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Notation and conventions

We mostly follow the notations used in Poisson (2004) [1]. We use the mostly plus
metric signature (—1,1,1,1). Greek letters (o, 3,...) used as indices range from 0
to 3, lower-case Latin indices (a,b,...) range from 1 to 3, and upper-case Latin
indices (A,B,...) range from 2 to 3. Throughout the text we will adopt convention
of KO{B"'WS_“ = Ks‘f_::'. We use geometrized units where G = ¢ = 1.

List of frequently occurring and important symbols (adapted from [1]):

Symbol Description

(67

x Arbitrary coordinates on a manifold

a

Y Arbitrary coordinates on a hypersurface
64 Arbitrary coordinates on a two-surface
et = 0z /0y?, e = Oz /064 Holonomic basis vectors

Jap Metric on a manifold

Rab Induced metric on a hypersurface

OAB Induced metric on a two-surface

o = 04€ Partial differentiation with respect to z
£a = 0€ Partial differentiation with respect to y®
A% = VgA~ Covariant differentiation in a manifold
£,A% Lie derivative of A% along w®



1. Introduction

The topic of this thesis is junction conditions in general relativity. The junction
conditions arise from the study of discontinuities in matter and spacetime. The
discontinuities in the matter and spacetime arise when soldering two spacetimes with
each other. The soldering is done such that the boundary between the spacetimes is
confined in a hypersurface. This hypersurface is infinitesimally thin to make some
calculations manageable. Unlike in the Newtonian theory, where there is flat space
and the coordinates are well-defined, the study of discontinuities is not as simple
or easy in general relativity [2]. This is because, in general relativity, where we
have curved spacetimes, we also have to account for different coordinate systems
that might not be smooth everywhere, which means we have to disentangle the
discontinuity arising from coordinate bumps from the ones present physically [2].
The discontinuities arise from the fact that the union of two metrics in the two
distinct spacetimes does not form a smooth solution to the Einstein field equation
[3]. Then the junction conditions are derived by demanding a sufficiently smooth
transition from one spacetime to another.

The study of junction conditions in General relativity has been going on since
the 1920s. The studies done by Lanczos, Darmois [4], Lichenerowicz [5], and O’Brien
and Synge [6] investigated junction conditions for time- and spacelike hypersurfaces
but it was in 1966 when W. Israel [2] formulated it in purely geometric way which was

also independent of the coordinates of the background spacetime. The case for null
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geometries (null hypersurface) is more complicated since the induced metric on the
hypersurface becomes degenerate. The null case was investigated by Taub [7] and
Clarke [8] and the complete formulation was done by Barrabes and Israel [9], where
they laid out a general algorithm for calculating the discontinuities across hypersur-
faces, which was better suited for practical applications [3]. The junction conditions
for singular hypersurfaces are usually called Israel junction conditions while the junc-
tion conditions for non-singular hypersurfaces are called Darmois—Israel conditions.
For a more detailed historical account see the introduction chapters of [10-12]. The
main area of focus in research relating to junction conditions is Israel junction con-
ditions and their wide applications. For example, the Israel junction conditions are
useful for calculating phase transition bubbles in cosmology.

I have chosen this topic because of my interest in differential geometry in
general relativity and a desire to learn more about it. This thesis aims to serve
as a basic introduction to junction conditions in a way that is understandable for
students with an introductory level knowledge of general relativity.

The thesis is divided into two parts: in the first part we derive the Israel
junction conditions using the distributional method closely following the derivation
by Poisson in his book “Relativist’s Toolkit” [1]. More specifically we follow closely
chapter 3 of the book. The material that we follow in the book is based on the papers
2,9]. In this thesis, I have provided more detail in some parts of derivations while
leaving the non-essential parts that are not required to familiarize with the topic.
In the second part, we do an example calculation for general spherically symmetric
metrics being joined by a stationary null spherical hypersurface. We also present a
concrete example of the Reissner-Nordstrom exterior joined to the de Sitter interior.
This part is based on the calculations of Barrabes and Israel in [13], but we present
the calculations using the formulation of Poisson [1].

In Chapter 2 we introduce the basic geometry needed to understand hypersur-
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faces, while in Chapter 3 we derive the junction conditions for non-null hypersur-
faces. We also discuss thin shells that are the result of the Israel junction condition.
In Chapter 4 we derive the Junction conditions for null hypersurfaces completing
the Israel formalism. In Chapter 5 we present an example calculation based on the
examples of Barrabes and Isreal [13] using the formulation and notations of Poisson
[1] that are used in this thesis. We present some of the practical applications of the

Junction conditions in Chapter 6 and conclude the thesis in Chapter 7.



2. Geometry of hypersurface

Understanding the geometry of hypersurfaces is necessary to understand the physics
of soldering two spacetimes together. This is because the soldered spacetimes are
separated by a hypersurface whose geometry determines the conditions for the sol-

dering. In this chapter, we introduce all the necessary geometrical concepts.

2.1 Definition

Generally a hypersurface is a (n — 1)-dimensional submanifold of a n-dimensional
manifold [1,14]. In this thesis, we will be working in four-dimensional spacetime.
We will use the following definition for a hypersurface: in a four-dimensional space-
time manifold, a hypersurface is a three-dimensional submanifold that can be either
timelike, spacelike, or null [1].

A specific hypersurface ¥ in a manifold ¥V with coordinates = can be defined

via the restriction on the coordinates
d(z*) =0 (2.1)

where ®(z%) is a function that describes the shape of the three-dimensional hy-
persurface in the four-dimensional space. For example, a two-sphere in a three- or
four-dimensional space is described by ®(z%) = 22 + y? + 22 — 7?2 = 0. We can also

define X via parametric equations of the form

2 =2y (2.2)
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where y* (a = 1,2,3) are coordinates intrinsic to the hypersurface ¥ [1]. An
example of parametric equations for two-sphere are x = rcos ¢sinf, y = rsin ¢ sin,
and z = rcosf, where {0, ¢} are the intrinsic coordinates of the two-sphere.

For ¥ defined via ® = 0, the vector ® , is normal to it since the derivative of
® is zero along all tangent directions. For null hypersurfaces the vector ® , is null,

which means that it is norm squared g"’®,®, is zero.

