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1 Introduction

Recent technical developments, geographical information systems (GIS) and
global positioning systems (GPS) have brought about a renewed interest in
spatial matters. For instance, it is today technically possible to incorporate
the exact location of an observation into the data. Spatial analysis deals with
these kinds of geocoded data. Haining (2003, p. 4) divides spatial analysis
into cartographic modelling, mathematical modelling and spatial data analy-
sis. Spatial data analysis is the part that includes statistical methods for
analyzing the data. Standard references in the broad field of spatial data
analysis are the books by Ripley (1981), Cressie (1993), and Schabenberger
and Gotway (2005), among others.

In this thesis spatial econometrics is seen as a subset of spatial data analy-
sis, i.e. the spatial aspects of the data are dealt with from an econometric
perspective. We follow Anselin (2006, p. 902 and 2009, p. 3) who defines spa-
tial econometrics as ‘a subset of econometric methods that is concerned with
spatial aspects present in cross-sectional and space-time observations. Vari-
ables related to location, distance and arrangement (topology) are treated
in model specification, estimation diagnostic checking and prediction.” In
his reflections on spatial econometrics over thirty years, Anselin (2009) sums
the developments of the field by saying that ‘the definition and scope of spa-
tial econometrics has evolved substantially, moving from the “margins” of
urban and regional modeling to the “mainstream” of econometric methodol-
ogy’. The book by Anselin (1988) has been a central reference in the spatial
econometric literature, whereas the one by LeSage and Pace (2009) presents
more recent developments.

The thesis concentrates mainly on methodological issues, but the findings
are illustrated by empirical studies on house price data. The thesis consists of
an introductory chapter and four essays. The introductory chapter presents
an overview of topics and problems in spatial econometrics that are essen-
tial for the essays. We begin by introducing spatial effects. Then spatial
weights matrices and their specifications are discussed, especially, k-nearest
neighbours weights matrices. We introduce various spatial econometric mod-
els, review estimation methods, and briefly touch upon the interpretation of
the parameter estimates. We discuss the problem of omitted variables in
spatial econometric models, and continue by some computational and empir-
ical aspects, the bootstrap procedure and the spatial J-test (Kelejian 2008).
Hedonic house price models are discussed to the extent that is relevant for



the applications. The introduction ends by overviews of the essays and a
conclusion.

2 Spatial Effects

Spatial effects occur when geographical closeness of observations influences
the relation between the observations. When two points on a map are close
to each other, it is natural that also the observed values on a variable at
those points are similar. Such points are defined as neighbours. The further
away the two points are from each other, the less similar are the observations.
Spatial effects do not necessarily have to be linked to geographical closeness.
Instead of distance between units, we can consider some other measure of
closeness. Neighbouring units can then be defined as units, which are similar
or, which interact in a meaningful way. Examples of these measures of close-
ness or interactions are the level of education, the proportion of housing that
is rental units, commuting times, commuting flows or trade flows. If there is
no interaction between units they are considered spatially independent. This
thesis concentrates on geographical closeness.

One can distinguish between two spatial effects, namely spatial depen-
dence and spatial heterogeneity (Anselin 1988). Spatial dependence, or spa-
tial autocorrelation, can be seen as dependence between observations on the
dependent variable in a regression model. There are similarities between
spatial dependence and autocorrelation in time series, which are explored in
Essay 1. Observations on a time series can be seen as points on a line. If
the series is causal, points further in time depends only on the previous ones.
But observations in spatial data have a location in a two-dimensional plane.
As a consequence, observations do not usually have a specific order, and the
dependence between the observations may extend in all directions.

Spatial heterogeneity implies that the studied phenomenon, or relation
lacks stability over the spatial plane. This means that the functions them-
selves, as well as their parameters, may vary depending on the location of the
units in the spatial plane. In this thesis we focuses on spatial dependence.



3 Spatial Weights Matrices

In spatial econometrics the weights matrix has an important role. It con-
tains the assumed spatial structure of the variables in the model. Usually
the weights matrix is assumed to be exogenous to the model, and ideally,
the structure of the weights matrix is based on relevant theory rather than
on spatial patterns found in the data. Typically it is based on geographic
arrangements of the observations.

In general, a weights matrix is given by

Wy 0 Wip

Wp1 =~ Wnn

which is an n X n matrix, where n denotes the number of observations.
The weights matrix specifies which of the other units in the system that
affect the observed value at some particular location, i.e. which units are
considered neighbours. It can also indicate how important each neighbour is
to a particular unit. Suppose that unit i of the dependent variable only has
neighbours j, k and m. Then in the ith row of W there will be only three
non-zero elements, namely w;;, w;, and w;,,. The simplest form of a weights
matrix is a binary weight matrix. In this type of matrix w;;, w;, and w;, are
all set to one if j, k and m are considered neighbours to i. All other elements
in the ith row of W are zero. The diagonal of a weights matrix is always
zero since a unit cannot depend on itself. The definition of neighbours can
for instance be based on geographical distances or other differences between
units, or on contiguity.

If the units in the data have a physical area, two units that share a border
can be defined as neighbours. Then there are several definitions of contiguity.
If the units are regularly spaced on a lattice, contiguity can alternatively be
defined as follows (Anselin 1988, p. 18):

Linear contiguity: Define w;; = 1 only if unit 7 has a common border
immediately to the right or to the left with unit j.

Rook contiguity: Define w;; = 1 only if unit ¢ has a common border with
unit j. The border can be up, down, to the left or to the right.

Bishop contiguity: Define w;; = 1 only if unit ¢ has a common vertex
with unit j. The vertex can be to the north-east, south-east, south-west or
north-west of unit j.



Queen contiguity: Define w;; = 1 only if unit ¢ has a common border or
a common vertex with unit j.

When the neighbour relation is bilateral, a binary weights matrix that is
based on contiguity will be symmetric. If unit ¢ is the neighbour of j, then
J is also the neighbour of ¢. If the dependence between units is restricted to
exist in only one direction, the weights matrix is said to be unilateral.

Cliff and Ord (1973) suggested that the elements, w;;, in W should be
based on the Euclidian distance, d;;, between the two spatial units and the
proportion, 3;;, of the border of unit ¢ that is common with unit j, formally

wij = [di] ™" % [ﬁij]b'

The parameters a and b are assumed to be greater than zero. This weights
matrix can also be applied when the spatial units do not lay on a regular
grid. But then, since the spatial units do not have exactly equal physical
form, the proportion [ will vary and therefore the weights matrix will not be
symmetric.

If the spatial units are points on a map and therefore have no physical
area, a weights matrix based on the above defined types of contiguity, or
some form of the Cliff-Ord weights matrix is not applicable. An alternative
is then to specify contiguity by a Voronoi diagram. Around each location of a
spatial unit on the map a Voronoi polygon is drawn in such a way that inside
each Voronoi polygon all points are closer to the particular spatial unit than
to any other spatial unit on the map. The points of the spatial units in the
contiguous Voronoi polygons are connected by segments that form the legs
of Delauny triangles. The Delauny triangles thereby form a way to specify
contiguity. If the spatial units are randomly distributed on a plane, a common
contiguity weights matrix will have an average of approximately 6 neighbours
for each spatial unit. For more on Voronoi polygons, also known as Dirichlet
cells, and on Delauny triangularization see for instance Ripley (1981, section
4.3), or LeSage and Pace (2009, p. 118). In his Spatial Econometrics Toolbox
for Matlab, LeSage provides code for forming contiguity weights matrices.

When the exact location of the units are known, the definition of neigh-
bours can also be based on various functions of geographical distances be-
tween locations. The location in the plane can be defined by the Cartesian
coordinates in longitudes and latitudes. The coordinates enable the calcu-
lation of the Euclidian distances between units. If the spatial dependence
is assumed to be positive, it means that the dependence will diminish when



the distance grows. For instance, Pace and Gilley (1997) define their weights
matrix as follows:
wij = max([l — (dij/dmaz), 0].

The distance, d;;, is the Euclidian distance between units ¢ and j. The
distance, dpqq, is a predetermined maximum. By definition, w;; = 0 if
the distance between units 7 and j is greater than this maximum. Another
common solution, for instance used by Wilhelmsson (2002), is

wij =1/ d?j7
where the d;;, is the Euclidian distance between units 7 and j.

In this thesis we focus on weights matrices based on nearest neighbours.
In this type of weights matrices every unit 7 is assigned a given number, say
k, of nearest neighbours according to the shortest distance in space. The
resulting weights matrix is usually not symmetric, since even if the k nearest
neighbours to unit 4 includes, say, unit j, the k& nearest neighbours to unit j
might not include unit 7. Equal weights are given to all k neighbours, and the
weights matrix is row-normalized. Therefore every non-zero element of the
weights matrix will be equal to 1/k. The spatial weights matrix can be seen
as a spatial lag operator, and if W is a k-nearest neighbours weights matrix
a spatial lag becomes a vector of averages of neighbouring observations. In
this thesis we refer to a weights matrix that is based on a lower number of
nearest neighbours than the weights matrix in the data generating process, as
an underspecified weights matrix. An overspecified weights matrix has more
neighbours than the weights matrix of the data generating process. A code
for forming k-nearest neighbours weights matrices is provided by LeSage in
his Spatial Econometrics Toolbox for Matlab.

An important practical issue is how to choose the weights matrix. Ac-
cording to Anselin (1988), the weights matrix is assumed to be exogenous
and should be based on theoretical assumptions regarding the nature of the
dependence structure. One should not create a purpose-specific, detailed de-
scription of spatial patterns in the actual data. However, in practice we may
lack sufficient theory to support the choice a particular weights matrix. Rel-
evant theory can also be subjectively interpreted and might therefore result
in several weights matrices, with different structure, but equally realistic.
Hence, there is not an unambiguous solution to this problem.

Models which are otherwise the same, but entertain different weights
matrices, are non-nested (Kelejian 2008). LeSage and Pace (2009, page 162)
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note, that it is not in general possible to use formal tests for significant
differences between the log likelihood function values for models entertaining
different weights matrices. The number of parameters are fixed and equal in
the models. For instance, the usual specification search based on information
criteria is then not available. An option is Bayesian model comparison (see
LeSage and Pace, 2009, Section 6.3), where models entertaining different
spatial weights matrices can be compared through log marginal likelihoods
and associated model probabilities. An other alternative is the spatial J-test,
suggested by Kelejian (2008). The spatial J-test can be applied in order to
test a given spatial model against one or more non-nested alternative models.
The test is discussed in Section 8, and it is applied and its properties are
further studied in Essays 3 and 4.

In this thesis a lot of attention is given to k-nearest neighbours weights
matrices, which appear through all essays. In Essay 1 the impact of under-
and overspecified weights matrices on the spatial autoregressive parameter is
examined. Essay 2 is an application, where the focus is on omitted variables,
but the weights matrix that is applied is a k-nearest neighbours weights
matrix with & = 4. The objective of Essay 3 is to suggest and examine
two approaches for finding the number & for a general spatial econometric
model. As the means of the specification search, we use the spatial J-test
proposed by Kelejian (2008). Essay 4 continues on the subject by examining
the properties of the asymptotic and a bootstrap spatial J-test when they
are used for discriminating between different k-nearest neighbours weights
matrices.

4 Spatial Econometric Models

In spatial econometric models the information about the dependence between
the observations is incorporated into the weights matrix. When models are
specified the weights matrices can be used to create spatial lags of the depen-
dent variables, the explanatory variables or the error terms (Cliff and Ord,
1973, 1981, Ord, 1975). We can also specify models which are a combination
of these lagged variables or error terms, resulting in a rich variety of models.

Assume that there exists spatial dependence between the observations on
a random variable y. When the sample size is n, some of the variation in
the n x 1 vector y is then explained by the neighboring observations to each



observation, for instance,
y =pWy +e. (2)

This is the first-order spatial autoregressive (FAR) model, and it has the
solution

y = (I, — pW) e, (3)

provided that (I, — pW) is not singular. In the FAR model p is a spatial
autoregressive parameter, and y is expressed as deviations from its mean,
since no constant is included in the model. The error term & is a vector of
IID(0,0%). The FAR model, which lacks exogenous explanatory variables,
is the model of interest in the study of Essay 1.

The model can be estimated by maximum likelihood (ML), given the
following assumptions,

e ~ N,(0,0°L,),
all diagonal elements of W = 0, (4)
all row sums of W = 1,

and the parameter space is [p| < 1.

According to assumptions (4), the weights matrix is row-normalized when
ML estimation procedures are used. This ensures that (I — pW) is non-
singular so that (I — pW)lexists for all [p| < 1. At p=1, (I— pW) will be
singular. Within the restricted parameter space, |p| < 1, the model is then
solvable. According to Kelejian and Prucha (2010), problems will occur if
the weights matrix is not row-normalized, since the parameter space will not
be continuos. The matrix (I — pW) will be singular for certain values of |p|
< 1. All the weights matrices considered in this thesis are row normalized.
The following general spatial econometric model,

y = XB+pWiy +u, (5)
u = AMWyu + ¢,

is the model we focus on in Essay 3 and in Essay 4. In this model the
dependent variable vector y is explained by the exogenous variables in the
matrix X and a spatial lag W1y. The error term u is spatially autocorrelated,
and € is a vector of I1D(0,0?) error terms. Here 3 is a vector of regression
coefficients and p and A are the scalar spatial autoregressive parameters. The
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structure of spatial dependence in the data is again formulated in the weights
matrices W; and W,. The solution of the model is

y=T=pW1)'XB+ (I pW1) '(I-AWy) e, (6)

provided that (I — pW;) and (I — AWy) are non singular, which is the case
when |p| < 1 and |A] < 1 and the weights matrices, W; and Wy, are row-
normalized. In practice it is often assumed that W; = Wy = W.

When p = 0 and A = 0 model (5) is a traditional linear regression model,
which is the starting point of the empirical analysis in Essay 2. In that essay
we also estimate model (5) under the assumption that only p = 0, i.e. a
spatial error model. If A = 0 in (5), the model is referred to as a spatial lag
model.

Another model considered in Essay 2 is the spatial Durbin model

y=X8+ pWy + WX60 + €. (7)

In this model y is explained by spatially lagged explanatory variables WX,
in addition to the variables in the matrix X and a spatial lag Wy. Through
the spatial lag WX, an observation on the dependent variable is dependent
on a weighted average of the observations on each explanatory variable of its
neighbours.

5 Estimation Methods and Inference

When estimating spatial econometric models like (2), (5) and (7), the method
of ordinary least squares is not an option. Although it gives unbiased and
consistent estimates of the spatial error model, (i.e. model (5), when p = 0)
the estimates of standard errors will be biased (Anselin 1988). When the
model includes a spatially lagged dependent variable, as in the general spa-
tial model, spatial lag model or spatial Durbin model, the least squares esti-
mates of the parameters will be biased and inconsistent. According to Anselin
(2009), there are two main approaches to estimate spatial econometric mod-
els, maximum likelihood (ML) and instrumental variables/general method of
moments (GMM). For the ML estimation approach for the Cliff-Ord type of
spatial econometric model, see Ord (1975), or Anselin (1988). The condi-
tions that ensure consistency and asymptotic normality of the ML estimator
for the spatial autoregressive model were given by Lee (2002, 2004). The



GMM estimator was suggested by Kelejian and Prucha (1998, 1999). They
also demonstrated its consistency and asymptotic properties. Lee (2003) and
Kelejian et al. (2004) further developed the analysis by including the use of
ideal instruments.

The ML approach gives consistent estimates also when the models include
spatially lagged variables, but it may be numerically challenging. In order to
formulate the likelihood function an assumption about the distribution of the
errors has to be made. The errors are usually assumed to be normal. The as-
sumption of normality may not always be fulfilled. The GMM approach, on
the other hand, gives consistent estimates without assuming that the errors
have any particular distribution, except that they are independent and iden-
tically distributed. This may be a benefit in some cases. The GMM is also
computationally easier. However, Pace et al. (2010) found that the perfor-
mance of the instrumental variable techniques, is affected, when estimating
a spatial lag model or a spatial Durbin model in the presence of spatially
autocorrelated regressors. This may be a drawback in some applications.

Another alternative for estimating spatial econometric models are Bayesian
methods. They are presented in LeSage (1997) and LeSage and Pace (2009).
Anselin (2009) notes that the Bayesian approach has not been widely used in
spatial econometric applications, with the exception of the work by LeSage.

In Essay 1 we estimate the model (2) by ML. Since the data are as-
sumed to be generated by a spatial unilateral process with normal errors,
it is straight forward to find the likelihood function. In Essay 2 one of the
estimated models is a spatial Durbin model and there are spatially autocorre-
lated regressors present. We therefore choose the ML approach over GMM.
In Essay 3 the objective is to find a strategy for specifying the number k
for a general spatial econometric model by using the spatial J-test of Kele-
jian (2008). Since Kelejian developed the test in the IV/GMM framework,
it is natural that we continue by using the same estimation method. This
argument applies also to Essay 4.

Because of the complicated dependence structure between observations
in a spatial econometric model the parameter estimates also contain informa-
tion about the relationships between observations. A change in the value of a
single observation on a certain explanatory variable may therefore affect the
value of the outcome for the observation itself (direct impact), in addition
to the outcomes for all other observations in the system (indirect impact).
Traditionally in linear regression models the parameters are interpreted as
partial derivatives of the dependent variable with respect to the explanatory

9



variable. When the model contains spatial lags of the dependent variable or
the explanatory variables, as in model (5), p # 0, or model (7), the interpre-
tation becomes richer and more complicated, since the partial derivatives of
the dependent variable y;, + = 1...n, with respect to an explanatory variable
r and an other observation j, 0y;/0z;, is not zero as it is in the traditional
case. We note that the parameter estimates of the spatial error model, i.e.
model (5), p = 0, can be interpreted as in linear regression models, since
this model does not contain a spatial lag on the dependent variable nor on
the explanatory variable. Because of the different interpretations it is not
meaningful to compare parameter estimates from a linear regression model
or a spatial error model with estimates of a spatial lag model or a spatial
Durbin model. The issue of interpretation of the parameter estimates of a
spatial econometric model is briefly discussed in Essay 2. For a thorough
presentation of the direct and indirect effects and how to calculate summary
measures of the impacts, see LeSage and Pace (2009). It is worth noting
that the applied literature contains a number of studies that misinterpret
the parameter estimates as pointed out by LeSage and Pace (2009).

Code for estimating the models above is provided by LeSage in his Spatial
Econometric Toolbox for Matlab. The routines include estimation by ML and
by IV/GMM as well as by Bayesian methods. The routines are applied in
the essays.

6 An Omitted Variables Argument

When modelling for instance house price data the model is very often lacking
some location and neighbourhood variables. According to LeSage and Pace
(2009), there is then a strong motivation for spatial econometric models, since
these omitted location and neighbourhood variables are usually thought of
as spatially autocorrelated. The following is based on arguments adapted
from Pace and LeSage (2008) and LeSage and Pace (2009).

We consider a scenario where the assumptions are that there are im-
portant explanatory variables missing, the omitted variables are spatially
autocorrelated and, in addition, they are correlated with the explanatory
variables in the model. Below it is shown that these assumptions lead to a
spatial Durbin model. Then we introduce some of the omitted variables. In
this second scenario, we still assume that there are variables missing from the
model despite the included uncovered new variables, and they are spatially
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autocorrelated, but now we assume that the remaining omitted variables are
uncorrelated with the explanatory variables in the model. These assumptions
will lead to a spatial error model. In Essay 2 the results of the theoretical
analysis below are used on real data to demonstrate the usefulness of the
arguments. The objective of Essay 2 is to show that by uncovering some
new spatially autocorrelated explanatory variables, we can obtain a simpler
model, which is easier to interpret.
Begin by considering the following non-spatial model:

y = XBy + 7, (8)

where the n x 1 vector y is observations on the dependent variable, the n x k
matrix X represents the available explanatory variables, the n x m matrix Z
represents missing or unobserved explanatory variables, and B, and 3, are
vectors containing regression coefficients. For ease of exposition there is no
error term in the model, instead the variables in X and Z are assumed to
completely explain the dependent variable. Further assume that the missing
variables in the matrix Z are spatially autocorrelated , i.e. that we have

Z=pWZ+R, E(R)=0. 9)

The scalar parameter p is the spatial autocorrelation coefficient and W is a
weights matrix. Solve Z = (I — pW) 'R, and substitute into (8) to obtain

y =XB; + (I - pW)"'RB,. (10)

Define the vector of errors as R3, = u. Further assume that the missing vari-
ables in Z correlate with the explanatory variables X in model (8). Assume
a simple linear dependence,

u=Xvy+v, v~ N(00T). (11)

The parameters in the vector v and the variance of the error term o2 describe
the relation between X and Z. Since RB3, = u, we can substitute (11) into
(10) and obtain

y = XBi+[I—pW) '(Xvy+v)
= XB,+ (11— pW) ' Xy +(I—-pW) v, (12)

Multiply from the left by (I — pW),
I—pW)y = (I —-pW)XB; + Xy +v, (13)
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and we get the spatial Durbin model (SDM),
y =pWy + X(B; +7) + WX(—pBy) +v. (14)

Now consider the scenario where we assume that some of the variables,
say Z1, of the matrix Z =[Z;,Z*] in (8) are revealed, and we get a new matrix
X* = [X, Z4] of explanatory variables. Instead of model (8) we have

y =X'B) +7Z°8;. (15)

Assume that the remaining missing variables Z* are spatially autocorrelated,
as before, i.e. that we have

7' =pWZ*+R*, E(R") =0, (16)

but that the missing variables Z* are now uncorrelated with the explanatory
variables X* in the model. Solve Z* = (I — p*W)~!R* and substitute into
(15) to get

y=XB1+ (- p"W) 'R'G;. (17)
Define u* = R*35 and q = (I — pW)tu*. Then (17) can be written as a
spatial error model (SEM),

y = X'Bi+aq
q = p"Wq+u"

7 A Few Computational Aspects

Applications in spatial econometrics sometimes involve large data sets, en-
tailing that the spatial weights matrix is of a large dimension. Fortunately
the weights matrix is typically sparse, i.e. the proportion of non-zero ele-
ments is small. For instance, the programming language Matlab offers an
option to store sparse matrices in a way that decreases the use of memory
substantially. In addition, it takes much less time to compute spatial lags
when the weights matrix is sparse, as well as the log-determinant, inverse,
and other quantities, which are needed for maximum likelihood estimation
of the parameters and inference in the spatial econometric model. The uni-
lateral weights matrices used in the simulations in Essay 1 are created using
the sparse routine in Matlab.
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Three of the essays in the thesis include simulation studies. In Essay 1
we examine the finite sample properties of the estimator of the spatial au-
toregressive parameter in a unilateral spatial autoregressive model when data
are generated by an unilateral spatial autoregressive process. In Essay 3 we
simulate rejection probabilities of the spatial J-test for different amounts of
spatial autocorrelation in the data and for different k-nearest neighbours. We
continue on the subject in Essay 4 by studying the properties of the asymp-
totic and a bootstrapped version of the test for different sample sizes. All
simulations are executed in Matlab and routines from the Spatial Economet-
ric Toolbox (versions 2005 and 2010) by LeSage are used in the estimations.
In all three studies the function randn in Matlab, which uses Margasalia’s
ziggurat algorithm, is used to generate pseudo-random numbers. The spatial
J-test, which is studied in Essay 3 and Essay 4, is programmed in Matlab
following Kelejian (2008).

