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Abstract

Fourier-transform spectroscopy (FTS) is an optical technique that can be used to
interrogate a sample to detect and quantify its molecular constituents. In its most
traditional form, the FTS instrument consists of a simple optical delay line, using
which an incident incoherent broadband light beam is made to interfere with itself,
allowing one to record a time-domain representation of the optical field. The Fourier
transform of this so-called interferogram results in the corresponding optical spec-
trum that reveals the absorption by the sample placed in the way of the optical
beam.

While Fourier-transform spectroscopy instruments based on this simple Michelson
interferometer scheme were developed to a mature level already during the previ-
ous century, and while they are still widely used throughout academia and industry,
the technique suffers from certain drawbacks in certain advanced applications. For
example, achieving high resolution required for the accurate analysis of the absorp-
tion spectra of gaseous samples results in long delay arms and limited measurement
speeds.

This thesis addresses these drawbacks and offers new contributions to FTS research
by developing advanced instrumentation, or by using traditional FTS to advance
other sub-fields of spectroscopy. For example, I have used a commercial high-
resolution FTS instrument to measure, for the first time, the fundamental and first
overtone rovibrational absorption bands of the radioactive H36Cl molecule. The
analysis of these absorption spectra revealed the absorption line wavenumbers, in-
formation that is crucial for future applications that may target the detection of this
molecule from nuclear facilities or nuclear waste.

Following the aforementioned work that acknowledges the ever-continuing relevance
of traditional FTS, the other works included in this thesis explore modern FTS ap-
proaches and their benefits. For example, I have studied a relatively new modality
of FTS called phase-controlled Fourier-transform spectroscopy and its compatibil-
ity with gas-phase (cantilever-enhanced) photoacoustic spectroscopy to improve the
measurement speed of said sensitive photoacoustic technique in broadband measure-
ments.

Further still, this thesis work contributes to dual-comb spectroscopy (DCS), an FTS
technique that does not require any mechanical scanning parts but that achieves
incredibly fast measurements with practically unlimited resolution. In recent years,
vast research efforts have been dedicated towards DCS to mature the technique to
become the current state of the art. Our contribution was to demonstrate a simple
approach to DCS where stable measurements can be restored using a numerical post-
correction algorithm that I developed.

Finally, this thesis proposes a completely new approach to FTS. Instead of linear
motion, the proposed rotational-Doppler FTS technique utilizes rotational motion
and light that carries orbital angular momentum (OAM). As a consequence, RD-
FTS offers fast, high-resolution measurements while keeping the experimental setup
compact.
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Preface

When the teaching of physics and chemistry started in the fifth grade in the elemen-
tary school, the two subjects immediately became my favourite ones, in addition to
maths that had started already a few years earlier. I still remember one beginning-of-
chapter illustration about atoms in one of the school books, where some surface was
depicted to comprise these billiard ball-looking things that formed a kind of lattice.
I was fascinated – imagine that every-day objects like the desk where I was reading
that very book could be conceptualized to consist of these entities called atoms. It
felt like a real-life fantasy, where one can glance behind the shroud of every-day life
with the help of science.

When I finished my matriculation exams in high-school (with of course excellent
grades in all three subjects), I only knew that I wanted to continue my studies at the
Kumpula Campus of the University of Helsinki, which is dedicated to the natural
sciences. I chose Chemistry, basically at random with the idea that once there,
I could mix and match my studies from all three disciplines. This was the right
choice. Because, during the very first study years in the Chemistry Department,
we were to take the two famous (but also notorious) physical chemistry courses:
”Thermodynamics and Dynamics” and ”Molecular Structure and Spectroscopy”. In
particular, the latter course brought back the fascination I had felt about atoms
and molecules in the fifth grade, but, this time, instead of billiard balls, we were
introduced with the perhaps unintuitive at first but with the even more fascinating
mathematical concepts of Quantum Mechanics that describe the structure of atoms
and molecules. Long story short, I later managed to secure my first summer job
in a laser lab on the 4th floor of the Chemistry Department, which is dedicated to
physical chemistry and molecular sciences. There, I have had the pleasure to study
molecules, with, of course, the feeling of real-life fantasy strengthened by the fact
that I also get to play around with lasers.

Even though aligning a laser beam through some experimental setup hours on end
can be dull work at times, what I like about experimental work is its hands-on na-
ture. I construct experimental setups with my own hands and, while doing so, I can
conceptualize what I am actually doing by using science; all experimental setups are,
after all, based on, or need to be designed according to some underlying theory. One
anecdote of this is when I worked as a Master’s student with the optical parametric
oscillator light source that led to my first publication: I spent embarrassingly many
days aligning the resonator trying to get the OPO to start. I had made my calcula-
tions and designed the resonator, but it simply didn’t light up. Finally I realised that
both of the surfaces of the resonator input mirror were curved after all, which should
have been considered in the calculations. After moving the crystal focusing lens by
the required amount, and after some realignment, the OPO finally lit up with daz-
zlingly bright red colours, the second harmonic of the generated near-infrared light
beam.

Regarding spectroscopy, what I also like about my work is how much one learns while
doing it. Because my research is mostly related to method development, I construct
the experimental setups myself from scratch, in other words, the experimental setup
is no black box. After working months with the setup, after the setup has been
aligned, the sample cell put into place, the gas exchange system designed and after
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writing computer scripts to automize the measurement (laser wavelength scanning,
laser power and wavelength measurement, signal digitization, gas exchange, etc.), it is
always gratifying to finally start the measurement and to actually see the absorption
peak emerging in the measured signal, apart from the times when it doesn’t but
when the measurement exhibits only noise. When this happens, one needs to take a
step back, go back to the drawing board and come up with some new approach or
test to solve the new problem.

Finally, as a researcher, it is exciting to demonstrate something that no one else has
ever done before. Less ambitiously, my goal as a researcher is simply to contribute.
If not something amazingly groundbreaking, then at least something small. If my
work manages to inspire or spark some kind of a new idea for some other researcher
who has for some reason or other ended up reading my paper whatever their specific
research field may be, I have done my job. After all, I believe that it is through the
cumulation of small contributions over years or decades that one can then in due
time realize that science has, overall, made another giant leap forward.

The first person I want to acknowledge is Matias Jääskeläinen. He worked as a course
assistant and helped me on many courses I attended as a Bachelor student. It was
he who suggested, both to me and Dr. Markus Metsälä that what if I became a
course assistant myself (to help with the said physical chemistry courses). Without
this suggestion I very probably wouldn’t be writing the current thesis. Thanks to
Matias, I actually ended up working as a course assistant on said courses for many
years with the pleasure to teach and to help other students that tried to crack the
homework problems, to which I had written the model answers myself. This also led
me to manage to secure my first summer job in a laser lab under the supervision
of Markus Metsälä when I was a second-year Bachelor student in 2018. Thank you
Markus for this opportunity. During that summer, I worked with cavity ring-down
spectroscopy and learned the basics of experimental work in a laser lab, got routine
in aligning lasers and also took up Matlab, a hugely useful programming platform
for data analysis, numerical simulations and writing measurement programs, which
programming platform is nowadays an integral part of my every-day work. I am also
pleased that I got to work with cavity-ring down and am proud that I have aligned
such a cavity myself. This is because cavity-ring down is one of the most sensitive
spectroscopic techniques available in addition to photoacoustics, the latter technique
being immensely important for this thesis. This makes it useful to have personal
experience on both techniques.

I also want to thank Dr. Juho Karhu. He helped me a lot during summer 2019 when
I worked as a Master’s student and on the radiocarbon methane project that led to
the publication of the first article included in this thesis. You always have fresh ideas
and are prepared to help me in the lab. Thank you for that.

Then, as a whole, I want to thank the entirety of our research group and the persons
who have worked there during all or any of these years. I think we have an incredibly
friendly and supportive atmosphere on the 4th floor. I also want to thank Mikhail
Roiz, an incredibly competent colleague of mine. Your enthusiasm and expertise
in laser physics have definitely inspired and helped me during the last few years.
We have always had fruitful discussions on whatever project either of us has been
working on.
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Finally, but most importantly, I want to thank Prof. Markku Vainio, my supervisor
during all these years and this thesis work. Thank you so much for your help, support
and endless understanding. You have given me the opportunity for truly independent
work but you have also always made time to help me with whatever problem I may
have had in the lab or otherwise.

Helsinki, September 2024
Santeri Larnimaa
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Introduction

Spectroscopy utilizes electromagnetic radiation (light) to study many kinds of mat-
ter. By measuring the absorption spectrum of a sample, one can determine its con-
stituents, their amounts but also the structure of the constituent molecules (or atoms)
themselves. This thesis focuses on gas-phase molecular absorption spectroscopy, the
applications of which are various. For example, spectroscopy can be used for green-
house gas and atmospheric composition monitoring,1, 2 remote sensing of volcano
eruptions,3 air-quality measurements,4, 5 detection of compounds in space,6, 7 breath
analysis,8 and for many other applications.9–12

The most sensitive spectroscopic approaches typically utilize tunable single frequency
light sources.13 While successful, these approaches usually suffer from limited wave-
length tunability, which in turn limits the measurements to the detection of only a
few, if not only a single absorption line, potentially disallowing multi-species detec-
tion. In contrast, spectroscopic techniques based on broadband light sources allow for
the measurement of a wide optical bandwidth in a single measurement and therefore
the simultaneous measurement of absorption features belonging to multiple different
molecules.14–17

One such broadband spectroscopic approach is Fourier-transform spectroscopy (FTS),
a technique based on a simple interferometric device that records the time-domain
representation (interferogram) of the optical field such that the Fourier transform of
the interferogram reveals the corresponding optical spectrum. While the technique
was invented already during the previous century, its success seems never-ending.
Furthermore, FTS research enjoys renewed interest due to the more recent invention
of several advanced Fourier-transform spectroscopy approaches.

This thesis studies several of such advanced FTS techniques. While in Article II we
used traditional FTS to measure and analyse the absorption spectrum of the H36Cl
molecule that has not been previously studied spectroscopically, Articles III–V inves-
tigate advanced FTS techniques to improve the measurement speed and/or spectral
resolution of broadband spectroscopic measurements. In addition to the increased
measurement speed being convenient for the person conducting the measurements,
increased measurement speed can allow accurate measurements of short-lived species
or monitoring of fast processes such as chemical reactions.10, 18, 19 With regards to the
improved spectral resolution, it allows accurate production of spectroscopic data20

but it also assists in resolving close-lying absorption features to allow more accurate,
say, multi-species detection.14–17

In Article III, we investigated the possibility of combining the so-called phase-con-
trolled FTS technique (a special modality of FTS)21, 22 with cantilever-enhanced
photoacoustic spectroscopy (CEPAS).23 CEPAS is a highly-sensitive detection tech-
nique but it has, until now, suffered from unreasonably slow measurements when
combined with FTS.24 However, improving the measurement speed by using the
PC-FTS approach is a trade-off with increased experimental complexity and limited
spectral resolution, which issues are discussed at length in this thesis.

In Article IV we contributed to dual-comb spectroscopy (DCS), which is the cur-
rent state-of-the-art form of FTS that allows fast and high-resolution measurements
without any mechanical scanning parts.25 The novelty of our contribution is the
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utilization of special infrared optical frequency comb light sources developed in our
lab26 such that experimentally simple but stable (mutually coherent) measurements
are ensured with only minor post-corrections required by using a numerical algorithm
I developed.

Finally, Article V proposes a completely new Fourier-transform spectroscopy ap-
proach that is based on the rotational Doppler effect27 (in contrast to traditional
FTS that utilizes the linear Doppler effect) and on a special ”vortex comb” light
source whose frequency components carry different amounts of orbital angular mo-
mentum (OAM). This new spectroscopic approach promises fast and high-resolution
measurements but achieves these with a more compact experimental setup than tra-
ditional FTS would allow. Because the proposed ”rotational-Doppler FTS” technique
is completely new, more research on the topic is required. In this thesis, I analyse
the feasibility of the proposed spectroscopic technique and identify key issues that
require future research.

This thesis is organized as follows. Although the main topic of this thesis is Fourier-
transform spectroscopy, Section 1 discusses spectroscopy in a more general sense. It
is targeted to readers (mostly) unfamiliar with spectroscopy and it illustrates dif-
ferent aspects of spectroscopy, from applications to more theoretical considerations
and, in particular, to instrumentation. Examples are mostly drawn from tunable
single frequency laser spectroscopy, such as from Article I where I used a tunable
mid-infrared light source to record high-resolution spectra belonging to the radioac-
tive 14CH4 molecule. These measurements provided new, high-quality spectroscopic
information that allowed a more rigorous rovibrational analysis of the molecule than
before.

Starting from Section 2, the rest of this thesis considers Fourier-transform spec-
troscopy, with Section 2 presenting the basic principles of the technique while giving
emphasis on selected details such as resolution, photoacoustic detection, phase cor-
rection and light sources. The section culminates in a summary of Article II that
demonstrates the use of traditional Fourier-transform spectroscopy to study the ab-
sorption spectrum of H36Cl. The following sections (Sections 3–5) then summarize
the results from the three remaining articles that demonstrate novel modalities and
their benefits to Fourier-transform spectroscopy. Instead of only summarizing the
results, I have taken the opportunity to use this space to complete the discussion in
the articles by presenting supporting details, simulations and decision making that
lead to the final results presented in the articles. Much of this additional discussion
is found as Appendices to this thesis.

Particular emphasis is given on the rotational-Doppler spectroscopy work (Article
V; Section 5). This is because I find the topic most interesting and the proposed
technique most novel. To that end, a longer review about the origin of the rotational
Doppler effect and about common detection techniques is given. In addition, I study
the practical limits of the technique in terms of the modulation signal strengths, the
rotating target selection and problems with crosstalk.

A final but an important aspect I want to exhibit in this thesis is the usefulness of nu-
merical simulations. In experiments, one typically has many variables that may affect
the results in varying and often unknown degrees. In particular, Fourier-transform
spectroscopy relies heavily on data processing as the absorption spectrum is obtained
indirectly via measuring and Fourier-transforming the interferogram. This demands
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confidence on the part of the data processor to claim that the operations performed
on the data are justified. Once the results are obtained, they also need to be under-
stood. Fortunately, these can be easily tested by setting up, if you will, a synthetic
lab using some programming platform such as Matlab or Python. Indeed, a large
portion of my working hours has been spent on writing Matlab code to test and to
learn about different details underlying the experiments. It is most illuminating to
see with one’s own eyes how changing the value of some parameter affects the results.
The reader of this thesis will then find many illustrations but also animations that
support the discussion. The animations can be viewed by reading a downloaded copy
of this thesis with a suitable PDF reader and by clicking on the animations.
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1 Molecular absorption spectroscopy

Spectroscopy studies the interaction between light and matter. One can study how
light is absorbed, emitted or (inelastically) scattered by atoms and molecules. In all
of these interactions, the light field and the molecules (or atoms) exchange energy.
For example, in the case of absorption, when a molecule encounters a photon, it may
absorb it if the energy of the photon (which is proportional to the optical frequency)
matches the energy difference between two suitable energy states of the molecule.
Depending on the optical frequency, the absorption may then induce a change in
the rotational, vibrational or electronic state of the molecule, or in all of these. In
this thesis, all the measurements performed are related to the so-called rovibrational
transitions of molecules. What this means is that the optical frequency of the light
source used is tuned to excite some vibrational motion of the molecule. However,
due to spectroscopic selection rules, the change in the vibrational state is usually
accompanied by a change in the rotational state as well. The many selection rules
in spectroscopy imply that only certain molecular transitions can be observed via
coupling of the external electric field (light) to the molecule. The specific selection
rule referred to here is intuitively understood by noting that photons carry angular
momentum (they have spin), which means that the absorption of the photon needs
to result in a change of the rotational state of the molecule to conserve the total
angular momentum.∗

The so-called fundamental rovibrational transitions of molecules typically lie in the
mid-infrared optical region. For example, the fundamental rovibrational absorption
band of HCl measured in Article II is located at the 3.5 µm (2885 cm−1; 86.5 THz)
region.† What ”fundamental” here means is that the absorbed photon excites the
molecule from the ground state (vibrationally still molecule apart from the quantum
mechanical effect called the zero-point energy) to the first excited vibrational state.
Also the so-called overtone transitions can be measured, which means that if the
energy of the photon is, for example, approximately twice the energy of the funda-
mental transition, the absorption can excite the vibrational motion by two quanta,
which is called the first overtone transition. These transitions are typically orders of
magnitude weaker than the fundamental ones, but still often appealing for a laser
spectroscopist to target as laser and optical component technology is much more
mature in the near-infrared, particularly in the 1.5 µm telecom region. For more
complex molecules than the diatomic HCl, even more complex vibrational motions
than a simple stretching of a single bond are available. For example, in Article IV
we measured the so-called ν1 + ν3 combination band of gaseous acetylene. Figure
1 illustrates different vibrational motions probed in this thesis work; Table 1 lists
the corresponding wavelengths and the relative absorption strengths of these rovi-
brational absorption bands.

∗Unless the molecule offers some other mechanism for the angular momentum to be conserved, i.e.,
if it offers some other place to put the extra angular momentum.

†A laser scientist may prefer to use the wavelength, λ, to describe a light field. A convention
in spectroscopy is to prefer the wavenumber, ν̃ (in units of cm−1), which is the inverse of the
wavelength. In this thesis I mostly prefer the optical frequency, ν, which is obtained from the
wavenumber by multiplying by the speed of light c. Finally, the energy of the photon would be
obtained by multiplying the optical frequency by the Planck’s constant h.
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(a) The HCl molecule and its only possible vibra-
tional movement (labelled here with ν1) probed in
Article II.

(b) The asymmetric CH-stretching of methane
probed in Articles I and III.

(c) The symmetric (ν1) and the asymmetric (ν3)
CH-stretches of acetylene were jointly excited in
Article IV.

(d) The symmetric (ν1) CH-stretch, the symmet-
ric CC-stretch (ν2) and the cis-bending mode (ν5)
of acetylene were jointly excited in Article V.

Figure 1: Illustration of the different vibrational modes probed in this thesis work. The νi labelling
scheme of these so-called normal modes follows the common convention.28

Table 1: The molecules and their rovibrational absorption bands measured in this thesis work. For
example, 2ν1 +ν2 +νl5

5 means that two quanta of the vibrational mode ν1 (see Fig. 1), one quantum
of ν2 and one quantum of ν5 have been jointly excited; the superscript l5 refers to the so-called
vibrational angular momentum related to the degenerate ν5 bending mode.29 ”Line” refers to the
strongest measured absorption line of that band (the symmetry label ”A1” and the parity label ”e”
refer to the lower state), with the following wavelength, wavenumber and optical frequency values
referring to that specific transition. S is the line intensity of the transition and Srel the line intensity
relative to that of the strongest transition in the table. Thus, the value 2.7 × 106 in the last row
means that the transition is over two million times weaker than the one described by the first row.
See Table 2 for other information on the transitions.

Molecule Band Line λ (nm) ν̃ (cm−1) ν (THz) S ( cm−1/ cm−2) Srel
1H36Cl ν1 R3 3375.9 2962.140 88.8 6.40 × 10−19 1.0
1H36Cl 2ν1 R3 1743.0 5737.113 172.0 1.65 × 10−20 38.9
12C1H4 ν3 P4 A1 3356.8 2979.004 89.3 1.227 × 10−19 5.2

12C2
1H2 ν1 + ν3 P15 e 1534.1 6518.486 195.4 8.768 × 10−21 73.1

12C2
1H2 2ν1 + ν2 + νl5

5 R17 e 1063.6 9402.162 281.9 2.379 × 10−25 2.7 × 106

1.1 Beer–Lambert law

Figure 2 shows the schematic of perhaps the simplest possible absorption spec-
troscopy experiment to probe molecular transitions: one takes a beam from a single
frequency (continuous-wave; CW) laser, shines it through the sample (which is in
the context of this thesis always a gas sample), and guides it onto a photodetector.
Then one scans the wavelength (optical frequency) of the laser while recording the
intensity of the laser beam. If absorption occurs, it is observed as decrease in the
laser intensity behind the sample. The absorption through a sample cell of length L
is described by the Beer–Lambert law:30

I(ν)
I0(ν) = exp(−α(ν)L) ≡ T , (1.1)
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where I is the (optical frequency dependent) light intensity with the sample, and
I0 without. I0(ν) is referred to as the ”background spectrum”, and it can be de-
termined by repeating the measurement through the gas cell without the sample, or
by fitting some kind of background function, such as a polynomial, to the spectrum
measured with the sample, or, more often than not, by combining both of these two
approaches.31

Figure 2: Schematic of perhaps the simplest absorption spectroscopy measurement: the optical
frequency of a single-frequency laser is scanned while the light intensity behind the sample is recorded
to obtain the transmission spectrum, where sample absorption is seen as dips in the measured light
intensity.

The fraction I(ν)/I0(ν) in Equation (1.1) is called the transmission (T) and it de-
scribes the absorption as a fraction of the light intensity that has not disappeared
into the sample. Usually, the measured transmission spectrum is processed into the
actual absorption spectrum, which is defined in this thesis as the plot of the absorp-
tion coefficient α(ν) against the optical frequency (or wavenumber). The absorption
coefficient (in units of cm−1) is defined as32

α(ν̃) = Sf(ν̃)cV NV,tot , (1.2)

where S is the line intensity (cm−1/cm−2), which is a constant that describes the
fundamental absorption strength of a given transition of a given molecule. NV,tot =
p/(kBT ) is the total number density (cm−3) of the sample molecules (all molecules,
including those whose absorption features are not targeted) as described here by
the perfect gas law (p is pressure, T temperature and kB the Boltzmann constant).
cV = NV /NV,tot is the concentration (volume mixing ratio) of the molecule of interest
(e.g., the number of 1H36Cl molecules in an air sample divided by the total number
of molecules in the sample). Finally, f(ν̃) is a function (1/cm−1) that describes the
absorption lineshape. It is normalized to one such that the area (cm−2) of a measured
absorption line yields:

A =
∫ ∞

−∞
α(ν̃)dν̃ = ScV NV,tot

∫ ∞

−∞
f(ν̃)dν̃ = ScV NV,tot . (1.3)

The two main mechanisms that can broaden an absorption line and that are relevant
to this thesis are the pressure broadening and the Doppler broadening.33 The former
effect is important at pressures close to the atmospheric pressure (1 atm = 1013.25
mbar) and beyond, and it is due to collisions between the molecules in the sample.
This yields a Lorentzian absorption lineshape (see Appendix A1). The latter effect
is due to the molecules having a certain velocity distribution at a given temperature
(molecules travelling at different velocities experience different incoming light fre-
quencies due to the Doppler effect) and it yields a Gaussian lineshape. A lineshape
function often used to include both effects is the Voigt profile,34, 35 which is the con-
volution of the two above absorption lineshape functions. In this thesis, I use the
Voigt profile in almost all the works to fit the measured absorption lines (in Article
II, I assumed a Lorentzian lineshape).
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It should be noted that there are also more complex absorption lineshape functions
that include more effects, or that address certain assumptions made when deriving the
previously mentioned absorption lineshapes. In fact, it is currently recommended36

that spectroscopists should use the Hartmann–Tran profile,37 a lineshape model that
can conveniently consider multiple of the so-called beyond-Voigt effects. However, as
these lineshape models include many more fitting parameters, the proper use of them
requires one to record a set of absorption spectra measured at different pressures and
temperatures, and to use the so-called multispectral fitting approach.38 In addition,
the inclusion of the beyond-Voigt effects usually require high signal-to-noise ratios
in the measured spectra to see clear systematic structures in the residuals under
the fitted absorption lines to inform the data processor that perhaps a beyond-Voigt
lineshape should be tried. In [39], the spectral quality requirements for the use of the
beyond-Voigt lineshapes are studied in quite some detail. In this thesis, usually only
a single spectrum at a given pressure and temperature was recorded, and usually the
signal-to-noise ratios were such that the use of only the Voigt profile was justified.
In Appendix A1, I present the equations for the absorption lineshape models used in
this thesis. Table 2 lists typical values for the pressure and Doppler broadening for
the molecules and transitions probed in this thesis work.

Table 2: The measurement conditions, and the pressure and Doppler broadening linewidths (half-
width-at-half-maximum) for the transitions in Table 1. All measurements have been performed at
approximately room temperature (~296 K) and using a 10 cm long sample cell.

Molecule ν̃ (cm−1) p cV γLor (GHz) γDop (GHz)
1H36Cl 2962.140 1 atm 0.0016 1.88 0.09
1H36Cl 5737.113 1 atm 0.0016 2.05 0.17
12C1H4 2979.004 1000 mbar 0.01 1.97 0.14

12C2
1H2 6518.486 300 mbar 0.12 0.71 0.24

12C2
1H2 9402.162 270 mbar 1.0 1.03 0.34

The Beer-Lambert law (1.1) implies three important aspects of spectroscopy. One
is that the absorption spectrum depends on the molecule (via the line intensity S).
Indeed, the absorption spectrum of a molecule depends on the structure of that
molecule, which means that no absorption spectrum of a molecular species is exactly
alike that of some other. This means that by analysing what absorption peaks appear
in the measured spectrum, one can perform qualitative analysis on the sample, in
other words, one can determine which molecules are present in the sample. On the
other hand, because the heights (or areas) of the measured absorption peaks depend
on the concentration cV , one can also perform quantitative analysis on the sample.
Finally, by analysing the absorption spectrum, one can also study the molecules
themselves. For example, one can extract structural information on them. This is
the basis for the more fundamental or theoretical aspect of spectroscopy.

1.2 Spectroscopic models

To see how an absorption spectrum can give information about the structure of the
molecule, let’s inspect Figure 3, which shows the fundamental rovibrational absorp-
tion band of HCl, as measured with a Fourier-transform spectroscopy instrument
in Article II. Intriguingly, the spectrum shows clear structure: it consists of two
branches of narrow, approximately equidistant lines, and of an empty space between
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the branches. A typical exam question in a Bachelor-level course would be to explain
why the spectrum looks like it does. A follow-up question could be to calculate the
equilibrium bond distance of the HCl molecule based on the spectrum.

To explain the spectrum, we first note that the absorption seems to occur only at
specific, well defined optical frequencies. This implies that the energy levels of a
molecule are quantized, which brings us to the fact that to explain the spectrum,
we require quantum mechanics. Indeed, each line in the spectrum corresponds to
a transition between two quantized energy levels of the molecule. In this case, the
vibrational quantum number v (that labels the different vibrational energy levels of
the molecule) has changed from 0 to 1 for all the transitions, whereas the rotational
quantum number J has either decreased (for the transitions in the so-called P-branch)
or increased (for the R-branch) by one quantum, as indicated in Figure 3. The empty
space between the branches corresponds to the so-called Q-branch (pure vibrational
transition with no change in the rotational state), the lines of which are absent for the
HCl molecule, reflecting the fact that the total angular momentum must be conserved
(the photon that is absorbed has spin, which is a type of angular momentum).
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Figure 3: The fundamental rovibrational absorption band of HCl measured in Article II. Compared
to the article, I have subtracted water absorption to better reveal the absorption by HCl only.
Because the sample contains multiple isotopoloques of HCl, the spectrum consists of three distinct
absorption bands, each slightly shifted from one another due to the isotope shift,40 as revealed by
the inset that shows a zoomed-in view to the R3 absorption lines. This means that rovibrational
spectroscopy is sensitive to different molecular masses and can be used to discern different isotopo-
logues in a sample. The rotational quantum numbers have been marked for a few transitions in the
figure; by common convention, the prime refers to the upper, and the double prime to the lower
(vibrational) energy state.

To go into more detail, the more theoretical aspect of spectroscopy tries to apply
quantum mechanics to molecular systems in order to derive expressions that would
describe what kind of absorption lines one can expect for a given molecule. On the
other hand, a measured experimental spectrum can be used to test these models,41

to determine which quantum mechanical effects are important for the molecule,42

or to extract experimental values for the parameters in the derived model (such as
the bond length mentioned above43). The starting point for these approaches is the
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(time independent) Schrödinger equation:

Ĥψ = Eψ , (1.4)

where Ĥ is the Hamiltonian operator that consists of operators describing the par-
ticles’ translational and potential energies. The Schrödinger equation is basically a
second order differential equation whose solutions are the wavefunctions ψ that de-
scribe the possible energy eigenstates of the system with E being the corresponding
total energy. Even though the equation seems innocently simple, only in rare cases
can it be solved analytically.

