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The Standard Model of particle physics has proven to be remarkably accurate in various collider
experiments, but lacks explanations for some observed phenomena such as baryon asymmetry: Why
is there more matter than antimatter? The extensions of the Standard Model provide possible solu-
tions to these questions, but the energy scales required to distinguish between them are difficult to
achieve in colliders. However, many of these extensions also result in cosmological phase transitions
that have occurred early in the Big Bang during the electroweak symmetry breaking at around
10−11 s or earlier.

If these phase transitions have been of first order, they have created a stochastic background of
gravitational waves that can be directly observed today. The Laser Interferometer Space Antenna
(LISA) space probe will be launched in the 2030s to study gravitational waves and to see whether
such a stochastic background exists. If we see a signal of cosmological origin, we need to be able to
deduce the parameters of the phase transition from the gravitational wave signal to understand the
physics behind it. To accomplish this, we need simulations of the gravitational wave spectra with
various parameters. One such important parameter is the sound speed cs.

The vast majority of existing simulations have been based on the bag model equation of state,
which assumes the ultrarelativistic sound speed cs = 1√

3 for both phases. This was also the case
for the PTtools phase transition simulation framework developed by Hindmarsh et al. In this
thesis PTtools has been extended to include support for arbitrary equations of state and therefore
for a temperature- and phase-dependent sound speed cs(T, φ). Since the sound speed is such an
integral part of the hydrodynamic equations, this required a nearly complete rewrite and significant
extension of the code. The code has also been sped up considerably by the use of the Numba JIT
compiler, various other optimisations and parallelisation, and made conformant to modern coding
standards.

PTtools was tested with the constant sound speed model, in which the sound speed is a constant for
each phase. The sound speed was shown to have a significant effect on the resulting gravitational
wave spectrum, especially when changing the sound speed resulted in a change in the type of the
solution. This has laid the groundwork for simulating cosmological phase transitions with realistic
equations of state based on the extensions of the Standard Model. This will result in gravitational
wave spectra that can be used in the LISA data analysis pipeline to search for the existence and
parameters of a first-order phase transition in the early universe.
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1. Introduction

The cosmic microwave background (CMB) has been our primary source of information
on the earliest moments of the universe. It is the light from the time when electrons
combined with nuclei to form atoms, and the universe became transparent to electro-
magnetic radiation. However, this occurred when the universe was about 370 000 years
old, and therefore so far we haven’t been able to make direct observations from earlier
events. This is about to change in the 2030s, when the Laser Interferometer Space
Antenna (LISA) will be launched. It is a space probe that consists of three satellites
arranged in an equilateral triangle with sides of 2.5 million kilometers, and connected
by laser interferometer beams. LISA is designed to detect gravitational waves, for
which the universe has been transparent ever since gravity separated from the other
three fundamental interactions. Therefore, with gravitational waves we can make di-
rect observations of events that occurred early in the Big Bang. Possible sources of
gravitational waves in the early universe include cosmological phase transitions, cosmic
strings and inflation. In this thesis I investigate the cosmological gravitational wave
background generated by cosmological phase transitions. [1, 2, 3]

In the Standard Model the Higgs transition is a cross-over instead of first-order.
Therefore, there is no sharp discontinuity at the phase boundary, and no generation
of gravitational waves. However, we know that the Standard Model is not a complete
description of physics, but has to be extended to account for various observations such
as neutrino oscillations, matter-antimatter asymmetry and dark matter. In many of
these extensions of the Standard Model, the Higgs transition is a first-order phase
transition and therefore results in a gravitational wave signal that can be observed
today. This makes LISA a direct experiment that can distinguish between different
extensions of the Standard Model. The temperatures in the early universe were so
extreme that they are difficult to replicate in particle colliders, and therefore LISA is
capable of probing conditions beyond the scope of existing particle colliders. [1, 4, 5]

First-order phase transitions proceed by the nucleation, expansion and collision
of bubbles. As the universe cools down, it becomes energetically favourable for the field
to change its phase. However, in first-order phase transitions there is a potential barrier
which prevents the field from transitioning to the new phase immediately. Eventually
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6 Chapter 1. Introduction

this barrier is overcome by spontaneous quantum tunneling or thermal activation at
random locations. This releases energy, which pushes the nearby regions to the new
phase as well. This creates spherically expanding regions of the new phase surrounded
by a phase boundary. These are known as bubbles. As the bubbles expand, they
eventually collide and merge. However, this is not the end of the story, as the expanding
domain walls have caused the fluid to move with them, and these waves persist beyond
the end of the phase transition. These waves are strong enough to cause the space-time
itself to ripple with them, and these are the gravitational waves that, if they occurred,
have persisted to the present day. However, since they occurred in the very early
universe, they have redshifted to much longer wavelengths in the millihertz regime. The
existing LIGO and Virgo gravitational wave detectors are ground-based detectors, and
their arms have been too short to detect these long-wavelength gravitational waves. To
detect the millihertz-range gravitational waves of cosmological origin, the much longer
lasers of the LISA are required. [1, 6, 7]

The spectrum of the gravitational waves is characterised by five key parameters.
These are the nucleation temperature Tn, phase transition strength at the nucleation
temperature αn, bubble wall speed vwall, transition rate parameter β and the sound
speed cs. [1] The effects of the first four parameters have been studied extensively in
the literature, but in the vast majority of the studies so far with a few exceptions [8, 9,
10, 11, 12] the sound speed cs has been assumed to be that of ultrarelativistic plasma:
cs = 1√

3 . In this thesis I investigate more realistic scenarios, where the plasma is not
fully ultrarelativistic, but instead it has degrees of freedom g(T, φ) that are dependent
on the temperature, and depending on the definition of the model, also the phase, and
the potential of the field V (T, φ), which depends on the temperature and the phase. The
speed of sound cs(T, φ) is dependent on these quantities, and therefore it’s dependent
on the temperature and the phase. This complicates the numerical simulation of the
fluid profile of the bubbles significantly. [8, 9, 10] This thesis is based on the phase
transition simulation framework PTtools originally developed by Hindmarsh et al. In
this thesis it has been extended to account for these more complex models. This
updated version of PTtools and its documentation are available on GitHub [13].

This pdf, its LaTeX source code and the data analysis code of this thesis are
available online on GitHub at [14]. Since this thesis also serves as an introduction
and a part of the documentation of PTtools, which continues to be developed, this
thesis may receive small updates after its publication. Therefore, for the latest version,
please see the GitHub repository [14]. This thesis is licensed with Creative Commons
Attribution 4.0 International.

https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


2. Phase transitions in the early
universe

The early universe has undergone multiple phase transitions. Among the most notable
of these is the electroweak symmetry breaking, also known as the Higgs transition, at
around 10−11 s and 100 – 1000 GeV, when the electromagnetic interaction separated
from the weak interaction and the Higgs mechanism turned on, giving the gauge bosons
their rest masses. Another notable phase transition is the QCD phase transition at
around 10−5 s and 200 MeV, when the quarks of the quark-gluon plasma of the early
universe became bound into hadrons. In the Standard Model these are both second-
order phase transitions, also known as crossovers. [1, 15]

The electroweak symmetry breaking is of particular interest, as the transition is of
first order in various extensions of the Standard Model. A first-order phase transition
results in a departure from thermal equilibrium at the phase boundary, which is a
requirement for the formation of matter-antimatter asymmetry. This generation of net
baryon number is known as baryogenesis. [1]

The theory of first-order phase transitions in the early universe is based on rel-
ativistic hydrodynamics. The following section 2.1 starts from the energy-momentum
tensor of general relativity and derives the equations that govern the evolution of the
fluid: the relativistic Euler equation, the energy-conservation equation and the wave
equation. Section 2.3 proceeds to the process of relativistic combustion and derives the
bubble wall junction conditions that define the behaviour of the fluid velocities and
thermodynamic quantities at the bubble wall. It then defines various equations and
quantities that will be of use in the simulations, including the transition strength α and
an ordinary differential equation group that determines the fluid velocity profile of the
bubble. Section 2.4 investigates the different types of solutions that these equations
allow, and the speed limits associated with these solutions. Section 2.5 derives the
general equation of state, and section 2.6 introduces its simplest implementation, the
bag model. Section 2.7 extends the bag model to having different sound speeds in each
phase, resulting in the constant sound speed model. Finally section 2.8 investigates
how the phase transition affects the distribution of energy between the field and the
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8 Chapter 2. Phase transitions in the early universe

kinetic and thermal energies of the fluid.

2.1 Relativistic hydrodynamics

Our system of interest is an ultrarelativistic plasma. This means, that the energy of
the particles is much higher than their rest mass. Therefore, there is sufficient energy
for new particles to be created, and similarly existing particles will annihilate all the
time. Treating this kind of a system as a classical fluid is not sufficient, and we need
the mathematical machinery of general relativity. It should be noted that the Einstein
notation will be used for the indices throughout the thesis. Greek indices are used for
four-vectors and latin indices for three-vectors.

In general relativity the matter and energy content of space are described by the
energy-momentum tensor Tµν , also known as the stress-energy tensor. In Minkowski
space in Cartesian coordinates this can be expressed nicely as a matrix, if we take the
time direction to be the coordinate time, uµ = δµ0. Then it’s given as [16, eq. 4.17,
17, fig. 3.3]

Tµν =


e −q1 −q2 −q3

−q1 p + Π11 Π12 Π13

−q2 Π12 p + Π22 Π23

−q3 Π13 Π23 p + Π33

 , (2.1)

where e is the energy density, p is the isotropic pressure, q is the energy flux or mo-
mentum density and Πij is known as the anisotropic stress, anisotropic pressure or
momentum flux, for which δijΠij = 0. Therefore the pressure can be extracted as

p = 1
3T i

i . (2.2)

In our case we assume the energy-matter content to be an ideal fluid in thermal
equilibrium. There is no energy transfer to or from the fluid, and therefore ∀j =
1, 2, 3 : T 0j = 0. As the fluid has no viscosity, it does not experience any shear
stress, and therefore ∀i, j = 1, 2, 3, i 6= j : T ij = 0. This does not depend on the
reference frame, so the tensor is diagonal in the rest frame of the fluid. Therefore
T ij = pδij, which means that ∀i, j : Πij = 0. These are satisfied only by the tensor
T 00 = e, T jj = p, ∀i 6= j : T ij = 0, which in matrix form is

Tµν =


e 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 . (2.3)
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This energy-momentum tensor of an ideal fluid can be broken in two components as
[1, eq. 5.11, 5.23, 16, eq. 4.12]

T µν
f = (e + p)uµuν + pgµν (2.4)

= wuµuν + pgµν . (2.5)

This expression is independent of our choice of a coordinate system. We have also
defined the enthalpy density w = e + p to simplify the expression. The enthalpy
density will be defined more thoroughly later in (2.29).

We are assuming the background space-time to be constant, and therefore the
total energy-momentum is conserved. In the language of general relativity this is

∇µT µν = 0. (2.6)

Here ∇µ is the covariant derivative, which in Minkowki space in Cartesian coordinates
reduces to the partial derivative ∂µ. To expand this equation in a way consistent with
[17, ch. 3.3] we need to define the projection tensor [17, eq. 3.9]

hµν ≡ gµν + uµuν , (2.7)

and the expansion scalar [17, eq. 3.13]

Θ ≡ hµν∇νuµ = ∇µuµ. (2.8)

Inserting these to (2.6) results in

∇µT µλ = uλuµ∇µw + wuµ∇µuλ + wΘuλ + gλµ∇µp. (2.9)

Relativistic acceleration is defined as

aν = uµ∇µuν . (2.10)

It is orthogonal to the velocity, and therefore

aµuµ = 0. (2.11)

Projecting using (2.6) and using these we get [17, eq. 3.54]

h · ∇ · T = hν
λ∇µT µλ = wuµ∇µuν + hν

λgλµ∇µp = 0. (2.12)

It should be noted that [17] uses the specific enthalpy h in their form these equations,
but it is not a meaningful quantity for an ultrarelativistic plasma and is therefore not
used here. Dividing by w we get the relativistic Euler equations [17, eq. 3.55]

uµ∇µuν + 1
w

hµ
ν ∇µp = 0. (2.13)
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Similarly we can project along the direction of velocity,

u · ∇ · T = uλ∇µT µλ = 0. (2.14)

This results in the energy-conservation equation [17, eq. 3.57]

uµ∇µe + wΘ = 0. (2.15)

For a one-dimensional flow in Cartesian coordinates the energy-momentum con-
servation of (2.6) can also be rewritten as

∂t

[
(e + pv2)γ2

]
+ ∂x

[
(e + p)γ2v

]
= 0, (2.16)

∂t

[
(e + p)γ2v

]
+ ∂x

[
(ev2 + p)γ2

]
= 0 (2.17)

by simply inserting (2.4) and using the normalisation of four-velocity uµuµ = −1. Let
us then analyse a perturbation on a fluid that is at rest with e0, p0 and v0 = 0. To first
order

e = e0 + δe, p = p0 + δp, v = v0 + δv = δv. (2.18)

Substituting these into (2.16) and (2.17) and approximating to first order in the per-
turbation results in

∂t(δe) + (e0 + p0)∂x(δv) = 0, (2.19)

∂t(δv) + 1
e0 + p0

∂x(δp) = 0. (2.20)

Taking the time derivative of (2.19) and a space derivative of (2.20), we can combine
the equations to the form

∂2
t (δe) − δp

δe
∂2

x(δe) = 0. (2.21)

This is the familiar wave equation, so the motion of the fluid has wave solutions that
we call sound. [17, ch. 4.3, 1, ch. 7.4] The speed of sound is then defined as [17, eq.
2.168, 9, eq. 13, 10, eq. 3]

c2
s ≡ dp

de
(2.22)

= dp/dT

de/dT
(2.23)

At the ultrarelativistic limit e = 3p and therefore c2
s = 1

3 , as we will derive in section
2.5.