8 The Spatial J-test

The original J-test, which was introduced by Davidson and MacKinnon
(1981), is a test for non-nested hypothesis. This means that neither of the
null model and the alternative model is a special case of the other. The main
idea of the J-test is to estimate a model which consists of the null model and
the predictive value of the alternative model. Then the significance of the
additional term is tested.

In Essay 3 we suggest and examine strategies for specification search
for the number of neighbours in a k-nearest neighbours weights matrix of a
general spatial econometric model. Since spatial models, which are otherwise
equal but have different weights matrices, are non-nested we use a spatial J-
test proposed by Kelejian (2008) as means of the specification search. This
section briefly introduces the test. The test and its properties are described
in detail in the appendix of Kelejian.

Following Kelejian, the spatial model of the null hypothesis is

y = X8+ pWyy +u=72Zv+u, (18)
u = \Wyu+e, (19)

where Z = (X, Wyy), v = (3, p). The vectors y,u and €, the parameter
vector B, the matrices X, W; and W, and the scalar parameters p and A
are as in Section 4. The sample size is n.
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The alternative model (G = 1) or models (G > 1) are of the form:

y = XiBi+pWuy +u; = Zy; +u, (20)
u;, = )\iW2iui+€ia 1= 1,...,G,
where G is a finite constant equal to the number of possible alternatives to
the null model.

Solve (19) and get u = (I — A\W,) 'e. Insert the solution into (18) and
pre-multiply by (I — AWy) to get:

(I-2MWy)y = (I—AW3)Z~v +e.
Define y(A\) = (I — A\Wy)y and Z()\) = (I — A\W,)Z, and get

y(A) =Z(\ )y +e. (21)

Likewise for the alternative model (20), define Z;(\;) = (I—A\;Wy;)Z;. Then
foralli = 1,..., G, estimate -, in the ith alternative model (20) by generalized
spatial two stage least squares (Kelejian and Prucha 1998, 1999), and get ~,.
Add the predictive power Z;(\;)7 of all i = 1, ..., G alternative models to the
null model (21) to get:

G
y(A) =Z(N\)v + Z ai[Zi(Ni)7,] + €. (22)

The parameter «; is a scalar. Given that the null model is true, a; = 0 for
alli=1,...,G.
Insert Z;(X\;) = (I — \;Wo;)Z; into (22) and define ¢, = —a;\; to get:

G G
YO =ZNy + ) ailZA) + > [ WaiZA] + e
=1

i=1
Let 6 = (a1, ..., aq, @y, ..., &)’- Then the test of the null model (18) against
the alternative models (20) is simply a Wald test of § = 0. At the a level of
significance the null hypothesis will be rejected if
A~ A~ _ ~
J = 5V315 > X7, (2G),

where V7 is the estimated small-sample variance-covariance matrix of 4.

14



9 The Bootstrap

In Essay 4 a bootstrap is applied to the spatial J-test, since the asymptotic
J-test may suffer from size distortion in small samples (Piras and Lozano-
Garcia 2008; Burridge and Fingleton 2009).

Under the assumption that the model is a general spatial autoregressive
model, we use the following parametric bootstrap algorithm to perform a
bootstrap spatial J-test on a sample of data. Bootstrap quantities are de-
noted by a 'x’. For generating samples of bootstrap observations y*:

Algorithm 1 (Bootstrap J-test)

1. Estimate the spatial autoregressive model by the generalized method of
moments (GMM) procedure suggested in Kelejian and Prucha (1999)
to obtain the estimates p, \ and (3.

2. Check whether [p| < 1 and |A| < 1.
3. If both conditions are satisfied, generate bootstrap observations y* from
y. = Ziﬁ +pWy" +u’,
ut = AWu' +¢&*,
using the reduced form
y' = (I—7W)'XB + (I-pW) (I - AW) e,
where e* ~ N,(0,1).

We repeat the algorithm B times and get bootstrap samples y7, where
J = 1,..,B. We use the same weights matrix to generate the bootstrap
samples, as when we estimate the model to obtain the estimates p, A and 3.
Therefore the bootstrap sample size is the same as the number of observations
in the original data. The bootstrap samples are then used to compute B
bootstrap J-statistics Ji. The empirical distribution of the J; is used to
approximate the distribution of J under the null hypothesis. The bootstrap
critical value at the significance level « is given by the 1 — o quantile of the
J5.

Let J denote the realized value of the J-statistic computed on the data.
For a test at significance level o we reject the null hypothesis if J is larger
than the bootstrap critical value.
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In many cases in practice it is more convenient to translate the test sta-
tistics into p-values. The bootstrap p-value is defined as

EZ (J: > ), (23)

L.e. the fraction of the bootstrap samples for which J; is larger than J. For
a test at significance level a we reject the null hypothesis if p* < a.

In Essay 4 the focus is on the size and power of the bootstrap J-test. The
size and power can be estimated in simulation experiments (see Horowitz
1994; Davidson and MacKinnon 2006) in the following way. We begin by

generating M samples y,,, indexed by m = 1,..., M. For each replication
m, we compute the J-statistic J,, and generate B bootstrap J-statistics Jy,,

indexed by j = 1,..., B. Then we compute J* (1 — «), which is the 1 — «
quantile of the J3 .. The rejection probability of the bootstrap test is then
estimated by

5 > T a), 29

i.e. the fraction of the M replications for which the value of the J statistic
Jn is larger than the bootstrap critical value JE(1—a).

The procedure involves computing M (B + 1) J-statistics. The compu-
tational time for estimating the rejection probabilities becomes prohibitive
when M and B are large. Commonly used values of M and B are M = 10000
and B = 1000, resulting in computing approximately 10 million J-statistics.
For the values of M and B above the computational time for n = 100 is
about 70 hours CPU time on a Core 2 Duo CPU, 2.4 GHz, 2.00 GB memory
machine.

In Essay 4 we apply a procedure for estimating the size and power of a
bootstrap test proposed by Davidson and MacKinnon (2006). This approach
substantially reduces the computational burden. For each replication m =
1,..., M, we compute the J-statistic jm as before, but we generate only
one bootstrap J-statistic J;;,. We then compute the bootstrap critical value
J*(1 — «), which is the 1 — « quantile of the J,. The approximate rejection
probability of the bootstrap test is then estimated by

LM
i > (I > T (1= a)). (25)

m=1
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See Davidson and MacKinnon (2006) for more details.

Both procedures estimate the nominal power of the bootstrap test, i.e. the
power of the bootstrap test at the nominal level a. The difference between
(24) and (25) is in the estimation of the 1 — o quantile of the bootstrap
replications. In (24) the .J,, are compared to different estimated critical
values, whereas in (25) the Jo are compared to the same estimated critical
value.

The amount of computation required to estimate (25) is 2M J-statistics,
which is much smaller than M (B + 1). Davidson and MacKinnon (2006)
establish the validity of (25) under the assumption of independence between
the bootstrap data generating process (DGP) and the test statistic. For the
J-test, the bootstrap DGP and the J-statistic are asymptotically indepen-
dent.

10 Empirical Applications to House Prices

According to real estate agents there are three things that affect the price
of a house the most: location, location and location. This remark suggests
that location and small scale neighbourhood have a substantial impact on
the price of a house or an apartment.

A hedonic price model is defined by Rosen (1974) as a regression model,
where the price of a commodity is explained by the attributes of the commod-
ity in question. Earlier studies have confirmed that the geographical location
of the observed data are important when modelling house prices and it has
been pointed out that the small scale neighbourhood have an substantial
effect on the price (Laakso 1997, Karakozova 2005, Turnbull, Dombrow and
Sirmans 2006, Kiel and Zabel 2007). However, a problem is how to capture
and formulate location and small scale neighbourhood in an econometric
model. Spatial econometrics offers tools for this. Spatial econometrics appli-
cations to house prices are included in Dubin(1988), Pace and Gilley (1997),
Pace, Barry and Sirmans (1998), Berg (2002), Wilhelmsson (2002) and Case,
Clapp, Dubin and Rodriguez (2004), among others.

Relevant variables for a hedonic house price model can be grouped into
three broad categories: location variables, structural variables and neighbour-
hood variables (Dubin 1988). Location variables are attributes describing the
geographical location of the object. They are usually easily measured and
can, for instance, be the presence or absence of sea view, the distance to the
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central business district or the nearest train station. Structural variables are
attributes of the house or apartment itself. Typical examples are the size
of the house or apartment, its age, number of rooms, the condition of the
interior, lot size and the presence or absence of garage, balcony, fireplaces,
and so on. Whereas the first two categories are usually easily measured, the
third group of variables, neighbourhood variables, can be thought of as la-
tent characteristics of the neighbourhood. By this type of variables we try to
capture the spirit that makes some neighbourhoods more appreciated than
others, even when the location and structural attributes are similar for the
neighbourhoods. They are the most difficult ones to obtain. Commonly used
variables for this purpose are the local crime rate, socioeconomic character-
istics of residents, pollution, or noise levels. These variables may be thought
of as proxies of the unobservable quality of the small scale neighbourhood.

The focus of Essay 2 is on modelling small scale neighbourhood. In this
paper the coordinates of the observations and the information in the original
data are used to create new variables by following ideas in Turnbull, Dombrow
and Sirmans (2006). The purpose is to examine whether these coordinate-
based variables, which measure small scale neighbourhood conditions, can
replace some of the spatial structure in a spatial hedonic house price model.

A k-nearest neighbours specification of the weights matrix, which is ap-
plied in all essays of the thesis, is particularly suitable in house price models.
Assume that the buyer has chosen a certain neighbourhood where he or she
intends to purchase a house. The buyer will then compare the available
houses in that area. The price that he or she is willing to pay for a particular
house is affected by the price level for houses in the neighbourhood. Also
the seller’s expectation of the price is affected by the selling prices of the
other houses in the neighbourhood. The seller will be satisfied with a price
that is at least as good as the average in the neighbourhood at the moment
of the transaction. The average price in the neighbourhood is on the other
hand affected by the attributes of the neighbourhood itself, like available
service, safety, or simply good reputation. Also the supply and demand in
a particular neighbourhood affect the price. A practical issue is how many
of the nearby observations should be considered as nearest neighbours when
the weights matrix is specified. This problem is addressed in Essay 3, where
we suggest a specification search for the number of nearest neighbours k£ and
illustrate it on real house price data.

Three of the four essays include empirical applications to house price
data. Essay 1 and Essay 3 use data from the county of Stockholm in Swe-
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den to demonstrate the findings of the essays. The data are based on 1377
transactions of single-family houses between January 2000 and May 2001.
The data have been analyzed by Wilhelmsson (2002), and include the selling
price, spatial coordinates for observation and, in addition, information about
the size of the house in square metres as well as some other characteristics.
The empirical analysis in Essay 2 is based on new and unique cross-sectional
data on the free from debt selling price of apartments in residential buildings
in Helsinki, the capital of Finland, in January, February and March 2002.
The data include 649 transactions and are based on information provided by
real estate agents in the area. The data were originally collected to be used
only by real estate agents. The idea was that only agents that gave partic-
ulars of their own transactions could get the particulars of the transactions
of their competitors. The original data include 15 attributes describing the
apartment, its location or the transaction. Statistics Finland have also data
on the selling prices of apartments, but the data lack the exact location of the
observations, i.e. the coordinates, which are essential in spatial econometric
applications. Statistics Finland can offer postal codes of the apartments or
aggregated information in squares as small as 250m x 250m. The exact lo-
cation for individual apartments are not provided, since the information is
considered sensitive and therefore protected by legislation.

11 Overview of the Essays

This section contains summaries of the essays focusing on the motivation,
the findings and contribution. A common theme of the essays is the spatial
econometric perspective. In particular, the focus is on k-nearest neighbours
weights matrices, and all applications are on house price data.

11.1 Essay 1: Unilateral Spatial Autoregression

This essay is motivated by the similarities between spatial dependence in
spatial econometrics and autocorrelation in time series econometrics. Spatial
dependence, or spatial autocorrelation, can be seen as dependence between
observations on the dependent variable in a regression model. Observations in
spatial data have a location in a two-dimensional plane. As a consequence,
observations do not usually have a natural order, and the dependence be-
tween the observations may be bilateral. By bilateral, is meant that if one
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observation is dependent on another observation, the latter may also depend
on the first one. On the other hand, observations on a time series can be seen
as points on a line. In time series econometrics the dependence is unilateral,
because in causal models an observation only depends on earlier observations,
not on future ones.

The distinction between bilateral dependence in spatial econometric mod-
els and unilateral dependence in time series processes was pointed out by
Cliff and Ord (1969). Despite this there are some similarities, which are
recognized by Fingleton (2009), who brings the two fields of econometrics
together. He utilize a binary contiguity weights matrix to make the connec-
tion between temporal and spatial series. In this essay we further develop
the ideas in Fingleton. By adapting results from the probability literature
(Whittle 1954, Tjgstheim 1978, 1981, 1983, and Yao and Brockwell 2006) we
show that by considering a unilateral spatial autoregressive process, we may
define a unilateral spatial autoregression, which have similar properties as an
autoregression with time series.

The following process is an example of a first-order unilateral spatial
autoregressive process defined in a two-dimensional plane (Whittle 1954):

Yij = oali-1,; + 0oyij-1 + &ij, (26)
whereas a first-order spatial autoregression (cf. model (2) in Section 4) is
y =pWy +e. (27)

Here y = [y;;] is an N x 1 vector of observations on a spatial series y;; on
a regularly spaced lattice, W = [w;;] is an N x N spatial weights matrix, p
is the spatial autoregressive parameter and € = [g;;] is an N x 1 vector of
errors assumed to be independent and identically distributed with E(e) = 0
and Cov(e) = o?1y.

In the essay we begin by deriving the representation of a unilateral spatial
autoregressive process, for instance the one given by (26), as a unilateral spa-
tial autoregression (27). We assume that the weights matrix W is unilateral
and that it has two non-zero entries on each row, in order to correspond to
the process (26).

To define the parameter space for p we begin by giving a causality con-
dition for unilateral spatial autoregressive models based on the theory of
unilateral spatial autoregressive processes. For the unilateral first-order spa-
tial autoregressive process (26) the causality condition is given by Whittle
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(1954), and it is simply |a;| + |as| < 1. We find that for model (27) when p
is positive, and it is entertaining a unilateral row-normalized weights matrix,
the condition boils down to p < 1.

We show consistency and asymptotic normality in unilateral spatial au-
toregression by using results obtained by Yao and Brockwell (2006). Similar
results on consistency and asymptotic normality in spatial econometric mod-
els have been obtained by Kelejian and Prucha (1998, 1999), Lee (2002, 2003,
2004), and Mynbaev (2010) using different sets of assumptions on the spatial
process, not restricting their studies to the unilateral case. However, the
results obtained by Yao and Brockwell (2006) are in some sense more ele-
mentary, because they do not require high level assumptions about moment
conditions, ergodicity and mixing.

Further, the relation between the spatial autoregressive parameter p in
(27) and the coefficients a; and ay in (26) is studied. Through simulations
we examine the finite sample properties of the maximum likelihood estima-
tor of p when the data are generated by the unilateral spatial autoregressive
process (26). We find that p ~ 0.5(cy + a), except at the boundary of the
parameter space. The connection is helpful for understanding the similarities
between unilateral processes and spatial econometric models. The simulation
results show that for large samples the estimated autoregressive parameter is
nearly unbiased. For small samples there is a downward bias in the estima-
tor. In addition, we find that underspecifying the weights matrix results in
an underestimated spatial autoregressive parameter, and overspecifying the
weights matrix results in an overestimated spatial autoregressive parameter.

In a time series context, the unilateral dependence arises naturally in
stationary time series models. For spatial series the unilateral ordering may
be viewed as an artefact, which limits its use in applications with real data.
Nevertheless, there are some applications in which the unilateral ordering
arises naturally. In the field of water management and downstream pollution
in drainage basins, the spatial process is unilateral, to mention only one po-
tential application. More generally, according to results of Tjgstheim (1981),
a unilateral spatial autoregressive process can be seen as an approximation
to a bilateral spatial process. A related argument is made by Pace et al.
(2009) in the context of spatial modelling of house prices. Their argument is
that in large samples the exact specification of the weights matrix is not so
important, since different weights matrices do not yield materially different
coefficient estimates. It may therefore be a moot point whether a unilat-
eral or bilateral weights matrix should be preferred, and then we may use
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a unilateral one, because it simplifies the asymptotic analysis. In the es-
say these arguments are demonstrated by an empirical application involving
house prices in the county of Stockholm in Sweden.

The essay attempts to contribute to the spatial econometric literature
by taking a time series point of view to spatial data. We use a unilateral
approach, and show how the parameters of the studied models are connected
to each other. Bringing together the two fields of econometrics may deepen
the understanding between them, and therefore be beneficial to both.

11.2 Essay 2: Small Scale Neighbourhood in Spatial
Econometrics

It is a common and reasonable assumption for house price data that ob-
jects situated near each other have similar values on variables describing the
location and immediate surroundings, i.e. that these variables are spatially
autocorrelated. In practice it is seldom possible to obtain all the desired vari-
ables in a model. When modelling house prices it is especially hard to find
variables capturing the small scale neighbourhood conditions. According to
LeSage and Pace (2009) there is a strong motivation for spatial econometric
modelling when there are omitted variables which are assumed to be spatially
autocorrelated.

The purpose of the essay is to examine whether coordinate-based vari-
ables, which are intended to measure small scale neighbourhood conditions,
can replace the spatial structure in a spatial hedonic house price model. The
motivation is that a model with a simpler spatial structure is easier to inter-
pret.

In order to apply a spatial econometric model for house prices the exact
location of every unit has to be known. The location is for instance deter-
mined by coordinates in a two-dimensional plane. Usually the coordinates
are then utilized to create a spatial weights matrix. Here we take a different
view. The coordinates, combined with information in the original data, are
used to create new variables by following suggestions by Turnbull, Dombrow
and Sirmans (2006).

The starting point of this study is a non-spatial hedonic house price
model. We assume that there are important explanatory variables missing
from the model, and that the omitted variables are spatially autocorrelated,
as well as correlated with the explanatory variables included in the model.
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These assumptions are shown to lead to a spatial Durbin model. We es-
timate the model and find that the spatial lags are significant. We then
uncover candidates for some of the omitted variables, following the sugges-
tions by Turnbull, Dombrow and Sirmans. The new variables for the small
scale neighbourhood conditions are shown to be spatially autocorrelated and
they are also shown to correlate with the original variables included in the
model. They are included among the explanatory variables and the spa-
tial Durbin model is re-estimated. We now find that the spatial lags of
the Durbin model become insignificant. The model is reduced to a conven-
tional non-spatial regression model. It seems reasonable to assume that there
are other explanatory variables missing despite the included uncovered new
variables. We assume that the remaining omitted variables are still spatially
autocorrelated, but that they are uncorrelated with the explanatory variables
included in the model. These assumptions are shown to lead to a spatial er-
ror model. When this model is estimated we find that the spatial lag of the
error term is highly significant. In this final model the regression coefficients
have their usual interpretation as partial derivatives. This is not the case
if the model involves lags on the dependent variable or on the explanatory
variables. Hence, an easy interpretation of the estimates in the final model is
a benefit, compared to the interpretation of the estimates in the structurally
richer spatial Durbin model.

Our empirical results show that for this particular data set it is possible to
find explanatory variables that capture some of the small scale neighbourhood
conditions, and thereby obtain a simplified model. However, the set of small
scale neighbourhood variables cannot entirely replace a spatial econometric
structure. The attempted contribution of this essay is methodological in
the sense that it demonstrates the usefulness of the suggestions of Turnbull,
Dombrow and Sirman in a spatial econometric setting. In addition, the essay
has an empirical contribution, since the Finnish data is unique and has not
previously been used.

11.3 Essay 3: A Practical Proposal to Specification
Search of a k-Nearest Neighbours Weights Matrix

The focus of model specification search in the spatial econometrics literature
has been on procedures for comparative testing of alternative model specifi-
cations (LeSage and Pace 2009), i.e. the choice between different structural
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forms for the spatial econometric model. Examples of this are Florax, Folmer
and Rey (2003, 2006) and Hendry (2006).

This essay has a different perspective, as it is motivated by a question
often asked by practitioners — How should one determine the number of
neighbours in a k-nearest neighbours weights matrix, or justify a particular
choice? Hence, the purpose of the essay is to find a strategy for specification
search for the number of neighbours in a k-nearest neighbours weights matrix.
As the means of the specification search we use the spatial J-test proposed
by Kelejian (2008).

Spatial models with different weights matrices are non-nested. A con-
sequence, as LeSage and Pace (2009, page 162) notes, is that it is not in
general possible to use formal tests for significant differences between the
log likelihood function values for models based on different weights matri-
ces. The number of parameters is fixed and equal in the models. The usual
specification search based on information criteria is then not available either.

Recently Piras and Lozano-Garcia (2008), and Burridge and Fingleton
(2010) have shown that the spatial J-test can be used in order to discrimi-
nate between different types of weights matrices, for instance, when contigu-
ity, inverse distance or k-nearest neighbours weights matrices are pair-wise
compared to each other. Here we limit the study to one type of spatial weights
matrices, k-nearest neighbours weights matrices. If there are k-nearest neigh-
bours weights matrices in both of the models that are compared, the models
are relatively closer to each other than they are in the case when the objec-
tive is to discriminate between different types of weights matrices. This is
studied as a possible problem, since usually, in a set-up where the null and
the alternative model are close, a test may loose power.

In the essay we suggest and examine two approaches for finding &, the
increasing and the decreasing number of neighbours approaches. In the in-
creasing neighbours approach we begin the testing sequence with a spatial
J-test of a null model where k is small. In the alternative model the number
of neighbours in the weights matrix is k£ 4+ 1. Then k is gradually increased,
and we continue as long as the null model is rejected. In the resulting se-
quence of spatial J-tests k is always smaller in the null model than it is in
the alternative model. In the decreasing number of neighbours approach we
begin with a large k, which is gradually decreased. Hence, in the resulting
sequence of tests k is always larger in the null model than in the alternative
model.

The results of a simulation study show that the spatial J-test can be used
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for distinguishing between general spatial models with different k-nearest
neighbours weights matrices. The size of the test is acceptable and the power
of the test is high when the weights matrix of the null model is underspecified,
especially if the amount of spatial autocorrelation in the dependent variable
is at least moderate. If the weights matrix of the null model is overspecified,
the power of the test is not equally high. The power of the test is low when
the amount of spatial autocorrelation in the dependent variable is small and
the weights matrix of the null model is overspecified. If the amount of spatial
autocorrelation in the dependent variable is increased, the power of the test
increases, although it never gets as high as when the weights matrix of the
null model is underspecified. The results are therefore clearly in favour of
the increasing neighbours approach.