One quantum mechanical problem that can be solved analytically is the simple har-
monic oscillator, a useful model to describe the vibrations of a diatomic molecule,
such as HCl. For brevity, I will skip the lengthy derivations that can take up several
chapters in many textbooks and will give only the resulting vibrational energies:∗

Ev =
(

v + 1
2

)
ℏω , (1.5)

where v ∈ N0 and ω = (kf/µ)1/2, where in turn µ is the effective mass44 and kf is
the bond stiffness, another structural parameter whose experimental value can be
determined experimentally by studying absorption spectra.

It can be shown that for a harmonic oscillator, only radiative transitions with ∆v = 1
are possible, with the transition v′ = 1 ← v′′ = 0 corresponding to the already
mentioned fundamental vibrational transition. This is another example of a selection
rule in spectroscopy. However, in reality a molecular system is not exactly harmonic,†
which means that also transitions such as the first overtone v′ = 2 ← v′′ = 0 are
allowed, albeit they are much weaker (see Table 1). Both the fundamental and the
first overtone rovibrational transition bands of H36Cl were measured in Article II.

Also molecular rotation can be considered in a similar manner, which leads to a
rotational energy expression40

EJ = Bv(J + 1) − DvJ2(J + 1)2 + HvJ3(J + 1)3 + · · · , (1.6)

where J is the rotational angular momentum quantum number, and, in particular,
Bv = ℏ/(4πµr2

v) is the rotational constant with rv the (vibrational state dependent)
equilibrium bond length. The higher order molecular constants (D, H, ...) consider
further corrections to the energy expression such as the non-rigidity of the rotator.

Finally we arrive at the spectroscopic expression that describes the absorption lines
appearing in the HCl rovibrational band. By defining the integer m ≡ −J ′′ =
−J ′ − 1 for the P-branch and m ≡ J ′ = J ′′ + 1 for the R-branch, and denoting the
pure vibrational transition frequency (the band center) by νv←0, the rovibrational
transition frequencies for both branches can be expressed (up to H) as

∗More information on basic quantum chemistry can be found in the excellent textbooks [44], [45]
or [28], all books that have been close companions of mine during my studies.

†Anharmonicity also slightly changes the vibrational energies, which is typically considered by the
inclusion of additional expansion terms to different powers of (v + 1/2) in the vibrational energy
expression (1.5).
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ν = Ev′=v − Ev′′=0 + EJ′ − EJ′′

= νv←0 + (Bv + B0)m + (Bv − B0 − Dv + D0)m2

+ (Hv + H0 − 2Dv − 2D0)m3 + (3Hv − 3H0 − Dv + D0)m4

+ (3Hv + 3H0)m5 + (Hv − H0)m6 . (1.7)

In Article II, the measured absorption lines were fitted with Lorentz profiles to ex-
tract the absorption line center frequencies. Then, the above expression was fitted
to these data to determine the structural coefficients.∗ This is a traditional way of
analysing the measured spectrum and it was done because it serves as a sanity check
for the measurements: because the fit converged nicely to the measured data, it gives
us confidence that the measurements have been successful. On the other hand, it
is rather easy to fit a polynomial to any kind of data, especially if the polynomial
is flexible enough. Even though the fit does serve as a tool to reproduce the mea-
sured absorption line centers, one may question if the structural constants truly hold
physical meaning. In addition, it is known that such polynomial expressions per-
form poorly in extrapolating absorption line centers beyond the measured frequency
range.46–48

Fortunately, more refined methods exist.46, 49 These typically make use of a num-
ber of experimental line position data sets for a given molecule and its isotologues
to infer the underlying potential energy function that can subsequently be used to
back-calculate the line positions but also the molecular constants. Alternatively,50

one can also fit the so-called Dunham parameters (basically a more rigorous formula-
tion for the molecular constants51) in an isotope-independent manner to experimental
data consisting of a large number of line positions describing multiple isotopologues.
Regarding the latter approach, I am pleased that the work in Article II inspired
Velichko and Mikhailenko,48 and later Marinina et al.52 to consider the H36Cl ab-
sorption bands more rigorously.

In the work by Velichko and Mikhailenko,48 they used their previously determined,
isotopically independent Dunham parameters (determined from experimental data on
several isotopologues of HCl other than the H36Cl one)50 to calculate the transition
wavenumbers for the fundamental and the two first overtone bands of H36Cl (lines
P25–R25). The line positions produced by their model agree with our experimental
data within the experimental uncertainties, not including a few lines, for which, in
hindsight, the signal-to-noise ratios were probably too poor for it to be prudent to
include them in the fits. In addition, when outside the wavenumber range for which
we could extract experimental data (we managed lines P10–R10 for the fundamental,
and P1–R7 for the first overtone band), the line positions calculated based on the
molecular constants I determined in Article II can deviate greatly from the ones
from their model, as expected (see Table 3 in Section 2.6). Finally, in a later work,
Marinina et al.52 used the results from [48] to calculate the line intensities for the
H36Cl molecule. I am glad that our experimental contribution led to this increased
knowledge on this specific isotopologue of HCl, which data will be useful for any
future application that wants to detect this molecule using absorption spectroscopy.
∗More precisely, a reduced dataset was generated by calculating suitable differences between the
measured absorption line frequencies to limit the number of parameters to be fitted at a time.
This is known as the combination differences approach.40, 42
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To close off this section on spectroscopic models, I want to note that the above
has considered only one of the simplest possible molecules, a heteronuclear diatomic
molecule. If molecules of more complex symmetries are considered, the absorption
spectra and the spectroscopic expressions that describe them become much more
complicated. For example, in Article I we measured and analysed the fundamental
antisymmetric stretching rovibrational ν3 band of the 14CH4 molecule. Due to the
spherical symmetry of the molecule, the absorption spectrum does resemble that of
the heteronuclear diatomic molecule. However, a Q-branch emerges and the absorp-
tion lines in the P- and R-branches show fine structure (see the figures in Article I).
The corresponding energy expressions then consist of many more terms with some
of them describing the splitting of the absorption lines. In that case, a simple poly-
nomial fit does not suffice, but one needs to construct and diagonalize Hamiltonian
matrices in a suitable basis set as part of the fitting routine to obtain the wavefunc-
tions and the corresponding energies. Such a fit was performed by Professor Lauri
Halonen for Article I.

1.3 Instrumentation and photoacoustic spectroscopy

The previous section was about the more theoretical aspects of spectroscopy, and no
more is said about those in the rest of this thesis. Instead, the rest of this thesis
considers at least as important an aspect of spectroscopy: instrumentation. In other
words, I discuss how to construct experimental setups to enable the measurement
of the absorption spectra in the first place so that one could then analyse them,
theoretically or otherwise. Even though the basic concept of an absorption mea-
surement is quite simple (recall Fig. 2), when targeting trace gas detection (such
as the parts-per-billion-level noise-equivalent limit of detection of 14CH4 in Article
I), or otherwise weak transitions (such as the 10−25 cm−1/ cm−2 level line intensity
in Article V), the simple approach in Figure 2 won’t suffice, but more sophisticated
and increasingly complex experimental setups are typically needed. If targeting the
otherwise strong fundamental rovibrational absorption bands in the mid-infrared op-
tical region, a further complication is that suitable light sources may not be readily
available.

One nice example of a more sophisticated experimental setup than the one in Figure 2
is the one used in Article I. We required a high power and widely tunable continuous-
wave light source in the mid-infrared wavelength region. To that end, I constructed
an optical parametric oscillator, which is a light source based on nonlinear optics.∗
Basically, if a properly shaped 1 µm laser beam (called the pump beam) is suitably
focused (mode matched) into an optical resonator and into a so-called nonlinear
crystal (in our case, a periodically poled lithium niobate crystal) that lies inside
the resonator, due to the special response of the crystal material to the incoming
electric field, the pump photons are split into near-infrared (signal) and mid-infrared
(idler) photons.53 While the generated signal beam circulates inside the resonator,
the idler beam exits the resonator and is guided into the experimental setup. If
the signal beam wavelength is properly stabilized inside the resonator, the idler
wavelength can be scanned over the absorption feature of interest by scanning the
pump wavelength (because the nonlinear process conserves total energy between
∗Also the broadband light sources utilized in Articles III and IV are based on nonlinear optics, as
discussed later.
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the partaking photons). At each wavelength step, the idler wavelength can also
be quickly modulated around its average value. Without going into detail, this
approach called wavelength modulation absorption spectroscopy (WMAS)54 leads to
the measurement of basically the different order derivatives of the absorption features
with the benefit that slowly varying background features are efficiently suppressed.

In addition, instead of using a simple gas cell and a photodetector to record the trans-
mission spectrum, we used cantilever-enhanced photoacoustic spectroscopy (CEPAS).23

This technique is used in almost all the works in this thesis (apart from Articles II
and IV) due to its high sensitivity. Basically, when the gas sample is trapped inside
a closed volume (the sample cell), absorption inside the cell leads to a slight increase
of the sample temperature and consequently to a slightly increased pressure.55 If the
incident optical power is then modulated, for example, by using an optical chopper
(or in the case of Article I by using the WMAS approach), the periodic absorption
leads to the generation of a sound wave, which can then be recorded with a sensitive
microphone. In the case of CEPAS, this sensitive microphone is a silicon cantilever
that bends as response to the pressure modulation, which movement is monitored
interferometrically to convert the pressure modulation into a corresponding voltage
signal.56, 57 This technique has been proven to be one of the most sensitive spec-
troscopic techniques available. For example, Tomberg et al.58 demonstrated, at the
time, a record sub-parts-per-trillion detection limit of HF using the CEPAS technique
combined with a high-power OPO light source.

The sensitivity improvement is possible, because the photoacoustic signal (micro-
phone output voltage) is proportional to the incident optical power:55

V = SmCcellPα(ν̃) , (1.8)

where Sm is the microphone sensitivity (V/Pa), Ccell the cell constant (Pa/[W
cm−1]), P the incident optical power (W) and α(ν̃) the absorption coefficient (cm−1).
In this thesis, I have utilized the above property that the sensitivity in PAS scales
with the optical power: the 3 ppb noise-equivalent limit of detection of 14CH4 in
Article I was thanks to the high-power OPO light source, and the detection of the
extremely weak transitions of acetylene at the 1 µm wavelength region in Article V
was enabled by amplifying the input laser optical power. Note also how the signal
in PAS is directly proportional to absorption, which means that one, in a way, skips
the transmission spectrum measurement step of the Beer–Lambert law. While this
leads to benefits as described below, the technique does not readily offer absolute
absorption measurements (as opposed to the transmission spectrum measurement
approach) but typically requires calibration, i.e., the determination of the propor-
tionality product SmCcellP .

Another reason for the high sensitivity of (CE)PAS is that, at least in principle,
the technique is background-free. What this means is that the detected signal is
generated only if absorption occurs – it is easier to detect a signal rising above the
noise floor of the measurement compared to having to detect a small dip in a trans-
mission spectrum, particularly because each extra optical frequency that is detected
contributes to additional (laser intensity) noise in the measurement.59 Regarding
Fourier-transform spectroscopy (the topic of the next section), the background-free
nature of CEPAS leads to the effective use of the detector dynamic range, which then
leads to sensitivity gains, in addition to the reduced intensity noise, as was nicely
demonstrated in Article III and elsewhere.59
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In this thesis work, I have used the CEPAS implementation as commercialized by
Gasera Ltd since the invention of the technique by Wilcken and Kauppinen et al. in
the University of Turku.56, 57 It should be noted that also other cantilever-enhanced
PAS approaches exist.23 In addition, another highly sensitive PAS approach is the
quartz-enhanced (QEPAS) approach, where a modulated light beam is focused in
between the prongs of a quartz tuning fork that converts the sound waves to an elec-
trical signal due to the piezoelectric effect.60, 61 Competing, or even unprecedented
sensitivities can be achieved, particularly if combined with other tricks to enhance
the sensitivity, such as the joint utilization of optical and acoustic resonances.13

Finally, also other highly-sensitive optical techniques than PAS exist, such as cav-
ity ring-down spectroscopy (CRDS),62 noise-immune cavity-enhanced optical hetero-
dyne molecular spectroscopy (NICE-OHMS)63 or saturated-absorption cavity ring-
down spectroscopy (SCAR),64 the lattermost technique offering the highest (parts-
per-quadrillion) sensitivities currently achievable with optical methods. A compre-
hensive review of these techniques is out of scope for the current thesis. However,
it suffices to say that the sensitivity benefits with those techniques are achieved by
utilizing optical resonators, which typically results in sophisticated but increasingly
complex experimental setups, at least compared to CEPAS. All in all, the discussion
in this section should nicely illustrate how targeting higher sensitivities or special
wavelength regions leads to ever more demanding requirements for the instrumenta-
tion and to its own research field under the wide umbrella of spectroscopy.

The above discussion has basically considered laser spectroscopy with single fre-
quency lasers. One benefit of those techniques is the high optical frequency precision
defined by the linewidth of the laser used. However, the tunability of single fre-
quency lasers is often limited. For example, in Article I, even though the OPO could
be widely (but slowly) tuned by tuning the nonlinear crystal temperature, the ac-
tual measurements over the absorption features were done by tuning the pump laser
wavelength, which limited the optical bandwidths of a given measurement window
to only a few tens of GHz, allowing me to record only a few absorption lines at a
time. Wouldn’t it be nice to be able to measure over a much larger optical band-
width, for example, to measure the whole rovibrational band of HCl (Fig. 3) in a
single measurement without having to perform any laser wavelength scans but by
using broadband light sources? This is indeed possible by using Fourier-transform
spectroscopy, which is the topic of the rest of this thesis.
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2 Fourier-transform spectroscopy

The goal of any absorption spectroscopy experiment is to record the absorption spec-
trum, i.e., a curve that describes the absorption as a function of the optical frequency.
With tunable single frequency lasers this is easy as a measurement at a chosen op-
tical frequency describes the absorption at that specific frequency, after which the
optical frequency can be tuned to repeat the measurement at a new frequency.∗
Spectroscopy with broadband light sources, meaning with light beams that contain
multiple different optical frequencies, comes with the extra difficulty that one needs
somehow to tell apart all the different optical frequencies and to determine how the
sample absorbs at each of them. One solution is to use a grating, which disperses
each optical frequency to a distinct angle so that one can measure the absorption
at each of them separately.28, 65 A drawback of this technique is that as the light
is dispersed, only a small fraction of the total light intensity is measured at a time,
which may lead to a poor signal-to-noise ratio in the measurement.66–69 In addition,
the resolution of the instrument may be limited as the resolving power of the grating
may not be sufficient.

Fourier-transform (infrared) spectroscopy (FTS, or more traditionally, FTIR) is an-
other way to perform broadband spectroscopy without the need to disperse the light
beam. It is an age-old technique developed to a mature level already during the
previous century, starting from the 1950s,68, 70 and it is still widely used in academia
and industry. For example, high-resolution FTIR instruments (even almost the
same model as we used in Article II) are still used for high-quality linelist mea-
surements,20, 71, 72 and, as a chemistry student, one of the first analyses performed
after synthesizing some organic compound in a lab course was to run an FTIR mea-
surement on the product to detect any impurities and to see the emergence of the
characteristic absorption features of the product molecule to prove the success of
the synthesis. Since the invention of the optical frequency comb light source, its
combination with an FTIR instrument,73, 74 and the first dual-comb spectroscopy
experiment,25, 75 FTS research has been revived to a new renaissance – including my
writing the present thesis where I contribute to the field by demonstrating new FTS
research: the use of a traditional FTIR instrument to measure and analyse the up to
now unstudied absorption spectrum of the H36Cl molecule (Article II), the in-depth
analysis of the relatively new phase-controlled FTS technique and its application
to CEPAS (Article III), our simple approach for dual-comb spectroscopy (Article
IV) and the proposition of a completely new FTS technique based on the rotational
Doppler effect (Article V).

Traditional FTIR is based on the Michelson interferometer, a type of frequency down-
converter (depicted in Fig. 4),66, 76 which maps each optical frequency to some more
slowly oscillating but easily detectable intensity modulation. This is required be-
cause the optical frequencies (oscillations of the electric field that are in the THz
regime) are too fast to be measured directly. The goal of FTS is to record a time
domain signal called the interferogram, which consists of a sum of different sinusoidal
intensity modulation signals, each corresponding to a unique optical frequency. The
interferogram is a sort of time-domain representation of the incoming optical field,
∗Of course, the spectrum of a ”single frequency” laser is never an infinitely narrow line. However,
the kHz or a MHz linewidth of a typical continuous-wave laser used for spectroscopic purposes can
be considered negligible in the context of this thesis.
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such that the interferogram can be converted to the corresponding spectrum by cal-
culating its Fourier transform. Fourier transform (FT) is a mathematical operation
that basically answers to the question, which frequencies with which amplitudes and
phases one needs to sum up to yield the time domain signal one started with.77

Figure 4: Schematic of a traditional FTIR instrument. The interferogram is formed at the detector
due to interference between the combined light fields from the two arms when the delay arm length
is scanned. The detector can either be a conventional photodetector, or one can use photoacoustic
detection.

In the Michelson interferometer (Fig. 4), the incoming light beam is split into two
arms of the interferometer. The two beams are then back-reflected and combined
again, after which they are guided through the sample and onto a photodetector. To
perform a measurement, one scans the length of one of the arms (the delay arm),
which basically delays the optical field travelling in that arm. When the delayed
beam is combined with that from the other (reference) arm, the two beams interfere
on the detector: Depending on the delay, the two electric fields either sum up in
phase (interfere constructively), or out of phase (destructive interference). In the
former case, the intensity observed at the detector is that of the incident light source,
but in the latter, no intensity is detected (the light beams are perfectly reflected
towards the light source to conserve total energy). If the back-reflecting mirror in
the delay arm is translated with a constant velocity, one detects sinusoidal intensity
modulation at the detector in the case of a single frequency light beam (see the
inset of Fig. 4). In the case of a broadband light source, each optical frequency is
down-converted to intensity modulation signal appearing at a unique frequency such
that the interferogram then consists of the sum of all of them. At zero optical path
difference, all the sinusoids sum up in phase. When the path difference is scanned,
each of the down-converted sinusoids fall increasingly out of phase, meaning that the
interferogram of a broadband light source appears as a burst-like shape, often called
the centerburst. Once the interferogram has been recorded, it is Fourier-transformed
to yield the corresponding spectrum. If the down-conversion relation is known (Eq.
2.1), the down-converted frequency axis can be scaled to the corresponding optical
frequency axis.
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2.1 Down-conversion relation

To derive the down-conversion relation in FTIR, let’s denote the mirror velocity by
u. In a time t, the (optical) path difference scanned is 2ut. For a light beam of
wavelength λ, the scan length corresponds to 2ut/λ optical cycles. This basically
means that the intensity modulation appears at a frequency 2u/λ. Converting the
wavelength to the optical frequency, the down-conversion relation is

fdown = 2u

c
ν , (2.1)

where c is the speed of light, and where 2u/c is called the down-conversion factor. We
notice that, indeed, each optical frequency is mapped to a unique down-converted
frequency, the value of which can be chosen by choosing the translational velocity
of the mirror. For example, in Article II, the scan speed of the FTIR instrument
was chosen to be 2.5 cm/s, which down-converts the red HeNe reference laser optical
frequency (474 THz; 633 nm) to 80 kHz, the measurement of which value allows one
to determine the down-conversion factor. Appendix A2 shows a more quantitative
derivation of the intensity modulation signal.

2.2 Conventional versus photoacoustic detection

It was said that the interferogram of a broadband light source consists of a single
burst centered around the zero path difference. On the other hand, any structure in
the spectrum, such as absorption, is seen as multiple side bursts around the center-
burst, as shown in Figure 5. To explain these interferogram shapes, and to illustrate
the benefits of using (CE)PAS detection in FTS (Article III), Figure 5e shows the
interferogram corresponding to the absorptive part only. It is these latter types of
interferograms that one measures with photoacoustic spectroscopy, as signal is gener-
ated from the intensity modulation only if absorption occurs at that specific optical
frequency. This is in contrast to a transmission spectrum measurement, where one
basically measures the sum of the interferogram describing the light source spec-
trum and the interferogram describing only the absorption. To see this, let’s make
the small absorption approximation to the Beer–Lambert law (1.1), which yields
S(ν) ≈ S0(ν)(1 − α(ν)L), where this time I denote the spectrum with S(ν). A basic
property of the Fourier transform is that the FT of a sum is the sum of the FTs of
the functions that are summed.66 Therefore, the resulting interferogram

I(t) = FT[S(ν)] = I0(t) − FT[S0(ν)α(ν)L] , (2.2)

where I0(t) is the interferogram corresponding to the light source spectrum and where
S0(ν)α(ν)L is the spectrum that the (CE)PAS detector sees. This is one benefit of
using CEPAS detection in Fourier-transform spectroscopy: As only the absorptive
part generates signal, one can increase the input optical power to efficiently fit the
interferogram to fill the photodetector voltage range (unless detector nonlinearity is
a problem78, 79). With a transmission spectrum measurement, it is the large cen-
terburst describing mainly the nonabsorbing part of the optical spectrum that fills
the majority of the usable detector range such that the smaller sidebursts may be
masked by noise. In addition, in cases where the measurement sensitivity is limited
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by the light source intensity noise, CEPAS detection may lead to higher sensitiv-
ity measurements as only the frequencies that are absorbed contribute to the total
intensity noise. This has been discussed at length, e.g., in [59], and it was also
demonstrated in Article III that the CEPAS approach indeed leads to more sensitive
FTS measurements.
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(a) Interferogram of a broadband light source modi-
fied by sample absorption. The absorption informa-
tion is encoded as the small sidebursts around the
centerburst.
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(b) Corresponding spectrum of (a).
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(c) Interferogram of a broadband light source with-
out absorption, which means that no sidebursts ap-
pear.
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(d) Corresponding spectrum of (c).
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(e) Interferogram corresponding to the sample ab-
sorption only.
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(f) Corresponding spectrum of (e).

Figure 5: Broadband interferograms and corresponding spectra.
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2.3 Spectral resolution

Spectral resolution means the capability of a spectroscopic instrument to tell apart
two close-lying optical frequencies.80 In tunable single frequency laser spectroscopy,
this is ultimately limited by the laser linewidth (a type of instrument lineshape func-
tion) as there is no benefit in densening the spectral point spacing beyond this. In
some contexts, resolution may mean the capability of discerning two close-lying ab-
sorption features from one another. In that context, the resolution may be limited
by the chosen spectral point spacing, or even pressure because absorption features
broaden as a function of the pressure. In the context of Fourier-transform spec-
troscopy, resolution refers to the width of the so-called instrument lineshape function
(ILS), which is usually limited by the measurement time (the mirror scan distance).∗
This can be intuitively explained by remembering that as the FTIR instrument is
scanned, the optical frequencies fall increasingly out of phase. To observe the destruc-
tive interference for two infinitely close frequencies, an infinitely long measurement
time (scan length) would be required.

A basic property of the Fourier transform is that the FT of a product is the convo-
lution of the FTs of the functions that are multiplied.66 When measuring a single
optical frequency but truncating the measurement, the interferogram is basically the
product of the sinusoid and a boxcar function. The corresponding FT is then the
convolution of a delta function (infinitely narrow line) and a sinc function (the FT
of the boxcar), which basically yields a sinc function located at the frequency of the
sinusoid. It then follows that when measuring an interferogram consisting of two
optical frequencies, the ability to tell them apart in the resulting spectrum depends
on the width of the sinc function (the length of the interferogram, i.e., the width of
the boxcar).

In this thesis, resolution is defined based on a double-sided interferogram as

δν = 1
∆T

2
× 1

cdown
≡ 1

∆T ′ × 1
cdown

, (2.3)

where ∆T is the total length of the time window (in the middle of which the cen-
terburst lies for a double-sided measurement; ∆T ′ is the ”maximum optical delay”
defined as the distance from the centerburst time location to the end of the time win-
dow), and cdown is the down-conversion factor (for FTIR, given by Eq. 2.1), which
scales the resolution in the radiofrequency spectrum to the corresponding resolution
in the optical spectrum.† This definition corresponds to the width of the base of the
sinc ILS function, by which I mean the distance between the first zero-crossings of
the sinc function (see Figs. 6a and 6b). In Article III, I was careful to define the
resolution as the full-width-at-half-maximum (FWHM) of the ILS function, as it is
sometimes defined.76 Here, I deviate from that definition because even for a sinc
ILS, two frequencies separated by the FWHM are completely unresolved (approx.
∗The resolution can also be limited by the divergence of the light beam, which is typically governed
by using apertures in the FTIR instrument.66 In Article II, 1 mm input aperture diameter was
used not to limit the resolution otherwise achievable with the chosen mechanical scan distance.
Due to the low divergence of a typical collimated laser beam, which type of light was used in this
thesis work apart from Article II, I omit any further discussion about input apertures.

†Note that for traditional FTIR, this resolution definition reduces to a simple form with the insertion
of the down-conversion factor (2.1): δν = u

L′ × c
2u

= c
2L′ , where L′ = u∆T ′ is the mechanical

scan length starting from the zero optical delay (centerburst location).
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20 % dip in between them is observed when the separation is 1.2 times the FWHM).
In contrast, two sinc functions separated by the width of their base are completely
resolved, and ILSs resulting from some more drastic apodization functions are still
most likely resolved at least to some extent, as illustrated in Figure 6b.

If the interferogram is apodized (multiplied) with some other function than (only)
a boxcar, it yields some other instrument lineshape function than a sinc function.
Figure 6a illustrates three different apodization functions used in this thesis work:
the already mentioned boxcar, the ”Norton–Beer medium” used in the HCl work in
Article II,∗ and a typical envelope function observed for the single frequency inter-
ferograms in the phase-controlled FTS work in Article III (this envelope function is
probably the result from some misalignment or imaging errors in the optical setup,
for which reason it is called here a self-apodizing function). The effect of these
apodizing functions is that the resulting broadband spectrum is the convolution of
the underlying spectrum without apodization and the resulting instrument lineshape
function, which basically broadens the absorption features, making it increasingly
difficult to discern close-lying absorption features. The highest possible resolution is
observed with the sinc ILS, but using a stronger apodization function can smoothen
the sometimes aggressive sinc oscillations in the spectrum baseline. Figure 6c illus-
trates the effects of different amounts of apodization in the context of the PC-FTS
work in Article III.

This discussion on optical resolution reveals one of the biggest drawbacks of tradi-
tional FTIR for gas-phase absorption spectroscopy, where measuring sharp absorp-
tion features with negligible instrumental broadening requires long scan lengths and
consequently slow measurements. For example, assuming the 2.5 cm/s scan speed
and 680 MHz resolution (44 cm double-sided mechanical scan length) used in the HCl
work in Article II, the measurement of a single interferogram can take tens of seconds,
whereas averaging multiple interferograms can easily increase the total measurement
time to several minutes. The invention of dual-comb spectroscopy (the topic of Sec-
tion 4) has greatly improved this as high resolution measurements can be performed
in a fraction of a second but with minimal crosstalk between adjacent optical fre-
quencies, making the measurements resemble those performed with tunable single
frequency lasers that exhibit negligible instrumental broadening.† For example, in
Article IV a single interferogram corresponding to 250 MHz optical resolution was
recorded in less than 100 µs! Also Articles III and V deal with increasing the mea-
surement speeds. While the phase-controlled FTS technique (Section 3) allowed more
than a ten-fold increase in the measurement speed compared to traditional FTIR for
fixed (albeit modest) resolution, the rotational Doppler FTS technique (Section 5)
promises both fast and high-resolution measurements with an experimental setup
much simpler than in dual-comb spectroscopy.

∗This function is defined by f(t) =
∑2

i=0 Ci

[
1 − (t/∆T ′)2

]i
with −∆T ′ ≤ t ≤ ∆T ′ and C0 =

0.152442, C1 = −0.136176 and C2 = 0.983734.81, 82
†Note that using a special FTS technique96, 97 employing an optical frequency comb light source,
basically ILS-free measurements or resolutions beyond the nominal resolution of the FTIR instru-
ment can be achieved.
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(a) Apodization functions. ”Article III” corresponds to the experimental self-apodization observed for
the single frequency interferograms in the phase-controlled FTS work. The Norton–Beer medium ILS is
relevant for the HCl work in Article II.