Proper discussion of relativistic fluids also requires various thermodynamic quan-
tities. Perturbing around a constant internal energy U , effectively setting dU = 0,
gives the entropy density [1, p. 23]

s ≡ dS

dV
= dp

dT
, (2.24)
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where S is entropy, V is volume and T is temperature. Useful formulas for other ther-
modynamic quantities can be obtained from the thermodynamic identity of classical
thermal physics. [17, eq. 2.136, 18, eq. 3.68]

dU = TdS − pdV, (2.25)

The fluids in our case are ultrarelativistic, and therefore effectively the temperature is
much higher than the chemical potential µ, T >> µ, which means that can neglect
dN . Inserting (2.24) to (2.25) gives the energy density

e ≡ dU

dV
= T

∂p

∂T
− p. (2.26)

This in turn can be inserted to the definition of enthalpy [18, eq. 1.51]

H ≡ E + pV (2.27)

to get the enthalpy density

w ≡ dH

dV
(2.28)

= e + p (2.29)

= T
∂p

∂T
(2.30)

= Ts. (2.31)

Additionally we need to define the entropy current [1, p. 23]

Sµ ≡ suµ. (2.32)

These thermodynamic quantities are actively used in the following sections.

2.2 Field-fluid system

Our system of interest consists of a relativistic fluid of particles and the scalar field
φ, which are coupled to each other. The fluid is governed by the energy-momentum
tensor of eq. (2.4), and the scalar field is governed by the energy momentum tensor [1,
eq. 5.12, 6, eq. 2.9]

T µν
φ = ∂µ∂νφ − gµν

(1
2(∂φ)2 + V0(φ)

)
. (2.33)

The total energy-momentum is conserved, and eq. 2.6 can therefore be decomposed as
[1, eq. 5.17]

∂µT µν = ∂µ(T µν
f + T µν

φ ) = 0. (2.34)
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For further details on how the field-fluid system dynamics arise from the underlying
particle physics, please see [1, 19].

Figure 2.1 illustrates the temperature-dependent shape of the thermally corrected
potential VT . For temperatures T > Tc (red) the minimum of the potential is at φ = 0,
and the ground state is symmetric. As the temperature decreases below T1 (dark
green), a second minimum develops, but its potential is higher than that of the ground
state. At the critical temperature Tc both minima have the same potential and are
therefore degenerate. Below the critical temperature, the minimum at φ > 0 becomes
the global minimum and therefore the new stable ground state. This results in eventual
overcoming of the potential barrier by quantum tunneling or thermal activation from
the φ = 0 state to the |φ| = v state, and therefore the spontaneous nucleation of
bubbles.

|ϕ|

V T

+v

T> Tc
T= T1
T= Tc
T= T2
T=0

Figure 2.1: The thermal effective potential at different temperatures. Generated with PTtools
utilities. See also [1, fig. 4].

The pressure is dependent on the field, since the field gives the particles their
masses. For the bubble to expand, the interior pressure has to be higher than the
exterior one. At the critical temperature Tc of a phase transition the pressures on both
sides of the wall are equal

p+(Tc) = p−(Tc), (2.35)

where + refers to the symmetric phase in front of the bubble wall, and the − refers to
the broken phase behind the bubble wall. For a more comprehensive description on the
pressure, please see the section 2.5. The nucleation temperature Tn has to be below
the critical temperature for the phase transition to occur: Tn < Tc. The nucleation
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enthalpy wn is related to the nucleation temperature Tn as

wn = w(Tn, φs). (2.36)

Below the critical temperature, the bubble expands to the surrounding plasma. The
dynamics of the field φ driving the phase transition are given by [1, eq. 7.2]

�φ − V ′
T (φ) = −ηT (φ)uµ∂µφ, (2.37)

where η determines the strength of the friction due to the interaction of the bubble
with the plasma. The pressure difference between the symmetric and broken phases
drives the expansion of the bubble, and would lead to continued acceleration if not
counteracted by the friction ηT . In some cases the friction is not sufficient to slow the
expansion down, resulting in vwall → 1, which is known as a runaway solution [20, 21].
However, if γwallηT does not decrease with γwall, then there always exists a solution
with a constant vwall [21, 22]. The wall speed is further investigated in section 2.4.

2.3 Relativistic combustion

Cosmological phase transitions are analogous to classical combustion in the sense that
both have an advancing transition front, where energy is released, and hydrodynamic
waves that are generated by the transition front. Therefore, they can be said to be
a form of relativistic combustion. This section investigates the behaviour of the field-
fluid system at the phase boundary, also known as the bubble wall, and the evolution
of the fluid in front and behind of the wall. [6, appendix B, 23, 17, 7, ch. 6].

If the wall velocity is constant, (2.34) also holds in the wall frame. Therefore, for
a wall moving in the z-direction [23, eq. 7]

∂zT zz = ∂zT z0 = 0. (2.38)

Inserting the definition of T from (2.4) results in the bubble wall junction conditions
[1, eq. 7.22, 24, eq. 135.2, 135.3]

w−γ̃2
−ṽ− = w+γ̃2

+ṽ+, (2.39)
w−γ̃2

−ṽ2
− + p− = w+γ̃2

+ṽ2
+ + p+. (2.40)

The first junction condition can be trivially rearranged to

w− = γ̃2
+ṽ+

γ̃2
−ṽ−

w+, (2.41)

which we will need later. Let us now define two intermediate quantities,

x ≡ ṽ+ṽ−, y ≡ ṽ+

ṽ−
. (2.42)
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Using these we can rearrange the first junction condition of eq. (2.39) as

w−

w+
= y − x

1 − xy
, (2.43)

and the second junction condition of eq. (2.40) as

∆p

w+
(y − x) − w−

w+
x + y − x

1 − xy
+ (x − y) = 0. (2.44)

Inserting eq. (2.43) to (2.44) we get

y = x∆e + w−

e+ + p−
. (2.45)

Inserting this back to eq. (2.43) results in the quadratic equation

(∆e)x2 − (∆w)x + ∆p = 0. (2.46)

Solving this and discarding the unphysical solution x = 1 results in [1, eq. 7.32, 17,
eq. 4.134]

x = ṽ+ṽ− = p+ − p−

e+ − e−
, (2.47)

y = ṽ+

ṽ−
= e− + p+

e+ + p−
. (2.48)

Further simplification of these requires additional definitions that we will now intro-
duce.

The trace of the energy-momentum tensor of (2.4) is

T µ
µ = gµνT µν (2.49)

= 3p − e. (2.50)

We can quantify its difference from zero with the trace anomaly [1, eq. 7.24, 9, eq. 28]

θ ≡ 1
4(e − 3p). (2.51)

The definition of the trace anomaly varies by a factor of 1
4 depending on the source as

a matter of convention. To alleviate this confusion, we introduce the trace anomaly
without the factor of 1

4 as
Θ ≡ e − 3p. (2.52)

The difference of a quantity X just ahead and behind the wall is denoted as

∆X ≡ X+(T+) − X−(T−) (2.53)
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The difference of a quantity X in both phases at the same temperature is denoted as

DX± ≡ X+(T±) − X−(T±), (2.54)

where ± means that we can compute this quantity at either T+ or T−. The difference
of a quantity X in the same phase at different temperatures is denoted as

δX± ≡ X±(T+) − X±(T−). (2.55)

These are related by

∆X = X+(T+) − X−(T−) (2.56)
= (X+(T+) − X−(T+)) + (X−(T+) − X−(T−)) (2.57)
= DX+ + δX−. (2.58)

With these we can define the transition strength

α+ ≡ 4∆θ

3w+
= 4

3
θ+(T+) − θ−(T−)

w+
. (2.59)

and the transition strength at nucleation temperature [6, eq. 2.11]

αn ≡ 4Dθ(Tn)
3wn

= 4
3

θ+(Tn) − θ−(Tn)
wn

. (2.60)

A quantity similar to the trace anomaly is the pseudotrace [9, eq. 34, 10, eq. 1]

Θ̄ ≡ e − p

c2
s,b

. (2.61)

It is defined with respect to c2
s,b in both phases so that eq. 2.65 can be simplified. It

should be noted that the articles [9, 10] denote this pseudotrace as θ̄, but we have
chosen the symbol Θ̄ in accordance with (2.52) to highlight that it doesn’t have the
factor of 1

4 as eq. (2.51) does. Using it we can define the transition strength for the
pseudotrace, sometimes denoted as αΘ̄, as [9, eq. 34, 10, eq. 1]

αΘ̄+ ≡ DΘ̄(T+)
3w+

= Θ̄+(T+) − Θ̄−(T+)
3w+

(2.62)

The transition strength for the pseudotrace at the nucleation temperature is given as

αΘ̄n
≡ DΘ̄(Tn)

3wn

= Θ̄+(Tn) − Θ̄−(Tn)
3wn

. (2.63)

Note that these equations differ from the regular transition strength by a factor of 1
4

due to different conventions, but this is canceled by the lack of 1
4 in Θ̄. These also use
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D instead of ∆, and will prove out to be convenient with the constant sound speed
model of section 2.7. We can also define the enthalpy ratio

r ≡ w+

w−
. (2.64)

With these definitions the junction conditions of (2.48) can be simplified as

ṽ+ṽ− = 1 − (1 − 3α+)r
3 − 3(1 + α+)r ,

ṽ+

ṽ−
= 3 + (1 − 3α+)r

1 + 3(1 + α+)r . (2.65)

This is easiest to prove in the reverse direction. To further get expressions for ṽ+ and
ṽ− that are independent of r, we can extract r from both equations and mark those as
equal, resulting in the equation(

1
ṽ−

+ 3ṽ−

)
ṽ+ − 3(1 + α+)ṽ2

+ = 1 − 3α+. (2.66)

This is of second order in both ṽ+ and ṽ− and can be solved as [6, eq. B.6, B.7]

ṽ+ = 1
2(1 + α+)

( 1
3ṽ−

+ ṽ−

)
±

√√√√( 1
3ṽ−

− ṽ−

)2

+ 4α2
+ + 8

3α+

 , (2.67)

ṽ− = 1
2

((1 + α+)ṽ+ + 1 − 3α+

3ṽ+

)
±

√√√√((1 + α+)ṽ+ + 1 − 3α+

3ṽ+

)2

− 4
3

 . (2.68)

Both of these are basic second-order solutions, but in eq. (2.67) the discriminant has
been simplified.

It should be noted that the equations 2.39 and 2.40 are symmetric with respect
to the indices + and −. We can define another transition strength by inverting the
indices of α+ in 2.59 as

α− ≡ −4∆θ

3w−
. (2.69)

With this we can solve the junction conditions as above, but with opposite indices,
resulting in

ṽ+ = 1
2

((1 + α−)ṽ− + 1 − 3α−

3ṽ−

)
±

√√√√((1 + α−)ṽ− + 1 − 3α−

3ṽ−

)2

− 4
3

 , (2.70)

ṽ− = 1
2(1 + α−)

( 1
3ṽ+

+ ṽ+

)
±

√√√√( 1
3ṽ+

− ṽ+

)2

+ 4α2
− + 8

3α−

 . (2.71)

These versions of the equations are useful when computing ṽ+(α+) in a model where
α− is independent of w+, as then ṽ+ = ṽ+(w−).
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Figure 2.2: Relation between the fluid velocity just ahead of the wall ṽ+ and just behind the wall
ṽ−. Generated with PTtools. See also [1, fig. 13].