When conducting tests in a sequence, ideally all rejection probabilities for
false null hypothesis should be one, otherwise there is no guarantee that the
sequence will come to the test where the null model corresponds to the data
generating process. When we examine the rejection probabilities of the tests
in the sequences of the two considered approaches, we find a clear difference
between them. When the increasing neighbours approach is applied, and
as long as the spatial autocorrelation in the dependent variable is at least
intermediate, all the false models tend to be rejected and the significance
level of the final test is unaffected by the sequential testing. However, if we
conduct the specification search by the decreasing neighbours approach, all
false models might not be rejected, since the sequence contains tests whose
rejection probabilities are less than one. The implication is that by this
method we might stop the sequence of tests too early and the outcome is too
large a k. Based on the results, we suggest that the increasing neighbours
approach should be used as a strategy for specification search for the number
of neighbours in a k-nearest neighbours weights matrix.

The paper includes a specification search for the number of nearest neigh-
bours on real data, which illustrate the findings in the simulations, and how
the suggested strategy is applied in practice. The empirical illustration is
concluded by a comparison between the proposed strategy and Bayesian ap-
proach to model comparison. In a Bayesian setting different spatial weights
matrices can be compared through log marginal likelihoods and associated
model probabilities (see LeSage and Pace 2009, Section 6.3). We find that
the outcomes of the suggested strategy and Bayesian model comparison are
almost the same.

The essay attempts to contribute to the spatial econometric literature
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by suggesting a formal strategy to specification search which motivates the
choice of a particular k in a k-nearest neighbours weights matrix. As shown
in the illustration it can easily be applied in practice. A contribution to
the literature about the spatial J-test is that the test can be applied in
order to distinguish between spatial models entertaining different k-nearest
neighbours weights matrices. There seems to be no loss of power, as long as
the weights matrix of the null model is the one based on a smaller number
of neighbours than the alternative. This is in line with the findings of Essay
4.

11.4 Essay 4: Bootstrap Spatial J-Tests for k-Nearest
Neighbours

In this essay we study the properties of the asymptotic spatial J-test, pro-
posed by Kelejian (2008). We suggest and examine a bootstrap spatial J-test,
to see whether the properties of the asymptotic test can be improved.

Piras and Lozano-Garcia (2008), and Burridge and Fingleton (2010) have
studied the spatial J-test when it used to discriminate between different
types of weights matrices, for instance, when contiguity, inverse distance
or k-nearest neighbours weights matrices are pair-wise compared to each
other. They find that the asymptotic J-test may suffer from size distortion
in small samples. Burridge and Fingleton (2010) also study the performance
of bootstrap spatial J-tests in the same context. They find that the bootstrap
test is superior in most cases.

Here the focus is different to the previous studies, as we study the proper-
ties of the spatial J-test when it is used to distinguish between spatial models
with different k-nearest neighbours weights matrices. The motivation for the
study is that when both the null and the alternative model entertain k-nearest
neighbours weights matrices, the models are relatively closer to each other
than they are in the case when the objective is to discriminate between differ-
ent types of weights matrices. In a set-up where the null and the alternative
model are close, the properties of the test may be affected. The finding that
the asymptotic test is oversized in small samples gives a motivation for the
bootstrap approach.

We begin with generating data by a spatial econometric model for dif-
ferent sample sizes, and different values on the autoregressive parameters.
The parameters are chosen in order to represent small, medium and large
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positive spatial autocorrelation. When the spatial J-tests are conducted, we
compare models entertaining both under- and overspecified k-nearest neigh-
bours weights matrices to the model of the data generating process. By
underspecified we mean that the weighs matrix is based on a smaller number
of nearest neighbours than in the data generating process, and by overspec-
ified we mean that the weighs matrix is based on a larger number of nearest
neighbours than in the data generating process.

The simulation study shows that the asymptotic spatial J-test can be used
for distinguishing between general spatial econometric models entertaining
different k-nearest neighbours weights matrices, but that the asymptotic test
is oversized in small samples. This finding motivates the examination of the
bootstrap spatial J-test. We find that the bootstrap is useful for correcting
the size of the asymptotic test in small samples.

We find that the power of the bootstrap spatial J-test is very close to
the power of asymptotic test. When the sample size is small, the amount of
spatial autocorrelation in the dependent variable is small, and the weights
matrix of the null model is overspecified, the power of the test is low. In
contrast, the power of the test is high when the spatial autocorrelation in the
dependent variable is at least intermediate, and the weights matrix of the
null model is underspecified. When the sample size is increased the power
increases. For large samples we find that the power of the test is very high
when the null model entertains an underspecified weights matrix.

The essay attempts to contribute to the literature concerning the spatial
J-test by studying the properties of the test when it is applied in order to dis-
tinguish between spatial models entertaining different k-nearest neighbours
weights matrices. The finding that the asymptotic test is oversized in small
samples, which motivates the bootstrap, is in line with previous studies. The
finding that the power is increasing with the sample size, but is higher when
the null model entertains an underspecified weights matrix, than in the case
of an over specified weights matrix, supports the conclusions of Essay 3.

12 Conclusion
In the first essay we clarify the relation between a first-order spatial econo-
metric model entertaining a unilateral weights matrix, and a unilateral spatial

autoregressive process. In the second we show by an empirical study on house
price data that it is possible to form coordinate-based, spatially autoregres-
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sive variables, which at least to some extent can replace the spatial structure
in a spatial econometric model. In the third essay we suggest, study and
demonstrate a strategy for specifying a k-nearest neighbours weights matrix
by applying the spatial J-test, suggested by Kelejian (2008). In the final
essay we examine the properties of the asymptotic spatial J-test and suggest
and study the properties of a bootstrap spatial J-test when the tests are used
in order to distinguish between k-nearest neighbours weights matrices.

The attempted contribution of the thesis to the spatial econometric liter-
ature is mainly methodological, but the findings are illustrated by empirical
studies on house price data. It is well known that spatial econometric mod-
els are suitable for, and therefore often applied to house price data. This
motivates the choice of data for the empirical illustrations. Another theme,
except the application to house price data, that binds the four essays together
is the focus on k-nearest neighbours spatial weights matrices. In the context
studied here, k-nearest neighbours weights matrices have not got much at-
tention in the spatial econometric literature, which motivates the choice of
examining this type of matrices.
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Abstract

In spatial econometric models the dependence between the obser-
vations may extend in all directions. This is in marked contrast to time
series processes, where the dependence is unilateral. The two fields
may be brought together by defining spatial autoregression through
a binary weights matrix with a special structure. We show that by
restricting the attention to unilateral spatial autoregressive processes,
we may define a unilateral spatial autoregression which enjoys similar
properties as an autoregression with time series. For spatial series
the unilateral ordering may be viewed as an artefact, although there
are some applications in which the unilateral ordering arises natu-
rally. More generally, a unilateral spatial autoregressive process may
be seen as an approximation to a bilateral spatial process. The causal-
ity condition for unilateral spatial autoregression is given. Inference
in unilateral spatial autoregression is considered. An empirical appli-
cation illustrates the use of unilateral spatial autoregressive models
with real data.
Key words: Maximum likelihood estimator, Spatial autoregression,
Unilateral spatial autoregressive process, Weights matrix.

1 Introduction

In spatial econometric models the dependence between the observations may
extend in all directions. This is in marked contrast to time series processes,

*We thank Markku Rahiala for useful comments, and Mats Wilhelmsson for providing
the data used in the empirical application in Section 4. Niklas Ahlgren acknowledges
financial support from The Finnish Society of Sciences and Letters.



where the dependence is unilateral (Cliff and Ord 1969). Fingleton (2009)
brings the two fields together by defining spatial autoregression through a
binary weights matrix with a special structure. In this paper we show that
by restricting the attention to unilateral spatial autoregressive processes, we
may define a unilateral spatial autoregression which enjoys similar proper-
ties as an autoregression with time series. We extend the ideas in Fingleton
and put them on a more formal footing by adapting results from the the-
ory of unilateral spatial autoregressive processes in the probability literature
(Whittle 1954, Tjgstheim 1978, 1981, 1983, and Yao and Brockwell 2006).

We derive the representation of a unilateral spatial autoregressive process
as a unilateral spatial autoregression. The causality condition for unilateral
spatial autoregression is given. Inference in unilateral spatial autoregres-
sion is considered. We examine the maximum likelihood (ML) estimator of
the spatial autoregressive parameter in the context of spatial econometric
models when the data are generated by a unilateral spatial autoregressive
process of finite order. By exploring the fact that the spatial autoregres-
sive (SAR) model formally resembles a spatial autoregressive process with a
special structure, we show that the results in Yao and Brockwell (2006) on
the consistency and asymptotic normality of the ML estimator also hold for
unilateral spatial autoregression. The process is only required to have finite
second moments, and no assumptions on ergodicity and mixing are required.

We remark that similar results on consistency and asymptotic normality
in spatial econometric models have been obtained by Kelejian and Prucha
(1998, 1999), Lee (2002, 2003, 2004), and Mynbaev (2010) using different
sets of assumptions on a broader class of spatial autoregressive processes
than the unilateral case. The results obtained by Yao and Brockwell (2006)
are in some sense more elementary, because they do not require high level
assumptions about moment conditions, ergodicity and mixing.

Some simulation results to examine the finite sample properties of the
estimator show that it is nearly unbiased, except at the boundary of the
parameter space. The specification of spatial econometric models is based on
the assumption that the weights matrix is known. In many cases in practice
the weights matrix may be unknown. We show that underspecifying the
weights matrix results in an underestimated spatial autoregressive parameter,
whereas overspecifying the weights matrix results in an overestimated spatial
autoregressive parameter.

In a time series context, the unilateral dependence arises naturally in sta-
tionary time series models. For spatial series the unilateral ordering may be
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viewed as an artefact, which limits its use in applications with real data. Nev-
ertheless, there are some applications in which the unilateral ordering arises
naturally. In the field of water management and downstream pollution in
drainage basins, the spatial process in unilateral, to mention only one poten-
tial application. More generally, a unilateral spatial autoregressive process
may be seen as an approximation to a bilateral spatial process. Tjgstheim
(1981) establishes the existence of a unilateral approximation to a spatial se-
ries under the relatively mild condition that the spatial autoregressive series
has a continuous and positive spectral density. Under this condition a spa-
tial autoregressive series can be approximated arbitrarily close in quadratic
mean by a unilateral spatial autoregressive process. A related argument is
made by Pace et al. (2009) in the context of spatial modelling of house
prices. Their argument is that in large samples the exact specification of the
weights matrix is not so important, since different weights matrices do not
yield materially different coefficient estimates. It may therefore be a moot
point whether a unilateral or bilateral weights matrix should be preferred,
and then we may use a unilateral one, because it simplifies the analysis to
a great extent. To be specific, we will demonstrate this argument in the
context of an empirical application involving house prices in the county of
Stockholm in Sweden.

The paper is structured as follows. Section 2 introduces the unilateral
spatial autoregressive model and gives the limiting distribution of the spatial
autoregressive parameter. Section 3 investigates the finite sample proper-
ties of the ML estimator of the spatial autoregressive parameter. Section 4
contains an empirical application. Section 5 concludes.

We use the following notation in the paper. The matrix Y = [y;;] is an
N; x N, matrix of observations on a spatial series on a regularly spaced
lattice. We let y = vec(Y’) denote the N X 1 row vectorization of the matrix
Y, N = N1 N,. The N x N matrix Wy, denotes a general weights matrix and
the subindex k refers to the number of nonzero elements in each row of the
matrix.

2 Unilateral Spatial Autoregressive Models

The model we work with is a spatial autoregressive (SAR) model (Anselin
2003)
y =pWy +e, (1)



where y = [y;;] is an N x 1 vector of observations on a spatial series y;;, W
is an N x N spatial weights matrix, p is a spatial autoregressive parameter
and € = [g;;] is an N x 1 vector of errors assumed to be independent and
identically distributed with E(e) = 0 and Cov(e) = o?I.

The spatial weights matrix is given by

Wi o Wiy,
Wi oo W

which is an NV x N block matrix. The blocks W;;, i = 1,..., Ny, j =
1,..., Ny, are Ny X Ny matrices. See LeSage and Pace (2009) for the moti-
vation and interpretation of spatial econometric models.

2.1 Unilateral Spatial Autoregressive Processes

We assume that the data are generated from a unilateral spatial autoregres-
sive process defined on a regular lattice (Basu and Reinsel 1993)

b1 P2

Yij = Z Z QpYi—k,j—1 + E€ij, 0o = 0. (3)

k=0 1=0

In this model the value at site (7, ) is a finite autoregression on the values
at the sites in the lower quadrant of (3, j).

The SAR process in (3) is defined in terms of the quarter-plane order,
and is a special case of the more general specification of Yao and Brockwell
(2006), which includes both half-plane and quarter-plane spatial autoregres-
sive moving average (ARMA) processes.

A general spatial ARMA process is said to be causal if it admits a pure
MA representation in terms of {¢;;} in the quarter plane with absolutely
summable coefficients (see e.g. Yao and Brockwell 2006, p. 406).

The causality condition for the unilateral SAR process (3) is given by
Tjgstheim (1978). Define the characteristic polynomial

P11 P2

D(z1,29) =1— Z Zaklzfzé. (4)
k=0 1=0
The causality condition requires that
D(z1,29) #0 forall |z| <1 and |z <1 (5)
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2.2 The Structure of Unilateral Spatial Autoregressive
Models

We consider again (1) and assume that the data are generated from (3). We
make the following assumption throughout:

Assumption 1 The spatial weights matriz W is an N x N (strictly) lower
triangular matriz, and such that the dependence in 'y is unilateral.

It is worth noting that the condition on W depends on how Y is vector-
ized. Here we have defined y = vec(Y’), i.e. y is the N x 1 row vectorization
of the matrix Y = [y;;]. We will refer to model (1) with the weights matrix
satisfying Assumption 1 as a unilateral spatial autoregressive model.

In addition, we assume that the weights matrix (2) is binary. The uni-
lateral SAR model (1) with a binary weights matrix formally resembles a
unilateral spatial autoregressive process with a special structure. We may

write the model as
Yij = PZ Z Yi-k,j—1 T Eij-
kil k=I#£0

If the weights matrix W is row-normalised so that the elements in each row

sum to one, then
Yij = gz Z Yi-kj—1 T Eij,
kl k=I#£0

where k = (p; + 1)(p2 + 1) — 1. In the model all the autoregressive para-
meters are equal. If the autoregressive parameters are not equal, it can be
incorporated into the weights matrix by different weights. The SAR model is
a convenient statistical model, in which >, ;> ;¢ Yi—k,j—1 (possibly multi-
plied by 1/k) is a spatial lag, and p is a spatial autoregressive parameter.

The following proposition is an immediate consequence of the causality
condition for the unilateral SAR process. The causality condition in the SAR
model depends only on the autoregressive parameter p.

Proposition 1 Assume that the data are generated from (8). The unilateral
SAR model (1) with p > 0 is causal if and only if p < 1/k, where k is the
number of non-zero elements in each row of W.

Proof. When p < 1/k, by the triangle inequality,
ZZaklzfzé < ZZ el | 25| 2] < ZZ || <1
kool ko1 ko1
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for all |z1] < 1, |22 < 1, and all the roots of ®(z1,22) = 0 lie outside the
unit discs. On the other hand, if all the roots lie outside the unit discs,
(21, 22) = 0 implies that |kp| < 1. Hence, p < 1/k. m

We remark that when the SAR model is estimated with the weights ma-
trix row-normalised, the causality condition reduces to p < 1, which is the
condition for the invertibility of the SAR model.

2.3 Inference in Unilateral Spatial Autoregressive Mod-
els

The unilateral SAR model (1) can be solved in terms of e:

y = (Ixn — pW) e, (6)

provided that (Iy —pW) is non-singular, from which it is seen that the errors
of the reduced form model are not IID.

The model can be estimated by maximum likelihood by maximizing the
Gaussian log likelihood function

1(p.0?) = — > In(2m)~ 3 o™ t1n [y — pW| ~ 25y (L —pW) (Ly— W)y,
(7)
In estimating the model the weights matrix is row-normalised (the elements
in each row sum to one).
Let p, denote the true value of p. Following Yao and Brockwell (2006),
we assume that the following condition holds:
(C1) The parameter space O is a compact set containing the true value
Po as an interior point. Further, for any p € ©, the causality condition holds.

Proposition 2 Let {¢;;} ~ IID(0,0?) and condition (C1) holds. Then as
both Ny and Ny — 00, P py.

Following Yao and Brockwell (2006), we assume the additional condition
(C2).

(C2) One of the following three conditions holds:

(i) N7 — oo and N;/N; has a limit d € (0, 00),

(ii) Ny — oo and N; /Ny — oo,

(lll) N1 — 00 and Nl/N2 — 0.



Proposition 3 Let {¢;;} ~ IID(0,0?) and conditions (C1) and (C2) hold.
Then NY2(p — py) KA N(0,v(py)), where the asymptotic variance is given by
-1

Z Z yik,jl] : (8)

kil k=l£0

v()=(FE

Propositions 2 and 3 are immediate consequences of Yao and Brockwell’s
(2006) Theorems 1 and 2. Their proofs are sketched in the Appendix.

3 Finite Sample Properties

We investigate by simulation the finite sample properties of the ML estima-
tor of the spatial autoregressive parameter. The unilateral first-order SAR
process

Yij = ¥im1j taayij+ €y, 1=1,...,N;, j=1,..., N, 9)

is used as the data-generation process (DGP) in the simulation experiments.
For this model the causality condition is simply (Whittle 1954): |ay |+ |as| <
1. We choose for a1 and a4 the values 0, 0.05, 0.10, 0.20 and 0.40. The errors
g;; are simulated as NID(0, 1). The number of observations is N; = Ny = 10,
20, 30 and 50, so that N = Ny N, = 100, 400, 900 and 2500. The number of
replications is 1000.

The SAR model (1) is estimated with the unilateral weights matrix W,
which is given by (2), where the N; blocks of matrices W;; on the main
diagonal are N, x Ny matrices with ones on the subdiagonal, and all other
elements are zeroes, and the N; blocks of matrices W;; on the subdiagonal
are Ny X N identity matrices. All other blocks are zero matrices. The weights
matrix Wy has then two non-zero elements in each row, which capture the
unilateral autoregressive structure in the DGP.

Table 1 reports the mean of p as an estimator of p, and Table 2 the mean
of the bias of p. Note that the parameter space is symmetric in «; and as,
so the entries above and below the diagonal are from a single experiment.
In the cases where oy # as, because the weights on y;_1; and y;,;_1 are

equal, p LR 0.5(c; + @), which can be interpreted as the pseudo-true value
of p. The bias is defined as bias(p) = p — 0.5(c; + a2). The bias is negative
for all values of oy and ay, except at the boundary of the parameter space
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(represented by oy = ay = 0.40). For the sample size n = 100 the bias is
quite large. For example, when a; = as = 0.2 the bias is —0.040. The bias
decreases fast with the sample size. For the sample size n = 2500 the bias is
small, and the estimator is nearly unbiased, except at the boundary of the
parameter space. For example, when a; = @y = 0.2 the bias is less than
—0.001.

We now consider the cases where the weights matrix is under- or over-
specified. In the case of an underspecified weights matrix, the SAR model
is estimated with a unilateral weights matrix W;. The weights matrix W
is again given by (2), where now the blocks of matrices W;; on the main
diagonal are N; X N7 matrices with ones on the subdiagonal, and all other
elements are zeroes. All other blocks are zero matrices. The weights matrix
W has only one non-zero element in each row. The bias of p as an estimator
of p is negative for all values of oy and . Underspecifying the weights ma-
trix results in an underestimated autoregressive parameter. It is interesting
to note that the estimate of the autoregressive parameter is about half its
value in the population.

In the case of an overspecified weights matrix, the SAR model is estimated
with the weights matrix W,. The weights matrix W, is again given by (2),
where now the blocks of matrices W;; on the main diagonal are N; x N
matrices with ones both on the subdiagonal and on the superdiagonal, and
all other elements are zeroes. The blocks of matrices W;; on the subdiagonal
and superdiagonal are N; x N identity matrices. All other blocks are zero
matrices. The weights matrix W, has four non-zero elements in each row. It
represents a bilateral autoregressive process, but the DGP is unilateral. The
bilateral process is used here solely to define an overspecified weights matrix.
No conclusions may in general be drawn from this simulation experiment
about the properties of the estimator of the autoregressive parameter when
the data are generated by a unilateral spatial model but the model fitted to
the data is bilateral. The bias  as an estimator of p is positive for all values
of a; and ay. Overspecifying the weights matrix results in an overestimated
autoregressive parameter. It is interesting to note that the estimate of the
autoregressive parameter is about twice its value in the population.



Table 1: The mean of p in the SAR model (1). The DGP is given by (9).
The number of replications is 1000.

ay/ag 0 005 010 0.20 0.40
N =100
0 —0.006 0.014 0.035 0.076 0.160

0.05 0.014 0.034 0.054 0.096 0.183
0.10 0.035 0.054 0.075 0.117 0.207
0.20 0.076 0.096 0.117 0.160 0.257
0.40 0.160 0.183 0.207 0.257 0.377
N =400
0 —0.003 0.020 0.042 0.087 0.182
0.05 0.020 0.042 0.065 0.110 0.208
0.10 0.042 0.065 0.087 0.134 0.236
0.20 0.087 0.110 0.134 0.184 0.298
0.40 0.182 0.208 0.236 0.298 0.456
N =900
0 —0.001 0.023 0.046 0.093 0.190
0.05 0.023 0.046 0.069 0.117 0.218
0.10 0.046 0.069 0.093 0.142 0.248
0.20 0.093 0.117 0.142 0.194 0.313
0.40 0.190 0.218 0.248 0.313 0.483
N = 2500
0 —0.001 0.023 0.047 0.095 0.196
0.05 0.023 0.047 0.071 0.120 0.224
0.10 0.047 0.071 0.096 0.146 0.257
0.20 0.095 0.120 0.146 0.200 0.323
0.40 0.196 0.224 0.257 0.323 0.503




Table 2: The mean of the bias of p in the SAR model (1). The DGP is given
by (9). The number of replications is 1000.

ay/og 0 0.05 0.10 0.20 0.40
N =100
0 —0.006 —0.011 -0.016 —-0.025 —0.040

0.05 —0.011 -0.016 —-0.021 —0.029 —0.042
0.10 —-0.016 -0.021 —-0.026 —0.033 —0.043
0.20 —0.025 —-0.029 -0.033 —-0.040 —0.043
0.40 —0.040 —-0.042 -0.043 -0.043 -0.023
N =400
0 -0.003 -0.005 -0.008 -0.013 -0.019
0.05 —0.006 —-0.008 —-0.011 -0.015 -0.017
0.10 -0.008 -0.011 -0.013 -0.016 -0.014
0.20 —-0.013 -0.015 -0.016 —-0.016 —0.002
0.40 -0.019 -0.017 -0.014 —0.002 0.056
N =900
0 —-0.001 -0.003 -—-0.004 -0.007 -0.010
0.05 —0.003 —0.004 —-0.006 —0.008 —0.007
0.10 —0.004 —0.006 —0.007 —0.008 —0.002
0.20 —-0.007 —-0.008 -—0.008 -—0.006  0.013
0.40 —0.010 —-0.007 —0.002 0.013  0.083
N = 2500
0 —0.006 —0.002 —-0.003 —0.005 —0.004
0.05 —0.002 -0.003 -0.004 —0.005 —0.001
0.10 —0.003 —-0.004 —-0.004 -0.004  0.007
0.20 —-0.005 -0.005 -—0.004 —0.000  0.023
0.40 —0.004 —0.001 0.007  0.023  0.103
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Table 3: The mean of p (upper panels) and the mean of the bias of p (lower
panels) in the SAR model (1) when the weights matrix is underspecified,
or overspecified. The DGP is given by (9). The number of observations is
N = 2500 and the number of replications is 1000.

ay/an 0 0.05 0.10 0.20 0.40
Underspecified weights matrix
0 0 -—-0.000 —-0.00 —-0.000 -—0.001

0.05 0.025 0.025  0.025 0.026  0.029
0.10 0.050  0.050  0.050 0.052 0.058
0.20 0.100  0.100  0.100 0.103  0.119
0.40 0.212 0.213  0.215 0.223  0.272

0 0.000 —0.025 —-0.050 —0.100 —0.201
0.05 0.000 —0.025 —0.050 —0.099 —0.196
0.10  —0.000 —0.025 —0.050 —0.099 —-0.192
020 —-0.001 -0.025 —-0.050 —0.097 —0.181
0.40 0.012 —-0.012 -0.035 —-0.077 —0.128
Overspecified weights matrix
0 —0.001  0.046 0.094 0.190  0.376
0.05 0.046 0.094 0.143 0.237 0424
0.10 0.094 0.143 0.191  0.285  0.469
0.20 0.191  0.238 0.285  0.377  0.552
0.40 0376  0.424 0470  0.552  0.723
0
0 —0.001  0.021  0.044 0.090 0.176
0.05 0.021  0.044 0.068 0.112  0.199
0.10 0.044 0.068 0.091 0.135  0.219
0.20 0.091 0.113 0.135 0.177  0.252
0.40 0.176  0.199 0220 0.252  0.323
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4 Application to House Prices

In this section we provide an example of the use of unilateral spatial econo-
metric models with real data. Houses located near one another may have
similar unobservable attributes. This type of spatial dependence may be
modelled by a spatial error model (SEM) (Dubin 1988, Sedgley et al. 2008,
Wilhelmsson 2002). In the SEM model the spatial dependence in the data is
modelled through the error term:

y = XB+u, (10)
u = AWu+eg,

where y = [y;;] an N x 1 vector of observations on the dependent variable,
X = [%4j1,. .., Tijm) is an N x m matrix of explanatory variables, u = [u;;]
is an N x 1 vector of errors, 3 is an m x 1 parameter vector, A is a spatial
autoregressive parameter, and W and € are as before.

