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1. Introduction

Quantum computers hold a promise of being able to solve specific problems in polynomial
time, which take exponential time on classical computers [31]. Unfortunately, the devel-
opment of quantum computers has proven to be difficult, and the promise of practical
quantum advantage has yet to materialize. However, current devices have been shown to
outperform a classical computers on theoretical problems [33]. This has led to a search for
algorithms that could give practical quantum advantage on small and erroneous near-term
devices.

One group of algorithms which has been proposed for these near-term devices is
that of Variational Quantum Algorithms (VQA) [18, 5, 9, 30]. These algorithms consist
of two parts: a loss function which is evaluated with the help of a quantum computer,
and a classical optimizer which optimizes said loss function. As we are interested in the
capabilities of quantum computers, we mainly focus on the loss function that is calculated
with the help of a quantum computer. This loss function has a general form, which is
the equal to kernel functions in Quantum Kernel Methods (QKMs) [35], which are also
proposed for near-term devices[15]. Therefore, in this work we group quantum kernels
into the group of VQAs.

The loss functions of VQAs depend on values that are present in the internal state of
a quantum computer, but cannot be directly accessed due to quantum mechanics. Instead
we are limited to probabilistic measurements that have probabilities corresponding to the
internal values of interest. This means that we need to do multiple measurements to
collect samples, which are then used to approximate the values that we are interested in.
For this reason, the loss function can only be accessed through an approximation, which
has an accuracy depending on the amount of samples.

The need to sample the loss function was observed to be problematic, because many
models have gradients, which get exponentially smaller in the amount of qubits [20].
This leads to programs with exponential runtime, because we need to take exponentially
many samples in order to keep the statistical uncertainty smaller than the gradient. If
the statistical uncertainty would be bigger than the value of the gradient, we would
effectively use random values as gradients. It was show that this problem, named the

Barren Plateau (BP) problem, is equivalent to exponential concentration [2], meaning
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that the loss functions, or in the case of QKMs the kernel functions, give results which
only differ by exponentially small values. To be able to distinguish between different input
parameters, we are forced to take exponentially many samples which leads to exponential
runtime.

As the goal is to run algorithms in polynomial time, we want to avoid the exponential
scaling that comes from the BP problem. This has led to a lot of research into BP free
models, which has accumulated to a collection of models that are analytically proven to be
BP free. An inspection of these models has led to the realization that they are to a high
degree computable in polynomial time on classical computers [6]. Because polynomial
classical computability would go against our goal of running something that cannot be
done in polynomial time on classical computers, we want to avoid it. For convenience, we
define a VQA to be classically simulatable if it can be computed in polynomial time on
classical computers.

In this work, we focus on figuring out how avoiding the BP problem and classical
simulatability effects VQAs and QKMs. For this we look at current approaches and
list out cases in which these allow for BP free models that are not classically simulatable.
Firstly, different models need different classical simulation methods, which are often found
with the help of analytical proofs that show that a given model is BP free. It could be
that a model is observed to be BP free, but we are unable to find an analytical proof
that allows classical simulation. In the other cases, in which we have analytical proofs
which allows some classical simulatability, all the avenues are focused on models that have
some specific parameter values that cannot be classically simulated. In order to use these
non-simulatable points, we have to restrict the model parameter to these hard to simulate
parameters, which leads to discrete parameters.

As the avoidance of the BP problem and classical simulatability has a profound effect
on the form of viable VQAs, we also revisit old results about the suitability of VQAs to
be run on near-term devices. We find out that, when taking into account the BP problem,
these results are not viable for current approaches. Since we can not find any reason for
current VQA approaches being suitable for near-term devices, we would like the research
community to stop treating them as being suitable for such devices. With this the main

contributions of this work are the following;:
e We go over the BP problem and its connection to classical simulatability.

o We list out the cases in which current VQA approaches can lead to exponential

quantum advantages.
o We argue that current VQA approaches are not suitable for near-term devices.

The structure of this work is as follows. Chapter 2 goes over quantum computing
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theory and introduces the barren plateau problem. Chapter 3 continues by going over
the classical simulatability of barren plateau free VQAs. In Chapter 4 we can use the
knowledge about classical simulatability of VQAs to list out avenues which could lead
to current VQA approaches that give exponential quantum advantages. After we have
a good understanding of the current VQA landscape, we can continue chapter 4 with a
discussion about the suitability of VQAs for near-term devices. Lastly chapter 5 concludes
the work.



2. Background

It has been shown that quantum computers can solve specific problems in polynomial
time, while classical computers need exponential time for the same problem [31]. This
would lead to the capability to solve some problems that are unfeasible to solve on classical
computers due to exponential scaling which would leading to infeasible resource needs,
like needing more bits than there are atoms in the known universe. A famous example
of such an algorithm is Shor’s algorithm that can do integer factoring and find discrete
logarithms in polynomial time [31].

In theory, even small quantum computers could be useful, as the classical resources
needed to simulate quantum computer scale as 2", where n is the amount of qubits.
This means that even simulating 60 qubits using 64 bit complex numbers, would lead
to a memory need of over nine exabytes. For comparison this is around 80 times more
memory than the storage capacity of LUMI, a supercomputer that was made available
for customers at the end of 2022 [24].

Inspired by the scaling advantages, many companies have successfully built quantum
computers. Unfortunately, these devices have low qubit counts and suffer from errors,
leading to them being unable to run algorithms like Shor’s algorithm at useful scales. On
the other hand, it has been shown, that current quantum computers are able to compute
problems, such as random circuit sampling [33], that are infeasible for current classical
algorithms. The reason that these algorithms have not led to a quantum breakthrough,
is that there are no use cases for them. This means that the quest for practical quantum
advantage is still ongoing.