We can obtain useful continuity equations from the conservation of energy-
momentum. We start by defining two vectors, the fluid 4-velocity

uµ ≡ γ(1, −→v )µ (2.72)

and its orthonormal vector
ūµ ≡ γ(v,

−→v
v

)µ. (2.73)

Please note that the way these vectors are defined and the convention for the signature
of the metric vary from article to article. These vectors form an orthonormal basis. It
should be noted, that for orthonormal vectors [1, p. 36]

uµuµ = 1, (2.74)
uµūµ = 0. (2.75)

By projecting the conservation equation (2.6) to this basis and noting that ∇ν(uµuµ) =
0 and therefore uµ∇νuµ = 0, we get [1, eq. 7.28-7.29]

0 = uµ∇νT µν = −∇µ(wuµ) + uµ∇µp, (2.76)
0 = ūµ∇νT µν = wūνuµ∇µuν + ūµ∇µp. (2.77)

These are known as the continuity equations, or the hydrodynamic equations. It should
be noted that many articles use the symbol of a partial derivative ∂ in these equations,
even though it’s actually a covariant derivative ∇. Since we are operating in spherical
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coordinates, the divergence of a vector A is given by

∇ · A = 1
r2

∂(r2Ar)
∂r

+ 1
r sin θ

∂Aθ

∂θ
+ 1

r sin θ

∂Aφ

∂φ
. (2.78)

Let us look for a spherically symmetric self-similar solution using the dimensionless
coordinate

ξ ≡ r

t
. (2.79)

In a spherically symmetric case for uµ of eq. (2.72), the latter two terms of eq. (2.78)
are zero, and therefore

∇µuµ = γ

t

[
2v

ξ
+
[
1 − γ2v(ξ − v)

] ∂v

∂ξ

]
(2.80)

The gradients in eq. (2.76) and (2.77) can also be expressed as [23, eq. 25].

uµ∇µ = −γ

t
(ξ − v) ∂

∂ξ
, (2.81)

ūµ∇µ = γ

t
(1 − ξv) ∂

∂ξ
. (2.82)

With these eq. (2.76) and (2.77) can be expressed as

(ξ − v) 1
w

de

dξ
= 2v

ξ
+
[
1 − γ2v(ξ − v)

] dv

dξ
, (2.83)

(1 − vξ)dξp

w
= γ2(ξ − v)dv

dξ
. (2.84)

These are dependent only on ξ instead of r, and therefore a spherically symmetric
self-similar solution exists. Here the derivatives are now total derivatives, as e and p

are functions of a single variable. By dividing one equation by the other and using
eq. (2.22), we can combine these to

2v

ξ
= γ2(1 − vξ)

[
µ2

c2
s

− 1
]

dv

dξ
, (2.85)

where
µ(ξ, v) ≡ ξ − v

1 − ξv
(2.86)

is the Lorentz transformed fluid velocity ξ in a frame moving outward with the speed
v. This can be rearranged to give [1, eq. 7.30-7.31, 10, eq. 5]

dv

dξ
= 2v(1 − v2)

ξ(1 − vξ)

(
µ(ξ, v)2

c2
s

− 1
)−1

. (2.87)

From eq. (2.77) using eq. (2.22) and (2.29) we also get

dw

dξ
= w

(
1 + 1

c2
s

)
γ2µ(ξ, v)dv

dξ
. (2.88)
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Equation (2.87) can be split in two using an auxiliary quantity τ , resulting in the
equation group [6, eq. B.14-16]

dξ

dτ
= ξ

[
(ξ − v)2 − c2

s(1 − ξv)2
]

, (2.89)
dv

dτ
= 2vc2

s(1 − v2)(1 − ξv), (2.90)

dw

dτ
= w

(
1 + 1

c2
s

)
γ2µ

dv

dτ
. (2.91)

This is easier to prove in the reverse direction by dividing one equation by the other.
It should be noted that in general c2

s = c2
s(w, φ), which tightens the coupling between

these equations. The parametric equations have fixed points at (ξ, v) = (0, 0) and
(ξ, v) = (1, 1). When cs is a constant, the equations also have a fixed point at (ξ, v) =
(cs, 0). When cs is constant, the first two equations are not dependent on enthalpy,
which simplifies the integration considerably. However, in the general case of cs(w, φ)
the equations have to be integrated together.

2.4 Types of solutions

Solutions to the hydrodynamic equations (2.89), and (2.90) are obtained by integrating
away from the position of the bubble wall, ξw. There are two relevant external boundary
conditions. To maintain spherical symmetry

lim
ξ→0

v = 0. (2.92)

To maintain causality
lim
ξ→1

v = 0, (2.93)

as no information can propagate faster than light, and we assume the fluid to be
stationary until a signal from the expanding bubble arrives. In addition to these there
is one boundary condition for each side of the wall as

lim
ξ→ξ±

w =vw±δ, δ→0
v = v± = µ(ξw, ṽ±), (2.94)

There are two ways to satisfy these conditions. We can either start at v = 0,
or from a region where ξ > cs−(w) and µ(ξ, v) > cs−(w), and therefore dv

dξ
> 0, and

integrating backwards in ξ over a route where µ(ξ, v) > cs−(w) is satisfied. The other
way to reach v = 0 is by a discontinuity, i.e. a shock. This leads to two classes of
solutions. Another way to see that there are two classes of solutions is by noting that
the equations (2.67) and (2.68) have two branches. These solutions are classified in
table 2.1.



20 Chapter 2. Phase transitions in the early universe

Table 2.1: Types of solutions to the hydrodynamic equations

Detonations Deflagrations
p+ < p−, ṽ+ > ṽ− p+ > p−, ṽ+ < ṽ−

Weak ṽ+ > cs+(w+), ṽ− > cs−(w−) ṽ+ < cs+(w+), ṽ− < cs−(w−)
Chapman-Jouguet ṽ+ > cs+(w+), ṽ− = cs−(w−) ṽ+ < cs+(w+), ṽ− = cs−(w−)

Strong ṽ+ > cs+(w+), ṽ− < cs−(w−) ṽ+ < cs+(w+), ṽ− > cs−(w−)

The solutions with ṽ+ > ṽ− are known as detonations. Detonations are further
characterised by the scale of their ṽ−. In weak detonations ṽ− > cs−(w−).∗ Correspond-
ingly, detonations with ṽ− < cs−(w−) are known as strong detonations. However, they
are unstable and will naturally evolve into the third class of detonations, the Chapman-
Jouguet detonations, for which ṽ− = cs−(w−). [17, p. 279] Since we are investigating a
self-similar bubble that has already evolved for some time, the most of our detonations
are weak detonations, and those at the detonation-hybrid boundary are Chapman-
Jouguet detonations. In detonations the shock and phase boundary fronts are unified
to a single front. [25]

The solutions where ṽ+ < ṽ− are known as deflagrations. In them the phase
front can influence the fluid ahead, and the wall is preceded by an accelerating fluid
and a shock. Strong deflagrations are not possible in an exothermic reaction. [17, p.
267] Therefore, only weak and Chapman-Jouguet deflagrations are possible. In weak
detonations the fluid inside the phase boundary is still, and the preceding shock is
weak and known as the precompression front. [17]

The third class of solutions are the supersonic deflagrations, also known as hy-
brids. They consists of a Chapman-Jouguet deflagration followed by a detonation-like
rarefaction wave. In hybrids the wall speed exceeds the speed of sound in the broken
phase cs−, and the fluid is moving inside the phase boundary as well, as in a detonation.
[25, 1, p. 37, 6, p. 35] The three solution types: subsonic deflagrations, supersonic
deflagrations aka. hybrids and detonations are illustrated in figure 2.3.

∗The note in [17, p. 265] that weak detonations are not possible in an exothermic reaction does
not apply to cosmological phase transitions, since in them the number of particles is not conserved.
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Figure 2.3: Three different types of relativistic combustion. Generated with PTtools. See also [1,
fig. 14, 7, fig. 14].
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2.4.1 Speed limits

The observables of a physical system must be real, including ṽ+ and ṽ−. Therefore the
expressions in the square roots of eq. (2.67) and (2.68) must be real. By simplifying the
expression in the square root of eq. (2.67) we see that the square root is real ∀α+ ≥ 0,
but setting the square root in eq. (2.68) to zero gives a limit for ṽ+ as

ṽ+ = 1√
3

1 ±
√

2α+ + 3α2
+

1 + α+

 . (2.95)

The positive sign is the lower limit for detonations, and the negative sign is the upper
limit for deflagrations.∗

Inserting this value to the equation (2.68) and simplifying the expression with
the knowledge that the square root is now zero we get that

ṽ− = 1√
3

. (2.96)

This is the lower limit for detonations, and the upper limit for deflagrations.
The Chapman-Jouguet speed is defined as

ṽ+ = vCJ ⇔ ṽ− = cs−(w−). (2.97)

Starting from section (2.6) we will see that for some models the speed limit set by the
Chapman-Jouguet speed of (2.97) and the condition of (2.96) that the observables are
real are equivalent, but in general this is not the case.

Now we have the necessary knowledge to classify the different regions of fig. (2.2).
If the speeds of sound are equivalent to 1√

3 , we can have only weak and Chapman-
Jouguet detonations and deflagrations. When the speed of sound in the broken phase
cs−(w−) < 1√

3 , we could have a strong deflagration where cs−(w−) < ṽ− < 1√
3 , but this

is ruled out by the fact that the phase transition is exothermic. Correspondingly, when
cs−(w−) > 1√

3 , we can have a strong detonation where 1√
3 < ṽ−(w−, φ−) < cs−(w−),

but as previously discussed, a strong detonation is unstable and will evolve into a
Chapman-Jouguet detonation. Since for Chapman-Jouguet detonations vw = ṽ+ > ṽ−,
the Chapman-Jouguet speed is the lower speed limit for detonations that have been
evolving for a sufficiently long time.

2.5 General equation of state

The equation of state is the function p(T ) or p(w) that characterises the behaviour
of the fluid as a function of temperature T or enthalpy w. It should be highlighted

∗This is the same equation as in [1, eq. 7.34, 6, eq. B.19], but in those articles there is a typo due
to which a factor of 2 is missing from the expression.
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that everything up to this point has been independent of the choice of the equation of
state. We will now first describe the derivation for the general equation of state of an
ultrarelativistic plasma, and then introduce approximate models.

The energy density at a point is the sum of the energies of all particles at that
point. Therefore, the energy density in the position space can be obtained by integrat-
ing over the momentum space as [1, eq. 4.10]

e(x) =
∫ d3p

(2π)3 E(p)f(~p, x). (2.98)

Similarly we can obtain the other components of the energy-momentum tensor in the
position space as [1, eq. 4.13]

T µν(x) =
∫ d3p

(2π)3
pµpν

p0 f(~p, x). (2.99)

To give an intuitive explanation for this we can note that p0 = E = γm0 and pi =
γm0v

i, Therefore, pi

p0 = vi, and the factor pipj

p0 = pivj denotes the amount of momentum
being transported by the moving plasma. By inserting this to the definition of pressure
(2.2) we get

p(x) = 1
3

∫ d3p

(2π)3
|~p|2

E
f(~p, x) (2.100)

This notation is rather confusing, as the p on the left refers to the pressure, and all p

on the right refer to the momentum.
The particle distribution functions for fermions and bosons are [1, eq. 4.6]

f(~p) = 1
e

E−µ
T ± 1

, (2.101)

where + gives the Fermi-Dirac distribution for fermions and − gives the Bose-Einstein
distribution for bosons. Let us approximate that the fluid consists entirely of bosons,
and that they are ultrarelativistic: E(~p) =

√
~p2 + m2 ≈ p. Particle number is not

conserved in an ultrarelativistic plasma, and therefore µ = 0. Let us also remember
that we can convert the integral to 1D using the area of a sphere A(r) = 4πr2. With
these we get

e = 1
2π2

∫ ∞

0

p3dp

e
p
T − 1

, (2.102)

p = 1
6π2

∫ ∞

0

p3dp

e
p
T − 1

. (2.103)

These contain integrals of the form [18, eq. B.36]∫ ∞

0

xn

ex − 1 = Γ(n + 1)ζ(n + 1), (2.104)
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where Γ is the gamma function, which for integers is Γ(n) = (n−1)!. ζ is the Riemann
zeta function. It can be shown that ζ(4) = π4

90 . [18, prob. B.19] At this ultrarelativistic
limit we can see from eq. (2.102) and (2.103) that e = 3p, and therefore using eq.
(2.22) that c2

s = 1
3 .