The LS estimator of B is unbiased and consistent in the SEM model, but
is not efficient, and the standard errors will be biased. The model is therefore
estimated by ML.

We use the data from Wilhelmsson (2002). The data consist of 1377
transactions of single-family houses between January 2000 and May 2001
in the county of Stockholm in Sweden. The data include the selling price,
spatial coordinates, the size of the house in square metres, as well as other
characteristics. See Wilhelmsson for a detailed description of the data.

The data do not lie equally spaced on a grid, as we have assumed in
the previous sections, so modelling the spatial dependence is not as straight-
forward as before. The data include coordinates (longitudes and latitudes)
for every observation. Figure 1 plots the coordinates of the observations.
By computing distances between the observations, we can find the (say) k
nearest neighbours of an observation. Following the analysis in the previous
sections, we choose the weights matrix to be unilateral. Consequently, the
dependence is allowed to go in only one direction, i.e. if the observation
kl depends on ij, then ij is not allowed to depend on kl, and vice versa.
The somewhat subjective choices about the direction of dependence and the
number of neighbours can be made in many ways, and should depend on
the application at hand. For the choice of the weights matrix in a k-nearest
neighbours setting, see Gerkman (2010). Here we choose the observations to

12



f ]
. .,-.o' N
ﬁ "3
”
. » o

Figure 1: Plot of the coordinates for the house prices data in the county
of Stockholm in Sweden. Each point correspons to one observation. The
number of observations is n = 1377.

have neighbours with smaller coordinates in latitude and larger coordinates
in longitude. The direction of dependence is thus chosen to be from north-
west to south-east in Figure 1. The objective is to ensure that the neighbours
of an observation are as close as possible to the observation in question, given
the restriction of unilateral dependence. However, choosing other directions
of dependence gives very similar results, and are therefore not reported.

We estimate the SEM model entertaining the unilateral weights matri-
ces Wy, where £ = 0,2,4,8,12,14,16,20. All weights matrices are row-
normalised. The weights matrix Wy refers to the model without spatial
errors, and then the maximum likelihood estimator of 3 is equivalent to the
LS estimator. For comparison, the corresponding k-nearest bilateral models
are also reported.

Table 4 reports the estimated autoregressive parameter and model sum-
mary statistics. We find that the magnitude of the estimated spatial autore-
gressive parameter A crucially depends on the choice of the weights matrix.
This result is not a surprise, given the simulation results in Section 3. If
we compare the models with two and four neighbours, we find that in the
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model with two neighbors A = 0.288 and in the model with four neighbours
A = 0.475, ie. almost than twice as large. When more neighbours are
added, X increases further, but with a decreasing rate. All estimates A in the
unilateral models are such that the causality condition (A < 1) is satisfied.

Comparing the unilateral models with the bilateral models, we find that
for all values of k the estimated autoregressive parameter A and the model
summary statistics are very similar. The bilateral models provide a mar-
ginally better fit, though. Also the estimates of the parameter 3 (not re-
ported) are very similar. We note that, if the strategy for selecting the
weights matrix proposed in Gerkman (2010) is used, the value £k = 14 is
found. Then we find that A = 0.722 in the unilateral model and A = 0.746
in the bilateral model.

The main conclusion is that the Swedish house prices data can successfully
be modelled by a unilateral spatial error model, and that a model with a
unilateral weights matrix gives almost identical empirical results as a model
with a bilateral weights matrix. In fact, Pace et al. (2009) argue that in large
samples the exact specification of the weights matrix is not so important,
since different weights matrices do not yield materially different coefficient
estimates. It may therefore be a moot point whether a unilateral or bilateral
weights matrix should be preferred, and then we may use a unilateral one,
because it simplifies the analysis to a great extent.

5 Conclusions

In this paper we show that by restricting the attention to unilateral spatial
autoregressive processes, we may define a unilateral spatial autoregression
which enjoys similar properties as an autoregression with time series. First,
we give a causality condition for unilateral spatial autoregression based on the
theory of unilateral spatial autoregressive processes. Second, we investigate
the properties of the maximum likelihood estimator of the spatial autoregres-
sive parameter. The estimator is shown to be consistent and asymptotically
normal, without requiring high level assumptions about moment conditions,
ergodicity and mixing. Some simulation results to examine the finite sample
properties of the estimator show that it is nearly unbiased, except at the
boundary of the parameter space. Third, we investigate the impact of the
choice of the weights matrix on the estimated spatial autoregressive parame-
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Table 4: The estimates of the spatial autoregressive parameter and model
summary statistics for unilateral and bilateral spatial error models enter-
taining different k-nearest neighbours weights matrices. The table shows the
results for the unilateral models over the results for the bilateral models.

WO W2 W4 WS W12 W14 W16 W2O

>)

0.288 0.475 0.640 0.699 0.722 0.739 0.767
0.307 0.482 0.650 0.719 0.746 0.779 0.854

t-stat 21.3 458 899 1182 133.6 146.6 1734
325 46.3 90.0 1259 138.2 146.7 126.0

0. 0.074 0.065 0.061 0.059 0.059 0.060 0.060 0.060
0.064 0.060 0.056 0.055 0.055 0.055 0.055

—log lik 373.6 408.0 439.4 439.6 439.5 438.7 439.0
3779 4142 461.8 475.1 480.3 483.5 482.6

R? 0.581 0.627 0.651 0.665 0.661 0.660 0.658 0.657
0.633 0.658 0.682 0.686 0.686 0.687 0.685
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ter. We find that the estimated spatial autoregressive parameter crucially
depends on the weights matrix. Underspecifying the weights matrix results
in an underestimated spatial autoregressive parameter, and overspecifying
the weights matrix results in an overestimated spatial autoregressive para-
meter. Finally, the use of unilateral spatial autoregression with real data is
illustrated by an empirical application to house prices.
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6 Appendix: Proofs

In Section 2 we have seen that the unilateral SAR model (1) satisfying As-
sumption 1 is a special case of a unilateral SAR process in the plane (3). The
consictency and asymptotic normality of the estimator p obtained from max-
imizing (7) may be obtained from Theorems 1 and 2 of Yao and Brockwell
(2006) as a special case.

We begin by reviewing the results obtained by Yao and Brockwell for
a general causal and invertible spatial autoregressive and moving average
process in the two-dimensional plane. They establish consistency and as-
ymptotic normality of the Gaussian maximum likelihood estimator. The
limiting distribution is determined by two AR models defined by the AR and
MA forms in the original model. Their result is an analogue of Hannan’s
(1973) classic result for time series in the context of spatial processes (see
also Brockwell and Davis 1991, Section 10.8).

For a causal spatial autoregressive processes their result is given below as
a special case.

Let y_1 = (Yi-1,j, Yij—1s- - -+ Yimprj—ps) a0d 0 = (01, 0y, 1p,)".

Theorem 1 Let {e;;} ~ IID(0,0%) and conditions (C1) and (C2) hold.
Then R
N'2(8,, — 8,) 2 N0, W(8y)),

where the asymptotic covariance matriz is given by

W(6,) = [E(y_1y",)] " (11)
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Proof of Proposition 3. Write the SAR model (1) as a unilateral SAR

process
Yij = pz Z Yi—kj—i- (12)

k1 k=l£0

Applying Theorem 1 with y;; as in (12), we obtain the conclusion

NY2(5 — py) 2 N(pg, v(by)).

where the asymptotic variance v(6) is given by

-1

v(d)=qE lz Z yi—k,j—l] . (13)

kil k=I£0
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Abstract

This paper studies to what extent a set of coordinate-based vari-
ables describing the small scale neighbourhood conditions can replace
the spatial econometric structure in a house price model. We make
assumptions that motivate a spatial Durbin model which has a rich
spatial structure. When it is estimated without the small scale neigh-
bourhood variables, its spatial lags are found to be significant. How-
ever, when the additional set of variables is included, the spatial lags
become insignificant. Hence, the model would be reduced to a conven-
tional non-spatial regression model. The assumptions still motivate a
Spatial Error model. The spatial lag of the error term of this model
is found to be highly significant. The paper gives a formal motiva-
tion for the empirical analysis and the arguments are implemented
on real data for apartments sold in Helsinki in Finland, during the
first quarter of 2002. In the empirical analysis we find that the new
explanatory variables capture some of the small scale neighbourhood
conditions, and thereby we obtain a simplified model. However, these
small scale neighbourhood variables cannot entirely replace the spatial
econometric structure.

Key Words: House prices, Omitted variables, Small scale neigh-
bourhood, Spatial econometrics.

1 Introduction

According to real estate agents there are three things that affect the price
of a house the most: location, location and location. This remark suggests



that location and small scale neighbourhood have a substantial impact on the
price of a house or an apartment. Earlier studies of the housing market have
found that geographical location is important. Especially the small scale
neighbourhood has a substantial effect on the price a house or an apartment.
But how should one measure small scale neighbourhood attributes such as
well maintained surroundings, the availability of parks for recreation, the
level of service, communication networks, good schools or simply nice neigh-
bours? These variables are often both hard to define and measure. Further,
small scale neighbourhood variables are spatially dependent, which means
that observations are very similar for objects located close to each other. The
problem is how to capture and formulate this type of spatial dependence in
an econometric model.

Recent technical developments of geographical information systems (GIS)
have brought about a renewed interest in spatial matters. For instance, it
is common to attach coordinates to data. The coordinates can be used to
create a spatial weights matrix in a spatial econometric model. In this pa-
per a different view is taken. The coordinates of the observations and the
information in the original data are used to create new variables by follow-
ing the ideas in Turnbull, Dombrow and Sirmans (2006). The purpose is
to examine whether these coordinate-based variables, which measure small
scale neighbourhood market conditions, can replace the spatial structure in
a hedonic house price model. We begin by considering a scenario where
the assumptions are that there are important explanatory variables miss-
ing from the model, the omitted variables are spatially autocorrelated and,
in addition, they are correlated with the explanatory variables in the model.
These assumptions lead to a spatial Durbin model. Then we uncover some of
the omitted variables, namely the coordinate-based variables capturing the
small scale neighbourhood market conditions. Despite the uncovered new
variables, we expect that there still are spatially autocorrelated explanatory
variables missing from the model, but we find reason to assume that the re-
maining omitted variables are uncorrelated with the explanatory variables in
the model. These assumptions lead to a spatial error model. The arguments
of the theoretical analysis are implemented on real house price data from
Helsinki, Finland, to demonstrate their usefulness in practice. The empirical
results show that it is possible to find new explanatory variables and obtain a
simplified model. The benefit of the final model is that it is easier to interpret
than a spatial econometric model with a richer structure.

The paper is organized as follows. The next section describes hedonic
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price models for housing. The section also briefly introduces spatial econo-
metric models. The third section discusses the assumptions and the implica-
tions of them, and explains the arguments and the theoretical motivations for
the models which are used in the empirical analysis. In the fourth section the
data and the variables, especially the small scale neighbourhood variables,
are discussed. The fifth section contains the empirical analysis and the last
section concludes.

2 Hedonic House Price Models and Spatial
Econometrics

A hedonic price model is a regression model where the price of a commodity is
explained by the attributes of the commodity in question (Rosen 1974). The
relevant attributes for a hedonic house price model can be grouped into three
broad categories: location variables, structural variables and neighbourhood
variables (Dubin 1988). Location variables are attributes describing the ge-
ographical location of the object. They are usually easily measured and can,
for instance, be the presence or absence of sea view, the distance to the cen-
tral business district or the nearest train station. Structural variables are
attributes of the house or apartment itself. Typical examples are the size
of the house or apartment, its age, number of rooms, the condition of the
interior, lot size and the presence or absence of garage, balcony, fireplaces,
and so on. Whereas the first two categories are usually easily measured, the
third group of variables, neighbourhood variables, can be thought of as la-
tent characteristics of a neighbourhood. By these type of variables we try to
capture the spirit that makes some neighbourhoods more appreciated than
others, even when the location and structural attributes are similar for the
neighbourhoods. They are the most difficult ones to obtain. Commonly used
variables for this purpose are the local crime rate, socioeconomic character-
istics of residents, pollution or noise levels. These variables may be thought
of as proxies of the unobservable quality of the small scale neighbourhood.

Price models for housing are often of the loglinear form (Wilhelmsson
2002) or semilog form (Pace and Gilly 1997). A hedonic regression model in
semi-log form is given by

k l
1n-Pi:a+26mx'nLi+Z’YdDdi+5i7 1= 17'-~7N7 (1)

m=1 d=1
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where the logarithm of the price P; is explained by the explanatory variables
Z1,Ta, ...T, and dummy variables.

In practice it is seldom possible to obtain all the variables needed ac-
cording to the theory. If we lack some important variables, the least squares
estimates of the parameters in (1) will be biased and inconsistent, since the
estimated coefficients of the variables in the model will pick up the part of
the influence of the omitted variables that is correlated with the variables
in the model. A reasonable assumption is that objects situated near each
other have similar values on location and neighbourhood variables, i.e. these
variables are spatially autocorrelated. If the omitted variables are spatially
autocorrelated, Pace and LeSage (2008) show that the bias is going to be
even larger than in the conventional least squares case. When the omitted
variables are spatially correlated, spatial econometric models can be used in
order to reduce the bias of the estimates.

Spatial effects occur when the geographical closeness of observations affect
the degree of dependence between the observations. When two points on a
map are close to each other, it is natural that also the observations made at
those points are similar. The further away the two points are from each other,
the less similar the observations made at those points tend to be. In spatial
econometric models the weights matrix plays an important role. A weights
matrix is usually assumed to be exogenous to the model and is typically based
on the geographic arrangements of the observations. It specifies which of the
other locations in the system that are assumed to affect the observed value
at some location. The weights matrix can be based on distances between the
observations or on contiguity.

In the empirical analysis in Section 5, we use a row normalized weights
matrix that is based on nearest neighbours. The coordinates of every obser-
vation give the exact position of the apartment and hence, the exact position
of all neighbouring apartments. When creating the weights matrix every
observation is assumed to have four nearest neighbours. This is one of the
standard ways to specify a weights matrix in the spatial econometric litera-
ture, see for instance Anselin (1988). An observation is also assumed to be
equally spatially dependent of all four neighbours. The dependence structure
does not consider the difference in distance between the observation and its
neighbours. Since every observation is assumed to have exactly four neigh-
bours, it is possible that false neighbours are imposed on some observations.
On the other hand, some observations may lack important neighbours. It
would of course be possible to analyze other weights matrices, or the impact
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of different numbers of nearest neighbours on the estimates, but this is not
the focus of this paper and therefore left to future studies.

A standard spatial econometric model, see for instance Anselin (1988), is
the general spatial autoregressive model which given in matrix notation is

y = XB+pWiy +u,
u = \Wou+e, (2)
e ~ N(0,0%),

where the dependent variable y is explained by the exogenous variables in
the matrix X and a spatial lag W1y. The Matrices W and Wy are weights
matrices. The error term u is spatially autocorrelated.

Applied to the hedonic price model (1) and with y = [In B;], the model
(2) becomes

In P

k l n
a+ Zﬁml'mi JFZ'YdDdi erzwlij In P; + u;, (3)
d=1

m=1 = j=1

n
U; = )\E U)gw‘Uj‘F&‘,‘.

j=1

In this model wy;; and wo;; are elements in the ith row and jth column of
the weights matrices W1 and W, respectively. When the weight matrix is
row normalized, the spatial lag of the dependent variable, wy;;In P;, can be
interpreted as a weighted average of the neighbouring observations on the
dependent variable.

The solution of the model (2) is

y=O-pW) X8+ (I—pW;) I - I\Wy) e, (4)

provided that (I — pW3) and (I — AW5) are non-singular, which is the case
when |p| < 1, |A| < 1 and the weights matrices W, and W are row normal-
ized. In practice it is often assumed that W; = W,. Kelejian (2008) points
out that the associated identification problem occurs only when 8 = 0. Then
the parameters p and \ are not separately identified. In practice this is al-
most never the case, since there are always exogenous regressors in the model.
If p = 0, the model (2) is called a spatial error model and if A = 0, the model
is referred to as a spatial lag model. If both p = 0 and A = 0, the model is a
linear regression model.



3 Implications of Spatially Autocorrelated Omit-
ted Variables

When modelling house price data the model is very often lacking some lo-
cation and neighbourhood variables. According to LeSage and Pace (2009),
there is then a strong motivation for spatial econometric models, since these
omitted location and neighbourhood variables are usually thought of as spa-
tially autocorrelated. The following analysis is based on arguments adapted
from LeSage and Pace (2009).

First we will consider a scenario where the assumptions are that there are
important explanatory variables missing from the model, the omitted vari-
ables are spatially autocorrelated and, in addition, that they are correlated
with the explanatory variables in the model. These assumptions will lead
to a spatial Durbin model. Then we will assume that we uncover some of
the omitted variables. In this second scenario, we still assume that there are
variables missing from the model despite the included uncovered new vari-
ables, and that they are spatially autocorrelated, but now we assume that
the remaining omitted variables are uncorrelated with the explanatory vari-
ables in the model. These assumptions will lead to a spatial error model.
In Section 5 the results of the theoretical analysis below are used on real
data to demonstrate the usefulness of the arguments. The objective is to
show that by uncovering new spatially autocorrelated explanatory variables
with certain properties, we can obtain a simpler model, which is easier to
interpret.

Begin by considering the following non-spatial model:

y:XB1+Z/827 (5)

where the n x 1 vector y is the dependent variable, the n x k matrix X
represents the available explanatory variables, the n x m matrix Z represents
missing or unobserved explanatory variables, and 3, and 3, are vectors con-
taining regression coeflicients. For ease of exposition there is no error term
in the model, instead the variables in X and in Z are assumed to completely
explain the dependent variable. Then assume that the missing variables in
the matrix Z are spatially autocorrelated , i.e. that we have

Z=pWZ+R, ER)=0. (6)
The scalar parameter p in (6) is the spatial autocorrelation coefficient and

W is a weights matrix. From (6) solve Z = (I — pW) 'R, and substitute it

6



into (5) to obtain
y =XB; + (I - pW) 'RB,. (7)
Define the vector u = R3,. Further assume that the missing variables in Z

correlate with the explanatory variables X in model (5). Assume a simple
linear dependence,

u=Xvy+v, v~ N(00I). (8)

The parameters in the vector 4 and the variance of the error term o2 in (8)
describes the relation between X and Z. Since R3, = u, we can substitute
(8) into (7) and obtain

y = XB+I-pW) ' (Xy+v)
= XB,+ (I—pW) Xy + (I—-pW) v, 9)
Multiply from the left by (I — pW),
(- pW)y = (1= pW)XB, + X7 + v, (10)
and hence,
y = pWy + X(B; +7) + WX(—-p8;) +v. (11)

Model (11) is called a spatial Durbin model (SDM). LeSage and Pace (2009)
point out that the interpretation of the parameters in models which includes
spatial lags of the explanatory or dependent variable becomes richer and
more complicated. For instance, the estimated regression coefficients can not
be interpreted in the conventional regression sense as partial derivatives.

Now consider the scenario where we assume that some of the variables,
say Zy, of the matrix Z =[Z;, Z*] in (5) are revealed and we get a new matrix
X* = [X, Z4] of explanatory variables. Instead of model (5) we have

y = X8 +Z"3;. (12)

Assume that the remaining missing variables Z* are spatially autocorrelated,
as before, i.e. that we have

7" = p"WZ" + R*, E(R)=0, (13)

but that the missing variables Z* are now uncorrelated with the explanatory
variables X* in the model. Solve Z* from (13) and substitute into (12) to get

y =X"B] + (I~ p"W) 'R"B;. (14)
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Define u* = R*35 and q = (I — pW)'u*. Then (14) can be written as a
spatial error model (SEM),

y = X'Bi+q
q = p*Wq+u'.

In the SEM the regression coefficients have their usual interpretation as par-
tial derivatives, since the model does not involve any lag on the dependent
variable or the explanatory variables. If the coefficients are estimated by
the method of ordinary least squares they will be unbiased, but not efficient,
since 35 will increase the variance of R*. Maximum likelihood estimates will
be unbiased and efficient.

In this section we have seen that if some new explanatory variables with
certain properties are uncovered the model changes from a SDM to a simpler
SEM. In the empirical analysis of this paper we will demonstrate the scenarios
mentioned above. We will see how house price models are changed when
new explanatory variables Z; are revealed. In the next section the data
are presented and special attention is given to the formal definition of our
candidates for Z;, the new small scale neighbourhood variables mentioned
in Section 1.

4 Data

The empirical analysis is based on cross-sectional data on the free from debt
selling price of apartments in residential buildings in Helsinki, the capital
of Finland, in January, February and March 2002. The data include 649
transactions and are based on information provided by real estate agents in
the area. The data were originally collected to be used only by real estate
agents. The idea was that only agents that gave particulars of their own
transactions could get the particulars of the transactions of their competitors.
Since not all real estate agents participated in the service, the data do not
include all transactions during the period.

