








Figure 32: The simulated methane and background spectra with and without timing jitter, together
with a full resolution HITRAN reference spectrum.

The resemblance between the simulated spectrum with jitter and the experimental
spectra shown in Article III is even more evident when I process the simulated spectra
into the corresponding absorption spectra, shown in Figure 33. Indeed, we can see
that the effective resolution of the jittery spectrum is degraded such that, just like
in Fig. 6 of Article III, it matches reasonably well with a simulated spectrum that
assumes a Lorentzian instrument lineshape function. These results prove that the
”residual phase noise” from the imperfect interferogram corrections is most likely
the reason for the degraded quality of the experimental spectra, as was claimed in
Article III.
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Figure 33: The corresponding absorption spectra derived from the simulated spectra shown in Fig.
32. ”Sinc” is a reference spectrum simulated via the inverse Fourier transform of a HITRAN trans-
mission spectrum, apodized with a boxcar function, and Fourier-transformed back to the absorption
spectrum. This spectrum serves as a sanity check against the simulated spectra obtained as the
FT of the summed-up cosine functions. ”Lorentz” is the reference spectrum that provided the best
match with the experimental spectrum in Article III.

A6 Appendices to DCS

A6.1 Numerical algorithm on synthetic interferograms

Here, I want to illustrate further the correction algorithm used in Article IV and show
that it works. To that end, I generated synthetic interferograms with carrier envelope
phase and repetition rate fluctuations and with absorption information encoded into
them. The interferograms are generated according to Equation (A6.1).

I(t) =
N∑
i

T(∆fr × i)E(∆fr × i) cos (2π [∆fr + δfr(t)] × i × t + ϕi + ϕ(t)) . (A6.1)

So basically I summed up cosines, each with a distinct radiofrequency and with
an amplitude modified by absorption: T(f) is an acetylene transmission spectrum
simulated using the HITRAN API,186, 187 down-converted using Equation (4.1) and
evaluated at a radiofrequency f . E(f) is a function used to shape the envelope of
the radiofrequency spectrum. This envelope function is basically a rectangle (with
height 1), but with the corners at the start and end of the radiofrequency bandwidth
smoothed with a sine ramp (see, e.g., Fig. 37). ϕi is frequency (not time) dependent
phase. This function was chosen as shape resembling a distorted parabola to make
the simulations more interesting (the resulting interferograms will be asymmetrical).
The values for the repetition rate, the repetition rate difference, the optical and
radiofrequency bandwidths, and so on, were chosen to resemble the experiment. The
values are listed in Table 7.
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Table 7: Settings used in the numerical simulations.
Number of cosines 6631
Repetition rate 250 MHz
Repetition rate difference 11.734 kHz
Optical bandwidth of interest 194–195.66 THz (1.66 THz)
Radiofrequency bandwidth 0–77.8 MHz
Sampling rate 200 MHz
Time window length 40 ms
Number of bursts in a segment 469
Pressure 301.4 mbar
Concentration 6.2 %
Absorption path length 10 cm
Temperature 295.5 K

The δfr(t) in Equation (A6.1) is the drift induced for the repetition rate difference.∗
Two examples of repetition rates with such drifts induced are shown in Figure 34;
the right axis of said figure describes the corresponding ”time of arrival” drift of the
interferogram bursts in the resulting time windows (segments), as retrieved by the
numerical algorithm by analysing the burst locations in the segments and calculating
their difference from the case where they would appear equidistant in the segments.
Note that these time of arrival curves are similar to the ones in Fig. 3 c of Article
IV but that the overall drift here is more than an order of magnitude larger. The
retrieved repetition rate difference is obtained by calculating the inverse of the time
location difference between adjacent bursts in the segment as a function of time.
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Figure 34: Two examples of induced repetition rate difference drifts and the corresponding interfer-
ogram time of arrival curves, as obtained by the numerical algorithm.

Similarly, ϕ(t) in Equation (A6.1) is the drift induced for the interferogram phase.
Figure 35 shows two examples of such drifts, including the corresponding curves as
extracted using the numerical algorithm. We can see that the extracted curves nicely
follow the induced ones but that the extracted curves are noisy. This implies that
∗Note that the resulting repetition rate difference is obtained by calculating the derivative

d
dt

[(∆fr + δfr(t)) × t], i.e., it is not simply ∆fr + δfr(t).
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the precision of the current correction implementation is limited, which should be
addressed in the future.
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Figure 35: Two examples of induced interferogram phase drifts and the corresponding phase curves
retrieved by the numerical algorithm.