To account for the various particle species in the plasma and their non-
ultrarelativistic behaviour, we need to multiply with the degrees of freedom ge and
gp, which are weighted sums over the contributions of different particle species. To also
account for the field, we need to add its potential V to the final result [26, eq. S12]

e(T, φ) = π2

30ge(T )T 4 + V (T, φ), (2.105)

p(T, φ) = π2

90gp(T )T 4 − V (T, φ). (2.106)

This means that we assume that all particles get their masses from the potential.
With eq. (2.29), (2.31), (2.105) and (2.106) we can obtain the entropy density as

[26, eq. S12]

s(T, φ) = 2π2

45 gs(T )T 3, (2.107)

where the degrees of freedom for the entropy density are

gs = 1
4(3ge + gp). (2.108)

Often only ge and gs are provided, and gp is obtained with

gp = 4gs − 3ge. (2.109)

For a free scalar particle ge = gp = gs = 1, which is known as the Stefan-Boltzmann
limit.

2.6 The bag model

For phase transitions in the early universe, the most commonly used equation of state
is the bag model, for which

ge± = gp± = gs± = 90
π2 a±, (2.110)

where a± are constants with a+ > a−. + refers to the symmetric phase, and − refers
to the broken phase. The potentials V± are also constants with V+ > V−. This results
in the bag equation of state [1, eq. 7.33, 9, eq. 8-9]

p± = a±T 4 − V±, (2.111)
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The potential difference ∆V ≡ V+ − V−, also known as ε, is the temperature-
independent vacuum energy that is released in the phase transition. The potentials are
usually shifted so that Vb = 0. The name of the bag model originates from quantum
chromodynamics (QCD), where it’s used to describe the proton as a bag of quarks. [9]

Using eq. (2.24) we get the entropy density

s± = 4a±T 3, (2.112)

and with eq. (2.31) the enthalpy density

w± = 4a±T 4. (2.113)

Finally with eq. (2.29) we get the energy density

e± = 3a±T 4 + V± (2.114)

The speed of sound from eq. (2.23) simplifies to

c2
s = dp

de
= dp/dT

de/dT
= 1

3 . (2.115)

As in section 2.5, this corresponds to assuming both of the phases to be ultrarelativistic.
It also happens to be the same as the ṽ− that corresponds to eq. (2.95), and therefore
the Chapman-Jouguet speed vCJ of the bag model is given by eq. (2.95). The trace
anomaly of eq. (2.51) simplifies to

θ± = V±. (2.116)

Therefore the transition strength of (2.59) simplifies to

α+,bag = 4∆V

3w+
, (2.117)

and the transition strength at nucleation temperature from (2.60) simplifies to

αn,bag = 4∆V

3wn

. (2.118)

This is trivial to invert, giving enthalpy at the nucleation temperature wn.

2.7 The constant sound speed model

The constant sound speed model, also known as the µ± model, the µ, ν model, or in
some sources as the template model, expands the bag model by allowing a different
speed of sound in each phase. [8, 9, 10] It is obtained by setting

gp± = 90
π2 a±

(
T

T0

)µ±−4
, (2.119)
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where µ± are constants. This results in the equation of state [10, eq. 15, 9, eq. 38]∗

p± = a±

(
T

T0

)µ±−4
T 4 − V±. (2.120)

The reference temperature T0 is introduced for the consistency of the units. For sim-
plicity it can be set to 1 GeV, or whichever unit one is using for the temperature.
Several articles use a version with T µ± , which is easier to read but has inconsistent
units. The parameters µ± are determined by the sound speeds in the symmetric and
broken phases with [10, eq. 16, 9, eq. 39]

µ± ≡ 1 + 1
c2

s±
, (2.121)

This model reduces to the bag model, when c2
s+ = c2

s− = 1
3 and equivalently µ+ = µ− =

4.
Similarly as for the bag model we can derive the entropy density

s± = µ±a±

(
T

T0

)µ±−4
T 3, (2.122)

and from it the enthalpy density

w± = µ±a±

(
T

T0

)µ±−4
T 4, (2.123)

and finally the energy density

e± = (µ± − 1)a±

(
T

T0

)µ±−4
T 4 + V±. (2.124)

The equation for enthalpy density (2.123) can be inverted to give the temperature as
a function of enthalpy

T± =
(

w

µ±a±T 4
0

) 1
µ±

T0. (2.125)

Therefore the effective degrees of freedom are

gp± = 90
π2 a±

(
T

T0

)µ±−4
, (2.126)

gs± = 45
2π2 µ±a±

(
T

T0

)µ±−4
, (2.127)

ge± = 30
π2 (µ − 1)a±

(
T

T0

)µ±−4
. (2.128)

The trace anomaly of eq. (2.51) simplifies to

θ±(w) =
(

µ±

4 − 1
)

a±

(
T

T0

)µ±−4
T 4 + V± (2.129)

=
(

1
4 − 1

µ±

)
w± + V±. (2.130)

∗Please note that there is a typo in [10, eq. 15]. There the 4 should be a µ.
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The transition strength of eq. (2.59) simplifies to

α+ = 1
3

(
1 − 4

µ+

)
− 1

3

(
1 − 4

µ−

)
w−

w+
+ α+,bag. (2.131)

The transition strength at nucleation temperature of (2.60) is correspondingly

αn = 1
3

(
1 − 4

µ+

)
− 1

3

(
1 − 4

µ−

)
w(Tn, φ−)

wn

+ αn,bag (2.132)

= 4
3

(
1

µ−
− 1

µ+

)
+ 1

3

(
1 − 4

µ−

)(
1 − µ−a−

µ+a+

(
Tn

T0

)µ−−µ+
)

+ αn,bag. (2.133)

When µ− = 4, αn of eq. (2.133) becomes independent of w−, resulting in

wn = 4(V+ − V−)
3αn + 4

µ+
− 1 . (2.134)

In this case we can obtain vCJ(αn, cs+) analytically. First we insert αn to eq. (2.134) to
get wn, and then insert wn to eq. (2.131) to get α+, since in this case α+ is independent
of w−. Then we can insert cs− and α+ to eq. (2.67) to get ṽ+ = vCJ .

The pseudotrace of eq. (2.61) is given by

Θ̄ = (µ± − µ−)a
(

T

T0

)µ±−4
T 4

0 + µ−V±. (2.135)

Therefore the corresponding transition strengths of eq. (2.62) and (2.63) become

αΘ̄+ = 1
3

(
1 − µ−

µ+

)
+ µ−

4 α+,bag, (2.136)

αΘ̄n
= 1

3

(
1 − µ−

µ+

)
+ µ−

4 αn,bag. (2.137)

These are equal for detonations regardless of the wall speed or the speeds of sound,
since α+,bag = αn,bag for detonations.

If we set T0 = Tc, eq. (2.35) results in

∆V = (a+ − a−)T 4
c . (2.138)

Using this the “bag” part in eq. (2.131) and (2.133) becomes

α+,bag = 4
3µ+

(
1 − a−

a+

)(
T+

Tc

)−µ+

, (2.139)

αn,bag = 4
3µ+

(
1 − a−

a+

)(
Tn

Tc

)−µ+

. (2.140)

Using this we can reorder eq. (2.133) to

a−

a+
=

4 + (µ+ − 4 − 3µ+αn)
(

Tn

Tc

)µ+

4 + (µ− − 4)
(

Tn

Tc

)µ− . (2.141)
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Approximating T+ ≈ T− results in eq. (2.22) being approximated as

c2
s,b ≡ dpb

deb

= dpb/dT

deb/dT

∣∣∣
T+≈T−

≈ δp−

δe−
. (2.142)

In the case of the constant sound speed model cs is independent of temperature, and
therefore this approximation is exact. With this approximation and the use of eq.
(2.58) the second junction condition of eq. (2.65) becomes

δp−

(
1 − ṽ+ṽ−

c2
s,b

)
= ṽ+ṽ−De+ − Dp+. (2.143)

Using this, eq. (2.58) and eq. (2.29) on the first junction condition of (2.65) results in

ṽ+

ṽ−
≈

w+

(
ṽ+ṽ−
c2

s,b
− 1

)
+
(

De+ − Dp+
c2

s,b

)
w+

(
ṽ+ṽ−
c2

s,b
− 1

)
+ ṽ+ṽ−

(
De+ − Dp+

c2
s,b

) (2.144)

=

(
ṽ+ṽ−
c2

s,b
− 1

)
+ 3αΘ̄+(

ṽ+ṽ−
c2

s,b
− 1

)
+ 3ṽ+ṽ−αΘ̄+

. (2.145)

The only approximation in this calculation is that of eq. (2.142). As it is exact for the
constant sound speed model, eq. (2.145) is exact for the constant sound speed model.
Eq. (2.145) can be rearranged to

ṽ+

c2
s,b

ṽ2
− +

(
3αΘ̄+ − 1 − ṽ2

+

(
1

c2
s,b

+ 3αΘ̄+

))
ṽ− + ṽ+ = 0, (2.146)

which is a basic second-order equation for ṽ−(ṽ+, αΘ̄+). Since ṽ+ = vw for all detona-
tions, and αΘ̄+ = αΘ̄n

for all detonations in the constant sound speed model, this gives
ṽ−(vw, αΘ̄n

). Eq. (2.145) can also be rearranged to(
1

c2
s,b

+ 3αΘ̄+

)
ṽ2

+ −
(

1
ṽ−

+ ṽ−

c2
s,b

)
ṽ+ + 1 − 3αΘ̄+ = 0. (2.147)

This gives the Chapman-Jouguet speed ṽ+ (ṽ− = cs,b) as [9, eq. 55]

vCJ =
1 +

√
3αΘ̄+(1 − c2

s,b + 3c2
s,bαΘ̄+)

1
cs,b

+ 3cs,bαΘ̄+

. (2.148)

This holds for all values of µ+ and µ−.
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2.8 Energy redistribution

Once the velocity profile of a bubble is known, it can be used to compute various
thermodynamic quantities.

We have assumed that the background spacetime is Minkowski, and that the
spacetime does not expand significantly during the phase transition. Therefore, the
total energy of the system is conserved, and

E = 4π
∫ R

0
drr2T 00 (2.149)

is a constant for R larger than the fluid velocity profile. It should be noted that this
energy conservation applies only to the total energy system, and not the energy of the
fluid, as there is energy transfer from the field to the fluid. [1, p. 21] Correspondingly
the mean energy density ē is defined as [1, p. 39]

ē = 3
ξ3

max

∫ ξmax

0
dξξ2e = e(wn, φs). (2.150)

The mean enthalpy density w̄ is defined as

w̄ = 3
ξ3

max

∫ ξmax

0
dξξ2w. (2.151)

Using these we can define the energy fluctuation variable

λ(x) = e(x) − ē

w̄
. (2.152)

For an ideal fluid of eq. (2.4) [6, eq. B.23]

T 00 = wγ2 − p = wγ2v2 + e = wγ2v2 + 3
4w + θ. (2.153)

Inserting this to the energy conservation equation (2.150) results in the equation [6,
eq. B.24]

eK + ∆eQ = −∆eθ, (2.154)

which consists of the terms defined below. The kinetic energy density is given by

eK ≡ 4π
∫ ξmax

0
dξξ2wγ2v2. (2.155)

It denotes the energy that is converted to macroscopic fluid movement. The thermal
energy density difference is given by

∆eQ ≡ 4π
∫ ξmax

0
dξξ2 3

4(w − wn). (2.156)
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It denotes the energy that is converted to microscopic fluid movement. The trace
anomaly difference is given by

∆eθ ≡ 4π
∫ ξmax

0
dξξ2(θ − θn). (2.157)

It can be considered as the potential energy available for transformation. We can
obtain the volume-average entropy density difference similarly as the energy density,
with

∆savg = 4π
∫ ξmax

0
dξξ2 (s(w, φ) − s(wn, φs)) . (2.158)

The upper integration limit ξmax can be chosen arbitrarily as long as it’s outside the
bubble, as outside the bubble all three quantities go to zero outside the fluid shell due
to v = 0, w = wn and θ = θn. A convenient choice is ξmax = max(vw, ξsh). [6, eq. B.25]

It should be noted that the trace anomaly is not quite equivalent to the thermal
potential energy density VT (T, φ), as using eq. (2.30), (2.29) and (2.106) we can see
that for the case of temperature-independent g,

θ = VT − 1
4T

∂VT

∂T
. (2.159)

Therefore, not all of the potential energy difference can be turned into kinetic and
thermal energy. [6, ch. B.2]

The fraction of total energy that is converted to kinetic energy is known as the
kinetic energy fraction,

K ≡ eK

ē
. (2.160)

Kinetic and thermal efficiency factors quantify the fraction of the available energy
∆eθ that is converted to kinetic and thermal energy. They can be defined as

κ ≡ eK

|∆eθ|
, ω ≡ ∆eQ

∆eθ

. (2.161)

Since energy is conserved by eq. (2.154), these have have the property that κ + ω = 1.
It should be noted that some sources such as [9, eq. 36, 10, eq. 12, 14] use

different definitions for κ:

κΘ̄+ ≡ 4eK

DΘ̄(T+)
= 4eK

3αΘ̄+w+
, (2.162)

κΘ̄n
≡ 4eK

DΘ̄(Tn)
= 4eK

3αΘ̄n
wn

. (2.163)

The enthalpy-weighted mean square fluid 4-velocity around the bubble is defined
by

Ū2
f = ∆eQ

wn

. (2.164)
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The adiabatic index is defined as
γ ≡ cP

cV

, (2.165)

where cP is the specific heat capacity at constant pressure, and cV is the specific
heat capacity at constant volume. For a classical monoatomic fluid γ = 5

3 , and for
an ultrarelativistic fluid γ = 4

3 . The enthalpy-weighted mean square fluid 4-velocity
around the bubble and the kinetic energy density fraction of eq. (2.160) are linked by

K = ΓŪ2
f , (2.166)

where
Γ ≡ w̄

ē
. (2.167)

In the case of the ultrarelativistic bag model Γ is the mean adiabatic index, but for a
more general model this may not be the case.





