t:yt∈C
1hit(t)1[yt = c],

FP(c) =
∑

t:yt∈C
1hit(t)1[yt 6= c],

FN(c) = Nc − TP(c).

Ptok(g, c, k) = TP(c)
TP(c) + FP(c) , Rtok(g, c, k) = TP(c)

TP(c) + FN(c) .

In addition to frequency-based precision, we also define amplitude-weighted preci-
sion. Let the summed activation over the k features on token t be w(t) = ∑

f∈Tg,c,k
af (t).

Then:
Pamp(g, c, k) =

∑
t:yt∈C w(t)1[yt = c]∑

t:yt∈C w(t) .

For token-level entity datasets such as PII-masking-300k, span-level evaluation is
also necessary because a single entity may consist of multiple contiguous tokens. We
merge each contiguous sequence of tokens with the same label into a span instance
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(indexed by s, with class ys). A span is counted as a hit if any token inside it is hit
by the OR-union detector. Let 1spn

hit (s) = 1[∃t ∈ s : 1hit(t) = 1], and let N spn
c =∑

s:ys∈C 1[ys = c] be the total number of spans of class c. Then:

TPspn(c) =
∑

s:ys∈C
1

spn
hit (s)1[ys = c],

FPspn(c) =
∑

s:ys∈C
1

spn
hit (s)1[ys 6= c],

FNspn(c) = N spn
c − TPspn(c).

Pspn(g, c, k) = TPspn(c)
TPspn(c) + FPspn(c) , Rspn(g, c, k) = TPspn(c)

N spn
c

.

Finally, for each ranking group g and feature budget k, we compute macro-
averaged precision and recall over the evaluated classes.

4.2.3 Candidate pools and ranking groups

Subsection 4.2.2 introduced the formal P/R definitions. The next question is how
the candidate pool for each class is formed and how candidate features are ranked.
This subsection focuses on the construction of candidate pools, ranking groups, and
baselines.

We use six ranking groups. Here, density denotes the activation density of a
feature on the evaluation set, defined as the fraction of labeled evaluation items on
which af (t) > 0. The h / kl groups test the effectiveness of H and KL as ranking
signals; h_f / kl_f test their more robust versions with a density floor; density is
a pure activation-frequency baseline; and mi denotes a mutual-information-like score,
computed as density × KL, which serves as a frequency-adjusted control baseline. In
addition, a random baseline is constructed separately within the same candidate pool
in order to test whether these rankings actually outperform random sampling.

All ranking groups share the same candidate pool after dead features (defined
in Subsection 4.3.1) are removed. The P/R stage does not impose an upper density
bound, because density and mi themselves are control baselines defined in terms of
density. Excluding high-frequency features beforehand would destroy the comparability
of those baselines and would no longer answer the central question of whether H/KL
outperform simple frequency-based ranking. Before ranking, only dead features are
removed; high-frequency generic features remain in the pool and are scored by each
ranking rule. On top of this shared candidate pool, each group selects top-k according
to its own score function:



34 Chapter 4. Methodology and Implementation

Table 4.1: Ranking groups

Group Ranking rule Additional
density
floor

Role

kl KL descending none raw KL ranking - deviation
from the empirical class prior

h H ascending none raw H ranking - concentra-
tion of activation mass only

density density descending none frequency ranking - tests
whether performance is ex-
plained by frequent activa-
tion alone

mi density × KL descending none MI-like ranking – a tradeoff
between frequency and devi-
ation

kl_f KL descending 0.001 KL ranking + removal of ex-
tremely low-frequency noise

h_f H ascending 0.001 H ranking + the same low-
frequency floor

The "Additional density floor" column denotes an extra constraint applied after
constructing the shared candidate pool. kl_f / h_f require density ≥ 0.001, while
the raw groups h and kl impose no density constraint and rank directly over the
entire candidate pool. For H, lower values correspond to more concentrated class
distributions, and thus are ranked in ascending order.

The density and mi baselines are counterfactual controls for testing whether the
metrics can select truly class-aligned features. If activation frequency alone explains
class-recovery performance, then density should perform as well as or better than KL-
based rankings. The density floor in kl_f / h_f is used to prevent ultra-rare features
from entering the top-k list by accident. Features with only one or two activations
are not reliable under P/R evaluation, even if they receive favorable H or KL scores.
The floor is therefore best understood as a noise-control threshold rather than a core
methodological constraint. The paired presence of raw kl / h and floored kl_f / h_f
is precisely intended to isolate the effect of this floor.

Accompanying these ranking groups is the random baseline. For each class c and
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each k, we uniformly sample k features from the main-class candidate pool {f : cf = c}
of that class, and average over multiple repetitions. The random baseline uses the
same candidate pool as Tg,c,k. Thus, differences between the random baseline and the
other groups mainly reflect whether score-based ranking is used. This design avoids
confounds from candidate-pool size or class sample size. If the performance of a ranking
group is close to the random baseline, then the ranking itself is not providing an effective
signal.

In the experiments, k ranges over {1, 5, 10, 20}, covering scales from the single-
feature regime to multi-feature combinations. Together, these settings define the can-
didate pools, ranking rules, and feature budgets used in the reverse P/R validation.

4.3 Implementation details

4.3.1 Implementation of H/KL computation

This subsection discusses how the H/KL framework in Section 4.1 is instantiated and
implemented in this thesis. The relevant details fall into three aspects: the choice of
label granularity, the choice of aggregation scheme, and the concrete computation and
filtering procedure.

First, at the level of label granularity, the H/KL framework can be defined either
at the document level or at the token level; the main difference is whether Sf (c) is
accumulated over documents or over tokens. In this work, the token-level setting is
the primary instantiation. The direct reason is that label granularity determines the
effective resolution of the metric. On document-level datasets such as AG News and
DBpedia14, one document often contains multiple concepts. Therefore, a feature rarely
aligns cleanly with one document class. As a result, the H distribution is compressed
into the high-entropy region. By contrast, token-level labels refine the class units into
PII entity types and provide a finer-grained label space, making low-H, highly class-
aligned features easier to observe. For PII-masking-300k, the main results in this work
use PII-noO. This does not change the definition of H/KL itself; rather, it prevents
the dominant background class from obscuring the interpretation of the metrics in the
main experiment.

Second, in terms of aggregation, we use activation-mass statistics rather than
activation-count statistics. In other words, Sf (c) and Tf accumulate activation mass
rather than the number of active items. The reason is that, in JumpReLU SAEs,
activation magnitude usually reflects how well the feature matches the input; strong
activations are more representative of the semantic content encoded by the feature. If
activation counts were used instead, all nonzero activations would be treated equally,
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and weak activations would receive the same weight as strong ones, diluting the se-
mantic signal.