-40 -30 -20 -10 0 10 20 30 40

Optical frequency (GHz)

-0.5

0

0.5

1

A
m
p
li
tu
d
e

Sinc
Norton{Beer medium
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by 12.5 GHz and apodized with the boxcar or with the Norton–Beer medium apodization functions in
(a). Note how the two optical frequencies are completely separated with the sinc instrument lineshape
function (12.5 GHz wide base; 12.5 × 0.603 GHz = 7.54 GHz FWHM), but also reasonably well separated
with the Norton–Beer medium ILS (26 % dip; the FWHM is 1.4 times that of the sinc function).
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(c) The effect of apodization on a simulated methane transmission spectrum with the same experimental
conditions as in the PC-FTS work in Article III. The resolution here corresponds to 12.5 GHz wide sinc
base, see (b). Note how the ”Article III” self-apodization function (see panel a) results in a spectrum
much closer to that obtained with the sinc ILS function than to the Lorentz convolution spectrum, which
is included here to foreshadow how the realised resolution in Article III deviates in a major way from the
expected resolution.

Figure 6: Illustration of different apodization functions, the corresponding instrument lineshape
functions, and their effect on a broadband spectrum.
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2.4 Phase correction

In Fourier-transform spectroscopy, many corrections on the interferograms may be
required. In phase-controlled FTS (Article III), the so-called phase- and group-delay
corrections are needed, as discussed in Section 3. In dual-comb spectroscopy (Article
IV; Section 4), timing jitter and (time-dependent) phase corrections are performed.
For completeness, here I briefly discuss the (frequency dependent) phase correction
as it is defined in FTIR literature, even though it was used only in Article II (as
implemented by the FTIR instrument manufacturer). Note that the FTIR phase
correction is not the same thing as the (time-dependent) phase correction in dual-
comb spectroscopy or the phase-delay correction in PC-FTS, but the FTIR phase
correction could be performed in addition to those.

Due to possible dispersion in an FTIR instrument, misalignment, asymmetrical sam-
pling about the centerburst, or due to other reasons, an interferogram is rarely per-
fectly symmetrical, which means that the Fourier transform is a complex function
with its real part representing the symmetric and the imaginary the asymmetric part
of the interferogram.66, 67, 76, 83–85 The simplest approach to obtain the spectrum is
to measure a double-sided interferogram, Fourier-transform it and take the absolute
value of the result. The problem with this approach is that it rectifies all noise, which
results in poor noise reduction when averaging spectra. In addition, because of the
noise rectification, a noise offset is generated where light intensity is close to zero,
leading to possible misinterpretation of the absorption peak heights, especially with
photoacoustic detection as the intensity is basically zero everywhere except at the
absorption peaks.

Instead, one can recover the true spectrum S′(ν) as the real part of the complex FT
by performing the phase correction, which means the calculation of

S′(ν) = Real[S(ν) × exp(−iϕ(ν))] , (2.4)

where S(ν) is the complex spectrum and ϕ(ν) = arctan (Im[S(ν)]/Real[S(ν)]) is the
phase spectrum. This operation basically shifts all the information about the spec-
trum from the imaginary side to the real side, making the underlying interferogram
effectively symmetrical again, and allowing one to recover the spectrum as the real
part of the FT only.

Another benefit of the phase correction is that it can be used to increase the resolu-
tion of the spectrum up to two times compared to the measurement of a double-sided
interferogram. This is done by recording only a short double-sided portion around
the centerburst from which to calculate the phase spectrum, but by continuing the
interferogram measurement on one side of the centerburst for as long as the instru-
ment allows. The resulting resolution then corresponds to that calculated based on
the length of the one-sided portion (1/∆T ′/cdown, where ∆T ′ is the length of the
one-sided portion; see Eq. 2.3). It is noteworthy that in the case of unequal-sided
interferograms, the phase correction is mandatory to realise the increased resolution
and to avoid additional distortion of the spectrum, as illustrated in Figure 7 and dis-
cussed, e.g., in [67]. In addition, the double sided part needs to be weighted properly
to avoid double counting of the information around the centerburst. Finally, prior to
FT, the interferogram can be zero-padded to make the spectrum appear smoother
(addition of zeros is seen as interpolation of the spectrum to denser sampling) and
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the interferogram should be circularly shifted about the centerburst, for example,
about the maximum value of the centerburst in the Mertz method.76 This references
the phase to the centerburst (otherwise, the phase spectrum will exhibit only noise).

In the PC-FTS work in Article III, I did not use the phase correction but recorded
only double sided interferograms and defined the spectra as the absolute value of
the complex FT. This was done for simplicity as it is well known that any inaccu-
racies in the phase correction can easily distort the spectrum even for double-sided,
but especially for unequal-sided interferograms.85 Instead, the reference spectrum
against which I compared the measurements was derived from the experimental self-
apodization function (deduced from typical envelopes of the single frequency inter-
ferograms; see Supplement 1 of Article III, and recall Fig. 6a). However, the derived
reference spectrum is much closer to that assuming a perfect sinc instrument line-
shape function than to that exhibiting the realised resolution (see Fig. 6c). Even
though part of the discrepancies might be explained due to ill-behaving noise and the
lack of phase correction, the main reason for the differences is the imperfect phase-
and group-delay corrections as discussed in Section 3 and proved in Appendix A5.2.

2.5 Light sources and the optical frequency comb

Traditionally, one would use incoherent, such as thermal light sources in an FTIR
instrument. For example, in the HCl work in Article II, we used a Globar light source
for the mid-infrared and a tungsten light source for the near-infrared measurements.
The benefit of these light sources is that they are relatively simple and compact
devices that offer a wide spectral bandwidth (several thousand cm−1). However,
due to their large divergence, they may be difficult to align into more sophisticated
experimental setups and can limit the resolution of the measurement, unless governed
with an aperture (which in turn decreases the optical throughput). For example, even
though incoherent light sources can be used, e.g., for phase-controlled FTS (Section
3),22 the alignment of such a light source would have been difficult, and it also would
have degraded the sensitivity due to the already high losses of the experimental
setup.∗ In contrast, collimated lasers due to their high brightness, directionality and
low divergence are extremely attractive light sources for FTS,73, 86–88 even though
their optical bandwidths are typically modest compared to thermal light sources.
For example, one special broadband laser type greatly important for this thesis is
the optical frequency comb (OFC), a light source used in Articles III and IV. The
typical optical bandwidth was a few tens (Article IV) or a few hundred (Article III)
inverse centimeters. More generally, the optical bandwidths of OFCs can exceed the
thousand cm−1 mark.86, 89, 90

The spectrum of an optical frequency comb consists of extremely narrow, equidistant
lines. As such, it can be thought as a collection of continuous wave lasers. The optical
frequencies of an OFC can be defined via

νn = nfr + f0 , (2.5)

where fr is the repetition frequency (the distance between adjacent optical frequency
components), n is the mode number (integer labelling the comb tooth in question)

∗The PC-FTS setup utilizes a grating, which leads to high optical losses.
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(a) The short double sided interferogram (without the weighting ramp) is used to determine the phase
spectrum for the phase correction of the unequal-sided interferogram (obtained here by multiplying the
full resolution double-sided interferogram with the weighting function).
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(c) The phase correction of the properly weighted unequal-sided interferogram using the phase spectrum
obtained from the (unweighted) short double-sided interferogram results in a sinc instrument lineshape
function and yields the same resolution as would be obtained with the full resolution double-sided inter-
ferogram, even though in the case of the unequal-sided interferogram, effectively almost only half of the
total length of the double-sided interferogram has been measured. In contrast, the absolute value of the
FT of the properly weighted unequal-sided interferogram yields a slightly distorted spectrum (i.e., if the
phase correction is not performed). The effect is even more drastic if the weighting is not performed for
the short double-sided portion in the unequal-sided interferogram.

Figure 7: Illustration of the FTIR phase correction.
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and f0 the carrier-envelope offset frequency. There are different approaches for OFC
generation,86 the mode-locked lasers being the only type of which I consider here.91, 92

In the time domain, the output from such lasers consists of ultrashort pulses (fem-
tosecond pulses in our case) that exit the device at the repetition frequency. To
construct such short pulses, it means that in the frequency domain, a collection of
different optical frequencies that sum up in phase are required (in that sense, this
discussion is analogous to the explanation of FTIR that a broad spectrum yields a
short burst-like interferogram in the time-domain). Considering the OFCs used in
Articles III and IV, we started from a commercial mode-locked laser (Menlo Systems)
at the 1 µm wavelength region and converted the light to the 1.5 µm (used in Article
IV) and 3 µm (used in Article III) wavelength regions in a nonlinear crystal.93 The
process is seeded by a 1.5 µm continuous-wave laser, which acts as a pre-generated
comb tooth, ensuring a comb-teeth structure for the newly generated beams at the
new wavelengths.

One major benefit of using OFCs as light sources in FTIR is that if the radiofre-
quencies fr and f0 that define the OFC are stabilized to radiofrequency references,
extremely frequency-accurate measurements can be achieved.86, 94 This, however,
requires high resolution scans from the FTIR instrument. On the other hand, match-
ing the scan lengths to the repetition rate frequency can yield basically instrument
lineshape function-free measurements with only modest scan lengths.94–97 Unfortu-
nately, the phase-controlled FTS technique utilized in Article III (Section 3) does not
offer spectral resolutions high enough to fully exploit the frequency precision of OFC
light sources, nor was it expected to. Still, the high brightness and directionality of
the OFC were otherwise useful. On the other hand, dual-comb spectroscopy (Sec-
tion 4) utilizes two OFCs and allows extremely fast, high-resolution measurements,
as made use of in Article IV.

2.6 Spectroscopy of H36Cl

To summarize the results obtained in Article II, we used a commercial high-resolution
FTIR instrument (Bruker IFS 120 HR) to measure the fundamental and the first over-
tone rovibrational bands of the radioactive H36Cl molecule at atmospheric pressure
and with 680 MHz resolution (sinc base definition; Norton–Beer medium apodiza-
tion function). Due to the atmospheric pressure, I used Lorentzian functions for
the absorption line fits, which was supported by the fact that no obvious structure
emerged under the absorption peaks in the fit residuals. On the other hand, part
of the broadening of the absorption lines are still due to the instrumental and the
Doppler broadening (with the former effect exceeding the latter in our case). This
was considered in the uncertainty budget when stating the fitted linewidths as the
pressure broadened linewidths. Still, while the estimated total uncertainties for the
determined linewidths were typically 3 %, the actual values were typically 10 % larger
than expected based on previous measurements of the different HCl isotopologues,98

for which the differences between the pressure broadenings seem negligible.99 I sus-
pect these discrepancies may stem from, e.g., unaccounted for misalignment of the
instrument, or from some other reason that broaden the instrument lineshape func-
tion beyond the stated nominal resolution. In Appendix A4.1, I study in more detail
the Lorentzian fit model assumption and the effect of the ILS when fitting the ab-
sorption lines.
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On the other hand, the linewidth results were extra as the main objective of the
article was to determine the absorption line center wavenumbers, which we managed
for several lines (P10–R10) in the fundamental band, as summarized in Table 3.
The measured fundamental rovibrational band has already been shown in Figure 3.
For completeness, Figure 8 shows the measured overtone band. Despite the long
averaging (100 interferograms), the SNR of this spectrum is only modest. Still, we
were able to successfully determine the line positions of several lines (P1–R7) even
in this band. Furthermore, the band fit analysis already discussed in Section 1.2 was
performed for both bands.

This work was gratifying to me, as the spectrum of HCl is perhaps the most famous
one: it serves as the first example of a rovibrational spectrum for any Bachelor stu-
dent in a course on the basics of spectroscopy. In Bachelor-level physical chemistry
lab works, I have measured the rovibrational band of HCl (and later served as an
assistant on that course for many years) using a low-resolution table-top FTIR instru-
ment with the Cl-35 and -37 isotopologues barely resolved. Here, a high-resolution
instrument was used, which allowed these isotopologues to be fully resolved, includ-
ing the Cl-36 one, the spectrum of which has not been previously measured. It was
therefore quite interesting to still be able to contribute something new to the spec-
troscopy of the HCl molecule. Further still, our work inspired further theoretical
studies on the H36Cl molecule,48, 52 as already summarized in Section 1.

More generally, interest towards optical measurements of radioactive molecules has
increased in recent years. For example, VTT (Technical Research Centre of Fin-
land) has extensively studied the 14CO2 molecule,12, 100 as has also CNR-INO in
Italy,64, 101, 102 but also others.103, 104 The goal is to develop cheaper and more
portable laser spectroscopy instruments (compared to accelerator mass spectrom-
etry105) for the detection of this molecule, which is important as 14CO2 can be
emitted from nuclear waste.102 The H36Cl molecule is also interesting in the same
context as it can be found in nuclear reactor materials.106 The detection of any
molecule using laser spectroscopy requires knowledge of the center wavenumbers of
its absorption lines, which are now provided for H36Cl by our work in Article II.

Table 3: Summary of the H36Cl absorption peak center wavenumber results in Article II (measured,
or calculated based on the molecular constants) compared to those calculated in [48]; recall the
discussion about spectroscopic models in Section 1.2. The calculated values in [48] agree with our
experimental ones within the experimental uncertainties for the non-outlier lines. All numerical
values are in cm−1.

Band 1 ← 0 2 ← 0
Measured lines P10–R10 P1–R7
Largest uncertainty (68 % confidence level) 0.002 0.007
Outlier lines according to calculations in [48] P10, P9 and P6 P1 and R0
Largest discrepancy of measured lines com-
pared to [48] including the outlier lines 0.0036 0.022
Largest discrepancy of calculated lines com-
pared to [48] within the experimental range 0.0027 0.0043
Discrepancy of the calculated line R25 com-
pared to [48] 0.309 -0.926
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Figure 8: The first overtone absorption band of H36Cl (lines P1–R7), as measured for Article II.
Note that this is not the raw data, but I have subtracted a sine function (to consider spectral etalon
fringes) and a simulated water absorption spectrum to better reveal the absorption by HCl only.
The simulated HITRAN spectrum for the stable isotopologues H35Cl and H37Cl has been drawn
to show that the H36Cl absorption lines fall between those of the stable isotopologues.

3 Phase-controlled Fourier-transform spectroscopy

In our research group, we have worked quite extensively with cantilever-enhanced
photoacoustic spectroscopy (CEPAS). For example, the record HF detection limit
measurement in [58], or the radiomethane work in Article I both utilized CEPAS.
We have also used CEPAS combined with FTIR, for example, in [24] that preceded
the work in Article I, but also in the works that form the bulk of the doctoral
thesis by Tommi Mikkonen.107 The use of CEPAS with FTIR is possible, because
the detection utilizes a low-stiffness cantilever that allows simultaneous detection
of multiple sound waves, in other words, the detection does not require that the
modulation frequency coincides with the resonance frequency of the detector like in
quartz-enhanced PAS.108 The trade-off of using the low-stiffness cantilever, however,
is that the detection bandwidth is limited to low audio frequencies, typically to
frequencies below 600 Hz,∗ see Figure 9. This leads to long measurements because
the FTIR instrument needs to be scanned very slowly in order to down-convert the
optical frequencies of interest below that 600 Hz. For example, the measurements in
Article II would have required as slow as ~1 mm/s mechanical scan velocities from
a traditional FTIR instrument and consequently 25 s long interferograms (12 GHz
resolution; 2.5 cm mechanical double-sided scan length).

When we came across the interesting new phase-controlled Fourier-transform spec-
troscopy (PC-FTS) technique first demonstrated by Hashimoto and Ideguchi,21 we

∗Detection above the 600 Hz resonance up to about 1 kHz is also possible59 but possibly with
reduced sensitivity.
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were intrigued. They showed that by replacing the translating mirror of a traditional
FTIR instrument with a special type of delay line, fast, Nyquist-limited measure-
ments could be achieved. This technique sounded like a solution to our problems
with the slow CEPAS-FTIR measurements, and we wanted to test if this new PC-
FTS technique could work with CEPAS. In the end, we demonstrated a 13-fold speed
improvement in broadband CEPAS measurements by using the PC-FTS technique
instead of traditional FTIR. In the experiment, we measured the P-branch (lines
P14–P3) of the fundamental asymmetric stretching ν3 band of methane using the
mid-infrared optical frequency comb generator constructed by Mikhail Roiz.93

One new insight from the work in Article III was the importance of a feature of
CEPAS that has previously been mostly overlooked: Even though CEPAS allows
broadband detection due to its wide response, the response is (down-converted) fre-
quency dependent, which requires an extra normalization step, unless the detection
is limited to a narrow bandwidth within the relatively flat response region between,
say, 200–400 Hz (see Fig. 9). More importantly, the (down-converted) frequency de-
pendent response requires stable scan velocities by the instrument, because otherwise
the non-constant scan velocities couple to the signal strength and lead to a distorted
instrument lineshape function (recall the self-apodization function discussion in Sec-
tion 2.3). In that sense it could be that a long- and stably-scanning traditional FTIR
instrument is more suited for CEPAS than the back-and-forth scanning, accelerating
and decelerating galvanometric scanner used in Article II. Alternatively, one could
test using a polygonal scanner that rotates in a continuous manner,21 or one can
appreciate the vortex-comb spectroscopy technique in Article V that also is based on
continuous rotational motion.

We also emphasized in Article III the requirement for a stable and reproducible
scanner even in the case where CEPAS detection is not used. This is because the
phase- and group-delay corrections required (explained in Section 3.3) can be more
difficult to implement in real time than in traditional FTIR. Finally, I believe that
the article is a useful piece of literature for anyone wanting to implement the PC-
FTS technique for their application as, since the proof-of-concept demonstrations by
Hashimoto et al.,21, 22 our article provides a more detailed analysis on the practical
limits of the technique, for example, on the expected resolution, optical bandwidth
and the speed benefit, which details culminated in my gathering look-up tables in
Supplement 1 of the article.
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Figure 9: Response and a typical noise spectrum of the CEPAS detector. Note the resonance
at 570 Hz. The noise pick-ups are typical for CEPAS and can emerge from electrical signals or
from mechanical vibrations. The noise pick-ups did not pose any problems in the measurements
here due to the much stronger absorption signals that exceed the CEPAS background noise. The
bandwidth of interest means the frequency range to which the optical frequencies between the
P14 and P2 absorption lines of methane were down-converted (see Fig. 8 in Article III): the blue
curve shows the realised down-conversion with the PC-FTS technique, whereas the orange curve
illustrates what the down-conversion would have been if traditional FTIR were used (assuming that
the largest optical frequency supported by the PC-FTS instrument is down-converted to 585 Hz by
both techniques). The ratio of the blue and orange down-converted bandwidths is 13, reflecting the
13-fold speed improvement achieved in Article III.

3.1 The delay line

Figure 10 illustrates the special delay line utilized in PC-FTS. Basically, the input
light hits a grating that disperses the different optical frequency components onto
the scanning mirror surface. With the help of the focusing optic, the delay line is
constructed to the so-called 4f-geometry that ensures back-reflection of the beam
despite the beam pointing deflection that tilting (scanning) the mirror induces. The
idea of this special delay line is that because the different optical frequencies strike
different locations on the scanning mirror, the delay difference between adjacent
optical frequencies is increased compared to the traditional FTIR case where the
different optical frequencies would strike the same location on the mirror. This
means that it suffices to scan only a small angle and still be able to resolve the
different optical frequencies. In other words, the optical resolution that is obtained
by tilting the mirror by a given angle is increased. Indeed, the delay line can very
well be used in normal FTIR mode if the grating is replaced by a plane mirror109 but
it would lead to a decreased resolution for a given measurement time (see Appendix
A5.1).
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Figure 10: Schematic of the PC-FTS approach. The delay arm consists of a grating, a focusing
optic and a rotating mirror in 4f-geometry to ensure back-reflection despite the beam pointing
deflection caused by scanning (tilting) the mirror. The red line indicates the path taken by a beam
from a single frequency light source; the inset reveals how the grating disperses the different optical
frequencies onto the rotating mirror surface in the case of a broadband light source.

On the other hand, if a fixed optical resolution is desired, the interferogram in PC-
FTS can be obtained faster than in traditional FTIR by a factor of νmax/∆ν (as
derived in Supplement 1 of Article III). Here, νmax is the maximum optical frequency
of interest, and ∆ν is the optical bandwidth that is accommodated onto the scanning
mirror surface. This accommodation results in the down-conversion of the optical
frequencies according to

f = 8lfN∆θfscan
ν0

(ν − ν0) , (3.1)

which result can be derived using simple geometry (see Appendix A5.1, or Supple-
mentary Information of [21]). Here, lf is the focal length of the focusing optic in
the 4f-geometry, N is the grating groove density, ∆θ the maximum mechanical scan
angle of the mirror, fscan the scan frequency of the rotating mirror and ν0 the optical
frequency striking the pivot point of the mirror. Compared to the down-conversion
relation in traditional FTIR (Eq. 2.1), the down-conversion here depends on many
more parameters, all of which may affect the performance of the setup in terms of
the desired resolution, optical bandwidth or the maximum down-converted frequency,
and in ways not directly clear from the above equation. An in-depth analysis on the
effects of all these parameters can be found in Supplement 1 of Article II, including
numerical examples found in the look-up tables gathered in the supplement; Table 4
below summarises these effects in a qualitative way.
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Table 4: The effect of increasing the optical frequency striking the pivot point (ν0), the optical
bandwidth (∆ν), the grating groove density (N), the focal length (lf) or the width of the grating
(D) on the speed benefit (F = νmax/∆ν), optical resolution (δν), the required scanning mirror
width (W ) and the required maximum scan angle (∆θ), assuming that all other parameters are
kept unchanged when one of them is changed. The up-arrow means that the value increases, the
down-arrow that it decreases and the horizontal line that the value will be unchanged. For example,
increasing the grating groove density has no effect on the speed benefit or the required maximum
scan angle, but it improves the optical resolution (the δν value decreases) while it requires a wider
scanning mirror. Note that the results further assume that the maximum down-converted frequency
is kept constant, which explains why the speed benefit is affected only by the optical bandwidth
and ν0.∗

F δν W ∆θ
ν0 ↑ ↑ ↓ −
∆ν ↓ − ↑ −
N − ↓ ↑ −
lf − − ↑ ↓
D − ↓ − ↑

3.2 Speed benefit

The speed benefit in PC-FTS, meaning that an interferogram can be measured by
a factor of νmax/∆ν faster than in normal FTIR, can be explained by the fact that
the PC-FTS technique stretches the down-converted frequencies to fill the whole
detection bandwidth. Then, adjacent down-converted frequencies are widely spaced
and a shorter measurement time suffices to resolve them. In contrast, in normal
FTIR, the frequencies are densely spaced (see Fig. 3 of Article III, or Fig. 9 here),
which then requires a longer measurement time to resolve them. In principle, one
could scan the normal FTIR instrument faster to compensate for this, but this would
lead to higher down-converted frequencies: in CEPAS, the response of the detector
is limited, so scanning faster would first lead to decreased sensitivity and finally to
the detector not being able see the interferogram at all. This is what we mean in the
article that the PC-FTS technique leads to ”fundamentally faster” measurements.

There is also another point of view to the speed benefit. In the work by Hashimoto
and Ideguchi,21 it is not the response of the detector but the highest available sam-
pling frequency that limits the highest possible scan and interferogram acquisition
rates. In other words, it is assumed that the measurement has to obey the Nyquist
sampling theorem,76 which basically states that to avoid signal aliasing,† the signal
has to be sampled at least with a frequency twice the largest frequency present in the
signal. Interestingly, there is a technique well documented in FTIR literature called
undersampling.67, 69, 76 There, by optically and electronically filtering the signal in a
suitable manner to ensure that there is empty space in the detection bandwidth above
the zero frequency but below the start of the down-converted frequency bandwidth

∗For example, increasing N requires using a wider scanning mirror because the optical frequencies
are dispersed to a larger span of angles, resulting in a wider spot that the scanning mirror needs
to accommodate. Then, the optical frequency striking the edge of the mirror will experience a
larger delay for a given mirror tilt than previously, which means that one needs to scan slower to
keep the highest down-converted frequency constant, meaning that no improved speed benefit is
achieved.

†Meaning, to avoid the sampled signal appearing at some completely different frequency than the
underlying true signal such that it could even overlap with some other signals of interest.
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where the spectrum would appear if the Nyquist sampling theorem were adhered
to, one can choose to undersample the interferogram to make the spectrum appear
as a suitable alias at lower frequencies and still be able to ensure unique mapping
between the optical and down-converted frequencies. Then, it could be possible to
increase the scan speed to stretch the spectrum to efficiently fill the whole detec-
tion bandwidth similar to PC-FTS. However, in applications requiring the fastest
interferogram acquisition rates, there surely is a limit to how fast one can scan any
mechanical scanner. Then, the PC-FTS technique offers the benefit of not having to
scan that fast but still being able to record the interferogram with the fixed target
resolution.

Unfortunately, there is a caveat to the speed benefit of PC-FTS. The νmax/∆ν-fold
speed improvement (decreased measurement time) will lead to a decreased signal-to-
noise ratio (SNR) by a factor

√
∆ν/νmax, i.e., by the square root of the inverse of

the decrease in the measurement time, a result I have also verified with numerical
simulations. However, note that this is not a special feature of PC-FTS per se but
is common to all FTS techniques: the SNR is proportional to the square root of the
measurement time as discussed in more detail in Appendix A3.

Still, the speed benefit can be useful even if the SNR is correspondingly worsened.
Regarding CEPAS measurements, one benefit could be the measurement of sticky
gases: the spectrum needs to be measured as fast as possible, after which a new
gas exchange or flushing is desired before a new measurement is made in order to
minimize the effect that the concentration of the molecules of interest in the gas phase
can change as a function of time due to wall ad/desorption. Apparently, this was a
problem in the HF work in [58]. More generally, regarding measurements without
CEPAS, it can be desired to obtain spectra as fast as possible, for example, to monitor
some fast phenomena in real time. Such applications include, for example, dynamic
mixing of liquids as demonstrated by Hashimoto et al.,22 combustion analytics,110 or
perhaps monitoring chemical reactions.19 Finally, it is always a benefit to be able to
obtain a spectrum fast. From personal experience, it is frustrating to wait for long
periods of time for a measurement to be completed only to find that it needs to be
repeated. If the spectrum could be obtained fast, and if the preliminary results seem
promising, one can always decide to average until a desired SNR is achieved.

3.3 Phase- and group-delay correction

The PC-FTS technique also comes with the drawback that more complicated inter-
ferogram corrections are required. In traditional FTIR, it suffices to perform the
so called group-delay correction. ”Group delay” can be explained most simply in
the case of using a broadband light source that emits light pulses. The group ve-
locity describes the velocity by which these pulses travel.111 The delay line in an
FTIR instrument delays these pulses, hence the term group delay; the interferogram
then forms as these pulse pairs strike the detector and interfere as a function of the
delay.112

The group delay is obtained as the frequency derivative of the phase delay, which
describes how a given optical frequency is delayed in the system. This is basically
the down-conversion relation, if multiplied by 2π and time t. In another words, it is
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ϕν(t) = −2πcdown(t)νt for traditional FTIR. The group delay is then21

τ(t) = − 1
2π

dϕν(t)
dν

= cdown(t)t , (3.2)

where the FTIR down-conversion factor cdown(t) = 2u(t)/c is generally time depen-
dent (nonlinear) if the translating mirror travels with an inconstant velocity. Tradi-
tionally, this can be considered by monitoring, simultaneously with the broadband
interferogram, the interferogram of a red HeNe alignment laser whose beam travels
in the system jointly with the broadband light beam. Then, the inconstant velocity
of the mirror will be seen as time dependence in the down-converted frequency of
the HeNe laser, while it is known that the actual optical frequency of the HeNe laser
should be, for all practical purposes, constant. The zero-crossings of the HeNe laser
interferogram can then be used to resample the broadband interferogram,113 or the
detection system can be designed to trigger a measurement point every time the
HeNe laser interferogram crosses zero voltage. This linearises the time axis.∗

In PC-FTS, the down-conversion relation (3.1) depends, in addition to the down-
conversion factor, on the frequency ν0. This frequency is defined as the optical
frequency that hits the pivot point of the rotating mirror (and is therefore down-
converted to the zero frequency), which is also time dependent as the mirror surface
is generally not situated exactly at the pivot point but is offset due to the finite
thickness of the mirror. This leads to a phase drift that is common for all of the optical
frequencies,† an effect that needs to be considered separately from the group delay
correction, as this drift will be cancelled from the correction signal when calculating
the frequency derivative (the group delay), as can be seen from Equation (S13) in
Supplement 1 of Article III. Basically, the phase- and group-delay corrections can
be performed by recording, not one as in traditional FTIR, but two single frequency
interferograms at two different optical frequencies, and by using those measurements
to derive correction curves, one of which is used to induce a (time dependent) phase
shift for the broadband interferogram, and the other to resample the interferogram
to yield a linear delay axis, as is discussed in detail in Supplement 1 of Article III.