3. Gravitational waves

In this thesis the gravitational wave spectrum from the first order phase transition is
calculated using the Sound Shell Model. The Sound Shell Model is the process that
converts the fluid velocity and enthalpy profiles of chapter 2 to the gravitational wave
spectra. This process involves multiple steps. First in section 3.1 we investigate how
the gravitational wave spectrum is produced by the shear stress. Then in section 3.2
we investigate how the shear stress is produced by the sound waves. We combine
these results in section 3.3 to see how the gravitational wave spectrum is produced by
sound waves. Then in section 3.4 we convert the sound waves the fluid velocity profiles
of chapter 2. Combining these, we have the gravitational wave spectra. These four
sections follow the contents and structure in the article [6] that introduces the Sound
Shell Model. In section 3.5 we extend the process beyond the base Sound Shell Model
of the previous sections. Then in section 3.6 we convert the results to the frequencies
today. Finally in section 3.7 we define the LISA instrument noise to compare the
signal-to-noise ratios of the gravitational wave spectra to the LISA instrument noise.

3.1 Gravitational wave production from shear
stress

In this section we derive how the gravitational wave spectrum Pgw is produced by the
shear stress correlator Uπ. First of all we assume that the time scale of the phase
transition is much shorter than the Hubble time. Therefore we can neglect the expan-
sion of the universe and assume that the background is Minkowski spacetime. The
fluid and the scalar field are sources of metric perturbations for the spacetime. In the
synchronous gauge these produce a change in the space-time interval [6, p. 7]

ds2 = −dt2 + (δij + hij)dxidxj. (3.1)

The metric perturbations hij are sourced by shear stress, which is the transverse-
traceless part of the energy-momentum tensor Πij of eq. (2.1). This results in a wave

33
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equation for hij with a source term, [6, eq. 3.1, 27, eq. 1.24]

ḧij − ∇2hij = 16πGΠij. (3.2)

The energy-momentum tensor Tij consists of contributions from the fluid and the scalar
field [6, p. 7]

T f
ij = (e + p)γ2vivj + pδij, (3.3)

T φ
ij = δiφδjφ − 1

2(δφ)2δij. (3.4)

Let us introduce the tensor [27, eq. 1.35]

Pij(k) = δij − k̂ik̂j. (3.5)

This tensor is symmetric, transverse (k̂iPij(k) = 0) and a projector (PikPkj = Pij), and
its trace Pii = 2. Using Pij we can construct another tensor that we call the Λ tensor
[27, eq. 1.36]

Λij,kl(k) = Pik(k)Pjl(k) − 1
2Pij(k)Pkl(k). (3.6)

For further details on the Λ tensor, please see [27, ch. 1.2].
The spectral density of the time derivative of the perturbations, Pḣ(k, t), is de-

fined by [6, eq. 3.4]∗

〈ḣij
k (t)ḣij

k′(t)〉 = Pḣ(k, t)(2π)3δ(k + k′). (3.7)

The energy density of gravitational waves is given by [6, eq. 3.3, 27, eq. 1.135,
7.193]

egw = 1
32πG

∫
dk3〈ḣijḣij〉 (3.8)

= 1
32πG

∫
dk

k2

2π2 Pḣ(k). (3.9)

In many textbooks and articles the integral in the first expression is implicit. The
factor of k2

2π2 results from the conversion to spherical coordinates. The critical energy
density corresponding to a flat universe is given by [27, eq. 7.196]

ec = 3H2

8πG
. (3.10)

Let us define energy density of gravitational waves relative to the critical energy density.
This is the dimensionless quantity

Ωgw ≡ egw

ec

. (3.11)

∗In [6, eq. 3.4] the second k is a typo and should be k′.
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The gravitational wave power spectrum is defined by [6, eq. 3.45]

Pgw(k) ≡ dΩgw

d ln(k) = 1
12H2

k3

2π
Pḣ(k) = 1

12H2 Pḣ(k), (3.12)

where the first step is a direct result from the equations above. It should be noted that
in [6, eq. 3.6, eq. 3.46] it is presumed that ρ̄ = ec. A spectral density can be converted
to a power spectrum with [6, eq. 4.18]

P(k) = (2) k3

2π2 P (k). (3.13)

The factor of two is due to the fact that the velocity Fourier transform includes waves
moving in both directions.∗ Whether it is included or not is dependent on the context.
Therefore, the gravitational wave power spectrum can be obtained from the spectral
density Pḣ as

Pgw(k) = 1
12H2

k3

2π2 Pḣ. (3.14)

To obtain the gravitational wave spectrum Pgw(k), we therefore need to obtain an
expression for Pḣ that we can compute from the fluid shell profile. For this we will
need quite a few similar intermediate quantities. To avoid confusion, their symbols and
names are listed in table 3.1.

Table 3.1: Symbols and explanations of the spectral quantities

Symbol Explanation Eq.
Pḣ Spectral density of ḣ (3.19)
Pv Spec. den. of the plane wave components of the velocity field (3.72)
P̃v Scaled velocity spectral density (3.43)
Pṽ Velocity power spectrum (3.73)
P̃gw Spectral density of the gravitational wave power spectrum (3.47)
Pgw Gravitational wave power spectrum (3.14)
Ṗḣ Growth rate of the spectral density of ḣ (3.42)
P ′

gw Growth rate of the GW spectrum relative to the Hubble rate (3.46)

There exists a solution to the gravitational wave equation in the form of [6, eq.
3.2]

hij(k, t) = (16πG)Λij,kl(k)
∫ t

0
dt′ sin[k(t − t′)]

k
Tkl(k, t′). (3.15)

Since we are operating in the transverse-traceless gauge, it is sufficient to replace Tij

with the tensor [6, eq. 3.7]
τij = γ2wvivj + ∂φ∂jφ. (3.16)

∗See also [27, p. 338].
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This will be approximated in eq. (3.21). Using eq. (3.15) and (3.16) we have [6, eq.
3.8]

〈ḣij
k1(t)ḣij

k2(t)〉

= (16πG)2
∫ t

0
dt1dt2 cos[k1(t − t1)] cos[k2(t − t2)]Λij,kl(k)〈τ ij

k1(t1)τ kl
k2(t2)〉. (3.17)

Let us define the unequal time correlator (UETC) of the fluid shear stress UΠ with [6,
eq. 3.9]

Λij,kl(k)〈τ ij
k1(t1)τ kl

k2(t2)〉 = UΠ(k1, t1, t2)(2π)3δ(k1 + k2). (3.18)

Using this we can make a simple substitutions to eq. (3.7) and (3.18), resulting in an
expression for the spectral density as [6, eq. 3.10]

Pḣ(k, t) = (16πG)2
∫ t

0
dt1

∫ t

0
dt2 cos[k(t − t1)] cos[k(t − t2)]UΠ(k, t1, t2). (3.19)

Averaging over oscillations at wavenumber k,

Pḣ(k, t) = (16piG)2 1
2

∫ t

0
dt1

∫ t

0
dt2 cos (k(t1 − t2)) UΠ(k, t1, t2). (3.20)

This way we can compute the gravitational wave spectrum Pgw from the fluid shear
stress UETC UΠ.

3.2 Shear stress from sound waves

In this section we investigate how the unequal time correlator for the shear stress
(UETC) can be computed from the sound waves in the fluid. Let us start by defining
the fluid stress-energy tensor τij. The ∂iφ∂jφ term of eq. (3.16) is non-zero only at
the phase bondary, which is thin and therefore negligible compared to the fluid shell.
We also approximate that once the bubbles have collided and merged, the enthalpy is
constant throughout the fluid shell: w = e + p ≈ w̄, and that the fluid velocities are
non-relativistic, resulting in γ(v) = 1. Therefore eq. (3.16) approximates as [6, eq.
3.12]

τij ≈ w̄vivj. (3.21)

Let us define a couple of mathematical tools and quantities. The difference of the
wavevectors q and k,

q̃ = q − k. (3.22)

Using this their product can be expressed as

µ ≡ q̂ · k̂ = q2 + k2 − q̃2

2kq
. (3.23)
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The length of a vector is denoted as

q ≡ |q|. (3.24)

The unit vectors are defined as

q̂ ≡ q
|q|

⇒ q̂i ≡ qi

q
. (3.25)

The angular frequencies ω and ω̃ are defined as [6, p. 10]

ω = csq, ω̃ = csq̃. (3.26)

The Λ tensor of eq. (3.6) has the property that [6, eq. 3.17]

Λij,kl(k)q̂i ˆ̃qj ˆ̃qkq̂l = 1
2(1 − µ2)2 q2

q̃2 . (3.27)

For later use let us also define [6, p. 11]

t+ ≡ t1 + t2

2 , t− ≡ t1 − t2. (3.28)

Using these tools Hindmarsh et al. have derived in [6] that the UETC can be
given as [6, eq. 3.32]

UΠ(k, t1, t2) = 4w̄2
∫ d3q

(2π)3
q2

q̃2 (1 − µ2)Pv(q)Pv(q̃) cos(ωt−) cos(ω̃t−). (3.29)

Further by performing an angular integration and changing the integration variable
using eq. (3.23) we have [6, eq. 3.34]

UΠ(k, t1, t2) = 4w̄2

4π2k

∫ ∞

0

∫ q+k

|q−k|
dq̃qq̃

q2

q̃2 (1 − µ2)2Pv(q)Pv(q̃) cos(ωt−) cos(ω̃t−). (3.30)

The contents of Pv(q) will be defined later in eq. (3.72).

3.3 Gravitational wave power spectrum from sound
waves

In this section we derive the gravitational wave spectrum from the unequal time cor-
relator (UETC). The UETC of eq. (3.30) can be substituted to (3.20), resulting in [6,
eq. 3.35]

Pḣ(k, t) = (16πG)2 4w̄

4π2k

∫ ∞

0
dq
∫ q+k

|q−k|
dq̃qq̃

q2

q̃2 (1 − µ2)2Pv(q)Pv(q̃)∆(t, k, q, q̃), (3.31)

where
∆(t, k, q, q̃) ≈ 1

2

∫ t

0
dt1

∫ t

0
dt2 cos(kt−) cos(ωt−) cos(ω̃t−). (3.32)
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The approximation comes from averaging over the number of oscillations at wavenum-
ber k in eq. (3.20), and t− is defined in eq. (3.28). Using eq. (3.28) one can also
change the integration variable to t0, resulting in

∆(t, k, q, q̃) = 1
2

∫ t

0
dt+

∫ 2t+

−2t+
dt− cos(kt−) cos(ωt−) cos(ω̃t−). (3.33)

Therefore its growth rate is

∆̇(t, k, q, q̃) ≡ d

dt
∆(t, k, q, q̃) = 1

2

∫ 2t

−2t
dt− cos(kt−) cos(ωt−) cos(ω̃t−). (3.34)

Using a trigonometric identity for the product of cosines, at large t, eq. (3.34) asymp-
totes to a δ-function as

lim
t→∞

∆̇(t, k, q, q̃) = π

8 Σ±±±δ(±k ± ω ± ω̃). (3.35)

Of these combinations, only k − ω − ω̃ and −(k − ω − ω̃) can vanish, and therefore

lim
t→∞

∆̇(t, k, q, q̃) = π

4 δ(k − ω − ω̃). (3.36)

Beyond these approximations, these two terms are dominant, but the other terms do
have a finite contribution as well [28, 29]. Inserting this to eq. (3.20) gives us the
asymptotic growth rate of the spectral density

lim
t→∞

Ṗḣ(k, t) = (16πG)2 4w̄2

4π2k

∫ ∞

0
dq
∫ q+k

|q−k|
dq̃qq̃

q2

q̃2 (1 − µ2)2Pv(q)Pv(q̃)π

4 δ(k − ω − ω̃).
(3.37)