This brings us to Variational Quantum Algorithms (VQA) that have been regarded
as good candidates for reaching practical quantum advantage on small and erroneous
quantum computers [18, 5, 9, 30]. The idea of these algorithms is to use a quantum
computer to assist in evaluating a loss functions that have access to the exponential space
of quantum computers, while using classical optimization methods to optimize these loss
functions. This leads to a quantum-classical optimization loop as depicted in Figure 2.1,
where the only difference to classical optimization loops is that a quantum computer is
used in the evaluation of the loss function.

Examples of VQAs are: Variational Quantum Classifiers (VQC) for classification
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Figure 2.1: In a quantum-classical optimization loop, a quantum computer is used to evaluate a loss
function and a classical computer is used to compute new parameters based on the evaluations of the loss

function.

tasks [29]; Variational Quantum Eigensolvers (VQE) for approximating the smallest eigen-
value of a matrix, which can be used to find the ground state energy of molecules [25];
Quantum Approximate Optimization Algorithms (QAOA) for approximating solutions
for combinatorial problems [10]; Quantum Convolutional Neural Networks (QCNN) for
recognizing quantum states [8].

While the exact form of a VQA loss function is use case specific, we can discuss
them all at once by using a general function which can be tailored to every use case by
choosing suitable parameters. By choosing suitable parameters, we can use this general
function to also describe all kernel functions of Quantum Kernel Methods (QKMs) [35],
meaning that we can go over VQAs and QKMs at the same time. As most of the text
treats VQAs and QKMs the same way, we will assume that QKMs are included in VQAs
if these are not explicitly separated. For generality we will use the word model to describe
the part* of the algorithms which is calculated with the help of a quantum computer. In
order to introduce the general mode which we use throughout this work, we will first go

over some theory about quantum computing.

2.1 Quantum Computing Theory

The inner state of a quantum computer with n qubits can be represented with a unit vector
|1)) that contains 2" complex numbers. To operate on the internal state, we use unitary
operators U, which can be represented with 2" x 2™ unitary matrices. When a unitary
operator is used, an internal state |1), is evolves to another internal state U |¢), = |¢);.

In order to benefit from the computation, we need to read out the result. Unfortu-

*This part can be a loss function or kernel function.
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nately, we can only do probabilistic measurements in an orthonormal basis of the complex
vector space C™. The measurement results correspond to the orthonormal basis elements
|z;), which have measurement probabilities given by | (1|z;) |?, where |[¢) is the internal
state before the measurement operation. In this work, we will use the orthonormal basis
{e;}, where the index ¢ starts from 0, and we use the notation e; = |i).

A measurement with the result |i) changes the internal state to |i), meaning that
measurements alter the internal state, and are therefore destructive. As the measurement
operator is probabilistic, we often want to measure an internal states multiple times. This
leads to the need to rerun the whole program multiple times, because we need to recreate
the state for every measurement. In the quantum computing literature these reruns are
often called shots.

While all measurements follow the same rules, we can use them in different ways.
In the case that the result of a computation is encoded into a basis state |i), which has
a high probability to be measured, when compared to basis states which are not correct
results, we can get the result with only a couple of shots. Another option is that we
are interested in the values | (i) |2, which we can approximate by taking multiple shots
to approximate the probability that the state |i) is measured. As we can only take a
limited amount of shots N, this approximation has in general and error of size 1/v/N,
which can in some cases improved up to 1/N [11]. This statistical uncertainty that comes
from having a limited amount of shots is called shot noise. As the word noise can mean
different different things depending on the context, we want to make it clear that shot
noise has nothing to do with the errors that occur because of imperfections in quantum
computers.

We can use the ability to approximate | (1]i) |* to approximate the general model of
VQAs that is of the form (¢| O |¢), where O is an hermitian matrix which is often called
an observable. In order to build up to this, we will start with the ability to approximate

values of the form (¢| D [¢), where D is a Kronecker product of

Z:{l O] and]z{1 0] (2.1)
0 -1 01

matrices, meaning that it is a diagonal matrix with diagonal elements from the set {1, —1}.

This can be done by averaging over 1 and —1 according to the diagonal matrix elements
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l)ﬁ € {1,——1}2

(W] D) = (] (Do [0) O] + Dyy [1) (1] + oo + Dan_y 901 [2" — 1) (2" = 1]) [¢))
= Duo (|0) (0]1) + D11 (¥[1) (1|th) + ... 4+ Dan_yon_1 (¥[2" — 1) (2" — 1[2))

= 3 Dafuli) i)

2" —1

= Z:O Dii| (i) .
(2.2)

By using the unitary operators

1|1 1
H=— dsS=
\/5[1 1] an

7

10
0 ] (2:3)

we can transform

1

X = 01 and Y =
10

operations into Z by using the rules X = HZH and Y = SHZHST. Because H and S

are unitary operators, which we can apply on quantum computers, we can measure

0 —2
. 0] (2.4)

(W Mxy [¥) = (0| UTZU ) , (2.5)

where Mxy is X or Y and U correspondingly H or HST. By using the property (4 ®
B)(C® D) = (AC) ® (BD), we realize that we can apply separate H and ST operators to
measure all Kronecker products of I, Z, X, and Y. This means that we can use quantum

computers to measure
(W[ Pv) = (| U'DU ), (2.6)

where P is a Pauli string, meaning a Kronecker product of I, Z, X, and Y, and U is an
Kronecker product consisting of matrices I, H, and HS".