Because the phase- and group-delay corrections require simultaneous monitoring of
two optical frequencies, the corrections are more difficult to implement in real time
than in traditional FTIR. Indeed, in Article III we performed the corrections based on
separate measurements, stored the correction curves, and used them to post-correct
newly measured broadband interferograms. It turned out that the mirror scanning
was not reproducible enough, which distorted the instrument lineshape function and
yielded a lower-resolution absorption spectrum than expected. Figure 11 shows the
final measured CEPAS absorption spectrum together with a few reference spectra:
a reference spectrum corresponding to the ideal (sinc) instrument lineshape function

∗Strictly speaking, the (lab) time axis is always linear, but it is the effective optical time, e.g., the
group delay axis that is linearised by the group delay correction; the effective optical time axis is
obtained from the lab time axis by multiplying with the down-conversion factor.

†For a reader already familiar with dual-comb spectroscopy, this phase drift basically describes the
drift of the envelope offset frequency of the interferogram, which basically describes the shape of
the burst within its envelope; the group-delay correction corresponds to the correction of the drift
or jitter of the repetition rate difference, which affects the locations of the burst envelopes. In other
words, the group vs. phase delay discussion separates the phase drifts that an optical frequency
can experience to a part that describes phase common to all the frequencies and to a part that
scales as a function of the frequency.
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(13.3 GHz resolution), a spectrum corresponding to the expected instrument line-
shape function (basically the spectrum already shown in Fig. 6c), and a spectrum
convoluted with a Lorentzian function (10.5 GHz FWHM) that matches reasonably
well with the experimental spectrum. There is no actual theoretical justification for
assuming this lattermost ILS, but it simply seemed to match best with the experi-
ment compared to a couple of other ILSs that I tried. The main idea here is simply to
show that, at least qualitatively, all the acetylene absorption peaks are present and
that their heights qualitatively follow those expected. The reason for the distorted
spectrum is, as mentioned, the irreproducibility of the mirror scanning, which led to
residual phase noise that degraded the spectrum quality despite the interferogram
corrections. In Article III, I mentioned that this hypothesis was supported by some
numerical simulations. In Appendix A5.2, I show these simulations.

Still, I want to point out that despite the current problem with the reduced spectrum
quality, spectra like that shown in Figure 11 could most likely be used already,
e.g., for methane concentration measurements. The obvious approach would be to
perform calibration curve measurements, i.e., to measure such spectra at different
methane concentrations, as for example has been done in [14,16]. Of course, ideally
the irreproducibility problem of the mirror scans should be solved to improve the
spectrum quality. The simplest approach would be to invest in a more stable scanner,
or perhaps the corrections could be implemented in real time, to which end one could
draw inspiration from dual-comb literature.114, 115 Finally, if the reduced resolution
is not a problem, one could simply use the delay line in normal FTIR mode (by
replacing the grating with a plane mirror), which would then simplify the corrections.
In any case, I suspect that it will be difficult to push the resolution of PC-FTS
measurements to, or beyond, the 1 GHz level,∗ which limits its use in high resolution
gas-phase measurements. Alternatively, by combining the technique with an optical
frequency comb that has a few GHz mode spacing, one could perform interleaving
measurements beyond the nominal resolution.116, 117

∗For example, by solving the scanner instability and the self-apodization problems, by performing
one-sided measurements and by using, say, a two times wider (50 cm) and 1.5 times higher groove
density (450 mm−1) grating, perhaps the currently achieved highest resolution (12 GHz) demon-
strated in Article III could be improved down to 2 GHz. However, at high resolutions and large
scan angles, aberrations or other new problems could potentially arise.110
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Figure 11: The absorption band (lines P14–P3) of methane measured with the CEPAS-PC-FTS
approach for Article III, together with the reference spectra discussed in the text.

4 Dual-comb spectroscopy

As mentioned in Section 3, with pulsed light sources, Fourier-transform spectroscopy
can be explained by noting that the interferometer delays the pulses in the delay
arm so that the interferogram is generated when the pulses from the two arms slide
over one another and interfere. Splitting the incoming pulse train into the arms
of a scanning interferometer can then be viewed, in a way, as copying the pulse
train but such that the delay arm effectively changes the repetition rate of the pulse
train travelling in the delay arm. One can then envision that Fourier-transform
spectroscopy could be performed without any mechanical scanning parts by simply
spatially overlapping the beams from two optical frequency combs that have slightly
different repetition rates. This is the basis for dual-comb spectroscopy (DCS),25, 118

a technique that has revolutionized the field of Fourier-transform spectroscopy.

In the frequency domain, DCS can be understood through beating between the dif-
ferent comb teeth of the two light sources, as illustrated in Figure 12: depending on
the carrier-envelope offset frequencies and the repetition rates of the combs, some
comb teeth pairs overlap in their optical frequencies, but the optical frequencies of
the subsequent ones differ in increasing multiples of the repetition frequency differ-
ence ∆fr. In other words, the first comb teeth pair is down-converted to the zero
radiofrequency, the next one to ∆fr, the next one to 2∆fr, and so on. This leads to
a down-conversion relation25

fRF = ∆fr
fr

(ν − ν0) , (4.1)

where ν0 is the optical frequency of the overlapping comb teeth and ν the optical
frequency that will be mapped to the radiofrequency fRF. Similar to PC-FTS, as
only the optical bandwidth of interest is down-converted, this allows efficient use
of the detection bandwidth and leads to fast measurements. In fact, for DCS, the
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Nyquist sampling theorem dictates that the optical bandwidth needs to satisfy

∆ν ≤ f2
r

2∆fr
, (4.2)

which follows from Equation (4.1) by noting that it is the repetition rate of the laser
that ultimately limits the sampling rate (i.e., fRF,max ≤ fr/2 ≡ fs/2): as the inter-
ferogram is formed by pulse pairs striking the detector, we cannot get information
any faster than at the rate at which new pulse pairs are generated. Equation (4.2)
then shows that by having control over the optical bandwidth that is to be down-
converted, one can increase the repetition rate difference, which in turn increases the
rate at which new interferograms can be recorded: one interferogram (with a single
”centerburst” in the lingo of traditional FTS) is generated after a time 1/∆fr, after
which a new interferogram (burst) will start to form.

Figure 12: Principle of the down-conversion in DCS. The down-converted spectrum in the radiofre-
quency domain is obtained due to beating between the comb teeth of the two optical frequency
combs that have slightly different repetition rates.

To give a numerical example, in Article IV we used OFCs with repetition rates of
approximately 250 MHz. However, it was the sampling rate of the data acquisition
card at our disposal that limited the sampling rate to 200 MHz. By using a repetition
rate difference of 11.7 kHz, we were able to down-convert a maximal optical band-
width of 194.05–195.58 THz (1.53 THz) to 4–76 MHz (see the experimental spectra
in Section 4.2). Then, a single interferogram was recorded in 85 µs (at a rate 11.7
kHz). On the other hand, there is no need to stop the measurement after a single
interferogram has been recorded, but often a train of such bursts is measured before
Fourier-transformation. Hereafter, a single interferogram is called a burst and a
time-window consisting of multiple successive bursts a segment. Indeed, in Article
IV, we typically recorded segments consisting of 937 bursts, which corresponds to
a total measurement time of 80 ms. The Fourier transform of such a segment then
corresponds to an optical (radiofrequency) resolution of less than 1 MHz (25 Hz).∗
Compare this to the HCl work (Article II), where sub-GHz resolution with an FTIR
instrument took several seconds. These numbers illustrate the power of DCS: high
resolution measurements can be achieved in an incredibly short measurement time.
For example, dual-comb spectrometers reaching a few µs interferogram acquisition
rates are promising tools for gas-phase reaction kinetics.10, 18

Another benefit of DCS is that if all the degrees of freedom of the partaking OFCs,
namely, the carrier-envelope offset frequencies and the repetition frequencies of the
∗This number is misleading as it describes the so-called mutual coherence of the two OFCs, achieved
in post-processing. This basically means that despite the fact that the two OFCs may (do) drift
during a measurement, a narrow linewidth can still be achieved despite the underlying optical
frequency inaccuracy, which value is estimated later in this section.
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combs are referenced to external standards and stabilized, extremely frequency-
accurate measurements with a precision of ~kHz in the optical frequency regime
can be conducted.25, 90, 112, 119, 120 In the spectroscopic demonstrations presented in
this thesis, however, no such high frequency accuracy was necessary. Instead, the
OFCs involved were basically free-running (but mutually coherent, see below). Even
in this case, frequency accuracy in the order of MHz can typically be achieved.25 In
our case, the frequency accuracy is mostly defined by 1) the linewidth of the CW
laser that is used to define the frequencies of the overlapping comb teeth as discussed
below, and 2) by the absolute drifts of the repetition rates of the OFCs during mea-
surements. For example, a typical drift of the CW laser was < 30 MHz during the
long-time averaging measurement (~20 min) discussed in Article IV. On the other
hand, typical repetition rate drift of a single comb was in the order of a few tens of
hertz. This corresponds to an absolute optical frequency drift of 50 MHz for a comb
line at the optical frequency of 195 THz (mode number ≈ 780 000, given the 250
MHz repetition rate). This frequency accuracy was enough for our purposes, where
the absorption linewidths were typically close to 1 GHz (see Table 2).

Even if the OFCs involved are free-running in the absolute sense, to achieve reason-
able signal-to-noise ratios (SNRs) and long-time averaging, the two OFCs need to be
mutually coherent. Basically, as the carrier-envelope offsets and repetition frequen-
cies of both combs typically drift and jitter independently from one another, when
the beams from such light sources are overlapped for interference, these instabilities
are seen as drift and jitter in the interferogram shapes and their arrival times, leading
to degradation of the instrument lineshape function and SNR, unless properly ad-
dressed. Further still, averaging such segments without proper corrections can lead
to the interferograms washing out completely. This is an issue for DCS, because co-
herent averaging is needed to improve the SNR: recall from section 3 that increasing
the measurement speed (decreasing the measurement time) leads to decreasing SNR.

There are different approaches for ensuring mutual coherence. The most obvious but
also the most laborious approach is to stabilize both combs in the absolute sense,
for example, by locking two comb modes at different parts of the optical spectrum
against auxiliary lasers (that themselves may be stabilized against external frequency
references to improve the frequency accuracy).112, 119 Another approach is to stabilize
the repetition and carrier-envelope offset frequencies of one of the combs, and then
force the corresponding degrees of freedom of the other comb to follow those of the
first one.121 On the other hand, at least partial mutual coherence can be achieved
passively, for example, for the repetition rates in the form of dual-comb lasers where
the optical frequency combs share the same laser cavity,122–124 or for the carrier-
envelope frequency by cancelling it via generating the optical frequency combs using
nonlinear optics.125–127

This discussion reveals one of the biggest drawbacks of DCS. Even though the tech-
nique is conceptually quite simple in the sense that one simply needs to overlap two
laser beams on a detector to observe interference, the requirement for this high mu-
tual coherence easily results in sophisticated but complex experimental setups, par-
ticularly if opting for an active stabilization scheme. Regarding these, with the many
phase-locked loops often required, measurements can lack robustness or long-term
operation capability as the locks are easily disturbed by environmental interferences
such as by mechanical vibrations, from which I have intimate personal experience by
having participated in carrying out the measurements presented in Article IV.

36



In recent years, more and more research has been dedicated to finding solutions
to avoid having to use optical phase locks altogether to simplify the experiments.
In that regard, different post-correction algorithms have been demonstrated. For
example, using auxiliary lasers, one can derive optical error signals such that one of
the signals describes the interferogram phase and the other the relative timing jitter
between the combs. Instead of using these for stabilizing the OFCs by phase-locked
loops, they can be digitized and used for post-corrections.115, 128 Further still, in
the so-called adaptive sampling approach,129 the digitization step can be omitted
if the interferogram phase signal is used to perform the phase correction using an
electronic frequency mixer and if the timing jitter signal is used to define the data
acquisition card sampling rate. Finally, the phase and timing jitter information can
also be extracted directly from the interferograms themselves.122, 130 In Article IV, I
developed a similar numerical algorithm to consider the residual incoherence of our
setup by extracting the phase and timing jitter information from the interferograms
only.

A further aspect often complicating the experimental DCS setups is that OFCs aren’t
often readily available in the wavelength region where one would like to perform
spectroscopy, such as in the mid-infrared region. A common solution is to convert
light from an available region to the target region by using nonlinear optics such as
optical parametric oscillators25, 120, 131 or difference frequency generation.25, 125 In
Article IV, we also used nonlinear optics to transfer light from the 1 µm wavelength
region to the 1.5 µm and the mid-infrared (3 µm) regions using a scheme similar to
[127]. As a reminder, the mid-infrared beam from such a light source was already
used in the PC-FTS work in Article III. Here, two such optical frequency combs
were needed to perform dual-comb spectroscopy. Although the mid-infrared beams
from these light sources could very well be used to reach the strong fundamental
rovibrational bands of selected molecules, in the proof-of-concept demonstration in
Article IV, we used the near-infrared beams at the 1.5 µm region to interrogate
the ν1 + ν3 combination band of gaseous acetylene. This choice was for the simple
reason that for initial characterization of the setup, the 1.5 µm region is much more
appealing due to the better availability of high-quality components, optical fibers
and detectors.

The main benefit of our approach in Article IV is the simplicity of the experimental
setup, as depicted in Figure 13. Basically, we take two 1 µm mode-locked lasers
(with slightly different repetition rates) and focus the beam from each into sepa-
rate periodically-poled, MgO-doped lithium niobate crystals that drive the so-called
pulse-trapped, single-pass optical parametric generation process that transfers the
light to the 1.5 µm wavelength region.26, 132 Both nonlinear processes are seeded
by the same continuous-wave 1.5 µm laser, which acts as a common pre-generated
comb tooth for the resulting optical frequency combs. This ensures that the carrier-
envelope offset frequency of the generated interferograms is basically zero, meaning
that the interferogram phase is almost completely stabilized without the need for any
external phase locks. Then, one of the combs propagate through the acetylene gas
sample while the other bypasses it. Finally, both combs are combined and sent to a
photodetector to digitize the interferograms with a data-acquisition card for further
processing.
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Figure 13: Simplified schematic of the dual-comb setup. PPLN: periodically-poled lithium niobate
crystal. PD: photodetector. DAQ: data acquisition card.

Designing the OFC light sources and constructing the dual-comb setup formed the
bulk of the thesis work of Mikhail Roiz.133 The dual-comb setup was later improved
by Touko Uotila. All three of us shared ideas, and participated in many of the mea-
surements. That said, my main contribution to the work was designing the interfer-
ogram digitization and data processing schemes to yield the final fitted absorption
spectra from the raw data. In particular, I developed the numerical algorithm that
was used to ensure mutual coherence between the two light sources without the need
for phase-locked loops or optical error signals. For that reason, the rest of this space
is used to discuss the numerical correction algorithm, and to show the steps taken to
produce the final acetylene spectra in Article IV. In the following, I first discuss the
numerical algorithm in more detail. Then, I show how the raw dual-comb spectra
were processed and fitted to reveal the acetylene absorption. In Appendix A6.1, the
discussion on the numerical algorithm is continued: I use the method on synthetic
data to prove its performance.

4.1 Numerical post-correction algorithm

The interferogram phase and repetition rate difference corrections have been ex-
plained in quite some detail in Supplement 1 of Article IV. Briefly, by analysing the
shapes of subsequent interferograms (bursts) in a time window (segment) consisting
of multiple such bursts, one can determine a curve that describes the interferogram
carrier-envelope phase as a function of time, in another words, during that segment.
A complex representation of the segment can be generated via the Hilbert transfor-
mation, after which the shapes of the bursts in that segment can be forced to appear
equal by multiplying with exp(−iϕ(t)), where ϕ(t) is the determined phase curve.
In addition, by analysing the time locations of every burst in the segment, one can
determine a curve that describes how the repetition rate difference jitters or drifts as
a function of time. With that information, one can resample the segment to make the
bursts appear at equidistant intervals, which linearizes the time axis. In that sense,
the interferogram phase and timing jitter corrections are conceptually equivalent to
the phase- and group-delay corrections in PC-FTS. One important difference is that
in the corrections here, one determines only a single, constant phase value per in-
terferogram (burst) in the segment, whereas in PC-FTS, only a single interferogram
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(burst) can be measured at a time and the corrected phase (delay) is time dependent
throughout that interferogram. These same notions hold also for the timing jitter /
group delay corrections.∗

It is noteworthy that one can also derive real-time correction signals for both the
interferogram phase and timing from beat notes between selected comb teeth and
auxiliary lasers.115, 129 In fact, we derived such a signal for the repetition rate dif-
ference (as described in Supplement 1 of Article IV), and emulated the adaptive
sampling approach129 by resampling the segments using the digitized optical error
signal. We showed that the resulting absorption spectra, when using the numerical
corrections versus the optical error signal, were basically identical. Regarding the
interferogram phase, only minor fluctuations† remained to be corrected thanks to the
inherent mutual coherence of our dual-comb approach (the use of the seed laser); the
minor fluctuations are mainly due to having to split the seed laser into two separate
arms where optical path difference fluctuations can occur, for instance, from envi-
ronmental air currents. One easy solution to mitigate this would be to reconstruct
the DCS setup inside an air-tight box.

Furthermore, we found that there was no considerable improvement in the spectra
if the interferogram phase during segments was corrected, for which reason only the
repetition rate difference was corrected for the segments. Instead of correcting the
phase during segments, we corrected it between segments. What this means is that
due to limitations of the data acquisition card that we used, there was considerable
dead time between finishing recording a segment and starting to record a new one
(single segment measurement took approx. 1.1 s), during which time the interfero-
gram phase can drift to some extent. For example, during a long-time measurement
(~20 min; 1024 segments), the phase between segments drifted less than 2.5 rad,
which, however, could already lead to an SNR decrease (the interferogram washing
out) if not corrected. Interestingly, due to the dead time, this total measurement
time of 20 min corresponds to an effective averaging time of only 82 s. Therefore,
there is untapped averaging potential that could be unleashed by improving the data
acquisition scheme. The simplest solution would be to invest in a more sophisticated
data acquisition card that allows continuous real-time acquisitions. This would also
improve the optical frequency accuracy estimated in the preceding section because
the light sources would have less time to drift for a given effective averaging time.

Continuing the discussion on real-time measurements, even though the post-correc-
tion algorithm used here seems promising, the correction of a single segment can
take several seconds, especially if the phase during the segment is corrected. The
inherent phase stability, then, was fortunate so that the phase correction was needed
only once in a while (i.e., between segments). What made the phase correction
slow was the brute force manner in which I implemented it: the phase of a burst
is adjusted in a loop until the cross-correlation (which measures the similarity in
the burst shapes) between that burst and a reference burst is maximized.115 It is
noteworthy that the carrier envelope phase could also be extracted directly from a
given burst.122, 134 However, the method I used simply worked, and for the proof-

∗Some minor time dependency during a burst in the corrections here can ensue from interpolating
the phase / timing jitter data to consider the phase/timing also in between subsequent burst.

†During a 80 ms long segment, the interferogram phase typically stayed constant within 0.6 rad.
Were this drift linear during the segment, it would correspond to a radiofrequency (optical fre-
quency) change of 1.2 Hz (25 kHz).
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of-concept demonstration in Article IV, the slowness of the corrections was not a
concern.

Another difference between our method and some others found in the literature122, 134

is that I defined the burst time instances as the maxima of the bursts themselves
instead of, e.g., the maxima of the burst envelopes.122 This is justified in our case
where the burst shapes in a segment are basically identical due to the inherent phase
stability. This approach has the benefit that it can speed up the repetition rate
difference correction as it is faster to find the signal maxima instead of calculating
the burst envelopes (for example, by calculating the absolute value of the Hilbert
transformation). In the ideal case, there wouldn’t be need for correcting even the
repetition rate difference. Therefore, the adaptive sampling approach of [129] is
appealing, although the technique requires multiple auxiliary lasers and a more com-
plex experimental setup. In Article IV, we also proposed that perhaps the recently
demonstrated dual-comb lasers,122 where the repetition rate difference fluctuations
are inherently mitigated, could complement our method. Finally, the corrections
performed here can surely be optimized further to push our method towards true
real-time measurements.135 In that sense, the real-time correction averaging scheme
of [128] is impressive.

This discussion on the numerical correction algorithm is continued in Appendix A6.1,
where I show that the corrections work on synthetic interferograms with added phase
and repetition rate fluctuations. In the next section, I will close off this part of the
thesis and complete the discussion in Article IV by showing the steps by which the
corrected, averaged and Fourier-transformed interferograms, i.e., the raw radiofre-
quency spectra were processed into the final acetylene absorption spectra.

4.2 Experimental absorption spectra

Figure 14 shows the acetylene dual-comb spectrum, obtained from Fourier-transform-
ing the result from correcting and averaging 1024 segments (each consisting of 937
subsequent bursts). The insets reveal the dual comb structure and the nice-looking
sinc instrument lineshape function. The green asterisk indicates the maximum dual-
comb peak and the magenta line the portion of data between subsequent comb teeth
that was used to calculate the noise standard deviation to define and track the dual-
comb SNR as a function of segment averaging number (see Fig. 3 (e) of Article IV).∗
In addition, one can see the acetylene absorption imprinted on the spectrum outline.
According to fits, these correspond to about 12 % acetylene concentration.†

∗A detail omitted in the article is that in the SNR analyses, the segments were apodized with a
sine lobe. This was to suppress the sinc instrument lineshape function oscillations that started to
dominate the noise in the space between adjacent dual-comb peaks, capping the SNR to about
3000 unless the apodization was used.

†There is a mistake in Article IV where we stated that the concentration is 6 %. This mistake is
explained in Appendix A6.2.
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Figure 14: The dual-comb radiofrequency spectrum with acetylene absorption obtained from cor-
recting and averaging 1024 segments (each containing 937 interferograms or bursts in succession).
The insets reveal the dual-comb peak structure with the green asterisk illustrating the maximum
dual-comb peak, and the magenta line the portion of data between subsequent comb teeth that were
used to calculate the noise standard deviation to define the dual-comb peak SNR. The spurious peak
at 60 MHz is due to the optical error signal (used to test the emulated adaptive sampling approach)
connected to the 2nd channel of the DAQ card leaking also to this channel. The strong etalon effect
is due to an optical filter used to limit the optical bandwidth.

To process the data further, the dual-comb peaks in Figure 14 were picked. The
precision of peak picking was typically refined by fitting a 2nd order polynomial
across a few points around the peak maxima in order to relieve the need for excessive
zero-padding prior to FT. It is noteworthy that by resampling the interferogram
in a special way120 one could omit these steps and still find the dual-comb peak
values accurately, while significantly decreasing the data size. The peak picking was
repeated for a separately measured background spectrum. Then, the radiofrequency
axes were scaled to optical frequencies according to Equation (4.1); The ν0 frequency
was determined by measuring the seed laser wavelength with a wavelength meter and
refined further in the fitting routine. The repetition rate frequency was provided by
the pump laser operating software. The repetition rate difference was obtained from
the corrections: the corrections forced the repetition rate difference to a value exactly
1/(85.22 µs) ≈ 11.7 kHz, which was initially the average repetition rate difference for
a train of pulses (segment) prior to corrections.

The resulting two peak-picked and frequency axis-scaled spectra are shown in Figure
15. Note that the horizontal axis is flipped compared to Figure 14 due to the seed
laser frequency being at a higher optical frequency than the optical spectrum itself.
We can see that the acetylene and the background measurement do not match per-
fectly. This mismatch did not seem to be affected by the corrections, but it was a
recurrent problem in our measurements. We suspect the reason is most likely due to
detector nonlinearity78, 136 as implied by later tests by Touko Uotila. It also could
be that the spectral contents of the combs (comb peak amplitudes) drift during the
time that separates the acetylene and background measurements, for example, due
to thermal drifts or some other effects typical for nonlinear optics.132, 137 We should
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test implementing the scheme, e.g., in [119], where the absorption and background
spectra are recorded simultaneously to see if it would improve the match.
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Figure 15: The raw acetylene (and background) spectrum obtained by picking the dual-comb peaks
from the spectrum shown in Fig. 14 and by scaling the radiofrequency axis to optical frequencies
using Eq. (4.1).

Due to the imperfect matching between the acetylene and background spectra in
Figure 15, dividing the acetylene spectrum by the background spectrum will result in
a residual background. The residual background was considered using an interesting
derivative approach explained in Appendix A6.3. After considering the residual
background, we get the final acetylene ”transmission” spectrum, shown in Figure
16. Importantly, due to the current asymmetric configuration of the DCS setup
where only one of the optical frequency combs propagates through the acetylene
sample, the vertical axis of Figure 16 describes the quantity exp(−αL/2) instead of
the transmission exp(−αL) in the Beer–Lambert law (1.1). This is explained in more
detail in Appendix A6.2.

As extra compared to Fig. 4 of Article IV, Figure 16 contains similarly processed
spectra but with different amounts of interferogram corrections. We can see that
all cases yield basically identical results; the differences are in the per mill level and
considered negligible for our purposes. Perhaps in the case of trace gas detection
or accurate absorption lineshape parameter determinations, the differences between
the different approaches and the discrepancies between the HITRAN database138

should be reconsidered. Fortunately, the simulations presented in Appendix A6.1
provides a synthetic lab for extensive testing between the different approaches if
necessary. In addition, the background correction problem should be solved to al-
low better comparisons to HITRAN. In any case, the residuals in Figure 16 are
excellent. The standard deviation of the residuals is 0.1 %, which value seems typ-
ical.121, 130, 136, 139–141 Calculating the standard deviation of the residuals between
195.31 THz and 195.41 THz results in an SNR of about 500 for the largest acetylene
peak, implying a noise-equivalent limit of detection of 250 ppm (noise equivalent
absorption αmin = 1.6 × 10−4 cm−1; 1024 × 80 ms = 82 s total effective measurement
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time). In addition, the calculated figure of merit (FOM) for our system is 6.9×106,∗
which is in the same order of magnitude as for other high-quality DCS setups (see
Table 1 in [142] for a comparison).
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Figure 16: The final background corrected acetylene spectra illustrating the effect of different
amounts of interferogram corrections. Note the vertical axis definition of the top panel, which
describes a different quantity to the transmission described by the Beer–Lambert law (1.1), as ex-
plained in Appendix A6.2. In the legend, ”Repetition rate” means correcting the repetition rate
difference during segments but not the time dependent phase during segments (but only between
segments). ”No segment phase” means that the phase correction was not done even between seg-
ments (so only the repetition rate difference correction was performed). ”All corrections” means
performing the time dependent phase correction between but also during segments, in addition to
the repetition rate difference correction. ”Adaptive sampling” means correcting the repetition rate
difference according to the digitized optical error signal (see Article IV) in addition to correcting
the phase in between segments (but not during). The middle panel shows respective residuals from
HITRAN fits. The lowest panel shows the differences between the differently processed spectra
against the ”All corrections” one.

∗The FOM basically describes the noise performance of a DCS setup in an optical bandwidth and
measurement time normalized manner.136 The larger the FOM is, the less noisy the system is.
The FOM here was calculated based on a single spectrum (so without averaging) by calculating the
average SNR of the dual-comb peaks basically between the frequency span shown in Fig. 14 (peaks
at least 1 % from the maximum peak), by multiplying by the number of dual-comb peaks (5960)
and by dividing by the square root of the measurement time (

√
80 ms for the single segment).
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5 Rotational-Doppler Spectroscopy

In Article V, a novel type of Fourier-transform spectrometer was proposed. I call the
proposed technique rotational-Doppler Fourier-transform spectroscopy (RD-FTS), or
vortex-comb spectroscopy (VCS) as in the article. Compared to traditional FTS, the
translating mirror of the interferometer is replaced by a rotating mirror, somewhat
similar to the PC-FTS work. However, instead of a mirror that tilts back and forth as
in PC-FTS, the mirror simply rotates about its surface normal such that the rotation
axis is overlapped with the incident beam propagation axis. Therefore, the rotating
mirror directly back-reflects the delayed beam with no need for the 4f geometry that
is required in PC-FTS to compensate for the beam deflection due to the mirror tilt.
A simplified schematic of the RD-FTS setup used in Article V is shown in Figure 17.