The original data include 15 attributes describing the apartment, its loca-
tion or the transaction. All variables are presented in Table 1. The dependent
variable is the selling price (Price). During the first quarter of 2002 the av-
erage apartment in Helsinki was sold for €130000. The attributes are the
size of the apartment in square metre (M 2), the number of rooms excluding
kitchen (Rooms) and the age of the apartment (Age). Apartments that are
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less than one year old are not available in this data set and are therefore not
included. This is also typical for house price data from Statistics Finland
and the motivation is that the selling prices for new apartments are strongly
affected by building costs. A variable age squared (Age2) is created since the
effect of age is not assumed to be linear. The average apartment is 55 square
metres, has 2 rooms and is 49 years old. Note the large standard deviations
of these variables. The data also include information about the housing
loan (Loan), the maintenance charge per month (Maintenance), the floor
number of the apartment (Floor) and the number of floors in the building
(FloorB). The number of rooms, the floor number and the number of floors
in the building are all transformed into dummy variables before entering the
model. The average number of floors is 4.6, which is reasonable since there
are no skyscrapers in Finland. The highest building has only 14 floors. The
time an apartment is for sale (IWOM) fluctuated between zero and 74 weeks,
and the average time on the market is about 8 weeks. The data also include
dummy variables for sauna, balcony, alcove and elevator. It can be seen that
5% of the apartments had a sauna, 18% had a balcony and about 50% of
the apartments were situated in buildings with elevator. Before entered in
the model the dummy variable for elevator is combined with the information
whether the apartment is situated above the second floor or not, since it is
expected that the elevator is relevant only when an apartment is situated at
a higher floor. There is also information on the condition of the apartment.
The condition of the apartments are graded good, satis factory or bad. This
information may not be as reliable as for the other attributes, since it is based
on real estate agents’ subjective grading of the apartments. Note also that in
21% of the cases the information on the condition is missing. Finally there
is information about wether the apartment was sold in January, February or
March 2002. The number of apartments sold are about the same during all
three months. The data set contains the addresses of the apartments. The
address for each location is changed into coordinates, given in longitudes and
latitudes.

The last four variables in Table 1 are of special interest in this study,
since they are our candidates for the missing variables in Z;. The variables
Smaller and Larger capture the relative size effects. Following an idea
suggested by Turnbull, Dombrow and Sirmans (2006), the variables measure
the negative and positive deviations between the size of an apartment ¢ and
the mean of the apartment size in the small scale neighbourhood, relative to
the mean of the apartment size in the small scale neighbourhood. Turnbull,
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Table 1: Descriptive statistics for transactions of apartments in residental
buildings sold in Helsinki January 2002 to March 2002.

Variable Minimum Maximum Mean Std. Dev.
Price (€) 31500.00 1086750.00 129959.00  85003.00
M2 (m?) 14.00 189.00 54.65 24.48
Age (Years) 1.00 116.00 49.06 22.82
Loan (€) 0.00 64802.00 1469.15 5351.14
Maintenance (€) 0.00 734.35 119.56 89.89
Rooms 1.00 6.00 2.08 0.95
Floor (number) 0 11.00 2.63 1.75
FloorsB 0 14.00 4.60 1.93
WOM (weeks) 0 74.00 7.96 9.92
Sauna binary 0.05

Balcony binary 0.18

Alcove binary 0.04

Elevator binary 0.51
Condition/good binary 0.43

Condition /satisf. binary 0.31
Condition/bad binary 0.05
Condition/missing  binary 0.21

January binary 0.32

February binary 0.35

March binary 0.33

Valid N=649

Small Scale Neighbourhood Variables

Smaller 0 0.78 0.28 0.22
Larger 0 1.78 0.07 0.22
Comp 0 672.42 51.90 79.39
Avgcomp 0 47.48 7.54 7.30
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Dombrow and Sirmans define the immediate neighbourhood to be all houses
within one-half-mile radius of house 4, and calculate the mean of the size of
the apartments. In order to utilize more information, this study uses an other
data set from Statistics Finland in addition to the data set described above.
It contains all sales for the year 1998 for Helsinki, and has 3305 observations.
The data set for the year 2002 include 77 different postal districts. The mean
of the apartment size in each postal district is calculated from the pooled data
set and the mean is then used as a proxy for the small scale neighbourhood
mean.

For an apartment ¢ that belongs to postal district J, the standardized
measure of relative size is

M2; — Mean(M?2 in postal district J)
Mean(M?2 in postal district J)

The relative size variables Smaller; and Larger; are defined as follows:

Localsize; =

Smaller; = |Localsize;| for Localsize; < 0,

= 0 otherwise,
and

Larger; = |Localsize;| for Localsize; > 0,

= 0 otherwise.

The small scale neighbourhood is also assumed to be reflected by the amount
of competing sales in the immediate surroundings. Competition is measured
by the number of apartments that are for sale at the same time. The vari-
ables which are used for the purpose are the cumulative amount of competi-
tion (C'omp) and its average intensity (Avgcomp). They are modifications of
the variables suggested by Turnbull, Dombrow and Sirmans. The definition
of a competing apartment j is one that has a living area (M2) that is no
more than 20% smaller or no more than 20% larger than the living area of
the apartment for sale i. The competition is restricted to apartments within
a distance of at most two kilometers. Since the data contain the coordinates,
the competing apartments are easily found. The data do not include the
exact listing and selling dates and therefore a proxy variable is used for the
overlapping marketing time. The data contain the marketing time in weeks
(WOM) for each apartment and information on the month it is sold. These
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two variables are combined to get a proxy for the overlapping marketing
time. For all apartments that are sold in January the selling date is set to 31
January and for February and March, 28 February and 31 March, respective.
Keeping selling dates fixed, it is possible to get a proxy for overlapping mar-
keting time for each pair of competing apartments by looking at the number
of weeks on market for both ¢ and j.

The variable Comp; measures the cumulative competition (in weeks) from
other apartments j € I in the small scale neighbourhood I of apartment i :

Comp; =Y (2 = D(i, )0, j).

jel

Here D(i,j) is the absolute distance in kilometers between observations 4
and j, if ¢ and j are competing apartments within at most two kilometers
from each other, otherwise D(i,j) is set to zero. The variable O(i, j) is the
overlapping marketing time in weeks for each pair of competing apartments.
If the overlapping marketing time is zero, or if ¢ and j are more than two
kilometers apart, O(i, j) is set to zero. The factor (2 — D(i, j))? ensures that
apartments further away from apartment i get less weight than apartments
closer to 1.

The other measure of competition in the small scale neighbourhood is
Avgcomp. The variable measures the average intensity of the competition
as the cumulative competition in weeks divided by the weeks of marketing
time. For apartment ¢

(2 B D(Zaj))QO(Z.])

Avgcomp; = Z WOM

jeI

According to Turnbull, Dombrow and Sirmans these two variables control for
the window of opportunity for buyers who might be interested in any of the
competing houses. Thereby they should also be able to capture the spatial
dependence in the data arising from the fact that nearby observations have
similar or the same market conditions. An interesting matter is that the
hypothesis concerning the sign of the impact of competition on the selling
price is not straightforward. When there are lots of similar apartments for
sale in a neighbourhood, the buyer tends to buy the most reasonably priced
apartment. In order to stay in the competition other sellers will have to
lower their prices. So the conclusion is that competition in the amount of
apartments will lower the selling price. On the other hand, buyers who are
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attending a showing of an apartment also tend to attend showings of nearby
apartments, because they are already in the neighbourhood. This means
that if there is a lot of apartments for sale in a neighbourhood, it will attract
more potential buyers. And if there are lots of buyers competing for the same
apartments the prices will go up.

The small scale neighbourhood variables, Smaller, Larger, Comp and
Avgcomp are our candidates for the missing explanatory variables Z;, men-
tioned in the previous section. Based on the definitions given above, we have
reason to assume that the variables will have the desired properties, which
are, that they are spatially autocorrelated and that they are correlated with
the explanatory variables in the model. In the next section these assumptions
are tested and found to hold.

5 The Empirical Analysis

In the empirical analysis we will concentrate on the scenarios mentioned
in Section 3. The data are described in the previous section. We assume
that there are important spatially dependent explanatory variables missing
in the house price models, and we will analyze how the models are affected
when we uncover some of the omitted variables. All estimation is done in
Matlab, and routines in the Spatial Econometrics Toolbox by LeSage are
used. (For further details and to download the toolbox, see www.spatial-
econometrics.com.)

To begin with, we have only the original variables in matrix X, which
includes the variables M2, Age, Age2, Loan, Maintenance, WOM , and
dummy variables for Rooms, Floor, FloorB, Sauna, Balcony, Alcove,
Elevator& Floor > 2, Condition, Feb and Mar. The variables capturing
the relative size effects and the competition in the nearby surroundings are
assumed not available. The data are therefore assumed to lack important lo-
cation and neighbourhood variables, and these omitted variables are assumed
to be spatially autocorrelated. We also assume that these missing variables
are correlated with the available explanatory variables. We estimate the
following non-spatial hedonic price model of semi-log form:

In Price = X3; + €. )

We name it model (I). The variation in the natural logarithm of the selling
price of an apartment (In Price) is explained by the variables in matrix X.
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Table 2: Estimation Results for Model 1

Variable Coeff. t-stat  t-prob. Variable Coeff. t-stat t-prob.
Constant 10.423 164.62 0.00 FloorsB=3 -0.051 -1.48 0.14
M2 0.012  18.60 0.00 FloorsB=4 -0.017  -0.49 0.62
Age 0.007 4.92 0.00 FloorsB=>5 0.014 0.38 0.71
Age2 0.000 0.09 0.92 FloorsB=6 -0.006 -0.16 0.87
Loan 0.000 3.20 0.00 FloorsB=7 -0.017  -0.38 0.71
Maintenance -0.000  -2.82 0.00 FloorsB>7 -0.069 -1.44 0.15
WOM 0.001 0.67 0.50 Sauna 0.131  3.11 0.00
Rooms=2 0.154 5.84 0.00 Balcony 0.020 0.84 0.40
Rooms=3 0.161 4.06 0.00 Alcove 0.037 0.86 0.39
Rooms>3 0.207 3.26 0.00 Elev.&Floor>2 0.061 2.05 0.04
Floor=3 -0.018  -0.70 0.48 Cgood 0.093  3.99 0.00
Floor=4 -0.017  -0.52 0.60 Csatisf -0.026 -1.06 0.29
Floor=5 0.030 0.71 0.47 Cbad -0.100 -2.32 0.02
Floor>5 0.070 1.53 0.13 Feb 0.044 211 0.04

Mar 0.086 4.04 0.00

Moran I-test for Spatial Correlation in Residuals

Moran 1 0.399
Moran I-statistic 16.03
Marginal Probability ~ 0.000

The estimation results are presented in Table 2. By assumptions the omitted
explanatory variables are spatially dependent, and there will be an amplified
bias in these traditional least squares estimates compared to the situation if
the missing variables were not to be spatially dependent (LeSage and Pace,
2009, page 64). The residuals of model (I), &;, are tested for spatial auto-
correlation by a Moran I test (Table 2) and the null hypothesis of no spatial
autocorrelation is rejected.

In Section 3 we have seen that the assumptions that there are important
spatially dependent explanatory variables missing from the model, and that
they are correlated with the included explanatory variables, lead to a spatial
Durbin model (SDM). Therefore we estimate the following SDM:

In Price = pW In Price + X8, + WX, + €17 (I1)

We name it model (II). According to what was shown in section three 3;; =
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(B; + ) and B;;, = ( — pPB;), where the parameter vector v describes the
relation between the variables in X and the missing variables. The scalar
parameter p in model (II) is the spatial autocorrelation coefficient and the
matrix W is a row-normalized weights matrix that is based on the four near-
est neighbours to each observation. The model is estimated by the method
of maximum likelihood and the results are reported in Table 3. Especially
note that p is significantly different from zero.

Let us then assume that we uncover some of the missing variables, say
Z;, namely the variables capturing the relative size effects (Larger and
Smaller) and the competition in the small scale neighbourhood (Comp
and Avgcomp). In the previous section we showed how these variables
were created. Since they are based on information in the existing data
and the coordinates, it is natural to assume that these variables are both
spatially autocorrelated, and correlated with the explanatory variables in
X. To verify these assumptions, we calculate the canonical correlation be-
tween Z; and X, and estimate a first order spatial econometric model (FAR),
zi, = p, Wz + &, for each of the four new small scale neighbourhood vari-
ables, z;, = {Smaller, Larger, Comp, Avgcomp} . The results are in Table 4.
We can see that the first canonical correlation is 0.918 and is highly sig-
nificant according to Wilks’ test. Also the other canonical correlations are
significantly different from zero. Further, all four estimates of the spatial
autocorrelation parameters, p,, are found to be significantly different from
7€ero.

We include the new variables in the matrix of explanatory variables, X* =
[X, Z,], and estimate the following SDM:

In Price = p*W In Price + X* B, + WX By, + €111 (I1I)
We find that when the four new variables are included, the spatial lag of the

dependent variable becomes insignificant (p* = 0.529, Z — prob. = 0.453).
Most of the spatially lagged explanatory variables are also insignificant (not
reported). According to the assumptions of this model there are important
spatially dependent explanatory variables missing and that these variables
correlate with the included explanatory variables. If the assumptions are
true, the spatial lags of the spatial Durbin model should be significant, but
this seems to happen only when the set of small scale variables are omitted, as
in model (IT). When the variables Z; are included in the matrix of explanatory
variables, as in model (IIT), the lags becomes insignificant, and we end up
with a conventional non-spatial regression model.
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Table 3: Estimation Results for Model II
Variable Coeff. As.t  Z-prob. Variable Coeff. As.t  Z-prob.
Constant 4.577 13.52 0.00 WM2 -0.005 -5.03 0.00
M2 0.013 24.85 0.00 WAge 0.005  2.66 0.00
Age 0.000 0.23 0.82 WAge2 -0.000 -1.10 0.27
Age2 0.000 0.66 0.51 WLoan -0.000 -3.34 0.00
Loan 0.000  5.00 0.00 WMaintenance -0.000 -1.56 0.12
Maintenance -0.000 -2.27 0.02 WWOM 0.002 1.31 0.19
WOM 0.001 1.38 0.17 WRooms=2 -0.129 -3.43 0.00
Rooms=2 0.60 8.43 0.00 WRooms=3 -0.201 -3.55 0.00
Rooms=3 0.169  5.96 0.00 WRooms>3 -0.151 -1.61 0.11
Rooms>3 0.182  3.00 0.00 WFloor=3 -0.065 -1.67 0.10
Floor=3 0.002  0.08 0.93 WFloor=4 -0.048 -1.02 0.31
Floor=4 0.012 0.51 0.61 WFloor=>5 -0.011  -0.18 0.86
Floor=5 0.031  1.05 0.29 WFloor>5 -0.029 -0.45 0.66
Floor>5 0.058 1.76 0.08 WFloorsB=3 0.013 0.28 0.78
FloorsB=3 -0.026 -1.02 0.31 WFloorsB=4 -0.005 -0.09 0.93
FloorsB=4 -0.017 -0.67 0.50 WFloorsB=5 -0.21  -0.40 0.69
FloorsB=5 -0.014 -0.52 0.61 WFloorsB=6 -0.028 -0.52 0.60
FloorsB=6 -0.044 -1.44 0.15 WFloorsB=7 -0.103 -1.66 0.10
FloorsB=7 -0.018 -0.52 0.61 WFloorsB>7 -0.056 -0.78 0.44
FloorsB>7 -0.071  -1.92 0.05 WSauna 0.023 0.36 0.72
Sauna 0.084 2.76 0.01 WBalcony 0.010 0.31 0.75
Balcony 0.020 1.17 0.24 WAlcove -0.023 -0.36 0.72
Alcove 0.029 0.94 0.34 WElev&Floor>2 0.063 1.47 0.14
Elev&Floor>2 0.012 0.56 0.57 WCgood 0.023 0.64 0.52
Cgood 0.073  4.26 0.00 WCsatisf 0.029 0.83 0.41
Csatisf -0.036 -1.99 0.05 WCbad 0.004 0.06 0.95
Cbad -0.110 -3.52 0.00 WFeb 0.049 1.43 0.15
Feb 0.048 3.19 0.00 WMar 0.045 1.37 0.17
Mar 0.072  4.65 0.00 p 0.547 17.90 0.00
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Table 4: Canonical correlations and FAR model estimates
Canonical Correlations — Wilks’ Chi-Sq  df Prob.

1 0.918 0.036 2093.979 112 0.000
2 0.702 0.231 926.409 81  0.000
3 0.600 0.455 497.414 52 0.000
4 0.538 0.711 215.44 25 0.000
First Order Spatial Autoregressive Model Estimates

Z, D As.t-stat Z-prob.

Smaller 0.208 6.787 0.000

Larger 0.345 7.932 0.000

Comp 0.389 5.582 0.000

Avgcomp 0.528 3.810 0.000

Let us then consider the other scenario in section three, where the spa-
tially autocorrelated omitted variables are uncorrelated with the explanatory
variables in the model. We begin by testing the least-squares residuals of the
non-spatial model (I), with X* in place of X, for spatial autocorrelation by
a Moran [ test. The Moran I is 0.383, the Moran /-statistic is 15.58 and the
marginal probability of the test is 0.000, which means that the null hypoth-
esis of no spatial autocorrelation is rejected. The natural implication is that
despite the set of small scale neighbourhood variables that is included in the
explanatory variables X*, there are still spatially autocorrelated explanatory
variables missing from the model. Since the set of new small scale variables
is found to be correlated with the other explanatory variables in X*, and the
spatial lags in the SDM model (III) is found insignificant, we assume that the
remaining missing variables are uncorrelated with the included explanatory
variables in X*. In Section 3 we showed that these assumptions will result
in the following spatial error model (SEM),

In Price = X*#7,+u (IV)
u = A\Wu-+egjy.

The results of the estimation of model (IV) are in Table 5.

We find that the estimated spatial autocorrelation coefficient is signifi-
cantly different from zero, so the SEM cannot be reduced to a non-spatial
hedonic regression model. The adjusted coefficient of determination R? for
the SEM (IV) is 0.89. For the SDM (II), which does not include the new small
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Table 5: Estimation Results for Model IV

Variable Coeff. As.t Z-prob. Variable Coeff. As.t Z-prob.
Constant 11.189 194.47 0.00 FloorsB=6 -0.037  -1.27 0.20
M2 0.007 7.54 0.00 FloorsB=7 -0.026  -0.77 0.44
Age 0.001 0.98 0.33 FloorsB>7 -0.068  -1.89 0.06
Age2 0.000 2.58 0.01 Sauna 0.086 2.94 0.00
Loan 0.000 13.11 0.00 Balcony 0.024 1.43 0.15
Maintenance -0.000 -2.84 0.00 Alcove 0.032 1.10 0.27
WOM -0.000  -0.08 0.93 Elev&Floor>2 0.019 0.95 0.34
Rooms=2 0.108 5.15 0.00 Cgood 0.055 3.50 0.00
Rooms=3 0.116 3.68 0.00 Csatisf -0.035  -2.06 0.04
Rooms>3 0.178 3.96 0.00 Cbad -0.094  -3.25 0.00
Floor=3 0.009 0.54 0.59 Feb 0.029 2.08 0.04
Floor=4 0.007 0.32 0.75 Mar 0.058 4.09 0.00
Floor=>5 0.037 1.30 0.19 Smaller -0.497  -6.67 0.00
Floor>5 0.054 1.71 0.09 Larger 0.278 4.87 0.00
FloorsB=3 -0.039  -1.59 0.11 Comp 0.000 1.64 0.10
FloorsB=4 -0.021  -0.87 0.39 Avgcomp 0.003 0.00 0.02
FloorsB=5 -0.018  -0.68 0.50 A 0.718 19241 0.00
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scale neighbourhood variables, the R? is 0.84. Thereby the variables in SEM
explain more of the variation in the dependent variable than the variables in
the SDM. A great benefit of the spatial error model compared to a spatial
Durbin model is that the regression coefficients have their usual interpreta-
tion as partial derivatives. As model (IV) is of semilog form, an estimate
multiplied by 100 is interpreted as the percentage change in the dependent
variable, the selling price (Price), when the corresponding explanatory vari-
able is changed one unit and all other variables are kept unchanged. As
expected, the selling price is found to be higher if the living area (M2) is
larger. The coefficient on Age is expected to be negative and the coefficient
on Age2 is expected to be positive. The combination is interpreted that as
a building gets older, the price of the apartment falls with a decreasing rate.
The results show that the variable age squared (Age2) is positive and signif-
icant. The estimate on the coefficient for the variable Loan is positive and
significantly different from zero. If there is a housing loan for the apartment,
the corresponding amount can be deducted from the selling price before tax.
This is beneficiary to the buyer. The variable Maintenance is significant and
the estimate is negative, as expected. It is natural that a higher maintenance
charge translates into a lower price for the apartment, since it usually reflects
the financial position of the residential building. The reference group for the
dummy variable for the number of rooms (Rooms) is single-room apartments.
We find that apartments with two rooms have on the average an 11% higher
selling price than single-room apartments. The selling price of apartments
with three rooms are on the average 12% higher, and the selling price of
apartments with more than three rooms are on the average 18% higher than
the selling price of single-room apartments. Also the floor number of the
apartment (Floor) is entered as a dummy variable. Several different specifi-
cations of the variable were considered, but it always came out insignificant.
The expectation is that apartments at higher floors are sold at higher prices.
The same type of problem occurred when the number of floors in the building
(FloorsB) was transformed into a dummy variable. Several possibilities were
examined, but there was no solution where the variable came out significant.

Further, the dummy variable for sauna (Sauna) is significant. If two
otherwise identical apartments are sold, the one including a sauna is sold for
about 9% more than the one without sauna. This is not a surprising finding,
since Finns do love their saunas. On the other hand, it is a bit surprising
that the dummy variable for elevator (Elevator&Floor > 2) is insignificant.
Recently, the municipality of Helsinki has started to support the building of
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elevators in old residential buildings. One of the main argument for residents
to pay their share of the costs is that it is claimed that the values of the
apartments will go up. This argument is not significantly supported by the
present study. The variable was set to one only if the apartment building
have an elevator and the apartment is situated above second floor. The
assumption is that residents in the first and second floor do not care whether
there is an elevator or not. The condition of the interior of the apartment
(Cond: good, satisfactory or bad) is significant for all three categories. In
line with expectations, an apartment that is graded bad sells for less than one
that is graded satisfactory and an apartment that is graded good sells for
more than one that is graded satis factory. Notice that the dummy variable
is compared to the case of missing observations. The assumption about
a missing grade is that the agent thought that there was nothing special
to mention about the apartment and therefore did not grade its condition.
Therefore one should be a bit careful when interpreting these estimates. The
dummy variables for the month of sale are significant for both February and
for March. The estimate indicates that the selling price for apartments sold
in February is on average 3% higher than for identical apartments sold in
January. Apartments sold in March are sold for 6% more than identical
apartments sold in January. The data are not corrected for inflation, since
the time period is so short.