Finally, in the concrete computation procedure, all metrics are computed only
on alive features, meaning features whose total accumulated activation mass exceeds
the dead-feature threshold. If the total accumulated activation mass Tf of a feature
across all labeled evaluation items is below a threshold (set to 10−5 in this thesis), the
feature is treated as dead and removed from the H/KL statistics, to avoid numerical
instability caused by an excessively small denominator. Excluded features are marked
as invalid in the output and do not participate in later aggregation. This dead-feature
filtering should be distinguished from the density floor used in the ranking groups. The
density floor is applied on top of the alive-feature set and belongs to the candidate-
selection procedure rather than to the H/KL metric definition itself. For the H/KL
aggregation statistics, we keep only features with density ≤ 10−2 to exclude syntactic
or generic high-frequency features from the aggregated means; otherwise, these high-
density generic features could dominate the aggregate statistics and make the mean H
less informative.

In implementation, the computation only requires accumulating feature activation
mass for each class to obtain Sf (c) and Tf , normalizing them into P (c | f), and then
computing H, the class prior Q(c), and KL. The empirical prior Q(c) is clipped with
a small positive floor before computing KL to avoid numerical instability when zero-
frequency classes appear. The entire procedure can be implemented in streaming form,
with worst-case time complexity O(N · F ) and no need to train any additional model.

4.3.2 Implementation of P/R validation

Subsection 4.2.2 introduced the formal P/R definitions, and Subsection 4.2.3 explained
how candidate pools and ranking groups are constructed. In this subsection, we fur-
ther specify three evaluation settings: feature combination, recall unit, and precision
computation.

Feature combination. We combine the top-k features using an OR-union rule: if
any one of them activates on an item, the item is counted as a positive prediction for
the class. This allows us to directly test whether multiple candidate features for the
same class improve coverage when combined, without introducing additional ensemble
mechanisms such as AND rules or voting schemes. k = 1 corresponds to a single-feature
detector, while k = 20 corresponds to a more permissive multi-feature detector.

Recall unit. For token-level entity datasets, since a single entity often spans
multiple tokens, token-level recall underestimates features that reliably hit only part
of an entity. Span-level recall is therefore closer to the question of whether an entity
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instance was found, whereas token-level recall more strictly evaluates coverage of the
tokens inside each instance.

Precision computation. Each top-k feature set gives rise to two versions of preci-
sion: frequency-based precision, which measures the fraction of hit items that belong
to the target class, and amplitude-weighted precision, which weights hit items by their
summed activation magnitude. We use amplitude-weighted precision as the primary
version, because FP activations are typically systematically weaker than TP activa-
tions, making frequency precision prone to underestimating the class-aligned behavior
of the feature group. At the same time, recall remains a strictly non-circular external
validation signal, so we always place recall first and treat amplitude-weighted precision
as auxiliary interpretation.

Under these settings, the analysis focuses on two comparisons. First, it compares
the recall of h_f / kl_f with the random baseline. This tests whether H/KL rankings
provide an effective signal. Second, it compares the amplitude-weighted precision of
h_f / kl_f with the density and mi baselines. This tests whether their performance
is simply caused by selecting high-frequency features.





5. Results and Analysis

This chapter presents the empirical results. Section 5.1 addresses RQ1 and RQ2 by
analyzing the information-theoretic metrics H and KL across datasets, sparsity levels,
layers, feature density, and the presence or absence of the background O class. Section
5.2 addresses RQ3 by evaluating whether the H/KL metrics are supported by P/R
validation on the token-level PII task.

The chapter follows a two-step logic. First, for RQ1 and RQ2, H/KL results
show where H has sufficient dynamic range and how different factors influence class
alignment. Second, for RQ3, P/R results test whether features selected by low H
and high KL can function as useful class-aligned detectors rather than artifacts of low
frequency, high frequency, or random selection.

5.1 Information-theoretic results

5.1.1 Label granularity and the dynamic range of H/KL

The values of H lie in [0, 1], but whether the H distribution has a meaningful dynamic
range depends on label granularity. To study this, we evaluate the same set of 15 SAE
configurations on AG News, DBpedia14, and PII-masking-300k, and compare how the
H/KL distributions differ under different label granularities. The aggregated results
are shown in Table 5.1.

Table 5.1: Aggregated statistics across the three datasets, averaged over the 15 SAE configurations
after dead-feature filtering.

Dataset
#

Classes
Label

Granularity
Mean
H

Median
H

Mean
KL

frac(H < 0.3) frac(H < 0.5)

ag_news 4 document 0.8843 0.9748 0.2313 3.7% 7.3%

dbpedia14 14 document 0.8451 0.9338 0.5908 4.2% 8.4%

PII-noO 25 token 0.4782 0.4996 2.4167 23.5% 49.0%

39
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Table 5.1 summarizes the central tendency and threshold fractions of the H/KL
distributions, while Figure 5.1 visualizes the full distribution of H. As the figure shows,
both document-level panels have most of their mass near H = 1. This creates a clear
pile-up at the high-entropy end. In contrast, the token-level PII-noO distribution is
much more spread out. It also develops a clear left tail in the low-H region.

Figure 5.1: Distribution of normalized Shannon entropy H across the three datasets. Dashed lines
indicate means and dotted lines indicate medians. On the document-level tasks (AG News and
DBpedia14), the H distributions are strongly left-skewed and compressed into the high-H regime;
under token-level PII-noO, the distribution opens up substantially, with much more mass appearing
in the low-H region.

Table 5.1 and Figure 5.1 show that the median H exceeds 0.93 on both document-
level datasets. More than half of the alive features have class distributions that are
close to uniform on these two datasets, while the fraction of strongly class-aligned
features under the H < 0.3 threshold is only 3.7% and 4.2%. In other words, under the
document-level setting, the dynamic range of H is compressed into the narrow interval
[0.7, 1.0], and most features appear weakly class-aligned under the metric.

The situation changes substantially under token-level PII-noO. The mean H

drops to 0.48, the median H drops to 0.50, the fraction of strongly class-aligned fea-
tures rises from roughly 4% to 23.5%, and nearly half of all features satisfy H<0.5. KL
changes in the opposite direction: the mean KL rises from 0.23 on AG News to 2.42
on PII-noO, an increase of about 10×. In other words, the dynamic range of H and
KL opens up much more clearly on the fine-grained token-level tasks.

These differences show that the usefulness of the measurement depends on
whether the label space matches the granularity of the feature patterns being measured.
Document-level tasks contain only 4-14 coarse classes, and a single news article often
covers multiple themes, so an individual feature is naturally more likely to spread over
multiple document classes. Once the labels are refined into 25 token-level PII entity
classes, the case in which one feature activates primarily for one entity class becomes
much closer to being statistically observable, and class alignment signals become easier
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for H to capture. Thus, the cross-dataset comparison mainly reflects the effect of label
granularity on the dynamic range of H. It should not be interpreted as evidence that
the same SAEs are inherently more interpretable on one dataset than on another.

For this reason, the remaining analysis focuses on PII-noO as the main evaluation
setting, because this is where the dynamic range of H/KL is most clearly opened
up. AG News and DBpedia14 serve as lower-resolution comparison settings, helping
distinguish phenomena driven by SAE behavior from those driven by label granularity.

