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We study the formation of primordial black holes (PBHs) with ultraslow-roll inflation when stochastic
effects are important. We use the AN formalism and simplify the stochastic equations with an analytical
constant-roll approximation. Considering a viable inflation model, we find the spatial profile of the PBH
compaction function numerically for each stochastic patch, without assumptions about Gaussianity or the
radial profile. The stochastic effects that lead to an exponential tail for the density distribution also make the
compaction function very spiky, unlike as assumed in the literature. Naively using collapse thresholds
found for smooth profiles, the PBH abundance is enhanced by up to a factor of 10°, and the PBH mass
distribution is spread over 3 orders of magnitude in mass. The results point to a need to redo numerical

simulations of PBH formation with spiky profiles.

DOI: 10.1103/PhysRevLett.133.121403

Introduction—Primordial black holes (PBHs) [1-9] can
constitute all of the dark matter or seed supermassive black
holes [10-12]. Generating PBHs requires large density
fluctuations. They may originate in the same process as the
small fluctuations seen in the cosmic microwave back-
ground (CMB). The most successful proposal for this is
cosmic inflation, in the simplest case driven by one scalar
field, the inflaton [13-27]. The curvature perturbation ¢ is
inversely proportional to the inflaton velocity, so a feature
in the inflaton potential that slows down the field amplifies
{. A much studied case is ultraslow-roll (USR) inflation,
where the classical force due to the potential is small or
opposes the inflaton velocity, and the velocity decreases
exponentially [4,28-43].

A simple way to determine the PBH abundance is to
solve for the inflaton background evolution, calculate the
linear perturbations around it to obtain the curvature power
spectrum 794, and, assuming Gaussian statistics, use Pg to
find the fraction of values of { that exceed the curvature
threshold {;, corresponding to PBH formation [31-35,43].
This approach has two shortcomings.

First, stochastic effects due to the stretching of short-
wavelength modes into long wavelengths couple the
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evolution of the background to the perturbations [44—
48]. USR is particularly sensitive to stochastic noise,
because the classical field velocity is small and perturba-
tions are large [41,42,49-62]. Stochastic kicks lead to an
exponential tail for the fluctuations, which can dominate
the linear theory Gaussian tail [49,53,56,58-61]. (Classical
nonlinearities can also lead to an exponential or heavier tail
[63-71].)

It is therefore not enough to consider the power spec-
trum. In [56] we presented the first numerical calculation of
the non-Gaussian tail of the probability distribution of ¢
due to stochastic effects in USR, using the formation
threshold ¢y, = 1. This brings us to the second problem:
¢ is not a good measure of PBH formation. The curvature
perturbation is sensitive to long-wavelength fluctuations,
whereas gravitational collapse and formation of a trapped
surface is determined by local conditions [72-74].

The maximum value of the compaction function C =
2GNAM/R or its average has been found to be a good
indicator of PBH formation [75-92]. Here Gy is Newton’s
constant, AM (¢, r) is mass excess over the background, and
R(t, r) is the areal radius at time ¢ and coordinate radius r.
For a Gaussian field, large overdensities are close to
spherically symmetric, and we assume this also in our
non-Gaussian case [93]. On scales larger than the Hubble
radius, C is independent of time.

Checking whether C(r) exceeds the collapse threshold
requires knowing the spatial profile of the perturbation.
Previous studies have used the mean profile and
its variance calculated for Gaussian random fields

Published by the American Physical Society
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[64,80,83,86,89,91,94-96] or ad hoc profiles [72,75,77—
79,81,82,84,88,92,96-98]. The former approach is unlikely
to be accurate when the statistics are highly non-Gaussian,
and the ad hoc profiles have been smoothly varying and
have had only one or two maxima. When stochastic effects
are significant, C(r) varies rapidly and has many maxima.

In this Letter, we for the first time calculate the
compaction function C(r) directly from stochastic inflaton
fluctuations, showing how the stochastic effects that gen-
erate the exponential tail of the perturbations also make
their spatial profile spiky. We use C(r) to determine PBH
abundance as a function of the collapse threshold, provid-
ing a complete route from the inflaton potential to PBH
abundance including stochastic effects, without assump-
tions about the radial profile or Gaussianity.