In Section 2, traditional FTS was explained by how the light field is delayed in
the delay arm compared to a reference beam in the reference arm. An equivalent
explanation can be given by considering how the translating mirror shifts each fre-
quency component in the delay arm by a unique amount due to the linear Doppler
effect. This alternative description of traditional FTS is given in Appendix A2. The
RD-FTS technique can then be viewed as the rotational counterpart of traditional
FTS: each frequency component striking the rotating mirror experiences a unique
rotational Doppler shift. As in traditional FTS, when the frequency-shifted light
field is beat against a reference light field, intensity modulation ensues at unique
down-converted frequencies, generating the interferogram.

There are, however, some fundamental differences between the two techniques. For
one, the frequency shift due to the linear Doppler effect in traditional FTS is propor-
tional to the optical frequency of the light. In RD-FTS, the frequency shift due to
the rotational Doppler effect (RDE) is proportional to the amount of orbital angular
momentum (OAM) that the frequency component carries (see Fig. 18) – even a
white-light source can generate intensity modulation at a single down-converted fre-
quency if all the optical frequencies in the beam have been prepared to carry the same
amount of OAM.143 Therefore, to perform vortex-comb spectroscopy, the frequency
components in the incident field have to carry unique amounts of OAM in order to
realise the optical frequency-dependent down conversion (see Fig. 17). Interestingly,
such light sources already exist in the form of the so-called optical vortex frequency
combs, novel light sources only recently demonstrated;144–146 I briefly comment on
these light sources in Section 5.5.

Another difference between traditional FTS and RD-FTS is that in the latter tech-
nique, no rotational Doppler-shift is observed in specular reflection from a perfect
rotating mirror surface. The reason for this is that the topological charge (meaning,
the OAM mode of the beam) does not change in specular reflection:∗ the rotational
Doppler shift is proportional to the change of OAM in the interaction in the same way
that the linear Doppler shift is proportional to the change of linear momentum upon
reflection. Therefore, instead of a perfect mirror surface, the rotating surface needs

∗This statement is elaborated more in the following section. Briefly, a phase flip is expected for a
wave that is specularly reflected from a perfect mirror. This also flips the sign of the topological
charge. The statement ”OAM mode has to change in interaction with the rotating object to observe
a rotational Doppler shift” should then be interpreted as deviation from this expected phase flip
behaviour.
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to have some kind of roughness to generate OAM modes other than the incident one.
Here, by an optically rough surface I basically mean a surface whose reflectivity (or
sometimes depth) has spatial variability. As reflection from such a surface generally
ensues to multiple different OAM modes, multiple rotational Doppler shifts are also
present. Despite this, the resulting intensity modulation can be ensured to appear
at a single down-converted frequency that is proportional to only the incident OAM
mode (and the rotational frequency of the target), if the detection scheme is designed
properly (discussed in Section 5.2). In addition, care must be taken to design the
surface roughness, or, in our case, the specific shape of the target that modifies the
surface reflectivity. This is because only some targets yield intensity modulation for
a given input OAM mode (although the frequency of the modulation does not de-
pendent on the shape of the target). In the case of Article V, the target we used is
a rectangular slit cut out of white paper and taped onto the rotating mirror surface.
The choice for this specific target is explained in detail in Section 5.3.

Even though the behaviour at specular reflection from a perfect mirror surface shows
a difference between the linear and rotational Doppler effects, strong analogy between
the effects can be established if the rotational Doppler effect is compared to the
mature technique called Doppler velocimetry.147–149 Doppler velocimetry is a means
to detect transverse motion relative to an observer by illuminating a rough surface
at an angle. Then, a reduced Doppler shift is observed for light scattered to angles
other than the one expected for specular reflection. The rotational Doppler effect
is, in a way, the rotational counterpart of this effect, as detection of the rotational
motion of a target is detection of its (rotational) transverse motion. Incredibly, this
rotational motion can be detected in normal illumination of the target as it is the
incoming vortex light itself that effectively provides oblique illumination due to the
skew of its wavefront, as explained in more detail in the subsequent section.

Until now, the rotational Doppler effect has mainly been used for the detection of
the rotational velocity (or rotational direction150) of different objects,151–155 even at
the photon-counting level over a long free-space link.156 Also probing the angular
velocity of spinning microparticles157 has been demonstrated, and measuring the
rotation of astronomical objects158 has been envisioned. In addition to rotation
velocity sensing, by analysing the modal composition of the reflected or transmitted
light, it is possible to identify the symmetries of the rotating object itself.159, 160 On
the other hand, Zhou et al. have proposed a complex spectrum analyser to measure
the modal composition of OAM-carrying light.161

In Article V, we proposed a completely new application for the rotational Doppler
effect, namely, the RD-FTS technique that can be used for molecular absorption spec-
troscopy. In the article, we emulated a vortex-comb light source by using a tunable,
single frequency laser prepared to carry a chosen amount of OAM at a time. We suc-
cessfully measured an absorption feature of gaseous acetylene in the 1 µm wavelength
region using a total of 11 OAM modes and constructed the broadband spectrum as
if it were measured using an optical vortex comb. In my opinion, the proposed
technique is exciting. It offers a completely new way of performing spectroscopy
even though it is based on one of the oldest and most well-established spectroscopic
techniques, i.e., on Fourier–transform spectroscopy. In addition, the technique relies
on the rotational Doppler effect, which, although a phenomenon already known for
quite some time,162 seems to enjoy growing interest. Further still, OAM light or
structured light is itself a hot topic in the field of fundamental photonics, with new
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papers published basically every day and whole conferences dedicated to that subject
only. Even though the main novelty of the proposed RD-FTS technique may lie in its
curiosity at this stage, it also offers some potential benefits compared to traditional
FTS, if developed further.

One of the benefits of the RD-FTS technique compared to traditional FTS is that
high-resolution – even mode-resolved measurements – can be achieved in a short
measurement time and with a compact experimental setup. For example, in Article
V we achieved an optical resolution of 230 MHz (the mode spacing of the emulated
vortex comb) in a measurement time of only a few tens of milliseconds! In contrast,
more than 0.65 m long scan lengths, and surely longer measurement times than in
RD-FTS, would be required to reach the same resolution when using a traditional
FTIR instrument. Compared to PC-FTS, where the optical resolution is limited to
only a few GHz, the RD-FTS technique is a clear improvement.

Another benefit of the RD-FTS technique is that the down-conversion relation is
of the same form as in phase-controlled FTS or dual-comb spectroscopy (see Fig.
17). This leads to the same kind of speed benefit as demonstrated with PC-FTS
in Article III. As an improvement, no phase-delay corrections were required as the
optical frequency mapped to the zero down-converted frequency is defined by the
optical frequency that does not carry any OAM. In addition, no explicit group-delay
correction was needed because we ensured stable rotation by using a commercial
rotator with already stable and rotational frequency-precise operation. Compared
to the dual-comb work of Article IV, the RD-FTS technique, like PC-FTS, is an
auto-correlation method, meaning that the experimental setup is much simplified as
there is no need for two fancy light sources that need to have high mutual coherence,
but only a single light source is required.

Like in Article III, this new RD-FTS technique was used with CEPAS detection.
Whereas the changing scan velocities posed problems in the PC-FTS experiment,
the continuous rotation in RD-FTS is definitely an improvement. However, the RD-
FTS technique has its own challenges, perhaps the most important of which is the
requirement for meticulous optical alignment: imperfect alignment leads to impure
down-conversion, which can majorly distort the measured absorption lines. In other
words, intensity modulation can appear at down-converted frequencies other than
the desired one, which leads to crosstalk. While this issue was mostly ignored in
Article V, here (Section 5.4), I discuss it in more detail.

Another drawback of the RD-FTS approach as implemented here is that it may be
limited to only narrow optical bandwidths as the modulation depth (strength of the
intensity modulation signal) decreases as a function of the OAM mode. Similarly,
the beam sizes increase as a function of the OAM mode, possibly leading to practical
limitations on the optical bandwidth. Both of these drawbacks were briefly discussed
in Article V. Here, that discussion is continued and appended by simulations. In the
following, I first explain the origin of the rotational Doppler effect in detail. Then, I
focus on some experimental details that were out of scope to be thoroughly explained
in the article, such as the target selection, modulation depths, and the crosstalk
problem.
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Figure 17: Schematic of the rotational-Doppler FTS approach used in Article V. An optical vortex
comb, which is an optical frequency comb with repetition rate fr but with each optical frequency
carrying a distinct number of quanta l of orbital angular momentum, is incident on the experimental
setup. Using a beam splitter (BS), the light beam is split into two arms, where an extra reflection
flips the topological charge l in one of the arms. The beams are combined and sent onto a rotating
target, which is a rectangular mirror in our case. Due to the rotational Doppler effect, each optical
frequency is shifted by a unique amount proportional to the topological charge l and the rotational
frequency frot. As a result, a beat comb with repetition rate difference 2frot is generated. This is
detected in the usual way for FTS, i.e., by Fourier-transforming the interferogram observed on a
photodetector (PD). The strength of the beat signal at each down-converted frequency depends on
the shape of the rotating target as discussed at length in Section 5.3.

(a) Intensity, phase and the wavefront of a few
different order vortex beams.163

(b) Generation of a vortex beam from a Gaus-
sian beam using a spiral phase plate (SPP).164

An SPP is an optical component whose thickness
h varies as a function of the azimuthal angle θ
such that the angular phase of the beam is ad-
vanced by l × 2π after one full cycle, thus result-
ing in a vortex beam with the topological charge
l. The angle α illustrates the wavefront skew of
the beam relative to the beam propagation direc-
tion at the radial distance r.

Figure 18: Illustration of vortex beams. Light fields exhibiting an angular phase exp(iθl) carry
l� of OAM per photon. The integer l is also called the topological charge. Vortex beams can be
generated using cylindrical lenses or spatial light modulators,165 angular gratings166 or spiral phase
plates167 (SPPs). Only SPPs are discussed in this thesis because such optical components were used
to generate the OAM-carrying beams in Article V. The electric field of a vortex beam is discussed
in Appendix A7.1.
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5.1 Rotational Doppler effect

In the preceding section it was said that there is analogy between the linear and
rotational Doppler effects. In fact, the rotational Doppler effect can be explained
through the linear Doppler effect.152, 168, 169 To understand this, let’s first consider
the case presented in Figure 19a, where a Gaussian beam is incident at an angle α on
an optically rough surface. Some of the incident light is reflected to an angle β = −α
(specular reflection), but some is scattered to a collection of angles β, depending
on the surface roughness. In Figure 19a, emphasis is given to the scattering angle
β = 0. If the surface has linear velocity transverse to the surface normal, the incident
and scattered fields experience linear Doppler shifts proportional to the velocity
components parallel to the beam propagation direction, as illustrated by the vector
decomposition shown in Figure 19a. The overall linear Doppler frequency shift is
then given by

∆flin = u

c
[sin(α) + sin(β)] ν , (5.1)

where u is the velocity of the surface, c is the speed of light and ν the optical frequency
of the light. From this it can be seen that for specular reflection (β = −α), no overall
linear Doppler shift can be detected. This means that one cannot detect transverse
motion in the case of a perfect mirror surface, which foreshadows the result that no
rotational Doppler shift is generated in the case of reflection from a perfect rotating
mirror. Note that the principle presented in Figure 19a is the basis for Doppler
velocimetry, a method used to detect linear transverse motion of objects.147–149

(a) Linear Doppler effect. Incoming light with
incident angle α experiences a reduced Doppler
frequency shift proportional to the linear velocity
u of the target, unless the scattering angle β =
−α (specular reflection), as given by Eq. (5.1).

(b) Rotational Doppler effect. Vortex light, with
Poynting vector skew angle α, incident and re-
flected along the surface normal (rotational axis
of the target) experiences a reduced Doppler shift
proportional to the radial velocity u at each radial
displacement r, unless the reflected wave skew
angle β = −α (perfect mirror reflection). Re-
fer to Fig. 18 for an illustration of the vortex
beam wavefront skew. Considering the net effect
of each skew angle at each radial displacement
and radial velocity, the beam experiences an over-
all frequency shift proportional to the sum of the
topological charges of the incident and reflected
beams and the angular frequency of the target,
as given by Eq. (5.2).

Figure 19: Illustration of the linear and rotational Doppler effects.
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The rotational Doppler effect is often explained152, 168 via the notion that because
a vortex beam with the wavelength λ has a helical wavefront, its Poynting vector is
skewed by an angle α = lλ/(2πr) relative to the beam propagation direction at each
radial distance r from the beam center.170 This is illustrated in Figure 19b. See also,
e.g., the illustrative pictures in [152, 168]. It then follows that when a vortex beam
with a skew angle α is normally incident on a rotating surface that has an angular
frequency Ω, there is a rotational Doppler shift if the rotating surface reflects the
incident beam to a skew angle β, i.e., if the topological charge is changed from l to
m in the process:

∆frot = rΩ
c

[
sin

(
lλ

2πr

)
+ sin

(
mλ

2πr

)]
ν

≈ rΩ
c

[
lλ

2πr
+ mλ

2πr

]
ν

= Ω
2π

[l + m] , (5.2)

where at a radial location r the transverse velocity is given by u(r) = rΩ, and where
the customary approximation sin(α) ≈ α is made, justified by using large beam sizes
compared to the light wavelength λ.152

Here I want to properly address the often confusing statement found in literature
that the rotational Doppler frequency shift is proportional to the ”change of the
topological charge” in the interaction process. Often, the two cases of reflection
and transmission are considered jointly without a clear distinction. However, it is
expected that the phase and therefore the topological charge of a vortex beam is
inverted in specular reflection. For example, the so-called vortex doubler171 is based
on this phenomenon: if a Gaussian beam is transmitted through a spiral phase plate
(SPP) that increments the topological charge by +l (see Fig. 18b), and if the beam
is immediately back-reflected using a mirror to guide it once again through the SPP
(which this time decrements the topological charge by −l due to the opposite prop-
agation direction through the component), the resulting topological charge of the
beam will be −2l (and not zero) due to the OAM mode inversion in the reflection.
Whether the sign changes in reflection is in a way dependent on the choice of co-
ordinates, i.e., whether we observe the light beam from a fixed external coordinate
system, or if we attach the coordinate system on the propagating beam and define
the positive direction always towards the propagation direction.27 Here, the latter
definition is used.∗ Therefore, the statement ”change of the topological charge in
reflection” can be thought as deviation from the expected result that the topological
charge is inverted: if the topological charge were not inverted in the process but
conserved l → l, then the rotator had had to apply a torque corresponding to 2|l|
in order to prevent the sign from changing.27 It is noteworthy that such rotators
∗In the context of the vortex doubler, let’s first note that a vortex beam is characterized by an az-
imuthal angle-dependent phase, which can be generated via propagating a Gaussian beam through
a spiral-phase plate (SPP), a component whose thickness has angular dependency. Let’s say that
the SPP gets thinner to the counter-clockwise direction (CCW). Then, the wavefront of the result-
ing vortex also rotates CCW (less phase delay in this direction). In the back-propagating direction
after the reflection, this time the SPP thickens CCW. Because we know that the SPP will not
cancel the already generated vortex, the wavefront must rotate CW in this propagation direction.
This means that the rotation direction of the vortex has changed in the reflection when viewed
from coordinates attached onto the vortex.
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exist. For example, Emile et al.172 have successfully observed a rotational Doppler
shift in reflection from a right-angle prism, whereas Dholakia et al.162 and Courtial
et al.173 have observed it in transmission through a Dove prism. In contrast, rota-
tional Doppler shift cannot be observed from specular reflection from a perfect mirror
surface.27, 169 The sign convention in Equation (5.2) is consistent with this result.
Unfortunately, in Article V we were not careful enough with the sign convention and
the derivations in the supplementary material of Article V may be more appropriate
for considering the case of transmission through a rotating object. However, there is
no loss of generality in the derivations as one can always replace the dummy index
m by another, e.g., k = −m. In this thesis, I will keep the notation consistent with
the case of reflection, for which purpose the modal decomposition approach used in
the supplementary material of Article V is revised later in this section.

An even simpler explanation for the rotational Doppler shift can be given by consid-
ering a Gaussian (or a vortex) beam incident on a rotating SPP.169 The thickness
of an SPP varies as a function of the azimuthal angle θ as ∆h = ∆lθλ/(2π), such
that after one whole cycle, the thickness has changed by ∆l times the wavelength λ,
thus modifying the phase of the input beam by exp(i∆lθ), i.e., changing the OAM
content of the incident beam by ∆l.167 If the SPP simultaneously rotates in a time
∆t by ∆θ = Ω∆t, where Ω is the angular frequency of the SPP, the beam accumu-
lates a linear phase ramp ∆l∆θ, meaning that the angular frequency of the beam
changes by ∆lΩ, in addition to the OAM mode change. Note that a spiral phase
plate is a transmissive component, but effectively the same result would be obtained
by considering a reflective surface whose depth varies accordingly.169

The preceding case considers a pure mode converter and a Doppler shift through pure
phase modulation. In Article V, the rotating target we used induces only amplitude
modulation (i.e., it modifies the reflectivity of the surface). Therefore, an explanation
for the rotational Doppler shift in this case is required. Imagine an input mode
carrying a helical phase exp(ilθ) incident on a reflective target such as the rectangular
mirror used in Article V. Because the target modifies the spatial distribution of the
field (assuming the width of the target is smaller than the cross section of the beam),
the reflected field must comprise multiple OAM modes. In other words, to construct
an electric field with such an amplitude pattern, we require a suitable basis set,
such as the Laguerre–Gaussian mode family (see Appendix A7.1), which is the most
commonly used mode family to study OAM light. If the reflection changes the OAM
mode by the topological charge ∆l = k, it means that the incident field accumulates
a phase exp(ikθ). If the reflective pattern simultaneously rotates, the rotation can
be considered as a shift of the origin of the azimuthal angle θ0 = Ωt.27, 160, 174 All
in all, the resulting phase of the reflected field is then exp(−ilθ) exp(ik(θ + θ0)) =
exp(i(k − l)θ) exp(ikΩt), meaning that the overall topological charge of the reflected
field is m = k − l and that there is an accompanying angular frequency shift by
(l + m)Ω. Note the phase flip l → −l in reflection.

Up to this point we have established that when a light beam is incident on a rotating
surface, it undergoes a frequency shift if the OAM mode changes in the process. We
have also considered the OAM mode and the corresponding frequency change in the
case of a pure mode converter that rotates, e.g., a rotating spiral phase plate, which
leads to a single rotational Doppler shift. In the case of pure amplitude modulation,
the idea of reflection to multiple modes (and thus to multiple different rotational
Doppler shifts) was introduced. What is missing is to consider a general rough surface
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that rotates, to consider, how that surface can affect the OAM and consequently the
frequency content of the beam in reflection. This can be done by expanding on the
idea that the surface itself can be thought as a superposition of pure mode converters.
The customary approach152, 156, 169 is to express the effect of the surface roughness
by a complex function ψ(r,θ). This function basically describes how the amplitude
and phase of an incident field are modified in reflection, and it can be expressed as
a superposition in a suitable basis set. One choice is the Laguerre–Gaussian mode
family:

ψ(r,θ) =
∑
k,p

Ak,pLGk
p(r,θ) , (5.3)

where LGk
p(r,θ) is a Laguerre–Gaussian mode (see Appendix A7.1) with the topo-

logical charge k and number of radial nodes p, and where the complex coefficients
Ak,p are found by calculating156

Ak,p =
∫ 2π

0

∫ ∞

0
[LGk

p(r,θ)]∗ψ(r,θ)rdrdθ . (5.4)

Equation (5.4) offers an explicit way to study the modal content of a chosen amplitude
or phase mask. It is this modal composition of the target that determines to which
OAM modes an incident field is reflected to, and, consequently, which rotational
Doppler shifts are present in the reflected field. To give an example, Zhang et al.156

have analysed the modal composition of a three-leaf clover target. In that case,
the target comprises mostly the fundamental Gaussian mode, but also modes whose
topological charges are multiples of three, reflecting the 3-fold symmetry of the target.
Similarly, Emile et al.159 have analysed the modal composition of different wedge-
shape patterns. In Appendix A7.2, I perform a similar analysis for the rectangular
(2-fold symmetry) target used in Article V.

To bridge the gap between the above discussion and the derivations in Article V,
I rewrite Equation (5.3) in a more general basis that considers the fact that the
rotational Doppler shift depends only on the topological charge k (and not on the
radial nodes p), this time including the rotational motion of the target

ψ(r,θ,t) =
∑

k

Ak(r) exp(ikθ) exp(ikΩt) . (5.5)

When a vortex beam

Ei(r,θ,t) = B(r) exp(−iωt) exp(ilθ) (5.6)

is incident on such a target, the reflected field

Er(r,θ,t) = Ei(r, − θ,t)ψ(r,θ,t)

= B(r) exp(−iωt) exp(−ilθ)
∑

k

Ak(r) exp(ikθ) exp(ikΩt)

=
∑

k

B(r)Ak(r) exp(−iωt) exp(ikΩt) exp(i[k − l]θ)

=
∑
m

B(r)Am+l(r) exp(−iωt) exp(i[m + l]Ωt) exp(imθ) , (5.7)
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where m = k−l has been identified as the resulting topological charge for the reflected
field. This is basically the result given in Article V with the distinction that the sign
convention considers better the case of reflection: if reflection ensues to the mode
m = −l (i.e., reflection from a perfect mirror surface), no Doppler shift is detected,
as expected.

From Equation (5.7) we can see that, indeed, for a general rough surface, an inci-
dent vortex (or a Gaussian) beam is reflected to a collection of modes, each having
experienced a corresponding rotational Doppler shift. However, to employ the rota-
tional Doppler shift, for example, to experimentally discern the modal composition
(or symmetry) of a rotating target, to determine the rotational frequency of a tar-
get, or to perform molecular absorption measurements with the proposed RD-FTS
technique, one would desire to detect only selected rotational Doppler shifts. This
can be ensured by designing the detection scheme suitably, which is the topic of the
following section.

5.2 Common detection schemes

Anderson et al.151 have identified two commonly used schemes to detect the ro-
tational Doppler shift. One of them is the ”fringe” method, where both an input
beam with the topological charge l and a reference beam (typically −l) are incident
on the rotating target. These beams will experience equal but opposite rotational
Doppler shifts so that the intensity modulation will appear at an angular frequency
of ∆lΩ = 2lΩ, where Ω is the angular frequency of the rotating target.∗ The other
approach is the ”heterodyne” method, where only one of the beams strikes the ro-
tating object, after which the Doppler shifted beam is combined with the reference
beam. The authors showed that the fringe approach is sensitive only to amplitude
modulation (e.g., to variability in the reflectivity of the rotating surface). In contrast,
the heterodyne approach is also sensitive to phase modulation (e.g., to variability in
the depth of the reflective surface).

5.2.1 Sensitivity to phase modulation

The simplest way to see that the fringe approach is insensitive to phase modulation
is to rewrite the complex function that represents the rough surface (Eq. 5.5) as

ψ(r,θ,t) = A(r,θ,t) exp(iΦ(r,θ,t)) , (5.8)

where A(r,θ,t) gives the variation in the reflectivity of the surface, and Φ(r,θ,t) in
the phase (depth). In the fringe approach, two vortex beams (given by Eq. 5.6) with
respective topological charges l1 and l2 are incident on the rotating target. As both
input beams are modified by the transfer function ψ(r,θ,t), the resulting reflected

∗The name ”fringe” stems from the fact that when combining vortex beams with unequal topological
charges, interference fringes appear. In particular, when combining the modes l and −l, a petal
pattern with 2l interference fringes is generated (see, e.g., Animation 1 in Section 5.3). The
formation of this petal pattern is the basis for the time-domain explanation of the rotational
Doppler effect, as called so by Lavery et al.:168 the intensity modulation is generated by the
rotating target moving in the intensity distribution.
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intensity

I(r,θ,t) =
∣∣∣[El1

i (r,θ,t) + El2
i (r,θ,t)

]
A(r,θ,t) exp(iΦ(r,θ,t))

∣∣∣2

=
∣∣∣[El1

i (r,θ,t) + El2
i (r,θ,t)

]
A(r,θ,t)

∣∣∣2
, (5.9)

meaning that only the amplitude modulation remains.

In contrast, in the heterodyne approach, only one of the input beams strikes the
rotating surface:

I(r,θ,t) =
∣∣∣El1

i (r,θ,t)A(r,θ,t) exp(iΦ(r,θ,t)) + El2
i (r,θ,t)

∣∣∣2
, (5.10)

showing that this time also the phase modulation has an effect.

5.2.2 Heterodyne approach

In the following, no further distinction between amplitude and phase modulation is
made. To study in more detail at which frequencies the intensity modulation appears
in both the heterodyne and the fringe cases, I make use of the modal decomposition
view of the transfer function (Eq. 5.5). To derive the intensity modulation in the
heterodyne approach, let a vortex beam El1(r,θ,t) be incident on the rotating surface.
The reflected beam is then given by Equation (5.7). When the reflected field is beat
against a reference beam El2(r,θ,t), the intensity

I(r,θ,t) =
∣∣∣El2

i (r,θ,t) + El1
r (r,θ,t)

∣∣∣2

=

∣∣∣∣∣Bl2(r) exp(−iωt) exp(il2θ) +
∑
m

Bl1(r)Am+l1(r) exp(−iωt) exp(i[m + l1]Ωt) exp(imθ)

∣∣∣∣∣
2

= |Bl2(r)|2 +
∑
m

|Bl1(r)Am+l1 |2

+
∑
m

Bl2(r)B∗
l1

(r)A∗
m+l1

(r) exp(−i[m + l1]Ωt) exp(i[l2 − m]θ) + c.c.

= |Bl2(r)|2 +
∑
m

|Bl1(r)Am+l1 |2

+ Bl2(r)B∗
l1

(r)A∗
l2+l1

(r) exp(−i[l2 + l1]Ωt) + c.c.

= |Bl2(r)|2 +
∑
m

|Bl1(r)Am+l1 |2

+ 2|Bl2(r)Bl1(r)Al1+l2(r)| cos([l2 + l1]Ωt + ϕ) , (5.11)

where ϕ = Angle[Bl2(r)B∗
l1

(r)A∗
l2+l1

(r)], and where, like in the supplementary ma-
terial of Article V, I have omitted the cross-terms between the different reflected
modes m as these will integrate to zero along the azimuthal coordinate when the
reflected field is focused onto a detector. This is because the detector sees the in-
tegral

∫ 2π

0 I(r,θ,t)dθ, but the integrals
∫ 2π

0 exp(i[m1 − m2])dθ = 0 unless m1 = m2.
For this same reason, only the term for which m = l2 remains from the sum in the
modulation term above.
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From Equation (5.11), we can see that the intensity modulation appears at an angular
frequency of [l1 + l2]Ω. However, unless the target is a pure mode converter to the
mode m = l2, the signal strength may be weak because only this single reflected mode
is detected. It is also important to note that the intensity modulation disappears
if l2 = −l1 (with the assumption that the topological charge l1 will be inverted in
reflection from the rotating mirror such that the topological charges of the two beams
will be the same at the detector). This means that the rotational Doppler shift cannot
be detected in an experimental setup that mimics a Michelson interferometer, i.e.,
where the input beam is split into two arms, back-reflected and combined again such
that the reflection in one of the arms happens from the rotating reflective target.∗
Instead, after splitting the beams but before recombining them, there needs to be
an extra reflection between the arms so that l2 = l1 (so that the topological charges
will be unequal after the l1 mode will be inverted in reflection from the rotating
mirror), as illustrated in Figure 20b. This means that even in the heterodyne case
the input and reference beams must in a way form a petal pattern that the rotating
target then traverses, as illustrated in Appendix A7.3. Note also that the choice
l2 = l1 also maximizes the signal by maximizing the spatial overlap of the radial
distributions B(r).151

5.2.3 Fringe approach

Let’s then derive the fringe case. For input fields El1(r,θ,t) and El2(r,θ,t), the re-
flected intensity

I(r,θ,t) =
∣∣El1

r (r,θ,t) + El2
r (r,θ,t)

∣∣2

=

∣∣∣∣∣∑
m

Bl1(r)Am+l1(r) exp(−iωt) exp(i[m + l1]Ωt) exp(imθ)

+
∑
m

Bl2(r)Am+l2(r) exp(−iωt) exp(i[m + l2]Ωt) exp(imθ)

∣∣∣∣∣
2

=
∑
m

|Bl1(r)Am+l1(r)| +
∑
m

|Bl2(r)Am+l2(r)|

+
∑
m

Bl1(r)Am+l1(r)B∗
l2

(r)A∗
m+l2

(r) exp(i[l1 − l2]Ωt)

=
∑
m

|Bl1(r)Am+l1(r)| +
∑
m

|Bl2(r)Am+l2(r)|

+ 2
∑
m

|Bl1(r)Am+l1(r)Bl2(r)Am+l2(r)| cos([l1 − l2]Ωt + ϕ) , (5.12)

where ϕ = Angle[Bl1(r)Am+l1(r)B∗
l2

(r)A∗
m+l2

(r)]. To maximize the intensity modu-
lation, the best choice for the topological charges of the input fields is l2 = −l1. This
means that if the beam with l2 is derived from the l1 beam, its topological charge
needs to be inverted to −l1 by an extra reflection before combining the beams and
sending them to the rotating target, as illustrated in Figure 20a. Then, intensity
modulation is generated at an angular frequency 2Ωl. In the supplementary infor-
mation of Article V this fringe case was derived for a more complex case, where the
∗Unless a mode-inverting component such as a cylindrical lens is inserted into the reference arm.175
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input field consists of multiple optical frequencies, each with a unique topological
charge l. It was shown that also in that case the intensity modulation ensues at
unique down-converted angular frequencies 2Ωl; mixing between the different OAM
modes also happen, but those signals appear at high modulation frequencies and
can be filtered out. In Appendix A7.4, I complement this more complex case with a
numerical simulation to show the appearance of the expected modulation peaks.

