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Abstract

Flows on directed graphs measure the number of units that travel between
nodes in a network, which naturally models the movement of a commodity.
Moreover, a common theme in graph theory is the decomposition of com-
plex objects into simpler ones, as this enables us to work separately with
each of the simple objects. Although a vast amount of research handles the
computation of flows, a relatively small amount of work addresses their de-
composition, despite the relevance of both flows and graph decompositions
in theory and applications.

In this thesis, we study the Minimum Flow Decomposition (MFD) problem,
which is about finding a smallest set of weighted paths whose superposition
is equal to an integral input flow. It is a fundamental optimisation problem
that is NP-hard and has applications in various fields, such as Bioinfor-
matics, communication networks or transportation planning. We study the
problem on directed acyclic graphs (DAGs) for integer flows and consider
two angles, a theoretical and a practical one. The DAG width, the fewest
number of paths to cover all edges, plays a central role in both angles.

As many optimisation problems are NP-hard and are not feasibly solvable
for many practical instances, heuristics are commonly used as a trade-off
between optimality and runtime. Despite the active development of heuris-
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tics for MFD in the recent years, we have only gained little understanding
of the theoretical aspects of the problem. In the first three papers, we
analyse heuristics and their relationship to graph structure. We differenti-
ate between two variants: allowing negative path weights and forcing them
to be positive. In the former case, we present an approximation algorithm
with performance guarantees for all instances. In the latter, we present per-
formance guarantees for graphs that commonly appear in practice, and we
analyse the computational complexity based on notions that are connected
to the DAG width.

In the fourth paper, we use Integer Linear Programming (ILP) methods to
improve the exact and heuristic solving of MFD. We improve the runtime of
the current state-of-the-art exact ILP-based solver using pre-computation
steps on the instances. Further, we define a new variant of MFD and
show that it can be used as approximation to the original MFD problem,
whose approximation performance improves compared to the current state-
of-the-art heuristic by a large magnitude while still admitting an acceptable
runtime on our datasets.

Computing Reviews (2012) Categories and Subject
Descriptors:

Theory of computation → Design and analysis of algorithms →
Approximation algorithms analysis
Theory of computation → Design and analysis of algorithms →
Graph algorithms analysis → Network flows
Mathematics of computing → Discrete mathematics → Graph
theory → Graph algorithms
Applied computing → Life and medical sciences → Bioinformatics

General Terms:
Flow networks, Graph algorithms, Approximation algorithms, Integer
Linear Programming

Additional Key Words and Phrases:
Flow decomposition, Minimum path cover, Minimum flow, Computational
complexity, Parameterized complexity, Width, Parallel-width
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I. Manuel Cáceres, Massimo Cairo, Andreas Grigorjew, Shahbaz Khan,
Brendan Mumey, Romeo Rizzi, Alexandru I. Tomescu, Lucia Williams.
Width Helps and Hinders Splitting Flows. In Proceedings of
the 30th Annual European Symposium on Algorithms (ESA 2022).
Volume 244, pp. 31:1-31:14, Schloss Dagstuhl - Leibniz-Zentrum für
Informatik, 2022.
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Chapter 1

Introduction

In this thesis we present theoretical and practice oriented work on the
Minimum Flow Decomposition (MFD) problem. We theoretically analyse
the approximibility of MFD and design efficient algorithms to practically
solve the problem. MFD is an optimisation problem, where we are given
an integral flow network on a directed graph. The task is to decompose
the flow into the smallest number of weighted paths, such that for every
edge, its flow is equal to the sum of the weights of the paths that cross
this edge. Past research has mostly focused on restricting the flow and
path weights to positive integers, which is motivated by the applicationss
in various fields, such as Bioinformatics [3, 9, 15, 29, 35], communication
networks [19, 25, 37] or transportation planning [26].

Vatinlen et al. [37] showed that the problem is strongly NP-hard (that is,
even when the flow weights are upper bounded by a polynomial in the input
length, the problem is NP-hard). To cope with this complexity, heuristics
are commonly designed for practical applications. Greedy algorithms for
MFD are based on the observation that the difference between flows is again
a flow. For example, we can choose a weighted path to subtract from the
flow and repeat this until the flow is zero. The resulting weighted paths are
a flow decomposition. Vatinlen et al. [37] described the framework of sat-
urating algorithms, where the weights of the paths are chosen maximally,
such that the paths always saturate1 an edge (i.e., the weight attached to a
chosen path is equal to the smallest flow weight on the path). There exist
various greedy strategies on which path to choose in every iteration. The
most popular strategy is greedy-weight2, which chooses paths of largest pos-

1An edge is saturated, if its flow is equal to 0. In the MFD variant of positive path
weights, no more paths can then cross the edge.

2In previous work, this algorithm is often referred to as greedy-width. We do not use
this term to differentiate it from the graph width parameters that we use in this thesis.
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2 1 Introduction

sible weight in every iteration. In the greedy-length algorithm, one chooses
a longest possible path in every iteration. Hartman et al. [19] showed a
worst case approximation ratio of Ω(

√
m) for greedy saturating approaches

and extended the greedy algorithms to decompose a (1− ε) fraction of the
flow using at most O(OPT/ε2) paths, where m is the number of edges and
OPT is the optimal solution.

A heuristic solver that follows a different strategy is catfish by Shao
and Kingsford [33], which is the current state-of-the-art for heuristically
solving MFD. Compared to greedy strategies, where the flow alone is the
central object, catfish also analyses and modifies the graph structure in a
heuristic manner. The tool works with an optimality gap, which is defined
as the difference between an upper bound and the optimal solution, and
reduces it by using two steps: merging edges according to certain criteria,
and moving subgraphs (i.e., detaching and reattaching them somewhere
else), where the move maintains flow decompositions and does not change
the optimal solution size.

Approaches for fast, exact solving of MFD have also been studied in
previous work. Kloster et al. [22] showed that MFD is fixed parameter
tractable by the optimal solution size, and presented an algorithm that runs
in time 2O(k2) · (m+log ∥X∥), where k is the optimal solution size, m is the
number of edges and ∥X∥ is the largest flow weight of all edges. Recently,
Dias et al. [10] designed an Integer Linear Program (ILP) model for MFD,
and showed that solving it is the currently fastest method to compute a
minimum flow decomposition and that it can be extended fairly easily in
many contexts that are useful for practical applications (for example, in
order to mitigate noisy data).

Despite the study of heuristics for MFD in previous research, it lacks
results and understanding of the ease and hardness of the approximation
of the problem. The performance of heuristics for MFD is usually proven
empirically [19, 25, 33]. However, practical instances can have a relatively
simple structure. For example, in RNA transcript reconstructions, we use
reads (short substrings of a transcript) and their abundances (the number
of times a read occurs) to construct a flow network. The nodes represent
exons, and edges are created from one exon to another if they appear con-
secutively in a read. For every edge, we consider the sum of abundances of
all reads where the two exons appear consecutively. In optimal conditions,
where the coverage of the reads is evenly distributed throughout the whole
transcript, this weight assignment is equal to a flow; however, this is not
the case in practice due to noise in the data, as reads are usually not evenly
distributed, and reads contain errors [33]. The resulting graph is a DAG
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(directed acyclic digraph) and is series-parallel, which is a class of graphs
that often occurs in practice.

MFD is also used in communication networks, as Hartman et al. [19]
described, where data is sent through a network connected through routers.
Minimising the number of paths that decompose this network minimises the
necessary cost to maintain the routers among other benefits [19]. A large
decomposition introduces additional costs that are amplified over time. De-
spite the NP-hard complexity of the problem, we are thus also interested
in expanding the set of instances that can be solved exactly in a feasible
amount of time.

Moreover, the problem is interesting for the theory of flow networks
itself, as it follows a common pattern in graph theory. We are given a
complex object (the flow network) and aim to decompose it into several
simple objects (weighted paths), each of which can be understood and
worked with more easily. The study of graph decompositions is massive
and is an active area of research (see, e.g., [5, 30, 31], among many other
works).

This thesis aims to increase our knowledge of MFD approximation and
to improve practical MFD solving. We show what makes approximating the
optimal solution hard and in which classes of instances it remains simple.
This gives a first theoretical explanation for the strong performance of
common heuristics. Moreover, we optimise the recently introduced ILP for
MFD by Dias et al. [10], using pre-computations to simplify the input for
the ILP solver.

1.1 Overview of the thesis

The thesis is split into two parts. In the first part, which makes up around
two thirds of the thesis, we theoretically analyse the approximation of MFD.
In the second part we improve the state-of-the-art for practical solving
MFD, by introducing an ILP based heuristic solver and by optimising the
existing ILP model for exact solving. We start by introducing the basic
notation and the necessary tools in Chapter 2.

In Chapter 3 we analyse relevant graph structure for MFD. We provide
first evidence that the width of a DAG G, which is defined as the smallest
number of paths needed to cover all edges of G, plays a vital role in MFD.
We construct a class of instances where the width grows exponentially after
saturating edges, which improves the currently best known lower bound of
the approximation factor of greedy-weight from Ω(

√
m) [19] to Ω(m/ logm),

where m is the number of edges. We also introduce the class of width-
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stable DAGs and show that greedy-weight admits an approximation factor
of O(logVal(X)) on it, where Val(X) is the total flow value of the flow X.
Width-stable DAGs are highly relevant for practice and generalise series-
parallel DAGs in a natural way. We, moreover, generalise width-stability
by showing a close connection of MFD to a notion of directed graph minors
defined by Deligkas and Meir [8], which provides us with a larger set of
graph structural tools.

In Chapter 4 we consider another approximation strategy and express
the input flow as the sum of flows whose decomposition is small and can be
performed in polynomial time. We use a parity-fixing approach and show
that it admits a O(log ∥X∥) approximation factor for MFD, when we allow
negative path weights to appear, where ∥X∥ is the maximum absolute val-
ues of all flow weights. We further show that for the variant restricted to
positive path weights, this approach admits the same approximation factor
on width-stable DAGs and on instances whose optimal solution size is at
least the parallel-width, which was defined by Deligkas and Meir [8] in the
context of directed graph minors as the largest minimal set of edges that
form an s-t cut of the graph. We introduce the width of a flow network
fw(G,X), which connects the DAG width to the parallel-width by generalis-
ing both of the notions. Using this connection, we obtain an approximation
ratio of O(par-width(G)

width(G) · log ∥X∥) for the flow network (G,X). Moreover, this

algorithm can admit an Ω(∥X∥) approximation factor in the worst case, as
we show that the ratio between the parallel-width and the minimum flow
decomposition size can grow arbitrarily large. This leads to the remaining
class of instances whose O(log ∥X∥) factor approximation is still left open.
Complementing the approximation results, we analyse the parameterised
complexity of MFD with the width or parallel-width. We show that MFD
is strongly NP-hard if the width is constant, and NP-hard if the parallel-
width is constant. We also show, as a result of the approximation factor
that we achieved, that the computational complexity of MFD with constant
parallel-width is quasi-polynomial, if the flow is stored with unary bits.

In Chapter 5 we proceed to optimising the ILP introduced by Dias
et al. [10]. Among various optimsations, we utilise the DAG width and
solution safety [36], which is a framework that calculates sub-solutions that
are present in all (not necessarily optimal) solutions of a problem, in order
to reduce the search space of the ILP. We demonstrate how to adjust the
optimisations for practical variants that use inexact flows [38], which we
model using possible intervals for every edge instead of specific flow weights,
and subpath constraints [16, 39], where in addition to the flow, we are given
subpaths that must occur in the solution. Furthermore, we define an ILP
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model for a new variant, which restricts the path weights to come from a
given set, and show that it acts as an efficient heuristic for MFD by guessing
the weights. We achieve speedups for the ILP of up to 34× on the standard
variant of MFD and a striking factor of up to 219× on an MFD variant. We
also show that the ILP model for the weighted MFD variant can compete
with the state-of-the-art heuristic Catfish [33], as it is more accurate in
complex instances, but it obtains a slower runtime.

1.2 Individual contributions to original papers

Paper I. This paper shows that the width (the minimum number of paths
needed to cover all edges) plays an important role in MFD, using it to
improve the approximation factor lower bound of greedy-weight, and to
define and analyse an approximation algorithm for MFD when negative
path weights are allowed. We also disprove a stated conjecture related to a
variant of MFD. The individual contributions by the author of this thesis
were to polish the proof for the greedy-weight lower bound, to improve the
presentation of the approximation algorithm and to formalise the key ideas
of the counter example to the conjecture.

Paper II. This paper extends Paper I. It gives a combinatorial classifica-
tion of width-stable graphs and generalises the approximation algorithm
that allows negative integers to graphs with cycles and circulation decom-
positions. The individual contributions by the author of this paper was to
find and prove the classification of the width-stable graphs, to write down
the generalisation and to prove that it is correct.

Paper III. This paper analyses a heuristic by Mumey et al. [25] for the
variant of MFD where only positive weights are allowed, using a graph
parameter. This parameter was first introduced by Deligkas and Meir [8]
outside the context of flow networks. This paper uses the parameter and
shows a connection of flow decompositions to directed graph minors. The
individual contributions of the author of this thesis were to find and prove
the connection to graph minors, to prove the improved worst case lower
and upper bounds of the heuristic and to design one of the parameterised
hardness reductions.

Paper IV. This paper optimises a recent ILP solver by Dias et al. [10] and
defines a new ILP model for a weighted variant of MFD. The individual
contributions of the author of this thesis were to adapt the optimisations to
variants of MFD, to explain the optimisations and the new ILP solver, to
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prove their correctness, to implement them, and to experimentally measure
their performance.



Chapter 2

Preliminaries

In this chapter, we discuss the concepts necessary for the topics of this
thesis. This includes formal definitions and technical notation. In addition,
we introduce the first basic results. This chapter can be used as a glossary
for the reader throughout the thesis.

2.1 Graphs

We primarily work on directed graphs. We are given a tuple G = (V,E),
where V is a set of nodes and E ⊆ V × V is a multiset of edges, which
are ordered tuples of nodes1. In this work, we always use the notation V
for the nodes and E for the edges when the context towards which graph
they refer to is clear. We assume that E is a multiset, which means that
we allow multiple occurrences of the same tuple in E. We call such edges
parallel. In order to define functions X : E → Y to some set Y, we must
be able to identify each parallel edge. We can do so by adding a subscript
index i to every parallel edge (u, v)i, where i ∈ [k] := {1, 2, . . . , k} if the
edge (u, v) appears k times. Unless it is necessary for clarity, we omit the
subscript index. We also say that a node u is connected to a node v if
(u, v) ∈ E. We use the notation n = |V | and m = |E|.

We say that a graph G′ = (V ′, E′) is a subgraph of G = (V,E), written
G′ ⊆ G, if V ′ ⊆ V and E′ ⊆ E. We call a sequence of edges P = (e1, . . . , eℓ)
with ei = (ui, vi) a path in a graph G, if vi = ui+1 for all i ∈ [ℓ−1]. We call
P a u1-vℓ path to indicate the first and last nodes of the path. A cycle is a
non-empty v-v path. Two edges (u1, v1) and (u2, v2) are called independent

1In some occasions we use undirected graphs, where the edges form a multiset of sets
(i.e., unordered tuples) E ⊆ {{u, v} | u, v ∈ V }.

7



8 2 Preliminaries

if there exists no v1-u2 path and no v2-u1 path. We call a set of pairwise
independent edges an antichain.

In the whole of this thesis, apart from Section 4.1, we assume that all
directed graphs are acylic (DAGs): For each u ̸= v ∈ V , there is not both
a u-v path and a v-u path in G. We also assume that (v, v) /∈ E for all
v ∈ V .

For a node v ∈ V , we define N+(v) ⊆ V (resp. N−(v) ⊆ V ) as the
multiset of nodes u for every (v, u)i ∈ E (resp. (u, v)i ∈ E). In particular,
u is included in N+(v) (resp. N−(v)) k times if there are k edges (v, u)i
(resp. (u, v)i). We define deg+(v) = |N+(v)| and deg−(v) = |N−(v)| as the
out- and in-degree of v, respectively.

On DAGs, there always exists a set of source nodes with in-degree 0
and a set of sink nodes with out-degree 0. We assume that all DAGs have
a unique source node s and a unique sink node t, resulting in an s-t DAG.
We can transform any DAG to s-t DAGs by adding a new node s /∈ V , and
adding edges (s, v) for all source nodes v, and doing so analogously for t.
In Section 4.1, we assume that the directed graphs have no source and no
sink node. A cut-set of a DAG G is a set of edges C, such that every s-t
path in G crosses C.

Definition 2.1 ([Paper I, Definition 19] Series-parallel graph [12]). An s-t
graph is a (two-terminal) series-parallel graph, if it has two terminal nodes:
a single source s, a single sink t, and if:

• G consists of a single directed edge from s and t and has no other
nodes, or

• it can be obtained from two (smaller) series-parallel graphs G1 and
G2, with terminal nodes s1, t1, and s2, t2, respectively, by either

– identifying s = s1 = s2 and t = t1 = t2 (parallel composition of
G1 and G2), or

– identifying s = s1, t1 = s2, and t = t2 (series composition of G1

and G2).

A lot of NP-hard optimisation problems become tractable on series-
parallel graphs (see, for example, [20, 23]).

Definition 2.2 ([14]). A funnel F is an s-t DAG, whose s-t paths all
contain a private edge: this edge gets traversed by no other s-t path.

Equivalently, Millani et al. [14] also characterised funnels as a generalisa-
tion of directed trees. The vertex set of a funnel can be partitioned into two
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sets, such that every s-t path first traverses an out-tree Tout (i.e., deg
−(v) =

1 ≤ deg+(v)) and then an in-tree Tin (i.e., deg−(v) ≥ 1 = deg+(v). The
edges in E∩ (Tout×Tin) are private edges and E∩ (Tin×Tout) = ∅. We call
a node v in a funnel F forking, if deg+(v) > 1, and merging, if deg−(v) > 1.

2.2 Flow networks and path covers

Flow networks are the main topic in this thesis. Given an s-t DAG G, we
call functions X : E → Y, where Y is some integer set, a flow, it it satisfies
the flow conservation:∑

u∈N−(v)

X(u, v) =
∑

u∈N+(v)

X(v, u) ∀v ∈ V \ {s, t}.

In Section 4.1 we use circulations, which are functions X : E → Y on
graphs which fulfil the flow conservation on all nodes.

We call the tuple (G,X) a flow network, where G is a graph and X is
a flow/circulation on G. We denote by X + Y and αX the element wise
sum and scalar multiplication of flows/circulations, and remark that they
are again flows/circulations. In particular, the zero function 0 on the edges
is a flow/circulation. Given two functions f, g : E → Y, we write f ≤ g
(resp. f < g) to denote f(e) ≤ g(e) (resp. f(e) < g(e)) for every e ∈ E.
We denote by Val(X) =

∑
u∈N+(s)X(s, u) the flow value of a flow X. For

a flow/circulation X, we call the value X(e) for e ∈ E the flow weight of
X on e, we denote by supp(X) = {e ∈ E | X(e) ̸= 0} the set of edges with
non-zero flow weight and by ∥X∥ = max{|X(e)| | e ∈ E} the maximum
norm of X. We write X ≡2 Y for two flows/circluations X,Y , if they have
the same parity on every edge.

Let ℓ, u : E → Y be given functions. We call the problem of finding a
flow X of minimum Val(X) (resp. maximum Val(X)) such that ℓ ≤ X ≤ u
the min-flow (resp. max-flow) problem.

On a DAG, s-t paths P naturally define unit valued flows by their
indicator function: P : E → {0, 1} with P (e) = 1 if and only if e ∈ P . By
abuse of notation, we use the same variable as for the path itself to denote
this function. We further say that a u-v path P on G with flow X carries
flow µ, if X(e) ≥ µ for all e ∈ P . We also define that any length 0 v-v path
carries flow ∞.

We call a set of paths P = {P1, . . . , Pk} in G a path cover of S ⊆ E, if
S ⊆ {e ∈ E | ∃Pi ∈ P : e ∈ Pi}. Minimising the cardinality of P is the well
known Minimum Path (Edge) Cover problem, which is a variant of the
more common Minimum Path Vertex Cover, that asks for the minimum



10 2 Preliminaries

number of paths to cover all nodes of G. By Dilworth’s theorem2, this
number is equal to the number of edges in a maximum size antichain [11].

Definition 2.3 ([Paper I, Definition 6]). Given S ⊆ E, we define widthS(G)
as the minimum number of s-t paths in a DAG G needed to cover all edges
of S. If S = E we call it the DAG width and write width(G).

Flows and path covers are equivalent objects in the following sense:
given a path cover P = {P1, . . . , Pk} and a vector w ∈ Yk, we can define a
flowX : E → Y byX(e) =

∑k
i=1wiPi. Conversely, given a flowX : E → Y,

there exists a path cover P = {P1, . . . , Pk} and a weight vector w ∈ Yk,
such that X(e) =

∑k
i=1wiPi. This is known as the Flow Decomposition

Theorem [1]. For example, if X ≥ 0, we can iteratively find an s-t path
P that traverses non-zero flow edges and subtract it from X. We then
continue with the remaining flow X = X − P until it is zero. We call X
the induced flow of P and P an induced path cover of X, respectively.

As described by, for example, Ahuja et al. [1] or Cáceres et al. [6], we
can find a minimum path cover of a given set S ⊆ E by solving a min-flow
problem with lower bound constraints ℓ(e) = 1 for e ∈ S and ℓ(e) = 0 for
e ∈ E \ S, and upper bounds ∞ on every edge. The min-flow problem can
be reduced to the max-flow problem, which can be solved in O(nm) time
(see, e.g., [27]). We thus have the following lemma.