Animation 2 illustrates how the corrections try to match the burst shapes in a seg-
ment to the shape of the very first burst in that segment. I wanted to include this
animation to append Figure S5 in Supplement 1 of Article IV that illustrates the
corrections. On the other hand, Figure 36 shows 5 uncorrected segments, and the 5
corrected segments and their average, as simulated here. Each of these segments have
different repetition rate difference and interferogram phase drifts. We can see that,
at least qualitatively, the corrections seem to work. Of course, the Fourier transforms
of such segments should reveal more quantitatively if this is truly the case.

Figure 37 shows the FT of the five corrected and averaged segments with and without
acetylene absorption. Note that without the corrections, the resulting spectra would
have been completely degraded, for which reason they are not shown. We can see that
the corrected spectra match each other nicely but that they also match reasonably
well with an ideal case where no repetition rate difference or interferogram phase
drifts were induced. However, at higher frequencies, the envelopes of the corrected
spectra start to decline compared to the ideal case, which would decrease the SNR in
actual measurements for those dual comb peaks. This implies that the repetition rate
difference correction is not perfectly accurate,∗ the study and possible improvement of
which are not included in this thesis. Fortunately, this decline in the spectral envelope
behaves in a similar way for both the acetylene and the background spectrum, which
then still results in accurate transmission spectra, as shown in Figure 38. There is
only slight drift in the residual background and some noise, but, overall, the residuals
are orders of magnitude smaller than in the experiments.

∗Any inaccuracy in the repetition rate difference correction will be seen more drastically with higher
frequency dual-comb peaks, as the frequency of a dual-comb peak is defined as the repetition rate
difference multiplied by the corresponding mode number.
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Animation 2: Illustration of the correction procedure. Each burst in a segment is compared against
the very first burst in that segment. The left panel shows the current burst against the very first
burst before any corrections, and the right panel the current burst after phase shifting it such that
its shape matches the shape of the very first burst as precisely as possible.
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Figure 36: Examples of five segments with both repetition rate difference and interferogram phase
drifts induced. The upper left panel shows the segments before corrections, and the bottom left
panel shows them after corrections together with their average (the black trace). The four panels on
the right show zoomed in views to the first and to the last bursts in the segments before corrections
(top row) and after corrections (bottom row).
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Figure 37: Emission spectra corresponding to the five corrected and averaged segments in Fig. 36.
”Ace” refers to a spectrum with acetylene absorption and ”Bg” to the corresponding background
spectrum. ”Ideal” refers to a case where no repetition rate difference or phase drifts were induced.
The left panels show zoomed-in views to the dual-comb peaks prior to picking the peaks (the right
panel is after peak picking).
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Figure 38: Transmission spectra calculated from the emission spectra in Fig. 37. ”HITRAN” is the
true HITRAN transmission spectrum I started with to produce the simulated interferograms: if the
interferogram generation, Fourier-transformation and dual-comb peak picking were successful, this
spectrum and the ”Ideal” one (obtained from an interferogram simulation without any repetition
rate difference or phase drifts induced) should match perfectly. The lower panel shows differences
of the spectra obtained from the interferogram simulations against the true HITRAN spectrum.

Note, however, that the simulations above have ignored the fact that if the frequen-
cies of the two combs have drifted in the absolute sense during measurements, they
have sampled the absorption in a time dependent manner, even if the mutual coher-
ence is restored by the corrections. Furthermore, even if the mutual coherence was
perfect by chance during the measurements or without any corrections, the optical
frequencies may still have drifted in concert during the measurements, possibly lead-
ing to distortion of the retrieved absorption lineshapes. Ignoring this latter, more
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drastic case, but considering the case where one of the combs would be stabilized in
the absolute manner but where the second comb would drift similarly to Figures 34
and 35, we can estimate the resulting optical frequency drift, which is done below.
As seen in Figure 34, the repetition rate difference drift is in the order of 10 Hz for the
less drastic example in the figure. We can estimate what such drift would correspond
to in the optical domain by solving ν from Equation (4.1) and by differentiating with
respect to ∆fr:

δν =
∣∣∣∣ ∂ν

∂∆fr
δ(∆fr)

∣∣∣∣ = f
fr

(∆fr)2 δ(∆fr) . (A6.2)

For a radiofrequency at 40 MHz, which is approximately in the middle of the ra-
diofrequency bandwidth used, the change of 10 Hz in the repetition rate frequency
difference would result in an optical frequency change of as much as 730 MHz! On
the other hand, the drift in the interferogram phase has a much lesser effect: the
drift during the 40 ms long segment is in the order of a few radians, corresponding
to a radiofrequency shift of a few tens of hertz, which in turn corresponds to an
optical frequency shift in the order of 1 MHz (obtained by dividing the radiofre-
quency drift by the down-conversion factor ∆fr/fr). However, keep in mind that the
drifts induced in the simulations here are much more drastic than the drifts in the
mutual coherence found in the experiments. Furthermore, recall Section 4 where I
estimated the absolute optical frequency drift of a single optical frequency comb to
be a few tens of MHz. Still, these types of drifts could already result in the distortion
of the retrieved absorption spectra. Indeed, perhaps the residual structure seen in
the experimental spectra presented in Article IV could partly be explained by these
types drifts during measurements. On the other hand, the residuals in the article
are still excellent and for sure sufficient for the proof-of-concept demonstration that
the article is. However, the observations here, namely, that the precision of the nu-
merical corrections could potentially be improved and that the drift of the optical
frequencies in the absolute sense could distort absorption lines, should be addressed
in the future if our approach were to be used, say, for trace gas analysis that targets
to detect extremely weak absorption, or for linelist measurements that targets to
determine accurate absorption lineshapes.

A6.2 Absorption in asymmetric DCS

Unfortunately, there is a mistake in Article V where we stated that the acetylene
concentration is 6 % instead of 12 %. The experimental setup is currently constructed
in the asymmetric configuration25 where only one of the frequency combs propagates
through the gas sample. Due to absorption, the electric field E1(ν) of this comb is
attenuated to E1(ν) × exp(−α(ν)L/2), where α(ν) is the absorption coefficient for
the optical frequency ν and L is the length of the sample cell. When this electric
field is combined with the electric field E2 of the other comb, the observed intensity

I = E1 exp(−αL/2) × E∗
2 ≡ I0 × exp(−αL/2) , (A6.3)

whereas in the symmetric case where both combs propagate through the sample, the
intensity

I = E1 exp(−αL/2) × E∗
2 exp(−αL/2) ≡ I0 × exp(−αL) , (A6.4)
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where E1 × E∗
2 = I0 is interpreted as the resulting intensity of the combined beams

when no absorbing sample is present.

The above shows that the asymmetric case corresponds to a measurement where the
absorption attenuates the intensity of the combined beams like the combined beams
propagated through a sample of effective absorption path length of L/2. This means
that the absorption peaks in the transmission spectra shown in Article IV (and
in the transmission spectra shown in this thesis) appear approximately two times
weaker than expected based on the true sample gas concentration and absorption
path length. To yield transmission spectra where the absorption peak strengths
would obey the Beer–Lambert law (1.1), the transmission spectra should be raised
to the power of two.190 Alternatively, as justified by Equation (A6.3), one could
simply process the transmission spectra to the absorption spectra in the usual way
by using the Beer–Lambert law (1.1), but consider the extra factor of two when
eliminating the absorption path length to yield the absorption coefficient. Regarding
the results of Article IV, the absorption line fitting was done for the transmission
spectra (without raising them to the power of two). This does not affect the results
or the conclusions in the article, apart from that the stated value for the acetylene
concentration is two times lower than it should: the fitting routine used to get those
results compensated the omitted factor of two by scaling the concentration instead
of the absorption path length.

A6.3 Background correction

One of the simplest ways to consider a residual background that can emerge despite
dividing a spectrum with absorption by a separately measured background spectrum
is to include a polynomial to the fitting routine. However, because the fitted optical
bandwidth in Article IV is quite large and the match between the acetylene and the
background spectra is somewhat poor, a simple polynomial is not flexible enough.
Inspired by the review of different background consideration approaches in [31] and
the derivative approach in [191], I considered the residual background in Article IV
in the following interesting way.