5.1.2 Effect of sparsity

Having established PII-noO as the main evaluation setting, this subsection turns to
the effect of SAE sparsity on feature-level class alignment. We first aggregate over the
15 SAE configurations by average L0 tier in order to isolate the main effect of sparsity.

Table 5.2: Aggregated H/KL statistics by average L0 tier on PII-noO, with feature pools from the
three layers combined within each tier.

Average L0

tier
Mean
H

Mean
KL

frac(H < 0.1) frac(H < 0.3) frac(H < 0.5)

ultra-sparse
(< 25)

0.352 3.134 20.1% 40.1% 69.0%

sparse
(25–50)

0.419 2.798 12.8% 29.4% 57.7%

mid
(50–100)

0.481 2.448 7.1% 20.6% 47.0%

dense
(100–200)

0.537 2.095 4.0% 14.3% 37.1%

very-dense
(≥ 200)

0.556 1.890 3.4% 12.6% 33.4%

Table 5.2 shows a clear trend. As the SAE moves from ultra-sparse to very-dense,
mean H increases monotonically, while mean KL decreases monotonically. This sug-
gests that denser SAE settings tend to produce weaker class alignment overall, whereas
sparser settings tend to produce stronger class alignment. This trend is monotonic
across all five L0 tiers for both mean H and mean KL.

More informative than the means themselves is the behavior of the low-H tail.
As L0 increases, the fraction of features below all three thresholds, H < 0.1, H < 0.3,
and H < 0.5, falls systematically. The strictest bucket, H < 0.1, drops from 20.1%
to 3.4%. This suggests that dense SAE settings lose the strongest class alignment tail
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first, rather than merely shifting the entire distribution slightly to the right.
Looking more closely along the L0 axis, the monotonic trend is not uniform in

speed, but shows clear saturation. From ultra-sparse to dense, both the mean H and the
low-H fractions change substantially. From dense to very-dense, however, the marginal
effect of further increasing L0 becomes much smaller. In other words, the main effect of
sparsity on class alignment is concentrated in the low-to-mid L0 regime; beyond that,
the marginal impact of larger L0 diminishes.

If we inspect the absolute number of low-H features in representative SAE con-
figurations, the size of the low-H tail becomes even clearer. On PII-noO, the three
ultra-sparse SAEs (L0 ≈ 18 − 23) each independently contribute 2,100 – 2,650 fea-
tures with H < 0.1 and 4,300 – 5,300 features with H < 0.3. By contrast, the most
extreme very-dense model (layer 19, L0 = 279) has only 41 features with H < 0.1, a
difference of about 65×. That is, a single sparse SAE already contains thousands of
candidate class-aligned features, more than enough to support the P/R validation of
low-H features carried out in Section 5.2.

This result is consistent with the sparsity-capacity tradeoff in SAE training. A
low L0 constraint limits the number of features that can be active simultaneously for
each token, which may encourage each active feature to correspond to a narrower
semantic direction. Conversely, a high L0 allows more features to participate jointly in
reconstruction, which may lead to broader activation distributions over classes.

In summary, SAE sparsity is a major factor shaping feature-level class alignment
in these experiments. Lower L0 values are associated with lower H, higher KL, and a
much larger low-H tail, while the marginal benefit diminishes in the higher-L0 regime.
These findings suggest that sparse SAE settings provide more candidate class-aligned
features for downstream validation, and are consistent with the sparsity-capacity trade-
off.

5.1.3 Effect of layer depth

Subsection 5.1.2 showed that L0 determines the overall direction of variation in class
alignment. This subsection addresses a further question. Beyond the overall trend,
do different layers also alter the structure of feature-level class alignment? If we only
examine the marginal means aggregated by layer on the PII-noO dataset, the layer
effect appears weak. Specifically, the mean H for layers 5, 12, and 19 all fall within
a narrow range of 0.474 to 0.485. This difference of less than 3% seems to suggest
that layer depth matters little. However, this observation is based only on marginal
averages. Once we analyze all three datasets, the three layers, and the five L0 levels
together, the interaction between layer, L0, and task becomes clear:



5.1. Information-theoretic results 43

Figure 5.2: Mean H as a function of L0 on the three datasets, color-coded by layer (blue: layer
5, green: layer 12, red: layer 19). The three panels share the same y-axis range 0.3 – 1.0 for direct
comparison, corresponding from left to right to AG News / DBpedia14 / PII-noO.

The patterns in Figure 5.2 naturally split into two types: document-level and
token-level.

Document-level (AG News and DBpedia14): Stable advantage of layer 12. In
both document-level panels, layer 5 consistently has the highest H, layer 12 is almost
always the lowest, and layer 19 stays in the middle but closer to layer 12. More
importantly, this ordering is essentially unchanged from low L0 to high L0, so the layer
effect here can be summarized by three traits: a stable ranking, a consistent direction,
and little modulation by L0.

One possible interpretation of this pattern is that concepts like news topics or
encyclopedia categories represent an intermediate level of abstraction. Therefore, they
are more likely to form stable directions in the middle residual stream. Shallow layer
representations retain basic details, such as characters, morphology, and local colloca-
tions. However, this is rarely enough to summarize an entire document. In contrast,
deep layer representations are heavily shaped by next-token prediction. They mix in
more local context and output-oriented information. Middle layer representations oc-
cupy an intermediate position between these two extremes. They have moved beyond
shallow, form-based features, but they are not yet dominated by deep predictive tasks.
This may explain why layer 12 shows stronger alignment with document-level topic
classes.

Token-level (PII-noO): The layer effect flips with L0. Under PII-noO, the pattern
changes completely. At low L0, layer 19 has the lowest H, while layer 5 has the highest.
As L0 increases, this order gradually reverses. At high L0, layer 5 reaches the lowest H,
indicating the strongest class alignment, and layer 19 has the highest H, reflecting the
weakest class alignment. In other words, PII-noO does not lack a layer effect; however,
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the layer effect itself changes direction with L0. This dynamic also helps explain why
the marginal means across layers are so close; the layer ordering in different L0 regimes
cancels out after aggregation.

One possible explanation is that PII classes can be identified through two types
of cues. The first type includes character or format cues, such as the "@" symbol for
emails, digit strings for phone numbers, or date formats for birthdays. The second type
involves contextual semantic cues, like a name appearing after the phrase "my name is."
These two types of information are likely represented more strongly in shallow and deep
layers, respectively. When L0 is low, each active feature is under stronger pressure to
represent a smaller number of cues. Under these conditions, deeper layers have already
undergone stronger semantic organization. Therefore, they are more likely to align
directly with a specific PII class, resulting in a lower H. Conversely, when L0 is high,
the SAE allows more features to be active per token. This allows shallow-layer SAEs
to represent distinct format-level cues with separate features. Together, this creates a
more concentrated distribution across PII classes, enabling shallow layers to outperform
deeper ones. However, the current data directly supports only an interaction effect:
the impact of the layer depends on the value of L0. To verify exactly which semantic
cues are processed by each layer, further evidence at the feature level is still required.