2.2 Normal vector

For non-null X we can define a unit normal n®:

ed,

_ 2.3
|gu1/(1)”u(1)7u|1/2 ) ( )

Ng =
which is defined such that n® point in the direction of increasing ®: n*® , > 0, with

—1 if X is spacelike
nn, =¢ = : (2.4)

+1 if ¥ is timelike
[1]. Because g"*® ,® , is zero for null ¥, the unit normal is not defined for null 3.

Instead in the null case we only define the normal vector
ko =—P, (2.5)

where the sign is chosen for £ to be future directed when ® increases toward future
[3]. Because k“ is orthogonal to itself it is also tangent to the null 3. The null
normal vector satisfies k%k” = kk®, the general form of the geodesic equation [1].
This means that a null ¥ is generated by null geodesics as shown in Figure 2.1 and
k< is tangent to the generators. These generators are parameterized by A such that
the displacement along each generator is dz® = —k“d\.

For a null ¥ it is beneficial to use a coordinate system that suits the concept of

generators. In particular, it is useful to let the parameter A be one of the coordinates.
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Figure 2.1: A null hypersurface %, its generators denoted by the lines running along the hyper-

surface, and a null tangent vector k%.

As such we introduce the following coordinates for null 3:
y* = {\ 04} | (2.6)

where A = 2,3. The coordinates #4 label the generators, are constant along each
generator, and span the 2d-space transverse to the generators. One can go from one
generator to another via a change in the 4 coordinates. This is demonstrated in
Figure 2.1

For the null case, we need to introduce a transversal vector N* over X in
addition to and independently of the normal vector k£* [13]. This is required to
complete the basis and we will need this vector to calculate the discontinuities in

the transverse direction. The transversal null vector is defined such that [1]

Nok®=—-1 &  Nae%=0 . (2.7)
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2.3 First fundamental form
The line element in a manifold V is
ds? = gopdr®dz’”

To get a line element and the metric in 3, we must restrict the line element of the

spacetime manifold along 3. We do this via projecting the metric along ¥ with

oz
8ya )

the help of projection vectors el = where z“ satisfies the parametric equation
(2.2) for the X. These are holonomic basis vectors of ¥ and are tangent to curves
contained in it [1]. Projecting the metric with these we get the induced metric, or

the first fundamental form, of ¥
_ a B
hap = JaB€q Ep (2'8)
such that the line element in > becomes
ds% = haydy*dy” (2.9)

The induced metric transforms as a scalar under the transformation z® — z®
and as a tensor under the transformation y* — y®. Objects that transform like
tensors on coordinates of 3 but as scalar in coordinates of V are referred to as
three-tensors. Similarly, if the surface is a two-dimensional subsurface, an object
that transforms as a tensor in the two-dimensional coordinates while transforming
as a scalar in the coordinates it is embedded in, is called a two-tensor.

Because k¢ is null we can simplify the first fundamental form for null 3. We
have ef = (853—;) = k*, which means hy; = gogk“k” = 0 and hya = ga/gk:aef‘ =0
because € is orthogonal to k“. This means that on the null ¥ the metric simplifies

to

ds%, = oapdf?o® | (2.10)
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where
OAB = Gapeliel (2.11)

is a two-tensor.
We conclude this section by listing the inverse metric completeness relations
directly from [1]. These will be useful for later calculations. When ¥ is not null, the

inverse metric is
g% = en®nf + hPele) (2.12)
where h® is the inverse induced metric. When ¥ is null, we have

gaﬂ = —k*NP — NokP +UABejeg , (2.13)

A

where 04 is the inverse of o 45.

2.4 Second fundamental form
For non-null ¥, we can define the following symmetric three-tensor
Koy = npeley (2.14)

which is called the extrinsic curvature, or the second fundamental form [1]. It can

also be written in terms of the Lie derivative of the metric along the unit normal n,

K, = ; (fngagegef) . (2.15)

The second fundamental form is a useful intrinsic property of ¥ because it carries
information about the derivative of the metric in the normal direction [1]. The

contraction of the extrinsic curvature is defined as

K=h"Ky=n . (2.16)
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For null ¥, if we define the extrinsic curvature to be

Koy = kogelel (2.17)
1 (6%
=5 (£xgasele;) (2.18)

we get a tangential derivative £;g,s which is not what we desire [1]. What we

want is an object that carries information about the derivative of the metric in the

transverse direction.

is defined as [1]

For this purpose, we introduce the transverse curvature that

Cuw = —Naeg;ﬁef (2.19)

= ; (£Nga5€§ebﬁ) : (2.20)

This quantity will be useful for the intrinsic formulation of junction conditions for

null shells.



3. Junction conditions for non-null

geometries

Since we are aiming to solder two spacetimes, we must first specify the situation and
define some notations and quantities. We want to solder two spacetimes V~ and V'
which together form a spacetime V), such that the boundary between V* and V~
is the hypersurface X. We want to solder the spacetimes smoothly such that they
form a valid solution to the Einstein equation. This gives us some conditions on the
metric and its derivative, called the junction conditions [1].

We denote the quantities in the spacetime regions V* with 4 in either the
subscript or the superscript, for example, g;rﬁ is the metric in V' and the coordinates
in V~ are . We want the union of the metrics gcfﬁ and g, to form a valid solution
to the Einstein equation in V and this is not a simple task, because it might not be
possible to directly compare the coordinates in V'~ to those in V' [1,2]. Because
of this, it is best to formulate the junction conditions in a coordinate-independent
way, using the intrinsic properties of the hypersurface ¥ that sits at the boundary.

In this chapter, we will derive the junction conditions and the thin shell for-
malism for non-null hypersurfaces and leave the treatment of null hypersurfaces for
the next chapter. The null and non-null geometries are distinct, and separating
their treatment is natural. However, it is noteworthy that it is possible to formulate

the junction conditions for a general hypersurface, that can be null or non-null at

11



3.1. PRELIMINARIES 12

different points in the hypersurface as done in [11]. We will not be discussing them

as they are beyond the scope of this thesis.

3.1 Preliminaries

3.1.1 Assumptions

These assumptions are directly from Poisson’s book [1]. We assume the coordinate
system y® is the same on both sides of the hypersurface ¥. We assume the normal
vector always points from V'~ to V. We assume there is a continuous coordinate
system z®, different from x%, on both sides of the ¥ that overlaps with x¢ in an
open region in V* that contains ¥. We will be working with these coordinates to

develop the coordinate-independent junction conditions.