The small scale neighbourhood variables were of special interest in this
study, since they enabled the choice of a simpler spatial error model over
a richer spatial Durbin model. The variables measuring the relative size
of an apartment in its small scale neighbourhood (Smaller and Larger) are
highly significant. The coefficient on Smaller is negative. This indicates that
the smaller an apartment is relative to the average apartment in the small
scale neighbourhood, i.e. the deviation from the mean of the apartment size
is growing, the lower is the price. On the other hand, the coefficient on
the variable Larger is positive. If an apartment is larger than the average
apartment in the small scale neighbourhood, the apartment is sold for more
than an otherwise identical apartment in a homogenous neighbourhood. The
same apartment is lower valued if it is the smallest one in a heterogenous
neighbourhood than if it is situated in a homogenous neighbourhood. An
apartment has a higher selling price if it is the biggest one in a heterogenous
neighbourhood than if it is situated in a neighbourhood with equally big
apartments.

The variable Avgcomp measures the average intensity of the competition
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in the small scale neighbourhood and is significant. The sign of the estimate
is positive, which indicates that the more apartments are for sale at the same
time in a neighbourhood, the higher the price. This supports the theory that
when there are lots of objects for sale at the same time, the showing of one
apartment will also attract potential buyers to nearby showings, and when
there are a lot of potential buyers the price will go up. The estimate of
the coefficient on the variable measuring the cumulative competition in a
small scale neighbourhood (Comp) has also a positive sign, but it is not
significant in model (IV). We might expect that this variable competes with
the variable reporting the number of weeks the apartment was for sale on
the market (WOM), since the information about the selling time is used
in the calculations of Comp. The model is therefore reestimated without
WOM and then Comp becomes significant. Its parameter estimate does not
change, it is still positive, which supports the theory of prices going up with
more competition on the small scale neighbourhood market. Also the other
estimates are robust when WOM is omitted.

When we compare the estimation results of the initial non-spatial he-
donic regression model (I), which does not include the set of small scale
variables, and the final SEM (IV), we find that several estimates are differ-
ent, for instance, the estimates for the parameters of M2, Room, Sauna and
Condition. A bias is expected in the least-squares estimates of model (),
since we are working under the assumptions that the model is lacking im-
portant explanatory variables and they are correlated with the explanatory
variables. As noted before, Pace and LeSage (2008) shows that this bias is
amplified if the omitted variables are spatially autocorrelated. In the final
SEM (IV), which includes the set of small scale neighbourhood variables, we
have captured some of the effects of the omitted variables and the estimates
should then be less biased.

In this empirical analysis we have shown that for this particular data
set, we are able to construct some of the missing spatially autocorrelated
variables. These variables are shown to have the desired properties and they
control for some of the small scale neighbourhood conditions. By including
them in the model the result is a simpler spatial econometric model, which
is easier to interpret than a spatial model not including these variables.
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6 Conclusions

A common problem the researcher faces when modelling house prices is that
in practice it is seldom possible to obtain all the desired variables. Espe-
cially variables capturing the small scale neighbourhood conditions are hard
to find. For house price data it is a common and reasonable assumption, that
objects situated near each other have similar values on variables describing
the location and immediate surroundings, i.e. these variables are spatially
autocorrelated. According to LeSage and Pace (2009) there is a strong mo-
tivation for spatial econometric modelling when the omitted variables are
spatially autocorrelated.

The starting point of this study is a non spatial hedonic house price
model. We assume that there are important explanatory variables missing
from the model, the omitted variables are spatially autocorrelated, and that
they are correlated with the explanatory variables included in the model.
These assumptions are shown to lead to a spatial Durbin model. We es-
timate the model and find that its spatial structure fits, since the spatial
lags are significant. We then assume that some of the omitted variables are
uncovered following suggestions by Turnbull, Dombrow and Sirmans (2006).
The set of new variables for the small scale neighbourhood market conditions
are shown to be spatially autocorrelated and they are also shown to correlate
with the original variables included in the model. The set of the uncovered
variables are included in the explanatory variables and the spatial Durbin
model is re-estimated. We now find that its spatial structure no longer fits,
since the spatial lags become insignificant. The model is reduced to a con-
ventional non-spatial regression model. It seems reasonable to assume that
there still are other explanatory variables missing despite the included un-
covered set of new variables. Further we assume that remaining omitted
variables are still spatially autocorrelated, but now we assume that they are
uncorrelated with the explanatory variables included in the model. These
assumptions are shown to lead to a spatial error model. When this model is
estimated we find that its spatial structure fits, since the spatial lag of the
error term is highly significant. In this final model the regression coefficients
have their usual interpretation as partial derivatives, since the model does
not involve any lag on the dependent variable or on the explanatory vari-
ables. An easy interpretation of the estimates is a benefit compared to the
structurally richer spatial Durbin model that fitted the original data. These
empirical results show that for this particular data set it is possible to find
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explanatory variables that capture some of the small scale neighbourhood
conditions, and thereby obtain a simplified model. However, the set of small
scale neighbourhood variables cannot entirely replace a spatial econometric
structure.
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Abstract

A practical issue is how to choose the weights matrices of a spatial
econometric model. Focusing on k-nearest neighbours weights ma-
trices, this paper proposes a strategy for specification search. The
proposed strategy gives formal justification for the choice of the num-
ber of nearest neighbours. Applying the spatial J-test as the means of
specification search, two approaches, an increasing and a decreasing
number of neighbours approach, are suggested and examined. The
results are clearly in favour of the increasing number of neighbours
approach. We find that as long as the spatial dependence in the de-
pendent variable is at least moderate, all false null models are rejected,
and that the size of the final test equals the nominal size. House price
data from Stockholm, Sweden, are used to illustrate the strategy in
practice.

Keywords: k-nearest neighbours; Model Specification; Spatial J-
test; Weights matrix



1 Introduction

In spatial econometrics the weights matrix has an important role. It contains
the assumed spatial structure of the variables in the model. An important
practical issue is how to choose the weights matrix. A problem is that the-
ory may be subjectively interpreted and might therefore result in several
weights matrices, with different structures but equally realistic. Focusing on
k-nearest neighbours weights matrices, this paper proposes a practical testing
strategy that gives formal justification for specification.
The assumed model is a general spatial autoregressive model

y = XB+pWiy +u, (1)
u = AMWyu+e.

Here the variation in the n x 1 dependent variable vector y is explained by
the exogenous variables in the matrix X and a spatial lag Wyy. The error
term u is spatially autocorrelated and ¢ is a vector of I7D(0, o2) error terms.
Here 3 is a vector of regression coefficients, and p and A are scalar spatial
autoregressive parameters. If p = 0, model (1) is called a spatial error model
and if A = 0, the model is referred to as a spatial lag model. If both p =0
and A\ = 0, the model is a linear regression model. The structure of spatial
dependence in the data is formulated in the weights matrices W; and W.
In practice it often is assumed that W; = Wy = W. In general, the weights
matrix is then given by

Wy 0 Wip

Wp1 -+ Wnp

which is an n x n matrix, where n denotes the number of observations on
the dependent variable y. The weights matrix specifies which of the other
units in the system that affect the observed value at some particular location.
Suppose that unit y; of the dependent variable only has neighbours y;, y
and y,,,. Then in the ith row of W there will be only three non-zero elements,
namely w;;, w;, and wsy,. The simplest form of a weights matrix is a binary
weight matrix. In this type of matrix w;;, w; and w;, are all set to one
if y;, yr and y,, are neighbours to ;. All other elements in the ith row of
W are zero. The diagonal of a weights matrix is always set to zero since,



by assumption, a unit does not directly depend on itself. The definition of
neighbours may also be based on geographical distances or other differences
between units, or on contiguity. See for instance Anselin (1988) for different
alternatives.

According to Anselin (1988), the weights matrix is assumed to be exoge-
nous to the model. Ideally, the structure of the weights matrix is based on
relevant theory rather than on spatial patterns found in the data. Typically
it is based on geographic arrangements of the observations. When different
solutions are compared, a problem is that there are no formal tests for sig-
nificant differences between log likelihood values of the models. The reason
is that spatial models that are otherwise equal, but have different weights
matrices, are non-nested (LeSage and Pace 2009, p. 162). In a Bayesian
setting different spatial weights matrices can be compared through log mar-
ginal likelihoods and associated model probabilities (LeSage and Pace 2009,
Section 6.3).

Kelejian (2008) suggests a spatial J-test to test a given spatial model
against one or more non-nested alternative models. The suggested test uses
estimation by two stages least squares and general method of moments for
spatial econometric models (Kelejian and Prucha 1998, 1999). In previ-
ous simulation studies by Piras and Lozano-Garcia (2008) and Burridge and
Fingleton (2010) it is shown that the spatial J-test can be used in order to
discriminate between different types of weights matrices, for instance, when
contiguity, inverse distance or k-nearest neighbours weights matrices are pair-
wise compared to each other.

In this paper we focus on weights matrices based on a set of nearest
neighbours, say k. Every unit ¢ is assigned k£ nearest neighbours according
to the shortest distance in space. The resulting weights matrix is usually not
symmetric, since even if the k nearest neighbours of unit 4 includes, say, unit
7j, the k nearest neighbours of unit j might not include unit 7. The row sums
of the resulting weights matrix will be equal, though. Equal weights are given
to all k£ neighbours and the weights matrix is row normalized. Therefore every
non-zero element of the weights matrix will be equal to 1/k. The spatial lags
W,y and Wau of (1) then become n x 1 vectors of weighted averages of
neighbouring observations.

In the case that the choice is a k-nearest neighbours-type of weights ma-
trix, the number of neighbours, %, has to be decided. This paper is motivated
by the lack of formal justification for the choice of k in a k-nearest neigh-
bours weights matrix in the classical spatial econometric literature. If there
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are only k-nearest neighbours weights matrices in the models that are com-
pared, the models are relatively closer to each other than they are in the
case when the objective is to discriminate between different types of weights
matrices. This is a possible problem, since usually, in a set-up where the null
and the alternative model are close, a test may loose its power.

The purpose of the paper is to find a strategy for specification search
for the number of neighbours in a k-nearest neighbours weights matrix. As
the means of the specification search we use the spatial J-test proposed by
Kelejian (2008). First the spatial J-test is introduced following Kelejian. We
then suggest and examine two approaches for finding the number %, an in-
creasing and a decreasing number of neighbours approach. The properties of
the spatial J-test are studied in the context of the two suggested approaches
and then a strategy for conducting a sequence of tests in practice is proposed.
Simulations show that when the proposed strategy for specification search
is followed loss of power can be avoided. House price data from Stockholm,
Sweden, are used to illustrate the results and the conclusions. The empirical
illustration also contains a comparison between the proposed strategy and
the Bayesian approach to model comparison.

The paper is organized as follows. The next section presents the spatial
J-test. The third section focuses on specification search and suggests ap-
proaches for finding the number of nearest neighbours. The fourth section
contains the simulation study, whereas the fifth section demonstrates the
usefulness of the suggested strategy by an empirical example and discusses
the results. The last section concludes.

2 The Spatial J-Test

The original J-test, which was introduced by Davidson and MacKinnon
(1981), is a test for non-nested hypotheses. The main idea of a J-test is
to estimate a model which consists of the null model and the predicted value
of the alternative model. Then the significance of the additional term is
tested.

Otherwise equal spatial models are non-nested if they entertain different
weights matrices, even in the case that the weights matrices are of the k-
nearest neighbours-type. In a k-nearest neighbour weights matrix every row
has k non-zero elements. When the matrix is row standardized each of these
elements get the value 1/k. In a spatial model the spatial lag Wy (or Wu)



therefore becomes a n x 1 vector of averages of the k-nearest observations
on the dependent variable (or the disturbances). Even if the average of, say,
the four nearest neighbours contains exactly the same neighbours (and two
additional) as the average of the two nearest neighbours, a neighbour is never
tested separately and the neighbours are weighted differently by a weights
matrix with £ = 4 than by a weights matrix with k = 2.

Kelejian (2008) suggests a spatial J-test to test a given spatial model
against one or more non-nested alternative models. The spatial model of the
null hypothesis is

y = XB+pWiy+u=2Zy+u, (3)
u = A\Wau+e, (4)
where Z = (X, W1y), v = (8,p). The vectors y,u and &, the matrices
X, W; and Wy, the parameter vector 3, and the scalar parameters p and A

are as before. The sample size is n.
The alternative models are of the form

y = XiB;+p;Wuy +w =Ziy; +u;, (5)
u;, = )\iW%ui—i—si, 1= ].,...,(;’7
where G is a finite constant defining the number of possible alternatives to
the null model.
The J-test and its properties are described in detail in the appendix
of Kelejian (2008). Our discussion is based on Kelejian. To derive the J-

statistic, first solve (4), and obtain u = (I — A\W,) 'e. Insert the solution
into (3) and pre-multiply the expression by (I — AW3) to get

(I-=AWo)y = (I—-A\Wy)Zvy +e.
Define y(A\) = (I — A\Wy)y and Z()\) = (I — A\W,)Z, and write
y(A) =ZA)y +e. (6)
Likewise for the alternative models (5), define Z;(\;) = (I — \;\Wy;)Z;. Then
for all i = 1,...,G, estimate -y, in the ith alternative model of (5) by gen-
eralized spatial two stage least squares (Kelejian and Prucha 1998, 1999),

and get 4;. Add the predictive power Z;()\;)5 of all i = 1,..., G alternative
models to the null model (6) to get:

y(A) =Z(N)y + Z ai[Zi(Ni)y,] + €, (7)
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where 7, is the 2SLS estimate of «,. The parameter «; is a scalar. Given that
the null model is true, a; = 0 foralli =1, ..., G. Insert Z;(\;) = (I-\;Wq,)Z;
into (7) and define ¢; = —ay\; to get

G G
YN =Z)y+ Y ailZA]+ Y 6,[WaiZA)] + .
i=1 i=1
Then let § = (a1, ..., ag, P, .., ). The test of the null model (3) against
the alternative models (5) is simply a Wald test of § = 0. At the significance
level a, reject the null hypothesis if

~ ~ o~
J=8V:18 > 2 ,(26),

where \Afg is the estimated small-sample variance-covariance matrix of 5. In
the next section the spatial J-test is used for specification search.

3 Two Approaches to Specification Search

Model specification search in spatial econometrics is studied by Florax, Folmer
and Rey (2003). They concentrate on discriminating between a spatial lag
model and a spatial error model and the conclusion of their simulation study
is that the classical step-wise (specific-to-general) approach performs better
than Hendry’s (general-to-specific) strategy. Hendry (2006) comments on the
study and a reply to the comments is presented in Florax et al (2006). As
LeSage and Pace (2009, page 74) point out, an excessive focus in the spatial
econometrics literature has been on the procedures for comparative testing of
alternative model specifications, i.e. the choice between different structural
forms for the spatial econometric model.

In this study a different view is taken. We assume the structural form of
a general spatial econometric model and concentrate the specification search
only to the weights matrices. As mentioned before, otherwise equal spatial
models, but with different weights matrices, are non-nested models. The
consequence is, as LeSage and Pace (2009, page 162) note, that it is not in
general possible to use formal tests for significant differences between the log
likelihood function values for models entertaining different weights matrices.
The number of parameters are fixed and equal in the models. For instance,
the usual specification search based on information criteria is then not avail-
able. See Maddala (2001, page 485), for the information criterion and a list
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of other similar criteria. An option is, however, the approach to specification
search by sequential testing. It is explored here. We use the spatial J-test
as the means of the specification search. The study is focused on a special
kind of spatial weights matrix, namely the k-nearest neighbour weights ma-
trix, and the objective is to determine the number of nearest neighbours, k.
For this purpose we consider two alternative approaches, which we call the
increasing neighbours approach and the decreasing neighbours approach.

Assume that we have a model M; and another model M5, which are non-
nested and that we conduct two J-tests, M; against M, and M, against M.
Adapted from a discussion in Maddala (2001) concerning tests for non-nested
hypothesis, the four possible outcomes of the two tests are:

Hy: Ms, Hy : M,
Hy: My, Hy : Mo not rejected rejected
not rejected both models acceptable | M; acceptable, M5 not
rejected M, acceptable, My not | neither model acceptable

Generally a rejection of a null hypothesis can mean two things. The
alternative model may have some significant additional predictive power, or
neither of the models are acceptable. If the null hypothesis is not rejected the
reason is either that the null model is preferred over the alternative model,
or that both models are acceptable.

Assume that we have a general spatial model as model (1), which we call
Mj.. For simplicity we assume that the weights matrices W; and W, of (1)
are equal, k-nearest neighbour weights matrices, Wy. We want to specify the
number of nearest neighbours k in the weights matrix Wy, for some particular
data with n observations. The possible range is ¥ = ]0,n[. An alternative
approach to specification search is to start with a model where the number of
neighbours for each observation is small, for instance k¥ = 2, and then test this
model against models with more neighbours in their weights matrices to see
if there is any additional predictive power when the number of neighbours in
the weights matrix is gradually increased. This is the increasing neighbours
approach. Another alternative is a decreasing neighbours approach, in which
we begin with a large number of neighbours in the weights matrix of the
null model. The model is then tested against models which have gradually
smaller numbers of neighbours.

First consider the increasing neighbours approach. Start with model M,
as the null model. This model entertains a weights matrix which has the



smallest possible number of nearest neighbours that we will entertain, say,
p. Test this model against model M, ., where k¥ = p + 1, by a spatial
J-test. Assume that the null model is rejected. The conclusion is that the
alternative model has some significant additional predictive power, or neither
one is acceptable. We therefore add another neighbour in the weights matrix
of the alternative model, and continue by testing the previous alternative
model M, against the new model M,,,. As long as the null model is
rejected, the previous alternative model becomes the next null model and we
gradually increase the number of neighbours in the weights matrix of the new
alternative model. Assume that finally, when the null model is M,,,,, which
has a weights matrix that has & = p + m number of nearest neighbours,
we cannot reject it. The outcome of the last J-test means that there is no
additional predictive power in a model that includes a weights matrix with
one more neighbour, i.e. M,.,, is preferred over M, 1, or both M,,,, and
M1 m+1 are acceptable. The model M,.,, is also preferred over M, ,,_1,
since the test previous to the last one rejected the null hypothesis of no
additional predictive power of model M,,,. The number of neighbours in
the weights matrix of model Mj, is then k = p + m.

Another considered approach to the specification search is the decreasing
neighbours approach. Here begin with model M,. This model includes a
weights matrix that has the largest number of nearest neighbours that we
will entertain, k& = ¢. Test this model M, against model M, ; by a spatial
J-test. Assume that the null model M, is rejected. Decrease the number of
neighbours by one in the previous alternative model and get model M,_,.
Then test M, against M, 5. As long as we reject the null model, we con-
tinue by always setting the previous alternative model as the new null model.
The new alternative model is set by decreasing the number of neighbours in
the weights matrix of the previous alternative model. Assume that the null
model is finally accepted when model M,_j, which has a weights matrix that
has k£ = ¢ — h number of nearest neighbours, is tested against M, ;. So
M,_y, is preferred over M,_,_1, or at least they are both acceptable models.
M,_, is also preferred over M,_j1, according to the test previous to the
last one. The conclusion of specification search by this approach is that the
number of neighbours in the weights matrix of model M is k = ¢ — h.

Ideally p + m = g — h, which means that the increasing neighbours ap-
proach gives the same result as the decreasing neighbours approach. In prac-
tice one may suspect that in finite samples p + m # ¢ + h and then the
question arises, which approach should be preferred? There is also a concern



about the significance levels, since we conduct a sequence of tests. In the
next section we address these questions by a simulation study of the two
approaches to specification search described above.

4 Simulation Study

This section presents a simulation study of the properties of the spatial J-test
when it is used in order to distinguish between k-nearest neighbours weights
matrices. We compare the performances of the increasing and the decreasing
neighbours approach to specification search. The focus is on the rejection
probabilities of the spatial J-test in the sequences of tests conducted in the
two approaches.

The simulations are executed in Matlab and routines of the Spatial Econo-
metric Toolbox (version 2005) by LeSage are used in the estimations. The
spatial J-test is programmed in Matlab following Kelejian (2008), and he
uses estimation by two stages least squares and general method of moments
for spatial econometric models (Kelejian and Prucha 1998, 1999). These es-
timation methods are therefore applied in the simulations in this section, as
well as in the empirical illustration in the next section.

As in the previous section, the model of interest is

y = XB+pWiy +u,
u = \W,u+e. (8)

This is a general spatial autoregressive model with the same weights matrix
W, in the spatial lag W,y as in the spatially correlated error term u =
AW u + e. We restrict the study to five non-nested models, which are the
same except that they have different k-nearest neighbour weights matrices
Wy, where k = {4,6,8,10,12}. The weights matrices are based on coordi-
nates on the two-dimensional plane. The coordinates (zc,yc) are randomly
drawn integers from a uniform [1, 10000]2 distribution. The studied sample
size is n = 900.

By solving (8) and setting W; = Wy we get the data generating process,

y = (I—pWg) ' XB+ (I— pWs) ' (I- AWy) e (9)

The matrix Wy in (9) is the weights matrix where every observation has
k = 8 nearest neighbours. The matrix X contains a column of ones and three
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Table 1: The size and power of the spatial J-test when n = 900 and MC =
1000.

Size Power
Hy:| Mg Mg Mg Mg M, Msg Mg | M
H,:| M, Mg My | My My My Ms My
P A
0.2 | 0.2 |0.041 | 0.061 | 0.057 | 0.068 | 1.000 | 0.972 | 0.317 | 0.606
0.2 | 0.5 | 0.046 | 0.050 | 0.047 | 0.048 | 0.999 | 0.933 | 0.218 | 0.560
0.2 | 0.8 | 0.043 | 0.048 | 0.048 | 0.048 | 0.985 | 0.733 | 0.208 | 0.376
0.5 | 0.2 |0.043 | 0.035 | 0.055 | 0.053 | 1.000 | 1.000 | 0.762 | 0.953
0.5 | 0.5 | 0.059 | 0.047 | 0.048 | 0.046 | 1.000 | 1.000 | 0.811 | 0.965
0.5 | 0.8 | 0.053 | 0.058 | 0.049 | 0.049 | 1.000 | 1.000 | 0.728 | 0.941
0.8 | 0.2 | 0.051 | 0.053 | 0.061 | 0.059 | 1.000 | 1.000 | 0.717 | 0.834
0.8 | 0.5 | 0.048 | 0.058 | 0.044 | 0.046 | 1.000 | 1.000 | 0.703 | 0.849
0.8 | 0.8 | 0.054 | 0.059 | 0.054 | 0.056 | 1.000 | 1.000 | 0.762 | 0.845

explanatory variables, which are randomly drawn from a uniform [—10, 10]
distribution, 3 is a 4 x 1 vector of ones and € is an n x 1 vector which is ran-
domly drawn from a normal distribution with mean zero and variance equal
to one. Data are generated for each possible pair of p = {0.2,0.5,0.8} and
A =1{0.2,0.5,0.8}. These values for the autoregressive parameters are chosen
in order to represent small, medium and large positive spatial autocorrela-
tion. The explanatory variables remain the same in all replications, but the
coordinates and the vector € are drawn 1000 times for each simulated size
and power realization reported in Table 1 and 1000 times for each simulated
rejection probability in the sequence of spatial J-tests reported in Tables 2-4.