The δ-function of eq. (3.36) has restricted us to

k − ω − ω̃ = k − cs(q − q̃) = 0, (3.38)

and therefore we have
q̃ = k

cs

− q. (3.39)

Using this we can define
q± ≡ k(1 ± cs)

2cs

. (3.40)

Inserting eq. (3.39) to (3.23) gives

µ = 2qcs − k(1 − c2
s)

2qc2
s

. (3.41)

We can now integrate over q. Since the expression is no longer time-dependent, we can
denote it as

Ṗḣ(k) = (16πG)2 w̄

4πkcs

∫ q+

q−

q3

q̃
(1 − µ2)2Pv(q)Pv(q̃). (3.42)



3.3. Gravitational wave power spectrum from sound waves 39

We can now define the scaled velocity spectral density P̃v as

P̃v(qLf ) ≡ Pv(q)
L3

f Ū2
f

, (3.43)

where Lf is a length scale in the velocity field, and Ūf is the RMS fluid velocity. Let
us also define the additional quantities

y = kLf , z = qLf , z± = y
1 ± cs

2cs

. (3.44)

Therefore, the asymptotic growth rate of the spectral density can be written as

Ṗḣ(y) =
(
16πGw̄Ū2

f

)2 L4
f

4πycs

∫ z+

z−
dz

z3

y
cs

− z
(1 − µ2)2P̃v(z)P̃v

(
y

cs

− z
)

. (3.45)

The growth rate of the gravitational wave spectrum of eq. (3.14) relative to the Hubble
rate is [6, eq. 3.46]

P ′
gw ≡ 1

H

d

dt
Pgw = 3

(
ΓŪ2

f

)2
(HLf )(kLf )3

2π2 P̃gw(kLf ), (3.46)

where we have used the Γ of eq. (2.167) and ec of eq. eq. (3.10) and approximated
that ē = ec. We have also used the y and z of eq. (3.44), and using these we have
defined P̃gw, the dimensionless spectral density function [6, eq. 3.47]∗

P̃gw(y) = 1
4πycs

(
1 − c2

s

c2
s

)2 ∫ z+

z−

dz

z

(z − z+)2(z − z−)2

z+ + z− − z
P̃v(z)P̃v(z+ + z−z). (3.47)

The total gravitational wave power spectrum for a stationary velocity power spectrum
with a lifetime τv = t − t0 is given by [6, eq. 3.48]†

Ωssm
gw ≡ Pgw(k) =

∫ t

t0
dtHP ′

gw = 3
(
ΓŪ2

f

)2
(Hτv)(HLf )(kLf )3

2π2 P̃gw(kLf ), (3.48)

where Γ is the mean adiabatic index of eq. (2.167). This is the equation used by PTtools
to compute the gravitational wave spectrum. The choice of cs in eq. (3.47) is important
and non-trivial, since beyond the bag model cs = cs(T (w(ξ), φ(ξ))). Therefore, for an
enthalpy-dependent sound speed the formula is not exact. We approximate cs here as
cs(T (w̄, φb), φb), as w̄, the mean enthalpy after the phase transition of eq. (2.151), gives
a reasonable estimate on the temperature of the fluid. For the constant sound speed
model of section 2.7 this gives simply cs,b.

∗In [6] the P̄v is a typo and should be P̃v.
†In [6] the P̃GW is a typo and should be P̃gw.
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3.4 Velocity field from superposition of single-
bubble fluid shells

Now in the equations (3.43), (3.47) and (3.48) we have a system that takes in the ve-
locity spectral density Pv and outputs the gravitational wave spectrum. Therefore, the
missing piece is to compute the velocity spectral density Pv from the fluid shell profile.
The Sound Shell Model does not account for the collision dynamics, but approximates
that the bubble completely disappears when half of it has merged with another ad-
vancing region of the stable phase. The velocity field arises from the superposition of
fields produced by Nb individual bubbles, [6, eq. 4.1]

vi(x, t) =
Nb∑

n=1
v

(n)
i (x, t). (3.49)

The dimensionless coordinate ξ is defined as in eq. (2.79),

ξ ≡ R(n)

T (n) , (3.50)

where T (n) is the time since the nucleation of the nth bubble, given by

T (n) = t − t(n). (3.51)

The velocity field of each bubble is radial with respect to its center xn, it can be writen
as [6, eq. 4.2]

v
(n)
i (x, t) = R

(n)
i

R(n)vip(ξ) , (3.52)

where R
(n)
i = xi − x

(n)
i is the distance from the bubble surface from its centre. The

Fourier transform of the velocity field of a single bubble is given by [6, eq. 4.3]

ṽ
(n)
i (q, t) =

∫
d3xv

(n)
i (x, t)e−iq·x (3.53)

=
∫

d3R(n) R
(n)
i

R(n) vip(ξ)e−iq·R(n)
. (3.54)

Let us define the dimensionless wavenumber z as

zi = qiT (n). (3.55)

By changing the integration variable from R(n) to ξ we get [6, eq. 4.4, eq. 4.6]

ṽ
(n)
i (q, t) = e−iq·x(n)

i(T (n))3 ∂

∂zi

(∫
d3ξ

1
ξ

vip(ξ)e−iziξi

)
(3.56)

= e−iq·x(n)
i(T (n))3ẑif ′(z), (3.57)
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where we have denoted the part in the parentheses as f(z), and f ′(z) = d
dz

f(z). Per-
forming the angular integration in f(z) results in [6, eq. 4.5]

f(z) =
∫

d3ξ
1
ξ

vip(ξ)e−iziξi = 4π

z

∫ ∞

0
dξvip(ξ) sin(zξ). (3.58)

Performing similar steps for the energy perturbation variable λ of eq. (2.152), we get
its Fourier transformation

λ̃(n)(q, t) = e−iq·x(T (n))3l(z), (3.59)

where similar to f(z) we have l(z) given by [6, eq. 4.8]

l(z) = 4π

z

∫ ∞

0
dξλip(ξ) sin(zξ), (3.60)

where λip is the energy fluctuation variable λ of eq. (2.152) for a single bubble. The
integrations over the sines in these functions are the sine transform of the Sound Shell
Model. Assuming that the entire fluid perturbation characterised by f(z) and l(z)
becomes the initial condition for a sound wave at the collision time t

(n)
i , its contribution

to the plane wave is [6, eq. 4.9]

v
(n)
q,i = i(T (n)

i )3ẑie
iωti−iq·x(n)

A(z). (3.61)

These can be combined to the wavefunction launched by a single bubble, [6, eq. 4.10]

A(z) ≡ 1
2 (f ′(z) + icsl(z)) . (3.62)

Since f ′ and λ are real, [6, eq. 4.11]

|A(z)|2 = 1
4
(
f ′(z)2 + (csl(z))2

)
. (3.63)

Now that we have the plane wave created by a single bubble, we can combine
these to get the overall velocity power spectrum. The plane wave correlation function
for Nb randomly-placed bubbles in a volume V is given by [6, eq. 4.12]

〈vi
q1v∗j

q2〉 =
Nb∑

m=1

Nb∑
n=1

〈(T (m)
i )3(T (n)

i )3ẑiẑ′jA(z)A∗(z′)e−iq1·x(m)+iq2·x(n)
ei(ω1−ω2)ti〉. (3.64)

The averaging 〈〉 is over the ensemble of bubble locations x(n), nucleation times t(n)

and collision times t
(n)
i .

First averaging over bubbles nucleated between t′ and t′ + dt′, and colliding be-
tween ti and ti + dti, we have [6, eq. 4.13]

Nb∑
m=1

Nb∑
n=1

〈e−iq1·x(m)+iq2·x(n)〉 = d2P
Nb

V
(2π)3δ(q1q2), (3.65)
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where d2P (t′, ti) is the joint probability for nucleating and colliding in the given time
ranges. The δ-function results in ω1 = ω2, which removes the ei(ω1−ω2)ti term. There-
fore, the result is not dependent on the absolute collision time ti, but only on the
average over the bubble lifetimes Ti. Let us denote the probability density distribution
of lifetimes as

n(Ti) ≡ Nb

V
dP (Ti)

dTi

. (3.66)

Using these we can rewrite eq. (3.65) as

〈vi
q1v∗j

q2〉 =
∫

dTin(Ti)T 6
i ẑiẑj|A(z)|2(2π)2δ(q1 − q2). (3.67)

Let us define the mean bubble separation R∗, for which

lim
V→∞

R3
∗ = Nb

V
. (3.68)

Therefore, ∫
n(Ti)dTi = 1

R3
∗
. (3.69)

These result in [6, eq. 4.15]

n(Ti)dTi = β

R3
∗
ν(βTi)dTi, (3.70)

where ν(βT ) is the bubble lifetime distribution function, which is normalised so that∫
ν(x)dx = 1. The rate β is the nucleation rate parameter, for which [6, eq. 4.16]

β = (8π) 1
3
vwall

R∗
. (3.71)

This is the definition of β in the case of simultaneous nucleation. For the case of
exponential nucleation and further information on the nucleation rate in general, please
see [6, section 4.2]. Similarly as in eq. (3.7), we can now derive the spectral density of
the plane wave components of the velocity field as [6, eq. 4.17]

Pv(q) = 1
β6 R3

∗

∫
dT̃ ν(T̃ )T̃ 6|A( T̃ q

β
)|2, (3.72)

where T̃ ≡ βTi. Using eq. (3.13) we can convert this to the velocity power spectrum
[6, eq. 4.18]

Pṽ(q) = 2 q3

2π2 Pv(q) = 2
(βR∗)3

1
2π2

(
1
β

)3 ∫
dT̃ η(T̃ )T̃ 6

∣∣∣∣∣A
(

T̃ q

β

)∣∣∣∣∣
2

. (3.73)

This can be inserted to eq. 3.48 to get the gravitational wave spectrum. Now we have
the full Sound Shell Model to convert from the fluid velocity profile to the gravitational
wave spectrum.
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3.5 Correction factors

The Sound Shell Model is an approximation, although a highly useful one. To improve
upon its results, several extensions can be applied. Giombi et al. have investigated the
effects of changing the sound speed on the gravitational wave power spectrum using
analytical calculations. To implement this extension, we need the barotropic equation
of state parameter [30, p. 3]

ω(T, φ) ≡ p(T, φ)
e(T, φ) . (3.74)

Giombi et al. define the quantity ν, which we shall call as νgdh2024, as [30, eq. 2.11]

νgdh2024 ≡ 1 − 3ω

1 + 3ω
. (3.75)

Giombi et al. use ∆ηv

η∗
as the source duration, whereas the flow lifetime τv is a more

common quantity. It is proportional to known quantities as [6, p. 3, 31, p. 6]

τv ∼ R∗

Ūf

∼ R∗√
K

, (3.76)

where R∗ is the mean bubble separation, and K is the kinetic energy fraction of eq.
(2.166), which can be computed from the fluid shell. The Hubble-scaled mean bubble
spacing is defined as [31, eq. 2.2]

r∗ ≡ HnR∗. (3.77)

To convert between r∗ and the source duration by Giombi et al., we define the source
lifetime multiplier λ as

∆η

η∗
= λ

2r∗√
K

. (3.78)

We define the source lifetime factor Λ as [30, eq. 3.13]

Λ ≡ 1
1 + 2ν

(
1 −

(
1 + ∆η

η∗

))−1−2ν

, (3.79)

where ν = νgdh2024 of eq. (3.75). With this we can describe the corrected spectral
density by Giombi et al. simply as

P̃gw,corr.(k) ≡ ΛP̃gw(k). (3.80)

Another thing that we need to take into account is that the Sound Shell Model
is an approximation even for the bag model, and to get more accurate results, we need
to apply a suppression factor Σ(vw, αn) derived from comparing Sound Shell Model
results to 3D hydrodynamic simulations, [31, eq. 2.9]

Ωgw(z) = Ωssm
gw (z)Σ(vw, αn), (3.81)
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where Ωssm
gw (z) is the Sound Shell Model prediction from eq. (3.48). Both the source

lifetime factor Λ and the suppression factor Σ are implemented in PTtools, and corre-
spondingly in the results of chapter 5.