Figure 39 shows the raw transmission spectrum obtained by dividing the acety-
lene spectrum by the background spectrum (see Fig. 15). To consider the residual
background, I first calculated the derivative of the experimental spectrum, shown
in Figure 40. Then, I masked the absorption lines by fitting a HITRAN derivative
spectrum (derived from a simulation using the HITRAN API186, 187), and used the
Whittaker smoother120, 192 on the residuals. Then I calculated the integral function
of the Whittaker smoother. What remains is to determine a constant offset (the
integration constant whose value is close to 1) that needs to be added to the result
before dividing the raw transmission spectrum by the determined refined background.
This offset was considered as part of the fitting routine. In addition to the offset, a
constant frequency axis shift and the acetylene concentration was included into the
fitting routine (the pressure was fixed to the experimental value of 300 mbar). The
resulting refined background and the resulting final transmission spectrum are also
shown in Figure 39.

The idea of this derivative approach is that due to the increased noise in the deriva-
tive spectrum and due to the masking of the absorption features, the Whittaker
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smoother considers only slow variations in the spectrum that are mainly caused by
the imperfect background correction. Indeed, as seen in Figure 39, the determined
refined background is smooth and slowly varying and ignores the finer residual struc-
ture under the absorption peaks. On the other hand, the Whittaker smoother could
have been used directly in the fitting routine without the derivative step, but the
derivative approach seemed slightly less sensitive to the finer residual structure un-
der the absorption peaks. I want to stress that using this kind of a smoother on the
residuals is risky and calls for careful decision making from the user to reasonably
tell apart the variation in the background that is due to imperfect background cor-
rection versus actual absorption signal, as also pointed out in [31]. Because, if one
uses a smoother that is too flexible, it can smooth out the residual structure com-
pletely, which then basically would correspond to plotting the simulated spectrum
one started with. It is left for the reader to decide whether they agree with me that
the result shown in Figure 39 is justified.

194.5 194.6 194.7 194.8 194.9 195 195.1 195.2 195.3 195.4 195.5

Optical frequency (THz)

0.6

0.65

0.7

0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

T
ra
n
sm
is
si
on

Raw
Background
Corrected

Figure 39: The raw transmission spectrum obtained by dividing the acetylene spectrum by the
raw background spectrum, both shown in Fig. 15. The green trace is the refined background
obtained using the derivative approach explained in the text. The orange trace is the final absorption
spectrum obtained by dividing the raw transmission spectrum by the refined background.
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Figure 40: The derivative spectrum of the raw transmission spectrum in Fig. 39 together with a
derivative HITRAN spectrum fit. The lower panel shows the fit residual, to which I have used the
Whittaker smoother whose integral function results in the refined background shown in Fig. 39.

A7 Appendices to RD-FTS

A7.1 Laguerre–Gaussian modes

There are many mode families that describe electric fields carrying orbital angu-
lar momentum (OAM), such as the hypergeometric–Gaussian modes, Bessel–Gauss
beams, Laguerre–Gaussian modes, and others.193, 194 Many of these mode families
overlap in the sense that some of them are a special case of another in their defini-
tion. For example, all of the above-mentioned mode families can be defined as special
cases of the more general ”circular beams”.195 That said, one of the most used mode
families to describe OAM beams is the Laguerre–Gaussian modes. These beams are
defined according to Equation (A7.2), and are used in this thesis for the simulations
presented in Section 5.

An electric field with an angular frequency ω and wavenumber k can be defined as

E(r,θ,z,t) = E0u|l|
p eikze−iωt , (A7.1)

where the amplitude distribution function u in the case of a Laguerre-Gaussian mode
is defined as193, 196

u|l|
p (r,θ,z) =

C|l|p

w(z)

( √
2r

w(z)

)|l|

L|l|
p

[
2r2

w2(z)

]
e− r2

w2(z) e−i kr2
2R(z) eilθeiψ(z) , (A7.2)

where L
|l|
p [· · · ] is the generalized Laguerre polynomial,

C|l|p =

√
2p!