In Article V we used the fringe approach instead of the heterodyne method. One
reason for this was that it was simply easier to design a target that modifies the
reflectance of the mirror instead of the phase (depth): the target we used was a
rectangular slit cut out of white paper an taped onto the rotating reflective mirror.
The most important reason, however, was that because we used a mechanical rotator,
it was practically impossible to completely prevent it from vibrating when it rotated.
These vibrations induce signals due to the linear Doppler effect that can easily mask
the rotational Doppler shift signals of interest. In contrast, thanks to the fringe
approach, these vibrations can be deemed as common noise between the two input
beams so that they are eliminated. It is noteworthy, however, that the heterodyne
approach may have advantages in some applications. For example, Anderson et
al.151 have shown that for random reflective particles in the heterodyne approach,
the signal-to-noise ratio increases as the number of particles increases, whereas it
decreases for the fringe approach. The expected density of scatterers in the planned
RDE application should therefore guide the choice between the detection schemes.
Also joint detection of the linear and rotational Doppler effects is possible.153, 158, 169

5.2.4 Mode filter approach

A third commonly used detection method is the use of a mode filter to extract only a
certain mode m from the reflected field (i.e., from Eq. 5.7) in order to detect only a
single rotational Doppler shift at a time.152, 159, 160 An especially interesting approach
possibly relevant for RD-FTS is the one used by Gopinath et al.154 The authors
demonstrated simultaneous distance and rotational frequency ranging of an object
by sending a pulse from a broadband light source through a spatial light modulator
(SLM) to make all the optical frequencies carry (the same) OAM mode l. Upon
reflection from the target (where a mode flip to −l and no rotational Doppler shift
would be expected for reflection from a perfect mirror), light reflected to the original
mode l (corresponding to a total topological charge ”change” of 2l) is converted back
to a Gaussian beam upon propagating through the SLM in the backward direction,
with the result that only that mode is coupled into a single mode fiber and is beat
against a reference beam to detect the rotational Doppler shift.

Figure 20c adapts this idea for the RD-FTS technique. We envision that the device
in Figure 20c that generates the topological charge l for the input beam could also
be a device, perhaps based on a spiral waveguide with an angular grating,166 that
generates an optical vortex comb from an input optical frequency comb such that each
optical frequency would then carry distinct amounts of OAM. When the generated
optical vortex comb is reflected from the rotating target, the same device could
convert each reflected mode l back to the Gaussian mode. Then, upon beating the
back-coupled optical frequency comb against the original comb, a down-converted
beat spectrum due to the rotational Doppler-effect could be recorded. In the beat
spectrum, each beat frequency would correspond to a distinct optical frequency,
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allowing vortex comb spectroscopy measurements as proposed in Article V. The
benefit of this new approach compared to the fringe approach would be that it could
further simplify the experimental setup and relieve the current high requirements for
the optical alignment, especially if only the beam interrogating the rotating target
would be coupled to free space, but if the beating against the reference comb would be
done in fiber. In addition, pumping the vortex comb-generating device with CW light
(such that it would then emit only CW light but with a certain topological charge
depending on the optical frequency) would allow optimization of the alignment and
characterization of the generated beat signals as a function of the input OAM mode,
allowing the study of the possible crosstalk problem discussed in Article V. This
new approach should be tested and compared against the fringe approach. However,
further details on this idea is left to be discussed in future work from collaborators
and us; the rest of the discussion in the following sections is dedicated for discussing
the fringe approach as used in Article V, starting with optimizing the target selection.

(a) Fringe approach. Incoming
vortex beam (or optical vortex
comb) is split into two arms and
combined again such that an ex-
tra reflection in one of the arms
inverts the OAM mode in that
arm. The combined beams are
incident on the rotating target,
and reflected light modified by
the rotational Doppler effect is
gathered and detected on a pho-
todetector (PD).

(b) Heterodyne approach. Only
one of the input beams interro-
gates the rotating target. As in
the fringe approach, the topo-
logical charge of the reference
beam needs to be inverted to
observe any rotational Doppler
shift upon combining the beams.

(c) Mode filter approach. Only
reflection to the original inci-
dent OAM mode will convert
back to a Gaussian beam and
can couple into, say, a single
mode fiber, where it can be
beat against a reference Gaus-
sian beam.

Figure 20: Comparison of different detection schemes relevant to RD-FTS. Only the fringe approach
(a) was used in Article V.

5.3 Target selection and modulation amplitudes

According to Equation (5.12), when an OAM-carrying beam with the topological
charge l is incident, together with an OAM-inverted copy of the field (l → −l), on
a target rotating with an angular frequency of Ω, intensity modulation can ensue at
an angular frequency of 2lΩ. The intuitive explanation for this result is that when
combining vortex beams with opposite topological charges, the combined beams form
an interference intensity pattern with 2l interference fringes such that the intensity
modulation is generated when the target traverses this intensity distribution (see
Animation 1). Importantly, whatever the shape or positioning of the target on the
rotating mirror is, the frequency of the modulation will be the same.∗ However, the
choice of target does affect the amplitude of the modulation. Indeed, some targets
∗Note that while the positioning of the target on the rotating mirror does not affect the modulation
frequency, the rotation axis of the mirror needs to be carefully aligned on top of the beam prop-
agation axis to avoid the generation of modulation signals at frequencies other than the desired
one.
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yield signals for only certain input modes l, but not for others. For RD-FTS, one
would like to choose the target such that signals of similar amplitudes are generated
for each of the OAM modes in use. Here, I discuss how to choose the target properly,
and what kind of modulation amplitudes one can expect.

Anderson et al.151 have derived an analytic expression, reproduced here as Equation
(5.13), for the generated intensity modulation signal for the fringe method in the case
where the target consists of multiple reflective wedges, each with the same angular
width θp but different angular locations θm.

I(t) ∝ Nθp + 2
∆l

sin
(

∆lθp

2

) N∑
m

cos(∆l(Ωt + θm)) , (5.13)

where N is the number of reflective wedges, and ∆l = 2l in our case. The first term
describes a DC level on top of which the modulation is added. From this equation, we
can already draw some conclusions. The modulation can disappear 1) if the wedges
are of an unsuitable width, or 2) if there are multiple wedges whose signals sum up
out of phase. For example, for N evenly-spaced wedges, the signal

1) disappears if θp = 2π
∆l ,

is maximized when θp = π
∆l ,

2) and disappears unless ∆l is a multiple of N (as otherwise the N signals add
up out of phase).

In other words, for input beams that form an N -petal interference pattern (N =
∆l = 2l), the signal is maximized using a target with N evenly spaced wedges of
width π/N . However, such a target would yield no signal for any other input mode
l. Examples of a few different cases are illustrated in Animation 1.

Instead of maximizing the signal for a specific OAM mode, we want to ensure similar
modulation amplitudes for all the OAM modes in use. This is achieved at least
with a target that has two wedges opposite to one another (Animation 1c), which
doubles the signal compared to using a single wedge. As the modulation amplitude
decreases as a function of the OAM mode (as seen from Eq. 5.13), it is beneficial
to optimize the wedge for the largest OAM mode in use (here, l = 11). Figure 21
shows the modulation amplitude as a function of the wedge width for the different
OAM modes. It can be seen that the easiest choice to ensure similar modulation
amplitudes for all the OAM modes is indeed to choose the width to be θp = π/22,
i.e., to optimize the signal for the l = 11 mode.

57



(a) A 4-petal pattern and a target consisting
of 4 evenly spaced wedges of width π/4. This
target maximizes the signal for this specific in-
put mode (l = 2) but yields no signal for any
other mode. However, if the wedges were narrow
enough, this target would yield signals for modes
l = 4, 8, 12, ..., i.e., for multiples of 4.

(b) A 4-petal pattern and a target consisting of 2
evenly spaced wedges of width π/2. This target
yields no signal for this specific input mode (l =
2) due to the unsuitable width of the wedges.

(c) A 22-petal pattern (l = 11) and a target con-
sisting of 2 evenly spaced wedges of width π/22.
This target yields signals for all the OAM modes
used in the experiment (l = 1, 2, ..., 11). In ad-
dition, the width of the wedges is optimized here
for the l = 11 mode.

(d) A 22-petal pattern (l = 11) and a target that
is a 0.3 mm wide rectangle optimized for this spe-
cific beam diameter (4 mm): the width of the
rectangle corresponds to half of the distance be-
tween adjacent intensity maxima, illustrating the
target used in the experiments. The target yields
signals for all the OAM modes (l = 1, 2, ..., 11),
however, unlike in panel 1c, the signal amplitude
depends on the beam diameter (in addition to the
specific OAM mode, see the discussion related to
Fig. 22).

Animation 1: Examples of different rotating targets. Note that the text discusses reflective wedges
and rectangles. Here, the targets block the incident light. Using reflective or blocking particles does
not affect the amplitude of the modulation, but it does affect the DC level, as seen in Eq. (5.13).
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Figure 21: Modulation amplitude for different OAM modes l as a function of the target angular
width θp. The optimum width for the l = 11 mode has been marked with a cross.

Instead of wedges, the target that we opted for in Article V is a rectangle whose width
was chosen to be half of the distance between adjacent intensity maxima in the petal
pattern when using the l = 11 mode (Animation 1d). This target was chosen for the
simple reason that it was easier to cut out of paper and tape onto the rotating mirror
surface than some other shape, while it should also yield a similar signal strength
for the l = 11 mode as a wedge would. However, it is noteworthy that the signal
amplitude for a given OAM mode is insensitive to the beam diameter when using a
wedge as the target, whereas with the rectangle, the width needs to be optimized for
the specific beam diameter in use. To study further how the different targets affect
the signal amplitudes, I performed some numerical simulations, as presented below.

5.3.1 Modulation amplitude simulation

To simulate the resulting modulation signals when using different targets, input OAM
modes and beam diameters, I evaluated the following integral numerically in Matlab
at different time steps:

I(t,l,D|l|) =
∫ a

−a

∫ b

−b

∣∣[LG(l,p = 0,D|l|) + LG(−l,p = 0,D|l|)
]

× R(t)
∣∣2 dxdy , (5.14)

where a and b are some suitable integration limits; where LG(l,p = 0,D|l|) is a
Laguerre–Gaussian mode with the topological charge l, with the number of radial
nodes p set to zero, and with the beam diameter D that depends on l (see Appendix
A7.1 for a brief review of the LG modes); and where R(t) is a reflectivity mask that
is rotated at each time step. Basically, R(t) is the rotating target as illustrated in
Animation 1. The beam diameter D for each mode l is defined as the diameter
of the circle that follows the intensity maximum of the beam. The diameters in
the simulation are chosen as the beam diameters in the experiment. They range
from 1.7 mm for the l = 1 mode to 4 mm for the l = 11 mode (see Appendix
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A7.1). It is noteworthy that in the simulations I assume the fundamental LG modes
without radial nodes (p = 0). However, as seen in Figure 42 in Appendix A7.1, the
experimental beams seem to have nonzero p. This detail is ignored here: I assume
that it is still the largest intensity maxima of the petal pattern under consideration
that dominate the generated signal even if p were nonzero.

Figure 22 shows the simulated signal amplitudes for each of the OAM modes l using
a 2-wedge pattern (the target shown in Animation 1c), and using the rectangular
target (Animation 1d). For comparison, I have included the theoretical amplitudes
by Anderson et al.,151 i.e., the amplitudes according to Equation (5.13). I have
also included the experimental results, both the ”ideal” case where no sidebands
are generated (meaning signals appearing at wrong modulation frequencies due to
imperfect alignment of the setup), and the ”realised” amplitudes defined as the height
of the main peak in the experimental modulation spectra (an example modulation
spectrum is given in Fig. 23; see also Fig. 3 of Article V). The ”ideal” case has been
considered by summing up all the peaks that emerged in the experimental modulation
spectra (if sidebands appear, they redistribute the total signal that ideally should
have appeared only under the main peak). We can see that the simulated wedge
case matches well with the analytical result, which is expected since the derivation
in [151] is based on a similar integral that I have numerically evaluated here; the
discrepancies between the results are probably due to numerical imprecisions (e.g.,
insufficient resolution for the simulated rotating target).
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Figure 22: Theoretical (according to Anderson et al.151), simulated and experimental modulation
amplitudes as a function of the OAM mode l. The simulated ”wedge” and ”rectangle” cases have
been normalized such that the wedge case yields the same number for the OAM mode l = 1 as
the ”Anderson et al.” case; the experimental cases have been normalized such that the ”ideal”
experimental case yields the same number for the OAM mode l = 1 as the simulated rectangle case.
The ”ideal” experimental case considers the maximum experimental signal that could have been
obtained if the optical alignment of the experimental setup were perfect (see the text).

One result in Figure 22 is that the rectangular target yields basically the same signal
strength as the wedge for the l = 11 mode, as was expected. However, we can also
see that using the rectangle increases the signal amplitude for the smaller topological
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charges. This is explained by the fact that the smaller l is, the smaller the beam
diameter but the wider the petals in the respective petal pattern are. This calls
for a wider target to maximize the signal, which is provided by the rectangle whose
width does not decrease with decreasing radial distance (unlike with a wedge target).
We also see that the ideal experimental signals match very well with the simulation.
Unfortunately, due to imperfect alignment of the experimental setup, the sidebands
that emerged decreased the realised signals considerably compared to the ideal case.

In any case, the signal amplitudes decrease as the topological charge increases. In
the experiment, we emulated an optical vortex comb spanning 11 OAM modes with
0.0078 cm−1 wavenumber spacing, which required 12 subsequent measurements to
tune the comb across an optical bandwidth of about 1 cm−1 to measure the targeted
acetylene absorption feature. Ideally, one would want to measure the absorption
feature in a single measurement, requiring an optical vortex comb that spans 132
OAM modes to cover the whole 1 cm−1 optical bandwidth. According to Equation
(5.13), the amplitude for the 132nd mode (when using θp = π/264) would be less
than one percent of the maximum signal that could be obtained when using only
the l = 1 OAM mode (with θp = π/2). This effect implies that even if the RD-
FTS method based on this current fringe approach implementation (Fig. 17 or 20a)
were developed further, its use may be limited to only narrow optical bandwidths.
Another practical limit for the optical bandwidth is imposed by the increasing beam
diameters as the topological charge increases (see Appendix A7.1).
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Figure 23: Example of an experimental modulation spectrum, i.e., the Fourier transform of an
interferogram measured with a continuous-wave laser beam and with the detection scheme based
on the fringe approach (see Fig. 17 or 20a). Here, the OAM mode used is l = 1, in which case
the modulation peak should appear at 20 Hz (given the rotational frequency of 10 Hz used in
the experiments). Due to imperfect alignment of the optical system, also side peaks appear at
frequencies other than 20 Hz. Referring to Fig. 22, the ”realised” peak amplitude basically means
the height of the main peak (blue asterisk); ”ideal” means the sum of all peaks (the blue and red
asterisks up to 220 Hz).
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5.3.2 Modulation contrast

Another detail only briefly discussed in Article V is that also the modulation contrast
decreases as a function of l: When the target is attached onto the rotating mirror, a
large portion of the total incident power is blocked by the target. When the target
rotates, the modulation is introduced on top of the remaining DC level. This is sim-
ulated in Figure 24. There, ”remaining modulation contrast” is defined as the ratio
between the peak-to-peak amplitude of the modulation and the signal maximum.
This describes the signal one actually sees on an oscilloscope used to inspect the
photodetector signal. ”Total modulation depth” means the peak-to-peak amplitude
compared against the total power that was incident on the rotating target. One can
see that even though the practical modulation contrasts (that will be seen on the
oscilloscope) are typically better than 75 %, a large portion of the original incident
power has been wasted: the total modulation contrast is only 5 % for the l = 11
mode. Even though we did not have any problems with getting strong enough signals
on the photodetector in the experiments, for CEPAS detection this poor efficiency is
unfortunate as the sensitivity of photoacoustic detection scales with the amplitude
of the modulated optical power. We therefore needed to amplify the laser output
in order to ensure high enough sensitivity to detect the extremely weak acetylene
absorption (~10−5 cm−1 peak absorption coefficient).
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Figure 24: Theoretical (according to Anderson et al.151) and simulated modulation contrasts as
a function of the OAM mode l. ”Remaining modulation contrast” means the ratio between the
peak-to-peak amplitude of the modulation and the signal maximum in the recorded interferograms.
”Total modulation contrast” means the peak-to-peak amplitude compared against the total power
that was incident on the rotating target (the target blocks a portion of the incident power on top
of which remaining power the modulation is introduced).

5.4 Crosstalk

Imperfect alignment of the optical setup leads to impure down-conversion, which
may distort the measured absorption feature. In this section I discuss this crosstalk
problem in detail. First, I explain how the experimental setup was aligned, after
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which I analyse the purity of the modulation signals observed in the experiment.
Finally, I illustrate how the impure down-conversion would distort the absorption
feature measured in Article V and propose a correction scheme to retrieve the true
underlying absorption feature.

5.4.1 Optical alignment and signal purity

In Article V, we used a collection of spiral phase plates (SPPs) to make a continuous-
wave laser beam carry different amounts of OAM: two l = 1, one l = 3 and one l = 6
SPPs were used to generate OAM modes from l = 1 up to l = 11. The experimental
setup was based on the fringe approach and it was typically aligned first without
the SPPs by overlapping the beams from the two arms of the interferometer by, on
the other hand, overlapping the two spots on an infrared camera, and, on the other,
maximizing the interference on the photodetector. Then, the spiral phase plates were
put in place one at a time such that the xy-adjustment of each was optimized by
looking at the petal pattern on the IR camera, but most importantly, by inspecting
the spectrum of the modulation signal and maximizing the peak at the expected
modulation frequency. Once the signal with each of the SPPs was satisfactory, I
inspected the signal with different combinations of the SPPs. Once in a while, the
xy-adjustment of the rotating mirror was optimized. When I managed to get sat-
isfactory signals with all the vortex plates and their combinations, I performed the
measurements with the different OAM modes without any further alignment, other
than switching between the different SPP combinations: the SPPs were attached to
a rack, from which they could be easily slid off and on again without changing their
xy-adjustment.

Managing to get good signals (i.e., maximizing the main peak appearing at the
expected modulation frequency while minimizing all the side peaks appearing at
other frequencies) with all the SPPs and their combinations was difficult. By far the
best signals could be obtained with the separate l = 1 SPPs, but also with the two in
succession. The worst signal was obtained with the l = 1 + 3 + 6 = 10 combination,
while a good signal was obtained with the l = 1 + 1 + 3 + 6 = 11 combination.
The reason for this unsystematic behaviour is somewhat unclear, but one of the
most likely explanations is simply imperfect alignment of the setup and the many
degrees of freedom that affect it. In particular, removing and replacing the SPPs can
itself affect the alignment, while any imperfections of the underlying Gaussian beam
(such as additional interference fringes from any of the optical components in the
experimental setup) can affect the pristinity of the petal pattern. Interestingly, not
always did a nice looking petal pattern on the infrared camera yield a good quality
modulation signal, and vice versa. For example, the signal quality for the l = 1 mode
was generally very good (see Table 5) even though the corresponding petal pattern
was visually unappealing (see Fig. 42 in Appendix A7.1). Still, it is clear that the
RD-FTS technique does rely on the quality of the spatial distribution of the light
field, which may make the technique less robust than traditional FTIR.

In the end, I settled with some reasonably good signals with the SPPs and their
combinations. This means that all the measurements with the different OAM modes
exhibited varying amounts of sideband intensities. Table 5 lists all the peak heights
obtained with each of the OAM modes at every even multiple of the rotational
frequency.
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Table 5: Heights of the main and side peaks for all the OAM modes, when the rotational frequency
of the target was 10 Hz. The columns describe the OAM modes, and rows the modulation frequency.
For each OAM mode, the values (in the respective column) have been normalized with the respective
main peak (the value in the bottom row). All values in the cells are in percent. For example, for
the spectrum measured with the OAM l = 11 mode (Fig. 3 d of Article V), the largest side peak
(at fmod = 20 Hz) is 11.5 % of the main peak (at fmod = 220 Hz). On the other hand, that main
peak is 16.2 % of the main peak measured with the OAM l = 1 mode.

fmod (Hz) l = 1 2 3 4 5 6 7 8 9 10 11
20 100.0 32.1 3.4 5.6 7.0 3.0 7.9 4.6 6.6 11.5 11.5
40 7.8 100.0 8.7 0.6 9.6 3.0 5.7 6.9 9.4 13.8 8.8
60 2.6 15.4 100.0 5.4 5.6 1.0 1.3 1.3 2.0 4.4 3.7
80 1.2 1.3 6.4 100.0 41.4 2.7 2.0 1.5 2.0 3.2 1.6
100 1.5 0.9 2.4 5.3 100.0 6.1 3.3 2.2 1.9 6.0 1.8
120 0.3 0.2 1.6 3.3 11.4 100.0 3.2 2.2 1.6 1.8 2.2
140 0.3 0.3 0.5 0.8 3.6 11.1 100.0 10.3 4.2 2.7 2.9
160 0.3 0.5 0.3 0.9 2.5 2.8 7.1 100.0 4.7 2.3 3.5
180 0.2 0.5 0.7 0.2 1.2 0.6 2.4 4.4 100.0 2.2 3.2
200 0.2 0.2 0.3 0.2 1.2 0.4 0.6 1.6 25.3 100.0 3.1
220 0.2 0.3 0.3 0.3 0.4 0.4 0.5 0.9 7.4 18.8 100.0

Main 100.0 59.9 69.4 54.8 30.9 41.9 33.4 26.2 19.5 16.8 16.2

5.4.2 Distortion of the absorption feature

The values in Table 5 can be used to simulate the distortion a measured absorption
peak would exhibit due to the crosstalk. First, the values can be gathered into a
matrix: 

bl1 af1l2bl2 af1l3bl3 · · · af1l11bl11

af2l1bl1 bl2 af2l3bl3 · · · af2l11bl11

af3l1bl1 af3l2bl2 bl3 · · · af3l11bl11
...

...
...

. . .
...

af11l1bl1 af11l2bl2 af11l3bl3 · · · bl11

 (5.15)

where afylx
describes the efficiency by which the OAM mode lx yields signal at the

modulation frequency fy, as given in Table 5. The coefficients blx describe the signal
strength at the main peaks (the bottom row in Table 5).

Let’s describe the absorption by a Voigt profile as a vector (Vl1 , · · · ,Vl11), where Vlx

describes the absorption at the optical frequency corresponding to the OAM mode
lx. Then, at a given modulation frequency, the overall signal would be

bl1Vl1 + af1l2bl2Vl2 + af1l3bl3Vl3 + · · · + af1l11bl11Vl11 = V1

af2l1bl1Vl1 + bl2Vl2 + af2l3bl3Vl3 + · · · + af2l11bl11Vl11 = V2

...
af11l1bl1Vl1 + af11l2bl2Vl2 + af11l3bl3Vl3 + · · · + bl11Vl11 = V11 , (5.16)

where Vy describes the overall signal, including crosstalk, at the modulation frequency
fy. Taking the HITRAN parameters for the targeted acetylene line,138, 176 we can
use the above equations to simulate how the distorted absorption line would look like
when affected by the crosstalk. The result is given in Figure 25. Basically, I have
calculated the vector (V1/bl1 , · · · ,V11/bl11) for each ”measurement window” (each

64



coloured diamond symbol train in the figure indicate a single measurement with the
emulated vortex comb) and stitched them together to yield the orange curve. Note
the element-wise normalization of the values V by the respective main peak height
b. We notice that the simulated absorption peak is indeed distorted due to the
crosstalk. The analysis reveals that, on average, less than a third of the total signal
at a given modulation frequency 2lfrot emerges from side peaks generated by OAM
modes other than the l under consideration. Note that these results correspond to
the worst-case scenario, where all the side peak signals would sum up in phase. To
know whether the signals in reality sum up in phase would require further theoretical
analysis, which is beyond the scope of this thesis.
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Figure 25: Illustration of how the crosstalk would distort the acetylene absorption line measured in
Article V. The blue curve is the true absorption line according to the HITRAN database. The colour-
coded diamond symbols indicate ideal measurements (i.e., measurements where no side peaks are
present) with the emulated vortex comb at 12 subsequent measurement windows (similar to Fig.
4 c of Article V). The orange curve is the distorted absorption line due to crosstalk. The inset
illustrates, in relative units, how much of the total signal at a given modulation frequency is due to
contribution from the unwanted side peaks.

5.4.3 Correction method

In principle, if one characterized the generated signals obtained with each of the sep-
arate OAM modes, i.e., to get the information shown in Table 5, one could extract
the underlying absorption line from the measured, distorted absorption line. Basi-
cally, one would simply need to solve the system of linear equations (5.16) for the
values Vlx

. In the following, I test this approach using the experimental data from
the CEPAS acetylene absorption measurements presented in Article V.

To obtain similar data as presented in Table 5, I analysed the spectra of the time
domain signals measured with the different OAM modes when the laser was parked
on top of the absorption line. As mentioned in the article, the modulation peaks of
interest typically lie on top of a noise floor in CEPAS measurements. To consider
this, I subtracted from each modulation spectrum a suitable background spectrum

65



measured at a wavenumber region where there was no acetylene absorption. Only
after that did I pick the modulation peak heights and construct the matrix of the
form given in (5.15).
Then, for each measurement window, I co-added the 11 modulation spectra measured
with the different OAM modes. The co-added spectrum corresponding to the last
(12th) measurement window was considered as the background spectrum that was
subtracted from each co-added modulation spectra of the other measurement win-
dows. The co-added modulation spectrum corresponding to the 7th measurement
window (that corresponds to a measurement at the absorption line) is presented in
Figure 26 before subtraction by the background spectrum (that is also presented in
the figure).
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Figure 26: CEPAS modulation spectra obtained by co-adding the 11 modulation spectra measured
with the different OAM modes at two different measurement windows: The blue curve corresponds
to the 7th measurement window containing most of the acetylene absorption line (see Fig. 25). The
orange curve corresponds to the 12th measurement window where there is no acetylene absorption.
It is therefore interpreted as the background spectrum. As discussed in the text, this background
spectrum was subtracted from the other co-added modulation spectra of the other measurement
windows (such as from the blue curve above) before the peak analysis. We see that there is a
noticeable noise floor, but also that there are background noise peaks that may leach under the
modulation peaks of interest (indicated by the red asterisks). Note that in the background spectrum,
there are also clear peaks at the modulation frequencies of interest. These most likely originate from
constant window or wall absorption at the CEPAS cell.

Then, for each of the resulting co-added and background subtracted modulation
spectra, I picked the peaks at the modulation frequencies (20, 40, . . . , 220) Hz.
When all such values were obtained for all the measurement windows, the data was
stitched together to yield the distorted spectrum presented in Figure 27. Finally, I
performed the above-explained correction for the data at each measurement window
and stitched the results together to yield the corrected spectrum, also presented in
Figure 27. We can see that the correction improves the shape of the absorption line
to some extent but that the result is not as good as the ideal case presented in Fig.
4 of Article V, where the crosstalk had no effect in the first place.∗ I suspect the
∗The measurements were performed a single OAM mode at a time such that for each OAM mode,
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correction doesn’t perform that well mostly due to the noise-floor problem: because
the measurements are performed close to the sensitivity limit of the CEPAS detector,
the SNRs of the modulation spectra are only modest, and there are background noise
peaks leaching under the modulation peaks of interest, as is obvious from Figure 26.
The corrections should be tested again with the experimental setup adapted to the
1.5 µm wavelength region where the stronger acetylene absorption would allow high
SNR absorption measurements using a photodetector so that we wouldn’t need to use
CEPAS detection: as seen in Fig. 3 of Article V (or Fig. 23 here), the modulation
spectra measured with the photodetector are of high quality, which could potentially
lead to better performing corrections.