3.6 Gravitational wave power spectra today

Inserting the result (3.73) from the Sound Shell Model to eq. (3.48) gives the grav-
itational wave spectrum Pgw(k). In this section we convert this to the gravitational
wave spectrum today, Ωgw,0, which is an observable quantity. The power attenuation
following the end of the radiation era is given by [31, eq. 2.11, 5, eq. 19]∗

Fgw,0 = Ωγ,0

(
gs0

gs∗

) 4
3 g∗

g0
. (3.82)

Here the density parameter of photons today, Ωγ,0 ≈ 1.0995 · 10−4. The degrees of
freedom today are g0 = 2, gs0 ≈ 3.91. In the Standard Model gs∗ = g∗ for T > 0.1MeV,
and in PTtools these can be extracted from the given equation of state or specified by
the user. The Hubble rate at the phase transition redshifted to today is given by [31,
eq. 2.13, 5, eq. 31]

f∗,0 = 2.6 · 10−6Hz
(

Tn

100GeV

)(
g∗

100

) 1
6

. (3.83)

Using this we can convert from the dimensionless wavenumber z to frequency today
by taking into account the redshift [31, eq. 2.12]

f = z

r∗
f∗,0. (3.84)

The power spectrum today at the physical frequency f is [31, eq. 2.10]

Ωgw,0(f) = Fgw,0Ωgw(z(f)). (3.85)

Now we have defined the complete process from converting the fluid shell profile to the
observable gravitational wave spectrum today.

3.7 Instrument noise

To determine whether a phase transition can be resolved by LISA, we need to compare
its gravitational wave power spectrum to the power spectrum of the noise. The LISA
noise consists of the instrument noise and noise from the astrophysical foreground.
The most notable astrophysical noise sources are the extragalactic compact binaries

∗In [31, eq. 2.11] the 4
9 is a typo and should be 4

3 as in [5, eq. 19].
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and unresolved galactic compact binaries. These have been left out from this thesis for
simplicity, but are included in PTtools. [31, 13]

The LISA instrument noise is expected to consist primarily by two main sources:
the test mass acceleration noise (acc), and the optical metrology noise (oms). The
optical metrology noise is caused by single link optical path-length fluctuations. Their
noise target for LISA is [31, eq. 3.2, 32, eq. 54]

Poms =
(

1.5 · 10−11m
L

)2

Hz−1, (3.86)

where L = 2.5 · 109m∗ is the LISA constellation arm length. The single test mass
acceleration noise target for LISA is [31, eq. 3.3, 32, eq. 52-53]

Pacc =
(

3 · 10−15 m
s2

(2πf)2L

)2
1 +

(
0.4mHz

f

)2
Hz−1. (3.87)

The transfer frequency is the inverse of the time it takes for light to be sent between
the LISA satellites,

ft ≡ c

2πL
, (3.88)

where c is the speed of light. The modulation caused by one round trip of a signal
along a link is given by [31, p. 12]

W (f, ft) = 1 − exp
(

−2if

ft

)
. (3.89)

Using these we can express the instrument noise in the A and E channels of LISA as
[31, eq. 3.4, 32, eq. 57]

NA = NE =
((

4 + 2 cos
(

f

ft

))
Poms + 8

(
1 + cos

(
f

ft

)
+ cos2

(
f

ft

))
Pacc

)
|W |2.

(3.90)
The gravitational wave response function for the A and E channels is known only
numerically, but can be approximated as [31, eq. 3.6, 32, eq. 32]

RFit
A = RFit

E ≈ 9
20 |W |2

1 +
(

3f

4ft

)2
−1

. (3.91)

The noise power spectral density (PSD) is defined as [31, eq. 3.1]

S(f) ≡ N(f)
R(f) . (3.92)

This can be converted to the fractional energy density power spectrum with [31, eq.
3.8, 32, eq. 59]

Ωins =
(

4π2

3H2
0

)
f 3SA(f). (3.93)

∗In [31, p. 12] there is a typo in the value of L. This thesis uses the correct value from [32].
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Now that we know the power spectra for both the GW signal and noise, we can compute
the signal-to-noise ratio with [32, eq. 50, 5, eq. 33, 33, eq. 21]

SNR =

√√√√tmeas

∫ fmax

fmin
df

Ωsignal(f)2

Ωnoise(f)2 , (3.94)

where tmeas is the total measurement time. Now we have the means to determine
whether a phase transition with a particular fluid profile can be detected by LISA.



4. Simulation tools

The equations for the fluid dynamics and gravitational wave production have no ana-
lytical solutions in the general case. Therefore, numerical solutions are required. To
create these solutions, Hindmarsh et al. have developed the phase transition simula-
tion software PTtools [13]. In this thesis PTtools has been extended to account for
speeds of sound that differ from the bag model of section 2.6. This has enabled PTtools
to simulate bubbles using models beyond the bag model, such as the constant sound
speed model of section 2.7. The previous fluid profile solver relied heavily on analytical
shortcuts specific to the bag model, and the surrounding higher-level functionality was
built with this assumption in mind. Therefore, enabling the support for more complex
models required a nearly complete rewrite and significant extension of the entire simu-
lation software. When also counting the speedup optimisations done by the author as
preparations for this update, these changes resulted in PTtools growing more than an
order of magnitude in terms of the lines of code.

4.1 Overview of PTtools

PTtools [13] is a simulation software for modeling the velocity and enthalpy profile
of the fluid shell of a single bubble, and for converting the profile to the velocity
spectrum and gravitational wave spectrum using the sound shell model. PTtools is a
Python library, which uses Numpy and SciPy for the numerical simulations, Numba
for speeding up the computations and Matplotlib and Plotly for plotting. For PTools
and its full documentation, please see [13].

To use PTtools, the user has to first specify the equation of state. They
can either use the provided bag model (BagModel) or constant sound speed model
(ConstCSModel), or they can specify their own model by either inheriting from the
provided Model class and providing the equation of state analytically. Another option
is to inherit from the provided ThermoModel class and provide two of the degrees of
freedom gp(T, φ) of eq. (2.106), ge(T, φ) of (2.105) and gs(T, φ) of (2.107), and the po-
tential V (T, φ) of (2.106). This way the user can let PTtools take care of constructing
the equation of state from these parameters. PTtools then runs various validity checks

47

https://numpy.org/
https://scipy.org/
https://numba.pydata.org/
https://matplotlib.org/
https://plotly.com/
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for the model to ensure that a phase transition will occur and proceed in the system.
For the phase transition to proceed, there has to be a release of energy from the field
to the fluid, and therefore ∆V = Vs − Vb ≥ 0. The model also has to have a critical
temperature of eq. (2.35), under which it is energetically favourable for the system to
transition to the new phase. As a part of the model initialization, PTtools creates a
function for the speed of sound c2

s of the model. This function is compiled using Numba
to achieve sufficient performance for using this function in the bubble solving.

Once the model has been specified, the user can create a bubble by creating an
instance of the Bubble class by providing the model, vwall and αn. PTtools then runs
various validity checks for the bubble, including that there exists a nucleation enthalpy
wn of eq. (2.36), a valid solution type of fig. 2.3, and that the nucleation temperature Tn

is below the critical temperature. Unless specifically instructed to delay, PTtools then
numerically finds a solution for the hydrodynamic equations of eq. (2.89), (2.90), and
(2.91) and the bubble wall junction conditions of (2.39) and (2.40), resulting in a fluid
velocity profile for the bubble. This is also known as solving the bubble. The Bubble
object has various methods for extracting key quantities such as the thermodynamic
quantities of section 2.8. PTtools also checks the validity of the solution.

Further details on PTtools are subject to change as the library is being developed.
Please see the PTtools documentation for the latest information. An example on the
Python code required for creating the gravitational wave power spectrum from the
phase transition parameters is below.

import matp lo t l i b . pyplot as p l t

from p t t o o l s . bubble import Bubble
from p t t o o l s . models import ConstCSModel
from p t t o o l s . omgw0 import Spectrum

# Spec i f y the equat ion o f s t a t e
const_cs = ConstCSModel (

a_s=1.5 , a_b=1, c s s2 =1/3 , csb2 =1/3−0.01 , V_s=1
)

# Create a bubb l e and s o l v e i t s f l u i d p r o f i l e
bubble = Bubble ( const_cs , v_wall =0.5 , alpha_n =0.2)
bubble . p l o t ( )

# Compute g r a v i t a t i o n a l wave v e l o c i t y and power spec t ra f o r
the bubb l e
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spectrum = Spectrum ( bubble )
spectrum . plot_mult i ( )

p l t . show ( )

4.2 Bubble solver

The bubble solver is the numerical simulation that converts the parameters that de-
scribe the phase transition, vwall, αn and the equation of state, to the fluid veloc-
ity and enthalpy profiles v(ξ) and w(ξ). The bubble solver consists of three steps:
1) preparatory steps that provide initial values for a numerical solver, 2) the nu-
merical solver itself, and 3) post-processing to provide output data in a consistent
form. For the bag model the user can also choose to use the previous version of
the solver, which uses several analytical shortcuts based on the assumption that
c2

s = 1
3 and is therefore significantly faster. This solver can be enabled by calling

Bubble(model, v_wall, alpha_n, use_bag_solver=False).
The generic solver starts by checking the type of the solution based on the con-

ditions of table 2.1. If the type of the solution cannot be determined automatically,
the solver will halt and request the user to provide the type of the solution. Then the
solver will use the bag model to load reference values for w+ and w− for the given vwall

and αn. These reference values will be used as the starting point for the numerical
solver. If the reference values have not been precomputed, they will be computed and
saved to disk at this point. If there is no reference data for the given parameters,
as is the case for deflagrations with high αn and low vwall for which there is no bag
model solution, then an arbitrary guess of w− = 0.3wn will be used as the starting
point for the solver (subject to change), and the starting guess of the bubble junction
condition solver for w+ will be computed based on the bag model equations. Finally,
the Chapman-Jouguet speed of (2.97) is computed.

Once these preparations have been done, the solver chooses an algorithm specific
to the type of the solution. Detonations are the simplest case. Since the fluid is
stationary outside the wall, the junction conditions can be solved directly using ṽ+ =
vwall and w+ = wn. Then the solver integrates from (v−, w−) to the fixed point at
(ξ = cs,b, v = 0). The fluid inside the fixed point is stationary. There is also another
fixed point at (ξ = 1, v = 1), but we choose the direction of τ in eq. (2.89), (2.90) and
(2.91) so that we integrate in the correct direction.

Subsonic deflagrations are more complicated, as we cannot compute v−,sh, w−,sh

from v+,sh = 0, w+,sh = wn using the junction conditions, since we don’t know the
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shock speed beforehand. For some deflagrations, the shock can also be too small for
the numerical accuracy of the junction solver, since when vsh is close to cs,s, the fluid
profile can vary significantly with small changes of vsh. Therefore, we have to start by
guessing a w−. Since the fluid inside the wall is stationary, we know that ṽ− = vwall.
For a given (v−, w−) we can solve the junction conditions, giving (v+, w+). From these
we can integrate until we encounter the shock. However, we cannot directly compute
vsh(ξsh), as it’s dependent on w−,sh. Therefore we have to evaluate vsh(ξsh, w−,sh) for
each (ξ, w) on the integrated curve to see when the curve encounters the shock. This
is accomplished by a binary search. Once we know ξsh, we can solve the junction
conditions with v+,sh = 0, giving us a w+,sh. Then we compare this to the given wn. If
they don’t match, we adjust our guess for w− and start again until we have w+,sh = wn.

Hybrids are the most complicated case, as neither v+ nor v− is known beforehand.
Therefore we start by guessing a w−, and we know that ṽ− = cs(w−, φ−). Then we
can solve the junction conditions to get (v+, w+). With these we can integrate until we
encounter the shock. Then we perform the rest of the steps as for deflagrations, and
iterate until we have w+,sh = wn. Once this is found, we integrate from our starting
point (v−, w−) to the fixed point to get the detonation-like tail, resulting in the full
hybrid solution.

For all solution types, once we have the solution, we add points corresponding
to (ξ = 0, wcenter) and (ξ = 1, wn) so that the solution covers the full range ξ ∈ [0, 1].
It should be noted, that the resulting solution does not have a fixed step for ξ, and
therefore one has to be careful when computing integrals or Fourier transforms of the
solution.

The Bubble class performs various checks on the solution. It checks that 1)
α+(w+, w−, ṽ+) can be computed, 2) entropy fluxes across the wall and their difference
are non-negative, 3) the total change in the volume-averaged entropy density is non-
negative, and 4) that energy is conserved by κ + ω ≈ 1 (2.161). If any of these checks
fail, the solution is marked to have an error.