Lemma 2.4 ([1, 27]). Let G = (V,E) be a DAG, and S ⊆ E. A flow
C : E → N can be computed in O(nm) time, such that C(e) ≥ 1 for all
e ∈ S and |C| = widthS(G).

2.3 Flow decompositions

Decomposing objects are a common theme in graph theory [5, 30, 31].
In this thesis, we are interested in decomposing flow networks, which we
formulate as the following optimisation problem.

Definition 2.5 ([Papers I-III]). Given a flow X, a flow decomposition
of X of size k is a family of s-t paths P = (P1, . . . , Pk) with weights
(w1, . . . , wk) ∈ Yk such that X = w1P1 + · · ·+ wkPk.

We denote by mfdY(G,X) the smallest size of a flow decomposition of X
with weights in Y, and we call the problem of finding a flow decomposition
of size mfdY(G,X) the Minimum Flow Decomposition (MFD) problem. We

2Dilworth’s theorem can be applied on the partial order on the edges defined by
(u1, v1) ≤ (u2, v2) iff there exists a v1-u2 path in G.
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(a) If negative weights are allowed,
we can decompose the flow in 4 paths
with weights 4, 5, 8, and −3 (dark
blue).
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(b) If negative weights are not al-
lowed, five paths are needed, since
the edge (v1, v2) must be decomposed
by a weight 1 path, leaving 4 edges
that must be covered separately.

Figure 2.1: [Paper I, Figure 1] Flow decomposition of a positive flow X.
We have mfdN(G,X) = 5 and mfdZ(G,X) = 4.

consider the variant MFDN, where the flow and path weights are assumed
to consist of non-negative integers, and the variant MFDZ, where we also
allow negative integers to occur in the flow and in the path weights. See
Figure 2.1 for an example.

In MFDN, we call an edge of flow 0 saturated. This terminology is mo-
tivated by saturating edges in the max-flow problem: When computing a
max-flow Y with capacities u, an edge e is saturated if Y (e) = u(e). If we
consider MFDN on (G,X) from the bottom-up perspective, then the prob-
lem is a max-flow problem with upper bound capacities u = X, where we
additionally maintain the minimum flow decomposition during the compu-
tation of the max-flow. In this thesis, we consider the top-down perspective,
that is, we remove flow from the input and maintain a small flow decom-
position of the removed flow.

Vatinlen et al. [37] showed bounds ⌈ m
n−1⌉ ≤ mfdN(G,X) ≤ m − n + 2

for all X > 0 and proved that MFD is strongly NP-hard. This follows from
a reduction from 3-Partition that we show in Figure 2.2. This reduction
also shows that MFD is strongly NP-hard on series-parallel graphs. How-
ever, MFD can be solved in polynomial time in funnels. In fact, any flow
X on a funnel has a unique flow decomposition (assuming that the flow
decomposition does not repeat paths).

MFD is a relevant problem in practice. For example, MFDN is used in
Bioinformatics for biological sequence reconstruction [2, 3, 9, 15, 29, 34, 35,
38, 39], in communication networks [19, 25, 37] or in transportation plan-
ning [26]. To cope with the complexity of MFD, research has mainly focused
on finding heuristics that have been proven to be efficient experimentally
on practical datasets [19, 25, 29, 33].
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s(a1)
s(a2)

s(a3q)

B

B

B

Figure 2.2: [Paper II, Figure 1] The reduction of 3-Partition to MFD by Vatinlen et
al. [37]. The 3-Partition instance consists of a set A = {a1, . . . , a3q}, where every ai

has a positive integer size s(ai), and a positive integer B, such that B/4 < s(ai) < B/2
holds for every ai ∈ A. The question is whether A can be partitioned into q disjoint
subsets, each of 3 elements and of size B. As Vatinlen et al. [37] showed, we obtain a
solution to 3-Partition if and only if we can decompose the flow in 3q paths.

Given a flow network (G,X), we say that a polynomial algorithm is a
factor f(G,X) approximation for MFD, if the decomposition produced of
the algorithm consists of at most f(G,X) · mfdY(G,X) paths. Hartman
et al. [19] showed that MFDN is APX-hard, even when the flow consists of
weights in {1, 2, 4}. This means that there exists a constant ε > 0, such
that there is no (1 + ε)-factor approximation algorithm, unless P = NP.

Vatinlen et al. [37] described a heuristic framework for solving MFDN:
pick any optimality criteria that chooses saturating weighted s-t paths (i.e.,
a weighted path decomposes at least one edge) and successively remove
paths that are optimal under this criteria. Such algorithms are called greedy
saturating algorithms. The most commonly used example is greedy-weight,
which chooses paths by the largest possible weight. Other examples include
greedy-long (used, for example by the DNA assembly tool vg-flow [2]) or
greedy-short, which choose paths by maximising/minimising the lengths and
then assign them the largest possible weight. Hartman et al. [19] showed
that greedy-weight admits an approximation factor of Ω(

√
m) in the worst

case. We further improve this worst case lower bound in Chapter 3.
MFD is in FPT parameterised by k := mfdY(G,X) and can be solved in

time 4k
2
k1.5kko(k)1.765k · (n+ log ∥X∥) = 2O(k2) · (n+ log ∥X∥) [22]. It can

also be solved via an Integer Linear Programming (ILP) model [10], which
is the currently fastest exact solver. We will improve the runtime further
in Chapter 5.



Chapter 3

Acyclic flow network structure

In this chapter, we explore how MFD relates to the structure of DAGs. For
a flow network (G,X) with X > 0, a natural lower bound to mfdY(G,X)
is width(G), since every flow decomposition of X is a path cover of G.
Surprisingly, the width has not previously been considered in the research
of MFD.

We first show that the width is relevant by improving the lower bound of
the greedy saturating algorithms for MFDN, where it grows very large after
saturating edges. Next, we show that there exists a notion of directed graph
minors that is closely related to the decomposition of flows in N. Graph
minors were first introduced by Robertson and Seymour [30] in a series of
23 papers, which has initiated the theory of graph structure. Finally, we
introduce the class of width-stable graphs, whose width does not increase
in the process of the flow decomposition, and show that they naturally
generalise the class of series-parallel graphs.

3.1 Motivating example: greedy flow decomposi-
tion

We show a class of graphs, for which greedy-weight obtains a large approx-
imation factor lower bound. The graph structural background behind it is
the fact that the width of the DAG, as a lower bound to the minimum flow
decomposition, can grow exponentially in the process of the decomposition.

We recursively define the MFDN instances (Gℓ, Xℓ,B) for which greedy-
weight is a Ω( m

logm)-approximation in Figure 3.1. This improves the previ-

ously known lower bound of Ω(
√
m) [19]. The value B is a positive integer

that, for every ℓ, appears as parameter on the flow of edges that form a
single s-t path. We call this path the backbone path, and we call the edges

13
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(a) Base case (G1, X1,B).
The edges marked in bold
form the backbone path
that carries B flow and is
chosen as the first path by
greedy-weight.

Gℓ−1

Gℓ−1

2ℓ + B

2ℓ + B

B
2ℓ

2ℓ

(b) Constructing
(Gℓ, Xℓ,B) for ℓ > 1
from two copies of
(Gℓ−1, Xℓ−1,B). Incoming
edges to Gℓ−1 are leading
to its source and outgoing
edges from Gℓ−1 leave
from its sink.

 2 + B

 2
 1

 1

 1 + B

 2

 2 + B
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 1 + B

(c) Minimum flow decom-
position of X1,B on G1 for
B ≥ 4. After removing the
paths with maximally pos-
sible weights, it is left to
decompose the backbone
path of weight B−1, which
makes 4 = 2ℓ + 1 paths in
total.

Figure 3.1: [Paper I, Figure 3] Construction of MFD instances (Gℓ, Xℓ,B),
which obtain the exponential gap of a Ω( m

logm) factor more paths for greedy-
weight compared to the optimal solution. Edges whose flow depends on B
form a path, which we call the backbone path.

e with Xℓ,B(e) = B central edges. The idea of the construction is to choose
B large enough in order to have two effects: 1) the large flow on the central
edges enables the minimum flow decomposition to use only O(ℓ) paths and
2) greedy-weight chooses the backbone path as the first path to remove
from the flow, and decomposes all and only all of the central edges. Doing
so will result in a decomposition size of Ω(2ℓ).

Remark 3.1. The following facts are easily observed:

1. The flow instances in the construction are well-defined: The flow
conservation holds for all internal vertices (all vertices but s, t) in the
base case (G1, X1,B). The flow value of Xℓ,B is 2ℓ+1 + B, and by
induction, the flow conservation holds for all internal vertices in the
graph (Gℓ+1, Xℓ+1,B).

2. (Gℓ, Xℓ,B) contains exactly 2ℓ−1 copies of (G1, X1,B) with a cut-set of
2ℓ+1 edges.

Lemma 3.2 ([Paper I, Lemma 12]). For all ℓ ≥ 1, greedy-weight decom-
poses the flow Xℓ,2ℓ+1 on Gℓ into 1 + 2ℓ+1 weighted paths.

Proof sketch. Since B = 2ℓ+1, the backbone path carries the largest
possible flow, and thus it will be the first weighted path to be decomposed
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Figure 3.2: [Paper I, Figure 4] A decomposition of X2,B on G2 with B ≥ 23

into 2 · 2 + 2 = 6 weighted paths.

by greedy-weight. As a result, all the central edges will be saturated. By
Remark 3.1, the graph contains a cut-set of size 2ℓ+1, which becomes an
antichain after saturating the central edges. 2

Lemma 3.3 ([Paper 1, Lemma 10]). For all ℓ ≥ 1, the flow Xℓ,2ℓ+1 on Gℓ

can be decomposed into 2ℓ+ 2 weighted paths.

Proof sketch. We must show that the non-backbone edges can be
decomposed into 2ℓ + 1 weighted paths for all instances using induction,
using a total weight of 2ℓ+2 − 3. The remaining backbone path can then
be decomposed in a single path of weight 3.

The decomposition of the base case ℓ = 1 is shown in Figure 3.1c, in
which the orange path saturates both of the edges of flow 1 by traversing the
central edge, and the remaining 2 = 2ℓ paths (in dark blue and light blue)
saturate the edges of flow 2. In the flow network remains the backbone
path carrying flow B − 1 = 3.

We use induction for the remaining step. Assume that the non-backbone
edges in (Gℓ, Xℓ,2ℓ+1) can be decomposed into 2ℓ + 1 weighted paths. We
then use this decomposition to decompose the non-backbone edges in the
flow network (Gℓ+1, Xℓ+1,2ℓ+2) into 2(ℓ + 1) + 1 weighted paths. See Fig-
ure 3.2 for an application of this proof in the case (G2, X2,22+1). 2

Theorem 3.4 ([Paper I, Theorem 1]). The approximation ratio of greedy-
weight is Ω( m

logm), in the worst case.

Proof sketch. First, we can prove by induction that m = 2ℓ · 7 − 5 for
all ℓ ≥ 1.
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Figure 3.3: [Paper II, Figure 5] By subdividing the backbone edges, the
orange path becomes the longest one and the blue path the shortest one.
Both greedy-long and greedy-short give the same approximation ratio as
choosing heaviest paths in the original flow Xℓ,2ℓ+1 .

By Lemma 3.2, there exists a class of instances where greedy-weight
uses Θ(2ℓ) paths for the decomposition, while the optimal decomposi-
tion uses O(ℓ) paths. Since Θ(m) = Θ(2ℓ) for the graphs Gℓ, we have

Ω(2
ℓ

ℓ ) = Ω( m
logm) for the approximation ratio of greedy-weight on the class

of instances (Gℓ, Xℓ,2ℓ+1). 2
We can adjust the graphs Gℓ to show the same lower bound for greedy-

long. By subdividing every edge in the backbone path, it will become
the longest in the graph. See Figure 3.3 for this graph, which we call
G∗

ℓ . Greedy-long chooses the same weighted paths as greedy-weight in G∗
ℓ ,

and thus obtains the same approximation ratio of Ω( m
logm) in this class

of instances. Similarly, greedy-short also obtains the same approximation
ratio, as it chooses the same set of weighted paths as greedy-weight (but in
opposite order).

3.2 Flow derived minors

In the following, we describe structure of DAGs, in order to understand the
behaviour of the DAG width. We use a notion of minors that uses flows
as a key ingredient. On a flow network (G,X) with X ≥ 0, the process of
removing weighted paths from X naturally defines the class of subgraphs
of G, which can appear during the decomposition of the flow.

Definition 3.5 ([Paper I, Section 4.2]). Let G = (V (G), E(G)) be an
s-t DAG. We call a DAG H = (V (H), E(H)) an f-subgraph, if there
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exists a flow X : E(G) → N such that V (H) = V (G) \ {v ∈ V (G) |∑
u∈N−(v)X(u, v) =

∑
u∈N+(v)X(v, u) = 0} and E(H) = supp(X). We

write H = G|X .

An f-subgraph of an s-tDAGG is again an s-tDAG, and the f-subgraphs
of G are the collection of subgraphs that admit an s-t flow. A flow decom-
position of X on a DAG G of size k with X ≥ 0 can be described as
a sequence of flow networks (G0, X0), . . . , (Gk, Xk) with (G0, X0) = (∅, 0)
and (Gk, Xk) = (G,X). Every Gi−1 is an f-subgraph of Gi and the support
of Xi −Xi−1 is the i-th weighted path in the decomposition.

Definition 3.6 (Y-to-V contractions). We consider orientated contractions
of edges with respect to the edge direction:

1. An in-contraction of an edge (u, v) of a directed graph G = (V,E)
replaces G by a new graph G′, where V ′ = V \ {v} and E′ = (E \
{(x, y) | v ∈ {x, y}}) ∪ {(u, y) | y ∈ V and (v, y) ∈ E}.

2. An out-contraction of an edge (u, v) of a directed graph G = (V,E)
replaces G by a new graph G′, where V ′ = V \ {u} and E′ = (E \
{(x, y) | u ∈ {x, y}}) ∪ {(x, v) | x ∈ V and (x, u) ∈ E}.

3. We call in- and out-contractions of edges (u, v) of an s-t DAG for
which deg−(v) = 1 and deg+(u) = 1, respectively, Y-to-V contrac-
tions.

This definition is very similar to the definition of butterfly contractions
on directed graphs that was introduced by Robertson and Seymour [30] in
their paper series on graph minors. Butterfly contractions are allowed under
the same constraints (that is, an edge (u, v) can be butterfly contracted if
deg+(u) = 1 or deg−(v) = 1). Note that unlike in butterfly contractions,
which are commonly defined on simple graphs, parallel edges that occur
from a butterfly contraction are merged to one edge. However, we use
Y-to-V contractions on multigraphs where we keep parallel edges.

Remark 3.7. Contracting an edge (u, v) only changes the out-degree of u
and the in-degree of v. This implies that the resulting graph of a sequence
of Y-to-V contractions is invariant under permutations of this sequence.

Remark 3.8. Y-to-V in-contractions and Y-to-V out-contractions parti-
tion1 the DAG into edge-disjoint out- and in-trees, respectfully. That is, a
sequence of Y-to-V out-contractions of a DAG G = (V,E) can be expressed

1More precisely, they partition the edge set.
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via a disjoint union I1 ∪ · · · ∪ Ik = E where the edges in every Ij form an
in-tree. The edges in the Y-to-V contracted graph correspond to the pairs
of leaf nodes and root node of every Ij . Similarly, a sequence of Y-to-V
in-contractions of a DAG G = (V,E) can be expressed through a partition
O1, . . . , Oℓ of E, where each Oj forms an out-tree, and edges in the Y-to-V
contracted graph correspond to the pairs of root node and leaf nodes of
every Oj .

Y-to-V contractions are useful in the context of directed graphs for
several reasons. Similarly to butterfly contractions, they do not introduce
any new cycles. Moreover, they maintain flow decompositions.

Lemma 3.9 ([22], Lemma 4.1). A flow X on an s-t DAG G can be de-
composed into k weighted paths if and only if the flow X restricted to any
Y-to-V contracted graph H can be decomposed into k weighted paths.

Using f-subgraphs and Y-to-V contractions, we can define a notion of
directed minors. They are compact representations of the f-subgraphs of
an s-t DAG. We first use a directed minor notion that has been considered
by Deligkas and Meir [8].

Definition 3.10 ([8], Definition 3). A digraph G′ is a directed minor (or
d-minor) of a digraph G if G′ can be obtained from G by a sequence of the
following operations:

1. Deletion. Deleting an edge (a, b) ∈ E where deg+(a) > 1 and
deg−(b) > 1.

2. Backward contraction. Contracting an edge (a, b) ∈ E where
deg−(b) = 1.

3. Forward contraction. Contracting an edge (a, b) ∈ E where
deg+(a) = 1.

This definition indeed fits our needs. The edge deletion operation aligns
with the subgraphs that we can obtain during the decomposition of a flow.

Lemma 3.11 ([Paper III, Lemma 19]). A DAG G′ is a d-minor of a DAG
G if and only if G′ is a Y-to-V contracted graph of an f-subgraph of G.

Important concepts of graph minor theory are the notions of a hereditary
graph class and a forbidden minor, which date back to the original graph
minor paper series [30]. A class of DAGs G is called heretidary if it is closed
under d-minor operations. A hereditary class of DAGs G can be defined
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by listing all minimal graphs2 that are not contained in G. We call them
forbidden d-minors. Moreover, given two DAGs G and H, we say that G
is H-d-minor free, if H is not a d-minor of G.

Definition 3.12 ([8]). The parallel-width, par-width(G), of an s-t DAG G
is the size of the largest minimal cut-set of G. That is, the size of a set
C ⊆ E, such that all s-t paths cross C, and for all C ′ ⊊ C, there exists
some s-t path that avoids C ′.

Deligkas and Meir [8] showed that par-width(G) < c if and only if G is
GP (c)-d-minor free, where GP (c) is defined as the DAG of two nodes s and
t and c parallel edges (s, t)i (i ∈ [c]). Moreover, the problem of finding the
par-width(G) is NP-hard [8].

3.3 Width-stable graphs

In the following, we discuss the class of graphs whose width is monotone
with respect to the underlying flow. As it turns out, they are a natural
generalisation of series-parallel DAGs.

Definition 3.13 ([Paper II, Definition 11]). We call an s-t DAG G width-
stable, if for all flows 0 ≤ Y ≤ X, width(G|Y ) ≤ width(G|X).

ManyMFD instances satisfy width-stability. For example, the reduction
from 3-Partition in Figure 2.2 creates a width-stable graph. This shows
that MFD is strongly NP-hard also on width-stable instances. Moreover,
practical instances are often width-stable.

Definition 3.14 ([Paper II, Section 3]). Let G be an s-t DAG and let F
be a funnel that is an f-subgraph of G. A central path of the funnel F in
G is a u-v path in G, such that u and v are in F , u is merging and v is
forking. We call F a funnel with central path.

For example, central edges in Figure 3.1 are central paths of length 1.
We can use central paths to recognize width-stability.

Lemma 3.15 ([Paper II, Lemma 13]). Let G be an s-t DAG. The following
statements are equivalent:

1. G is width-stable,

2Minimal means here that the d-minors of these graphs (that are not equal to the
graphs themselves) are contained in G.
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2. For every flow X ≥ 0 on G, there exists an s-t path carrying at least
Val(X)/width(G|X) flow,

3. G has no funnel f-subgraph with central path.

Proof. We will show a circular chain of three implications to show the
equivalence of the statements.

(1) =⇒ (2): We begin by showing that statement 1 implies statement
2. Assume G is an s-t DAG with flow X ≥ 0, such that no s-t path carrying
b = Val(X)/width(G|X) exists. We will show that G is not width-stable.
We can assume that G = G|X . Let S be the set of vertices reachable from s
by a path carrying b flow. By assumption, t /∈ S, so (S, V \S) is an s, t-cut
and X(u, v) < b for any edge (u, v) with u ∈ S, v ∈ V \ S. Define T to be
the set of vertices that can reach t via a path involving vertices only from
V \ S:

T := V \ {v ∈ V | all v − t paths cross S}.

Since S ⊆ V \T , (V \T, T ) is an s, t-cut. Note that if (u, v) is an edge with
u ∈ V \ T and v ∈ T , then also u ∈ S and v ∈ V \ S and thus X(u, v) < b.
The set C defined by

C := {(u, v) ∈ E | u ∈ V \ T, v ∈ T} = E ∩ (S × T )

is an s, t cut-set (a set of edges that every s-t path has to cross) and we
have X(e) < b for every e ∈ C. This implies |C| > width(G).

We construct a new flow Y ≥ 0 on G for which C is an antichain in
G|Y . Define the following paths in G:

• ps(u) for all u ∈ S: an s-u path with all nodes in S,

• pt(v) for all v ∈ T : a v-t path with all nodes in T .

Consider the path cover

P = {ps(u) ∪ {(u, v)} ∪ pt(v) | (u, v) ∈ C}

and let Y be the induced flow3 of P. Note that Y (e) = 0 for all e ∈ T × S.
The set C is an antichain in G|Y , since passing two edges of C requires using
an edge in T × S. Finally, X + Y ≥ Y , but width(G|X+Y ) = width(G) <
|C| ≤ width(G|Y ).

3Recall that the induced flow Y of a path cover (P )ℓ1 is defined as Y = P1 + · · ·+ Pℓ,
where we identify each path Pi with a 0/1-flow with value 1 on the path edges (i.e., the
characteristic function of Pi).
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(2) =⇒ (3): Now we prove that statement 2 implies statement 3.
Assume that G has a funnel subgraph F with a central path P . Let C be
a maximum antichain of F . We define flows Zstable, Zunstable and Z:

• Zstable is defined to be the flow induced by the minimum path cover
of F 4.