In conclusion, the impact of layer depth on class alignment is governed by task
granularity and L0. The current experiments illustrate this pattern. For document-
level topic tasks, the middle layer examined here consistently shows lower H. In con-
trast, token-level PII tasks show a strong interaction between the specific layer and L0.
Therefore, these findings indicate that layer effects cannot be evaluated in isolation,
but must be contextualized within the specific task granularity and sparsity constraints
to fully understand SAE performance.

5.1.4 Joint distribution of H and density

Subsections 5.1.2 and 5.1.3 compared the average behavior across different L0 tiers
and layers at the SAE level. However, they did not explain how strongly class-aligned
features are distributed within the feature space. This subsection therefore shifts the
analysis to the feature level, aggregating all alive features from the 15 SAE settings
on PII-noO by density interval. Using the density definition introduced in Subsection
4.2.3, this subsection groups features by activation density and examines how H varies
across density intervals.
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Table 5.3: Variation of H with density on PII-noO, aggregated over 15 SAE configurations.

density interval Median H Mean H frac(H < 0.3) frac(H > 0.7)

[0, 10−4) 0.333 0.312 43.5% 0.7%

[10−4, 10−3) 0.588 0.549 11.1% 19.6%

[10−3, 10−2) 0.645 0.595 9.9% 36.5%

[10−2, 1] 0.730 0.672 5.9% 57.2%

Table 5.3 reveals a clear three-part structure, which in turn provides the empirical
basis for the density range used in the main analysis and for the lower and upper density
thresholds.

The ultra-low-density range [0, 10−4) is a small-sample artifact band. Its median
H is only 0.33 and frac(H < 0.3) is as high as 43.5%, which at first glance appears to
form a band of strongly class-aligned features. But features in this interval typically
activate only 1 – 2 times over 10,000 evaluation samples, so P (c | f) almost inevitably
collapses to a single class under finite sampling. Therefore, the low H here is more
likely to be a finite-sample artifact than reliable evidence of class alignment; this is
also why the later validation stage imposes a lower density bound at 10−3.

The high-density range [10−2, 1] is dominated by high-frequency features with
diffuse class distributions. Its median H increases to 0.73, frac(H > 0.7) reaches 57.2%,
and frac(H < 0.3) drops to only 5.9%. These features are likely to include syntactic
structures or other common, generic patterns. Including them in the aggregation would
systematically inflate the mean H and obscure the low-H tail that sparse SAEs naturally
display. To prevent this issue, this section imposes an upper density limit of 10−2 for
the aggregation process.

The middle range [10−4, 10−2) is the main study region of this section. Within
this interval, H increases only mildly with density (median H rises from 0.59 to 0.65),
but the low-H tail remains stable, frac(H < 0.3) stays consistently around 10% – 11%.
This indicates that reliable low-H features are not limited to the extreme low-frequency
end, but are distributed across the entire middle band.

In summary, this three-part density structure provides the empirical basis for the
filtering strategy. The low H values observed in the [0, 10−4) range are not reliable be-
cause they are strongly affected by finite-sample effects. Meanwhile, the high-density
[10−2, 1] region is dominated by features with diffuse class distributions and likely in-
cludes many generic linguistic patterns. Therefore, the middle band is the most reliable
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region for identifying candidate class-aligned features. These observations help explain
why the later candidate-selection procedure uses both H and density constraints.

5.1.5 The spurious low-entropy trap

Beyond the main results discussed above, there is an additional methodological trap.
This issue directly affects how we interpret the metrics. This problem occurs when the
O non-entity class is kept in the dataset. In that case, the PII-withO results may appear
to show strong class alignment. However, this should not be treated as strong evidence
for the monosemanticity proxy. The numbers we obtained may look extremely strong
but are in fact misleading:

Table 5.4: Effect of including the O class on H/KL statistics for PII.

Dataset
Includes

O?
#

Classes
Mean

H

Median
H

Mean
KL

H < 0.3
fraction

H < 0.5
fraction

PII-noO No 25 0.4782 0.4996 2.4167 0.235 0.490
PII-withO Yes 26 0.1962 0.1087 0.8205 0.743 0.892

Table 5.4 shows that on PII-withO, the mean H drops from 0.48 to 0.20, the
median H from 0.50 to 0.11, and the fraction of features with H < 0.3 rises from 24%
to 74%. Looking only at H, one might conclude that nearly 75% of the SAE features
are strongly class-aligned. However, this is a canonical case of spurious low entropy.

The source of this trap is the class-imbalance issue in Section 4.1. When O
accounts for the majority of tokens (80%+), a generic feature that merely follows
the empirical class prior will also have P (c | f) concentrated on the O class, and
therefore receive a very low H. However, the H metric only measures how concentrated
a distribution is. It cannot distinguish whether a feature is focused on a meaningful
entity class or merely on a dominant background class.

KL divergence provides an important correction signal here. Specifically, the
mean KL drops from 2.42 on PII-noO to 0.82 on PII-withO, less than one third of
the PII-noO value. This decrease indicates that the low-H features in the PII-withO
setting have class distributions that are much closer to the empirical class prior Q.
Because they show so little deviation from this baseline, these features are likely just
tracking the background distribution. They provide little evidence of discriminative
class-specific structure. In short, under such strongly imbalanced class priors, low H
must be interpreted together with KL.

For this reason, the main experiments in this thesis use PII-noO, which removes
the O class from evaluation, allowing H to serve as the primary concentration metric
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in a setting without a dominant background class, while retaining KL as an auxiliary
correction signal for background effects.

5.1.6 Summary of H/KL results

The H/KL results support four main conclusions.
Label granularity is the primary factor determining whether the H/KL metrics

have discriminative power. In fine-grained token-level settings such as PII-noO, the
dynamic range of H/KL can be effectively opened up, the mean H is around 0.48, and
the fraction of features with H < 0.3 reaches 23.5%.

SAE sparsity is the dominant hyperparameter affecting feature-level class align-
ment in these experiments. The sparser the SAE setting, the stronger the observed
class alignment. This trend appears not only in the means of H/KL, but also in the
fraction and absolute number of features in the low-H tail.

Layer depth affects class alignment dynamically, heavily conditioned by task gran-
ularity and L0. While middle layers consistently provide the strongest alignment for
document-level topics, the optimal layer for token-level tasks reverses depending on the
sparsity setting. Therefore, layer effects must always be contextualized within specific
tasks and sparsity constraints.

At the feature level, H exhibits a three-part structure as a function of density.
The interval [0, 10−4) is a small-sample artifact band, [10−2, 1] is dominated by high-
frequency generic features, while the middle range [10−4, 10−2) is the most reliable
region for analyzing the low-H tail.

These findings motivate the P/R validation in Section 5.2, which tests whether
the low-H, high-KL features selected under these constraints also function as useful
class-level detectors.