The compaction function—As in [56,59], we use the AN
formalism, where ¢ is equal to the difference between the
number of e-folds N of a local patch of the Universe and the
mean number of e-folds N, { = N — N = AN [99-102].
By simulating one patch of comoving scale k, we
obtain the coarse-grained curvature perturbation {_,=
f(d3p/(27r)3/2)é‘pei1”‘€(k —p), where k= k|, p=|p|
Given spherical symmetry, the Fourier modes satisfy

\% 2r d§<k (1)
2k dInk’

We end the simulations on super-Hubble scales, where {;, is
time independent. We probe a large number of k values in
the same patch to reconstruct the function {(r) with the
inverse Fourier transform

1 ox
¢(r) :W/d%ﬁek

2 e, sin(kr)
_\/;A dkleG == (2)

A window function is sometimes introduced in (2) to cut off
scales and define the PBH mass [80,96,103]. However, its
physical motivation is unclear. Using a Gaussian window
function would not have a large effect on our results. Our
PBH masses are determined by where the stochastic
process produces maxima of C(r), not fixed a priori.
The patches just have to be small enough to be approxi-
mated as spherically symmetric and large enough to capture
all maxima that can lead to PBH formation. We also do not
include the transfer function, which has a small impact on
sub-Hubble evolution [86,96,98,104].

On super-Hubble scales in the comoving gauge, the
compaction function in the gradient approximation is [77]

Ck =8k =

2
Cr) =511 = (1 + Y, ()
where /= (0/dr). The prefactor is gauge dependent
[75,77,89,90]. It has been argued that the areal volume
average of C is a better indicator of collapse
[82,83,85,87,88,91],

L3[R0

2 r
T r353C(r)/0 drPe® 27+ 3(0) + ()], (4)

where R(t,7) = a(t)re*™"), and a(t) is the background
scale factor. In the literature, the integral has been taken to
the maximum of C(r); we keep the integration end point
free and study the profile of C(r).

The collapse threshold Cy, or Cy, depends on the radial
profile, varying from 0.4 to 2/3. It was observed in [77,78]
that a smoother transition between the overdensity and the
surrounding background corresponds to a lower threshold,
while a sharper peak leads to a higher threshold, as pressure
gradients resist collapse. In [83] it was argued that, if C(r)
has several peaks, the threshold should be compared to the
value of C(r) at the first peak from the origin, as other peaks
dissipate. In contrast, [105] found that high-frequency
modulation of a peak facilitates collapse, and [92] found
that, with two peaks, collapse can occur even if both are
below the threshold.

In our case, gradients are large due to rapid stochastic
fluctuations; a typical realization of C(r) is shown in Fig. 1.
Because the compaction function is conserved on super-
Hubble scales, the spikes persist until the fluctuation
reenters the Hubble radius, when the collapse starts.
Then pressure gradients smooth out variations [98].
Determining the damping and finding the collapse criterion
for such sharp profiles requires a dedicated numerical
analysis. We simply find the probability distribution for
the maxima of C(r) and C(r), called Cpa and Cpa
respectively, and discuss the PBH abundance for conven-
tional values of the collapse threshold.

For comparison, we also find the abundance using the
mean radial profile calculated assuming Gaussianity. The
mean profile of a spherical fluctuation with maximum value

Lo is (¢(r)) = (Co/0?) [(dk/k)P,(k)(sin(kr)/kr), where
o} E_f(dk/k)Pc(k) 106]. From (£(r)), we calculate C(r)
and C(r). The Gaussian distribution of ¢, with variance o7

then gives the distributions of Cy,, and Cpyy.

From the inflaton potential to the compaction function—
To compute ¢ stochastically, we split the inflaton field into
long- and short-wavelength parts, ¢ = ¢ + ¢, separated
by the coarse-graining scale k, = caH,, where H,, is the
initial value of the Hubble parameter, and ¢ < 1 is a
constant [44—48]. The long-wavelength part ¢ is treated as
a background and evolves according to the following
stochastic equations to leading order in the gradient
expansion (see, e.g., [52,59,60]):

p=r+é.  w= —(3 —lz‘ﬁ) (iz+ VV"Z%)> + &,
(5)
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FIG. 1. Left: solid lines show one realization of the curvature perturbation ¢(r), the compaction function C(r), and its average C(r).
The realization has been selected so that C,,,, = 0.4. Dashed lines show the same quantities calculated from the mean profile assuming
Gaussianity and the same maximum value of {(r). The horizontal line shows the collapse threshold 0.4. The vertical line marks the
power spectrum peak scale. Middle: probability distribution of Cp,y and C,,. The solid lines show the results of our numerical
computation, while the dashed lines correspond to the Gaussian mean case. The vertical line marks the collapse threshold 0.4. Right: the
mass distribution with the collapse threshold Cy, = 0.4. The vertical line marks the power spectrum peak scale.

where * = (d/dN), and 7 is the mean field momentum, and
we use units where the Planck mass is unity. The dynamics
are determined by the potential V. We consider the Higgs-
inspired inflation model of [56,59] that produces asteroid-
mass PBHs while also fitting CMB observations [107]. The
perturbations are amplified when the inflation rolls over a
local maximum in V. The effect of perturbations is
described by the noise terms &, and &,, caused by the
short-wavelength modes crossing the coarse-graining
scale. They are treated as linear perturbations, so the noise
is Gaussian, with (£,(N)E&,(N)) = Ps,(N.k,)3(N — N),
where P, (N, k) = (k*/27%)|6¢(N)|*. Correlators that
involve &£, behave similarly.