Pauli strings form a basis for complex 2™ x 2" matrices meaning that we can decom-
pose any 2" X 2" matrix into a sum of Pauli strings with coefficients [17]. Furthermore, in
the case of a hermitian observable (matrix), these coefficients are real numbers [17]. This

leads to the following decomposition:

w101 =l (Tar)
S a1 P1).

(2.7)

where O is a hermitian observable, and a;:s are real coefficients. As the value (¢| O |¢)
depends on (2| P |[¢)) which depends on (1| D |¢)) which depends on | (¢|i) |2, and | ()]7) |*
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is an approximation, the final value is also an approximation. It is also of note, that we
need to evaluate every (| P, [¢)) separately, meaning that we need to limit the amount of
P;:s to be polynomial in order to avoid exponential scaling.

VQAs and QKMs use quantum computers to evaluate models of the form
(Y| UT(0)OU(0) |¢), where |1) is often called the initial state, and U(#) is a parametrized
operation called ansatz, that is run on a quantum computer. This forms the model that

we are calculating with the help of a quantum computer:
Lo(p,0) = W|UN(0)OU(0) [¢) = tx[U(0)pU"(0)0] = tx[UT(0)OU (0)p], (2.8)

where p = |¢) (1] is the initial state in its density matrix representation. The second
equality comes from the property that the trace of an outer product is equal to the inner
product, and the last one from selecting the vectors for the inner product to outer product
transformation differently.

For specific use cases the model (2.8) uses different initial states p, observables O,
and ansétze U(6). The initial state is often the |0) (0| state, because it is the starting state
for computations on many devices. But we are not limited to the starting state of the
device, because the initial state of the model can be prepared by using a unitary operator
to evolve the starting state of the device into the starting state of the algorithm. As the
initial state p can come from an operator and U(f) is also an operator, it is ambiguous
which part of the model belongs to p and which to U(#). While there is no common rule,
in this work we assume that the initial state has no trainable parameters, and that in the
case of kernel functions the data point pairs (z;,x;) are contained in the ansatz via the
parameters 6.

As we often train at least some of the parameters 6 in U(6), we need access to the
gradients of the model (2.8). These gradients can be approximated using samples around
the current 6 or by evaluating the partial derivatives with the parameter shift rule:

00Ly(p,O)
0

where 6; 6, + a means that we add a to §; and leave all other elements of § unchanged [23].

1
= 5 (Los17/2(0.0) = Log,-/2(p. 0)) (2.9)

While the parameter shift rule gives exact gradients in theory, we still end up with ap-
proximations that suffer from shot noise. This is because of the dependency on the loss

function, which we can only approximate via samples that give us approximations of

| (ld) [

2.2 The Barren Plateau Problem

Unfortunately, it was soon found out that many VQA models suffer from a problem, where

the variance of the gradient gets exponentially smaller as qubits are added [20]. This prob-
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lem, named the barren plateau (BP) problem, has later been shown to be equivalent to
exponential concentration and exponential narrowness of minima [2]. Exponential con-
centration means that the variance of the loss function is exponentially small, which leads
to functions being effectively constant, if we do not have exponential accuracy. Exponen-
tial narrowness of the minima means that if there is an area where the function varies
in a meaningful way, the area in the parameter space where it varies, gets exponentially
smaller when qubits are added.

VQA models are defined in such a way that all off the parameters are cyclic [5],
this means that, because we need to always go the same amount up and down to end
up at the same point after a cycle, the average of all gradients is 0. If we assume that
the variance of the gradient is exponentially small, the average difference between data
points is exponentially small. This means that the gradient is, on average, exponentially
close to 0. This is a problem, because if the gradient is smaller than the shot noise, we
are walking around randomly, because the contribution of the shot noise is bigger than
that of the gradient. As we need to keep the shot noise smaller than the gradient, the BP
problem forces us to take exponentially many shots, which leads to exponential scaling
when doing model training. In the case of kernel function evaluation and model inference,
the BP problem also leads to exponential cost, because exponential concentration forces
us to take exponentially many shots to distinguish between different answers.

As the BP problem cancels out the advantage which is gained from using quantum
computers, there has been a lot of research into avoiding it. This has led to many com-
binations of p, O, and U(f) that have been proven to be BP free [6]. These proofs are
mainly based on finding components of the loss function that do not suffer from the BP
problem [6]. With components we mean independent values that contribute to the sum
of the loss function. We can see an example of a decomposition in Equation (2.7), where
the function (¢| O [¢) is split into components of the form a; (¢| P; [¢).

As the parameters 6 change the behavior of the function, the behavior of the com-
ponents also changes based on #. This can lead to situations where the components that
lead to the absence of the BP problem change based on the parameters of the model. It
has been summarized that in most cases the proofs find polynomially many BP free com-
ponents which live in proper of effective polynomial subspaces [6]. Some BP free models
bring an exception to this by having specific parameter values, for which exponentially
many components come together to create a meaningful contribution even though the
individual components are exponentially small, and therefore do not lead to meaningful
contributions individually [6].

When we say that a component or model lives in a proper polynomial subspace, we

mean that they fulfill both of the following conditions:

e Only a polynomial amount of values in the initial state p and observable O contribute
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to the result.

o Given these values, the computation only depends on a polynomially sized subset

of the exponential space available for quantum computers.

Effective polynomial subspaces have a more relaxed definition in that we allow that the
values outside of the proper polynomial subspace are non-zero with the rule that they are
exponentially small and together only amount to an exponentially small contribution. As
the values outside of the proper polynomial subspace amount to only an exponentially
small contribution, we cannot measure their contribution with polynomially many shots,
and they can therefore be ignored. It has to be noted that, while the components that
live in polynomial subspaces can lead to the absence of the BP problem, the existence of
such components is not an sufficient condition for the absence of the BP problem [6]. A
trivial example of this is a model without parameters.