3.1.2 Distributions

Suppose we have a variable [ such that it isOat X and ! > 0 (I < 0) in V* (V7). One
such variable could be the proper distance (or the proper time) along a geodesics
that intersects ¥ orthogonally. In the scope of this thesis, it is not important what
the [ is as long as it satisfies the properties we need it to have. We can use this
variable to write the metric as a distribution with the help of Heaveside distribution.
The Heaveside distribution ©(1) is +1 when [ > 0, 0 when [ < 0, and indeterminate
when [ = 0. It is also possible to use a Heaviside distribution with ©(0) = 1/2 to
derive the junction conditions like in [8], but we will stick to the distribution where

it is indeterminate. The Heaveside distribution has the following properties:

©%(1) = 6(l) (3.1)
O)e(=1) =0 (3.2)
i@(z) =o(l) (3.3)
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cf)(x"): N

Figure 3.1: Example of two spacetimes being joined by a non-null hypersurface X.

where (1) is the Dirac distribution.

We will also be using the following notation,

A=A -4

o+ ‘27 ’

(3.4)

which tells us the difference in the quantity A on different sides of the hypersurface,

or a jump of the quantity A across the hypersurface.

3.2 The metric in a soldered spacetime

We will proceed with formulating junction conditions with a distributional approach
following in the footsteps of Poisson [1]. The distributional formulation is equivalent
to the Darmois—Israel formulation that is based on the Gauss—Codazzi decomposi-
tion of spacetime [10]. The derivation of the second junction condition is based on
exercise 4 from chapter 3 of Poisson’s book [1].

The situation is as described at the start of the chapter: we have a spacetime
manifold V that is partitioned into two spacetime regions by Y. We are working
with the metric formulation of general relativity with 4 dimensions and a Levi-Civita
connection. In the distributional approach, we demand the solution of the Einstein

equation for V to be,

gap = O)gas +O(=1)gas (3.5)
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which is a reasonable demand, since the metrics gfﬁ are the full solutions in their
own spacetimes regions that they characterize. Unfortunately, some problems arise
at the boundary of these spacetimes at >, and there needs to be some additional
constraint on the metric for the distributional metric to be the solution. These
constraints come from the demands for the geometry to be well-defined with no
singularities. Since ©(l = 0) is undefined, we will use the induced quantities on >
when we have [ = 0. For example, the metric in (3.5) is not defined at | = 0, so we
use the induced metric to describe the metric at [ = 0 at each side of X. In the case
of the metric, it turns out that the first junction condition demands the induced
metric be the same on both sides which means we have a single induced metric on
both sides of ¥. However, not all quantities are the same on both sides. This leads
to a quantity having a different value or definition at [ = 0 depending on which side

of X it is in.

3.3 First junction condition

Now let us look into what the concept of geometry being well-defined means for the
metric. One way to think about it is that the requirement for the geometry to be
well-defined means that the metric must be continuous everywhere including across
the hypersurface ¥. This can be thought of as the first junction condition, albeit not
formulated in terms of the intrinsic quantities of 3. However, since we are looking
at this through the distributional solutions to the Einstein equation, it is best to
develop the first junction condition from this approach.

We start from the requirement that a well-defined geometry must have a well-
defined metric connection across X [1]. The metric is already well-defined in equation

(3.5). We also want to define the connection similarly,

5, =O0rg +e(-nrs; . (3.6)
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But this is not what we get when we calculate the connection from the metric (3.5)

using the standard definition of the Christoffel symbols,

a 1 o)
F/B»y = 59 A (g)\,é’,'y + 9xzy,8 — gﬁ’y,)\) ) (37)

because the derivative of the metric (3.5) is

Jopry = O)gas, +O(=1)gas., +€0(1)[gaplny (3.8)

We see that the derivative of the metric contains a term proportional to (1). This
means that the Christoffel symbols (3.7) will have a term proportional to §(1)©(l)
which is not defined distributionally. As such, we demand that this term must dis-
appear. This is the same as demanding that the §(I)-function part of the derivative

of the metric must disappear. So we demand

[9a) =0, (3.9)

for a joining of two spacetimes to be possible. This equation is formulated in the
coordinates z and to get it in terms of the properties of ¥ we make use of the

holonomic basis vectors to project it [1]:

[9as] =0 (3.10)
[9as]eqer =0 (3.11)
[hap] =0 . (3.12)

(3.12) is the first junction condition: the jump of the induced metric must be zero
across the hypersurface. This is also called the first Darmois condition or the first
Darmois—Israel junction condition. The condition (3.9), before the projection with
the holonomic basis vectors, can be called the first Lichnerowicz condition [10]. The
first Lichnerowicz condition implies the first Darmois-Israel condition (3.12) and

they are equivalent when the coordinates z$ are continuous at X [10]. Since one of
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our assumptions is the continuity of the coordinates z¢ at ¥, these conditions are
equivalent to us and we call them the first junction condition.
When the first junction condition is satisfied the connection becomes well-

defined and has the form we wanted it to have,
5, =0y +e(-0rs; . (3.13)

So when the first junction condition is satisfied the full connection of the spacetime
) is the distributional connection with only Heaveside distribution terms. Note
that this does not eliminate a possible discontinuity in the connection at ¥, which
means that the first junction condition makes only the metric continuous everywhere.
The possibility of the discontinuity of connection means a possible discontinuity in
the first derivative of the metric. The curvature of the spacetime depends on the
first derivative of the connection. Thus to get a good picture we must compute
the Riemann curvature tensor and see how it behaves when calculated from the

distributional Christoffel symbols.

3.4 Distributional Riemann curvature tensor

Since the first junction condition is critical for any spacetime to be soldered smoothly,
we will now discuss only the situations where it holds. When the first junction
condition is satisfied we have the connection as written in (3.13). To construct the

Riemann (curvature) tensor we need the derivative of I'j_,
Ig, s =005 s+ (=05 s+, Ins (3.14)
The Riemann tensor for the Levi-Civita connection is defined as

85 = (T = Tas + D505 — T5,10s) (3.15)
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Calculating this by plugging in the equations (3.13) and (3.14) we get

Rj.s = OS5, — 53, + 5 Ths — T5iThs
+ @(—l){rg“ﬁj7 —To5s+ r:;rgg — ngr‘;g} (3.16)
+ed(1)[T53ln, — ed()[I5s)ns

= @(Z)Rg% +O(=1)Rg s + (1) AG. s, (3.17)
where,

e =€ ([Fgﬂ]nw - [F%]n(;) ; (3.18)

is the d-function part of the Riemann tensor. As we can see, the Riemann tensor is
well-defined distributionally but there is a d-function singularity part. The question
then remains on how to handle this singularity. It turns out there are two ways to
go about it. The first is to demand that there is no singularity and that the full
Riemann tensor must be a distribution of the Riemann tensors in their respective
spacetime regions similar to the metric. This would lead to the second junction
condition. The second option is to give a physical explanation to this singularity,
which leads to interpreting the d-function part of the Riemann tensor coming from

a thin shell of matter at ¥ [1,2].