In [56,59], the coupled stochastic evolution of ¢ and ¢
was solved at every time step. This is computationally
expensive: it took over 10° CPU hours to resolve the
probability distribution up to ¢ =0.95. To be able to
reconstruct the spatial profile of C(r), we simplify the
calculation by using results from [61].

Our PBH model, as is typical, first has a USR phase,
when the inflaton climbs toward a local potential maxi-
mum, and then a dual constant-roll (CR) phase where it
rolls down the other side [108]. The perturbations that exit
the Hubble radius during USR get the largest amplitude.
They exit the coarse-graining scale later, during the dual
CR phase. We denote the wave number of the last mode that
exits during USR by kpgy = 2.0 x 10'3 Mpc~!. During the
dual CR phase the perturbations are adiabatic, meaning that
the stochastic noise only moves the inflaton back and forth
on the CR trajectory, where the perturbation evolution turns
out to be independent of the noise [60]. As long as this
holds, Egs. (5) have the following analytical solution in

terms of discrete k£ modes [61]:

e €
#¥) = o (1- 2 X, ) ©)
k ~ A A A
Xa==) \PBdnkE.  (&&) =64 (1)
k=kin;
Here ¢, 1is an integration constant, and ¢, =

(d/dN)In(=H/H) is the second slow-roll parameter dur-
ing the dual CR phase (when it is constant). The power
spectrum P (k) is presolved from the Mukhanov-Sasaki
equation. In our model, it peaks at kye, ~ 0.2kpgy, and
€, = 0.807 [59], see Fig. 3 in Appendix A.

The sum in (7) is taken over k values with fixed
logarithmic step dInk, which approaches zero in the
continuum limit, starting from the initial coarse-graining
scale ki, = 0.05 Mpc™' = 2.5 x 10~ kpgy. The stochas-
tic noises &, are independent Gaussian random variables.

On the CR trajectory, the coarse-grained variable
AN_;, = {_; is given in terms of X_; as [61]

2
£ = ——ln<1 —6—2X<k>.

€) 2

(8)

The resulting probability distribution for {_; matches the
numerical result of [56,59] excellently, demonstrating the
power of this technique.

The results (6)—(8) characterize a single stochastic
realization completely in terms of the variables %k, a
tremendous simplification compared to solving (5) by
force. The model is fully described by P,(k) and the
parameter e, that controls non-Gaussianity. Combining
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(6)—(8) with (1) and (2) and using It&’s lemma [61,109,110]
for differentiation of stochastic variables gives

A

rl'(r) = ezﬂd {—] —ZX - Pc(lz)dlnk
k=kini 2 %<k
€ ~
+m7)§<k>dln k:|
X {cos(l}r) —%} 9)
r

The final mode with k.,q = 2.6 x 10'® Mpc™' = 1330kpgy
exits the Hubble radius about 10 e-folds before the end of
inflation. Plugging (9) into (3) gives the profile C(r) in one
patch. We collect statistics for the patches by generating
many stochastic realizations %k.

The quantity C was first calculated from stochastic
inflation in [111]. The authors used the first passage time
formalism to find the coarse-grained {_;, which they used
to approximate {(r) coarse grained over a region of size
~k=!. They computed the distribution of C,,,, analytically
in an example model, with the noise given in the slow-roll
approximation. We obtain the radial profile in each patch
and compute the noise beyond the slow-roll approximation,
which can make a large difference [56,59].

Results—We generated 10° stochastic realizations of
{(r), each with 10450 k points from k;p; to kenq, Separated
by step length dInk = 1/256. We recorded the values of
Crnax and Cpx, the values of r for which they were reached,
the value of AN . = {4, (denoted simply by AN
below), and the number of peaks above Cy > 0.4 or
Cy, > 0.4. We discuss resolution issues and the numerical
algorithm in Appendix C.

The left panel in Fig. 1 shows a typical realization of
{(r), chosen so that Cp,,,, = 0.4, and the corresponding C(r)
and C(r). The curvature perturbation is constant for small 7,
drops rapidly to zero around r ~ 10kpsy, and oscillates
stochastically before settling down. The oscillations are
amplified in C(r), and its peak locations correspond to the
big drop of ¢(r). The behavior of C(r) is similar, but
smoother and more robust to small fluctuations. For
example, it has only one high peak instead of two. The
plots also show the mean profile ({(r)) in the Gaussian case
with the same value of {(0) and the corresponding C(r)
and C(r).