As proper polynomial subspaces only use polynomially many values from an expo-
nential space, the amount of values that stays outside of this subspace is exponentially
large. This means that when we have an effective polynomial subspace, we can have ex-
ponentially many exponentially small values outside of the proper polynomial subspace.
This can lead to some specific parameter values, for which these exponentially many ex-
ponentially small values come together to create an meaningful contributions that can be
measured in polynomial time. This means that for these specific parameter values the
model depends on an exponential space, even in the case of polynomially many shots,
which means that the model does not live in an effective (or proper) polynomial sub-
space. For these models, we say that the model lives with high probability given 6 in
an effective polynomial subspace. Current analytically proven BP free models, which do
not live in proper or effective polynomial subspaces, are these kind of models, and most
notably contain quantum convolutional neural networks and cases where specific small
angle initialization strategies are used [6].

In addition to the proven BP free models, there are cases where the absence of
the BP problem is suspected based based on numerical calculations [27, 9]. In these
cases, there is no analytical proof that the models live in proper or effective polynomial
subspaces, but it is still sensible to believe, that if they are BP free, they follow these
same rules as the proven BP free models [6]. To get intuition to why this is we can look
at the the decomposition in Equation (2.7) where we see that the quantum computer
is used to measure values of the form (4| P;|¢)) which are inner products between two
exponentially big unit vectors |1)) and P; [¢). As the norm of unit vectors is 1 and the value
is distributed along exponentially many fields, the absolute values of individual values in
the vector are mostly exponentially small. Then when we take an inner product between

two such vectors, we sum over values which are on average products of two exponentially
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small values. This means that we mostly sum together exponentially small values which

need to work together to give meaningful contributions.



3. Classical Simulatability

As the benefit from using quantum computers comes from the ability to use exponentially
many values, the realization that proven BP free models mostly live in polynomial sub-
spaces brings into question if a quantum computer is needed for these tasks. Because the
goal is to use quantum computers on problems which take exponential time on classical
computers, we focus this chapter on finding cases in which we avoid both the BP problem
and polynomial classical simulation. As the models are originally created to be run on
a quantum computer, we call a model classically simulatable, if it can be calculated in
polynomial time without the use of a quantum computer.

It was found out that for common analytically proven BP free method, the research
community has been able to find a polynomially scaling classical algorithms, which char-
acterizes the action of the ansatz when the model lives in a polynomial subspace [6]. For
this to lead to classical simulatability of a model, we also need to know the polynomially
many values from the initial state and observable which interact with the ansatz. Because
there are cases in which we need a quantum computer to figure out these values the initial
state and observable can lead to models not being classically simulatable [6]. In addition,
there are also models which are BP free, but do not live in polynomial subspaces for
each model parameter . This means that we have models, which have specific parameter
values that we cannot classically simulate. This narrows the exploration of classical simu-
latability of current VQA approaches to the initial state, observable, and non-simulatable
parameter values, because only these can allow BP free models which are not classically
simulatable.

While the components that live in polynomial subspace are model specific and vary
greatly in how they are represented, in general the components come from splitting the
initial state or observable [6]. To make the idea of classical simulatability more concrete,
we will use an example decomposition along observable and initial state. Because the

observable is hermitian, we can decompose it into 3; a;HC, where {H?} is a basis for

13
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hermitian matrices and {a;} € R. When applying this to the model (2.8) we get
Lo(p,0) = tx[UN(6)OU(9)p]

_ T O
trU ZaH (3.1)

=>a tr[UT(e)H?U (0)p]-

By using the property that the inner product equals to the trace of the outer product do

the trick with inner outer product, we can swap the places of H:s and p:

Lo(p, O Zaztr [UTN(O)HPU(0)p]

—zal (WU (6)HOU 6) lv) (32)
Y e 0]

Now we can decompose the model further by using the property that the when the initial

state p is in its density matrix form, it is hermitian*. This leaves us with

Ly(p, O Zaz tr[U PUT(Q)Hz‘O]
= Zai tr[U ijHf)UT(Q)HiO] (3.3)
= 33wy alU(O) H{UH(O) HY),

where the initial state is decomposed into 3, b; Hf where {Hf} is a basis for hermitian
matrices and {b;} € R.

If we assume that the decomposed model is proven to be BP free and lives in a
polynomial subspace, we can evaluate its value using only polynomially many components.
Furthermore, in all inspected cases it has been possible to figure out the interaction of the
ansatz U(f) using classical methods [6]. In our example decomposition this means that
we can evaluate the traces tr[U(0)H/UT(0) H] without using quantum computers. With
this we only need to figure out the values a; and b; for the polynomially many components
which have meaningful contributions to the result. While we can sometimes find these
values classically, sometimes we need a quantum computer to figure out these values [6].
This means that we can have models for which a quantum computer is only needed for
figuring out some values which describe the observable and initial state.

The rest of this chapter is structured as follows: Firstly we will discuss the effects
that non-simulatable points have on classical simulations, as these cannot be classically
simulated. Then we will go more in depth about the initial state and observable, because
these can lead to the need to use a quantum computer which in turn means that there

exists a possibility of quantum advantage.

“p= ) (Wl = (1) W)
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3.1 Effects of non-simulatable points

For the models that live in effective polynomial subspaces only with high probabilities
given 6, it is crucial to know if the parameter values that do not live in polynomial
subspaces are needed. This is because if these points are not needed, we can solely rely on
classical simulation, but if they are need then the model requires a quantum computer.