Once the bubble is solved, the Bubble object can be queried for various quantities,
including but not limited to the fluid velocities in both the plasma and wall frames, the
corresponding velocities for the shock, enthalpies at the wall and at the shock, various
thermodynamic quantities in both bubble volume averaged and volume-averaged forms,
such as the entropy density and entropy fluxes, kinetic energy density (2.155), kinetic
energy fraction (2.160), thermal energy density (2.156), trace anomaly θ (2.51), mean
energy density ē = en (2.150), mean enthalpy density w̄ (2.151), κ (2.161), κθ̄+ (2.162),
κθ̄n

(2.163), ω (2.161), mean adiabatic index Γ (2.167) and Ū2
f (2.164).
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4.3 Spectrum computation

Once the fluid velocity profile of a bubble is solved as above, it can be converted to
the velocity spectrum and gravitational wave spectrum by constructing a Spectrum
object. The spectrum computation is based on the Sound Shell Model [6]. First, the
spectral density of the plane wave components of the velocity field Pv(q) is computed
using eq. (3.72). This is converted to the velocity power spectrum Pṽ using eq. (3.73).
The spectral density of the plane wave components of the velocity field Pv(q) is also
used to compute the spectral density of gravitational waves P̃gw(y) of eq. (3.47). This
is converted to the gravitational wave power spectrum Pgw using (3.48).

4.4 Parallel computing

PTtools provides an interface for creating multiple bubbles and computing quantities
from them in parallel on multiple CPU cores, despite being Python-based software.
This is made possible by the multiprocessing module of the Python standard library.
The spectrum computation of a single bubble can also take advantage of multiple CPU
cores thanks to Numba parallelism. PTtools has various utilities built on top of this
that simplify the parallel generation of bubbles. An example of a parallel program is
provided below.

import numpy as np

from p t t o o l s . a n a l y s i s import BubbleGridVWAlpha
from p t t o o l s . bubble import Bubble
from p t t o o l s . models import BagModel

def compute ( bubble : Bubble ) :
i f bubble . no_solution_found or bubble . s o l v e r _ f a i l e d :

return np . nan , np . nan
return bubble . kappa , bubble . omega

compute . return_type = ( f loat , f loat )

v_walls = np . l i n s p a c e ( 0 . 1 , 0 . 9 , 5)
alpha_ns = np . l i n s p a c e ( 0 . 1 , 0 . 3 , 5)

https://docs.python.org/3/library/multiprocessing.html
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model = BagModel ( a_s=1.1 , a_b=1, V_s=1)
g r id = BubbleGridVWAlpha ( model , v_walls , alpha_ns , compute )
bubbles = gr id . bubbles
kappas = gr id . data [ 0 ]
omegas = gr id . data [ 1 ]



5. Results

The constant cs model was chosen as the model to test PTtools with, as the model is
the next logical extension of the bag model, and there is some reference data available
from [9, 10]. Figure 5.1 demonstrates solutions for three different wall speeds vwall

and two different transition strengths αn of eq. (2.60). Instead of using only the
bag model which has the squared sound speeds c2

s,s = c2
s,b = 1

3 , each plot has four
curves, each corresponding to a different combination of the squared sound speeds
c2

s,s ∈ {1
3 , 1

4}, c2
s,b ∈ {1

3 , 1
4}. The corresponding gravitational wave spectra are plotted in

figure 5.2. Converting these to the frequencies and amplitudes today results in figure
5.3, which also contains the LISA instrument noise spectrum as a reference.

These figures demonstrate that the sound speed can have a profound effect on
the resulting gravitational wave spectrum. To understand how the sound speed affects
the gravitational wave spectrum, we have to first study the fluid shells of figure 5.1.
There are two curves that constrain the shape of the fluid shells. The solid black curves
are the shock velocities vsh(ξ, cs,s) that are determined by cs,s. In general the shock
velocity is also dependent on the enthalpy density w, since cs = cs(w, φ), but in the
constant sound speed model the sound speed is independent of the enthalpy, as it is a
constant for each phase. Therefore we can plot the shock velocities as curves in the 2D
plots instead of having to plot them as surfaces as functions of (ξ, w) in a 3D plot. The
dotted black curves are the µ(ξ, cs,b) curves of eq. (2.86) that constrain the maximum
fluid velocity inside the bubble. They are dependent on the choice of cs,b. The vsh

curves encounter v = 0 at ξ = cs,s and the µ curves at ξ = cs,b.
For all solution types, adjusting either of the sound speeds affects the degrees

of freedom and therefore the pressure p and enthalpy density w for that phase. This
affects the solution of the bubble wall junction conditions of eq. (2.39), (2.40) and
therefore v(ξwall), which is also the peak of the fluid velocity profile. This effect can be
seen at the top-left figure, where all four fluid shells have different v(ξwall). The change
caused by adjusting the sound speed is the most profound for deflagrations when cs,s

is decreased below vwall, as it causes them to become hybrids, and vice versa. Similarly
changing cs,b so that the Chapman-Jouguet speed of (2.97) is decreased below vwall

converts a hybrid to a detonation, and vice versa.
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Figure 5.1: Self-similar fluid profiles with four sound speed combinations, three different wall speeds
vwall and two transition strengths αn

For deflagrations and hybrids, adjusting cs,s affects the location of the shock and
therefore the thickness of the fluid shell. It also affects the ODE group of eq. (2.89),
(2.90), (2.91) and therefore the shape of the fluid shell in front of the bubble wall.
These effects can be seen at the top-left and bottom-left figures, where the curves with
the same cs,s are grouped together. Correspondingly for hybrids, adjusting cs,b affects
µ(ξwall, cs,b), which is the point from which the integration of the detonation-like part
of the fluid shell starts. This can be seen in the two figures at the middle, where the
detonation-like tails of the curves with the same cs,b are grouped together. And for
both detonations and hybrids, adjusting cs,b affects the shape of the fluid shell behind
the wall.

These differences in the shapes of the fluid shells carry over to the gravitational
wave spectra of fig. 5.2 and eventually of the gravitational wave spectra today in fig.
5.3. The sine transformation of eq. (3.58) and (3.60) in the process converts the fluid
shells of fig. 5.1 to the gravitational wave spectra of 5.2 has the same basic properties
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Figure 5.2: Gravitational wave power spectra computed with the sound shell model from the fluid
profiles of fig. 5.1

as a Fourier transform. Therefore, by comparing the fluid velocity profiles and the
gravitational wave spectra we can identify a few general correlations. The thinner the
fluid shell is, the broader the gravitational wave spectrum. And the higher the fluid
velocities are in the fluid shell, the higher is the intensity of the gravitational waves.
Thin shells also have more of the higher frequencies. These effects can be seen in
the case of thin hybrids of the middle figures. Hybrids consist of two sections with
significantly differing characteristics. Therefore, the hybrids and especially the thin
hybrids with high fluid velocities in front of the wall have a gravitational wave spectrum
with two distinct contributions. This results in a significantly higher gravitational
wave spectrum in the higher frequencies resulting in a significantly higher signal-to-
noise ratio (SNR), which distinguishes them from the detonations and deflagrations.
Outside the region of the peak, the gravitational wave spectra follow a k9 power law
at low z, and k−3 at high z.

The signal-to-noise ratios of the example spectra in figure 5.3 are entirely below
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Figure 5.3: Scaled gravitational wave power spectra today, Ωgw,0, of the gravitational wave power
spectra of fig. 5.2

the LISA noise curve except for the one curve with cs,s = 1
4 , cs,b = 1

3 , αn = 0.2, vwall =
0.68, but the signal-to-noise ratios above unity by an order of magnitude or two for
many of the curves. This is thanks to the integrated nature of the signal, which makes
the overall signal distinguishable from the noise power spectrum even though the power
at individual frequencies is below the noise. [33]

To test the precision and reliability of the results provided by PTtools, we com-
pared to the results given by the code in Giese et al., 2021 [10, fig. 2]. The reference
fluid profiles are generated by the in the article, and the κ of eq. (2.161) is computed
by PTtools. The resulting κ values are in fig. 5.4, and the relative differences in fig.
5.5 The colors from blue to gray correspond to α = 0.01, 0.03, 0.1, 0.3, 1, 3. For each
color, the solid line has c2

s,s = 1
3 , c2

s,b = 1
3 , the dashed line has c2

s,s = 1
3 , c2

s,b = 1
4 , the

dotted line has c2
s,s = 1

4 , c2
s,b = 1

3 and the dot-dashed line has c2
s,s = 1

4c2
s,b = 1

4 .
As we can see by the visually identical results in fig. 5.4 and the small scale

of the relative differences in fig. 5.5, the fluid profile simulations give nearly identical
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Figure 5.4: Comparison of κ values by [10, fig. 2] and PTtools
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Figure 5.5: Relative difference of the κ values by [10, fig. 2] and PTtools

results. This demonstrates that PTtools is a reliable fluid profile simulator for a variety
of sound speeds cs, phase transition strengths αn and wall speeds vwall. The differences
are due to the differences in the number of the integration points chosen for the curve
and the different junction condition solver and ODE integration algorithms.

For cs,s = 1
4 , cs,b = 1

3 and αn = 0.01, 0.03 the there is no curve, as the αn is below
the theoretical minimum of αn ≈ 0.067 for the model. This is recognised by the Giese
et al. solver as well, which is why it lacks the same curves.

The code by Giese et al. is specific to the constant sound speed model, whereas
the PTtools solver is desiged to be generic in such a way that it can solve bubbles
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with arbitrary cs(T, φ). The PTtools code also enables easy extraction of various
thermodynamic quantities, and the gravitational wave spectra. Therefore, now that
we know that PTtools works reliably for the constant sound speed model, the next
step is to test it with more complex models.



6. Conclusion

In this thesis PTtools has been expanded from a compact simulation script based on
the bag model to a comprehensive framework for simulating the fluid velocity profiles
of first-order phase transitions in the early universe with temperature- and phase-
dependent speeds of sound cs(T, φ), and their gravitational wave spectra based on the
Sound Shell Model, including the conversion to the gravitational spectra today.

PTtools was tested with the constant sound speed model due to the availabil-
ity of reference data by Giese et al. [10], and it was shown to work reliably for a
broad range of the combinations of the sound speeds cs,s and cs,b, the phase transition
strength αn and the wall speed vwall. The PTtools fluid velocity profile solver has
been updated beyond that of the available references in such a way that it supports
arbitrary particle physics models with a temperature-dependent sound speed cs(T, φ),
as long as they provide Vs(T, φ), Vb(T, φ) and two of gp(T, φ), ge(T, φ), gs(T, φ) or two
of p(T, φ), e(T, φ), s(T, φ), but preferably all three for numerical precision. This en-
ables the easy integration of models developed by other researchers, and therefore the
comparison of the gravitational wave spectra of these models. This is also to the au-
thor’s best knowledge the first time that phase transitions in the early universe have
been simulated with temperature-dependent speeds of sound without resorting to time-
consuming 3D simulations.

The numerical results of the fluid shell solver have been demonstrated to be
consistent with a reference for a broad range of parameters. However, some special
cases are still challenging. The most notable of these are very thin hybrid shells near
the Chapman-Jouguet speed vwall = vCJ , where the thickness of the fluid shell in front
of the wall is comparable to the minimum step possible for the ODE solvers. This
limits the precision of the overall solver in these special cases. However, these special
cases compose a very small section of the overall parameter space, and for the vast
majority of the parameter space, the PTtools solver produces reliable results.

The performance of PTtools is also notable. The creation of the gravitational
wave spectrum today from the phase transition parameters takes less than a second
per bubble on a laptop, and generating all the figures in this thesis takes less than five
minutes on a workstation. This is in a stark contrast with the 3D hydrodynamic sim-
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ulations that require the computational power of supercomputers. This demonstrates
that the Sound Shell Model is an essential tool in investigating the effects of the phase
transition parameters on the resulting gravitational wave spectrum.

This master’s thesis lays the groundwork for the author’s PhD thesis on the topic.
Now there is a framework for determining the gravitational wave spectrum from the
phase transition parameters, including temperature-dependent speed of sound. Deter-
mining the parameters of a phase transition from LISA data will require solving the
inverse problem: what are the phase transition parameters based on the gravitational
wave spectrum? This will require novel tools such as machine learning or Markov chain
Monte Carlo simulations. There is also potential for integrating PTtools with the ex-
isting web-based simulation utility PTPlot [34, 35, 5] to create a comprehensive but
easy-to-use web-based utility for researchers to simulate phase transitions with various
parameters. Further possibilities for extending PTtools itself include integrating the
low frequency spectral density function by Giombi et al. [30, eq. 3.6]. These topics
will be investigated in the author’s PhD studies.

PTtools will be published as open source soon after the publication of this thesis
on GitHub at [13]. This will enable the research community to integrate their various
particle physics models, and to simulate the resulting gravitational wave spectra. This
will provide the LISA simulation pipeline with various waveforms of interest, and if
one of them is eventually found in LISA data, this will result in a groundbreaking
discovery that will point the direction for the development of particle physics beyond
the Standard Model.
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