5.2 Reverse P/R validation

This section uses the P/R validation framework defined in Section 4.2 to test whether
H/KL rankings select SAE features with stronger class alignment. It first presents
the core results, and then examines whether the H/KL rankings provide a useful class
alignment signal, the rationale for using amplitude-weighted precision and span recall
as the primary validation metrics, and the extent to which the sparsity and layer
conclusions from Section 5.1 are supported by the validation results. All results in this
section are macro-averaged over the 15 SAE configurations on PII-noO, corresponding
to three layers and five L0 levels.
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5.2.1 Main validation results

To keep the narrative clear and focused, the main text reports only the primary metric
pair: ampP and spnR. In this context, ampP denotes amplitude-weighted precision and
spnR denotes span recall. For completeness, tokP and tokR denote token-level precision
and recall, while spnP denotes span-level precision. The analysis focuses on five key
comparison groups: h_f, kl_f, density, mi, and random. For the complete table of
results, please refer to Appendix A.

Table 5.5: Results of the five key comparison groups under the primary metric pair (ampP, spnR)
at different values of k. Each cell reports (ampP, spnR).

k h_f kl_f density mi random

1 0.858 / 0.404 0.836 / 0.386 0.251 / 0.830 0.438 / 0.887 0.448 / 0.105
5 0.772 / 0.799 0.763 / 0.782 0.295 / 0.973 0.406 / 0.974 0.389 / 0.391
10 0.709 / 0.902 0.705 / 0.892 0.315 / 0.985 0.398 / 0.983 0.379 / 0.573
20 0.631 / 0.955 0.631 / 0.949 0.332 / 0.989 0.388 / 0.988 0.372 / 0.748

Table 5.5 reveals two key observations. First, the h_f and kl_f groups maintain
relatively high coverage while achieving substantially higher amplitude-weighted pre-
cision than the density and mi groups. This suggests that H/KL rankings are not
merely selecting high-frequency features. Second, the overall performance of h_f and
kl_f is broadly similar, although h_f shows a slight advantage. The difference between
the raw h / kl groups and the floored h_f / kl_f groups, as well as the complete
token/span results, are deferred to the later discussion and Appendix A.

5.2.2 Validating H/KL against low-frequency, high-frequency,
and random baselines

The first validation question is whether H/KL rankings avoid low-frequency degeneracy.
The raw h and kl rankings often select features that activate only once or twice. These
features can have nearly perfect class concentration, but they cover very few instances
of the target class.

The density floor solves this problem. At k = 1, raw h has span recall 0.026,
while h_f reaches 0.404. Raw kl has span recall 0.028, while kl_f reaches 0.386. This
difference of more than an order of magnitude shows that the density floor is not a
minor implementation detail. It is necessary for turning entropy and KL into useful
retrieval signals.
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The second validation question is whether H/KL rankings outperform random
selection from the same candidate pool. The results indicate that they do. At k = 5,
h_f span recall is 0.799, compared with 0.391 for random. At k = 10, h_f span recall is
0.902, compared with 0.573 for random. The ranking signal therefore adds substantial
information beyond simply assigning each feature to its highest-mass class.

The third validation question is whether H/KL rankings merely select high-
frequency features. The results suggest that they do not. At k = 5, density and
mi reach span recall 0.973 and 0.974, respectively, but their amplitude-weighted preci-
sion is only 0.295 and 0.406. By contrast, h_f has lower but still strong span recall,
and much higher amplitude-weighted precision at 0.772.

This pattern shows that high recall alone is not evidence of strong class alignment.
A high-frequency feature can cover many spans simply by activating broadly. What
distinguishes h_f is the combination of coverage and purity. It covers target-class spans
while concentrating its activation mass on the target class.

5.2.3 Choice of primary P/R metrics

This subsection explains why the main text uses ampP and spnR as the primary precision
and recall metrics, respectively.

Table 5.6: Comparison between tokP and ampP for h_f under different values of k.

k tokP ampP ∆

1 0.821 0.858 +0.037
5 0.632 0.772 +0.140
10 0.492 0.709 +0.217
20 0.356 0.631 +0.275

As k increases, the gap becomes larger. At k = 20, tokP is only 0.356, while
ampP still reaches 0.631. This is not a contradiction, but directly reflects the point
emphasized in Subsection 4.3.2: FP activations are systematically weaker in magnitude
than TP activations.

Frequency precision treats every FP activation as an equally weighted error. How-
ever, in SAE systems, many FP activations have much smaller amplitudes than TP
activations. As a result, these low-amplitude FP activations are closer to background
noise. In contrast, amplitude-weighted precision weights activations by their magni-
tude. This approach better answers a critical question: what fraction of the feature
group’s total activation mass is assigned to the target class? This advantage becomes
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especially clear against the random baseline. For instance, at k = 20, the h_f method
achieves an ampP of 0.631, while the random baseline reaches only 0.372. The gap be-
tween h_f and the random baseline is much smaller when measured by tokP. Therefore,
ampP serves as the primary precision metric in this work.

Turning to the recall metrics, the h_f group achieves a tokR of 0.497 and a span-
level recall (spnR) of 0.799 at k = 5. When k = 10, these values increase to 0.666 for
tokR and 0.902 for spnR. In practice, after tokenization, multi-token entities typically
span 3 – 8 subwords. The spnR metric addresses this by grouping all tokens within
a single entity instance into one evaluation unit. Under spnR, an entity instance is
counted as found as long as at least one top-k feature activates on at least one token
in the span. The fact that spnR is substantially higher than tokR is informative. It
indicates that the selected features usually activate somewhere within a PII instance,
even if they fail to cover every single subword comprising that instance.

The substantially lower tokR does not always indicate a failure to identify the
entity instance. Instead, the performance gap between tokR and spnR originates from
two distinct sources. The first source is a "false miss." Some subword tokens, such
as punctuation marks, separators, or generic digit strings, appear across multiple PII
classes. Features that activate on these ambiguous tokens tend to have their probability
distribution P (c | f) spread across several classes. This spread increases their H value
and pushes them down the ranking. Consequently, these features rarely make it into
the top-k selection. Because of this ranking mechanism, the selected features tend to be
more class-aligned under the chosen label space, and they are less likely to activate on
these ambiguous tokens. Unfortunately, the tokR metric penalizes this class-specificity,
incorrectly treating it as a failure to cover those tokens. The second source is a "true
miss." This occurs when subwords within a target-class span are genuinely not activated
by any top-k feature. This specific shortfall represents the actual gap in recall.

The spnR metric groups all tokens within an entity instance into a single evalu-
ation unit. Because of this design, spnR is closer to measuring entity-level misses and
is less affected by the token-level false misses discussed above. From a downstream
perspective, the primary goal is to determine whether an entity instance can be iden-
tified at all. Since spnR directly addresses this question, it is more appropriate for the
entity-level PII setting used in this thesis. Therefore, it serves as the primary recall
metric in this study.