π(p + |l|)! (A7.3)
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is a normalization constant∗, and
ψ(z) = (|l| + 2p + 1) arctan(z/zR)
zR = πw2

0/λ

w(z) = w0
√

1 + (z/zR)2

R(z) = z
(
1 + (zR/z)2) , (A7.4)

where λ is the wavelength, and w0 is the radius of the ”underlying Gaussian” beam
at focus. The integer l denotes the number of quanta of OAM that the beam carries
via the factor exp(ilθ). The integer p governs the number of radial nodes.

To simplify Equation (A7.2), let’s assume a beam at focus and a fundamental beam
with no radial nodes (for which L

|l|
0 [· · · ] = 1). Then,

u
|l|
0 (r,θ,0) = 1

w0

√
2
π

√
1

|l|!

(√
2r

w0

)|l|

e
− r2

w2
0 eilθ , (A7.5)

which yields the fundamental Gaussian mode when l = 0.

For the fundamental Gaussian beam, the beam diameter 2w0 is defined as the di-
ameter of a circle where the intensity of the beam has declined to 1/e2 from the
maximum intensity at the beam center (Figure 41a); intensity is proportional to the
absolute square of the electric field, as given by

I(r,θ) = I0
2

w2
0π|l|!

(√
2r

w0

)2|l|

e
− 2r2

w2
0 , (A7.6)

which describes the intensity of a Laguerre–Gaussian beam (with no radial nodes)
at focus.

For an LG beam with l ̸= 0, the beam diameter has to be defined in some other way
than for the fundamental Gaussian beam. One way is to define the so-called inner and
outer diameters where, similarly, the intensity drops to 1/e2 from the maximum.197

Another approach is to define the beam diameter (also for the Gaussian beam) via
the standard deviation of the spatial distribution of the beam.198 Both approaches
can be used to define the beam divergence, which, like the beam size for a given
underlying Gaussian diameter 2w0, increases as the topological charge l increases.
One can also derive the so-called M2 parameter, which is a convenient and often used
way to describe the propagation of any beam whose divergence differs from the pure
Gaussian case.199

Here, and in Article V, I define the beam diameter simply as the diameter of a circle
that follows the intensity maximum of the beam. For an LG mode at focus and with
p = 0, it is given by198

D|l| = 2r(Imax) = 2
√

|l|
2 w0 . (A7.7)

Figure 41 illustrates this diameter definition for a few different cases.
∗Pay attention to the normalization constant. In some references it is written as C|l|p =√

2p!/π(p! + |l|!), which I believe is a mistake.
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(a) Fundamental Gaussian beam. (b) LG10 beam with no radial nodes.

(c) LG1 beam with no radial nodes. (d) LG1 beam with one radial node (p = 1).

Figure 41: Illustration of different Laguerre–Gaussian beams with 1.4 mm underlying Gaussian
beam diameter. The beam diameter definition used in this thesis for the LG modes with l ̸= 0
means the diameter of a circle that follows the intensity maximum of the beam. We can see that
the beam diameter as defined here is affected by the topological charge and the number of radial
nodes even if the underlying Gaussian waist remains the same.

Throughout this thesis and the simulations in Section 5, I always assume an LG mode
with no radial nodes (p = 0), even though Figure 42 reveals that the experimental
beams do not consist of the fundamental LG modes only. This is due to that the
beams are prepared using spiral phase plates (SPPs). A spiral phase plate is an
optical component whose thickness varies as a function of the azimuthal angle θ, such
that after one whole cycle, the thickness has changed by ∆l times the wavelength,
thus modifying the phase of the input beam by exp(i∆lθ), i.e., changing the OAM
content of the incident beam by ∆l. However, it has been shown that an SPP is
not a pure mode converter between the Laguerre–Gaussian modes.167 For example,
for an input fundamental Gaussian beam and an SPP with ∆l = +1, approximately
80 % of the intensity goes to the LG(l = 1,p = 0) mode, and the rest to the higher
order l = 1 modes that have radial nodes. In this thesis, I am more interested in
trends and rules-of-thumb, for which reason the simulations ignore this detail: it is
assumed that it is still the strongest intensity circle that dominates the generated
signals so that the simulations that are based only on the fundamental LG beams
provide accurate enough results as long as their diameters have been chosen as the
experimental beam diameters.
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Figure 42: Experimental vortex beam intensity distributions and the corresponding interference
petal patterns (from combining beams with the respective l and −l topological charges) measured
with an infrared camera. The white text indicates the experimental beam diameter value for each
respective OAM mode.