We begin with simulating the size and power of the spatial J-test. In order
to get the size of the test, model Mg, which is the data generating process,
is individually tested against the other models M}, where k = {4,6,10,12}.
To get the power of the test each one of the other models are tested against
the model Mg. The results are shown in Table 1.

The results show that the size of the test is close to the nominal size,
which is 0.050. However, for smaller sample sizes than n = 900, which is
used here, the test is found to be slightly oversized (Ahlgren and Gerkman
2010). The power of the test is high when the models with underspecified
weights matrices, M, and Mg, are tested against Mg and further, if p is at
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least moderate the power is found to be one. By underspecified we mean that
the weighs matrix is based on a smaller number of nearest neighbours than
the one in the data generating process. When the models with overspecified
weights matrices, My and M, are tested against the data generating Mg,
and p is small, the power of the test is low. By overspecified we mean that
the weighs matrix is based on a larger number of nearest neighbours than
the one in the data generating process. When p is increased, the power of
the test increases, but for all cases it remains lower when the null model is
overspecified than when it is underspecified. No clear impact of the value of
A on the power can be seen in these results.

The results indicate that when the weights matrix is overspecified the
test has lower power than when the weights matrix is underspecified. An
overspecified weights matrix contains the true neighbours and some addi-
tional observations. These are all given the same weight, 1/k. The influence
of the additional observations, which also are weighted into the spatial lag,
will diminish the power of the test. In the case of an underspecified weights
matrix the number of neighbours are less than in the correct specified one,
but they are all true neighbours and they are all given the same weight.
Even if there are neighbours missing, there are no additional, false neigh-
bours weighted into the spatial lag and therefore the power of the test is less
influenced in comparison to the overspecified case. The finding is in favour
of the increasing neighbours approach.

Next we simulate the rejection probabilities for the null hypothesis of
the spatial J-test at a 5% significance level. Every model M, including the
data generating Mg, is tested against every other model. The number of
neighbours are the same as above, k = {4,6,10,12} and data are generated
for each possible pair of p = {0.2,0.5,0.8} and A = {0.2,0.5,0.8} by the
general spatial model (9).

The rejection probabilities of the sequences of tests conducted by apply-
ing the increasing neighbours approach are the bold faced cases above the
diagonals, beginning from upper left to lower right in Tables 2-4. The results
of the decreasing neighbours approach are the rejection probabilities below
the diagonals, beginning from lower right to upper left. In these simulations
the tests in the sequences are not conditioned on the outcomes of the previ-
ous tests. Fach rejection probability is therefore the probability of rejecting a
specific null hypothesis when tested against a specific alternative hypothesis.

Table 2 shows the outcomes when the spatial autocorrelation in the de-
pendent variable of the data generating process is small, p = 0.2. We can
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see that when the spatial autocorrelation in the error term is small (A = 0.2)
or intermediate (A = 0.5) the results are similar. If we apply the increasing
number of neighbours approach we will begin with testing M, against Mg.
In this first step of the sequence the null model will always be rejected, since
the probability is 1.00. Then we test My against Mg. If A = 0.2, Mg will be
rejected with probability 0.99 and if A = 0.5, Mg will be rejected with prob-
ability 0.92. When we further increase the number of neighbours and test
My against Mo the rejection probabilities are 0.06 and 0.05, respectively,
which are the sizes of the tests. However, if p is small and A is large, as
in the third panel of the table, the individual rejection probabilities for the
tests in the sequence are 0.99, 0.71 and 0.06. Here the rejection probability
in the second step, i.e. the power, which is obtained when My tested against
the data generating My, is 71%. The consequence may be that the sequence
of tests is stopped too early and the outcome is an underspecified weights
matrix.

Now assume that we apply the decreasing number of neighbours approach.
We start with Mjo, which is the model that has a weights matrix with the
largest number of neighbours, and test it against Mjg. According to the
results in Table 2, where p is small and A is small, intermediate or large,
there is a low probability of rejecting the null hypothesis in all three cases of
the first step of the sequence, 58%, 55% and 34%, respectively. In the second
step, when we test M1 against Mg the probability of rejecting the null model
is even lower, only 32%, 28% and 18%, respectively. The size of the last test
in the sequence is still correct, 0.04, 0.05 and 0.05, respectively. However,
the problem is that when the rejection probabilities in the sequence are low,
the sequence might be stopped too early, and we never reach the stage of the
last test. When that happens the outcome of the specification search by this
approach will be an overspecified weights matrix.

Table 3 shows the result when p is intermediate and Table 4 shows the
result when p is large. The results are very similar. When the increasing
neighbours approach is applied, in both cases a false null hypothesis is always
rejected, since the rejection probability is one in all steps. Since the number
of neighbours in the weights matrix is step-wise increased and the sequence
of test is continued until the null model is not rejected, this means that the
sequence ends only when the data generating model is the null model, i.e.
when Mg is tested against Mip. When A = 0.5 or A = 0.8, the significance
level of the last test in the sequence is 0.05, which is equal to the nominal
size. When \ = 0.2, the size is almost correct, 0.06.
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Table 2: Rejection probabilities of the null hypotesis for the spatial J-test
when p is small, n = 900 and M C' = 1000.

dgp: Mg p=0.2 A=0.2
H,

My Mg Mg My Mo

1.00 | 1.00 | 1.00 | 1.00
- 0.99 | 0.98 | 0.98
Hy Mg |0.05]0.04]| - 0.06 | 0.05
Mip | 0.29 | 0.30 | 0.32 - 0.26
M3 1056 | 0.58 | 0.62 | 0.58 | -

My -
Mg | 0.98

dgp: Ms p=0.2 A=05

My, Mg Mg My My

My - 1.00 | 1.00 | 1.00 | 1.00
Mg | 0.92 0.92 | 0.92 | 0.93

Hy Ms |0.05] 0.05 - 0.05 | 0.06
Mo | 0.26 | 0.26 | 0.28 - 0.25
My | 053 | 0.55 | 0.56 | 0.55 | -

dgp: Ms p=0.2 A=038

M, My My My My
0.99 [ 0.99 | 0.99 | 0.99
- [0.71] 0.72 | 0.71
H, Mg [0.07]0.05| - |0.06]0.05
My [0.17 | 0.18 | 0.18 | - | 0.18
My | 037 0.37 | 0.36 | 0.34 | -

Mg | 0.71
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Table 3 and Table 4 show that when the decreasing neighbours approach
is applied and when neither the null model M, nor the alternative model
Mg is the data generating model, the rejection probability is high, although
it is not one. But in the next step of the sequence, when My is tested against
the data generating model Mg the rejection probability is much lower. For
instance, when p = 0.5 and A = 0.2 there is only a 77% probability of rejecting
the null model, despite that the alternative model is the data generating
process. When p = 0.8 and A = 0.2 the rejection probability of the test in
this step of the sequence is 69%. The implication is that when this approach
to specification search is applied, the sequence might be stopped too early
and we never reach the step where the null model reflects the data generating
process. When this happens k will be specified too high in comparison to
the data generating model. The outcome of the specification search by the
decreasing neighbours approach is then an overspecified weights matrix.

When conducting tests in a sequence, ideally all rejection probabilities
for false null hypothesis should be one, otherwise there is no guarantee that
the sequence will come to the test where the null model corresponds to the
data generating process. The results show that the increasing number of
neighbours approach to specification search clearly performs better than the
decreasing number of neighbours approach. According to the simulations,
applying the increasing number of neighbours approach, all false null models
are rejected and the significance level of the last test is unaffected by the se-
quence of test, as long as the spatial autocorrelation in the dependent variable
is at least intermediate. Therefore, if the outcomes of the approaches are not
the same, we suggest that the outcome of the increasing neighbours approach
to specification search should be the choice for the number of neighbours in
a k-nearest weights matrix. In the next section the strategy is illustrated by
an empirical example of house price data.

5 An Empirical Illustration

A k-nearest neighbours specification of the weights matrix is often suitable
in house price models. Assume that the buyer has chosen a certain neigh-
bourhood where he or she wants to purchase a house. The buyer will then
compare the available houses in that area. The price that he or she is willing
to pay for a particular house is affected by the price level for houses in the
neighbourhood. Also the seller’s expectation of the price is affected by the
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Table 3: Rejection probabilities of the null hypotesis of the spatial J-test
when p is intermediate, n = 900 and M C' = 1000.

dgp: Mg p=0.5 A=0.2

M, My My My Mo
1.00 | 1.00 | 1.00 | 1.00
= [1.00| 1.00 | 1.00
Hy, M [0.06]0.06| - |0.06]0.06
My 072075 | 077 | - |0.70
My, [0.95] 095 | 0.96 | 0.95 | -

My -
Mg | 1.00

dgp: M;y p=0.5 A=0.5

My, Mg Mg My My

M, [ - [1.00] 1.00 | 1.00 | 1.00
Mg | 1.00 1.00 | 1.00 | 1.00

Hy Ms |0.05] 0.05 - 0.05 | 0.05
My | 0.74 | 0.76 | 0.78 - 0.73
M5 1095|096 | 0.97 | 0.95 | -

dgp: Ms p=0.5 A=038

M, My My My My
1.00 | 1.00 | 1.00 | 1.00
= [1.00 | 1.00 | 1.00
H, Mg [0.05]0.05| - |0.05]0.06
My [0.70 [ 070 | 071 | - | 0.69
My, | 003003 | 0.03 | 0.93 | -

Mg | 1.00
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Table 4: Rejection probabilities of the null hypotesis for the spatial J-test
when p is large, n = 900 and M C = 1000.

dgp: Mg p=0.8 A=0.2
H,

My Mg Mg My Mo

1.00 | 1.00 | 1.00 | 1.00
- 1.00 | 1.00 | 1.00
Hy Mg |0.04]0.04]| - 0.05 | 0.05
M | 0.54| 0.61 | 0.69 | - 0.50
M5 1 0.69 | 0.77 | 0.83 | 0.78 | -

My -
Mg | 1.00

dgp: M;y p=0.8 A=0.5

My, Mg Mg My My

M, [ - [1.00] 1.00 | 1.00 | 1.00
Mg | 1.00 1.00 | 1.00 | 1.00

Hy Ms |0.06 | 0.06 - 0.06 | 0.06
My | 0.58 | 0.65 | 0.74 - 0.58
M5 | 0.72 | 0.80 | 0.86 | 0.81 | -

dgp: Ms p=038 A=038

M, My My My My
1.00 | 1.00 | 1.00 | 1.00
= [1.00 | 1.00 | 1.00
Hy, Mg [0.05]0.05| - |0.05]0.05
My 062|069 | 0.74| - |0.66
My | 073 0.81 | 0.86 | 0.84 | -

Mg | 1.00
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selling prices of the other houses in the neighbourhood. The seller will be
satisfied with a price that is at least as good as the average in the neighbour-
hood at the moment of the trade. The average price in the neighbourhood is
on the other hand affected by the attributes of the neighbourhood itself, like
available service, safety, or simply good reputation. Naturally, also supply
and demand in a particular neighbourhood affect the price. A practical is-
sue is how many of the nearby observations should be considered as nearest
neighbours when the weights matrix is specified. In this section we illustrate
how the proposed strategy for specifying the number of nearest neighbours
can be of assistance when this choice has to be made and formally motivated.

Here we conduct a specification search for the number of nearest neigh-
bours in real house price data. The data consist of 1377 transactions of
single-family houses between January 2000 and May 2001 in the county of
Stockholm, Sweden. The data were analyzed by Wilhelmsson (2002), and
include the selling price, spatial coordinates and, in addition, information
about the size of the house in square metres as well as other characteristics.
See Wilhelmsson (2002) for a detailed description of the data.

We assume the same model as in the simulations and demonstrate how
the suggested strategy is applied in practice. We then compare the outcomes
of the approaches described in the two previous sections, and we verify that
the results illustrate the findings of the simulations.

In the study of Wilhelmsson the results are in favour of a spatial error
model. We therefore continue by applying the proposed strategy to speci-
fication search to Wilhelmsson’s model. The outcome of this specification
search is compared to the result of a Bayesian model comparison. For the
Bayesian model comparison we use the routines in the Spatial econometric
toolbox of LeSage (version 2010).

We begin with assuming that the model is a general spatial econometric
model (8), as in the previous sections. We apply the increasing neighbours
approach and start with £k = 2. The model M is tested against M3, and M,
is rejected. Then M3 is tested against My. Again the null model is rejected.
The procedure is continued until the null model is not rejected. As Table 5
shows this happens when Mg is tested against M7, since for this test the
J-statistic is 4.27, which is smaller than the critical value of x2 5(2) = 5.99.
Thereby the outcome is that k£ = 16.

When the decreasing neighbours approach is applied, we choose a large
value of k, say k = 24. The model My, is then tested against My3. We find
that My, is rejected. The number of nearest neighbours is decreased and
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Table 5: J-statistics of spatial J-tests in a sequence on house price data from
Stockholm.

M), = the general spatial econometric model
Increasing neighbours approach
HO ]\413 ]\/[14 ]\/[15 ]\/116
H, My M;s Mg My
70 55 30 4.27
Decreasing neighbours approach
HO A{24 A{23 A{QQ Afgl
Hy My My My My
8 15 13 4.35

the testing procedure is continued. Table 5 shows that in the sequence of
tests the null hypothesis is repeatedly rejected until we test My, against Moyg.
Hence, by this approach we find that & = 21.

In this particular illustration the outcomes of the two approaches are not
the same. Table 5 shows that the test values in the increasing neighbours
approach are all large until the last test, where it is small. The null hypothesis
is not rejected and the sequence is therefore stopped. In comparison to this,
when the decreasing neighbours approach is applied there is no dramatic
difference between the test value of the test stopping the sequence, and the
test values of the previous tests in the sequence. Here all the J-statistics are
small in comparison to the test values of the increasing neighbours approach.
This illustrates the findings of the simulations in the previous section where
we saw that the rejection probabilities of the tests in the sequence of the
decreasing neighbours approach were lower than the ones in the increasing
neighbours approach. If the rejection probability is low the implication is
that the sequence of tests might stop too early. For these data we would
therefore select the weights matrix that has 16 nearest neighbours.

In the study of Wilhelmsson the general spatial econometric model is not
among the considered models for these data. His results are in favour of the
spatial error model, y = X3 + u, where u = pWj u + €. To this model he
applies a k-nearest neighbours weights matrix where £ = 4. No motivation
is given for this specific choice of k. We therefore apply the increasing neigh-
bours approach on these data in order to formally specify & in the weights
matrix of this model. The results are in Table 6. We begin the sequence at
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Table 6: J-statistics of spatial J-tests in a sequence on house price data from
Stockholm.

M, = the spatial error model

Increasing neighbours approach

Hy M Mo My My

H]_ ]Lflg A{lg A/[14 ]\/115
21.7 99 76 52

Decreasing neighbours approach

Hy My Moy My My My Mg Mg M7 Mg Ms

Hy, Mss My My My Mg Mg Myy Mg Mz My
34 05 05 07 56 38 05 41 25 51

M, against M3 (not reported) and continue the testing until the null hypoth-
esis is not rejected. The outcome is k = 14. As a comparison, Table 6 also
contains the result of a decreasing number of neighbours approach. We find
that this approach does not work on these data, since the null hypothesis is
not rejected at any stage. The sequence of tests stops immediately at the
first step when My, is tested against Msys. The spatial J-test looses power
when this strategy is applied, which again is in line with the findings in the
simulations. The outcome of the suggested strategy is thereby 14 nearest
neighbours, where as Wilhelmsson uses 4.

We conclude this empirical example by including a Bayesian model com-
parison. All spatial error models, My to May, are estimated with uninforma-
tive priors. According to LeSage and Pace (2009) this results in estimates
similar to maximum likelihood estimates. In Table 7 we can see that the
preferred model entertains a nearest neighbours weights matrix with £ = 13.
This result is almost the same as the outcome of the increasing neighbours
approach to specification search and we can conclude that the weights matrix
with k& = 4 is underspecified.

We note that when estimates of spatial error models with different k-
nearest neighbours weights matrices (not reported) are compared, k = 14
and k = 13 give the same parameter estimates, but when k& = 4 is applied
the estimates are different. According to Pace et al. (2009), the exact speci-
fication of the weights matrix in large samples is not so important, since dif-
ferent weights matrices do not give materially different coefficient estimates.
We argue though, that the specification is important in small samples.
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Table 7: Model probabilities for spatial error models on house price data
from Stockholm.

M, = the spatial error model
Bayesian model comparison

My, My ... My My My Mgz My ... My
Model Prob 0 ... 0 0.056 0.195 0749 0 .. O

6 Conclusions

This paper focuses on specification search for the number of neighbours in a
k-nearest neighbours weights matrix of a general spatial econometric model.
As the means of the specification search we use the spatial J-test proposed
by Kelejian (2008). We suggest two approaches for finding the number of
nearest neighbours k, the increasing and the decreasing number of neighbours
approaches. When the increasing neighbours approach is applied we begin
with a null model where k is small. Then k is gradually increased. In the
resulting sequence of tests k is always smaller in the null model than it is in
the alternative model. In the other approach we start with a large k, which
is gradually decreased. Hence, in the resulting sequence of tests k is always
larger in the null model than it is in the alternative model.

The results of the simulation study show that the spatial J-test can
be used for distinguishing between general spatial models with different k-
nearest neighbours weights matrices. The size of the test is acceptable and
the power of the test is very high when the weights matrix of the null model
is underspecified, especially if the parameter of the spatially lagged depen-
dent variable p is at least moderate. If the weights matrix of the null model
is overspecified, the power of the test is not equally high. The power of the
test is low when the amount of spatial autocorrelation p in the dependent
variable is small and the weights matrix of the null model is overspecified. If
p is increased, the power of the test increases, although it never gets as high
as when the weights matrix of the null model is underspecified. The results
are therefore clearly in favour of the increasing neighbours approach.

When we examine the rejection probabilities of the tests in the sequences
of the two considered approaches, we find a clear difference between the
approaches. When p is at least moderate and the increasing neighbours ap-
proach is applied, all false models are rejected and the significance level of
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the final test is unaffected by the sequential testing. However, if we conduct
the specification search by the decreasing neighbours approach, all false mod-
els might not be rejected, since the sequence contains tests whose rejection
probabilities are less than one. The implication is that when applying the
decreasing neighbours approach we might stop the sequence of tests too early
and the outcome is too large a k. Ideally the two approaches find the same
k. But if this is not the case and we have to choose between the outcomes of
the two approaches, the results support that the increasing neighbours ap-
proach should be used for specification search for the number of neighbours
in a k-nearest weights matrix.

The paper also includes a specification search for the number of near-
est neighbours on real data, which illustrate how the suggested strategy is
applied in practice. For the general spatial econometric model we see that
the outcomes of the approaches are not the same and that they illustrate
the findings in the simulations. The suggested strategy is also applied to
a spatial error model. The outcome of the strategy is different from what
Wilhelmsson (2002) applied in his spatial error model for these data. How-
ever, the outcome of a Bayesian model comparison is close to the outcome of
the increasing neighbours approach to specification search. The conclusion is
that the suggested strategy can be applied for specification search when the
objective is to specify k in a k-nearest neighbours weight matrix. It gives a
formal justification for the choice of k which has been missing in the classical
spatial econometric literature.

References

[1] Anselin, L. (1988) Spatial Econometrics: Methods and Models, Kluwer
Academic Publishers, Dordrecht.

[2] Burridge, P. and Fingleton, B. (2010) Bootstrap Inference in Spatial
Econometrics: The J Test. Spatial Econometric Analysis 5, 1, p.93-119.

[3] Davidson, R. and MacKinnon, J. (1981) Several tests for model speci-
fication in the presence of alternative hypothesis. Fconometrica 49, p.
781-794

[4] Florax, R.J.G.M., Folmer, H. and Rey, S.J. (2006) A comment on spec-
ification searches in spatial econometrics: The relevance of Hendry’s

21



[10]

[11]

[12]

[13]

[14]

methodology: A reply. Regional Science and Urban Economics 36, Issue
2, March 2006, p. 300-308.

Florax, R.J.G.M., Folmer, H. and Rey, S.J. (2003) Specification searches
in spatial econometrics: The relevance of Hendry’s methodology. Re-
gional Science and Urban Economics, 33, p. 557-579.

Hendry, D. (2006) A comment on “Specification searches in spatial
econometrics: The relevance of Hendry’s methodology” Regional Sci-
ence and Urban Economics Volume 36, Issue 2, March 2006, p. 309-312.

Kelejian, H.H. (2008) A Spatial J-Test for Model Specification Against
a Single or a Set of Non-Nested Alternatives. Letters in Spatial and
Resource Sciences 1, 1, p. 3-11.

Kelejian, H.H. and Prucha, I.R.(1998) A Generalized Spatial Two-Stage
Least Squares Procedure for Estimating a Spatial Autoregressive Para-
meter in a Spatial Model with Autoregressive Disturbances. Journal of
Real Estate Finance and Economics 17, p.99-121.

Kelejian, H.H. and Prucha, I.R.(1999) A Generalized Moments Estima-
tor for the Autoregressive Parameter in a Spatial Model. International
Economic Review 40 (1999), p. 509-533.

LeSage, J.P. (2005, 2010) Spatial Econometric Toolbox for Matlab,
http://www.spatial-econometrics.com.

LeSage, J.P. and Pace, R. K. (2009) Introduction to Spatial Economet-
rics., CRC Press, Taylor and Francis Group.

Maddala, G.S. (2001) Introduction to Econometrics., 3rd Ed., John Wi-
ley & Sons Ltd, England.

Pace, R. K., LeSage, J. P. and Zhu, S. (2009) Impact of Cliff and Ord
on the Housing and Real Estate Literature, Geographical Analysis 41,
418-424.

Piras, G. and Lozano-Garcia N. (2008) Spatial J-test: Some Monte Carlo
Evidence. Paper presented at the Annual Meeting of the RSAT in New
York November 2008.

22



[15] Wilhelmsson, M. (2002), Spatial Models in Real Estate Economics,
Housing, Theory and Society, 19, p. 92-101.

23






Bootstrap Spatial J-Tests for k-Nearest
Neighbours
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Abstract

The weights matrix plays an important role in the specification of
spatial econometric models. It contains the assumed spatial structure
of the data. The problem is that there are usually several alternative
formulations. An important practical issue is therefore how to choose
the weights matrix. This paper studies the properties of the spatial
J-test when it is applied to discriminate between spatial models with
different k-nearest neighbours weights matrices. We find that the as-
ymptotic test is oversized in small samples. The bootstrap is found
to correct the size of the asymptotic test in small samples. Regard-
ing the power of the test, we find that if the null model entertains
an underspecified weights matrix, the power of the test is high. If the
null model entertains an overspecified weights matrix, the test has low
power.

Keywords: Bootstrap, k-nearest neighbours; Spatial J-test; Weights
matrix.