As mentioned earlier, the points which are not characterizable using polynomial
subspaces depend on exponentially many exponentially small values that work in unison
to create measurable contributions [6]. For this to happen, the exponential space has to
be used very deliberately, and in the found cases, at least some parameters need to hit
specific parameter values [6, 1]. This means that we have to use discrete parameters,
which is similar to for example Shor’s algorithm, which also uses a quantum computer to
run a parametrized operation with discrete parameters.

In the cases in which we train VQAs with continuous parameters, we can easily start
in a spot that is simulatable. After this it is of interest to know, if optimization steps
can lead to the specific non-simulatable parameter values. For this we argue that, as the
optimization steps consist of floating point numbers that go through multiple calculations,
it is in practice so unlikely to hit the exact values needed, that these points can be ignored.
There are also practical results, which show that even in the presence of non-simulatable
points quantum convolutional neural networks can be successfully trained using classical
simulation methods [3].

With quantum kernels, that use continuous variables, we get into a similar situation,
as it is unlikely to have data points that hit exactly the non-simulatable points. Where
the situation gets more interesting is in the use of discrete variables, as we could map
these to the exact parameter values that are non-simulatable. This leaves us with a model
that does not suffer from the BP problem and is not classically simulatable. One example
of such a model can be created by creating a kernel that is based on the discrete logarithm
problem, which is hard to calculate classically but can be solved in polynomial time using
Shor’s algorithm [19]. While this result is meaningful in theory, the kernel is created to
separate data with very specific rules, which mean that no machine learning is needed
and we could just simply run Shor’s algorithm on individual data points to figure out the
discrete logarithms and group the data based on these.

Similarly to kernel methods, we can also use discrete parameters in VQAs which
undergo a quantum-classical optimization loop. There has been research into an ADAPT
approach which tries adding operations to a quantum program and keeps the operations
that give the best results [13]. For this training method there is a theoretically suitable
BP free model which was introduced in Ref [6]. This model, which is BP free and not
simulatable classically based on the difficulty of the discrete logarithm problem, has dis-
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crete parameters which can correspond to specific individual operations doing nothing.
This means that we could start from a point where the parameters correspond to identity
operations and use the ADAPT algorithm to pick operations which replace the identity
operations with operations that contain some other hard to simulate parameters. This
means that we have a trainable BP free model that can not be simulated classically. While
this is an avenue where quantum computers can beat classical computers, it remains to

be seen if a practical use case with discrete parameters presents itself.

3.2 The Initial State

For the discussion about the initial state p, we will split the VQA algorithms into two

groups based on how they use the initial state:
o Optimization problems and QKMs where the initial state has no meaning by itself
o Machine learning applications where the initial state corresponds to some data point.

Both of these groups have some limitations for the initial state, because the proofs
for the absence of the BP problem only apply when suitable initial states are used. While
these limitations differ, a minimum requirement is that the interaction between the initial
state and the ansatz gets at most polynomially smaller in relation to the qubit count. In
our example decomposition this would mean that the coefficients which correspond to the
initial state in the polynomial subspace get at most polynomially smaller when qubits are
added. This means that even though the choice of ansatz is sometimes not meaningful,
it has to be deliberate in order to avoid the BP problem.

As the initial state does not store information in optimization problems, the initial
state is usually simple and therefore classically simulatable. For example, in VQE the
initial state is usually the starting state of the device, that usually means the state |0) (0.
In the case of QAOA the initial state is the equal superposition over all states, in the
unit vector representation this would mean that all the elements in the vector have equal
values of 1/4/2" [10]. In quantum kernels there can be additional limitations, such as in
the fidelity quantum kernel needing the initial state to be equal to the observable [28, 35],
but still the initial state is usually |0) (0.

Next we will consider machine learning problems where the initial state corresponds
to some data point. These states correspond to some data points either by being quantum
data or an encoding of classical data onto a quantum computer. In the case of quantum
data sets, we either have some quantum measurements or classical representations of in-
structions of how to operate a quantum computer to get the desired state [6, 3]. Assuming

that we have real quantum data, in that we cannot classically get the result, a quantum
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computer is required to gather information about the quantum state. This is usually
done via measuring observables or sufficient Pauli classical shadows [14] of individual
data points [6, 3]. The rest of this section goes over the case that we have classical data
that is encoded into a quantum state.

When encoding classical data to a quantum computer, we commonly start from some
simple state, such as the common starting state of quantum device |0) (0|, and then apply
a parametrized unitary operator U(x) on it, where the parameters x are dictated by the
classical data. In order to measure properties about this quantum state, we use simple
observables, sufficient Pauli classical shadows, or something comparable, which all use
observables for measuring the quantum state [6, 14]. This means that we are interested
in measuring functions of the same form as the original model (2.8) and, like in the case
of the ansatz, we have to be concerned about the BP problem.

The BP problem is an issue when using a quantum computer to measure the initial
state, because of exponential concentration that leads to all data points being indistin-
guishable from each other. Every data point being effectively the same, would make the
machine learning models unusable, as we want to do something based on the data, like
for example classification. This leads to the same issue as in the original model, where
the model either lives with high probability given z in a polynomial subspace, or suffers
from the BP problem and makes the model unusable.

Because the initial state for data encoding is usually the starting state of the device,
which is easily classically computable, we do not need a quantum computer to measure
the initial state of the data encoding. Additionally, as we find out in the next section, we
do not need to use a quantum computer to measure information about the observable,
which means that the only place to look for quantum advantage is the encoding unitary
U(z). Due to the structure with polynomial subspaces, we can use similar arguments as
for the ansatz when talking about continuous variables, more specifically the probability
to encountering data points that hit hard to simulate points is practically zero. On the
other hand, for discrete variables, we can do the same as in the case of kernel methods in
that we choose a model that only lives in polynomial subspaces with a high probability
given x and map the classical data deliberately to the parameter values that cannot be
simulated in polynomial time on classical computers.