In the experiment, a Gaussian beam with 2w0 = 2.2 mm was converted to different
OAM-carrying beams with different combinations of SPPs placed in succession within
a few centimeters from one another. We used a total of four plates with OAMs
l = 1, 1, 3, and 6, generating OAM modes up to the topological charge l = 11. The
chosen OAM-carrying beam then propagated approximately 92 cm before it hit the
rotating target. Just before the rotating mirror, the beam diameters ranged from
1.7 mm (for the l = 1 mode) to 4 mm (l = 11). Figure 43 shows the experimentally
determined beam diameters as a function of l in logarithmic scale. We see that
the increase in the beam diameters follow reasonably well a linear trend. We can
then estimate that if we had used an optical vortex comb spanning a total of 132
OAM modes (to measure the acetylene absorption feature in a single measurement),
the largest beam diameter (for l = 132) would be 1.3 cm. This fact that the beam
diameter increases as a function of the OAM mode may impose an additional practical
limitation to the largest optical bandwidth that can be used, in addition to the
limitations discussed in Section 5.3.
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A7.2 Modal decomposition

Here, I use Equations (5.3) and (5.4) to perform the modal decomposition analysis for
the reflective rectangular target used in the experiments in Article V. A simulation
of the target is shown in Figure 44a. Basically, I have simply written a matrix with
elements with the value 1 at the rectangle and 0 elsewhere. Then, to perform the
modal decomposition, I have calculated another matrix representing an LG mode
with a chosen topological charge k and number of radial nodes p. I multiplied the
target matrix in an element-wise manner with the element-wise complex conjugate
of the LG matrix. Finally, I summed up all the elements in the resulting matrix
to yield the complex amplitude Ak,p. I repeated this process for a few different k
and p values, as seen in Figure 45. We can see that due to the 2-fold symmetry of
the target, only the even-valued topological charges contribute to the target. The
fundamental Gaussian mode dominates, but we also have respectable contribution
from other topological charges, mostly with p = 0.

Note, however, that the modal decomposition of the target does not necessarily
mean that the target would reflect only into these modes. Instead, Equation (5.7)
shows that for an illumination mode, say, l = +1, the reflected field comprises modes
m = k−1, which are odd (because k is known to be even); the reflected field contains
mostly m = −1 (k = 0), which, interestingly, doesn’t experience any rotational
Doppler shift (see Eq. 5.7). To experimentally probe the modal composition of some
target, one can either illuminate with a Gaussian beam (l = 0) and use a modal
filter to detect one m = k at a time, as is done in [159]. Or, one can use the fringe
approach (Eq. 5.12) and illuminate with a beam with two input modes l1 and l2:
while scanning the topological charge of one of the input modes, one can measure
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the modal amplitudes by detecting reflection only to the fundamental mode m = 0
by using a modal filter such as a single mode fiber, as is done in [152].

Figures 44b and 44c show the reconstructed target based on the modal decomposition
performed here. We can see that the shape of the real part of the reconstruction
already resembles the original target, while the imaginary part tends to zero, as
expected, because the original target is a real function (for a pure phase-modulator
target, like the one in Appendix A7.3, the panels would be the other way around).
To improve the reconstruction, more modes should be included in the decomposition
calculations.

(a) Original target (b) Real part of reconstruc-
tion

(c) Imaginary part of recon-
struction

Figure 44: Reconstruction of a 0.3 mm wide reflective rectangle as a sum of the Laguerre–Gaussian
modes spanning l = −11, − 10, ..., + 11 and p = 0, ...,1 ..., 10, with weights whose absolute values
squared are shown in Fig. 45.