• Zunstable is defined as the flow induced by the following path cover
of the graph consisting of F and P : One s-t path goes along P ,
covering two edges in C5, and the other paths cover F avoiding P ,
this is possible with additional |C| − 2 paths.

• Finally, Z := Zstable + Zunstable.

We have Val(Z) = Val(Zstable) + Val(Zunstable) = |C|+ (|C| − 1) = 2|C| − 1
and width(G|Z) ≤ |C| − 1, and thus

Val(Z)

width(G|Z)
≥ 2|C| − 1

|C| − 1
> 2,

but all s-t paths in G|Z carry no more flow than 2, because C is an s, t-cut
set of G|Z and all Z flow weights on C are 2.

(3) =⇒ (1): Finally, we show that statement 3 implies statement 1.
For that, we need to define the concept of splicing paths. This concept has
been used before (see, for example, [6]).

Definition 3.16. Let P,Q be paths that both traverse the same node v,
that is,

P = {(uP,1, uP,2), (uP,2, uP,3), . . . , (uP,i−1, v), (v, uP,i+1), . . . }

and

Q = {(uQ,1, uQ,2), (uQ,2, uQ,3), . . . , (uQ,j−1, v), (v, uQ,j+1), . . . }.

Then the operation splice(P,Q, v) produces the two paths

P ′ = {(uP,1, uP,2), (uP,2, uP,3), . . . , (uP,i−1, v), (v, uQ,j+1), . . . }

and

Q′ = {(uQ,1, uQ,2), (uQ,2, uQ,3), . . . , (uQ,j−1, v), (v, uP,i+1), . . . }.
4Funnels admit a unique flow decomposition, and in particular also a unique minimum

s-t path cover.
5Indeed, this path covers exactly two edges in C: one edge needs to be covered to

reach P and another edge must be covered to reach t, and since G is a DAG, we cannot
use the same edge twice.
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Assume that G = (V,E) is not width-stable, let X ≥ Y ≥ 0 be flows
on G with width(G|Y ) > width(G|X) and let C̄ be a maximum antichain
of G|Y . Let F be a funnel f-subgraph of G|Y containing C̄ as maximum
antichain, and let C be the rightmost maximum antichain of F (that is,
the head of every edge in C is t or is merging). Consider a minimum path
cover P of G|X .

Using this path cover, we construct a path in G|X from a merging node
in F to a forking node in F . Since C is not an antichain of G|X , there must
be a path P in P traversing the edges c1, . . . , cℓ in C, where ℓ ≥ 2, and it
traverses a merging node (due to the assumption of C being rightmost, the
head of c1 is merging). If P does not enter a forking node of F , then there
exists a different maximum antichain of F , which gets traversed by P only
once: intuitively, to find it, we move every edge ci for i = 2, . . . , ℓ to the
left. Formally, each tail ui of ci, for ℓ = 2, . . . , ℓ, has deg−(ui) = 1, so we
can replace ci by its unique predecessor edge. We can do that until ci is no
longer covered by P , because P does not enter a forking node. This gives
us a new maximum antichain C ′ of F .

The path P only covers one edge of C ′, while the invariant that some
path from P must cross edges c′1, . . . , c

′
ℓ′ of C

′, where ℓ′ ≥ 2, remains true,
since the graphs G|X and F and thus their widths did not change. Let Q
now be such a path, and note that it traverses a merging node or, if it does
not, crosses the tail of P , in the case where c′1 is the unique predecessor of
a previous cj for some j = 2, . . . , ℓ. If we splice P and Q on the tail of cj
(equivalently, the head of c′1), then we gain two new paths P ′ and Q′, where
P ′ is a path that traverses a merging node and covers c1, . . . , cj−1, c

′
2, . . . , c

′
ℓ′ ,

where c1, . . . , cj−1 ∈ C and c′2, . . . , c
′
ℓ′ ∈ C ′ (see Figure 3.4). This set of

edges also forms a maximum antichain of F . We can repeat this process
finitely many times until we obtain a path that traverses a forking node
(and a merging node, which holds for all intermediate paths). 2

Lemma 3.15 provides a graph structural classification for width-stable
graphs. We will use it to show a strong greedy-weight approximation upper
bound on width-stable graphs. The following DAG will serve as a forbidden
d-minor.

Definition 3.17 ([Paper III, Definition 20]). The graph Chk is defined to
be the DAG consisting of 4 vertices s, u, v and t, and the following edges: k
parallel edges (s, u), k parallel edges (v, t), 1 edge (u, v), 1 edge (u, t) and
1 edge (s, v).

See Figure 3.5 for an example. The Braess graph [4], which serves as
a common example to show certain properties related to transportation
planning, is equal to Ch1. It is also the forbidden d-minor for series-parallel
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Q

(a) Two of the green edges, c1 and c2,
are traversed by the blue path P . Since
the blue path does not traverse a fork-
ing node, we consider the orange edge
c′1 which is the unique predecessor of c2.
The purple path Q traverses c′1 and c′2.

x

u

v

c1

c2c′￼1

c′￼2

P′￼

Q′￼

(b) The blue and purple paths P and
Q from Figure 3.4a are spliced at the
node x, resulting in new paths P ′ and
Q′. The blue path P ′ traverses both
a merging node (u) and a forking node
(v).

Figure 3.4: Visualisation of the proof of Lemma 3.15, 3. =⇒ 1. The dotted
edges indicate a central path. The green edges each form an antichain in
the funnel. If the edge c2 is replaced by c′1, the edges remain an antichain
in the funnel.

s
t

u

v

Figure 3.5: The graph Ch2.

DAGs. Since Chk ⊆ Chk+1, every Chk-d-minor free graph is also Chk+1-d-
minor free.

Lemma 3.18 ([Paper III, Lemma 21]). An s-t DAG G is width-stable if
and only if it is Ch2-d-minor free.

Proof sketch. Assume G contains Ch2 as d-minor. Ch2 itself is not
width-stable by Lemma 3.15, and thus G is not width-stable.

Assume G is not width-stable. By Lemma 3.15, it contains a funnel
f-subgraph with central path. This subgraph contains Ch2 as d-minor: let
the central path start at the merging node u and end in the forking node
v. Since u is merging, we can find at least two paths from s to u, and
similarly we can find at least two paths from v to t. The f-subgraph with
the induced flow of this path cover V-to-Y contracts to Ch2. 2
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Corollary 3.19 ([Paper III, Corollary 22]). It can be verified in polynomial
time if an s-t DAG G is width-stable.

Proof. From Lemma 3.18 it follows that to see if G is width-stable, we
need to find a Ch2 d-minor of G or deduce that it is not contained in G.
Deligkas and Meir [8] showed that this can generally be done in polynomial
time, parameterised by the size of the minor. In this case, there exists also
a simple algorithm that does not use previous results.

Consider every pair of nodes u, v, such that there exists a u-v path in
G. We must verify that an f-subgraph of G can Y-to-V contract to Ch2
with respect to the nodes s, u, v and t. This can be achieved by simple
reachability questions.

Consider the subgraph of G that consists of all nodes and vertices that
are traversed by some s-u path. By the definition of Ch2, there must be two
separate paths from s to u. The graph intersecting with these two paths
then contains GP (2) as d-minor. We can analogously check the reachability
between v and t. If we delete u from G, we can check whether there exists
a s-v path that does not traverse u. Doing so analogously for u and t, we
have shown that Ch2 is a d-minor of G, with the 2 chosen internal nodes u
and v. 2

Width-stability is a graph structural feature that impacts the approxi-
mation of flow decomposition. We start by demonstrating an improved ap-
proximation factor upper bound for greedy-weight. The following theorem
is the first theoretical explanation for the good experimental performance
of practical implementations of saturating MFD solvers [2, 29, 35].

Theorem 3.20 ([Paper II, Theorem 2]). Greedy-weight is a O(logVal(X))-
approximation algorithm on width-stable DAGs.

Proof. Let G be width-stable. According to Lemma 3.15, for every flow
X ≥ 0, there exists an s-t path carrying Val(X)/width(G|X) flow. Let
b := width(G|X). Greedy-weight thus always chooses a path of at least
this weight. After x iterations, the flow X(x) that is left has value at
most Val(X(x)) = Val(X)

(
b−1
b

)x
, since width(G|Y ) ≤ b for all Y ≤ X. If

Val(X(x)) < 1, then X(x) = 0, since all flow weights are integer. Solving
for x, we obtain

x >
log(Val(X))

log
(

b
b−1

) .

The approximation ratio is thus

x

mfdN(G,X)
≤ O(log(Val(X)))

b log
(

b
b−1

) = O(log(Val(X))),
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Figure 3.6: [Paper III, Figure 1] An example of minimally covering flow
(left) and minimum flow (right). Note that the value of the left flow (5)
is larger than the value of the right flow (4), despite being smaller in the
central edge.

since b = width(G|X) ≤ mfdN(G,X) for all X ≥ 0, and b log
(

b
b−1

)
= O(1)

for all b ≥ 2. 2

3.4 Flow-width

In Chapter 4, we want to use a small number of paths to decompose a large
portion of the flow. The value width(G) – as a lower bound to mfdN(G,X)
for all X > 0 – is a good candidate, as we show in Section 4.1, but contains
a small caveat in MFDN. There might exist an edge e ∈ E, such that every
minimum path cover of G covers e at least µ times, while it is possible to
define flows X > 0 with X(e) < µ (see Figure 3.6 for an example). We
mitigate this issue by defining the width of a flow network (G,X).

Definition 3.21 ([Paper III, Definition 1] Flow-width). Let G be a DAG
and X ≥ 0 be a flow on G. We define the flow-width of G and X, fw(G,X),
as the smallest number of paths satisfying the following properties:

1. Covering: Every edge e ∈ E(G) with X(e) > 0 appears in at least one
path, and

2. Upper bounds: Every edge e ∈ E(G) appears in at most X(e) paths.

Similarly to the case of width(G), we can find fw(G,X), and a path cover
of this size, by subtracting augmenting paths from X. Such path covers are
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not necessarily minimum path covers of G, but they are always minimal.
While the DAG width corresponds to the value of a minimum flow, where
the upper bounds on the edges are ∞, the flow-width corresponds to the
value of minimally covering flows, where the upper bounds on the edges are
defined by a flow.

Definition 3.22 ([Paper III, Section 3.1]). We call a flow minimally cov-
ering, if every s-t path carries at most weight 1, and we call a path cover
minimally covering if its induced flow is minimally covering.

Lemma 3.23 ([Paper III, Lemma 13] Properties of flow-widths). Let G be
an s-t DAG.

1. For all flows X ≥ 0, width(G|X) ≤ fw(G,X) ≤ mfdN(G,X),

2. For all flows Y ≥ X ≥ 0 with G|Y = G|X , fw(G,X) ≥ fw(G, Y ).

Recall that a DAG G is width-stable if width(G|X) ≤ width(G|Y ) for
all flows 0 ≤ X ≤ Y . We can give an equivalent definition using the
flow-width.

Lemma 3.24 ([Paper III, Lemma 16]). Let G be an s-t DAG.

1. If G is width-stable, then fw(G,X) = width(G|X) for all flows X ≥ 0
on G.

2. G is width-stable if and only if fw(G,X) ≤ fw(G, Y ) for all flows
0 ≤ X ≤ Y .

The following lemma shows that the flow-width combines two width
measures of the underlying graph: the width(G) (i.e., the minimum num-
ber of paths to cover all the edges) and the par-width(G) (i.e., the largest
minimal cut-set). It also shows that minimally covering flows can be de-
composed using at most par-width(G) weighted paths.

Lemma 3.25 ([Paper III, Lemma 4]). For all s-t DAGs G, we have

width(G) = min{fw(G,X) | X > 0}

and
par-width(G) = max{fw(G,X) | X ≥ 0}.



Chapter 4

Approximation and hardness of
Minimum Flow Decomposition

In this chapter, we provide an approximation algorithm for the Minimum
Flow Decomposition problem for both the non-negative and general integer
variants. The approach differs from the previous mentioned framework of
saturating algorithms, including, for example, greedy-weight. Given a flow
X on a DAG G, our aim is to express X as the sum of weighted flows
X = w1Y1 + · · · + wℓYℓ, where ℓ is a small integer and each Yi for i ∈ [ℓ]
can be easily decomposed using a small number of paths. We split X into
ℓ ≤ ⌈log ∥X∥⌉ + 1 flows with weights in {2i | 0 ≤ i ≤ ⌈log ∥X∥} using a
parity fixing approach.

We demonstrate the role of two graph parameters, the width of G (i.e.,
the minimum number of paths to cover all edges) and the parallel-width of
G (i.e., the largest minimal cut-set). For a generalised problem, MCCDZ,
we show that this approach gives an approximation factor of ⌈log ∥X∥⌉+1.
On the other hand, adapting it to MFDN comes with issues that need to
be addressed. We obtain an approximation algorithm for a large class of
instances that are particularly relevant in practical applications.

4.1 Width helps approximating MCCDZ

In this section, we consider a generalised version of MFDZ on graphs with
cycles, and without a source or a sink node. In addition to the graph
G = (V,E), we are given a cost function c : E → R≥0 and we use the
notation G = (V,E, c). The cost of a circulation X is defined as c̃(X) =∑

e∈E c(e)X(e). Note that c̃(·) is a linear function: c̃(X+Y ) = c̃(X)+ c̃(Y )
for any two circulations X,Y on G.

27
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Definition 4.1 ([Paper II, Definition 17]). Given a tuple (G,X) of a graph
with cost function G = (V,E, c) and a circulation X : E → Y, a circulation
decomposition of cost k of X is a family of circulations Yi : E → N with
weights (w1, . . . , wℓ) ∈ Yℓ such that X = w1Y1+ · · ·+wℓYℓ and c̃(Y1+ · · ·+
Yℓ) = k.

Instead of expressing a flow into flows of small decomposition size, we
decompose the circulation into circulations of small cost. We denote by
mccdY(G,X) the smallest cost of a circulation decomposition of X with
weights in Y, and we call the problem of finding a circulation decompo-
sition of cost mccdY(G,X) the Minimum Cost Circulation Decomposition
(MCCDY) problem. MCCDY generalises MFD, as we can add an edge (t, s)
to any s-t DAG and attach to it cost 1. A consequence is the following
lemma, we refer to Paper II for a formal proof.

Lemma 4.2 ([Paper II, Lemma 18]). MCCDY is NP-hard.

We must also generalise the width of a DAG to graphs with cycles and
costs. Instead of minimising the cardinality, we again minimise the cost.
Such a minimum cost circulation cover can, similarly to a minimum path
cover of DAGs, also be found in polynomial time.

Definition 4.3 ([13], [Paper II, Definition 19]). Given S ⊆ E and a graph
G, we call a circulation C of minimum cost satisfying C(e) ≥ 1 for all e ∈ S
minimum cost circulation cover of S, and we write mcccS(G) = c̃(C). If
S = E, we use mccc(G) instead.

Lemma 4.4 ([13], Theorem 3.6). Let G = (V,E, c) be a graph, and S ⊆ E.
A minimum cost circulation cover of S can be computed in O(n logm(m+
n log n)) time.

To achieve an approximation factor for MCCDZ of ⌈log ∥X∥⌉ + 1, we

show that every circulationX can be expressed as a sumX =
∑⌈log ∥X∥⌉

i=0 2iYi,
such that every Yi has a cost of at most mccc(G). We note that mccc(G) is
not necessarily a lower bound to mccdZ(G,X) in the case where supp(X) ̸=
E. We will show how to handle this issue later.

We use two key routines in our algorithm. Given a circulation X, we
first find a unitary circulation Y (a circulation with weights in {−1, 0, 1}),
such that X + Y ≡2 0. We call this routine the parity fixing of X. Indeed,
such a circulation Y always exists.

Lemma 4.5 ([Paper II, Lemma 21]). For any circulation X : E → Z on
G = (V,E, c), there exists a circulation Y : E → Z such that X ≡2 Y and
∥Y ∥ ≤ 1.
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Algorithm 1 [Paper II, Algorithm 1] Unitary(G,X): Produces a uni-
tary circulation Y given an input circulation X such that X ≡2 Y , as in
Lemma 4.5.

1: Eodd ← odd edges of G, undirected
2: C ← a partition of Godd = (V,Eodd) into cycles, oriented arbitrarily
3: E+

odd ← directed edges of C
4: for (u, v) ∈ E do
5: if (u, v) ∈ E+

odd then
6: Y (u, v)← +1
7: else if (v, u) ∈ E+

odd then
8: Y (u, v)← −1
9: else

10: Y (u, v)← 0
11: end if
12: end for
13: return µ

We can find the unitary circulation Y by observing that the set of the
odd parity edges consists of s-t cycles, whose direction is omitted, due to
the conservation of flow. We refer to Algorithm 1 for the procedure. We
can replace the parity fixing flow Y by −Y , which flips the sign of the cost
of Y and maintains the parity fixing property of the flow.

Corollary 4.6 ([Paper II, Corollary 22]). Any circulation X : E → Z can

be written as X =
∑⌈log ∥X∥⌉

i=0 2i · Yi, where Yi : E → Z is a circulation with
∥Yi∥ ≤ 1 for all i.

The second step is to decompose each unitary circulation Y obtained
from Lemma 4.5. We use a cost of at most mccc(G).

Lemma 4.7 (Adaptation from [Paper II, Lemma 23]). For a circulation
X : E → Z, ∥X∥ ≤ 1 on a graph G = (V,E, c), we define two circulations
X+, X− : E → Z by

X+ := (C −D +X)/2,

X− := (C −D −X)/2,

where C is a circulation with C ≥ 1 and c̃(C) = mccc(G), and is chosen
according to Lemma 4.4. The circulation D = Unitary(G,X + C) is
chosen according to Lemma 4.5 with c̃(D) ≥ 0. We have

1. X+, X− ≥ 0,
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2. X = X+ −X−,

3. c̃(X+) + c̃(X−) ≤ mccc(G).

By combining Corollary 4.6 and Lemma 4.7 we obtain the following
result. We can use it to define the parity fixing approximation algorithm
for MCCDZ.

Theorem 4.8 ([Paper II, Theorem 24]). Given a graph G = (V,E, c)
and a circulation X : E → Z with k := ⌈log ∥X∥⌉, there exist circulations
Y +
i , Y −

i for i = 0, . . . , k and weights {w0, . . . , wk} ⊆ {2i | i ∈ N}, with
c̃(Y +

0 + · · · + Y +
k + Y −

0 + · · · + Y −
k ) ≤ (k + 1) · mccc(G) such that X =

w0(Y
+
0 − Y −

0 ) + · · ·+ wk(Y
+
k − Y −

k ).

As mentioned above, mccc(G) is not necessarily a lower bound to
mccdZ(G,X). Clearly, this is the case when X = 0 and G is a non-empty
graph, for example. We mitigate this issue by replacing G with a subgraph
of G. Let S = supp(X) and find a minimum circulation cost cover C in G
covering S, according to Lemma 4.4. Create the subgraph G′ by removing
all edges that are not covered by C. We then havemccc(G′) ≤ mccdZ(G,X),
and we can simply replace G by G′. The complete procedure is given in
Algorithm 2, which contains a call of Algorithm 1.

Theorem 4.9 ([Paper II, Theorem 3]). Algorithm 2 is a log⌈∥X∥⌉ +
1-factor approximation algorithm in runtime O(n logm(m + n log n) +
m log ∥X∥).

We obtain an equivalent result for the special case of decomposing in-
teger flows on s-t DAGs. We can reduce the problem to MCCDZ with the
construction used in Lemma 4.2. The runtime improves slightly, as we
can use Lemma 2.4 instead of Lemma 4.4. Note that we obtain the factor
width(G), since we now decompose the flows obtained by Lemma 4.7 into
at most width(G) paths.

Theorem 4.10 ([Paper I, Theorem 11]). Algorithm 2 is a log⌈∥X∥⌉ + 1-
approximation for MFDN with runtime O(m(n + width(G) · log ∥X∥)) ≤
O(m2 log ∥X∥).

4.2 Parity fixing approximation for MFDN

We now proceed to analyse the parity fixing approximation algorithm for
MFDN on s-t DAGs G. Mumey et al. [25] originally implemented this
algorithm for MFDN, but did not analyse the size of the decomposition of
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Algorithm 2 [Paper II, Algorithm 2] Parity-ApproxZ(G,X): Finds a
parity fixing flow decomposition as in Theorem 4.8.

1: Compute a minimum cost circulation cover of {(u, v) ∈ E | X(u, v) ̸=
0} {Lemma 4.4}

2: Remove from G any edge not covered by this circulation to obtain G′

3: P ← [], w ← [] {length-zero vectors}
4: C ← circulation of cost mccc(G′), C ≥ 1 {Lemma 4.4}
5: D ← Unitary(G′, C); if c̃(D) < 0 set D = −D {Algorithm 1}
6: i← 0
7: while ∥X∥ > 1 do
8: Yi ← Unitary(G′, X) {Algorithm 1}
9: X ← (X − Yi)/2

10: i← i+ 1
11: end while
12: Yi ← X
13: for j ∈ {0, . . . , i} s.t. Yj ̸= 0 do
14: A← C −D + Yj , B ← C −D − Yj
15: Concatenate A and B to P
16: Concatenate 2j and −2j to w
17: end for
18: return (P, w)

each Yi. Instead, in addition to experimentally verifying that the algorithm
performs well on practical inputs, Mumey et al. [25] directly showed a rather
large approximation ratio upper bound of O(λlog ∥X∥ · log ∥X∥), where λ
is the longest path in G. We will present their algorithm and provide
the graph structural analysis that shows on which classes of instances the
algorithm performs well and on which class of instances it might not, which
marks the instances where an approximation algorithm of good ratio is still
open. Given a flow X ≥ 0, we aim find a flow Y ≥ 0, such that X ≥ Y
and X − Y ≡2 0. Mumey et al. [25] showed that such a flow can be found
by solving the following Integer Linear Program (ILP), which models a
min-flow problem:

minimise Val(Y ), subject to

Y is an integer flow on G,

0 ≤ Y ≤ X,

Y (e) ≥ 1 for all e ∈ E(G) where f(e) is odd.