3.5 Second junction condition

As noted in the previous section, requiring the 0(l) part of the Riemann tensor
to vanish leads to the second junction condition. The constraints Ag s = 0 or
[['3,] = 0 make the -function part of the Riemann tensor vanish, but these are not
the constraints we are looking for since they are only valid in the coordinates z¢. We
are looking for coordinate-independent formulation in terms of intrinsic properties

of ¥.. To get to such formulation we start with the condition [I'}5] = 0 and project
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it onto X,
[Mglese; =0 (3.19)
[T =0 . (3.20)
The constraint
[[] =0 (3.21)

is enough to make the Riemann tensor regular for non-null cases, the proof for this
is given in the appendix A.1. We now try to relate this to the extrinsic curvature.

Using the following relations from chapter 3.7.5 from Poisson’s book [1],
[ecs) = —[alm, & (K] = [rapleel (3.22)
we get
[Kap] = —[Taplny (3.23)

Since the discontinuity of I}, is directed along the normal n”—this follows directly

from equations (3.27) and (3.28)—we can also write
[Kpln” = —e[T7),] . (3.24)
The equations (3.23) and (3.24) tell us that
[Ka] =0 [Ig) =0 . (3.25)

This means that [K] = 0 implies Ag ; = 0 in (3.18). Thus our second junction

condition is

[Ka] =0 . (3.26)
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3.6 Surface energy-momentum tensor

As mentioned earlier, it is not strictly necessary for all physical systems to satisfy
the second junction condition, if we can find an interpretation for the J-function
singularity of the Riemann tensor. We can interpret the d-function part of the
Riemann tensor as coming from the d-function part of the energy-momentum tensor
via the Einstein equation. This J-function term in the energy-momentum tensor
would mean that there is a singular thin layer of matter, or a thin shell, at ¥ [1,2].
We can show this by computing the J-function part of the Ricci tensor and Ricci
scalar and using the Einstein equation to relate this to the d-function part of the
energy-momentum tensor. Before doing that, however, it is helpful to write the

discontinuity of the derivative of the metric in terms of a tensor [1],

[gozﬁn] = KapTly (3.27)

= Kag = €[gap~n" . (3.28)

The second equation follows from the discontinuity of the derivative of the metric
only being directed along the normal vector, see appendix A.2 for proof.

Using (3.28) allows us to write the discontinuity of the Christoffel symbol as

(lignw + King — /{Igvna> , (3.29)

N | —

5,1 =

which, using (3.18), gives the following equations for the d-function parts of the

Riemann tensor Ag ;, the Ricci tensor Aqp, and the Ricci scalar 4,

£
Gys = 3 (/ﬁé"ngnV — KSngng — Kpsn™n., + Hg,ynan(;) (3.30)
Awp = ALs = g (Kpanng + Kupnt'ng — Kneng — €kag) (3.31)
A=A =c(kun'n” —er) (3.32)

where £ = & [1]. The raising and lowering of the indices of Af ;5 can be done by us-

ing the Lichnerowicz condition (3.9). For example, A;“f = ([F?Vg”ﬁ Jn, —[I'%,9"° ]n5>.
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The -function part of the Einstein tensor G,s = Rop — %gagR is then
1
Eas = Aap — 5A9as - (3.33)
Then the Einstein tensor as a whole is
Gap = @(Z)G;FB + @(—Z)G;B +3()Eap - (3.34)
The Einstein equation is
Gaﬁ = 87TTa5 . (335)

We can then infer that the energy-momentum tensor can be written as the following

distribution,
Top=ON)T 5+ O(=1)T5 +(1)Sas (3.36)
with
Sup = — (4 La ) (3.37)
af = oy af 9 Jops .

being the d-function part of the energy-momentum tensor. We interpret the o-
function terms with the presence of a thin distribution of matter at > with the
energy-momentum tensor S,g [1]. This surface layer is usually called a thin shell
or a bubble wall. We can also write the J-function part of the energy-momentum
tensor in terms of the extrinsic curvature of ¥. S,3 is tangent to the hypersurface

¥ and admits the decomposition [1],

S8 — Gabeael (3.38)
= Sap = Sagele) (3.39)
Sap = —Kageaey + WKy eheiha, (3.40)

Using the relations (3.23) and (3.29) we get

£
(K] = §l€a5636'§ . (3.41)
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Figure 3.2: Penrose diagram of Minkowski spacetime interior joined to Schwarzschild spacetime
exterior via singular timelike hypersurface . The different regions of the full Schwarzschild space-

time have been omitted.
This gives us the Lanczos equation [1,2,10],

Sab = —— ([Kwp] — [K]hap) - (3.42)
The complete surface energy-momentum tensor of ¥ is then
T3P = 5(1)S%ele) (3.43)

and it is zero if [K ] = 0 as expected [1]. This means that when our second junction
condition is violated we have a spacetime that is singular at 3, but one that is not
unphysical. This singularity comes from a thin surface layer with energy-momentum
tensor Tgﬁ . An example of a thin shell is denoted by a Penrose diagram in Figure
3.2, where a Minkowski spacetime is joined to a Schwarzschild spacetime via singular
timelike hypersurface. For an example calculation regarding collapsing thin shell,

see section 3.9 of Poisson’s book [1].
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Summary We have now derived the junction conditions for timelike and spacelike

hypersurfaces. The first junction condition is

[hap] =0, (3.44)

and the second junction condition is

[Kap) =0 . (3.45)

In the case where the second junction condition is violated, we get a description
of a thin shell on the hypersurface. This formulation of the junction conditions
is called the Darmois—Israel formalism/junction conditions or Israel junction con-
ditions. When the second junction condition is violated it is called the thin shell
formalism or the Israel formalism. In the next chapter, we will derive the junction

conditions and the thin shell formalism for null hypersurfaces.