In [92], a C(r) profile with two peaks was studied, with
the caveat that such cases might be rare. We see that several
peaks is the norm: 39% of the simulations even have more
than one peak above Cy = 0.4. The number p of peaks
above Cy = 0.4 follows an exponential distribution,
n(p) < e, with a = 0.79. See Appendix B for depend-
ence on resolution. Perturbations in all patches are of type I
[76,112], i.e., R' > 0.

The middle panel in Fig. 1 shows the probability
distribution of Cp, and Cp.. Averaging C suppresses
the maximum values significantly. Also shown are the
distributions calculated from the mean Gaussian profile.
They fall off steeply and do not reproduce the numerical
distributions anywhere. Spherical symmetry, and thus our
distributions, is not likely to be valid for small fluctuations,
but they are not important for PBH formation.

The initial PBH abundance f is given by an integral over
P(Cpax) OF P(Cpax) starting from the collapse threshold.
For Cy, = 0.4, we get # = 0.01, while Cy, = 0.4 leads to
p =5x107°. (The abundance for C,,, has an error of
some tens of percent because of the small number of
realizations above (_Zth; in contrast, C is well sampled.)
Using the Gaussian mean profile for the same thresholds
instead gives =4 x 107" and f =9 x 107!3, respec-
tively. In [56,59], we calculated f for the same model from
the AN distribution using the threshold {y = 1, giving
=3 x 107!, (In the Gaussian approximation C,,,, = 0.4
corresponds to £y~ 1, and Cp = 0.4 to £y~ 1.1.) The
corresponding Gaussian linear perturbation theory result
was f# = 3 x 107!6, tuned so that PBHs contribute all dark
matter today.

In Fig. 2 we show the correlation of AN with C,,,, and
Crnax- It demonstrates that AN is a poor predictor of Cpyy
and vice versa; many patches with C,,, > 0.4 even have
AN < 0. The average C,,,, is better correlated with AN, but
even there the scatter is large, and we are limited by lack of
statistics at large values of Cy.

The PBH mass is roughly the mass inside the Hubble
radius given by the peak scale r. There are corrections
from evolution during the collapse and accretion
[72,81,92,113,114], including critical behavior [115-
118]. Neglecting these and assuming standard thermal
history, the mass is (see, e.g., [108])

M = 5.6 x 10"°(r x 0.05 Mpc™")?M,,. (10)

1071 1072 1073

02 03 04 05 06 0.1 0.2 0.3 0.4
Cmax Emax

FIG.2. Correlation of { = AN with C,,, (left) and C,,, (right).
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The right panel of Fig. 1 gives the mass distribution
normalized to unity using Cy = 0.4. It peaks around
M =15x10""Mg, compared to the monochromatic
approximation in [56,59], where the scale kppy gave the
mass M = 7 x 107" M. It has significant support over 3
orders of magnitude in mass, much broader than the
distribution found in [111], stretching to higher values
than that determined from the maximum of the power
spectrum, whereas critical collapse extends the spectrum to
smaller masses. For the threshold éth = 0.4, there are not
enough realizations to obtain a reliable mass distribution,
but the masses are of the same order.

Conclusions—We have for the first time constructed
stochastic realizations of the spatial profiles of the curva-
ture perturbation ¢ and the compaction function C, starting
from the inflaton potential. The stochastic effects that have
been shown to generate an exponential tail for the dis-
tribution of the curvature perturbation also lead to highly
oscillatory profiles for the individual patches. Our calcu-
lation produces the individual profiles of each patch,
allowing us to find the radial profiles of both C and the
average compaction function C.

PBH abundance has sometimes been calculated assum-
ing Gaussian statistics and using the maximum of ¢ as the
collapse criterion. Naively applying the PBH collapse
threshold for C or C that has been calibrated on smooth
profiles to our spiky profiles enhances the PBH abundance
by a factor of 10° for C and a factor of 10> for C, compared
to using ¢. Compared to calculating the compaction
function from the mean profile, assuming the field to be
Gaussian, as often done in the literature, the enhancement
factor is 10" for C and 10° for C.