(4.1)
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Algorithm 3 Parity-ApproxN(G,X): Finds a parity fixing flow decom-
position for MFDN [25].

1: P ← [], w ← [] {length-zero vectors}
2: i← 0
3: while Val(X) > 0 do
4: Y ← Optimal solution of Problem 4.1 for (G,X)
5: Naively decompose Y into Val(Y ) paths; concatenate to P
6: Concatenate Val(Y ) copies of 2i to w
7: X ← (X − Y )/2
8: i← i+ 1
9: end while

10: return (P, w)

Lemma 4.11 ([25], Lemma 1). Every optimal solution Y of the ILP 4.1
on a given flow X ≥ 0 fulfils X ≡2 Y .

Clearly, solutions of Problem 4.1 are minimally covering flows. This
implies that we can bound their flow values by the flow-width.

Lemma 4.12 ([Paper III, Lemma 17]). We have Val(Y ) ≤ fw(G,X) for
every optimal solution of Y of the ILP 4.1 on a given flow X ≥ 0.

We obtain a result that is equivalent to Corollary 4.6 in the following
way. We express the input flow X as the sum of weighted flows that we
aim to decompose into a small number of paths. We do this by fixing the
parity of the flow, using at most ⌊log ∥X∥⌋+ 1 weighted flows in the sum,
and we can decompose each of them into at most a flow-width number of
paths by Lemma 4.12.

Theorem 4.13 ([Paper III, Theorem 2]). Given a flow X ≥ 0 on a DAG
G, we can decompose the flow into ⌊log ∥X∥⌋+ 1 flows Yi, such that

X =

⌊log ∥X∥⌋∑
i=0

2iYi and Val(Yi) ≤ fw(G, Y (i)), (4.2)

where Y (0) = X and Y (i) = X −
∑i−1

j=0 2
jYj. This can be done in time

O(nm log ∥X∥).

We complete the approximation algorithm by decomposing each Yi into
at most fw(G, Y (i)) weighted paths, see Algorithm 3 for a detailed descrip-
tion. To obtain a good approximation ratio from this flow expression, we
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must thus find upper bounds for the values fw(G, Y (i)). On width-stable
DAGs, we have fw(G, Y ) ≤ width(G|X) for all 0 ≤ Y ≤ X by Lemma 3.24.
As a first result, we obtain a good ratio for width-stable DAGs.

Theorem 4.14 ([Paper III, Theorem 3]). On width-stable DAGs we can
approximate MFDN given the input (G,X) with ratio ⌊log ∥X∥⌋+1 in run-
time O(nm log ∥X∥·).

We can generalise Theorem 4.14 using the parallel-width of G. The-
orem 4.13 and Lemma 3.25 imply that we can decompose any flow with
at most (⌊log ∥X∥⌋ + 1) · par-width(G) weighted paths. Moreover, since
width(G|X) ≤ mfdN(G,X), we obtain the following approximation ratio.

Theorem 4.15 ([Paper III, Theorem 5]). Given a flow network
(G,X) with X > 0, we can approximate MFDN with a ratio of(
par-width(G)
width(G) · (⌊log ∥X∥⌋+ 1)

)
in runtime O(nm log ∥X∥). Moreover, for

flow networks with mfdN(G,X) ≥ par-width(G), the ratio is ⌊log ∥X∥⌋+ 1.

Furthermore, we can use the obtained upper bound k := mfdN(G,X) ≤
(⌊log ∥X∥⌋+ 1) · par-width(G) to analyse MFDN’s parameterised computa-
tional complexity. For a constant c ∈ N, consider the class of GP (c+1)-d-
minor free DAGs, that is, the class of DAGs with par-width(G) ≤ c. Recall
that MFDN with the optimal solution k as parameter is in FPT with run-
time 2O(k2) · (n+log ∥X∥) [22]. Applying the upper bound to this runtime,
we obtain ∥X∥O(log ∥X∥) · (m+ log ∥X∥), which shows the following result.

Theorem 4.16 ([Paper III, Corollary 6]). Let c ∈ N be a constant. MFDN
on (G,X) can be solved in quasi-polynomial time ∥X∥O(log ∥X∥) · (m +
log ∥X∥) when par-width(G) ≤ c and X is coded in unary.

In the above corollary, we assume thatX is not coded in binary (in space
O(m · log ∥X∥)), but is coded with unary bits in space O(m · ∥X∥). This
is relevant in practical applications where the flow encodes, for example,
information routed through a network or the captured reads of a biological
sequence.

We now show that the parity fixing algorithm admits, in the worst case,
an approximation factor of Ω(∥X∥). We do this by showing that the values
fw(G,X(i)) can grow very large. Consider the class of instances (G(k,ℓ), Xk)
defined in Figure 4.1.

Lemma 4.17 ([Paper III, Lemma 23]). For all c > 1, there exist k, ℓ > 0,
such that

par-width(G(k,ℓ))

mfdN(G(k,ℓ), Xk)
> c.
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Figure 4.1: [Paper III, Figure 3] MFD instance (G(k,ℓ), Xk). The edges
highlighted in yellow are copied k times, and there are ℓ + 2 total central
gadgets (that is, deg+(s) = ℓ+2). Thus, par-width(G(k,ℓ)) = 6k+ ℓ(k+2),
and we call these edges the maximum cut-set edges. There are two central
gadgets consisting of 3k maximum cut-set edges and ℓ central gadgets each
consisting of k + 2 maximum cut-set edges.

Lemma 4.18 ([Paper III, Lemma 24]). In the worst case, Algorithm 3 is
a factor Ω(∥X∥) approximation algorithm.

Proof sketch. Note that mfdN(G(k,ℓ), Xk) ≤ 5k+2ℓ. Let ℓ = k. If in the
first iteration, all paths avoid the edges of flow weight 2, the approximation
algorithm uses 6k + k2 paths in the second iteration. The result follows
with k = Θ(∥Xk∥). 2

4.3 Hardness of MFD

We now want to show lower bounds in the runtime of solving MFDN exactly.
First, we consider the computational complexity of MFDN using width pa-
rameters. Afterwards, we disprove a conjecture stated by Kloster et al. [22].
If the conjecture had turned out to be true, it would have implied that a re-
stricted version of MFDN, where paths are already given and we are tasked
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with finding corresponding weights, can be solved in polynomial time if the
paths come from a minimum flow decomposition.

4.3.1 Computational complexity of MFDN

Previous NP-hardness proofs for MFDN use reductions to instances (G,X)
that are series-parallel and have arbitrary width. Additionally, MFDN is
in FPT with the optimal solution as parameter, which implies the im-
proved computational complexity in Theorem 4.16 for constant parallel-
width graphs with unary coded flows. Moreover, instances (G,X) where
width(G) = par-width(G) = 1 are just weighted paths, and admit
mfdN(G,X) = 1. This motivates the question whether MFDN remains
NP-hard with constant (parallel-)width. We answer this question in a tight
manner:

1. MFDN is strongly NP-hard on DAGs G of width 3.

2. MFDN is NP-hard on DAGs G of width 2.

Note that width(G) = 2 ⇐⇒ par-width(G) = 2, since every DAG of
width or parallel-width 2 is Ch2-d-minor free. By Lemma 3.18, such DAGs
are width-stable, which implies that the parallel-width and the width are
equal.

Theorem 4.19 ([Paper III, Theorem 7]). MFDN on (G,X) is strongly
NP-hard even when width(G) = 3.

Proof sketch. We adapt a reduction from the 3-partition problem to
MFDN on G, so that it maps 3-partition to MFDN instances of width 3.
We are given a set of integers A = {a1, . . . , a3q} for some q ∈ N and an
integer B, such that ai ∈ (B/4, B/2). We want to find a partition of A into
sets S1, . . . , Sq such that

∑
s∈Si

s = B. This implies that the sets must be
of size 3.

The constructed MFDN instance of width 3 can be seen in Figure 4.2.
It has the following structure: it consists of two grid-like parts that are
separated by a bridge and are displayed as the top and as the bottom
components in Figure 4.2. The grids each contain diagonal edges of flow
weight 1. By the large enough choice of a′i and B′, every minimum flow
decomposition must contain a path of weight 1 which saturates each such
diagonal edge. After saturating them, we obtain a graph that can be Y-
to-V contracted to the series-parallel instance of the original 3-Partition
reduction in Figure 2.2. 2
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Figure 4.2: [Paper III, Figure 4] An MFDN instance of width 3 for solving
3-partition problem.
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Figure 4.3: [Paper III, Figure 5] An MFDN instance (GA, XA) of width 2
for solving Generating Set problem for a set A.

We refer to Paper III for a formal proof of Theorem 4.19. Note that
this theorem also shows the fact that for any two constants c, c′ ≥ 3, there
exists a DAG G with width(G) ≤ c and par-width(G) ≥ c′.

Theorem 4.20 ([Paper III, Theorem 8]). MFDN on (G,X) is NP-hard
when X is coded in binary, even when width(G) = 2.

Proof sketch. We define a reduction from theGenerating Set problem
to an MFDN instance (GA, XA) with width(G) = 2 in Figure 4.3. In the
Generating Set problem, we are given a set A = {a1, ..., an} ⊆ N and
an integer k ∈ N, and we want to decide whether there is a set Z =
{z1, ..., zk} ⊆ N, such that every a ∈ A is the sum of some subset of the
elements in Z. The reduction works in the following way. The bottom
edges in Figure 4.3 each contain a large amount of flow, so that we must
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use a path in the decomposition that only traverses bottom edges. Every
other path traverses some of the top edges, and their weights will be one
of the integers in Z. That is, when minimising k, we have |Z| = k if and
only if mfdN(G,XA) = k + 1. 2

We refer to Paper III for a formal proof of Theorem 4.20. The Gen-
erating Set problem is known to be NP-hard [7] and the proof uses ex-
ponentially growing integers. Moreover, the best known complexity for
Generating Set for unary coded integers is also quasi-polynomial and
thus aligns with Theorem 4.16. This shows that MFDN naturally gener-
alises Generating Set. An FPT algorithm for MFDN parameterised by
k = mfdN(G,X) running in time 2O(k) ·poly(n,m, log ∥X∥) would, with the
argument of Theorem 4.16, imply that Generating Set and MFDN with
constant parallel-width can be solved in polynomial time when the integers
are coded in unary.

4.3.2 Solving the k-Flow Weight Assignment Problem

In this section, we discuss a restriction of MFDN discussed by Kloster et
al. [22] that is relevant for solving the problem (see Figure 4.4 for an ex-
ample). It is used as a subroutine in the MFDN FPT solver Toboggan [22].

Definition 4.21 (k-Flow Weight Assignment). Given a flow X : E → Y
on a DAG G = (V,E) and a set of s-t paths {P1, . . . , Pk}, the problem
of finding an assignment of weights to the paths, such that they form a
flow decomposition of X, is called k-Flow Weight Assignment (k-FWA).
We write k-FWAY if we require the path weights to belong to Y.

We can solve k-FWAY with a linear system of equations. We define it
by Lw = X, where Xj ∈ Y is the flow weight of X(ej) and L ∈ {0, 1}m×k

is an indicator matrix with Li,j = 1 if and only if ei ∈ Pj . The variable w is
the weight assignment to the paths. For a flow network (G,X), we denote
by LY = LY(P1, . . . , Pk) = {w ∈ Yk | X =

∑k
j=1 Pkwk} the linear system

corresponding to the paths P1, . . . , Pk.

When solving k-FWAZ, we are given a linear system without lower or
upper bounds to w, which is a system of linear Diophantine equations. It
is well known that they can be solved in polynomial time [32].

In k-FWAN, we are given a linear system that contains the inequality
w ≥ 0. In fact, Kloster et al. [22] have shown that k-FWAN is NP-hard.
However, the proof is not restricted to the instances that occur in the
subroutine in Toboggan, which motivates the following conjecture.
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Figure 4.4: [Paper I, Figure 9] MFDN instance (G,X) with paths Ai and Bi

(i ∈ {0, 1, 2, 3}) labeled on every edge that the paths traverse. We assign to
each path Ai a weight ai, and to each path Bi a weight bi, where we choose
a0 = b0 = 3 and ai = 62i + 1 and bi = 62i+1 + 5 for i = 1, 2, 3. Define the
flow X on G as X =

∑3
i=0 aiAi+

∑3
i=0 biBi. Note that these weights are a

solution of k-FWAN on (G,X) with the given paths Ai, Bi (i ∈ {0, 1, 2, 3}).

Conjecture 4.22 ([22]). If (P1, . . . , Pk) are the paths of a minimum flow
decomposition of X on a DAG G, then the linear system LN(P1, . . . , Pk)
has full rank k.

Vatinlen et al. [37] proved that for Y = Q ∩ [0,∞), the induced linear
system is indeed of full rank k. As observed by Vatinlen et al. [37], if the
conjecture turned out to be true for natural numbers, the running time
upper bound of Toboggan would improve, because the step of solving k-
FWAN as ILP could be replaced by solving it as linear program and checking
whether the returned solution is integral.

We show that this conjecture is false using a counterexample. Consider
the k-FWAN instance in Figure 4.4 and the solution described therein. The
instance contains another solution, namely the following weights: a0 =
5, b0 = 1 and ai = 62i + 2, bi = 62i+1 + 4 for i = 1, 2, 3 (where each path Ai

gets assigned the weight ai and each Bi gets assigned bi). Since the instance
contains two distinct solutions of size 8, the rank of the corresponding linear
system is smaller than 8.

It remains to show that mfdN(G,X) = 8 (i.e. the instance obtains
no flow decomposition smaller than 8). We have verified this by running
Toboggan [22] and by running the ILP solver by Dias et al. [10], both
programs returning mfdN(G,X) = 8.

This can also be verified by a careful analysis of the instance. The
values ai and bi increase exponentially for increasing i. In particular, we
have

(a0 + b0) + · · ·+ (ai + bi) < ai+1,

(a0 + b0) + · · ·+ (ai + bi) + ai+1< bi+1,
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for i = 0, 1, 2. We can use this property in the case by case analysis.
Consider the set of all (edge) antichains C in the graph, and let it be
ordered, such that C0 is the left most antichain, C1 is the the neighbouring
antichain, and so on. The antichains C0 to C3 each contain four edges, and
the antichains C4 to C6 each contain three edges. We can show that 8 is
a lower bound to the number of paths crossing C0. We demonstrate the
first case and omit the remaining ones. Intuitively, the permutations of the
rapidly growing weights, together with the odd parity edges in C4 to C6,
force us to use many paths.

Case 1: Assume that the edge in C0 with label A3B3 gets traversed
by four weighted paths, then at least one other edge in C0 is traversed
by at least two weighted paths (resulting in at least eight total paths).
Assume by contradiction, every other edge in C0 is traversed by at most
one weighted path. The path that traverses the edge labelled A2B2 in C0

must then traverse the edge labelled A3B3 in C1, because all other weights
in C1 are smaller than a2 + b2. In addition, at least two of the paths
traversing the edge in C0 labelled A3B3 must traverse the edge in C1 with
the same label, because if only one path traversed the edge in C1 labelled
A3B3, then it would be the only path of weight ≥ a3. But there need to
be two such paths, since the labels A3 and B3 permute in later antichains.
The at most other two paths traversing the edge in C0 labelled A3B3 must
traverse some other edge in C1. Thus, at most three paths cover the edges
in C1 labelled A1B2 and A2B1. One of them has weight equal to a1 + b2
or a2 + b1 by the Pigeonhole principle. That is, we have at least four even
parity paths (this path, and the three paths covering the first three edges
of C1 by themselves). Two of the potentially odd paths that traversed the
edge labelled A3B3 in C1 must traverse the edge with the same label in
C4. We have at most one odd parity path and four even parity paths left
to decompose the other two edges of C4, which are both odd. Thus, the
parities do not match.

Cases 2-4: Assume that the edge in C0 with label A3B3 is traversed by
three, two, or one paths. We can show a contradiction or a lower bound of
8 paths traversing C0 similarly to Case 1.
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Chapter 5

ILP optimisations for practical
flow decompositions

In the following, we improve solving MFDN in the context of practical use
cases. We first present an existent Integer Linear Program (ILP) model for
MFDN and for two practical variants of MFDN. We then optimise the ILP
solver for MFDN by performing pre-computations that reduce the branch-
and-bound search space and the model dimension, and additionally we per-
form simple adjustments to the optimisations to apply them to the variants
of MFDN.

We have decided to optimise the recent ILP-based solver for MFDN by
Dias et al. [10] for the following reasons. The model is flexible and can
easily be adjusted to solve variations of MFDN, as described in the next
paragraph. In addition, this ILP model is currently the state-of-the-art
solver in terms of runtime. However, there are still instances in practice that
cannot be solved feasibly. We experimentally show that the optimisations
give a speedup factor of up to 34× on the standard MFDN, and a speedup
factor of even up to 219× on one MFDN variant.

In addition to the standard variant (which is just MFDN), we con-
sider two more variants. Minimum Inexact Flow Decomposition (MIFDN),
where we decompose any feasible flow following lower- and upper bound
constraints, and Minimum Flow Decomposition with Subpath Constraints
(MFDSCN) where we are given paths in the input that must appear in
weighted path in the minimum flow decomposition. Afterwards, we define
a new ILP model for the fourth variant Minimum Flow Decomposition with
given Weights (MFDWN), where we are given a set of possible weights in
the input, from which the paths’ weights must come from. We show that
this model can act as fast and accurate heuristic to MFDN.

41
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5.1 ILP models of MFDN and its variants

We first review the original ILP formulation by Dias et al. [10] for MFDN
and its two variations MIFDN and MFDSCN. It decomposes the flow into
a given parameter of k paths. The optimal solution can be found by an
iteration starting from k = 1, until the ILP model becomes feasible. Note
that this model does not contain an objective function.

X(u, v) =

k∑
i=1

χi(u, v) · wi ∀(u, v) ∈ E(G), (5.1)∑
u∈N+(v)

χi(v, u) =
∑

u∈N−(v)

χi(u, v) ∀v ∈ V (G), i ∈ [k], (5.2)

∑
u∈N+(s)

χi(s, u) = 1 ∀i ∈ [k], (5.3)

wi ∈ N ∀i ∈ [k], (5.4)

χi(u, v) ∈ {0, 1} ∀(u, v) ∈ E(G), i ∈ [k]. (5.5)

Equation 5.2 is the flow conservation constraint and Equation 5.3 en-
forces that the χi describe a path1. We call the variables χi path indicators
and equivalently consider them as characteristic functions: χi : E → {0, 1}
and χi(u, v) = 1 if and only if the edge (u, v) is in the i-th path.

Remark 5.1. Equation 5.1 is not linear. However, Dias et al. [10] ob-
served that it can be linearised with standard techniques. This involves
introducing k ·m additional variables ϕi(u, v) and additional constraints:

X(u, v) =

k∑
i=1

ϕi(u, v) ∀(u, v) ∈ E(G), (5.6)

ϕi(u, v) ≤ ∥X∥ · χi(u, v) ∀(u, v) ∈ E(G), i ∈ [k], (5.7)

ϕi(u, v) ≤ wi ∀(u, v) ∈ E(G), i ∈ [k], (5.8)

ϕi(u, v) ≥ wi − (1− χi(u, v)) · ∥X∥ ∀(u, v) ∈ E(G), i ∈ [k], (5.9)

ϕi(u, v) ∈ N ∀(u, v) ∈ E(G), i ∈ [k]. (5.10)

See the work of Dias et al. [10] for a proof. We omit these additional
constraints in the future.

We consider the following variant of MFDN. Let R be a set of paths
in G. We want to find a minimum flow decomposition, with the constraint

1Recall that flows X : E → N of value 1 are paths.
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that every path in R is a subpath of at least one weighed path in the
decomposition, and we call this problem Minimum Flow Decomposition
with Subpath Constraints (MFDWN). Dias et al. [10] showed that it can
be solved via the following additional constraints:∑

(u,v)∈Rj

χi(u, v) ≥ |Rj |rij ∀i ∈ [k], Rj ∈ R, (5.11)

k∑
i=1

rij ≥ 1 ∀Rj ∈ R, (5.12)

rij ∈ {0, 1} ∀i ∈ [k], Rj ∈ R. (5.13)

Moreover, we consider a third variant of MFDN, which describes noisy
data in practical scenarios. Instead of decomposing a given flow, we are
given an inexact flow network (G,L,R) with interval constraints [Le, Re] for
every edge e ∈ E(G), and ask for a minimum flow decomposition that de-
composes any flow X that satisfies Le ≤ X(e) ≤ Re for all edges e ∈ E(G).
We call this variant Minimum Inexact Flow Decomposition (MIFDN). Dias
et al. [10] gave a simple modification to the ILP model, by only changing
Equation 5.1:

Luv ≤
k∑

i=1

χi(u, v) · wi ≤ Ruv ∀(u, v) ∈ E(G). (5.14)

5.2 Dimensionality and search space reduction

In the following, we present an improvement to the ILP models in the form
of pre-computed optimisations. We first show the optimisations for MFDN,
and then explain our adaptation for the variants MFDSCN and MIFDN. We
benchmark the optimisations later in Section 5.4.