Figure 45: Modal decomposition of the reflective rectangular target given in Fig. 44a. The heights of
the bars reflect the relative intensity of the respective Laguerre–Gaussian mode in the decomposition,
obtained as the square modulus of the determined complex expansion coefficient and normalized
by the largest such value. The inset shows the total contribution by a given topological charge l,
obtained by summing along the respective p column. Due to the 2-fold rotational symmetry of the
target, only the even-valued topological charges contribute.
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A7.3 Phase modulation

In this thesis, and in Article V, I have mainly discussed the RD-FTS technique from
the viewpoint of amplitude modulation, meaning that the rotating target modifies
the reflectivity of the rotating mirror without modulating the phase (via varying the
depth of the surface). In particular, all simulations in this thesis have illustrated
amplitude modulation. For completeness, and because the results are interesting, I
want here to show also an example of a target that modulates only the phase. Similar
to Animation 1d, let’s use a rectangular target. In Animation 1d, the reflectivity of
the rectangle is 0, but 1 elsewhere. Here, let’s have the values at the rectangle to
be exp(iϕ), but 1 elsewhere. This means that the rectangle will reflect the incident
beam but simultaneously advance its phase by ϕ. Otherwise, the simulations have
been performed similarly as explained in Section 5.3. The main difference is that
only one of the beams strike the rotating target, after which the reflected field is
beat against a reference beam:

I(t,l) =
∫ a

−a

∫ b

−b

|LG(l,p = 0) × R(t) + LG(−l,p = 0)|2 dxdy , (A7.8)

where the symbols have been explained when explaining Equation (5.14).

The result of this simulation is shown in Animation 3. In 3a, the input field consists
of the OAM mode l1 = +2, and the reference mode is l2 = −2, meaning that the
modes have opposite signs.∗ In 3b, the modes have the same sign. In the former
case, intensity modulation at an angular frequency of 2lΩ ensues. In the latter case,
no change in the average intensity at the detector would be observed even though
the pattern rotates. This exemplifies that even in the heterodyne case, the combined
beams need to generate a petal pattern that the rotating target then traverses, as
was claimed in Section 5.1.

Another way to view this result is that in the case of Animation 3a, the reference
mode l2 probes light reflected to this specific mode by the rotating target, with
the strongest possible intensity modulation signal obtained by a rotating pure mode
converter to this specific mode (such as a suitable rotating spiral phase plate). In the
case of 3b, the reference mode probes light unaffected by the rotating target; a pure
”mode converter” to this mode would be a rotating perfect mirror that consequently
wouldn’t modulate the phase of the incoming beam and therefore wouldn’t lead to
a rotational Doppler frequency shift.

∗Strictly speaking, the simulations here describe transmission, which means that the topological
charges of the incident beams need to have opposite signs (or generally be unequal). In Section
5.1, the derivations describe reflection from a rotating target. In that framework, the incident
beams need to have the same topological charges so that the combined beams will form the petal
pattern as the reflection at the rotating mirror flips the phase of the other beam.
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(a) Reference and reflected beams have opposite
topological charges, which creates a petal pattern
that the rotating target traverses, leading to in-
tensity modulation.

(b) Reference and reflected beams have the same
topological charges. In this case, no intensity
modulation is observed.

Animation 3: Simulation of a phase-modulating rectangular target with a phase value of ϕ = π/2.

A7.4 Broadband simulation

In Supplement 1 of Article V it was derived that when an electric field consisting
of two optical angular frequencies ω1 and ω2 with the topological charges l1 and l2,
respectively, is incident on a rotating target, one can expect intensity modulation at
the down-converted frequencies 2l1Ω and 2l2Ω, where Ω is the angular frequency of
the rotating target. In addition, peaks are expected around the difference frequency
of the two optical frequencies, i.e., at ∆ω± [l1 − l2]Ω and at ∆ω± [l1 + l2]Ω. However,
these latter peaks around ∆ω are not always present, which seems to depend on the
symmetry of the rotating target. Animation 4 shows two types of targets: a short
rectangle (4a) and a long rectangle (4b).

To simulate the generated modulation signals for the targets in Animation 4, I cal-
culate

I(t,l,D|l|) =
∫ a

−a

∫ b

−b

dxdy∣∣∣∣∣∑
l

[LG(l,p = 0) + LG(−l,p = 0)] × exp(−2πνlt) × R(t)

∣∣∣∣∣
2

, (A7.9)

where explicitly writing out exp(−2πνlt) emphasises that each of the OAM modes l
are carried by different optical frequencies. Rest of the symbols have been explained
when explaining Equation (5.14).