5.2.4 Sparsity and layer effects in P/R validation

We begin by examining sparsity. As demonstrated in Section 5.1, there is a clear
pattern: lower L0 settings generally correspond to lower H and stronger class alignment.
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To simplify our comparisons, we define within-layer L0 ranks. For every layer, we
sort its five SAEs by their L0 values from smallest to largest. We then group SAE
configurations with the same within-layer L0 rank across the three layers into a single
tier. Therefore, tier 0 consists of the sparsest SAE from each layer, while tier 4 contains
the densest. Based on this tier structure, we then aggregate the h_f metrics at k = 5:

Table 5.7: h_f ampP and h_f spnR across within-layer L0 tiers on PII-noO at k = 5.

L0 tier h_f ampP h_f spnR

0 (sparse) 0.816 0.787
1 0.802 0.791
2 0.778 0.813
3 0.753 0.803

4 (dense) 0.710 0.802

The table shows that ampP decreases monotonically from 0.82 at tier 0 to 0.71 at
tier 4, indicating that the top-5 features selected from sparse SAE settings concentrate a
larger share of their activation mass on the target class. This is a direct class-alignment
signal and, under the proxy assumption introduced earlier, provides stronger evidence
for monosemanticity.

By contrast, spnR is roughly flat or even slightly increasing (from 0.787 in tier 0
to 0.802 in tier 4), but this does not mean that higher-L0 SAE settings have stronger
class alignment. A more plausible explanation is that dense SAE settings have more
alive features (Section 5.1 showed about 72% alive at L0 = 22 versus about 99% alive at
L0 = 445). As a result, the same-class candidate pools are larger. This makes it easier
for the k = 5 top-k selection to form a feature set that covers most spans of the class.
In other words, dense SAEs exchange "multi-feature redundancy" for a small gain in
OR-union coverage, rather than making each individual feature more class-aligned.

The ampP metric is the more direct class-alignment measure here, because it
measures what fraction of the feature set’s total activation mass is assigned to the
target class. Importantly, this metric is not affected by the size of the candidate
pool. As a result, the H trends presented in Section 5.1 and the ampP trends discussed
here point to the same conclusion. They suggest that stronger sparsity constraints
are associated with stronger class alignment. Under the proxy interpretation, this
improvement provides stronger evidence for monosemanticity.

Next, we consider layer effects. Relative to L0 tiers, the differences across layers
are much smaller when results are averaged over the five L0 settings for each layer.
Specifically, for the ampP metric, layer 19 exceeds layer 5 by only 5.3 percentage
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points (0.741 versus 0.688). Similarly, for the spnR metric, layer 12 exceeds layer 5 by
just 3 percentage points (0.919 versus 0.889). Although these numerical differences are
relatively small, the overall trends remain clear.

Table 5.8: h_f ampP and h_f spnR across layers on PII-noO at k = 10.

layer h_f ampP (k=10) h_f spnR (k=10)

5 0.688 0.889
12 0.699 0.919
19 0.741 0.897

Layer 19 achieves the highest ampP, while layer 12 achieves the highest spnR. This
suggests a possible division of roles across layers. Candidate features in deeper layers
show higher amplitude-weighted precision, whereas the combined feature sets from the
middle layer examined here provide more complete span coverage for a given class.
Previously, Subsection 5.1.3 demonstrated that the ordering of H across layers on the
PII-noO dataset flips depending on L0. However, when we analyze the data by L0

tier, this flipping behavior does not transfer to the ampP and spnR metrics. Instead,
the ampP of layer 19 and the spnR of layer 12 consistently rank first across all five L0

tiers. One possible interpretation is that the H flip is a property of the distribution
center of the features. This does not contradict the interaction observed in Subsection
5.1.3. The two analyses summarize different parts of the feature distribution. The H
curves describe the central tendency across all alive features, while the P/R validation
evaluates only the selected top-k tail.

In contrast, the h_f top-k depends only on the low-H, density-filtered tail of each
layer’s feature distribution. This tail remains consistently stronger for layers 19 and
12 compared to layer 5, so the interaction observed in the full H distribution becomes
less visible in the top-k P/R validation results. Finally, the performance gap between
layers is clearly smaller than the gap between L0 tiers. For this reason, the layer effect
is treated as a secondary observation in this section.

5.2.5 Summary of P/R validation results

The core conclusions are as follows. First, the P/R results support H and KL as effective
ranking signals for class alignment. Furthermore, based on the proxy assumption
introduced in Subsection 4.1.1, these metrics can serve as practical proxy indicators
related to monosemanticity. This conclusion is jointly supported by three key pieces
of evidence:
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Non-degenerate: once the density floor is added, the spnR of h_f rises from the
raw h group’s 0.026 to 0.404 at k = 1, from 0.110 to 0.799 at k = 5, and from 0.181 to
0.902 at k = 10. This shows that H-ranked features with a density floor cover target-
class spans rather than forming a degenerate solution that almost never activates.

Non-random: h_f exceeds the random baseline by about 41 percentage points
in spnR at k = 5 (0.799 versus 0.391), and by about 26 percentage points in ampP at
k = 20 (0.631 versus 0.372). Therefore, the floored H ranking provides a class-alignment
signal; if the H-based ranking did not distinguish more class-aligned features from less
class-aligned ones, these numbers would be much closer.

Not merely high-frequency: using density and mi as counterfactual baselines
tests the claim that high activation frequency alone is sufficient. Their ampP fluctuates
only between 0.25 and 0.44, while h_f reaches 0.63 – 0.86, about 2 – 3× larger than
density. The H-based ranking is not merely selecting high-frequency features; it selects
features with stronger class-aligned activation concentration.

Thus, the results support H and KL as class-alignment ranking signals for SAE
features. Under the proxy interpretation introduced in Subsection 4.1.1, this provides
practical evidence related to monosemanticity. However, it still keeps class alignment
distinct from monosemanticity itself. P/R provides a complementary validation signal
and helps rule out alternative explanations based on random selection, high-frequency
baselines, and low-frequency degeneracy. Therefore, the metric pair (ampP, spnR)
provides a suitable validation summary for the class-alignment results in this thesis.





6. Conclusion

6.1 Summary of the study

This thesis examined how SAE features can be evaluated for monosemanticity under
a scalable and empirically grounded framework. Instead of treating reconstruction
quality or sparsity as direct evidence of interpretability, the thesis focused on class
alignment as a measurable proxy. The main idea was that a more monosemantic
candidate feature should concentrate its activation mass on a smaller and more coherent
set of classes.

The study used the information-theoretic framework defined in Section 4.1 to
address RQ1 and RQ2. Specifically, normalized Shannon entropy and KL divergence
measured feature-level class alignment, while the empirical analyses in Subsections
5.1.1 – 5.1.3 examined how class alignment changed with label granularity, sparsity
level, and layer depth. The study then used the reverse P/R validation framework
defined in Section 4.2 to address RQ3, with the main validation results reported in
Subsections 5.2.1 – 5.2.4. This design allowed the thesis to evaluate not only whether
a feature looked class-specific, but also whether class-aligned features were useful in
practice.