This means that there are two known cases in which we need a quantum computer
for the purpose of figuring out the needed constants from the starting state. The first
case is that we have quantum data, and the second is that we encode discrete data to
parameter values which lead to encoding operations that are hard to simulate classically.

While we assume in this section that the model is BP free, there is also literature
that shows that initial states that encode classical data and are not classically simulatable,
often lead to the BP problem [36]. This is because encoding methods that are hard to
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classically simulate often lead to initial states that do not fulfill the requirements that are

given by the proven BP free methods, such as the size of the interaction with the ansatz.

3.3 The Observable

When splitting the VQA methods based on the use of the observable, the roles are mostly

reversed in comparison to the initial state:

o In the case of optimization problems the observable represents an encoding of the

problem,

o while in QKMs and VQA based machine learning applications the observable has

no meaning by itself.

For optimization problems the observable can represent various quantities depending
on the optimization problem at hand. The observable can represent a structure of the
problem, like a graph when solving a MaxCut problem using QAOA [10], or an encoding
of a molecule when using VQE to solve its ground-state energy [25]. Machine learning
methods on the other hand use very simplistic observables, like for example variational
quantum classifiers and some quantum convolutional neural networks which measure out
one qubit, leading to observables of the form |0) (0] [29, 3]. Because kernel methods encode
the information into the ansatz, both the observable and initial state can be chosen, which
means that this time we group them together with machine learning applications.

Regardless of the complexity of the observable, we already have a decomposition
in the Pauli basis, because, as explained in the background section, we need a Pauli
decomposition for the ability to measure the loss function on a quantum computer. For
the found cases, this decomposition has been sufficient for classical simulation, meaning
that no quantum computer is needed for the purpose of learning information about the
observable [6, 12]. Still, in theory there are cases in the known simulation algorithms,
where one can choose to use a quantum computer to find out information about the initial
state or observable [6]. This means that if it is more costly to evaluate the initial state on
a quantum computer, we could in some cases choose to evaluate the observable instead.
Even though this could lead to cases, where a quantum computer is used to measure the
observable, we will say that the quantum advantage comes from the initial state, because
the initial state leads to the need to use a quantum computer.

While the observable is not as interesting as the initial state when discussing the
classical simulatability of models, it still needs to lead to models, which are BP free.
Again the most important requirement is that the interaction between the ansatz and

observable is only allowed to vanish polynomially when qubits are added [6]. This is
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often done by selecting local observables, meaning that the individual components of the
observable, as depicted in (2.7), only depend on fixed amounts of qubits [6]. These local
observables are usually combined with ansatze and starting states that are limited in such
a manner that any qubit readout effectively only depends on polynomially many fields of
the quantum state [6]. As an example shallow hardware efficient ansitze with suitable
starting states are limited in size with the goal to make single qubit measurement only
depend on logarithmically many qubits [7]. This means that single qubit measurements

depend on quantum states of the size 2°8(") = n.



4. Discussion

Based on the currently known BP free methods, we can list avenues which allow current

VQA approaches to reach exponential quantum advantage:

1. The absence of the BP problem has been correctly assumed, but we lack an analytical
proof which would likely lead to the model being classically simulatable in most

cases.

2. We train models with discrete parameters which correspond to non-simulatable

parameter values.

3. Kernel methods are used for discrete data, where the data is deliberately mapped

to non-simulatable parameter values.

4. Discrete classical data is deliberately mapped to non-simulatable parameter values

in the initial state.
5. The initial state consists of quantum data.

In the first case the advantage comes from not being able to run the model classically
due to not having enough information about the model. This could lead to useful quantum
advantage, in the case that a useful model has been experimentally found to be BP free in
some region, but there is no analytical proof that would lead to the classical simulatability
of the model. In this case the quantum advantage is likely temporary, in the sense that
it is likely that we will find an analytical proof for the absence of the BP problem, which
then is likely to leads to classical simulatability for at least most of the parameter values
0.

In the second case we exploit the knowledge that we have parameter values which
lead to the model not being classically simulatable. While the discrete nature of the pa-
rameters greatly changes the way in which we can train the model, we gave an theoretical
example, which shows that in theory at least some models with discrete parameters can
be trained. While we do not know of any use cases for these kinds of models, this shows

that this approach could lead to interesting results.

20
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Crucially, the first and second cases are the only ones in which a quantum-classical
optimization loop is needed. In the remaining cases we use a quantum computer to figure
out properties about the initial state or observable and can afterwards evaluate the model
fully classically. This is a big shift for trainable VQA models, because the quantum-
classical optimization loop is often considered as an integral part of VQAs. While the
training loop does not need a quantum computer, in practice it could still be useful to
keep a quantum computer around for the training. Because the model changes based on
the parameter values, the values which we need from the initial state can change based
on the parameters. Now in practice it would be sensible to only do the data acquisition
when we know that specific parameter values are used as this would lead to less work than
evaluating the initial state for all possible parameter values. This means that we would
introduce a quantum computer back into the training loop with the role of updating the
classical simulation [6].

The second and third case of the list are similar to each other, in that they carefully
choose how to encode discrete data onto the quantum computer, in such a manner, that
it leads to classically non-simulatable operations. These circuits use the quantum state
in a very deliberate manner in order to not suffer from the BP problem while not being
classically simulatable. This very careful use of the quantum state makes it so that these
algorithms use quantum computers in a similar manner as non-variational algorithms such
as Shor’s and Grover’s algorithm, and indeed all the examples that we could find of these
kinds of algorithms are based on the ability to solve the discrete logarithm problem by
using Shor’s algorithms [19, 6].