Search space reduction using safe paths. The goal is to present
an optimisation that fixes as many path indicator variables χi(u, v) as pos-
sible. The core concept that we use is solution safety.

Definition 5.2. Let (G,X) be a network flow on a DAG G. We call a
path P in G safe for X, if for every flow decomposition (P, w) of X, P ⊆ Q
for some Q ∈ P. When X is clear from the context, we just call P a safe
path.
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Solution safety was first introduced by Tomescu et al. [36] and has since
been used in several contexts. In natural sciences such as computational bi-
ology, optimisation problems often contain multiple optimal solutions, but
among them, only one biologically correct solution. Thus, without addi-
tional information, it is not always possible to predict the correct solution.
For example, solution safety has been used in protein sequence alignments
in order to find protein regions with important functionality that are con-
served throughout evolution [18].

Lemma 5.3 ([21]). Let (G,X) be a flow network and let P = (e1, . . . , eℓ)
with ei = (ui, ui+1) be a path in G. We define the excess flow of P by

fP := X(e1)−
∑

i=2,...,ℓ
v∈N+(ui)\{ui+1}

X(ui, v).

P is safe if and only if fP > 0.

Note that edges (as paths of length 1) are all safe. Khan et al. [21]
characterised safe paths using excess flow, which gives us a polynomial time
algorithm to find all safe paths of maximal lengths2. First, find any flow
decomposition, for example, of size O(m). Then, for every weighted path
in the decomposition, we find all subpaths of positive excess flow. This
can be done in linear time using a two pointer algorithm: we move the
right pointer if fP > 0, and move the left pointer if fP ≤ 0. This finds all
maximal safe paths contained in the weighted path of the decomposition.
We refer to the work by Khan et al. [21] for a formal proof.

We now demonstrate that solution safety can speedup the ILP solver,
by finding a set of safe paths that are pairwise independent. Two paths
P and Q are called independent in G, if there is no s-t path in G that
traverses both P and Q. Since they are pairwise independent, a set of size
x of such paths must be decomposed by at least x different s-t paths in any
flow decomposition. We can thus find an edge antichain A = {e1, . . . , ex},
find a safe path Pi containing ei for every ei ∈ A and set χi(e) = 1 for
all i = 1, . . . , |A|, e ∈ Pi ∈ A. Observe that such a set of safe paths is
independent. It is left to decide which edge antichain to choose. We are
interested in maximising the number of path indicator variables set to 1
and go for the following approach: for every edge e, find the length ℓe of
a longest safe path containing e. We then find a maximum weighted edge
antichain, that is, an edge antichain A that maximimises

∑
e∈A ℓe. See

Figure 5.1 for an example.

2Maximal safe paths are paths that are no longer safe when extended to the left or to
the right.
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Figure 5.1: [Paper IV, Figure 2] Application of introducing new constraints
in the ILP model by using safe paths. We start with the flow network dis-
played in Figure 5.1a. All maximal safe paths are computed and displayed
in different colours with their respective lengths in Figure 5.1b. To every
edge we assign as weight the maximum length of all safe paths crossing
that edge. By computing a maximum weighted antichain (Figure 5.1c), we
obtain a set of pairwise independent safe paths (Figure 5.1d).

A maximum weighted edge antichain can be found similarly to a max-
imum cardinality edge antichain: we reduce it to a min-flow problem,
where the lower bound on the edges is given by their weights and the
upper bounds are ∞. We can find a minimum flow for example in runtime
O(m ·

∑
e∈E(G) ℓe) ≤ O(nm2) [24].

Remark 5.4. The algorithm above is a heuristic and does not always
find an optimal solution to the problem of maximising the total length of
independent safe paths. See Figure 5.2 for an example. An advantage of the
heuristic is its simplicity, which is the reason for our decision to implement
it. We now present an algorithm that finds the optimal solution.

We define the following dependency graph D = (V (D), E(D)): vertices
represent safe paths in G and are weighted according to their lengths, and
edges (p1, p2) are in E(D) if safe path p1 can reach safe path p2, that is,
there exists a path P in G, which traverses p1 and p2 in this order. A
maximum weighted node antichain on this graph is a maximum length set
of independent safe paths. We refer to Paper IV, Appendix B for a proof.
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5 5

8 10

3

Figure 5.2: A flow network and its safe paths. This graph contains three
maximal safe paths. One in green of length 3, one in green of length 2, and
one in blue of length 1. All three safe paths are independent with a total
length of 6. Our heuristic, which maximises the weights of an antichain,
finds the two green independent safe paths of total length 5.

Y-to-V contractions and further optimisations. We use Y-to-
V contractions to reduce the dimension of the ILP model and to reduce
the number of constraints. We recall their definition from Chapter 3: a
Y-to-V contraction is a contraction of an edge (u, v) where deg+(u) = 1 or
deg−(v) = 1. This degree constraint marks redundant edges in the context
of MFDN, as observed by Kloster et al. [22] (see Lemma 3.9). We employ
the following bounds to the solution size k:

1. k ≥ |A|, where A is the number of chosen independent safe paths,

2. k ≤ |P|, where P is the path set of a heuristic flow decomposition
(that we use to compute all maximal safe paths).

Moreover, we remove symmetry by ordering the weights wi ≤ wi+1 for all
i ∈ [k − 1].

Using safe paths to optimise variants. Every feasible solution
to MFDSCN is also a feasible solution to MFDN without the subpath con-
straints. Thus, every path safe for MFDN is also safe for MFDSCN (assum-
ing, the flow network can feasibly be decomposed with the given subpath
constraints). We leave the open problem of finding an algorithm that finds
all safe paths for a given MFDSCN input.

For MIFDN, we adapt the excess flow to intervals. We show that paths
of positive inexact excess flow are safe, and we leave the open problem of
how to find all safe paths. The adaptation follows a conservative approach
of leaking the highest possible flow away from the path, while starting with
the smallest possible flow.

Definition 5.5 (Inexact excess flow [Paper IV, Lemma 4]). Let P =
(e1, . . . , eℓ) with ei = (ui, ui+1) be a path in an MIFDN instance (G,L,R).
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We define the inexact excess flow of P by the value

fP = Le1 −
∑

i=2,...,ℓ,
v∈N+(ui)\{ui+1}

Ruiv.

Lemma 5.6 ([Paper IV, Lemma 4]). Assume that the inexact flow network
(G,L,R) admits a feasible flow. A path P in G is safe if fP > 0.

Note that the converse statement is not necessarily true. For a path
P = (e1, . . . , eℓ) in G, it is possible that there is no feasible flow X with
X(e1) = Le1 .

Y-to-V contractions for MFDN variants. We now show how to
adapt the Y-to-V contraction to the two variants. For MFDSCN, we must
translate the path constraints to the Y-to-V contracted graphs. We first
perform the in-contractions and then the out-contractions. Recall that both
of these actions partition the graph in out- and in-trees, as explained in
Remark 3.8. We describe how to contract the paths for the in-contractions,
the path contractions for the out-contractions follow equivalently.

Consider the out-tree partition of G. Each out-tree with k leaves lj cor-
responds k edges from the root to each leaf (r, lj) in the Y-to-V contracted
graph Ĝ. A path P in G traverses a sequence of out-trees (T1, . . . , Tℓ). We
construct a new path P ′ by replacing the edges in P . For all i = 2, . . . , ℓ−1,
the path passes through both the root node ri and through a leaf node li
of the out-tree Ti. We can replace all edges in P that come from Ti by the
single edge (ri, li). The path starts at some node in T1 and passes through
a leaf node l1 of T1. Since T1 is an out-tree, any path that crosses P in G
can only pass through the root node r1 from T1. Thus, we can also replace
all edges from T1 by a single edge (r1, l1). Finally, the path passes through
the root node rℓ of the last tree Tℓ, and might end before reaching a leaf
node. Let P end at node v ∈ Tℓ, and let Lℓ,v be the set of leaf nodes of
Tℓ that can be reached in G from v. We then replace all edges in P that
are in Tℓ by |Lℓ,v| edges (rℓ, lℓ,j) for each lℓ,j ∈ Lℓ,v. Note that P ′ is not a
path when |Lℓ,v| > 1. It is a path of length ℓ − 1, followed by |Lℓ,v| many
edges, from which exactly one has to be chosen, in order to cover P in the
original graph. See Figure 5.3 for an example.

Let the set of such sub“path” constraints be R̂, and note that they
are actually subgraphs. Let ℓj be the length of the longest path in the
constraint. We adjust Constraints 5.11 and 5.12, and highlight the changes
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(a) Original graph with one subpath
constraint ((b, d), (d, f)) in green. Ev-
ery path passing the subpath traverses
through either node h or node i.

a d

e

h

i

g

(b) Y-to-V contracted graph with sub-
path constraint in green, which consists
of a path of length 1 followed by two
edges in the last out-tree. The ILP con-
straints enforce that exacttly one of the
two edges will be used.

Figure 5.3: [Paper IV, Figure 3] A DAG with one subpath constraint in
green. The in-contractions partition the DAG in three out-trees, which
are the induced subgraphs of {a, b, d}, {a, c, d} and {d, e, f, g, h, i}. The
subpath constraint passes two out-trees in (a), and is extended to start in
an out-tree root and to end in two out-tree leaf nodes in (b).

in red: ∑
(u,v)∈Rj

χi(u, v) ≥ ℓjrij ∀i ∈ [k]Rj ∈ R̂, (5.15)

k∑
i=1

rij ≥ 1 ∀Rj ∈ R̂. (5.16)

Lemma 5.7 ([Paper IV, Lemma 5]). Constraints 5.15 and 5.16 hold in the
Y-to-V contracted graph if and only if Constraints 5.11 and 5.12 hold in
the original graph.

InMIFDN, the intervals do not satisfy the flow conservation. Thus, some
Y-to-V contractions will lose information and increase the set of feasible
flows. Such new flows could potentially be decomposed into fewer paths.
To circumvent this issue, we define the concept of inexact flow conservation.

Definition 5.8 (Generalisation of a definition in Paper IV, Section 4). Let
(G,L,R) be an MIFDN instance. We say that a node v ∈ V (G) fulfils the

• inexact in-flow conservation, if∑
u∈N−(v)

Luv ≤
∑

u∈N+(v)

Lvu ≤
∑

u∈N+(v)

Rvu ≤
∑

u∈N−(v)

Ruv,
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• inexact out-flow conservation, if∑
u∈N+(v)

Lvu ≤
∑

u∈N−(v)

Luv ≤
∑

u∈N−(v)

Ruv ≤
∑

u∈N+(v)

Rvu.

If deg−(v) = 1 and v satisfies the inexact in-flow conservation (respec-
tively, if deg+(v) = 1 and v satisfies the inexact out-flow conservation),
we can savely contract the single incoming (respectively, outgoing) edge
without increasing the set of feasible flows. Note that if (G,X) is a flow
network, then (G,X,X) is an inexact flow (with exactly one feasible flow
X) that satisfies the inexact in- and out-flow conservation on every node in
V (G) \ {s, t}. The converse is not necessarily true, for example, in a path
of length 2, where the intervals have length 2 and are equal in both edges
of the path.

Lemma 5.9 ([Paper IV, Lemma 6]). Let (Ĝ, L̂, R̂) be an inexact flow in-
stance obtained from Y-to-V contractions of (G,L,R), where the contrac-
tions are only performed on edges (u, v) where deg−(v) = 1 and v satisfies
the inexact in-flow conservation or deg+(u) = 1 and u satisfies the inex-
act out-flow conservation. Then every inexact flow decomposition of (L̂, R̂)
uniquely determines an inexact flow decomposition of (L,R) and vice versa.

5.3 An ILP solver for weighted MFDN

We now consider the last variant of MFDN in this thesis, in which we are
given a flow network (G,X) and a finite set of weights W = {w1, . . . , wℓ} ⊆
N, and we ask for a flow decomposition of size k whose weights come only
from W such that k is as small as possible. That is, we ask for a set of
weighted paths (P, w̃) such that

∑
Pi∈P Pi(e)w̃i = X(e) for all e ∈ E(G)

with w̃ ∈W k and the size |P| = k is as small as possible.
Restricting the set of possible weights reduces the search space of pos-

sible flow decompositions and can potentially lead to faster ILP solvers.
Moreover, in some applicable contexts, the weights of an optimal flow de-
composition are already known. For example, Kloster et al. [22] have ob-
served that the weights appear in the flow networks in the context of RNA
sequence reconstructions.

If there exists a minimum flow decomposition using weights from W ′,
then we can solve MFDWN using some weight set W ⊇ W ′ and obtain an
optimal MFDN solution. For example, every flow X with ∥X∥ ≤ c for a
constant c is decomposed by paths using weights from [c].

Lemma 5.10 ([Paper IV, Corollary 9]). MFDWN is strongly NP-hard.
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Proof. Hartman et al. [19] showed that MFDN is NP-hard even when the
flow is restricted to consist of integers in {1, 2, 4}. 2

We now formulate an ILP model that decomposes a given flow X into
a set of |W | flows Yw, such that X =

∑
w∈W Yw · w. Every flow Yw can be

decomposed into Val(Yw) paths, each of which are assigned the weight w.

Minimise
∑
w∈W

Val(Yw), (5.17)

Subject to (5.18)

X(e) =
∑
w∈W

Yw(e) · w ∀e ∈ E, (5.19)∑
u∈N−(v)

Yw(u, v) =
∑

u∈N+(v)

Yw(v, u) ∀v ∈ V \ {s, t}, w ∈W, (5.20)

Yw(e) ∈ N ∀e ∈ E,w ∈W. (5.21)

The above constraints were defined in Paper IV, Section 5. There is
no need for linearisation in this ILP model, which reduces the number of
necessary variables and further reduces the runtime compared to the ILP
for the standard MFDN variant.

Lemma 5.11 ([Paper IV, Lemma 7]). Constraints 5.17 to 5.21 solve
MFDWN optimally.

MFDWN can act as an MFDN approximation by guessing the weights.
For example, given (G,X), we can choose W = {1, 2, 4, . . . , 2⌈log ∥X∥⌉}, and
obtain an approximation ratio of O(log ∥X∥) for all DAGs. Recall that it is
an open problem whether this can be done in polynomial time. Moreover,
we can choose more sparse weight sets and obtain an approximation scheme,
which acts as a trade off between running time and approximation ratio.

Lemma 5.12 ([Paper IV, Lemma 10]). For an MFDN instance (G,X),
solving MFDWN with weights {2j | j = 0, . . . , ⌊log ||X||⌋} optimally is a
⌊log ||f ||⌋+1-approximation of MFDN. More generally, solving MFDWN of

G with weights W = {(2i)j | j = 0, . . . , ⌈log ||X||/i⌉} for some i ∈ N is a
(2i − 1)⌊(log ||X||+ 1)/i⌋-factor approximation of MFDN.

5.4 Experimental results

We have implemented the ILP solvers using the GUROBI Python API and
implemented all optimisations using Python3. We compare the optimised

3The tool is available at https://github.com/algbio/optimized-fd.

https://github.com/algbio/optimized-fd
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ILPs (namely, MFD-optimized, MFDSC-optimized and MIFD-optimized) to
the non-optimised ILPs for MFDN, MFDSCN and MIFDN, and also compare
them to the heuristics Catfish [33], CoasterHeuristic [39] and IFDSolver [38],
respectively. For MFDN, we also run the ILP solver for MFDWN using the
weight set W = {2i | i ≤ log ∥X∥} ∪ {X(e) | e ∈ E}. We call this solver
using this weight set MFDW heuristic. This set of tools includes, next to
our contributions, the state-of-the-art for optimal and heuristic solving in
terms of runtime and approximation performance, respectively.

Datasets. We have decided to experiment with the datasets from previous
articles:

1. For MFDN, we use the datasets created by Shao and Kingsford [33].
One dataset contains graphs created from human transcriptome using
the quantification tool Salmon [28], and we use two datasets created
from human and mouse transcriptomes using the Flux-Simulator [17].
The first dataset consists of a single sample file of the dataset from
Shao and Kingsford [33], referred to as SRR020730 Salmon. For the
remaining two datasets, we took the entire archive and refer to them
as Catfish Human and Catfish Mouse, respectively. In the latter two
datasets, we only considered instances whose Y-to-V contracted graph
consisted of at least 50 vertices.

2. For MFDSCN, we use two datasets. An adaptation of SRR020730
Salmon with generated subpath constraints by Dias et al. [10] and
SRR30790 StringTie by Khan et al. [21] which was created from hu-
man RNA-seq reads using the StringTie tool [29]. Both datasets only
contain 4 subpath constraints per instance, due to the limitations of
previously benchmarked tools.

3. For MIFDN, we simulate interval flows equivalently to Williams et
al. [38], and repeat this process until feasible instances are generated.

Experimental setup. The experiments were performed on a server run-
ning Ubuntu on an AMD Ryzen Threadripper PRO 3975WX 32-core CPU
with 512 GB RAM. We split every input file into several files each contain-
ing one instance, and use the GNU time tool to measure the runtime of
each run. Every such run includes a linear scan over k to guess the op-
timal solution. Moreover, we use a 30 minute timelimit in GUROBI, and
terminate once we found a solution or the ILP solver entered the timelimit.

Results. We show the runtime and the heuristics’ approximation perfor-
mance in Tables 5.1 to 5.3. We group the instances by the optimal solution
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size that we have computed with our optimised solvers. We exclude the
instances that it does not solve from the tables and note that only the
heuristic algorithms, which do not find an optimal solution in general, are
faster than our optimised solvers. In this way, we can compare the approx-
imation performance of the heuristics.

Each solver has three columns, and we consider each dataset separately.
For each group, we report the average running time for every solver in the
column Avg. and the total running time of the group under Total. For
the exact solvers we show the number of solved instances in the #Solved
column and for the heuristic solvers (that is, the existent solvers for each
variant and, in case of the standard MFDN variant, the novel MFDWN ILP
solver) we show the difference of paths given by the heuristics and the
optimal number of paths in the ∆(|P|) column. We also show the average
of the latter value in parantheses. The last line of every dataset shows the
corresponding values for all groups combined.

Discussion. We illustrate the results for MFDN in Table 5.1. MFD-
optimized improves over the previous state-of-the-art MFD-original in all
ranges. The scale of improvement increases with larger MFDN size. We
also observe that MFD-optimized solves more instances than MFD-original,
which further increases the gap between the two solvers. Recall that we do
not include instances in the runtime calculation that were unsolved due to
not passing the timelimit. On Catfish Human, MFD-optimized is 21− 31×
faster than MFD-original on average, and is 23× faster than MFD-original
on Catfish Mouse for k ≥ 21 on average.

Among both heuristic solvers, Catfish finishes all instances in almost 0 sec-
onds on average, whereas MFDW is slower, but still finishes in less than 1
second in all MFDN size groups on average. However, MFDW approximates
the optimal solution more accurately for larger k than Catfish. One possi-
ble reason might be that path weights are more likely to occur in the flow
network as edge weight the more complex a flow network is. Recall that
we chose W as all powers of two and all flow weights.

In Table 5.2, we show the results for the MFDSCN problem. We observe an
equivalent pattern as in MFDN. MFDSC-optimized improves on all ranges of
k compared to MFDSC-original, and for k ≥ 21, MFDSC-optimized remark-
ably runs 121× faster than MFDSC-original. Moreover, MFDSC-optimized
solves 2 more instances than MFDSC-original throughout both datasets.

In Table 5.3 we show the results for MIFDN problem. We again observe
that MIFD-optimized accelerates massively compared to MIFD-original. For
example, on Catfish Human, MIFD-optimized is up to 219× faster. More-
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Table 5.1: [Paper IV, Table 1] Results for Problem MFDN. MFD-original denotes the
original ILP for MFDN from Dias et al. [10], MFD-optimized denotes our optimised ILP
and MFDW the ILP solver for MFDWN. Runtimes are in seconds; a timeout of 30 minutes
was used.