In this way, the conclusion returns to the research gap identified in Section 1.4.
The results address the first gap by evaluating SAE feature monosemanticity more
directly, using class alignment as a measurable proxy. They also address the second gap
by clarifying the interpretation and boundary conditions of selectivity-based evaluation.
In particular, the findings show that label granularity, sparsity, and layer depth all affect
how H/KL should be interpreted.

Overall, the thesis shows that class alignment can be a useful way to screen SAE
features, but only under clear methodological limits. It is most informative when the
label space is fine-grained and when the SAE is sparse enough to produce concentrated
features. It is less informative when labels are too coarse, highly imbalanced, or not
well matched to the concepts represented by the model.

55
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6.2 Main conclusions

Building on the summary in Section 6.1, this section draws the main conclusions from
the RQ-specific results reported in Chapter 5. The main conclusions can be organized
around the three RQs, moving from measurement to conditioning factors and then to
validation.

The first conclusion is that H and KL provide a practical but conditional way
to evaluate feature-level class alignment as a proxy for SAE feature monosemanticity.
They make it possible to rank features across a full SAE dictionary without relying
on manual inspection. This is useful because SAE dictionaries are too large to evalu-
ate feature by feature. However, the results also show that these metrics should not
be interpreted as direct proof of monosemanticity. A low-entropy feature is not auto-
matically monosemantic. It only shows concentration with respect to the given label
set.

The second conclusion is that label granularity is critical. The experiments show
that coarse document-level labels are often not suitable for this evaluation. A document
can contain many local concepts, so a feature may be meaningful without aligning
with the document’s global category. Token-level labels provide a more appropriate
test case because they are closer to the level at which many SAE features appear
to activate. This suggests that future evaluations using label-based proxies for SAE
monosemanticity should pay close attention to whether the labels match the scale of
the features being studied.

The third conclusion is that SAE sparsity has a strong influence on class align-
ment. Sparser SAE settings produced more concentrated and more useful class-aligned
features in the experiments. This supports the view that sparsity is not only a training
constraint, but also an important factor for interpretability. However, sparsity alone is
not sufficient. A sparse feature may still be uninformative if it activates too rarely or
fails to recover meaningful examples from its target class.

The fourth conclusion is that layer depth matters, but its effect is less direct
than the effect of sparsity. The experiments suggest that different layers may support
different interpretability properties. Some layers may produce features with higher
class-specific precision, while others may provide better coverage when several features
are combined. This means that there may not be a single best layer for all interpretabil-
ity goals. The choice of layer should depend on whether the priority is class-specific
precision, coverage, or downstream class detection.

The fifth conclusion is that reverse validation is an important complement to
information-theoretic scoring. H/KL rankings can identify candidate features, but they
cannot show whether these features recover instances of the corresponding class. P/R
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validation provides an important additional check. In particular, amplitude-weighted
precision and span recall are suited to this setting, because they reflect how SAE
activations behave and how entity spans are represented in tokenized text.

6.3 Contributions

These contributions follow from the RQs discussed in Section 1.4 and the evaluation
literature reviewed in Chapter 2. This thesis contributes a simple evaluation framework
for studying SAE feature-level class alignment as a scalable proxy for monosemanticity.
The framework is useful because it separates two questions that are often combined:
whether a feature’s activation mass is concentrated on a class, and whether that feature
can recover examples of that class. By combining H/KL scoring with reverse P/R, the
thesis provides a more robust evaluation than using either the feature-to-class or class-
to-feature direction alone. It also positions entropy and KL as scalable screening tools,
not as final proof of monosemanticity.

The thesis also clarifies the conditions under which class-alignment metrics are
meaningful. It shows that these metrics depend strongly on the label space, the spar-
sity level of the SAE, and the layer under evaluation. In particular, label granularity
is a key factor for whether entropy-based SAE feature evaluation is informative. This
is important because it prevents overinterpretation of low-entropy features. The re-
sults do not support a general claim that low entropy always means monosemanticity.
Instead, they support a more careful claim: class alignment is a useful proxy when
the labels are fine-grained and the selected features are validated through reverse P/R
analysis.

Finally, the thesis shows that class-aligned SAE features may have practical value
as lightweight signals for detection tasks, especially in settings such as PII identification.
However, they should be used as support tools rather than complete detection systems.
More broadly, this thesis argues that SAE feature evaluation should take the label space
into account.

6.4 Implications for SAE evaluation

This section connects the implications of the thesis to the evaluation literature re-
viewed in Section 2.4. The findings support the view discussed in Subsection 2.4.1
that structural proxy metrics are necessary but insufficient for interpretability. The
proposed H/KL and reverse P/R framework also complements the automated inter-
pretability and causal evaluation approaches discussed in Sections 2.4.2 and 2.4.4. It is
not intended to replace manual explanations or causal interventions. Instead, it helps
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narrow down candidate features that can later be examined with those more detailed
methods.

The findings of this thesis have several implications for SAE feature evaluation.
First, class-alignment metrics should be interpreted as measures that depend on the
chosen label space, rather than universal measures of monosemanticity. Low entropy
only shows that a feature is concentrated under the chosen label space; it does not by
itself prove that the feature has a single human-interpretable meaning.

Second, the results suggest that fine-grained token-level or span-level labels are
more informative than coarse document-level labels for evaluating SAE features’ class
alignment. Document-level labels may hide local feature structure because many SAE
features correspond to entity-level, lexical, syntactic, or format-based patterns, not
whole-document topics.

Third, entropy should be combined with prior-aware and reverse-validation
checks. KL divergence helps identify whether a feature differs from the empirical
class prior, while reverse P/R tests whether selected features can recover examples of
their assigned classes. Together, these checks make H/KL more suitable as scalable
screening tools.

Overall, the thesis suggests that SAE feature evaluation should be label-space-
aware and multi-stage. The proposed H/KL and reverse P/R framework is best under-
stood as an intermediate evaluation layer for identifying candidate class-aligned fea-
tures. These candidates require further evidence before being treated as fully monose-
mantic.

6.5 Limitations

The main limitation of this thesis is that class alignment depends on the available
evaluation labels. H and KL only measure the concentration of activation mass over
predefined classes. If the label set does not match the concepts represented by the
model, the metrics may underestimate or misrepresent class-aligned interpretability.
This is especially important for coarse document-level labels, where many meaningful
local features may be spread across several document categories.

A second limitation is that the method favors features whose meanings align with
the predefined class labels. Some features may be stable and interpretable, but not
tied to a single class. For example, a feature could represent a syntactic pattern, a
common formatting structure, or a broad lexical property. Such a feature may receive
a weak H/KL score even if it is meaningful. Therefore, the framework evaluates one
label-aligned form of interpretability rather than all possible forms of feature meaning.

A third limitation is that the reverse validation results remain imperfect. The



6.6. Future work 59

best features still produce false positives and false negatives. Some errors may be
caused by overlap between related classes, such as different types of names. It may
also reflect limits of the specific base model, SAE family, and activation-site setting
used in this thesis. The current experiments cannot fully separate these causes.