In the last case we can either have data from an experiment, or know how to prepare
the quantum state in question. When the data comes from an experiment, one has to
use a quantum computer to measure the properties that are need to create a classical
representation of the state. As we need to make a lot of measurements, the quantum
experiment has to be repeatable so that we get a sufficient amount of shots, but after-
wards the classical representation can be used for classical simulation [6]. In the case that
quantum data is prepared using a quantum computer, we trivially need a quantum com-
puter if we assume that the data is truly quantum in the sense that we cannot simulate
it classically.

With this understanding of found cases where VQAs can lead to exponential advan-
tage, we can look back at the idea of them being a good candidate for reaching practical
quantum advantage on small and erroneous quantum computers. For this it is crucial to
find an use case that gives practical advantage, but currently we can only speculate about
the possibility that someone finds one. Another important part is the suitability of VQAs
for small and erroneous devices. About this we can have discussions based on old results,

which claim that VQAs are suitable for these devices, but do not take into account the
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BP problem. In addition, we will go over some benefits that can come from researching
the BP problem, but are outside of VQAs. In the end we will also go over some caveats

that help to clarify the scope of this work.

4.1 Running on Small and Erroneous Devices

In this section we discuss the common sentiment that VQAs are suitable for small and
erroneous devices, which are often referred to as noisy intermediate-scale quantum (NISQ)
devices [5, 26]. The ideas of VQAs being suitable for such devices seems to come from
ideas that did not take the BP problem into account [22, 21, 30] and some success of
running VQAs on very low qubit count devices [34, 25]. As the barren plateau problem
shows itself at higher qubit counts as unfavorable scaling, we are interested in knowing if
the arguments for VQAs being suitable for NISQ devices still hold when we have to avoid
the BP problem while aiming for exponential quantum advantage.

The claims about the error resilience of VQAs can be split into resilience against
coherent and incoherent errors [5]. In the case of coherent errors, the used operators have
some unknown constant errors. The idea that leads to the idea of VQAs being resilient to
this kind of errors stems from the ability to parametrize the ansatz in such a way that the
ansatz is of the form U(f + e), where e is a vector containing the constant, but unknown
errors (22, 5|. Assuming, that we can train continuous parameters 6, this would lead to
the ability to train 6 to be such that 6 4 e leads to the optimal ansatz.

In addition to the theoretical results, there are experimental results that show that
very small models can be run in the presence of coherent errors [34]. Unfortunately, when
increasing the amount of qubits, we have to take the BP problem into account. As this
idea needs trainable parameters, the only case for exponential quantum advantage would
be that in which we have correctly observed the absence of the BP problem and lack
a proof that leads to classical simulatability. For the remaining cases, we need to use
a quantum computer in a very deliberate way, and if we allow a constant error e, the
quantum computer is not used in this deliberate way anymore, and we can pick some
small e that allows for classical simulatability.

For incoherent errors there are results that show that under some specific errors it
is possible that the model moves away from areas of the landscape that contain these
errors [21]. There is also a result that shows, that under certain kinds of errors, some
models can still find the optimal parameters, even when the value of the loss function is
wrong [30]. These results assume that there are trainable parameters, and because we
assume incoherent errors, we can add small errors to e to avoid non-simulatable parameter
values.

Because the findings about coherent and incoherent errors are based on training
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models, they are only applicable in the cases in which we train discrete parameters or we
have observed that a model is BP free, but lack an analytical proof that would lead to
classical simulatability. Unfortunately, the case with discrete parameters is not applicable
for the cases with incoherent errors, because they are model specific with continuous
parameters, and for the case with coherent errors, we would need to have coherent errors
that play along with the discretization of parameters.

For the cases in which we have correctly observed that a model is BP free, but lack
an analytical proof which would lead to classical simulatability, the results mentioned
above are also speculation at best because these results are very model specific. In the
case of incoherent errors, the results are trivially model specific as they assume a specific
kinds of models. In the case of coherent errors, the results appear more general, but they
are not, because we need to add parameters, which change the behavior of the model.
Depending on the model and errors, the additional parameters can change the behavior
of the model in such a way that we suffering from the BP problem.

There are also claims about VQAs being suitable for erroneous hardware due to the
ability to implement the operation on quantum computers in a short amount of time and
few physical operations [34, 37]. Having an operation that can be implemented in a short
program on quantum computers would improve the error resilience, because a big part of
the errors come from individual physical operations [32] and decoherence over time [4].

This idea about VQAs leading to short programs seems to come from the freedom
that some algorithms have in choosing the initial state and ansatz. For example in the
case of VQE and VQC, we can choose these freely. While the choice of initial state and
ansatz effects the quality of results, it has been shown with small examples, that selecting
an ansatz and initial state that is tailored for the device, instead of the problem, can lead
to some success [16]. Unfortunately, these hardware efficient solutions are only BP free
when we choose to scale the amount of used qubits in such a way that we do not use all
of the given qubits [20, 7]. This leads to models that are mathematically BP free and
classically simulatable, but if we would calculate the variance scaling in such a way, that
we only take into account the qubits that effect the value of the loss function, the model
suffers from the BP problem.

As the examples of models that are BP free and non-simulatable are based on the
ability to solve the discrete logarithm problem with Shor’s algorithm [19, 6], we do not
see any reason to believe that the program sizes of VQAs would be considerably shorter
when compared to programs like Shor’s algorithm itself, which is not considered to be a
short program. The knowledge about the trade-off between classical simulatability and
the BP problem can lead to shorter programs on quantum computers, because measuring
only the initial state is often shorter than calculating the loss function using a quantum

computer [6]. Unfortunately, this does not mean that the resulting program is short, as
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for that we would need to assume that the calculation of the loss function would also be
short.