However, even in the case where the signals that generate the side peaks would sum
up in phase to allow the above-discussed corrections, the required characterization
measurements would be laborious, especially if larger optical bandwidths (more OAM
modes) were targeted. The corrections would require that the device that generates
the vortex comb could also be pumped by a tunable continuous-wave light source
such that the device would emit OAM-carrying CW light to be used in the charac-
terizations. Even if the corrections could be performed with such a device, the end
goal in any case would be to get rid of the side peaks altogether. As speculated in
Article V, perhaps the use of an actual vortex comb light source would yield purer
signals as all the OAM modes would be emitted from the same device, as opposed to
having to remove and replace the SPPs as was done here (i.e., the alignment of the
optical setup would remain untouched). Other steps to improve the signal purities
would be to opt to use a spatial light modulator as the rotating target. In addition,
I wonder if the detection scheme illustrated in Figure 20c could simplify the optical
alignment further as there is only one light beam to align (unlike here where there
are two beams that need to be carefully overlapped).

the corresponding main peak height was recorded as a function of the laser wavenumber. These
measurements were then used to construct an absorption spectrum that mimics a measurement
performed using a broadband vortex comb but without the distorting effect of the side peaks.
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Figure 27: The distorted and corrected experimental spectra. In addition, a HITRAN reference
spectrum and the ”ideal” experimental spectrum from Article V (where the crosstalk had no effect
in the first place) are shown.

5.5 RD-FTS: summary and outlook

Here, I have discussed the rotational-Doppler Fourier-transform spectroscopy tech-
nique developed as part of this thesis work in quite some detail. I have discussed
the rotational Doppler effect, how the intensity modulation signals are generated in
the different detection schemes, and how to optimize the rotating target in the fringe
detection case used in Article V. In principle, the RD-FTS technique allows fast,
high-resolution measurements without the distorting instrument lineshape function
effect. However, it is the crosstalk problem discussed in the preceding section that
can distort the measured absorption lines if not properly addressed. Another draw-
back of the method as implemented here is that it may be limited to only narrow
optical bandwidths because the signal strengths decrease and the spot sizes increase
as the OAM mode increases (for the estimation of which effects I gave tools in the
preceding sections and in Appendix A7.1). Still, this is something that simply needs
to be tested experimentally to find out the ultimate practical limits of the technique.
To this end, the method should be tested using an actual optical vortex comb with
as many OAM modes as possible. It should also be pointed out that the light source
itself can limit the available optical bandwidth and even resolution (via the available
comb tooth spacing). For example, based on the few articles that have demonstrated
optical vortex comb light source development,144–146 optical vortex combs with a few
tens of OAM modes but with large, even THz comb teeth spacings can be currently
expected. Obviously, a narrower comb tooth spacing would be desired for molecu-
lar absorption spectroscopy to eliminate the need to perform excessive interleaving
measurements (meaning measurements where the comb center optical frequency is
tuned in steps across several measurement windows). As is usual for science, new
applications can drive new developments. To that end, the RD-FTS technique can
open up a completely new research avenue to push the development of such light
sources towards the needs of absorption spectroscopy.
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6 Conclusions

This thesis has made several new contributions to Fourier-transform spectroscopy
research either by using FTS to study new molecules, or by developing advanced
FTS instrumentation to improve the measurement speed and/or spectral resolution
of broadband absorption measurements. Concerning the study of new molecules, in
Article II (Section 2.6) we used a traditional Fourier-transform infrared spectrometer
to measure and analyse, for the first time, the absorption spectrum of the H36Cl
molecule. Our work also inspired other research groups to produce complementary
spectroscopic information on this molecule, which information together with ours
enable spectroscopic detection of this molecule in future applications. Concerning the
development of advanced FTS instrumentation, the new findings can be summarized
as follows:

• Article III (Section 3)

– We successfully combined the phase-controlled FTS technique with can-
tilever-enhanced photoacoustic spectroscopy and confirmed the results of
the previous publications21, 22 that this advanced FTS method leads to
fundamentally faster measurements than with conventional FTS. Until
now, CEPAS measurements have been unreasonably slow if combined with
FTS.

– I analysed the PC-FTS technique in detail with respect to the design
parameters and provided means to estimate its performance (measurement
speed, optical bandwidth, spectral resolution, ...) under different design
parameter combinations.

– I emphasized key issues that need to be considered (requirement for a sta-
ble, continuous velocity scanner and the need for real-time interferogram
corrections) and drawbacks of the technique (increased complexity of the
experimental setup, limited spectral resolution) if combined with CEPAS
or other detection methods.

• Article IV (Section 4)

– In recent years, extensive amounts of research has been dedicated to dual-
comb spectroscopy. Our contribution was to demonstrate a DCS system
that enjoys experimental simplicity due to the use of the infrared optical
frequency combs where the shared seed laser ensures inherent stability
with respect to the interferogram phase; only minor instabilities needed to
be corrected using a numerical post-correction algorithm that I developed.

– Regarding our research group,177 the development of a working dual-comb
setup was required for future projects we have planned. This has now been
realised as part of this thesis work (and, in particular, due to that of [133]).

• Article V (Section 5)

– This is possibly the most impactful contribution of this thesis. We pro-
posed a completely new approach to FTS (the rotational-Doppler FTS or
vortex-comb spectroscopy technique). This technique offers a new appli-
cation for orbital angular momentum-carrying light sources (interest in
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fundamental photonics) but it also offers potential benefits for Fourier-
transform absorption spectroscopy (compact experimental setup, fast and
high-resolution measurements).

– A bulk of this thesis was used to explain the rotational Doppler effect and
the working principle of the proposed spectroscopic technique in detail.
Even though the experiments in Article V were based on an emulated
vortex comb light source, the extensive simulations presented here sup-
port the feasibility of the proposed technique. In addition to the potential
benefits of the technique, I also emphasized key issues and limitations
that can arise and that need to be studied experimentally in more detail
in the future. These include the potential crosstalk problem and the po-
tential optical bandwidth limitations due to the decreasing (increasing)
modulation strengths (beam sizes) when using large topological charges.

– To stress the previous point, the proposition of the RD-FTS technique
opens up new research avenues or the possibility for future research with
respect to the RD-FTS technique itself in terms of its practical limits but
also with respect to developing vortex comb light sources that now enjoy
from a new application for which they can be used.
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Appendices

A1 Absorption lineshapes

The area-normalized Lorentzian absorption lineshape function centered at ν0 is given
by178

L(ν − ν0, δνL) = 1
π

δνL
(ν − ν0)2 + δν2

L
, (A1.1)

where δνL is the half-width-at-half-maximum (HWHM) of the line.

The area-normalized Doppler (Gaussian) absorption lineshape function centered at
ν0 is given by179

G(ν − ν0, δνG) = 1
σ

√
2π

exp
(

−1
2

(ν − ν0)2

σ2

)
, σ = δνG√

2 ln 2
, (A1.2)

where the HWHM is given by180

δνG = ν0
c

√
2kBT ln 2

m
, (A1.3)

where kB is the Boltzmann constant, T the temperature, c the speed of light and m
the mass of a single molecule.

The Voigt profile is the convolution of the above two such that34

V (ν − ν0) =
∫ ∞

−∞
G (ν′, δνG) L (ν − ν0 − ν′, δνL) dν′ . (A1.4)

Another way to define the Voigt profile is through35

V (ν − ν0) = Real[F(z)]
σ

√
2π

, z = ν − ν0 + iδνL

σ
√

2
, (A1.5)

which definition I have used for implementing the Voigt profile in Matlab; the Fad-
deeva function F has been implemented by S. Abrarov.181

A2 Intensity modulation in FTIR and the linear Doppler ef-
fect

To show that the interference between the combined electric fields in an FTIR in-
strument indeed results in an intensity modulation signal, we start with an inci-
dent electric field E0 exp(i2πνt) and define the corresponding incident intensity as
I0 ≡ |E0 exp(i2πνt)|2 = |E0|2. In addition, let the beam splitter have a transmit-
tance T and reflectivity R, with (intensity) efficiency in the delay and reference arm
denoted by ηdel and ηref , respectively. As a reminder, in an FTIR instrument (Fig.
4), the incoming light beam is split into two arms, where, for example, the light beam
entering the delay arm is first transmitted (or reflected) through the beam splitter,
after which it accumulates a phase ϕν(t) = 2π×2utν/c due to the translating mirror,
and finally it reflects from (or is transmitted through) the beam splitter, such that
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the total (intensity) efficiency is given by ηdel. The resulting intensity at the detector
when the two beams are combined is

I(t) =
∣∣∣E0

√
T

√
R

√
ηdel exp(i[2πνt + ϕν(t)]) + E0

√
R

√
T

√
ηref exp(i2πνt)

∣∣∣2

= |E0|2 RTηdel + |E0|2 RTηref

+ |E0|2 RT
√

ηdel
√

ηref exp(i[2πνt + ϕν(t)]) exp(−i2πνt) + c.c.

= I0RT [ηdel + ηref + 2√
ηdel

√
ηref cos(ϕν(t))] , (A2.1)

which is the result given in Supplement 1 of Article II, and which result was used to
analyse the interferogram quality in the PC-FTS work. We see that the interferogram
consists of a DC component (which can be filtered out), and of the AC component
of interest (the intensity modulation). With the ideal case R = T = 0.5 and ηref =
ηdel = 1,

I(t) = I0
2 [1 + cos(ϕν(t))] , (A2.2)

so we get the expected result that at perfect constructive interference I = I0 and at
perfect destructive interference I = 0.

The above derivation also reveals another way to explain FTS. Basically, the linear
time-dependent phase accumulation in the delay arm means that the translational
motion of the moving mirror changes the optical frequency by the amount ∆f =
dϕν(t)/dt/(2π) = 2uν/c, which is exactly the amount expected based on the linear
Doppler effect.182 This equivalent explanation of FTS through the Doppler effect is
important for explaining the rotational-Doppler spectroscopy technique proposed in
Article V and discussed in Section 5. The above derivation also illustrates the basic
result that when combining electric fields with slightly different optical frequencies,
beating (meaning intensity modulation) emerges at their difference frequency.

A3 Signal-to-noise ratio in FTS

Noise in FTIR and in dual-comb spectroscopy has been discussed in many pieces
of literature.66, 76, 183 Combining the conclusions from those and from numerical
simulations I have performed to verify the results, the spectral signal-to-noise ratio
in FTS is proportional to:

SNRs ∝
P

∆ν δν
√

t
√

Fs

σnoise
, (A3.1)

where P is the total optical power at the detector, ∆ν the optical bandwidth, P/∆ν
then the power spectral density, δν the resolution, t the measurement time, Fs the
sampling rate and σnoise some general source of white noise such as the noise equiv-
alent power of the detector – I only consider here the simple case of only white
noise without considering its specific source; a more rigorous analysis with distinc-
tions between different noise types has been considered, in the context of dual-comb
spectroscopy, in [183].

When reading noise literature one needs to be careful with the assumptions and
meanings behind the different parameters. For example, does increasing the opti-
cal bandwidth assume constant total optical power, or will the total optical power
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simultaneously increase to keep the power spectral density constant. The following
list is an attempt to intuitively explain the result (A3.1). Hereafter, it is assumed
that the noise standard deviation σnoise is kept constant.

• Increasing the total optical power while keeping the optical bandwidth constant
leads to a linearly increasing SNR because the height of each frequency com-
ponent in the spectrum increases compared to the noise that is assumed here
to stay unchanged. Note, however, that increasing the optical power usually
does also increase the noise due to laser intensity noise.

• Increasing the optical bandwidth while keeping the total optical power constant
leads to a linearly decreasing SNR because the optical power per frequency
component decreases.

• Improving the resolution (smaller δν value) leads to a linearly decreasing SNR
because the ”power per resolution element” is decreased; the ”number of res-
olution elements” is defined in FTIR literature by M = ∆ν/δν. However,
in FTIR, increasing resolution usually also means measuring a longer interfer-
ogram (assuming the mirror scan velocity is kept constant). Then, while the
resolution improves, the measurement time simultaneously increases. In this
case, the overall effect is to decrease the SNR to the square root of the
resolution.

– Interestingly, the SNR worsens in DCS to the square root of the resolution
until the comb teeth are resolved. After this, the SNR again increases to
the square root of the resolution (measurement time, i.e., the length of
the measured time window). This may be explained by noting that after a
mode resolved measurement is achieved, the number of spectral elements
per resolution element no longer decreases but is capped to one.

• Increasing the measurement time always increases the SNR to the square root
(assuming white noise). This is because the more one samples the noise, the
more it is effectively averaged. Interestingly, keeping all other parameters con-
stant but increasing, say, the scan velocity, the SNR decreases to the square
root.76 The same goes for changing the FTS modality from traditional FTIR
to a PC-FTS-type measurement: only the measurement time (assuming fixed
resolution) is decreased, which is seen as worsened SNR.

• In a similar way, increasing the sampling frequency also increases the SNR to
the square root because the noise is then sampled more.

The conclusions here were all verified by numerical simulations that I performed, but
I omit their illustration. Note, however, that in reality the behaviour of noise can be
more complex. The most obvious example is the 1/f noise, the mitigation of which
usually requires one to prefer high down-converted frequencies (e.g., to increase the
scan velocities, contradictory to the above case of only white noise). In addition,
the response of different detectors can vary as a function of the down-converted
frequency.76

89



A4 Appendices to the HCl work

A4.1 Lorentzian fit model assumption

As summarized in Supplementary information of Article II, the pressure broadened
half-widths of the HCl absorption lines are, on average, 1.4 GHz in the experimental
conditions of the measurements. The Doppler half-widths are less than 0.1 GHz,
whereas the half-width-at-half-maximum (HWHM) of the expected instrument line-
shape function (ILS) from the Norton–Beer medium apodization function is 0.3 GHz
(the corresponding nominal resolution according to the full sinc base width defini-
tion 2.3 is 0.7 GHz). The absorption features were fitted assuming a Lorentzian
lineshape, and the measured pressure broadenings were reported as the HWHMs of
the fitted Lorentzians; the inaccuracy from assuming negligible Doppler and instru-
ment broadening was considered by estimating the corresponding uncertainty based
on an assumption that the total observed absorption linewidth is given by the square
root of the sum of squares of these three broadening types, a result exactly valid
only for the convolution of Gaussian functions.184 In Article II, it was said that if
the instrumental broadening (HWHM of the ILS) is less than a third of the HWHM
of the absorption line, it can be deemed negligible. However, I did not define what
”negligible” means in the quantitative sense. Here, I consider the effect of trying to
fit a Lorentzian function to a partly Doppler and Norton–Beer medium ILS broad-
ened absorption line to arrive at a rule-of-thumb to estimate the required resolution
for a desired linewidth accuracy level.

Figure 28 shows a simulated Voigtian HCl absorption spectrum in the experimental
conditions of Article II. It also shows a simulated spectrum that additionally has
instrumental broadening. The lower panel shows the difference of these, but also
the fit residuals from fitting pure Lorentzians to the simulated spectra. We can see
that the Lorentzian functions can represent both simulated spectra with reasonable
accuracy, while the difference between the two simulated spectra themselves is much
larger than the fit residuals in either case.

As seen in Supplementary information of Article II, the pressure broadened linewidths
of the HCl transitions depend on the specific line in question. This means that there
are lines with varying degrees of Gaussianity but also with varying HWHM-to-ILS
width ratios. Gathering the data from the above fits, Figure 29a plots the difference
of the fitted Lorentzian HWHM to the true underlying Lorentzian HWHM in the case
without intrumental broadening, as a function of the Gaussianity. Similarly, Figure
29b plots it in the case with instrumental broadening but as a function of the HWHM
of the fitted line to the HWHM of the ILS function. In the latter case, we see that if
the HWHM of the ILS is limited to less than 30 % of the HWHM of the fitted line,
the deviation of the fitted HWHM is less than 5 % of the true pressure broadening.
Interestingly, in the case without instrumental broadening, the 5 % inaccuracy level
requires less than 25 % Gaussianity, in other words, the requirement is even stricter,
even though there are fewer broadening effects in this case. This result is probably
explained by the fact that whether the HWHM of the fitted Lorentzian represents
well the actual HWHM of the broadenend line, let alone the true underlying pressure
broadening, depends in a complex way on the different convoluting functions.

Of course, these simulations here are specific to the environmental conditions of the
measurements in Article II. For example, the results surely change if one were to use

90



2650 2700 2750 2800 2850 2900 2950 3000 3050 3100
0

0.05

0.1

0.15

2650 2700 2750 2800 2850 2900 2950 3000 3050 3100

Wavenumber (cm!1)

-4

-2

0

#10!3

No ILS
Norton{Beer

Di,erence
Norton{Beer residual
No ILS residual

Figure 28: Simulated H35Cl absorption spectrum without and with instrumental broadening. The
lower panel shows the difference of these, but also the fit residuals for both when using a Lorentzian
fit model.

different apodization functions but also if one changed, say, the concentration. This
is because the ILS function convolutes the transmission spectrum, which means that
the lineshapes change as a function of the concentration because the absorption and
transmission spectra are separated by the exponent/logarithm function of the Beer–
Lambert law. Still, these simulations should provide a nice rule of thumb for the
required instrumental resolution versus the true absorption linewidth. In addition,
similar simulations can be easily set up to study some other conditions.
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Figure 29: Deviations of the fitted Lorentzian HWHMs (”HWHM”) from the true underlying
Lorentzian pressure broadenings (”LorHWHM”) in two cases: without and with instrumental broad-
ening. The horizontal axis in (a) describes the Gaussianity of the absorption line (the Doppler
broadening relative to the Lorentzian pressure broadening). The ”ILS” in the horizontal axis defi-
nition of (b) refers to the HWHM of the Norton–Beer medium instrument lineshape function. That
value is 285 MHz, which is 1.4 times greater than the HWHM of a corresponding sinc ILS (whereas
the corresponding half-width sinc base is obtained from the sinc HWHM by dividing by 0.603).
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A5 Appendices to PC-FTS

A5.1 Derivation of the down-conversion relation

The down-conversion relation in PC-FTS has been derived in Supplementary Infor-
mation of [21]. For completeness, I have included a similar derivation here. To start,
we determine the increased distance L that a given optical frequency (dispersed by
the grating onto the scanning mirror surface) experiences in the delay arm when the
scanning mirror angle is opened by an angle θ = ωrott, where ωrot is the angular
velocity of the mirror. All the necessary geometry arguments are presented in Figure
30, which lead to the result

L(t) ≈ lfN(λ − λ0)ωrott . (A5.1)

The corresponding phase delay is obtained from this result by noting that due to the
4f-geometry, the optical frequency travels four times this distance L in the delay arm
and that the corresponding phase is obtained by dividing the result by the wavelength
(to obtain the number of optical cycles that the optical frequency is delayed by) and
by multiplying by 2π. Finally, the corresponding down-converted frequency is given
by the derivative

f = − 1
2π

dϕλ(t)
dt

= −4L(t)
λt

≈ −4lfN

λ
(λ − λ0)ωrot = −4lfNν

(
1
ν

− 1
ν0

)
ωrot

= 4lfNωrot
ν0

(ν − ν0) = 8lfN∆θfscan
ν0

(ν − ν0) , (A5.2)

where, like in Article III, I have defined ωrot = ∆θ/∆T = 2∆θfscan, where fscan is the
scan frequency of the rotating mirror, ∆θ the maximum mechanical scan angle of the
mirror and ∆T the length of the time window. The factor of two considers the fact
that two interferograms are obtained in a time 1/fscan (there are two scan directions
during one full scan cycle). Note that the derivation relies heavily on approximations
of small angles. However, as illustrated by the many numerical values calculated in
Article III and its Supplement, the experimental results match nicely the calculated
ones. In any case, one performs the phase- and group delay corrections to determine
the true down-conversion factor and the frequency ν0.

Let’s also estimate the down-conversion relation in the case where the grating would
be replaced with a planar mirror (normal FTIR mode) and where all the optical
frequencies would strike the edge of the mirror of width W . Then, the down-converted
frequency would be

f = 4L(t)
λt

≈ 4Wωrot
λ

= 8W∆θfscan
c

ν , (A5.3)

which comes from L(t) ≈ Wωrott, as seen in Figure 30. Assuming the largest optical
frequency of 90.7 THz used in Article III, the fact that it was down-converted to
630 Hz and that the interferogram lengths were about 1.82 s, the resulting optical
resolution (Eq. 2.3) would be 158 GHz, a value that is a factor of 13 poorer than in
the PC-FTS measurement mode (12 GHz). Note that this corresponds to a maximum
mechanical scan length of W∆θ = 1 mm (assuming fscan = 0.25 Hz).
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Figure 30: Geometry arguments to derive the down-conversion relation in PC-FTS. When a light
beam with wavelength λ strikes the grating with a grating groove density N , it is dispersed to an
angle φλ given by the grating equation.185 θ is the mechanical scan angle swept in time t when
the mirror is tilted with an angular frequency ωrot. lf is the focal length of the focusing optic. The
goal is to solve for the mechanical path difference L, which is found by using the distance W that
the dispersed wavelength experiences compared to the one that hits the pivot point of the mirror.
Note that the derivations make use of the small angle approximation.

A5.2 Numerical simulations

To show that the poor matching between the measured methane absorption spec-
trum and the HITRAN reference spectrum in Article III is most likely due to the
irreproducibility of the rotating mirror scans that lead to imperfect interferogram
corrections, I simulated synthetic interferograms by summing up cosines, as given by
Equation (A5.4).

I(t) =
N∑
i

T(fi)E(fi) cos (2πfi[t + δt(t)] + ϕi) , (A5.4)

where T(f) is a methane transmission spectrum simulated using the HITRAN API,186, 187

down-converted using Equation (3.1) and evaluated at a down-converted frequency
f . E(f) is a function used to shape the envelope of the spectrum (it is basically a rect-
angle with height 1, but with the corners at the start and end of the down-converted
frequency bandwidth smoothed with a sine ramp). ϕi is a frequency dependent phase
chosen as shape resembling a distorted parabola: I wanted to make the simulations
more interesting by making the interferograms asymmetrical. Other values used in
the simulation are listed in Table 6.

The δt(t) in Equation (A5.4) is timing jitter added to the interferogram. Basically,
I analysed a few subsequent experimental single-frequency interferograms and deter-
mined that on average when the interferograms cross zero, the exact zero-crossing
locations can vary with a standard deviation of about 0.2 ms. I chose one such
experimental interferogram and stored the deviations of the zero-crossing locations
from the average zero-crossing locations (see Fig. 31). Finally, I interpolated the
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jitter versus average zero-crossing location vector to the full sampling density of the
time axis used in the simulation. The result is basically the function δt(t).

Table 6: Settings used in the numerical simulations. These mimic the experimental settings used
in Article III.

Number of cosines 10000
Pivot point frequency 83.8 THz
Optical bandwidth of interest 84.9–90.7 THz (5.8 THz)
Down-converted bandwidth 100–631.6 Hz (531.6 Hz)
Down-conversion factor 9.1505×10−11

Optical resolution 13.2 GHz
Length of interferogram 1.65 s
Sampling frequency 50 kHz
Pressure 1000 mbar
Concentration 1 %
Absorption path length 10 cm
Temperature 296 K
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Figure 31: Example of ten successive experimental single-frequency interferograms and their average
with their zero-crossings marked. The function δt(t) discussed in the text is obtained by calculating
the deviations of the green asterisks’ time locations from the corresponding time locations of the
circles, which gives the deviation (jitter) as a function of the time locations of the circles.

I then simulated both an interferogram with and without the timing jitter, and
for both, I simulated a corresponding background interferogram (an interferogram
without the multiplicative factor T(f)). I Fourier-transformed the interferograms,
which yielded the spectra shown in Figure 32. We can see that the spectrum with
timing jitter is majorly distorted, noisy, and shows nonzero intensity at optical fre-
quencies where there shouldn’t be any light emission. In particular, note how the
emerged ”noise pedestal” at the start of the optical bandwidth resembles that of the
experimental spectrum shown Fig. 5 of Article III. It is noteworthy that the fact
that different sampling errors or other distortions of the interferogram can result in
erroneous spectra is well known in FTIR literature.79, 188, 189
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Figure 32: The simulated methane and background spectra with and without timing jitter, together
with a full resolution HITRAN reference spectrum.

The resemblance between the simulated spectrum with jitter and the experimental
spectra shown in Article III is even more evident when I process the simulated spectra
into the corresponding absorption spectra, shown in Figure 33. Indeed, we can see
that the effective resolution of the jittery spectrum is degraded such that, just like
in Fig. 6 of Article III, it matches reasonably well with a simulated spectrum that
assumes a Lorentzian instrument lineshape function. These results prove that the
”residual phase noise” from the imperfect interferogram corrections is most likely
the reason for the degraded quality of the experimental spectra, as was claimed in
Article III.
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Figure 33: The corresponding absorption spectra derived from the simulated spectra shown in Fig.
32. ”Sinc” is a reference spectrum simulated via the inverse Fourier transform of a HITRAN trans-
mission spectrum, apodized with a boxcar function, and Fourier-transformed back to the absorption
spectrum. This spectrum serves as a sanity check against the simulated spectra obtained as the
FT of the summed-up cosine functions. ”Lorentz” is the reference spectrum that provided the best
match with the experimental spectrum in Article III.

A6 Appendices to DCS

A6.1 Numerical algorithm on synthetic interferograms

Here, I want to illustrate further the correction algorithm used in Article IV and show
that it works. To that end, I generated synthetic interferograms with carrier envelope
phase and repetition rate fluctuations and with absorption information encoded into
them. The interferograms are generated according to Equation (A6.1).

I(t) =
N∑
i

T(∆fr × i)E(∆fr × i) cos (2π [∆fr + δfr(t)] × i × t + ϕi + ϕ(t)) . (A6.1)

So basically I summed up cosines, each with a distinct radiofrequency and with
an amplitude modified by absorption: T(f) is an acetylene transmission spectrum
simulated using the HITRAN API,186, 187 down-converted using Equation (4.1) and
evaluated at a radiofrequency f . E(f) is a function used to shape the envelope of
the radiofrequency spectrum. This envelope function is basically a rectangle (with
height 1), but with the corners at the start and end of the radiofrequency bandwidth
smoothed with a sine ramp (see, e.g., Fig. 37). ϕi is frequency (not time) dependent
phase. This function was chosen as shape resembling a distorted parabola to make
the simulations more interesting (the resulting interferograms will be asymmetrical).
The values for the repetition rate, the repetition rate difference, the optical and
radiofrequency bandwidths, and so on, were chosen to resemble the experiment. The
values are listed in Table 7.
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Table 7: Settings used in the numerical simulations.
Number of cosines 6631
Repetition rate 250 MHz
Repetition rate difference 11.734 kHz
Optical bandwidth of interest 194–195.66 THz (1.66 THz)
Radiofrequency bandwidth 0–77.8 MHz
Sampling rate 200 MHz
Time window length 40 ms
Number of bursts in a segment 469
Pressure 301.4 mbar
Concentration 6.2 %
Absorption path length 10 cm
Temperature 295.5 K

The δfr(t) in Equation (A6.1) is the drift induced for the repetition rate difference.∗
Two examples of repetition rates with such drifts induced are shown in Figure 34;
the right axis of said figure describes the corresponding ”time of arrival” drift of the
interferogram bursts in the resulting time windows (segments), as retrieved by the
numerical algorithm by analysing the burst locations in the segments and calculating
their difference from the case where they would appear equidistant in the segments.
Note that these time of arrival curves are similar to the ones in Fig. 3 c of Article
IV but that the overall drift here is more than an order of magnitude larger. The
retrieved repetition rate difference is obtained by calculating the inverse of the time
location difference between adjacent bursts in the segment as a function of time.
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Figure 34: Two examples of induced repetition rate difference drifts and the corresponding interfer-
ogram time of arrival curves, as obtained by the numerical algorithm.