A fourth limitation is that many classes appear to be represented by groups
of features rather than by a single feature. This weakens a strict "one feature, one
concept" interpretation of the results. It suggests that, in practice, feature groups may
be a better unit of analysis than individual features.

Finally, the thesis does not provide direct causal evidence. The results show that
some features are class-aligned and can recover target examples, but they do not prove
how these features affect model behavior. Causal intervention experiments would be
needed to test that question more directly.

6.6 Future work

Future work should first test whether the findings generalize across other models, SAE
families, activation sites, and feature widths. This would show whether the observed
effects of label granularity, sparsity, and layer are specific to this experimental setup
or reflect a broader pattern in SAE interpretability.

A second direction is to combine this framework with more direct interpretability
methods. H/KL can be used to select candidate features at scale, and then manual in-
spection, automated interpretability, or causal interventions can be applied to the most
promising cases. This would make the evaluation both scalable and more grounded in
feature-level semantic evidence.

A third direction is to improve the evaluation label space. Hierarchical labels,
multi-label annotations, or learned concept taxonomies may provide a better match
for the concepts or patterns captured by SAE features. This would be especially useful
for document-level tasks, where global labels may be too coarse.

A fourth direction is to evaluate feature groups. Since the experiments sug-
gest that several related features may jointly cover one class, future work could study
whether small feature sets provide more reliable and interpretable units of analysis.

Finally, future work could explore practical applications in privacy and safety
analysis. The PII results suggest that class-aligned SAE features may help identify
tokens or spans related to sensitive information through model activations. However,
such applications require caution. Incomplete detection could still create privacy risks.
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6.7 Final remarks

This thesis shows that SAE feature monosemanticity can be studied through class
alignment as a proxy, but only with careful interpretation. H and KL are useful for
finding candidate class-aligned features, especially when the label space is fine-grained
and the SAE is sufficiently sparse. Reverse P/R validation further shows whether these
candidates are practically meaningful.

The broader conclusion is that scalable interpretability evaluation should be label-
space aware. It should not rely on a single metric or a single evaluation direction. A
feature that looks clean under one measure may still fail under another. The value of
the proposed framework is that it makes this tension explicit. It offers a practical way
to identify promising SAE features for further interpretability or causal analysis. At
the same time, it makes clear where the current evidence stops.
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Appendix A. Full P/R Results Table

A.1 Full P/R Results for 15 SAEs on PII-noO

This appendix provides the complete result table corresponding to Section 5.2, retain-
ing all ranking groups (h / kl / h_f / kl_f / mi / density / random) and all evaluation
combinations (tokP / tokR, spnP / spnR, and ampP / spnR). The main text keeps only
the primary metric pair (ampP, spnR) in order to preserve the main line of argument.

k metric h kl h_f kl_f mi density random

1 tokP / tokR 0.978 / 0.013 0.802 / 0.015 0.821 / 0.168 0.807 / 0.159 0.312 / 0.687 0.179 / 0.630 0.419 / 0.043
1 spnP / spnR 0.974 / 0.026 0.798 / 0.028 0.785 / 0.404 0.771 / 0.386 0.228 / 0.887 0.133 / 0.830 0.402 / 0.105
1 ampP / spnR 0.985 / 0.026 0.812 / 0.028 0.858 / 0.404 0.836 / 0.386 0.438 / 0.887 0.251 / 0.830 0.448 / 0.105

5 tokP / tokR 0.942 / 0.073 0.823 / 0.070 0.632 / 0.497 0.632 / 0.473 0.184 / 0.896 0.137 / 0.897 0.337 / 0.185
5 spnP / spnR 0.926 / 0.110 0.807 / 0.109 0.517 / 0.799 0.514 / 0.782 0.117 / 0.974 0.089 / 0.973 0.296 / 0.391
5 ampP / spnR 0.966 / 0.110 0.846 / 0.109 0.772 / 0.799 0.763 / 0.782 0.406 / 0.974 0.295 / 0.973 0.389 / 0.391

10 tokP / tokR 0.897 / 0.124 0.813 / 0.126 0.492 / 0.666 0.498 / 0.642 0.148 / 0.933 0.121 / 0.938 0.304 / 0.305
10 spnP / spnR 0.874 / 0.181 0.790 / 0.190 0.357 / 0.902 0.362 / 0.892 0.091 / 0.983 0.077 / 0.985 0.246 / 0.573
10 ampP / spnR 0.940 / 0.181 0.853 / 0.190 0.709 / 0.902 0.705 / 0.892 0.398 / 0.983 0.315 / 0.985 0.379 / 0.573

20 tokP / tokR 0.821 / 0.210 0.764 / 0.212 0.356 / 0.801 0.365 / 0.774 0.122 / 0.953 0.109 / 0.959 0.269 / 0.459
20 spnP / spnR 0.784 / 0.316 0.726 / 0.314 0.231 / 0.955 0.233 / 0.949 0.076 / 0.988 0.070 / 0.989 0.196 / 0.748
20 ampP / spnR 0.900 / 0.316 0.839 / 0.314 0.631 / 0.955 0.631 / 0.949 0.388 / 0.988 0.332 / 0.989 0.372 / 0.748
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Appendix B. Disclaimer on the Use of AI Tools

AI tools were used during different stages of this thesis. Their use can be divided into
three main phases.

In the early stage of the thesis, my knowledge of LLM and SAEs was still limited. I
used ChatGPT to support my learning process and to help me understand background
concepts related to LLMs, mechanistic interpretability, and SAEs. This helped me
improve the efficiency of my literature learning and build the basic knowledge needed
for the thesis.

In the middle stage of the thesis, I began the experimental work. During this
stage, AI was mainly used in two ways. First, I used ChatGPT to help me become more
familiar with CSC tools and workflows. Before this thesis, I had only limited experience
with CSC tools from one course. In addition to reading the official CSC documentation,
I used ChatGPT to understand basic environment setup, command-line operations, and
file management practices. This was also useful because different CSC directories have
different storage limits and capacity rules. I managed the experiment files based on
both the official documentation and suggestions from ChatGPT.

Second, I used ChatGPT to help debug experimental code. For example, the
initial experimental workflow was run on Puhti nodes, but the code later produced
repeated errors. Through discussion with ChatGPT, I identified that the V100 GPU
architecture on Puhti was not fully compatible with the large model used in the exper-
iments. With the help of ChatGPT, I revised the code and migrated the experiments
from Puhti to Mahti.

In the final stage of the thesis, AI tools were mainly used for writing support.
When editing the thesis in Overleaf, I used ChatGPT to ask about LaTeX commands
and layout adjustments, especially for tables, figures, and pages with large blank spaces.
This improved the efficiency of formatting the thesis. After completing the first draft
based on the experimental reports, I also used ChatGPT and Grammarly for language
polishing, spelling checks, grammar correction, and sentence structure improvement.
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