As we did not find any results that would show that the current approach for VQAs
would be suitable for small erroneous devices, we would appreciate it, if the research
community would stop treating VQAs as being suitable for these devices. If one wants to
make these kinds of claims, they should have proper reasoning that takes the BP problem
into account. We would go as far as to say that common algorithms like Shor’s and
Grover’s, are more error resilient due to the ability to filter out erroneous shots. In Shor’s
algorithm one can filter out erroneous shots by using the the knowledge that the result
is periodic, and in Grover’s we are able to confirm classically if a shot gives the correct

answer.

4.2 Benefits From Researching The Barren Plateau
Problem

While the results shared in this work do not paint a promising future for VQAs, we argue
that proofs that show the absence of the BP problem can lead to advances elsewhere. We
split the benefits into two groups: quantum inspired classical algorithms, and learning for
which problems quantum computers are better than classical ones.

Based on the existing cases, we can use proofs of the absence of the BP problem
to find out how to simulate said models classically for at least most parameters 6 [6].
This means that by increasing the amount of proven BP free models, we can increase the
amount of models that can be classically simulated. These classically simulatable models
could potentially lead to quantum inspired classical models given that they are found to
be better than the previous state of the art classical models.

Additionally, the research into the BP problem gives us a lot of information about
the capabilities of quantum computers for all use cases which use quantum computers
to evaluate functions which can be written in the form of the general VQA model (2.8).
When a model suffers from the BP problem, we know that even a quantum computer
cannot solve the problem in polynomial time. On the contrary, when a model is BP free,
we often find that classical computers are able to evaluate the model. The only found
cases, in which classical computers are not able to evaluate BP free models in polynomial
time, are some specific parameters in models which live for high probability given 6 in
effective polynomial subspaces. These models and parameter values are of great interest,

as they separate the capabilities of quantum and classical computers.
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4.3 Caveats

The connection between the absence of the BP problem and polynomial subspaces has only
been shown for currently proven BP free models [6]. The findings have some mathematical
backing, because in the case that we use an exponential space, the loss function can be
written as an inner product between two exponentially large spaces and these kind of inner
product lead on average to exponentially small and concentrated results [6]. However,
there is a theoretical possibility that some model, that has not yet been inspected, does
not follow the assumptions which are based on the currently known proven BP free models.

In this work we only consider exponential quantum advantage which we define as
the ability to solve something in polynomial time on an quantum computer while state
of the art classical algorithms require exponential time. In practice, even a polynomial
advantage could lead to a situation where it makes sense to run a model on a quantum
computer. As a lot of the literature focuses on exponential advantage, and therefore
ignores polynomial terms, an inspection into polynomial advantage has to to be very
thorough. As an example, one has to look at the scaling of the variance differently, in
this work we are only interested in knowing if a model suffers from the BP problem, but
when inspecting polynomial scaling, we are interested in the scaling more precisely. This
is because the scaling of the variance effects the amount of needed shots, and therefore

contributes to the scaling of the model.



5. Conclusion

Variational Quantum Algorithms (VQA) and quantum kernel methods, which we group
together with VQAs, have been regarded as candidates for practical quantum advantage.
These algorithms use quantum computers to calculate a quantity, for which it was found,
that often as qubits are added the gradients vanish exponentially and the results concen-
trates exponentially. This problem called the Barren Plateau (BP) problem is a problem,
because quantum computers are used to sample values, which leads to the need to take
exponentially many samples in order to keep the statistical uncertainty smaller than the
value of interest which gets exponentially small due to the BP problem. This means
that the BP problem leads to exponential scaling, which goes against the goal of using
quantum computers to avoid exponential scaling.

In order to avoid the BP problem, there has been research into BP free models.
When inspecting common models that have been proven to be BP free, it was found
that the proofs lead to the ability to, on average, simulate these models classically in
polynomial time. When taking this into account the avenues for exponential quantum
advantage through VQAs get scarcer. With this in mind we found five avenues in which
exponential quantum advantage seems possible: there is no proof for the absence of the
BP problem although its absence has been experimentally found, we find a useful trainable
model which uses discrete parameters that are mapped to parameter values that lead to
the model being hard to simulate classically, we use kernel methods that map discrete
data to points of the model that are hard to simulate classically, we encode discrete data
to initial states that are hard to simulate classically, the initial state consists of quantum
data which is hard to simulate classically.

As VQAs have been claimed to be suitable for small an erroneous devices, we looked
into papers that have arguments that support this notion [22, 21, 30, 34]. We found
that these were outdated results in the sense, that they do not take the BP problem into
account. The results about error resilience are based on the notion that we are optimizing
continuous parameters, which only happens in one of our the five cases, and even the only
case where models are trained the results are very model specific, meaning that general
claims would be speculative at best. Claims about small program sizes could lessen the

amount of errors, but the idea of short program size seems to come from the freedom to
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choose parts of the program to be short, but these short choices do not seem to lead to
useful models. We encourage that, if there is no new research that says otherwise, the
research community stops treating VQAs as being suitable for small erroneous devices.
While the BP problem and its ramifications paint a grim future for VQAs, the
generality of the loss function means that the findings about the BP problem can become
useful when trying to find quantum advantage from other algorithms. Given that a
suitable use case is found, the classical simulatability of the BP free models could also lead
to VQAs becoming useful classical algorithms which do not need quantum computers. For
these algorithms it could still be possibly that quantum computers are polynomially faster,

which we did not consider in this work, because we focused on exponential advantage.
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