Catfish heuristic MFDW heuristic MFD-original MFD-optimized

min k Avg. Total ∆(|P|) Avg. Total ∆(|P|) Avg. Total #Solved Avg. Total #Solved

S
R
R
0
2
0
7
3
0

S
a
lm

o
n

1-5 0.01 382.38 1 (0.00) 0.29 11150.07 13 (0.00) 0.30 11751.06 38703 0.29 11064.77 38703
6-10 0.01 19.80 14 (0.01) 0.32 628.14 2 (0.00) 0.48 958.88 1988 0.31 608.25 1988

11-15 0.01 1.62 6 (0.04) 0.33 53.29 0 (0.00) 2.02 327.71 162 0.34 55.63 162
16-20 0.01 0.13 0 (0.00) 0.37 4.84 0 (0.00) 15.97 191.68 12 1.27 16.48 13

21-max 0.01 0.06 6 (1.50) 0.40 1.58 0 (0.00) 17.56 52.68 3 0.57 2.28 4

All (40870) 0.01 403.99 27 (1.55) 0.29 11837.92 15 (0.00) 0.32 13282.01 40868 0.29 11747.41 40870

C
a
tfi

sh
H
u
m
a
n

1-5 0.00 1.07 3 (0.00) 0.30 3084.70 299 (0.03) 0.35 3631.62 10301 0.29 3010.90 10301
6-10 0.00 2.42 61 (0.06) 0.35 375.06 243 (0.22) 3.67 3976.98 1083 1.06 1155.47 1085

11-15 0.01 1.33 53 (0.25) 0.42 89.77 29 (0.14) 16.94 3558.35 210 9.97 2133.17 214
16-20 0.01 1.23 132 (1.08) 0.39 47.34 6 (0.05) 43.56 4747.77 109 1.26 154.02 122

21-max 0.01 0.10 16 (2.67) 0.43 2.61 0 (0.00) 50.81 101.63 2 1.62 9.69 6

All (11730) 0.00 6.15 265 (0.02) 0.31 3599.48 577 (0.05) 1.37 16016.35 11705 0.55 6463.25 11728

C
a
tfi

sh
M

o
u
se

1-5 0.00 0.94 2 (0.00) 0.30 3578.96 280 (0.02) 0.35 4202.92 12047 0.29 3513.08 12047
6-10 0.00 6.29 139 (0.09) 0.35 563.83 577 (0.36) 3.29 5247.45 1594 1.07 1706.72 1597

11-15 0.01 3.16 259 (0.78) 0.55 180.95 173 (0.52) 72.22 21234.09 294 20.84 6877.37 330
16-20 0.01 0.74 69 (0.93) 0.42 31.26 6 (0.08) 58.18 3607.16 62 6.44 476.43 74

21-max 0.01 0.45 57 (1.84) 0.46 14.28 0 (0.00) 77.59 1862.17 24 3.35 103.75 31

All (14079) 0.00 11.58 526 (0.04) 0.31 4369.28 1034 (0.07) 2.58 36153.79 14021 0.90 12677.35 14079

Table 5.2: [Paper IV, Table 2] Results for Problem MFDSCN. Runtimes are in seconds.
A timeout of 30 minutes was used. MFDSC-original is the original ILP from from Dias
et al. [10], and MFDSC-optimized is our optimised ILP solver. Note that all instances in
the dataset SRR30790 StringTie have k ≤ 15.

CoasterHeuristic MFDSC-original MFDSC-optimized

min k Avg. Total ∆(|P|) Avg. Total #Solved Avg. Total #Solved

S
R
R
0
2
0
7
3
0

S
a
lm

o
n

1-5 0.19 685.58 109 (0.03) 0.70 2543.97 3643 0.29 1066.78 3643
6-10 0.19 381.11 411 (0.21) 1.11 2214.29 1988 0.30 598.04 1988
11-15 0.20 32.39 126 (0.78) 3.79 613.24 162 0.33 53.86 162
16-20 0.21 2.76 22 (1.69) 70.52 846.29 12 1.01 13.16 13

21-max 0.23 0.90 5 (1.25) 93.28 373.12 4 0.77 3.09 4

All (5810) 0.19 1102.74 673 (0.12) 1.13 6590.91 5809 0.30 1734.93 5810

S
R
R
3
0
7
9
0

S
tr
in
g
T
ie

1-5 0.27 226.04 190 (0.23) 0.69 568.43 828 0.34 280.98 828
5-10 0.27 63.12 75 (0.32) 1.24 287.75 232 0.37 85.15 232
11-15 0.24 1.43 1 (0.17) 2.31 11.56 5 0.91 5.44 6

All (1067) 0.27 290.59 266 (0.25) 0.81 867.74 1065 0.35 371.57 1066

over, MIFD-optimized runs less than 1 second in all solution size groups
on average. In particular, it also solved all instances and can compare to
IFDSolver heuristic, despite solving the problem optimally.

Finally, in order to measure each optimisation individually, we show quanti-
tative statistics on their contributions in Table 5.4. We can see that the Y-
to-V contractions remove more than half of the edges, even when the flow is
inexact and not all contractions are performed. The proportion of path in-
dicator variables χi(u, v) set to 1 by independent safe paths reaches almost
22% in one dataset, and is larger than 10% on most datasets. Moreover,
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Table 5.3: [Paper IV, Table 3] Results for Problem MIFDN. Runtimes are in seconds.
A timeout of 30 minutes was used. MIFD-original is the original ILP from from Dias et
al. [10], and MIFD-optimized is our optimised ILP. Note that the dataset Catfish Human
has no instances with k > 15 and the dataset Catfish Mouse has no instances with k > 20.

IFDSolver heuristic MIFD-original MIFD-optimized

min k Avg. Total ∆(|P|) Avg. Total #Solved Avg. Total #Solved

S
R
R
0
2
0
7
3
0

S
a
lm

o
n

1-5 0.25 9561.44 2161 (0.06) 0.58 22559.20 38706 0.29 11094.01 38706
6-10 0.26 512.92 1697 (0.85) 1.03 2044.12 1986 0.32 644.24 1986
11-15 0.29 46.58 302 (1.88) 11.72 1887.70 161 0.38 60.87 161
16-20 0.32 4.12 46 (3.54) 28.18 309.97 11 1.25 16.31 13

21-max 0.44 1.74 21 (5.25) 66.30 198.90 3 4.71 18.82 4

All (40870) 0.25 10126.80 4227 (0.10) 0.66 26999.89 40867 0.29 11834.25 40870

C
a
tfi

sh
H
u
m
a
n

1-5 0.24 2652.76 957 (0.09) 0.59 6398.51 10911 0.29 3151.02 10911
6-10 0.26 40.52 198 (1.25) 1.36 215.40 158 0.34 53.57 158
11-15 0.24 0.98 14 (3.50) 101.01 404.03 4 0.46 1.84 4

All (11073) 0.24 2694.26 1169 (0.11) 0.63 7017.94 11073 0.29 3206.43 11073

C
a
tfi

sh
M

o
u
se

1-5 0.24 3182.89 1521 (0.12) 0.58 7562.22 13009 0.29 3731.19 13010
6-10 0.25 26.83 139 (1.31) 1.47 155.55 106 0.34 35.90 106
11-15 0.36 1.79 19 (3.80) 45.35 226.77 5 0.45 2.26 5
16-20 0.29 0.29 3 (3.00) 0.00 0.00 0 0.56 0.56 1

All (13122) 0.24 3211.80 1682 (0.13) 0.61 7944.54 13120 0.29 3769.91 13122

notably more than 91% of instances were solved optimally in SRR020730
Salmon for MFDSCN using polynomial methods.
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Table 5.4: [Paper IV, Table 4] Quantitative statistics of the various optimisations. The
first two columns |E| original and |E| Y-to-V show the number of edges in the original
and in the Y-to-V contracted graph (and, in parentheses, the proportion of this number
relative to the original graphs), respectively, summed over all graphs in that dataset. The
column LB = UB shows the proportion of instances in each dataset where the calculated
lower bound (the number of safe paths in a maximum antichain) is equal to the upper
bound (the number of heuristically calculated paths). This column indicates in how
many instances we have found the optimal solution, using the heuristic solver and safety
optimisations. The column pIND shows the proportion of all path indicators χi(u, v)
variables that were set to 1 as part of a safe path with respect to all path indicator
variables of the contracted graph, where i is the index of the path and (u, v) is an edge.
The last column #IND/

∑
|P | shows the proportion of path indicator variables with

respect to the sums of the solution’s path lengths. Among assigning correct weights, the
solution is found by precisely setting the indicator variables of the solution edges to 1.

|E| original |E| Y-to-V LB = UB pIND #IND/
∑
|P |

MFDN
SRR020730 Salmon 354519 147996 (41.75%) 32.32% 10.95% 48.60%
Catfish Human 621297 109870 (17.68%) 63.67% 9.03% 41.85%
Catfish Mouse 687763 126388 (18.38%) 54.89% 8.36% 37.37%

MFDSCN
SRR020730 Salmon 214380 94986 (44.31%) 91.45% 8.05% 43.71%
SRR30790 StringTie 24912 8926 (35.83%) 31.02% 15.84% 48.63%

MIFDN
SRR020730 Salmon 355526 166136 (46.73%) 26.77% 11.91% 23.39%
Catfish Human 115774 48903 (42.24%) 34.12% 20.46% 27.29%
Catfish Mouse 101123 40865 (40.41%) 28.05% 21.92% 28.02%
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Chapter 6

Discussion and future directions

In this thesis we developed and analysed algorithms for decomposing flow
networks by using structural invariants of directed graphs. Decomposing
given objects is a natural task in graph theory, and the decompositions
of flows specifically include various applications in the real world. We
advanced the research in the lens of computational theory and practical
solving. This work was published in four separate articles.

The theoretical research was motivated by the lack of approximation
guarantees for commonly used heuristics. We argued that the DAG width,
which has not previously been considered in the context of MFD, plays an
important role in the decomposition of flows. For MFDN, we showed that
flow decompositions correspond to a certain notion of directed minors. This
allowed us to parameterise the problem by the parallel-width [8]. Moreover,
we introduced the flow-width of a flow network (G,X), and observed that,
for certain flows X, it captures both the DAG width and the parallel-width
of G.

Using these parameters, we obtained approximation upper bounds on
certain classes of graphs. We introduced width-stable graphs as a natural
generalisation of directed series-parallel graphs, and showed that we achieve
an approximation ratio of O(log ∥X∥) on them by using a parity-fixing
algorithm. This is the case because the width remains a lower bound to
the optimal solution throughout the decomposition, and we can use at
most width many paths to fix the parity of any flow. More generally, the
algorithm returns at most par-width(G) ·O(log ∥X∥) many weighted paths
on any graph, and we obtain the same approximation ratio on any instance
with mfdN(G,X) ≥ par-width(G). Using this upper bound, we were able
to provide a complete description of the complexity of MFDN, when it is
parameterised by the width or the parallel-width. In contrast, we provide a
class of instances, for which mfdN(G,X)≪ par-width(G), where the parity-

57
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fixing algorithm admits an approximation ratio of Ω(∥X∥) in the worst
case.

Furthermore, we considered MFDZ, the version of the problem that
allows negative integers, and designed an approximation algorithm for
MCCDZ, which is a generalised problem of MFDZ. The algorithm fixes the
parity of a circulation using a circulation of cost at most mccc(G) (i.e., for
MFDZ, using at most width many paths), and obtained an approximation
factor of O(log ∥X∥) on all instances. The advantage of MFDZ compared
to MFDN is the fact that the width of the graph does not change, as edges
do not get saturated.

From the practical perspective, we improved both exact and heuristic
solving of MFDN. We optimised an existing ILP [10] by reducing the solver’s
search space and dimension, using (among other, smaller optimisations)
the concept of solution safety, edge antichains and Y-to-V contractions.
We also demonstrated that these optimisations can easily be adapted to
variants of MFDN. We measured significant speedups, ranging from 34×
up to 219× faster than the previous state-of-the-art ILP solver. We also
defined a heuristic for MFDN using ILP that guesses the weights, which
is the most accurate heuristic on complicated instances and admits strong
theoretical approximation guarantees. It is a large magnitude faster than
the optimised ILP exact solver, but slower than the polynomial-runtime
state-of-the-art heuristic.

Future work includes further development on the optimised ILP tool:
improving the code base, making the tool more user friendly and making
it compatible with free software ILP solvers. Our optimisations still leave
room for improvement and further creative ideas.

There are many open questions left in the theory behind MFD. Is the
problem in the class APX, or can it be shown that approximating it with
any constant ratio is NP-hard? If this is the case, can we find a constant
ratio approximation algorithm for all G where par-width(G) is at most a
constant? Can we extend/adjust the parity-fixing algorithm for MFDN,
to obtain a O(log ∥X∥)-ratio approximation algorithm for all instances,
including mfdN(G,X)≪ par-width(G)?
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Abstract
Minimum flow decomposition (MFD) is the NP-hard problem of finding a smallest decomposition of
a network flow X on directed graph G into weighted source-to-sink paths whose superposition equals
X. We focus on a common formulation of the problem where the path weights must be non-negative
integers and also on a new variant where these weights can be negative. We show that, for acyclic
graphs, considering the width of the graph (the minimum number of s-t paths needed to cover all of
its edges) yields advances in our understanding of its approximability. For the non-negative version,
we show that a popular heuristic is a O(log |X|)-approximation (|X| being the total flow of X)
on graphs satisfying two properties related to the width (satisfied by e.g., series-parallel graphs),
and strengthen its worst-case approximation ratio from Ω(

√
m) to Ω(m/ log m) for sparse graphs,

where m is the number of edges in the graph. For the negative version, we give a (⌈log ∥X∥⌉ + 1)-
approximation (∥X∥ being the maximum absolute value of X on any edge) using a power-of-two
approach, combined with parity fixing arguments and a decomposition of unitary flows (∥X∥ ≤ 1)
into at most width paths. We also disprove a conjecture about the linear independence of minimum
(non-negative) flow decompositions posed by Kloster et al. [ALENEX 2018], but show that its useful
implication (polynomial-time assignments of weights to a given set of paths to decompose a flow)
holds for the negative version.
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1 Introduction

Minimum flow decomposition (MFD) is the problem of finding a smallest sized decomposition
of a network flow X on directed graph G = (V, E) into weighted source-to-sink paths whose
superposition equals X. We focus on the case where path weights are restricted to be integers.
It is a textbook result [1] that if G is acyclic (a DAG) a decomposition using no more than
m = |E| paths always exists. However, MFD is strongly NP-hard [25], even on DAGs, and
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even when the flow values come only from {1, 2, 4} [12]. Recent work has shown that the
problem is FPT in the size of the minimum decomposition [14] and that it can be formulated
as an ILP of quadratic size [7].

While difficult to solve, MFD is a key step in many applications. For example, MFD on
DAGs is used to reconstruct biological sequences such as RNA transcripts [18, 23, 11, 3, 22, 26]
and viral strains [2]. MFD can also be used to model problems in networking [25, 12, 15]
and transportation planning [16], although in some of these applications there may be cycles
in the input. Despite the ubiquity of the MFD problem, the gap in our knowledge about
the approximability of MFD is large, even when restricting to DAGs. It is known [12] that
MFD (even on DAGs) is APX-hard (i.e., there is some ϵ > 0 such that it is NP-hard to
approximate within a (1 + ϵ) factor), so in particular, MFD does not admit a PTAS, unless
P=NP. Furthermore, it can be approximated with a factor of λlog ∥X∥ log ∥X∥ [15], where
λ is the length of the longest source-to-sink path and ∥X∥ is the largest flow value in the
network. In this work, we attempt to fill in some of the gaps between these results.

A natural lower bound for the size of an MFD of a DAG is the size of a minimum path
cover of the set of edges with non-zero flow (i.e., the minimum number of paths such that
every such edge appears in at least one path) – this size is called the width of the network.
This trivially holds because every flow decomposition is also such a path cover. These two
notions are analogies of the more standard notions of path cover and width of the node set.
The node-variants are classical concepts, with algorithmic results dating back to Dilworth
and Fulkerson [8, 10]. Despite this, the width has not been given any attention in the MFD
problem, and in particular it has never been used in approximation algorithms. In this paper,
we show that the width can play a key role both in the analysis of popular heuristics, and in
obtaining the first approximation algorithm for a natural variant of MFD.

We start with a relaxation of MFD in which flow decomposition may also use negative
integer weighs on flow paths, rather than strictly positive weights as has traditionally been
considered [25, 12, 14]. An important observation that we leverage for this variant (unlike
the positive-only version) is that “the width does not increase” as flow paths are chosen and
removed. Using this, we give a (⌈log ∥X∥⌉+ 1) approximation algorithm for this variant. To
differentiate both versions, we use MFDN and MFDZ throughout the paper. While MFDZ is
a natural version of the problem, to our knowledge it has not been previously considered
in the MFD literature. However, it can also have natural applications, since by applying
MFDZ on the difference between two flows, one can minimally explain the differences between
them, e.g. to explain the differences in RNA expression between two tissue samples with the
fewest number of up/down regulated transcripts, which is often the goal of RNA sequencing
experiments [21]. Our approximation follows a power-of-two approach where the weights of
the paths chosen are (positive or negative) powers of two. More specifically, observe that if
all flow values are even, then one can divide them by 2 and obtain a flow X with smaller
∥X∥ whose decomposition can be transformed back into a decomposition of X. In order to
obtain such an even flow, we prove a basic property that can be of independent interest:
given any integer flow X, there exists a unitary flow (its values are 0, +1, or −1) Y , such
that X + Y is even on every edge (Lemma 5). In addition, given a unitary flow Y , we show
that Y can be decomposed into k paths of weight +1 or −1, such that k is at most the width
of the graph (Corollary 8). We obtain the (⌈log ∥X∥⌉+ 1) approximation ratio (Theorem 11)
by iteratively removing the unitary flow, dividing all flow values by 2, and preprocessing the
graph so that its width is a lower bound on the size of the MFDZ.
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In Section 4 we consider connections between the width and a popular heuristic algorithm
for MFDN which we call greedy-weight1 [25], which builds a flow decomposition by successively
choosing the path that can carry the largest flow. Greedy-weight is commonly used in
applications (see e.g., [23, 2, 18] among many), and it seems to be mentioned in nearly every
publication addressing flow decomposition. First, on sparse graphs we improve (i.e., increase)
the worst-case lower bound for the greedy-weight approximation factor from Ω(

√
m) [12] to

Ω(m/ log m), showing for the first time that greedy-weight can be exponentially worse than
the optimum. For this we use a class of sparse graphs where the optimum flow decomposition
has size O(log m) whereas the greedy-weight algorithm returns a solution of size Ω(m), only
a constant factor away from the trivial decomposition. The key to this new bound is to
design an input where the width increases exponentially when a path is greedily removed.
We also show that the same bound also holds for other greedy heuristics choosing instead
the longest or shortest paths. Second, we show that if the input satisfies the properties
that its width does not increase as source-to-sink paths are removed (Property 15) and
that it is possible to remove a path of large weight (Property 16), then greedy-weight is a
O(log |X|)-approximation, where |X| is the flow value (i.e., total flow out of s). A notable
class of graphs satisfying these properties is the class of series-parallel graphs; see [9, 24] for
fast recognition algorithms and pointers to other NP-hard problems that are easier on this
class of graphs. Series-parallel graphs are also of great interest for network flow problems
(see, e.g., [13, 4]).

Finally, in Section 5 we consider a closely related problem, called k-Flow Weight Assign-
ment [14]. In addition to the flow X, in this problem we are also given a set of k paths, and
we need to decide if there is an assignment of weights to the paths such that they form a
decomposition of X. If the weights belong to N, this was shown to be NP-complete in [14].
In this work, we first observe that in the same way that allowing negative integer weights
simplifies the approximability of MFD, allowing weights to belong to Z fully changes the
complexity of the k-Flow Assignment Problem, making it polynomial. This is due to the
fact that the linear system defined by the given paths loses its only inequality of restricting
the weights to positive integers. It thus transforms an ILP to a system of linear Diophantine
equations, which can be solved in polynomial time (see e.g. [19]). Second, we consider a
conjecture from [14] stating that if the weights belong to N, and k is the size of a MFDN
for X, then the problem admits a unique solution (i.e., a unique assignment of weights to
the given paths). If true, this would speed up the FPT algorithm of [14] for MFDN, because
a step solving an ILP could be executed by solving a standard linear program returning a
rational solution and checking if the (supposedly unique) solution to this system is integer.
Moreover, the same conjecture (with the same implication) was also a motivation behind the
greedy algorithm of [20] for MFDN. In this paper, we disprove the conjecture of [14], further
corroborating the gap between MFDN and MFDZ.

2 Preliminaries

We are given a directed graph G = (V, E). Without loss of generality, we assume a unique
source s and a unique sink t with no in-edges and no out-edges respectively; otherwise, the
graph can be converted to such a graph by adding a pseudo source and sink and connecting
them to all sources and sinks respectively with appropriately weighted edges. We also assume

1 Previous work has consistently referred to this algorithm as greedy-width. To avoid confusion with the
width of the graph, we introduce the name greedy-weight in this work.

ESA 2022
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(a) If negative weights are allowed, the four
paths decompose the flow with weights 4, 5, 8,
and −3 (dark blue).
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(b) With positive weights only, five paths are
needed, since the edge (v1, v2) must be decom-
posed by a weight 1 path, leaving 4 edges that
must be covered separately. The paths shown
are one such decomposition.

Figure 1 A positive flow admitting a decomposition into four paths only if negative weights are
allowed.

that every node is on some s-t path. We use n and m to denote the number of nodes and
edges of G, respectively. Additionally, we assume that G is a DAG throughout the paper.
While the problem is also studied for graphs with cycles (see, e.g., [25, 12]), the task is still to
decompose into simple paths, and so our inapproximability result on DAGs also applies for
graphs with cycles. We call functions X : E → Y pseudo-flows, where Y is some set of allowed
flow values (numbers). We treat pseudo-flows as vectors over E and use the notation X + Y

and aX to denote the (element-wise) sum of pseudo-flows and multiplication by a scalar,
respectively. The numbers 0 and 1 also denote (depending on context) pseudo-flows that are
0 (resp. 1) everywhere. We write X ≤ Y (and similarly <) to mean X(u, v) ≤ Y (u, v) for
every (u, v) ∈ E.

Given G, a flow is a pseudo-flow satisfying conservation of flow (incoming flow equal to
outgoing flow) on internal nodes V \ {s, t}. It is known that the sum of two flows X + Y ,
the multiplication of a flow with a scalar aX, and the empty flow 0 are themselves flows.
Let |X| denote the total flow out of s (or into t) for flow X. Given an s-t path P , let P

also denote the flow defined by setting 1 to every edge in P and 0 elsewhere. With these
definitions, we are ready to formally define MFD.

▶ Definition 1. Given a flow X, a flow decomposition of (G, X) of size k is a family of s-t
paths P = (P1, . . . , Pk) with weights (w1, . . . , wk) ∈ Yk such that X = w1P1 + · · ·+ wkPk.

▶ Definition 2. Given a flow X, let mfdY(G, X) be the smallest size of a flow decomposition
of (G, X) with weights in Y.