Figure 46 shows both the resulting time domain signal (interferogram) and the cor-
responding spectrum for a simulation with two input modes l1 = 1 and l2 = 2, with
1 Hz rotational frequency of the target, and with an ”optical” frequency difference
of 100 Hz. We see that in the case of a short rectangle, all the expected frequency
components at 2 Hz and 4 Hz, but also at ∆ω/(2π)± [l1 −l2]Ω/(2π) = 100±1 Hz and
∆ω/(2π)± [l1 + l2]Ω/(2π) = 100±3 Hz, are present. However, in the case of the long
rectangle, only the frequencies at 2 Hz and 4 Hz are present. It must be that in the
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case of the long rectangle (two short rectangles with π angular distance), two signals
are generated such that they sum up out of phase, eliminating the signals around
the optical difference frequencies. This probably could be derived analytically in a
similar manner as is done in [151], but it is out of scope for the present thesis.

(a) A long rectangular target. (b) A short rectangular target

Animation 4: Simulation with two types of targets for an input field consisting of two distinct
optical frequencies carrying respective topological charges l = 1 and l = 2. Note the oscillatory
motion of the underlying intensity pattern, which is due to beating between the different optical
frequencies in the field.∗
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(a) The interferograms.
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(b) The corresponding spectra.

Figure 46: Results for the simulation in Animation 4. It can be seen that for the long rectangle
case, the only peaks generated are the ones at 2 and 4 Hz. For the short rectangle case, also the
peaks around 100 Hz appear.

∗The intensity of the incident electric field (before it impinges on the rotating target)

E(r,θ,t) = B1(r) exp(−iω1t) [exp(il1θ) + exp(−il1θ)] + B2(r) exp(−iω2t) [exp(il2θ) + exp(−il2θ)]

can be derived to be

I(r,θ,t) = 2|B1(r)|2 + 2|B2(r)|2 + 2|B1(r)|2 cos(2l1θ) + 2|B2(r)|2 cos(2l2θ)
+ 2|B1(r)B2(r)| cos(∆ωt + [l2 − l1]θ) + 2|B1(r)B2(r)| cos(−∆ωt + [l2 − l1]θ)
+ 2|B1(r)B2(r)| cos(∆ωt + [l2 + l1]θ) + 2|B1(r)B2(r)| cos(−∆ωt + [l2 + l1]θ) .

From this we see that the intensity pattern consists of two pairs of counter-rotating petal patterns,
leading to the oscillatory motion seen in the animation.
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To consider an even more complex case, let’s use a total of 11 OAM modes but with
the 5th mode excluded, and let’s again use a long rectangular target (Animation 5).
Figure 47 shows the results for this simulation. One can see the expected result that
peaks appear at the down-converted frequencies 2lfrot = (2, ..., 4, ..., 8, 12, ..., 22) Hz,
i.e., that the peak at 10 Hz is absent as the OAM mode l = 5 is not present. In
addition, the peaks around the ”optical” frequency separation of 100 Hz are absent
due to the even symmetry of the target. Instead, additional signals appear around
the even multiples of the optical frequency difference, such as around 200 Hz (with
further peaks appearing also around 400 Hz, 800 Hz, ..., which is not illustrated in
the figure).

All in all, the broadband simulations presented here further validate that the RD-
FTS technique should work also when using an actual broadband optical vortex
comb light source (in addition to the emulated one in Article V). I am excited for an
experimental verification of this.

Animation 5: Simulation of a rectangular target rotating in an optical field
consisting of 11 OAM modes (and their mode inverted counterparts), each
carried by a unique optical frequency. The field itself oscillates due to
beating between the different optical frequencies.
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(a) The time domain signal (interferogram). The
orange curve is the same as blue, but the frequen-
cies above 100 Hz have been filtered out.
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(b) The corresponding spectrum (Fourier trans-
form) of the blue trace in (a). We see that the
peak at 10 Hz (corresponding to l = 5) is not
present, as expected. We also see that the addi-
tional peaks around the ”optical” frequency dif-
ference (100 Hz) are absent while they appear
around the even multiples of 100 Hz due to the
2-fold symmetry of the target.

Figure 47: Interferogram and the corresponding spectrum from the broadband simulation in Ani-
mation 5.
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