1 Introduction

The weights matrix plays an important role in the specification of spatial
econometric models. It contains the assumed spatial structure of the vari-
ables in the model, and is assumed to be exogenous to the model (Anselin
1988). Ideally, the weights matrix is based on theory rather than on spatial
patterns found in the data. The problem is that the economic theory may
be subjectively interpreted, and may result in several different but equally
realistic weights matrices. An important practical issue is therefore how to
choose the weights matrix.
In the general spatial autoregressive model

y = XB+pWiy +u, (1)
u = A\Wou+e,

the dependent variable y is explained by the exogenous variables in the ma-
trix X and a spatial lag W1y, where W} is a weights matrix. The error term
u is spatially autocorrelated with spatial lag Wou, where W5 is a weights
matrix, and € is a vector of 1ID(0,02) error terms. Here 3 is a vector of
regression coefficients, and p and X are scalar spatial autoregressive parame-
ters. The spatial dependence is formulated in the weights matrices W; and
W,. In practice it often is assumed that W; = W5 = W, say.

In general, if the sample size is n and y is an n x 1 vector, then the weights
matrix is given by an n X n matrix

w11 Wi2 - Wip
W1 W2 -+ Wap

w=| " 7 - (2)
Wp1 Wp2 - Wnn

The weights matrix specifies which of the other units in the system that affect
the observed value at some particular location. In this paper we focus on
weights matrices based on the number of nearest neighbours, say k. Every
unit is assigned k nearest neighbours according to the shortest distance in
space. Equal weights are given to all k neighbours, and the weights matrix is
row normalized. Therefore, every non-zero element of the weights matrix will
be equal to 1/k. In the spatial autoregressive model, the spatial lag W1y, or
Wsu, becomes an averages of the k-nearest observations on the dependent



variable, or the disturbances. Even if the average of, say, the four nearest
neighbours contains exactly the same two neighbours as the average of the
two nearest neighbours and two additional, they are weighted differently by a
weights matrix with £ = 4 than by a weights matrix with k£ = 2. Therefore,
spatial models are non-nested if they entertain different weights matrices.
The specification of the weights matrix may also be based on distance or
contiguity. See for instance LeSage and Pace (2009) for different alternatives.

Kelejian (2008) suggests a spatial J-test in order to discriminate between
spatial econometric models entertaining different weights matrices. The test
is a Wald test. Piras and Lozano-Garcia (2008), and Burridge and Fingleton
(2010) show that the spatial J-test can be used to discriminate between
different types of weights matrices, for instance, contiguity, inverse distance
or k-nearest neighbours weights matrices. Burridge and Fingleton (2010)
study the performance of a bootstrap spatial J-tests in this context. They
find that the bootstrap test is superior in most cases.

This paper focuses on the spatial J-test when it is used in order to dis-
tinguish between spatial models with different k-nearest neighbours weights
matrices. If both the null and the alternative model entertain k-nearest
neighbours weights matrices, the models are closer to each other than they
are in the case with different types of weights matrices. In a set-up where
the null and the alternative model are close, the power of the test may be
low. We study the properties of the asymptotic test and compare it with a
bootstrap version of the test in order to examine whether the properties of
the asymptotic spatial J-test test can be improved by the bootstrap. The
motivation for the bootstrap is that the asymptotic J-test may suffer from
size distortion in small samples (Piras and Lozano-Garcia 2008, Gerkman
2010).

The paper is organised as follows. The next section presents the spatial
J-test, and the bootstrap spatial J-test is introduced in Section 3. Section 4
contains a simulation study. The last section concludes.

2 Spatial J-Test

The J-test, introduced in a seminal paper by Davidson and MacKinnon
(1981), is a test for non-nested hypothesis. The main idea of the J-test
is to estimate a model which consists of the null model and the predicted
value of the alternative model. Then the significance of the additional term



is tested.

Spatial econometric models are non-nested if they entertain different
weights matrices. Kelejian (2008) suggests a spatial J-test to test a spa-
tial model against one or more non-nested alternative models. Following
Kelejian, the spatial model of the null hypothesis is

y = XB+pWiy+tu=127Zy+u, (3)
u = \Wau+e, (4)

where Z = (X, W1y), v = (8,p). The vectors y,u and &, the matrices
X, W; and Wy, the parameter vector 3, and the scalar parameters p and A
are as before. The sample is size n.

The alternative models are of the form

y = X8, +p,Wyuy +w; = Ziy; +uy, (5)
w = AWy + ¢, i=1,..,G,

where G is a finite constant equal to the number of possible alternatives to
the null model.

The J-test and its properties are described in detail in the appendix
of Kelejian (2008). Our discussion is based on Kelejian. To derive the J-
statistic, first solve (4) and to obtain u = (I — A\W,) 'e. Insert the solution
into (3), and pre-multiply the expression by (I — AW3) to get

(I - A\Wa)y = (I— A\W)Zy + €.
Define y(A\) = (I — A\Wy)y and Z()\) = (I — A\W,)Z, and write

yA) =ZN)y +e. (6)

Likewise for the alternative models (5), define Z;(\;) = (I — A;Wy;)Z;. Then
for alli =1, ..., G, estimate ~y, in the ith alternative model (5) by generalized
spatial two stage least squares (Kelejian and Prucha 1998, 1999), and get ¥,.
Add the predictive power Z;(\;)7 of all i = 1,..., G alternative models to the
null model (6) to get:

G
y(A) =Z(N)y + E ai[Zi(X)7i] + €, (7)



where 7, is the 2SLS estimate of «,. The parameter «; is a scalar. Given that
the null model is true, a; = 0 foralli =1, ..., G. Insert Z;(\;) = (I-\;Wq,)Z;
into (7), and define ¢, = —a;\;, to get

G G
YN =ZA)y+ Y ailZA]+ > 6, [WaiZA)] + .
=1 =1

Then let § = (a1, ...,ag, Py, ..., @)’ The test of the null model (3) against
the alternative models (5) is simply a Wald test of § = 0. At the significance
level «, reject the null hypothesis if

J=38V:10 >3, (26),

where V3 is the estimated small-sample variance-covariance matrix of 4.

3 Bootstrap

We denote bootstrap quantities by a ’+’. For generating samples of bootstrap
observations y*, we use a parametric bootstrap algorithm.

Algorithm 1 (Bootstrap J-test)

1. Estimate the spatial autoregressive model (1) by the generalized method
of moments (GMM) procedure suggested in Kelejian and Prucha (1999)
to obtain the estimates p, A and (3.

2. Check whether [p| <1 and |X| < 1.
8. If both conditions are satisfied, generate bootstrap observations y* from
v = XB+pWy
ut = AMWu" + e,
where e* ~ N,(0,1).

If the number of bootstrap replications is B, repeated application of Algo-
rithm 1 gives B bootstrap samples y}, which are used to compute bootstrap
J-statistics J;. The empirical distribution of the J7 is used to approximate



the distribution of J under the null hypothesis. The bootstrap critical value
at the significance level a is given by the 1 — a quantile of the J;.

Let J denote the realized value of the J-statistic. For a test at significance
level o we reject the null hypothesis if J is larger than the bootstrap critical
value.

In many cases in practice it is more convenient to translate the test sta-
tistics into p-values. The bootstrap p-value is defined as

Z (J: > ), (8)

Le. the fraction of the bootstrap samples for which J is larger than J. For
a test at significance level o we reject the null hypothesis if p* < «a.

4 Simulation Study

This section contains a simulation study of the properties of the asymptotic
and bootstrap spatial J-tests in a k-nearest neighbours setting. The simula-
tions are performed using Matlab. The function randn in Matlab, which uses
Margasalia’s ziggurat algorithm, is used to generate pseudo-random num-
bers. The Spatial Econometric Toolbox for Matlab by LeSage (version 2010)
is used in the estimations.

The model of interest is the general spatial autoregressive model with the
same k-nearest neighbours weights matrix Wy, in the spatial lag and in the
spatially correlated error term

y XB+ pWiy +u,
u = AW u+e. 9)

We consider non-nested models My, which entertain different k-nearest neigh-
bours weights matrices Wy, where k = {4, 6, 8,10, 12}.
By solving (9) and setting W, = Wy, we get the data generating process
(DGP)
y=(I—pWg) ' X8+ (I—- pWg) ' (I - A\Wy) 'e. (10)

The matrix Wy in the DGP (10) is a weights matrix where every observation
has k = 8 nearest neighbours. All weights matrices are based on coordi-
nates on the two-dimensional plane. The coordinates are randomly drawn
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integers from a uniform [1,10000]> distribution. The studied sample size is
n = {100,400, 900,2500}. When the sample size is growing the domain is
not expanding, instead it becomes more dense. Commonly used terminology
is “fill-in asymptotics’ as opposed to ’increasing domain asymptotics’. This
means that the k& nearest neighbours of a particular point are usually not the
same when the sample size is different.

The matrix X contains a column of ones and three columns of explanatory
variables, which are randomly drawn from a uniform [—10, 10] distribution,
B is a 4 x 1 vector of ones and € is an n x 1 vector which is randomly
drawn from a normal distribution with mean zero and variance equal to
one. Data are generated for all possible pairs of p = {0.2,0.5,0.8} and A =
{0.2,0.5,0.8}. These values for the autoregressive parameters are chosen in
order to represent small, medium and large positive spatial autocorrelation.
The explanatory variables remain the same in all replications. The coordi-
nates and the vector of errors € are drawn 1000 times for each sample of size
n.

To estimate the size of the spatial J-test, the null model Mg which cor-
responds to the data generating process is tested against the other models.
The power of the test is estimated as each one of the other models are tested
against M. The nominal significance level of the tests in the simulations is
5%.

From the DGP (10) we generate samples y,,, indexed by m = 1,.., MC.
In each replication we compute the J-statistic jm. The rejection probability
of the test is then estimated by

MC
1

T > 1> 3L, (26)) ()

Le. the fraction of the MC replications for which the value of the J-statistic
Jo is larger than the critical value x7_,(2G).

The size and power of the bootstrap spatial J-test can be estimated in
an analogous way (Horowitz 1994, and Davidson and MacKinnon 2006). For
each replication m = 1,..., M, generate B bootstrap J-statistics .J;,; using
Algorithm 1, and indexed by j = 1,...,B. Compute J (1 — a), the 1 — «
quantile of the J; ;. The rejection probability of the bootstrap test is then

estimated by

1 MC

e (T > J5(1 = ), (12)

m=1



Le. the fraction of the MC replications for which the value of the .J statistic
Jm is larger than the bootstrap critical value J¥ (1 — «).

The procedure above involves computing MC x (B +1) J-statistics. The
computational time for estimating the rejection probability becomes pro-
hibitive when MC and B are large. Commonly used values of MC and B
are MC = 10000 and B = 1000, resulting in computing approximately 10
million J-statistics.

We use a procedure proposed by Davidson and MacKinnon (2006) for
estimating the size and power of a bootstrap test which substantially reduces
the computational burden. For each replicationm = 1,..., MC, compute the
J-statistic J,,, and generate one bootstrap J-statistic J* . Compute J*(1—a),
the 1 — a quantile of the J;,. The approximate rejection probability of the
bootstrap test is then estimated by

1 MC

mzf(im > J*(1— a)). (13)

=1

See Davidson and MacKinnon (2006) for more details.

Both procedures estimate the nominal rejection probability of the boot-
strap test, i.e. the size and power of the bootstrap test at the nominal level
a. The difference between (12) and (13) is in the estimation of the 1 — «
quantile of the bootstrap replications. In (12) the jm are compared to dif-
ferent estimated critical values, whereas in (13) the J, are compared to the
same estimated critical value. The amount of computation required to esti-
mate (13) is 2 x MC' J-statistics, which is much smaller than MC x (B+1).
Davidson and MacKinnon (2006) establish the validity of (13) under the
assumption of independence between the bootstrap DGP and the test statis-
tic. For the J-test, the bootstrap DGP and the .J-statistic are asymptotically
independent.

We begin by examining the size and power of the asymptotic and boot-
strap spatial J-tests for the small sample size n = 100. The results are
reported in Table 1. We find that the asymptotic spatial J-test is oversized,
in particular when the spatial autocorrelation in the error term is large and
the spatial autocorrelation in the dependent variable is small or intermediate.
The bootstrap corrects the size for all combinations of p and A. For instance,
for p = 0.2 and A = 0.8, when Mg is tested against My, the bootstrap corrects
the size from 11.4% to 5.7%.



Turning to power, it is interesting to note that for all combinations of p
and A, the power of both tests are prominently lower when a model enter-
taining an overspecified weights matrix, like M7y or Mi,, is tested against the
data generating alternative model, than when the null model entertains an
underspecified weights matrix. For instance, when p = 0.5 and A = 0.5, the
power of the asymptotic spatial J-test is 81.8% when Mj is tested against Mg,
and 29.6% when M is tested against Mg. The powers of the corresponding
bootstrap tests are 73.4% and 27.0%, respectively. Regarding the impact of
p and A, we find that the power of the test is low when the amount of spatial
autocorrelation p in the dependent variable is small, and in particular when
the weights matrix of the null model is overspecified. The power of the test
is high when p is at least intermediate and the weights matrix of the null
model is underspecified.

Table 2 shows the results when the sample size is n = 400. Also for this
sample size the asymptotic test is slightly oversized, in particular when p is
small or intermediate, and when A is large. For instance, for p = 0.2 and
A = 0.8, when Mj is tested against My, the size is 6.3%. The bootstrap cor-
rects the size to 5.4%. For most values of p and A, the size of the asymptotic
and bootstrap tests are close to each other. Table 2 shows that when the un-
derspecified null model My, or My is tested against the model corresponding
to the data generating process Mjg, the power of the test is higher for n = 400
than for n = 100. This is what we would expect from the usual asymptotics.
In contrast, when the null model entertains the overspecified weights matrix
Mg, or M,, we find that the power mostly decreases when the sample size
is increased from n = 100 to n = 400.

The results for n = 900 are reported in Table 3. The size of both tests are
very close to nominal significance level. As before, we find that when the null
model is overspecified and p is small, the power is low. For all combinations
of p and A, the power increases for underspecified as well as for overspecified
weights matrices, as the sample is increased from n = 400 to n = 900.

Table 4 presents the results for the largest sample size n = 2500. We note
that the size and power of the asymptotic and bootstrap tests are very close
to each other. The power of the test is now very high when the null model
entertains an underspecified weights matrix. The power is in general high,
even when the overspecified model M, is tested against Mg. But when we
test the model My, which entertains an overspecified weights matrix, against
Mg, we find that the power when low if p is small.



Table 1: Size and power of the spatial J-test and the bootstrapped spatial
J-test for n = 100, MC = 1000 and B = 1.

Size Power

Hy: Mg Mg Mg Mg My M Mg My
H: My My My My Mg Mg Mg Mg

p A
02 02 J 0070 0.079 0.087 0.071 | 0.568 0.282 0.127 0.195
J* 0.053 0.063 0.062 0.052 | 0.507 0.235 0.100 0.169
02 05 J 0.078 0.063 0.070 0.070 | 0.519 0.272 0.134 0.200
J* 0.063 0.046 0.065 0.068 | 0.488 0.242 0.105 0.174
02 08 J 0.114 0.099 0.118 0.121 | 0.429 0.271 0.161 0.239
J* 0.057 0.056 0.054 0.051]0.358 0.206 0.102 0.162
05 0.2 J 0.056 0.068 0.064 0.065|0.971 0.833 0.300 0.474
J* 0.046 0.043 0.049 0.045| 0.965 0.811 0.271 0.433
05 05 J 0.082 0.071 0.079 0.068 | 0.957 0.818 0.296 0.465
J* 0.073 0.050 0.048 0.038 | 0.942 0.734 0.270 0.354
05 0.8 J 0.081 0.077 0.097 0.088 | 0.886 0.655 0.273 0.380
J* 0.044 0.031 0.043 0.034 | 0.855 0.627 0.220 0.293
0.8 0.2 J 0.065 0.059 0.064 0.062 | 0.995 0.997 0.445 0.541
J* 0.036 0.038 0.027 0.029 | 0.993 0.968 0.395 0.517
0.8 05 J 0.088 0.075 0.059 0.066 | 0.994 0.955 0.388 0.533
J* 0.063 0.054 0.043 0.051 1] 0.990 0.955 0.378 0.463
0.8 0.8 J 0.082 0.079 0.082 0.080|0.991 0.956 0.412 0.530
J* 0.071 0.060 0.070 0.072 | 0.987 0.946 0.351 0.429
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Table 2: Size and power of the spatial J-test and the bootstrapped spatial
J-test for n = 400, MC = 1000 and B = 1.

Size Power

Hy: Mg Mg Mg Mg My M Mg My
H: My My My My Mg Mg Mg Mg

p A
02 02 J 0.069 0.067 0.080 0.068 | 0.989 0.741 0.159 0.311
J* 0.067 0.066 0.080 0.070 | 0.989 0.706 0.140 0.259
02 05 J 0.041 0.048 0.040 0.048 | 0.961 0.625 0.164 0.317
J* 0.046 0.054 0.034 0.053|0.972 0.653 0.134 0.327
02 0.8 J 0.063 0.0563 0.064 0.054|0.811 0.419 0.136 0.163
J* 0.054 0.058 0.054 0.052 | 0.817 0.378 0.116 0.192
05 02 J 0072 0.056 0.062 0.068 | 1.000 1.000 0.516 0.773
J* 0.059 0.046 0.067 0.080 | 1.000 1.000 0.531 0.776
05 05 J 0.056 0.049 0.045 0.045 | 1.000 1.000 0.511 0.752
J* 0.054 0.065 0.042 0.039 | 1.000 1.000 0.518 0.762
05 0.8 J 0.058 0.071 0.071 0.069 | 1.000 0.979 0.433 0.669
J* 0.047 0.047 0.074 0.070 | 1.000 0.975 0.422 0.599
0.8 0.2 J 0.047 0.046 0.053 0.050 | 1.000 1.000 0.497 0.648
J* 0.046 0.041 0.048 0.047 | 1.000 1.000 0.451 0.651
08 05 J 0.053 0.044 0.047 0.052 | 1.000 1.000 0.507 0.654
J* 0.041 0.037 0.047 0.053 | 1.000 1.000 0.465 0.642
0.8 0.8 J 0.065 0.057 0.056 0.063 | 1.000 1.000 0.509 0.642
J* 0.0564 0.042 0.045 0.059 | 1.000 1.000 0.448 0.647
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Table 3: Size and power of the spatial J-test and the bootstrapped spatial
J-test for n = 900, MC = 1000 and B = 1. The bold faced cases are the
ones referred to in the text.

Size Power

Hy - Mg \Y I \Y I M; M, Mg M M,
Hy - M, Mg M M, Y Mg Mg Mg

P A
02 02 J 0.041 0.061 0.057 0.068 | 1.000 1.000 0.317 0.606
J* 0.040 0.058 0.056 0.050 | 1.000 0.970 0.310 0.582
0.2 0.5 J 0.046 0.050 0.047 0.048 | 0.999 0.933 0.281 0.560
J* 0.036 0.038 0.036 0.036 | 0.999 0.935 0.277 0.532
02 0.8 J 0.043 0.048 0.048 0.048 | 0.985 0.730 0.208 0.376
J* 0.038 0.041 0.031 0.036 | 0.985 0.728 0.181 0.359
05 02 J 0.043 0.035 0.055 0.053|1.000 1.000 0.762 0.953
J* 0.040 0.029 0.048 0.044 | 1.000 1.000 0.762 0.941
05 05 J 0.059 0.047 0.048 0.046 | 1.000 1.000 0.811 0.965
J* 0.072 0.051 0.046 0.047 | 1.000 1.000 0.831 0.965
0.5 0.8 J 0.053 0.058 0.049 0.049 | 1.000 1.000 0.728 0.941
J* 0.049 0.058 0.045 0.047 | 1.000 1.000 0.731 0.957
08 0.2 J 0.051 0.053 0.061 0.059|1.000 1.000 0.717 0.834
J* 0.050 0.043 0.059 0.058 | 1.000 1.000 0.673 0.797
0.8 05 J 0.048 0.058 0.044 0.046 | 1.000 1.000 0.703 0.849
J* 0.043 0.040 0.036 0.035| 1.000 1.000 0.684 0.825
0.8 0.8 J 0.054 0.059 0.054 0.056 | 1.000 1.000 0.762 0.845
J* 0.057 0.059 0.057 0.061 | 1.000 1.000 0.772 0.858
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Table 4: Size and power of the spatial J-test and the bootstrapped spatial
J-test for n = 2500, MC = 1000 and B = 1.

Size Power

Hy: Mg Mg Mg Mg My M Mg My
H: My My My My Mg Mg Mg Mg

P A
0.2 0.2 J 0.057 0.055 0.062 0.054 | 1.000 1.000 0.657 0.949
J* 0.051 0.046 0.053 0.050 | 1.000 1.000 0.650 0.954
02 05 J 0.046 0.054 0.047 0.056 | 1.000 1.000 0.627 0.940
J* 0.049 0.058 0.051 0.050 | 1.000 1.000 0.648 0.940
02 0.8 J 0.053 0.044 0.052 0.052 | 1.000 0.981 0.447 0.799
J* 0.044 0.037 0.037 0.043 | 1.000 0.978 0.422 0.794
05 0.2 J 0.052 0.048 0.055 0.046 | 1.000 1.000 0.999 1.000
J* 0.056 0.062 0.077 0.057 | 1.000 1.000 0.999 1.000
05 05 J 0.045 0.054 0.051 0.044 | 1.000 1.000 0.995 1.000
J* 0.045 0.039 0.057 0.043 | 1.000 1.000 0.993 1.000
05 0.8 J 0.044 0.037 0.047 0.040 | 1.000 1.000 0.982 1.000
J* 0.044 0.031 0.041 0.039 | 1.000 1.000 0.982 1.000
08 0.2 J 0.059 0.064 0.063 0.064 | 1.000 1.000 0.950 0.991
J* 0.050 0.064 0.051 0.053 | 1.000 1.000 0.950 0.990
08 05 J 0.045 0.050 0.056 0.053 | 1.000 1.000 0.967 0.998
J* 0.039 0.041 0.050 0.046 | 1.000 1.000 0.959 0.998
0.8 0.8 J 0.049 0.048 0.045 0.048 | 1.000 1.000 0.989 0.999
J* 0.046 0.037 0.036 0.035| 1.000 1.000 0.989 0.998
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5 Conclusions

This paper studies the properties of the asymptotic spatial J-test proposed by
Kelejian (2008). We suggest and study a bootstrap spatial J-test in order to
see whether the properties of the test in finite samples can be improved. The
simulation study shows that the spatial J-test can be used for distinguishing
between general spatial models with different k-nearest neighbours weights
matrices. We find that the asymptotic test is oversized in small samples. The
bootstrap is useful for correcting the size of the asymptotic test. Turning to
power, we find that when the sample size is small, the amount of spatial
autocorrelation in the dependent variable is small, and the weights matrix of
the null model is overspecified, the power of the test is low. In contrast, the
power of the test is high when the spatial autocorrelation in the dependent
variable is at least intermediate, and the weights matrix of the null model
is underspecified. When the sample size is increased and the null model
entertains an underspecified weights matrix, the power increases. For large
samples we find that the power of the test is very high when the null model
entertains an underspecified weights matrix. The power of the asymptotic
test is very close to the power of the bootstrapped version.
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