4. Junction conditions for null

geometries

We now consider a null hypersurface 3 that partitions the spacetime into two regions
V* with metrics gfﬁ in the coordinates x%. We use the convention where V= (V')
is in the past (future) of ¥. We also use the variable 7, instead of  as in the non-null
case, to describe the distributions defined in section 3.1.2 of the previous chapter,
such that ¥ is located at 7 = 0. We use the coordinates that we defined in section

2.2,
yt=(\0%) | (4.1)

on ¥ and assume them to be the same on both sides of ¥. ) is taken to be an arbi-
trary variable in the null generators of ¥ while #4 are used to label the generators.

We have the following tangent vectors €%, = 0z$/0y® on each side of the

Figure 4.1: Example of two spacetimes being joined by a null hypersurface 3.

23
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hypersurface:

o axoa o o %
k _<8)\>9A_€’\ & eA_<89A>/\ , (4.2)

where £% is a null vector tangent to the generators and e} are two spacelike vectors.

We have suppressed + to simplify the notation. These vectors satisfy
kok® =0 = koey . (4.3)

The metric is degenerate in a three-dimensional null hypersurface so we use the

non-degenerate metric in a two-dimensional subsurface S of > to describe X

OAB = gageﬁe% . (4.4)

4.1 Junction conditions

The junction conditions for null hypersurfaces are similar to the ones for non-null

hypersurfaces. In the null case, we get
[gap] =0 [0aB] =0 (4.5)

from requiring that the metric be continuous and the geometry be well-defined, just
like in the non-null case. The second condition is also similar to the non-null case,
but this time we have the transverse curvature C,, instead of the curvature K.

The second junction condition for null hypersurfaces is
[Cw] =0 . (4.6)

The difference with the non-null case is that in the non-null case, k,, = 0—defined in
the equation (3.28)—is enough to make the Riemann tensor regular, while in the null
case, the tensor 7,,—defined in the same way as k,, via the equation (4.7)—being
zero is not enough to make the Riemann tensor regular [8].

Now that we have established the first and the second junction conditions, we

will derive the thin shell formalism for null shells in the next section.



4.2. THIN SHELL FORMALISM 25

4.2 Thin shell formalism

We can describe the discontinuity of the derivative of the metric in terms of a tensor

Yap defined by

[9ag4] = —Vagky - (4.7)

Using (2.7) we get

Yap = [Gapy] N7 - (4.8)

This means that any derivative of the metric tangent to the subsurface S is zero,
which means that the discontinuity can only be along the normal vector just like in

the non-null case. We use

[Cop] = [Naplk™ = [Nagp] = —[[0s] Ny (4.9)
to get
[Cap) = [Na;ﬁ}egef (4.10)
— [N egey (411)
= _[FZb]N’Y : (4-12)

Because S is tangential to ¥, we get
[Cw] =0= 8 =0 . (4.13)

This was the junction condition we had presented for the null X.

The Riemann tensor can be singular since we can interpret the singularity as
being a thin shell of matter. This matter can be radiation, such as gravitational
waves, or neutrino bursts from a supernova (when approximating the neutrino mass
as zero), or matter at the event horizon [9]. Let us investigate the more interesting

case where the energy-momentum tensor is singular at the junction. The d-function
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part of the Riemann tensor is [1]
R(2)5,5 = —(=kuu) " ([C5]ky — [T5]ks)d(7) . (4.14)

The difference with the equations (3.17) and (3.18) for the non-null case comes from
the term —k,u", where u* is the velocity of the observer, which depends on the
choice of observers. Since the term k,u* is a scalar that depends on the observers,
it does not change under the contractions required to get the energy-momentum

tensor. We can define the d-function of part of the energy-momentum tensor as

T3P = (k") "1S%%5(r) . (4.15)
As such we can write
R(X)%.5 = (—kuu") T A 56(7) (4.16)
= A%.s = —([[55lky — [[95]ks) (4.17)
1 1
= 5% = — (AP — ZAg*P) | (4.18)
8 2

where A,s = Af,5 and A = AL, When contracting, we raise or lower the indices of
A%, 5 just like in the non-null case by raising or lowering the indices before calculating
the jump in connection across 3. Using the definition of the Christoffel-symbol (3.7)

and (4.7), we get
(6% 1 (0% « (0%
[I8,] = =5 (ks +75ks — 7,k%) (4.19)
Substituting (4.19) in (4.17), we get

S = = (Vokoky — Yask®ky — VSkoks + ek ks) . (4.20)

N —

Contracting the first and the 3rd indices, we get

1
Aup = AL s = i(kwgku + kg Vuak" — Vhikaks) (4.21)
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With further contraction we get

1
A=Ay = 2Kk, =k k) (4.22)
A=y bk (4.23)

Using the contractions above we get the energy-momentum tensor of 3 (4.15), up

to a factor of (—k,u*)™",

1 1

P = 87T(Aa5 — §Aga6) (4.24)
1
= E(/&ﬁkﬂ + kPR — AR — KRR ) (4.25)

To simplify S®?, we first do the following expansion using the completeness relation

(2.13):

Yk =y kg (4.26)

= —(Vu k"N — (v k" k)N + (0P, k'ep)es . (4.27)
The completeness relation also gives us
29 kF NV =yt — o4 Py, el (4.28)

Defining 74 = Yape%k” and yap = €€ and substituting (4.28) into (4.27), we

get
1
1k = 5O = o Prap)k® + (0 Pyp)ed — (Y kRN (4.29)
Using (4.29) we can simplify (4.25),

1
§% = o (0 P rankk? + o Pyn(keeh — eGk7) — kR o el ) (4.30)

= uk®k? + (k5 + eSkP) + potBesel, | (4.31)

where

H = —E(UABWAB) (4.32)
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can be interpreted as the surface density of the shell,

1
A _ AB
= — 4.33
7= 15207 ) (4.33)
as the surface current, and
! (Vask®k?) (4.34)
S TT '

as the pressure [1]. While the energy-momentum tensor of the shell is tangent to
¥ it is not worthwhile to decompose it like in the non-null case (3.38). This is
because we already have the energy-momentum tensor of the surface in terms of
the quantities we can measure: the surface density, the surface current, and the
pressure. The physically observable quantities are given by multiplying the base

quantities by (—k,u*)~!, for example
Hphysical = (_kuuu)_l,u . (435)