We omit Y if it is clear from the context. We call the problem of producing a flow
decomposition of (G, X) of minimum size the minimum flow decomposition (MFD) problem.
In this paper, we study two integer versions of the problem, MFDN (0 ∈ N) and MFDZ. Note
that the reduction showing MFDN to be strongly NP-hard from [25] also holds for MFDZ.
However, a positive flow may admit a decomposition using fewer paths if negative weights
are allowed, as shown in Figure 1. We explore further differences between MFDN and MFDZ
in Sections 3 and 5.

Let ∥X∥ = max(u,v)∈E |X(u, v)| denote the infinity norm on flows. In particular, notice
that if Y ⊆ Z, then ∥X∥ ≤ 1 means that X(u, v) ∈ {0,±1} for every (u, v) ∈ E. Let X ≡2 Y

if X and Y have the same parity everywhere, i.e., for every (u, v) ∈ E, we have that X(u, v)
is odd iff Y (u, v) is odd.

▶ Definition 3. Given S ⊆ E, we define widthS(G) as the minimum number of s-t paths in
G needed to cover all edges of S. If S = E we just write width(G).
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Just like its more common node variant, width(G) can be computed in O(mn) time. As
described by, e.g., [1, 6], this is done by reduction to a min-flow instance with demand one
on every edge; the minimum flow of this instance is width(G), and the flow can be found by
reduction to a max-flow instance. Moreover, the problem can be relaxed to only require the
coverage of S ⊆ E and solved in the same running time by setting the demands only on the
edges of S.

▶ Lemma 4 ([1, 17]). Let G = (V, E) be a DAG, and S ⊆ E. A flow C : E → N can be
computed in O(mn) time, such that C(e) ≥ 1 for all e ∈ S and |C| = widthS(G).

The flow C with total flow widthS(G) suffices in this paper, and we do not need to
calculate a path cover achieving that minimum. However, we note that it can be directly
computed given the flow C. We can think of this path cover as a flow decomposition of C

into widthS(G) weight-one paths, which can be found by greedily removing such paths from
C until it is completely decomposed. Since each path has no more than n − 1 edges and
since widthS(G) ≤ m, the overall runtime of finding the path cover is O(mn).

3 Width helps solve MFDZ

The idea behind our approximation algorithm for MFDZ is that a flow X : E → Z on DAG G

can always be decomposed into (⌈log ∥X∥⌉+ 1) ·width(G) paths. We show this using two key
facts: first, that X can be decomposed into (⌈log ∥X∥⌉+ 1) flows with a particular structure,
and, second, that each of these flows can be decomposed into width(G) paths. A key step in
proving both these facts is a subroutine which, given an input flow X, finds another flow Y

with only values from {0,±1} (a unitary flow) that matches the parity of X on all the edges.
Intuitively, given an input flow X, such a unitary flow Y can be added to X to “fix” its odd
edges to be even, with only a small change to X.

▶ Lemma 5. For any flow X : E → Z on G = (V, E), there exists a flow Y : E → Z such
that X ≡2 Y and ∥Y ∥ ≤ 1.

Proof. Consider the undirected graph Godd = (V, Eodd) where Eodd = {{u, v} | (u, v) ∈
E and X(u, v) is odd}.

Notice that every node of Godd, except possibly s and t, has even degree, due to
conservation of flow. Thus, Godd can be written as the edge-disjoint union of cycles and s-t
paths. Assign an arbitrary orientation to each cycle and s-t path, and let E+

odd be the set of
edges oriented in this way. Define

Y (u, v) =





+1 if (u, v) ∈ E+
odd

−1 if (v, u) ∈ E+
odd

0 if {u, v} /∈ Eodd

Notice that Y is a flow decomposed as a sum of flows, each along one of the edge-disjoint
cycles and s-t paths. Moreover, X ≡2 Y and ∥Y ∥ ≤ 1 by construction. ◀

Repeatedly applying Lemma 5 and dividing the resulting even flow by 2, we obtain the
the first key ingredient of the approach (proof in [5, Appendix B]).

▶ Corollary 6. Any (non-zero) flow X : E → Z can be written as X =
∑⌈log ∥X∥⌉

i=0 2i · Yi,
where Yi : E → Z is a flow with ∥Yi∥ ≤ 1 for all i.

ESA 2022
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(a) Unitary flow X on a graph
G and a decomposition of it into
four paths, two of weight 1 in or-
ange (see (e)), and two of weight
−1 in blue (see (f)).
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(b) Flow C covering all edges of
G, of size |C| = width(G) = 4
(Lemma 4).
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(c) Flow X + C.
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(d) Unitary flow D matching the
parity of X+C, i.e., D ≡2 X+C
(Lemma 5).

2 1

1
1

1
1

(e) Flow A = (C − D + X)/2
and a decomposition of it into
two paths of weight 1.

1

1
1 1

1
1

(f) Flow B = (C − D − X)/2
and a decomposition of it into
two paths of weight 1.

Figure 2 Example of Lemma 7 and Corollary 8 applied to a unitary flow X on a graph G

(for clarity, 0 flow values are not shown). Positive flows A and B can be constructed so that
|A| + |B| ≤ width(G) holds. Flows A and B can be trivially decomposed into |A| and |B| paths,
respectively. We obtain a decomposition of X by taking the paths of A with weight 1 and the paths
of B with weight −1.

The following result is the second key ingredient of our approach. It guarantees (together
with Corollary 8) that any unitary flow can be decomposed into at most width(G) paths of
weight ±1 (see Figure 2 for an example). This is by no means obvious since, among other
problems, a unitary flow may contain positive and negative values which merge and cancel
each other out (as in Figure 2a). The proof is based on another application of Lemma 5,
along with some algebra on flows.

▶ Lemma 7. For any flow X : E → Z, ∥X∥ ≤ 1, there exist flows A, B : E → Z such that:
1. A, B ≥ 0
2. X = A−B

3. |A|+ |B| ≤ width(G)

Proof. Take C such that C ≥ 1 and |C| = width(G), according to Lemma 4. Take D such
that D ≡2 X + C and ∥D∥ ≤ 1, according to Lemma 5. Also, assume |D| ≥ 0 without loss
of generality (otherwise, take −D, which satisfies the same properties).

Since D ≡2 X + C, we have C −D ±X ≡2 0. So we can take A = (C −D + X)/2 and
B = (C −D −X)/2.
1. Notice that C −D ±X ≥ C − 2 since ∥D∥, ∥X∥ ≤ 1. So, C −D ±X ≥ −1, since C ≥ 1.

But C −D ±X ≡2 0 so C −D ±X ≥ 0, whence A, B ≥ 0.
2. A−B = C−D+X

2 − C−D−X
2 = X.

3. |A|+ |B| = |A + B| =
∣∣ C−D+X

2 + C−D−X
2

∣∣ = |C −D| = |C| − |D| ≤ |C| since |D| ≥ 0,
and |C| = width(G). ◀

▶ Corollary 8. For any flow X : E → Z with ∥X∥ ≤ 1, there exist paths P1, . . . , Pk with
k ≤ width(G) such that X = P1 + · · ·+ Pℓ − Pℓ+1 − · · · − Pk (for some 0 ≤ ℓ ≤ k).
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Proof. Take A, B according to Lemma 7, with A, B ≥ 0, X = A−B and |A|+|B| ≤ width(G).
Since A, B ≥ 0, there exist paths P1, . . . , P|A|+|B| such that A = P1 + · · · + P|A| and
B = P|A|+1 + · · · + P|A|+|B| [1]. Since X = A − B, we can write X = P1 + · · · + P|A| −
P|A|+1 − · · · − P|A|+|B|. Finally, recall that |A|+ |B| ≤ width(G), concluding the proof. ◀

Finally, expressing any flow as a sum of at most ⌈log ∥X∥⌉+ 1 unitary flows (Corollary 6),
and decomposing each unitary flow into at most width(G) positive or negative paths (Co-
rollary 8), we can decompose the flow into at most ⌈log ∥X∥⌉+ 1 paths whose weight are
positive and negative powers of two.

▶ Theorem 9. Given a DAG G = (V, E), for any flow X : E → Z, there exist paths
P1, . . . , Pk and weights {w1, . . . , wk} ⊆ {±2i | i ∈ N}, with k ≤ (⌈log ∥X∥⌉ + 1) · width(G)
such that X = w1P1 + · · ·+ wkPk.

Proof. Combine Corollaries 6 and 8, getting

X =
⌈log ∥X∥⌉∑

i=0
2i · Yi =

⌈log ∥X∥⌉∑

i=0
2i · (P1i + · · ·+ Pℓi − Pℓi+1 − · · · − Pki)

where ki ≤ width(G). ◀

The proof of Theorem 9 suggests a straightforward algorithm for MFDZ, which we detail
in Algorithm 2 and describe at a high level here. First, iteratively decompose X, yielding
log⌈∥X∥⌉ + 1 unitary flows. Then use Lemma 7 to decompose each into width(G) paths.
However, as we explained at the beginning of this section, width(G) is not a lower bound on
MFDZ, and thus this approach does not directly derives an approximation. To overcome
this issue, we instead find a flow decomposition of a spanning subgraph G′ of G whose width
lower bounds mfdZ(G, X). Namely, we first find a minimum path cover flow in G of the
subset S of edges with non-zero flow in O(mn) time (according to Lemma 4), and then
remove from G any edge not covered by the flow, obtaining G′. By construction, the size
of this path cover is a lower bound of mfdZ(G, X). Moreover, the size of this path cover is
exactly width(G′), since every path cover of G′ is also a path cover of S in G.

To prove the correctness of Algorithm 2, we first define a a subroutine implementing
Lemma 5.

▶ Lemma 10. Algorithm 1 returns a unitary flow from input flow Y such that X ≡2 Y , as
in Lemma 5, in O(m) time.

Proof. The correctness of the algorithm is given by Lemma 5. Finally, the first 3 subroutines
as well as the entire for-loop takes O(m) time. ◀

▶ Theorem 11. Algorithm 2 is a log⌈∥X∥⌉ + 1-approximation for MFDZ with runtime
O(m(log ∥X∥ ·mfdZ(G, X) + n)) = O(m2 log ∥X∥).

Proof. By Theorem 9 and our previous discussion, Algorithm 2 returns a flow decomposition
for X with no more than (⌈log ∥X∥⌉) + 1 · width(G′) = (⌈log ∥X∥⌉+ 1) ·mfdZ(G, X) paths.
We analyze the runtime line by line. Lines 2 and 5 take O(mn) time by Lemma 4. The
call to Algorithm 1 on line 6 takes O(m) time by Lemma 10, and checking the flow of
D and flipping signs (if necessary) also takes O(m) time. By Corollary 6, the while loop
on line 8 executes at most log⌈∥X∥⌉ + 1 times, meaning that the entire execution takes
O(m log ∥X∥) time since line 9 takes O(m) time by Lemma 10. Since there are at most
log⌈∥X∥⌉ + 1 Yi’s, the for loop on line 14 executes at most log⌈∥X∥⌉ + 1 times. Each
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Algorithm 1 Produces a unitary flow Y from input flow X such that X ≡2 Y , as in Lemma 5.

1: procedure Unitary(G, X)
2: Eodd ← odd edges of G, undirected
3: C ← a decomposition of Godd = (V, Eodd) into cycles, oriented arbitrarily
4: E+

odd ← directed edges of C

5: for (u, v) ∈ E do
6: if (u, v) ∈ E+

odd then
7: Y (u, v)← +1
8: else if (v, u) ∈ E+

odd then
9: Y (u, v)← −1

10: else
11: Y (u, v)← 0
12: end if
13: end for
14: return Y

15: end procedure

execution of the for-loop naively finds width(G′) paths, each of which can be found in O(m)
time, so the whole loop takes O(log ∥X∥ · width(G′) ·m) time. Thus, the overall runtime is
O(m log ∥X∥ · width(G′) + n) = O(m log ∥X∥ ·mfdZ(G, X) + n). ◀

A theorem analogous to Theorem 9 for MFDN is desirable, but cannot be achieved directly
with the previous methods. Lemma 5 makes use of negative weights, and yields positive
weights only if the flow graph solely consists of s-t paths. However, the approach can be
adapted for MFDN if the input flows are stable (Property 15), and if it is possible to “fix”
the odd flows to be even with only width(G) paths, which we leave as an open question.

4 Width matters for greedy approaches

Since the difference of two flows is still a flow, it is very natural to consider successively
removing the most obvious type of flow – that is to say, paths – as an algorithmic strategy
for MFDN. Indeed, the particular greedy path removal strategy of finding the heaviest path
(greedy-weight) is commonly used as a heuristic in applications (e.g., [18, 2, 23, 12]) and it
seems to be mentioned in nearly every paper addressing flow decomposition. More formally,
a path P is said to carry flow p if X(u, v) ≥ p for all edges (u, v) of P . The heaviest path is
an s-t path carrying the largest flow. Such a path can be easily found in linear time in the
size of the DAG by dynamic programming (see, e.g., [25]).

4.1 Width hinders greedy on MFDN

We define a family of MFDN instances (Gℓ, Xℓ,B), depending on two parameters ℓ ∈ N \ {0}
and B ∈ N. The family is defined recursively on ℓ. The base case (G1, X1,B) for ℓ = 1 is
shown in Figure 3a. For ℓ > 1, we build (Gℓ, Xℓ,B) from two disjoint copies of (Gℓ−1, Xℓ−1,B),
by adding 5 extra edges and flow values as shown in Figure 3b. We call the edge connecting
the two copies of Gℓ−1 a central edge. Edges whose flow value depends on B are called
backbone edges, and they form a s-t path. Choosing B = 2ℓ+1, we show that the flow Xℓ,2ℓ+1

can be decomposed using a number of paths linear in ℓ, thanks to the heavy backbone
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Algorithm 2 Finds the flow decomposition of Theorem 9.

1: procedure Path-Decomposition(G, X)
2: Compute a minimum path cover flow of {(u, v) ∈ E | X(u, v) ̸= 0} ▷ Lemma 4
3: Remove from G any edge not covered by this path cover to obtain G′

4: P ← [], w ← [] ▷ length-zero vectors
5: C ← flow of value width(G′), C ≥ 1 ▷ Lemma 4
6: D ← Unitary(G′, C); if |D| < 0 set D = −D ▷ Algorithm 1
7: i← 0
8: while ∥X∥ > 1 do
9: Yi ← Unitary(G′, X) ▷ Algorithm 1

10: X ← (X − Yi)/2
11: i← i + 1
12: end while
13: Yi ← X

14: for j ∈ {0, . . . , i} s.t. Yj ̸= 0 do
15: A← C −D + Yj , B ← C −D − Yj

16: Naively decompose A into |A| paths and B into |B| paths; concatenate A, B to P
17: Concatenate |A| copies of 2j and |B| copies of −2j to w

18: end for
19: return (P, w)
20: end procedure

edges, whereas the greedy-weight algorithm fully saturates the central edges with its first
path and is left with a remaining flow requiring 2ℓ+1 paths to be decomposed (proofs in [5,
Appendix B]).

▶ Lemma 12. Let Gℓ with flow Xℓ,2ℓ+1 be constructed as described before. Greedy-weight
uses 1 + 2ℓ+1 paths to decompose Xℓ,2ℓ+1 .

▶ Lemma 13. Let Gℓ with flow Xℓ,2ℓ+1 be constructed as described before. It is possible to
decompose Xℓ,2ℓ+1 using 2ℓ + 2 paths.

▶ Theorem 14. The approximation ratio for greedy-weight on MFDN is Ω(m/ log m) for
sparse graphs, in the worst case.

Proof. By Lemmas 12 and 13, greedy-weight uses Θ(2ℓ) paths to decompose the flow Xℓ,2ℓ+1

described above, whereas it is possible to decompose the flow with only Θ(ℓ) paths. It can be
easily verified by induction that the number of edges of Gℓ is 7 · 2ℓ − 5. So the ratio between
greedy-weight and optimal for this instance is Ω( m

log m ). ◀

While greedy-weight is most commonly used in applications, the approach was first
presented as part of a general framework [25]: pick any optimality criteria for s-t paths
that is saturating (i.e., fully decomposes at least one edge), and successively remove optimal
paths. Since each path is saturating, the algorithm must decompose the flow in m or fewer
paths. Another optimality criterion sometimes used in DNA assembly (e.g., in vg-flow [2])
is the longest path (with its maximum possible flow so that it is saturating). To adapt
our construction of (Gℓ, Xℓ,2ℓ+1) so that this approach has the same approximation ratio,
consider (G∗

ℓ , X∗
ℓ,2ℓ+1), constructed as in (Gℓ, Xℓ,2ℓ+1) except that we replace every backbone

edge (u, v) with two edges, (u, w) and (w, v). See [5, Figure 6] for an example. Then a path
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2 + B

2

1

1

1 + B

2

2 + B

B

1 + B

(a) The base case (G1, X1,B)
(ℓ = 1). Backbone edges (bold)
carry flow at least B.

Gℓ−1

Gℓ−1

2ℓ + B

2ℓ + B

B
2ℓ

2ℓ

(b) Building (Gℓ, Xℓ,B) from
two copies of (Gℓ−1, Xℓ−1,B)
(ℓ > 1). The 5 new edges
connect the source and sink of
(Gℓ, Xℓ,B) with the sources and
sinks of (Gℓ−1, Xℓ−1,B). The
central edge has flow B and
is part of the backbone (bold
edges).

2 + B

2

1

1

1 + B

2

2 + B

B

1 + B

(c) Decomposing the base case
(G1, X1,B) (ℓ = 1), for B =
2ℓ+1. All non-backbone edges
can be decomposed with 2ℓ+1 =
3 paths. The orange path has
weight 1 and dark and light blue
paths have weight 2. A fourth
path (of weight 3) along the
backbone is required to fully de-
compose the flow.

Figure 3 Construction for (Gℓ, Xℓ,B). Setting B = 2ℓ+1 gives MFD instances where greedy-weight
uses Θ( m

log m
) times more paths than optimal to decompose the flow.

along the backbone edges will be the longest from s to t and the above asymptotic analysis
holds, since we no more than doubled the number of edges. Yet another optimality criterion,
studied in [12] for its application to network routing, is the shortest path (again with its
maximum possible flow). (G∗

ℓ , X∗
ℓ,2ℓ+1) will also force this approach to take an exponential

number of paths, since first the algorithm will take all 2ℓ+1 weight-1 edges with 2ℓ+1 different
paths.

4.2 Greedy approximation for series-parallel graphs
As exploited in Section 4.1, one sticking point for greedy path removal algorithms is the fact
that the width of a graph can increase after an edge is fully decomposed. We now show that
if, in a particular instance, a graph does not increase its width during the execution of the
algorithm, and greedy-weight can decompose “enough” flow at each step, then greedy-weight
is a O(log |X|)-approximation for MFDN.

If G is a directed graph and X ≥ 0 a flow on G, we write G|X (G restricted to X) to mean
the spanning subgraph of G made up of the edges e ∈ E such that X(e) ̸= 0. Conversely, if
S is a subgraph of G, we write X|S (X restricted to S) to mean the pseudo-flow X only on
the edges of S. In the case of MFDN, once an edge is fully decomposed, it cannot be used
in future paths, possibly increasing the width of the graph that can be used to decompose
the rest of the flow and sometimes triggering an increase of the size of a minimum flow
decomposition as well. We call a graph stable if it does not have this issue.

▶ Property 15 (Stable graph). We say that G is stable if, for any non-negative flow X on G,
it holds that width(G|X) ≤ width(G).

Many useful MFDN instances do in fact satisfy Property 15. For example, the first proof
of MFD’s NP-hardness [25] was a reduction to a very simple graph of this form; this means
that MFDN restricted to stable graphs is also NP-hard.

The second property that we need is that there is always, during the execution of the
algorithm, a path carrying “enough” flow from s to t.

▶ Property 16 (Paths of large weight). We say that G has paths of large weight if, for any
flow X ≥ 0 on G, there exists an s-t path in G|X carrying at least |X|/width(G) flow.
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Note that this property does not hold in general; see [5, Figure 7].

▶ Lemma 17. Let G = (V, E) be a graph, width(G) ≥ 2, satisfying Properties 15 and 16.
Greedy-weight uses at most ⌊log |X|/ log width(G)

width(G)−1⌋+ 1 paths to decompose any flow X : E →
N.

Proof. Let b = width(G). Since G satisfies Properties 15 and 16, greedy-weight removes
a path of weight at least |X ′|/b at every step, where X ′ is the remaining flow of the
corresponding step. As such, after c steps |X ′| ≤ |X|

(
b−1

b

)c. If |X|
(

b−1
b

)c
< 1, then

|X ′| = 0, since |X| and the weights of the removed paths belong to N. Solving for c we obtain
c > log |X|/ log b

b−1 . Therefore, greedy-weight takes (uses) at most c = ⌊log |X|/ log b
b−1⌋+ 1

steps (paths). ◀

▶ Theorem 18. Let G = (V, E) be a graph satisfying Properties 15 and 16 and X : E → N
a flow. Greedy-weight is a O(log |X|)-approximation for MFDN on (G, X).

Proof. Assume X > 0 (otherwise, replace G with G|X). Thus, b = width(G) ≤ mfdN(G, X),
since any flow-decomposition of X induces a path cover of E. If b ≤ 1 greedy-weight finds
an optimal solution. Otherwise b ≥ 2, and Lemma 17 implies that greedy-weight is a
O( log |X|

b log b
b−1

) =O(log |X|)-approximation for MFDN (b log b
b−1 = O(1) for b ≥ 2). ◀

Finally, we define series-parallel graphs, and apply Theorem 18 to them, by proving (in
[5, Appendix B]) that they satisfy Properties 15 and 16.