Similarly, ϕ(t) in Equation (A6.1) is the drift induced for the interferogram phase.
Figure 35 shows two examples of such drifts, including the corresponding curves as
extracted using the numerical algorithm. We can see that the extracted curves nicely
follow the induced ones but that the extracted curves are noisy. This implies that
∗Note that the resulting repetition rate difference is obtained by calculating the derivative

d
dt

[(∆fr + δfr(t)) × t], i.e., it is not simply ∆fr + δfr(t).
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the precision of the current correction implementation is limited, which should be
addressed in the future.
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Figure 35: Two examples of induced interferogram phase drifts and the corresponding phase curves
retrieved by the numerical algorithm.

Animation 2 illustrates how the corrections try to match the burst shapes in a seg-
ment to the shape of the very first burst in that segment. I wanted to include this
animation to append Figure S5 in Supplement 1 of Article IV that illustrates the
corrections. On the other hand, Figure 36 shows 5 uncorrected segments, and the 5
corrected segments and their average, as simulated here. Each of these segments have
different repetition rate difference and interferogram phase drifts. We can see that,
at least qualitatively, the corrections seem to work. Of course, the Fourier transforms
of such segments should reveal more quantitatively if this is truly the case.

Figure 37 shows the FT of the five corrected and averaged segments with and without
acetylene absorption. Note that without the corrections, the resulting spectra would
have been completely degraded, for which reason they are not shown. We can see that
the corrected spectra match each other nicely but that they also match reasonably
well with an ideal case where no repetition rate difference or interferogram phase
drifts were induced. However, at higher frequencies, the envelopes of the corrected
spectra start to decline compared to the ideal case, which would decrease the SNR in
actual measurements for those dual comb peaks. This implies that the repetition rate
difference correction is not perfectly accurate,∗ the study and possible improvement of
which are not included in this thesis. Fortunately, this decline in the spectral envelope
behaves in a similar way for both the acetylene and the background spectrum, which
then still results in accurate transmission spectra, as shown in Figure 38. There is
only slight drift in the residual background and some noise, but, overall, the residuals
are orders of magnitude smaller than in the experiments.

∗Any inaccuracy in the repetition rate difference correction will be seen more drastically with higher
frequency dual-comb peaks, as the frequency of a dual-comb peak is defined as the repetition rate
difference multiplied by the corresponding mode number.
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Animation 2: Illustration of the correction procedure. Each burst in a segment is compared against
the very first burst in that segment. The left panel shows the current burst against the very first
burst before any corrections, and the right panel the current burst after phase shifting it such that
its shape matches the shape of the very first burst as precisely as possible.
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Figure 36: Examples of five segments with both repetition rate difference and interferogram phase
drifts induced. The upper left panel shows the segments before corrections, and the bottom left
panel shows them after corrections together with their average (the black trace). The four panels on
the right show zoomed in views to the first and to the last bursts in the segments before corrections
(top row) and after corrections (bottom row).
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Figure 37: Emission spectra corresponding to the five corrected and averaged segments in Fig. 36.
”Ace” refers to a spectrum with acetylene absorption and ”Bg” to the corresponding background
spectrum. ”Ideal” refers to a case where no repetition rate difference or phase drifts were induced.
The left panels show zoomed-in views to the dual-comb peaks prior to picking the peaks (the right
panel is after peak picking).
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Figure 38: Transmission spectra calculated from the emission spectra in Fig. 37. ”HITRAN” is the
true HITRAN transmission spectrum I started with to produce the simulated interferograms: if the
interferogram generation, Fourier-transformation and dual-comb peak picking were successful, this
spectrum and the ”Ideal” one (obtained from an interferogram simulation without any repetition
rate difference or phase drifts induced) should match perfectly. The lower panel shows differences
of the spectra obtained from the interferogram simulations against the true HITRAN spectrum.

Note, however, that the simulations above have ignored the fact that if the frequen-
cies of the two combs have drifted in the absolute sense during measurements, they
have sampled the absorption in a time dependent manner, even if the mutual coher-
ence is restored by the corrections. Furthermore, even if the mutual coherence was
perfect by chance during the measurements or without any corrections, the optical
frequencies may still have drifted in concert during the measurements, possibly lead-
ing to distortion of the retrieved absorption lineshapes. Ignoring this latter, more
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drastic case, but considering the case where one of the combs would be stabilized in
the absolute manner but where the second comb would drift similarly to Figures 34
and 35, we can estimate the resulting optical frequency drift, which is done below.
As seen in Figure 34, the repetition rate difference drift is in the order of 10 Hz for the
less drastic example in the figure. We can estimate what such drift would correspond
to in the optical domain by solving ν from Equation (4.1) and by differentiating with
respect to ∆fr:

δν =
∣∣∣∣ ∂ν

∂∆fr
δ(∆fr)

∣∣∣∣ = f
fr

(∆fr)2 δ(∆fr) . (A6.2)

For a radiofrequency at 40 MHz, which is approximately in the middle of the ra-
diofrequency bandwidth used, the change of 10 Hz in the repetition rate frequency
difference would result in an optical frequency change of as much as 730 MHz! On
the other hand, the drift in the interferogram phase has a much lesser effect: the
drift during the 40 ms long segment is in the order of a few radians, corresponding
to a radiofrequency shift of a few tens of hertz, which in turn corresponds to an
optical frequency shift in the order of 1 MHz (obtained by dividing the radiofre-
quency drift by the down-conversion factor ∆fr/fr). However, keep in mind that the
drifts induced in the simulations here are much more drastic than the drifts in the
mutual coherence found in the experiments. Furthermore, recall Section 4 where I
estimated the absolute optical frequency drift of a single optical frequency comb to
be a few tens of MHz. Still, these types of drifts could already result in the distortion
of the retrieved absorption spectra. Indeed, perhaps the residual structure seen in
the experimental spectra presented in Article IV could partly be explained by these
types drifts during measurements. On the other hand, the residuals in the article
are still excellent and for sure sufficient for the proof-of-concept demonstration that
the article is. However, the observations here, namely, that the precision of the nu-
merical corrections could potentially be improved and that the drift of the optical
frequencies in the absolute sense could distort absorption lines, should be addressed
in the future if our approach were to be used, say, for trace gas analysis that targets
to detect extremely weak absorption, or for linelist measurements that targets to
determine accurate absorption lineshapes.

A6.2 Absorption in asymmetric DCS

Unfortunately, there is a mistake in Article V where we stated that the acetylene
concentration is 6 % instead of 12 %. The experimental setup is currently constructed
in the asymmetric configuration25 where only one of the frequency combs propagates
through the gas sample. Due to absorption, the electric field E1(ν) of this comb is
attenuated to E1(ν) × exp(−α(ν)L/2), where α(ν) is the absorption coefficient for
the optical frequency ν and L is the length of the sample cell. When this electric
field is combined with the electric field E2 of the other comb, the observed intensity

I = E1 exp(−αL/2) × E∗
2 ≡ I0 × exp(−αL/2) , (A6.3)

whereas in the symmetric case where both combs propagate through the sample, the
intensity

I = E1 exp(−αL/2) × E∗
2 exp(−αL/2) ≡ I0 × exp(−αL) , (A6.4)
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where E1 × E∗
2 = I0 is interpreted as the resulting intensity of the combined beams

when no absorbing sample is present.

The above shows that the asymmetric case corresponds to a measurement where the
absorption attenuates the intensity of the combined beams like the combined beams
propagated through a sample of effective absorption path length of L/2. This means
that the absorption peaks in the transmission spectra shown in Article IV (and
in the transmission spectra shown in this thesis) appear approximately two times
weaker than expected based on the true sample gas concentration and absorption
path length. To yield transmission spectra where the absorption peak strengths
would obey the Beer–Lambert law (1.1), the transmission spectra should be raised
to the power of two.190 Alternatively, as justified by Equation (A6.3), one could
simply process the transmission spectra to the absorption spectra in the usual way
by using the Beer–Lambert law (1.1), but consider the extra factor of two when
eliminating the absorption path length to yield the absorption coefficient. Regarding
the results of Article IV, the absorption line fitting was done for the transmission
spectra (without raising them to the power of two). This does not affect the results
or the conclusions in the article, apart from that the stated value for the acetylene
concentration is two times lower than it should: the fitting routine used to get those
results compensated the omitted factor of two by scaling the concentration instead
of the absorption path length.

A6.3 Background correction

One of the simplest ways to consider a residual background that can emerge despite
dividing a spectrum with absorption by a separately measured background spectrum
is to include a polynomial to the fitting routine. However, because the fitted optical
bandwidth in Article IV is quite large and the match between the acetylene and the
background spectra is somewhat poor, a simple polynomial is not flexible enough.
Inspired by the review of different background consideration approaches in [31] and
the derivative approach in [191], I considered the residual background in Article IV
in the following interesting way.

Figure 39 shows the raw transmission spectrum obtained by dividing the acety-
lene spectrum by the background spectrum (see Fig. 15). To consider the residual
background, I first calculated the derivative of the experimental spectrum, shown
in Figure 40. Then, I masked the absorption lines by fitting a HITRAN derivative
spectrum (derived from a simulation using the HITRAN API186, 187), and used the
Whittaker smoother120, 192 on the residuals. Then I calculated the integral function
of the Whittaker smoother. What remains is to determine a constant offset (the
integration constant whose value is close to 1) that needs to be added to the result
before dividing the raw transmission spectrum by the determined refined background.
This offset was considered as part of the fitting routine. In addition to the offset, a
constant frequency axis shift and the acetylene concentration was included into the
fitting routine (the pressure was fixed to the experimental value of 300 mbar). The
resulting refined background and the resulting final transmission spectrum are also
shown in Figure 39.

The idea of this derivative approach is that due to the increased noise in the deriva-
tive spectrum and due to the masking of the absorption features, the Whittaker
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smoother considers only slow variations in the spectrum that are mainly caused by
the imperfect background correction. Indeed, as seen in Figure 39, the determined
refined background is smooth and slowly varying and ignores the finer residual struc-
ture under the absorption peaks. On the other hand, the Whittaker smoother could
have been used directly in the fitting routine without the derivative step, but the
derivative approach seemed slightly less sensitive to the finer residual structure un-
der the absorption peaks. I want to stress that using this kind of a smoother on the
residuals is risky and calls for careful decision making from the user to reasonably
tell apart the variation in the background that is due to imperfect background cor-
rection versus actual absorption signal, as also pointed out in [31]. Because, if one
uses a smoother that is too flexible, it can smooth out the residual structure com-
pletely, which then basically would correspond to plotting the simulated spectrum
one started with. It is left for the reader to decide whether they agree with me that
the result shown in Figure 39 is justified.
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Figure 39: The raw transmission spectrum obtained by dividing the acetylene spectrum by the
raw background spectrum, both shown in Fig. 15. The green trace is the refined background
obtained using the derivative approach explained in the text. The orange trace is the final absorption
spectrum obtained by dividing the raw transmission spectrum by the refined background.
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Figure 40: The derivative spectrum of the raw transmission spectrum in Fig. 39 together with a
derivative HITRAN spectrum fit. The lower panel shows the fit residual, to which I have used the
Whittaker smoother whose integral function results in the refined background shown in Fig. 39.

A7 Appendices to RD-FTS

A7.1 Laguerre–Gaussian modes

There are many mode families that describe electric fields carrying orbital angu-
lar momentum (OAM), such as the hypergeometric–Gaussian modes, Bessel–Gauss
beams, Laguerre–Gaussian modes, and others.193, 194 Many of these mode families
overlap in the sense that some of them are a special case of another in their defini-
tion. For example, all of the above-mentioned mode families can be defined as special
cases of the more general ”circular beams”.195 That said, one of the most used mode
families to describe OAM beams is the Laguerre–Gaussian modes. These beams are
defined according to Equation (A7.2), and are used in this thesis for the simulations
presented in Section 5.

An electric field with an angular frequency ω and wavenumber k can be defined as

E(r,θ,z,t) = E0u|l|
p eikze−iωt , (A7.1)

where the amplitude distribution function u in the case of a Laguerre-Gaussian mode
is defined as193, 196

u|l|
p (r,θ,z) =

C|l|p

w(z)

( √
2r

w(z)

)|l|

L|l|
p

[
2r2

w2(z)

]
e− r2

w2(z) e−i kr2
2R(z) eilθeiψ(z) , (A7.2)

where L
|l|
p [· · · ] is the generalized Laguerre polynomial,

C|l|p =

√
2p!

π(p + |l|)! (A7.3)
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is a normalization constant∗, and
ψ(z) = (|l| + 2p + 1) arctan(z/zR)
zR = πw2

0/λ

w(z) = w0
√

1 + (z/zR)2

R(z) = z
(
1 + (zR/z)2) , (A7.4)

where λ is the wavelength, and w0 is the radius of the ”underlying Gaussian” beam
at focus. The integer l denotes the number of quanta of OAM that the beam carries
via the factor exp(ilθ). The integer p governs the number of radial nodes.

To simplify Equation (A7.2), let’s assume a beam at focus and a fundamental beam
with no radial nodes (for which L

|l|
0 [· · · ] = 1). Then,

u
|l|
0 (r,θ,0) = 1

w0

√
2
π

√
1

|l|!

(√
2r

w0

)|l|

e
− r2

w2
0 eilθ , (A7.5)

which yields the fundamental Gaussian mode when l = 0.

For the fundamental Gaussian beam, the beam diameter 2w0 is defined as the di-
ameter of a circle where the intensity of the beam has declined to 1/e2 from the
maximum intensity at the beam center (Figure 41a); intensity is proportional to the
absolute square of the electric field, as given by

I(r,θ) = I0
2

w2
0π|l|!

(√
2r

w0

)2|l|

e
− 2r2

w2
0 , (A7.6)

which describes the intensity of a Laguerre–Gaussian beam (with no radial nodes)
at focus.

For an LG beam with l ̸= 0, the beam diameter has to be defined in some other way
than for the fundamental Gaussian beam. One way is to define the so-called inner and
outer diameters where, similarly, the intensity drops to 1/e2 from the maximum.197

Another approach is to define the beam diameter (also for the Gaussian beam) via
the standard deviation of the spatial distribution of the beam.198 Both approaches
can be used to define the beam divergence, which, like the beam size for a given
underlying Gaussian diameter 2w0, increases as the topological charge l increases.
One can also derive the so-called M2 parameter, which is a convenient and often used
way to describe the propagation of any beam whose divergence differs from the pure
Gaussian case.199

Here, and in Article V, I define the beam diameter simply as the diameter of a circle
that follows the intensity maximum of the beam. For an LG mode at focus and with
p = 0, it is given by198

D|l| = 2r(Imax) = 2
√

|l|
2 w0 . (A7.7)

Figure 41 illustrates this diameter definition for a few different cases.
∗Pay attention to the normalization constant. In some references it is written as C|l|p =√

2p!/π(p! + |l|!), which I believe is a mistake.
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(a) Fundamental Gaussian beam. (b) LG10 beam with no radial nodes.

(c) LG1 beam with no radial nodes. (d) LG1 beam with one radial node (p = 1).

Figure 41: Illustration of different Laguerre–Gaussian beams with 1.4 mm underlying Gaussian
beam diameter. The beam diameter definition used in this thesis for the LG modes with l ̸= 0
means the diameter of a circle that follows the intensity maximum of the beam. We can see that
the beam diameter as defined here is affected by the topological charge and the number of radial
nodes even if the underlying Gaussian waist remains the same.

Throughout this thesis and the simulations in Section 5, I always assume an LG mode
with no radial nodes (p = 0), even though Figure 42 reveals that the experimental
beams do not consist of the fundamental LG modes only. This is due to that the
beams are prepared using spiral phase plates (SPPs). A spiral phase plate is an
optical component whose thickness varies as a function of the azimuthal angle θ, such
that after one whole cycle, the thickness has changed by ∆l times the wavelength,
thus modifying the phase of the input beam by exp(i∆lθ), i.e., changing the OAM
content of the incident beam by ∆l. However, it has been shown that an SPP is
not a pure mode converter between the Laguerre–Gaussian modes.167 For example,
for an input fundamental Gaussian beam and an SPP with ∆l = +1, approximately
80 % of the intensity goes to the LG(l = 1,p = 0) mode, and the rest to the higher
order l = 1 modes that have radial nodes. In this thesis, I am more interested in
trends and rules-of-thumb, for which reason the simulations ignore this detail: it is
assumed that it is still the strongest intensity circle that dominates the generated
signals so that the simulations that are based only on the fundamental LG beams
provide accurate enough results as long as their diameters have been chosen as the
experimental beam diameters.
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Figure 42: Experimental vortex beam intensity distributions and the corresponding interference
petal patterns (from combining beams with the respective l and −l topological charges) measured
with an infrared camera. The white text indicates the experimental beam diameter value for each
respective OAM mode.

In the experiment, a Gaussian beam with 2w0 = 2.2 mm was converted to different
OAM-carrying beams with different combinations of SPPs placed in succession within
a few centimeters from one another. We used a total of four plates with OAMs
l = 1, 1, 3, and 6, generating OAM modes up to the topological charge l = 11. The
chosen OAM-carrying beam then propagated approximately 92 cm before it hit the
rotating target. Just before the rotating mirror, the beam diameters ranged from
1.7 mm (for the l = 1 mode) to 4 mm (l = 11). Figure 43 shows the experimentally
determined beam diameters as a function of l in logarithmic scale. We see that
the increase in the beam diameters follow reasonably well a linear trend. We can
then estimate that if we had used an optical vortex comb spanning a total of 132
OAM modes (to measure the acetylene absorption feature in a single measurement),
the largest beam diameter (for l = 132) would be 1.3 cm. This fact that the beam
diameter increases as a function of the OAM mode may impose an additional practical
limitation to the largest optical bandwidth that can be used, in addition to the
limitations discussed in Section 5.3.
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A7.2 Modal decomposition

Here, I use Equations (5.3) and (5.4) to perform the modal decomposition analysis for
the reflective rectangular target used in the experiments in Article V. A simulation
of the target is shown in Figure 44a. Basically, I have simply written a matrix with
elements with the value 1 at the rectangle and 0 elsewhere. Then, to perform the
modal decomposition, I have calculated another matrix representing an LG mode
with a chosen topological charge k and number of radial nodes p. I multiplied the
target matrix in an element-wise manner with the element-wise complex conjugate
of the LG matrix. Finally, I summed up all the elements in the resulting matrix
to yield the complex amplitude Ak,p. I repeated this process for a few different k
and p values, as seen in Figure 45. We can see that due to the 2-fold symmetry of
the target, only the even-valued topological charges contribute to the target. The
fundamental Gaussian mode dominates, but we also have respectable contribution
from other topological charges, mostly with p = 0.

Note, however, that the modal decomposition of the target does not necessarily
mean that the target would reflect only into these modes. Instead, Equation (5.7)
shows that for an illumination mode, say, l = +1, the reflected field comprises modes
m = k−1, which are odd (because k is known to be even); the reflected field contains
mostly m = −1 (k = 0), which, interestingly, doesn’t experience any rotational
Doppler shift (see Eq. 5.7). To experimentally probe the modal composition of some
target, one can either illuminate with a Gaussian beam (l = 0) and use a modal
filter to detect one m = k at a time, as is done in [159]. Or, one can use the fringe
approach (Eq. 5.12) and illuminate with a beam with two input modes l1 and l2:
while scanning the topological charge of one of the input modes, one can measure
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the modal amplitudes by detecting reflection only to the fundamental mode m = 0
by using a modal filter such as a single mode fiber, as is done in [152].

Figures 44b and 44c show the reconstructed target based on the modal decomposition
performed here. We can see that the shape of the real part of the reconstruction
already resembles the original target, while the imaginary part tends to zero, as
expected, because the original target is a real function (for a pure phase-modulator
target, like the one in Appendix A7.3, the panels would be the other way around).
To improve the reconstruction, more modes should be included in the decomposition
calculations.

(a) Original target (b) Real part of reconstruc-
tion

(c) Imaginary part of recon-
struction

Figure 44: Reconstruction of a 0.3 mm wide reflective rectangle as a sum of the Laguerre–Gaussian
modes spanning l = −11, − 10, ..., + 11 and p = 0, ...,1 ..., 10, with weights whose absolute values
squared are shown in Fig. 45.

Figure 45: Modal decomposition of the reflective rectangular target given in Fig. 44a. The heights of
the bars reflect the relative intensity of the respective Laguerre–Gaussian mode in the decomposition,
obtained as the square modulus of the determined complex expansion coefficient and normalized
by the largest such value. The inset shows the total contribution by a given topological charge l,
obtained by summing along the respective p column. Due to the 2-fold rotational symmetry of the
target, only the even-valued topological charges contribute.
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A7.3 Phase modulation

In this thesis, and in Article V, I have mainly discussed the RD-FTS technique from
the viewpoint of amplitude modulation, meaning that the rotating target modifies
the reflectivity of the rotating mirror without modulating the phase (via varying the
depth of the surface). In particular, all simulations in this thesis have illustrated
amplitude modulation. For completeness, and because the results are interesting, I
want here to show also an example of a target that modulates only the phase. Similar
to Animation 1d, let’s use a rectangular target. In Animation 1d, the reflectivity of
the rectangle is 0, but 1 elsewhere. Here, let’s have the values at the rectangle to
be exp(iϕ), but 1 elsewhere. This means that the rectangle will reflect the incident
beam but simultaneously advance its phase by ϕ. Otherwise, the simulations have
been performed similarly as explained in Section 5.3. The main difference is that
only one of the beams strike the rotating target, after which the reflected field is
beat against a reference beam:

I(t,l) =
∫ a

−a

∫ b

−b

|LG(l,p = 0) × R(t) + LG(−l,p = 0)|2 dxdy , (A7.8)

where the symbols have been explained when explaining Equation (5.14).

The result of this simulation is shown in Animation 3. In 3a, the input field consists
of the OAM mode l1 = +2, and the reference mode is l2 = −2, meaning that the
modes have opposite signs.∗ In 3b, the modes have the same sign. In the former
case, intensity modulation at an angular frequency of 2lΩ ensues. In the latter case,
no change in the average intensity at the detector would be observed even though
the pattern rotates. This exemplifies that even in the heterodyne case, the combined
beams need to generate a petal pattern that the rotating target then traverses, as
was claimed in Section 5.1.

Another way to view this result is that in the case of Animation 3a, the reference
mode l2 probes light reflected to this specific mode by the rotating target, with
the strongest possible intensity modulation signal obtained by a rotating pure mode
converter to this specific mode (such as a suitable rotating spiral phase plate). In the
case of 3b, the reference mode probes light unaffected by the rotating target; a pure
”mode converter” to this mode would be a rotating perfect mirror that consequently
wouldn’t modulate the phase of the incoming beam and therefore wouldn’t lead to
a rotational Doppler frequency shift.

∗Strictly speaking, the simulations here describe transmission, which means that the topological
charges of the incident beams need to have opposite signs (or generally be unequal). In Section
5.1, the derivations describe reflection from a rotating target. In that framework, the incident
beams need to have the same topological charges so that the combined beams will form the petal
pattern as the reflection at the rotating mirror flips the phase of the other beam.
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(a) Reference and reflected beams have opposite
topological charges, which creates a petal pattern
that the rotating target traverses, leading to in-
tensity modulation.

(b) Reference and reflected beams have the same
topological charges. In this case, no intensity
modulation is observed.

Animation 3: Simulation of a phase-modulating rectangular target with a phase value of ϕ = π/2.

A7.4 Broadband simulation

In Supplement 1 of Article V it was derived that when an electric field consisting
of two optical angular frequencies ω1 and ω2 with the topological charges l1 and l2,
respectively, is incident on a rotating target, one can expect intensity modulation at
the down-converted frequencies 2l1Ω and 2l2Ω, where Ω is the angular frequency of
the rotating target. In addition, peaks are expected around the difference frequency
of the two optical frequencies, i.e., at ∆ω± [l1 − l2]Ω and at ∆ω± [l1 + l2]Ω. However,
these latter peaks around ∆ω are not always present, which seems to depend on the
symmetry of the rotating target. Animation 4 shows two types of targets: a short
rectangle (4a) and a long rectangle (4b).

To simulate the generated modulation signals for the targets in Animation 4, I cal-
culate

I(t,l,D|l|) =
∫ a

−a

∫ b

−b

dxdy∣∣∣∣∣∑
l

[LG(l,p = 0) + LG(−l,p = 0)] × exp(−2πνlt) × R(t)

∣∣∣∣∣
2

, (A7.9)

where explicitly writing out exp(−2πνlt) emphasises that each of the OAM modes l
are carried by different optical frequencies. Rest of the symbols have been explained
when explaining Equation (5.14).

Figure 46 shows both the resulting time domain signal (interferogram) and the cor-
responding spectrum for a simulation with two input modes l1 = 1 and l2 = 2, with
1 Hz rotational frequency of the target, and with an ”optical” frequency difference
of 100 Hz. We see that in the case of a short rectangle, all the expected frequency
components at 2 Hz and 4 Hz, but also at ∆ω/(2π)± [l1 −l2]Ω/(2π) = 100±1 Hz and
∆ω/(2π)± [l1 + l2]Ω/(2π) = 100±3 Hz, are present. However, in the case of the long
rectangle, only the frequencies at 2 Hz and 4 Hz are present. It must be that in the
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case of the long rectangle (two short rectangles with π angular distance), two signals
are generated such that they sum up out of phase, eliminating the signals around
the optical difference frequencies. This probably could be derived analytically in a
similar manner as is done in [151], but it is out of scope for the present thesis.

(a) A long rectangular target. (b) A short rectangular target

Animation 4: Simulation with two types of targets for an input field consisting of two distinct
optical frequencies carrying respective topological charges l = 1 and l = 2. Note the oscillatory
motion of the underlying intensity pattern, which is due to beating between the different optical
frequencies in the field.∗
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(b) The corresponding spectra.

Figure 46: Results for the simulation in Animation 4. It can be seen that for the long rectangle
case, the only peaks generated are the ones at 2 and 4 Hz. For the short rectangle case, also the
peaks around 100 Hz appear.

∗The intensity of the incident electric field (before it impinges on the rotating target)

E(r,θ,t) = B1(r) exp(−iω1t) [exp(il1θ) + exp(−il1θ)] + B2(r) exp(−iω2t) [exp(il2θ) + exp(−il2θ)]

can be derived to be

I(r,θ,t) = 2|B1(r)|2 + 2|B2(r)|2 + 2|B1(r)|2 cos(2l1θ) + 2|B2(r)|2 cos(2l2θ)
+ 2|B1(r)B2(r)| cos(∆ωt + [l2 − l1]θ) + 2|B1(r)B2(r)| cos(−∆ωt + [l2 − l1]θ)
+ 2|B1(r)B2(r)| cos(∆ωt + [l2 + l1]θ) + 2|B1(r)B2(r)| cos(−∆ωt + [l2 + l1]θ) .

From this we see that the intensity pattern consists of two pairs of counter-rotating petal patterns,
leading to the oscillatory motion seen in the animation.
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To consider an even more complex case, let’s use a total of 11 OAM modes but with
the 5th mode excluded, and let’s again use a long rectangular target (Animation 5).
Figure 47 shows the results for this simulation. One can see the expected result that
peaks appear at the down-converted frequencies 2lfrot = (2, ..., 4, ..., 8, 12, ..., 22) Hz,
i.e., that the peak at 10 Hz is absent as the OAM mode l = 5 is not present. In
addition, the peaks around the ”optical” frequency separation of 100 Hz are absent
due to the even symmetry of the target. Instead, additional signals appear around
the even multiples of the optical frequency difference, such as around 200 Hz (with
further peaks appearing also around 400 Hz, 800 Hz, ..., which is not illustrated in
the figure).

All in all, the broadband simulations presented here further validate that the RD-
FTS technique should work also when using an actual broadband optical vortex
comb light source (in addition to the emulated one in Article V). I am excited for an
experimental verification of this.

Animation 5: Simulation of a rectangular target rotating in an optical field
consisting of 11 OAM modes (and their mode inverted counterparts), each
carried by a unique optical frequency. The field itself oscillates due to
beating between the different optical frequencies.
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(b) The corresponding spectrum (Fourier trans-
form) of the blue trace in (a). We see that the
peak at 10 Hz (corresponding to l = 5) is not
present, as expected. We also see that the addi-
tional peaks around the ”optical” frequency dif-
ference (100 Hz) are absent while they appear
around the even multiples of 100 Hz due to the
2-fold symmetry of the target.

Figure 47: Interferogram and the corresponding spectrum from the broadband simulation in Ani-
mation 5.
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