We can write the quantities i, j4, and p in terms of the jump in transverse

curvature
[Ca] = [-T75]Neey) (4.36)

which using (2.7) and (4.19) becomes

1 «
[Carl = 5as¢5e) (4.37)
giving us

1 a B 1 1 AB
[CaB] = 5 1aB€aCE = 57AB = = ~3:° [Cag] (4.38)

1 a B 1 -A 1 AB
[CAB] = §7aﬁk €p = 573 =] = 877r0 [C/\B] (4-39)

1 1

Chl = =7Yaskk? =p=——|[C . 4.40
(O] 5 as p 87r[ ) (4.40)

By writing the surface quantities in terms of the jump in transverse curvature we

have completed the thin shell formalism for null shells.
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Having completed the thin shell formalism, there is one thing left to do: apply
it to calculations. In the next chapter, we will apply the thin shell formalism to
calculate the junction conditions for two spherically symmetric spacetimes joined

by a singular null hypersurface.



5. Stationary lightlike shells in

spherical geometries

As an example of the thin shell formalism developed in the section 4, we will calcu-
late the junction conditions for stationary spherical null shells in general spherically
symmetric geometries. As a concrete example, we will use these results to calcu-
late the junction conditions for the stationary null shell soldering interior de Sitter
spacetime with exterior Reissner—Nordstrom spacetime.

The stationary null shell is interesting in that having a continuous parameter
across the spacetime (usually the radius r) is an initial condition and does not tell
us if the soldering of the spacetime is affine or not [13]. This is in contrast to
non-stationary null shells, for which a continuous parameter across the hypersurface
means that the connection is affine. For stationary null shells, we can define different
kinds of solderings corresponding to shells with different physical characteristics,

such as different surface quantities.

5.1 Junction conditions for the general spheri-
cally symmetric metrics

We will be using the Eddington—Finkelstein coordinates, that has the advanced time

u and the retarded time v. These are defined as u = t + r* and v = ¢t — r*, with

30
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r* =/ f“({:), where f(r) is the function that appears in the spherically symmetric

metric of the form ds? = f(r)dt? + f(r)~'dr? + r2dQ? [15]. For our use case in this
section, it is enough to use only the advanced time wu.

The general spherically symmetric metric is, in terms of advanced time w,
ds® = —eVdu(fe’du + 2¢dr) + r2dQ? | (5.1)

where ¢ and f are functions of w and r [13]. ( is a sign factor which is +1 if r
increases towards the future along a ray u = const [13]. For example the function
f(u,r) for static Reissner-Nordstrém spacetime is fry(r) = 1 — 22 + i—z and for
static de Sitter spacetime it is fqs(r) =1 — %ﬂpor2.

We now consider a stationary shell ¥, for which we have f*(u,7) = 0 at the
soldering radius of r = ry common to both geometries of the form (5.1). The induced

metric of ¥ is
oapdd? @ doP = r2dQ? | (5.2)

where o4p is the metric of ¥ from (4.4). Since ¥ is null, we get the conditions

ds®> = 0 and dQ? = 0. This gives us the relation between u and r at X,

(flu,r)e?Ddu) | = (=2¢dr)| _ (5.3)
o = et (5.4)

Note that while the function f(u,r) is zero at r = rg, the derivatives of f(u,r) aren’t
necessarily zero. This is why we only set » = rg at the end of the calculations.
The integral of the equation (5.4) gives us the equation ®(z®) = 0 that defines
the hypersurface in the coordinates 2. We do not need to integrate this to get the
junction conditions since it is easier to get them using the parametric equations that
describe ¥. The intrinsic coordinates of ¥ are y* = (\, 0, ¢), with the parametric

equations

U=\ & 0=0 & 6=0 . (5.5)
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The null vector is then

o 01%(y?)
R T (5.6)
or
= (L] 0.0 . (5.7)

The transverse null vector, given by the condition N*N, = 0 and k*N, = —1, is

N® = (0,1,0,0)Ce” w\ (5.8)

T=rQ

The spacelike tangent basis vectors of X are
es =(0,0,1,0) & €5 =1(0,0,0,1) . (5.9)

Now that we have the necessary vectors along with the metric, we can calculate
the junction conditions using the equation (4.37): [Cy] = %7agegef , where 7,5 =
[gapy| N as defined in the equation (4.7). This means that we can write the second

fundamental forms on their respective sides as

1
= C0F = (gaﬁnN"eaebB)‘ : (5.10)

2 r=ro

Since from now on we will only be calculating on the shell ¥ with r = rg, let’s

until the end of the section. Looking at the metric (5.1)

r=rg

suppress the notation
and the null vectors (5.7) and (5.8) we see that the non-zero components of .3
are Yoo, Vo1, Y10, Y22 and ygo. Let’s start by calculating the components of Cﬁ), the
component C5 is

1

O\ = 5 9asa VLK K (5.11)
; 9oo,1 VKK —I—gm NLEOK! (5.12)

= PR e o (e () e (5.13)

= —;(f,few* + 2fiewia§;)gi — %ZL (5.14)

= —;f,fcie“ + a;u: : (5.15)
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where in the last step we used (5.4) to get — fiewi oy= t = , the components
of C5y are
+ 1 | 1
Cip = 2gaﬁ nN 6A‘fB = 29AB,1Ni (5.16)
1
= = 5 (1) ¢t (5.17)
1
= CF = 5(7’2 sin ), et (5.18)
(5.19)

and the component C\p is

1

Ciip = 59asn VIR e} (5.20)
1 o
= ingJNik =0 . (5.21)

These give the junction conditions

(O] = [—f e’ + aﬂ (5.22)
[022] = 7’0[@“6*11’] (523)
[033] =Tp sin2 H[Ce”’b] (524)
Cxg] =0 . (5.25)

Using equations (4.38)—(4.40) we get the surface quantities of the null shell:

the surface density is

1

o= —gaAB[OAB] (5.26)
= drrop = —[Ce7Y] (5.27)
the pressure is
= (O] (5.28)
p= gl M .