However, the collapse criteria from simulations of
smooth profiles cannot be reliably applied to the rapidly
varying profiles we find, as shown by the fact that we have
large differences between using C or C. On the one hand,
having more than one spike can lead to collapse even if
none of them exceed the threshold [92]. On the other hand,
pressure gradients will dampen the spikes when the
perturbation enters the Hubble radius and starts to collapse,
which is expected to wash away some of the enhancement.
Checking the collapse criterion anew with numerical
simulations using the spiky profiles should establish which
quantity correlates well with collapse and the degree of
profile dependence of the collapse threshold. The enhance-
ment factor can also be different for inflaton potentials
corresponding to different PBH masses, as is the case for
the exponential tail [59].

The tail and spike enhancements could be important for
determining whether the nondetection of PBHs rules out
explaining the origin of gravitational waves possibly
detected by pulsar timing arrays with second-order pro-
duction from scalar perturbations [96,113]. With this
mechanism, detection of the amplitude of gravitational
waves would fix the amplitude of the scalar power

spectrum. Because of the enhancements we have discussed,
the power spectrum will lead to a larger PBH abundance,
without changing the amplitude of gravitational waves.
This can make the constraints tighter. It has also been
argued that generation of PBHs in single-field inflation is
excluded because the required large small-scale power
spectrum would distort the power spectrum on CMB scales
[119-135]. The effects we discuss would alleviate such
tension, but it remains to be quantified how much smaller
the power spectrum can be. We will report details of this
and other extensions of our work elsewhere.
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End Matter

Appendix A:  Curvature power  spectrum—The
inflationary model studied in this Letter is the asteroid-
mass case previously studied in [56,59-61], built from
Higgs inflation by adding quantum corrections to the
plateau potential and tuning the CMB region by hand.
The curvature power spectrum is depicted in Fig. 3, and
it has a peak at k = 0.2kpgy = 3.3 x 10'2 Mpc~!. After
the peak, the power spectrum declines as k™2, where
€, = 0.807 is the second slow-roll parameter.

Appendix B: Details on resolution—We studied the
effects of the k resolution and the r resolution used in
our simulations on the PBH abundance, both separately
and together.

To test the effect of the k resolution, we considered four
step lengths dInk: 1/32, 1/64, 1/128, and 1/256.
Reducing the step length appears to increase the number
of peaks in C(r) at large values of r, shifting the P(C) peak
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FIG. 3. The curvature power spectrum. The vertical lines mark
the peak scale ke, and the CMB pivot scale k, = 0.05 Mpc~!.
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to larger values of C. The difference in the PBH abundance
between the largest and the smallest step length is about a
factor of 3. The relative difference decreases with each
doubling of the k resolution (70%, 45%, and 30%,
respectively). This suggests that the abundance may even-
tually saturate with a small enough step length. The scaling
of the number of peaks n(p) x e™*” above the threshold
Ci, = 0.4 varies with the resolution as @ = 0.79, 0.83, 1.0,
and 1.4, each value corresponding to halving our maximum
resolution. Again, the changes decrease with increasing
resolution. For the quantity P (é), the effects of varying the
k resolution are negligible.

In our simulations, we considered r values ranging from
10~ kphy to 10*kpay. To test the effects of resolution in r,
we considered three cases: 1024, 2048, and 4096r points
logarithmically distributed in the given range. We also
considered extending the upper limit of the r range by an
order of magnitude to 103k At the lowest k resolution
of dlnk = 1/32, the resolution or the range extension of r
have no quantifiable effect. However, higher k resolution
works in synergy with the increased r resolution to enhance
the peaks at large r, further pushing the P(C) peak toward
larger values of C. Doubling the r resolution and extending
the range of r by an order of magnitude at the highest k
resolution dIn k = 1/256 increases the PBH abundance by
28%. As with the k resolution, increasing the r resolution

and extending the range have negligible effect on P(C).

The computational cost of the simulations is directly
proportional to both the k and r resolution, so increasing
both ramps up the amount of computational resources
needed to produce sufficient statistics. In this Letter, we
have settled on using the highest tested k resolution
(dInk = 1/256) with 1024r points in the range spanning
from 10~ kgl to 10%kphy-

Appendix C: Numerical algorithm—Before the simu-
lations begin, we precompute the power spectrum P (k)
for our potential. Then, for each realization, we execute the
following numerical algorithm (simplified for readability):

ALGORITHM 1. Single realization.

Set X<0 =0.
for all modes k do
Solve {_; from (8).
Generate Gaussian random variable &,.
Solve X_;, from (7).
for all points r do
Solve ¢(r) from (2).
Solve r¢’'(r) from (9).
Solve C(r) from (3).
Solve C(r) from (4).
Count the number of C(r) > 0.4, C(r) > 0.4 peaks.
Store Cpax> Crmaxs the corresponding r values, ¢ <kppyy» and the
number of peaks.
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