#Wﬁ—%fc+w], (529)
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and the current is

A=0 . (5.30)

We have arrived at exactly the same result as Barrabes and Israel in their paper
[13]. From this result, we can see that the surface current is always zero for a null
stationary shell with spherical geometry and that the junction conditions depend
on the soldering parameter v (u, r), the radial derivative of the function f(u,r), and
the sign factor (.

For everywhere-static spacetimes, where there is no radial energy flow, we can
simplify with ¢ = ¢(u) and f = f(r) [13]. From here on out we assume our examples

to be with everywhere-static spacetimes.

5.1.1 Different types of solderings

As mentioned earlier, we can freely choose the soldering type via the function ¥ (u)
and these solderings correspond to different kinds of shells. Two examples are static
soldering, where we choose ¥*(u) = 0, and affine soldering, where the soldering
parameter u is an affine parameter such that the surface pressure vanishes. Using

the equations (5.27) and (5.29), we get the surface quantities

dmrop =10 & Smp=[Cf,] (5.31)

for static soldering [13]. For affine soldering we have e = —ko((u — ug)—Dby
integrating equation (5.29) with the condition that the pressure vanish—with ko =

%% and up = const, which, using the equations (5.27) and (5.29), gives us the

T=T0

conditions [13]
Arrop = [ko(u —wg)] & 8mp=0 . (5.32)

We see that the junction conditions look very different for the two soldering types

and they indeed describe shells with different physical characteristics. The difference



5.2. DE SITTER INTERIOR IN REISSNER-NORDSTROM
EXTERIOR 35

in physical characteristics comes from the shells having different surface quantities.

We can see from equations (5.31) that the statically soldered shell has non-zero
surface density and non-zero pressure. In contrast, equations (5.32) tell us that the
affinely soldered shell has zero pressure, and surface density that is different from the
surface density of the statically soldered shell. The pressure and the surface density
of the statically soldered shell are time-independent while the affinely soldered shell
has time-dependent surface density [13].

Now that we have derived the surface quantities of the stationary null shell
soldering two general spherically symmetric spacetimes, we are left with presenting

an example.

5.2 De Sitter interior in Reissner—Nordstrom ex-
terior

For a concrete example, let us examine a Reissner—Nordstrom (RN) exterior with
a de Sitter (dS) interior shown in Figure 5.1. The null shell ¥ separating the dS
interior with RN exterior is along ABC' in Figure 5.1. Let us first investigate the
segment AB, where we have the dS interior being in the future of the RN exterior.
Since the dS interior is to the future of the segment AB, we have dS spacetime as
VT and the Region II of RN spacetime to the past of segment AB as V™.

We start by listing the function f(r) in the metric (5.1) for both the dS interior
and the RN exterior. For dS spacetime we have [13]

7”2

8
fas(r) = 1= gmpor® =1 - — . (5.33)
0

For RN spacetime we have [13]

2
frn(r)=1- 2:1 + % . (5.34)

r
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Since we want to look at a stationary null shell, we have f*(rq) = 0, which gives us

the relation [13]
2mro =15 +e* . (5.35)

Along the segment AB in Figure 5.1, we have fus(r) = f(r), fan(r) = f~(r),
¢t = —1,and (- = 41 [13]. Since we have a choice in the type of soldering, let’s

compute the junction conditions for static and affine solderings.

5.2.1 Static soldering

In the case of static soldering, using the first equation from (5.31), we get the surface
density of ¥ along the segment AB:

drrop = —(—1—1) (5.36)

= (2mry) "t . (5.37)

Using the second equation from (5.31) and the relation (5.35), we get the pressure

along the segment AB:

1 _
8mp = 5(— r =) —ro (5.38)
1 r 2m e?
S R I O 5.39
5 ( ( rg) <r2 r3>> ) (5.39)
r=ro
1 m e m
_ (L _m, ey _m 5.40
(TO ré + 1"8) r3 ( )

These are the results for the segment AB. Along the segments BC, we have the
dS interior being to the past of > and the RN exterior being to the future of .
Because of this, both the surface density p and the surface pressure p change sign at
the point B and are negative along the segment BC' [13]. This result is unphysical
since it produces negative energies. The negative energies can be prevented, but it
requires an ad hoc intervention by a momentary infinite surface tension at point B

and this still leads to ¥ being unphysical [13].
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Figure 5.1: Penrose diagram for the de Sitter interior (dS) joined with Reissner—Nordstrom
(RN) exterior. The diagram for the RN exterior is part of the maximally extended diagram. The
coordinates r+ are solutions to fry(r) = 0, such that r+ = m 4 (m2 — ¢2)2, and are not to be
confused as being coordinates on either side of a hypersurface. r1 = rg, because of the way we
constructed the spacetime and since f(rg) = 0. The dS interior is to the future of Region II of the
RN exterior connected via the segment AB of the null shell ABC' and it is to the past of Region II
of the RN exterior connected via the segment BC of the null shell ABC'. For more detail regarding

the Reissner-Nordstrém spacetime see [15].



5.2. DE SITTER INTERIOR IN REISSNER-NORDSTROM
EXTERIOR 38
5.2.2 Affine soldering

While the static soldering leads to an unphysical result, the affine soldering is dif-
ferent since the surface density is time-dependent. Using the junction conditions
for the affine soldering from (5.32), we get the following pressure and the surface

density along the segment AB in Figure 5.1:

p=0 (5.41)
e by _ L ~
mron = (=) = S - ) | (5.42)
1 n 1 m
=)= = (1= (=g 5.43
=) = = (1) (- ) (5.43)
= dnrip = —(2rg — m)u + roud + (ro —m)ug (5.44)

where the variables uj and ug are constants that depend on the initial conditions.
Along the segment BC', we again have the dS interior to the past of ¥ and the RN
exterior to the future. This makes dS interior V'~ and RN exterior V' along the
segment BC'. Doing a calculation identical to the one for segment AB using the

equations (5.32), we get, along the segment BC,

p=0 (5.45)
drrdp = (2rg — m)u — rouy + (ro — m)uj (5.46)

where ui are constants different from the constants uZ and also depend on the

initial conditions. This result doesn’t make Y unphysical, since we can have y = 0
at point B, and due to initial conditions, it is possible to have p > 0 along the whole
segment ABC' of the 3 [13].

While the statically soldered 3 couldn’t join a dS interior with an RN exterior,
as shown in Figure 5.1, the affinely soldered ¥ could join these two spacetimes
together. This concludes our example of how to use the thin shell formalism to
calculate the surface quantities for different shells. In the next chapter, we list some

applications of the thin shell formalism.



6. Applications of thin shell

formalism

So far we have formulated the junction conditions and seen an example of how to
use thin shell formalism to calculate the properties of a thin shell. In this chapter,

we will look at some of the applications of thin shell formalism.

6.1 Cosmological phase transitions

The thin shell formalism is useful when studying phase transitions in the early
universe, for example, in inflation [13]. When two phases exist, the wall separating
them can be approximated as a thin shell, or a bubble, to a first approximation
[13,16]. These bubbles can be timelike, spacelike, or null depending on the situation.
The junction conditions can also be used to study the collision of the bubbles, which
could leave a detectable impact on the cosmic microwave background radiation [17-

23]. For a review of bubble collisions see [24].

6.2 Black hole dynamics

The thin shell formalism can be used to do calculations regarding black hole dy-
namics. For example, the Oppenheimer Snyder collapse [25] can be modeled using

the junction conditions for a timelike hypersurface with the exterior metric being
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Schwarzschild and the interior metric being Friedmann—Lemaitre-Robertson—Walker
(FLRW) [1]. We can also model the changes in black holes with thin shell formalism,
for an example calculation regarding accreting black hole see Chapter 3.11.7 of [1].

Another interesting but speculative use of the junction conditions is the idea
of a black hole universe. According to this idea, our universe could be inside a black
hole, since it is possible to construct spacetimes with exterior Schwarzschild metric

with interior FLRW metric [26].

6.3 Brane world Cosmology

The Israel junction conditions are also used in Brane world cosmology [27,28]. In
Brane world cosmology the observable universe is on a hypersurface (called brane)
which is embedded in a higher dimensional spacetime (called bulk) [28]. In this
model the standard model particles are confined in the brane [28]. For a review of

the brane world cosmology see the paper [28].



7. Conclusions

This thesis has presented the junction conditions for soldering two different space-
times together and the thin shell formalism associated with it. We have learned that
demanding the distributional connection to be well-defined leads to the first junc-
tion condition and demanding the Riemann tensor to be regular leads to the second
junction condition. We can also let the Riemann tensor be singular since it describes
a case where the hypersurface separating the two spacetimes has an infinitesimally
thin layer of matter. The junction conditions and the thin shell formalism were
derived separately for null and non-null hypersurfaces.

After deriving the thin shell formalism we put it to use by deriving the junction
conditions for two general spherically symmetric metrics being joined by a stationary
null hypersurface and showed a concrete example by calculating soldering of interior
de Sitter spacetime with exterior Reissner—Nordstrom spacetime. We also briefly
mentioned the practical applications of the thin shell formalism.

While we have derived the junction conditions of two spacetimes being sol-
dered, we only considered the situation with the metric field. We have not covered
the junction conditions for the other fields such as scalar fields and gauge fields,
since they are out of the scope of the thesis. For those interested to read more

about them the following resources can be consulted [29,30].
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A. Appendices

A.1 Appendix 1

We want to prove that for non-null hypersurface [I'},] = 0 is enough for the Riemann
tensor to be regular. Since [I')5] = 0 = Aj,s = 0, it is enough to show that there
exists a gauge where [I'),] = 0 = [['}4] = 0 and that A} ; is gauge invariant.

From (3.29) we have

1
[T25) = 2 (s + K31 — i) (A1)
1
= [T3] = —Q'fabm ' (A.2)

It follows that [I"),] = 0 < ke = 0, o it is enough to prove kg, = 0 = Kap = 0. It
turns out that for non-null shells the components of k43 that are not x4, can always
be set to zero via gauge transformation, since k.4 has gauge degree of freedom [13].
Therefore we can say that there exists a gauge where ko3 = 0 & kg = 0. In this

gauge, we have [['}5] = 0 < [I'},] = 0. Since

55 = < (D6l — [D5slns) (A.3)

is gauge-independent, we can say [I');] = 0 is enough for the Riemann tensor to be
regular. To confirm this we will show that Af ; is indeed gauge-independent.
The gauge transformation of of K.p is kKap — /<a’a6 = Ko + Aahg), where

AaNg) = AgNa + Aang and A, is some four-vector on the hypersurface [13]. This
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gives us the gauge transformation of [I') ],

1
D00 = 3 (Kas s + s — ) (A1)
= [[op] + ()x(ang)gwn/g + A(gn(;)g”‘sna — Xanpn”) (A.5)
= [[og] + Nngang) (A.6)

This gives us the gauge transformation of (A.3),

Ags=c¢ ([Fgﬁ]'"v - [F%]'na) (A7)
= AG s + X" (nyn@ng) — nsnpng)) (A.8)
=A% . (A.9)

As we can see Af s is gauge invariant. This means that if [I'},] = 0, the Riemann

tensor is regular.

A.2 Appendix 2

We want to prove that [g.s~]el =0, i.e. [gap~] is only directed along n..
We start from the first junction conditions and the definition of the derivative

for a function f(x),

- fleth) = flz) _ . Af(z)
/ pu— pu—
flo=jim = — =ln = (A-10)
The first junction condition says [ga.s] = 0, i.e. the value of the metric on the

hypersurface > is the same on both sides. We now look at the hypersurface X in
Figure (A.1). At point A we have giﬁ‘zA = g;B‘EA. And at point B, such that
the distance between A and B is infinitesimally small h, we have g:ﬁ‘ = ggﬁ‘ .

%B vB

Because of this, we can write

g;rﬁ’zA_g;rﬁ‘ZB :g;B‘ZA_g;/B‘zB (A.11)

Aglsl, = Aol - (A.12)
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Figure A.1: Two points A and B in a hypersurface ¥. The distance between A and B is h and

it is infinitesimal.

The tangential derivative of the metric is

Agy
= lim —21% (A.13)

'+
Gap L k=0 h

Now the difference in the tangential derivative across ¥, using (A.12), is

Ag+5’ Ag.s
"+ _1: Pl s S D))
9bly] = lim ——= — i (A.14)
Agl Ag.,
— lim ol ol (A.15)
h—0 h

—0 . (A.16)

So the tangential derivative is always continuous due to the first junction condition.
The only discontinuity can be along the normal direction, which means that we can

write

[gaﬂn] = KapTly . (A.17)
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