▶ Definition 19 (Series-parallel graph [9]). A graph is a two-terminal series-parallel ( series-
parallel for short) graph with terminal nodes s and t if:

it consists of a single edge directed from s to t, and no other nodes, or
it can be obtained from two (smaller) two-terminal series-parallel graphs G1 and G2, with
terminal nodes s1, t1, and s2, t2, respectively, by either

identifying s = s1 = s2 and t = t1 = t2 (parallel composition of G1 and G2), or
identifying s = s1, t1 = s2, and t = t2 ( series composition of G1 and G2).

▶ Corollary 20. Greedy-weight is a O(log |X|)-approximation for MFDN on series-parallel
graphs.

5 Solving the k-Flow Weight Assignment Problem

In this section, we consider a restriction of MFD from [14] (see Figure 4 for an example).

▶ Definition 21 (k-Flow Weight Assignment). Given a flow X : E → Y on a graph G = (V, E)
and a set of s-t paths {P1, . . . , Pk}, the problem of finding an assignment of weights to
the paths, such that they form a flow decomposition of (G, X), is called k-Flow Weight
Assignment (k-FWA). We write k-FWAY if we require the path weights to belong to Y.

Given k s-t paths, k-FWA can be solved by a linear system defined by Lw = X, where
Xj ∈ Y is equal to the flow X(ej) of the edge ej (we identify flows X : E → Y with vectors
X ∈ Ym) and L is the m× k 0/1 matrix with Li,j = 1 if and only if path Pj crosses edge
ei. The resulting solution w ∈ Yk is the weight assignment to each path. For a flow graph
(G, X), we denote by LY = LY(P1, . . . , Pk) = {w ∈ Yk|X =

∑k
j=1 Pkwk} the linear system

corresponding to the paths P1, . . . , Pk.
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Figure 4 Paths Ai and Bi (i ∈ {0, 1, 2, 3}), each edge being labeled with the paths it appears in.
Assign to each path Ai weight ai, and to each path Bi weight bi, such that a0 = b0 = 3, and ai = 62i+1
and bi = 62i+1 + 5 for i = 1, 2, 3. Define the flow X on G as X =

∑3
i=0 aiAi +

∑3
i=0 biBi. Note that

these weights are a solution of k-FWAN on input (G, X) with given paths Ai, Bi (i ∈ {0, 1, 2, 3}).

We shortly discuss how to solve k-FWAZ. It is possible to find an integer-weighted
solution or decide that it does not exist in polynomial time. The reason for this is that,
having no non-negativity constraint, the linear system defined by the paths is a system of
linear Diophantine equations. It is well known that integer solutions to such systems can be
found in polynomial time; see, e.g., [19, Chapter 5].

On the other hand, solving k-FWAN turns out to be more difficult. Here, the linear
system contains the inequality w ≥ 0. In fact, it was shown [14] that k-FWAN is NP-hard.
The program Toboggan [14] implements a linear FPT algorithm for MFDN. One step of the
algorithm is to solve k-FWAN using an ILP [14]. The authors state the following conjecture.

▶ Conjecture 22 ([14]). If (P1, . . . , Pk) are the paths of a minimum flow decomposition of
(G, X), then the linear system LN(P1, . . . , Pk) has full rank k.

As mentioned in the introduction, if the conjecture turned out to be true, then Toboggan
could avoid resorting to solving an ILP, since just solving the standard linear system at
hand would return its unique solution. As observed by the authors, this would decrease the
asymptotic worst case upper bound of Toboggan.

We show that this conjecture is false using a counterexample. Consider the input for
k-FWAN from Figure 4 and the solution therein. We now give another solution for k-FWAN on
this input, namely the following path weights: a0 = 5, b0 = 1, and ai = 62i + 2, bi = 62i+1 + 4,
for i = 1, 2, 3. One can easily verify that this is another solution to k-FWAN on the input in
Figure 4, thus proving that the rank of the corresponding linear system is strictly less than 8.

To disprove Conjecture 22, it remains to show that any flow decomposition contains at
least 8 paths. Due to the technicality of this proof (and its exhaustive case-by-case analysis),
in this paper we only explain the intuition behind the construction in Figure 4 and behind
the correctness proof. However, as an additional check we also ran both Toboggan [14] and a
recently developed ILP solver for MFDN [7] on this instance, both returning mfdN(G, X) = 8.

The intuition is as follows. The graph can be divided into two parts: the graph induced
by the first 5 vertices in topological order (left part) and the one induced by the last 5
(right part). The exponential growth of the paths Ai and Bi for growing i, together with
the different permutations of the paired labels AiBj on the left part, fix the choice of the
paths Ai and Bi for i = 1, 2, 3. This allows us to interpret flow decompositions of less than 8
paths as decompositions with 8 paths, where either A0 or B0 carries weight 0. Consider a
flow decomposition where we assign two paths of weights λ1 and λ2 on the edges labeled
A0B0. For any δ ≥ 0, (λ1 − δ) + (λ2 + δ) = a0 + b0 and equivalently for all other edges on
the left part. If we decrease λ1 by some δ > 0, the weights of B1 and B2 each increase by
δ/2. And thus, δ must be even. Due to the parity of a0 and b0, they can never reach 0.
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6 Conclusions

In this paper we have shown for the first time that width, a natural lower bound for MFD,
is also useful when investigating its approximability. On the one hand, using width is a key
insight in understanding where greedy path removal heuristics fail. On the other hand, graphs
where width is well-behaved (e.g., series-parallel graphs) have a guaranteed approximation
factor. Moreover, when combined with parity arguments, i.e., about parity fixing unitary flows,
and a width-sized decomposition of such flows, it guarantees an even better approximation
factor for MFDZ for all DAGs. Finally, we have corroborated the complexity gap between the
positive integer and the full integer case by disproving a conjecture from [14] (also motivating
the heuristic in [20]), which would have had sped up their FPT algorithm for MFDN.

Our results open up new avenues for further research on MFD. For example, can the
width help find larger classes of graphs for which some greedy path removal (or even some
sort of greedy path cover removal) algorithms have a guaranteed approximation factor?
Can we get Ω(n) worst case approximation ratio of greedy-weight for dense graphs without
parallel edges? Can the power-of-two decomposition approach be applied with other factors
besides two? Can better path cover-like lower bounds help (e.g., path covers which cannot
use an edge more times than its flow value, also computable in polynomial time)? How do
our algorithms perform in practice?
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1 INTRODUCTION 

Minimum flow decomposition ( MFD ) is the problem of finding a smallest sized decomposi- 
tion of a network flow X on directed graph G = (V , E) into weighted source-to-sink paths whose 
weighted sum equals X . We focus on the case where path weights are restricted to be integers 
(MFD Z 

) or natural numbers (MFD N 

). It is a textbook result [Ahujia et al. 1993 ] that if G is acyclic (a 
DAG) a decomposition using no more than m = | E | paths always exists. However, MFD is strongly 

NP-hard [Vatinlen et al. 2008 ], even on DAGs, and even when the flow values come only from 

{1 , 2 , 4 } [Hartman et al. 2012 ]. Recent work has shown that the problem is FPT in the size of the 
minimum decomposition [Kloster et al. 2018 ] and that it can be formulated as an ILP of quadratic 
size [Dias et al. 2022 ]. 

While difficult to solve, MFD is a key step in many applications. For example, MFD on DAGs is 
used to reconstruct biological sequences such as RNA transcripts [Bernard et al. 2014 ; Dias et al. 
2023 ; Gatter and Stadler 2019 ; Pertea et al. 2015 ; Tomescu et al. 2015 , 2013 ; Williams et al. 2019 ] 
and viral strains [Baaijens et al. 2020 ]. MFD can also be used to model problems in networking 

[Hartman et al. 2012 ; Mumey et al. 2015 ; Vatinlen et al. 2008 ] and transportation planning [Olsen 

et al. 2020 ], although in some of these applications there may be cycles in the input. Despite 
the ubiquity of the MFD problem, the gap in our knowledge about the approximability of MFD 

is large. It is known [Hartman et al. 2012 ] that MFD (even on DAGs) is APX-hard (i.e., there 
is some ϵ > 0 such that it is NP-hard to approximate within a (1 + ϵ) factor), so in particular, 
MFD does not admit a PTAS, unless P = NP. Furthermore, the best known approximation ratio is 
λlog ‖X ‖ log ‖ X ‖ [Mumey et al. 2015 ], where λ is the length of the longest source-to-sink path and 

‖ X ‖ is the largest flow value in the network. In this work, we attempt to fill in some of the gaps 
between these results. 

A natural lower bound for the size of an MFD of a DAG is the size of a minimum path cover 
of the set of edges with non-zero flow (i.e., the minimum number of paths such that every such 

edge appears in at least one path)—this size is called the width of the network. This trivially holds 
because every flow decomposition is also such a path cover. These two notions are analogies of 
the more standard notions of path cover and width of the node set . The node-variants are classical 
concepts, with algorithmic results dating back to Dilworth [ 1950 ] and Fulkerson [ 1956 ]. Despite 
this, the width has not been given any attention in the MFD problem, and in particular it has 
never been used in approximation algorithms to our knowledge. In this article, we show that the 
width can play a key role both in the analysis of popular heuristics, and in obtaining the first 
approximation algorithm for a natural generalisation of MFD. 

We start by considering the connections between the width and a popular heuristic algorithm 

for MFD N 

which we call greedy-weight 1 [Vatinlen et al. 2008 ], which builds a flow decomposition 

by successively choosing the path that can carry the largest flow. Greedy-weight is commonly 

used in applications (see e.g., Baaijens et al. [ 2020 ], Pertea et al. [ 2015 ], and Tomescu et al. 
[ 2013 ] among many), and it seems to be mentioned in nearly every publication addressing flow 

decomposition. First, on sparse graphs we improve (i.e., increase) the worst-case lower bound for 

1 Previous work has consistently referred to this algorithm as greedy-width . To avoid confusion with the width of the graph, 
we introduce the name greedy-weight in this work. 
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the greedy-weight approximation factor from Ω(√ 

m ) [Hartman et al. 2012 ], showing for the first 
time that greedy-weight can be exponentially worse than the optimum: 

Theorem 1. The approximation ratio for greedy-weight on MFD N 

is Ω(m/log m) for sparse graphs, 
in the worst case. 

For this we use a class of sparse graphs where the optimum flow decomposition has size O(log m)
whereas the greedy-weight algorithm returns a solution of size Ω(m), only a constant factor away 

from the trivial decomposition. The key to this new bound is to design an input where the width 

increases exponentially when a path is greedily removed. We also show that the same bound also 

holds for other greedy heuristics choosing instead the longest or shortest paths. Second, we iden- 
tify a new class of graphs, defined by the property that their width does not increase as source-to- 
sink paths are removed (see Definition 11 of width-stable graphs). We show a relation of width- 
stable graphs to funnels: precisely, a graph is not width-stable iff it contains a funnel subgraph 

and a certain central path. This is precisely the structure of the class of sparse graphs improving 

the approximation ratio of greedy-weight in Theorem 1 . We also show that width-stability enables 
greedy-weight to remove paths of large enough flow (Lemma 13 ), leading to the following result, 
with Val (X ) being equal to the total flow of the graph: 

Theorem 2. Let G = (V , E) be a width-stable graph and X : E → N a flow. Greedy-weight is a 

O(log Val (X ))-approximation for MFD N 

on (G, X ). 
A notable example of width-stable graphs is the class of series-parallel graphs ; see [Eppstein 

1992 ; Valdes et al. 1982 ] for fast recognition algorithms and pointers to other NP-hard problems 
that are easier on this class of graphs. Series-parallel graphs are also of great interest for network 

flow problems (see, e.g., Bertsimas et al. [ 2013 ] and Jain and Chandrasekharan [ 1993 ]). Theorems 
1 and 2 show that greedy-weight’s approximation ratio is highly linked to the width stability of 
the graph. 

In Section 4 , we continue with a generalised version of MFD, Minimum Cost Circulation De- 
composition ( MCCD ) , on directed graphs with cycles and no sinks or sources, and a cost function 

on the edges. Instead of decomposing a flow into weighted paths, we decompose a circulation into 

weighted circulations and minimise the total cost of the circulations, and instead of the width, a nat- 
ural lower bound for this problem is the minimum cost of a circulation cover ( mccc ). Decom- 
posing into circulations rather than paths is a natural generalisation, as paths can be considered as 
value 1 flows themselves. Additionally, we also consider a relaxation in which the flow/circulation 

decomposition might use negative integer weights on flows/circulations, rather than strictly posi- 
tive weights as has traditionally been considered [Hartman et al. 2012 ; Kloster et al. 2018 ; Vatinlen 

et al. 2008 ]. An important observation that we leverage for this variant (unlike the positive-only 

version) is that the width / mccc stays constant as flow is chosen and removed. Using this, we give 
a (� log ‖ X ‖ � + 1 )-approximation algorithm for this variant. 

We denote the problem versions for non-negative path weights and integer path weights by 

MCCD N 

and MCCD Z 

as well as MFD N 

and MFD Z 

, respectively, throughout the article. While 
MCCD Z 

and MFD Z 

are natural versions of the problem, they have not been previously considered 

in the MFD literature to our knowledge. However, MFD Z 

can also have natural applications, 
since by applying MFD Z 

on the difference between two flows, one can minimally explain the 
differences between them, for example, to explain the differences in RNA expression between two 

tissue samples with the fewest number of up/down regulated transcripts, which is often the goal 
of RNA sequencing experiments [Teng et al. 2016 ]. Our approximation follows a power-of-two 
approach, where the weights of the flows/circulations chosen are (positive or negative) powers of 
two. More specifically, observe that if all circulation values are even, then one can divide them by 
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2 and obtain a circulation X with smaller ‖ X ‖ whose decomposition can be transformed back into 

a decomposition of X . In order to obtain such an even circulation, we prove a basic property that 
can be of independent interest: given any integer circulation X , there exists a unitary circulation 

(its values are 0, +1 , or −1 ) Y , such that X + Y is even on every edge (Lemma 21 ). In addition, 
given a unitary circulation Y , we show that Y can be decomposed into circulations of total cost no 

more than mccc (Lemma 23 ). We obtain the (� log ‖ X ‖ � + 1 )-approximation ratio (Theorem 3 ) by 

iteratively removing the unitary circulation, dividing all circulation values by 2, and preprocessing 

the graph so that the mccc is a lower bound on the size of the MCCD Z 

. Summarised, we show: 

Theorem 3. MCCD Z 

can be approximated with a factor of log �‖ X ‖ � + 1 in runtime 
O(n log m(m + n log n) +m log ‖ X ‖ ). 

By Corollary 26 , we additionally obtain the result for MFD Z 

. Notably, the runtime of the algo- 
rithm does not depend on the cost function. 

Finally, in Section 5 , we consider a closely related problem, called k-Flow Weight Assign- 
ment [Kloster et al. 2018 ]. In addition to the flow X , in this problem we are also given a set of k
paths, and we need to decide if there is an assignment of weights to the paths such that they form 

a decomposition of X . If the weights belong to N , this was shown to be NP-complete in Kloster 
et al. [ 2018 ]. In this work, we first observe that in the same way that allowing negative integer 
weights simplifies the approximability of MFD, allowing weights to belong to Z fully changes 
the complexity of the k-Flow Weight Assignment Problem, making it polynomial. This is due to 

the fact that the linear system defined by the given paths loses its only inequality of restricting the 
weights to positive integers. It thus transforms an ILP to a system of linear diophantine equations, 
which can be solved in polynomial time (see e.g. Schrijver [ 1986 ]). Second, we consider a conjec- 
ture from Kloster et al. [ 2018 ] stating that if the weights belong to N , and k is the size of a MFD N 

for X , then the problem admits a unique solution (i.e., a unique assignment of weights to the given 

paths). If true, this would speed up the FPT algorithm of Kloster et al. [ 2018 ] for MFD N 

, because 
a step solving an ILP could be executed by solving a standard linear program returning a rational 
solution and checking if the (supposedly unique) solution to this system is integer. Moreover, the 
same conjecture (with the same implication) was also a motivation behind the greedy algorithm 

of Shao and Kingsford [ 2017 ] for MFD N 

. In this article, we disprove the conjecture of Kloster et al. 
[ 2018 ], further corroborating the gap between MFD N 

and MFD Z 

. 

2 PRELIMINARIES 

In Sections 3 and 5 , we are given a directed acyclic graph G = (V , E). Without loss of generality, 
we assume a unique source s and a unique sink t with no in-edges and no out-edges, respectively; 
otherwise, the graph can be converted to such a graph by adding a pseudo source and sink and 

connecting them to all sources and sinks, respectively. We denote by deg 

+(v) and deg 

−(v) the 
out- and indegree of a vertex v , respectively. While MFD are also studied for graphs with cycles 
(see, e.g., Hartman et al. [ 2012 ] and Vatinlen et al. [ 2008 ]), the task is still to decompose into simple 
paths, and so our inapproximability result on DAGs in Section 3 also applies for graphs with cycles. 
In Section 4 , we consider directed graphs G = (V , E, c) with no sources or sinks, where c : E → 

R ≥0 is a cost function. Such graphs cannot be acyclic. We use n and m to denote the number of 
nodes and edges of G, respectively. For both kinds of graphs, we call functions X : E → Y pseudo- 
flows , 2 where Y ∈ { N, Z } is some set of allowed flow values. We treat pseudo-flows as vectors 
over E and use the notation X + Y and aX to denote the (element-wise) sum of pseudo-flows and 

2 Commonly in the literature, (pseudo-)flows are additionally required to be skew-symmetric and to be upper-bounded by 
some capacity function on the edges. 
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Fig. 1. The reduction of 3-Partition to MFD from Vatinlen et al. [ 2008 ]. The 3-Partition instance consists of 
a set A = { a 1 , . . . , a 3 q } , where every a i has a positive integer size s(a i ), and a positive integer B, such that 
B/4 < s(a i ) < B/2 holds for every a i ∈ A. The question is whether A can be partitioned into q disjoint subsets, 
each of 3 elements and of size B. The MFD series-parallel (see Definition 15 ) reduction consists of a subgraph 

obtained by the parallel composition of 3 q edges with flow values s (a 1 ), . . . , s (a 3 q ), and a subgraph obtained 

by the parallel composition of q edges, each with flow value B. These two graphs are composed with the 
series composition . Intuitively, because B/4 < s(a i ) < B/2 holds for every a i , the MFD consists of exactly 3 q
paths of weights s (a 1 ), . . . , s (a 3 q ), and each edge on the right-hand subgraph is traversed by exactly three 
paths whose weights sum to B, giving thus the partition of A. Moreover, since the first 3 q edges need to be 
decomposed, the previous decomposition is minimum even if negative weights are allowed, making MFD Z 

NP-hard. 

multiplication by a scalar, respectively. The numbers 0 and 1 also denote (depending on context) 
pseudo-flows that are 0 (resp. 1) on every edge. We write X ≤ Y (and similarly < ) to mean X (u, v) ≤
Y (u, v) for every (u, v) ∈ E. 

Given a DAG G, a flow is a pseudo-flow satisfying conservation of flow (incoming flow equal 
to outgoing flow) on internal nodes V \ { s, t} . A pseudo-flow satisfying the conservation of flow 

on all nodes is called a circulation . We sometimes refer to the value X (e) for a flow/circulation 

X as the flow of the edge e . It is known that the sum of two flows/circulations X + Y , the multi- 
plication of a flow/circulation with by a scalar aX , and the empty pseudo-flow 0 are themselves 
flows/circulations. For a flow X , let Val (X ) denote the total flow out of s (or equivalently into t by 

flow conservation). Note that Val (X ) can be negative. Given an s- t path P , denote by P[u ..v] the 
subpath of P going from u ∈ V to v ∈ V and let P also denote the flow defined by setting one to 

every edge in P and 0 to every other edge. With these definitions, we are ready to formally define 
MFD. 

Definition 4. Given a flow X , a flow decomposition of (G, X ) of size k is a family of s- t paths 
P = (P 1 , . . . , P k ) with weights (w 1 , . . . , w k ) ∈ Y 

k such that X = w 1 P 1 + · · · +w k P k . 

Definition 5. For a flow X , let mfd Y 

(G, X ) be the smallest size of a flow decomposition of (G, X )
with weights in Y . 

We omit Y if it is clear from the context. We call the problem of producing a flow decomposition 

of (G, X ) of minimum size the MFD problem . 
In Section 3 , we study MFD N 

( 0 ∈ N), and in Section 4 , we study MFD Z 

and its generalisation 

MCCD Z 

. Note that the reduction showing MFD N 

to be strongly NP-hard from Vatinlen et al. 
[ 2008 ] also holds for MFD Z 

(see Figure 1 ). However, a flow with non-negative values may admit a 
decomposition using fewer paths if negative weights are allowed, as shown in Figure 2 . We explore 
further differences between MFD N 

and MFD Z 

in Sections 4 and 5 . 
Let ‖X ‖ = max (u,v)∈E |X (u, v)| denote the maximum norm on flows or circulations. In particular, 

notice that if Y ⊆ Z , then ‖X ‖ ≤ 1 means that X (u , v) ∈ { 0 , ±1 } for every (u, v) ∈ E. Let X ≡2 Y 

iff X and Y have the same parity ever y where, that is, for every (u, v) ∈ E, we have that X (u, v) is 
odd iff Y (u, v) is odd. 
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Fig. 2. A positive flow admitting a decomposition into four paths only if negative weights are allowed. 

Definition 6. Given S ⊆ E, we define width S (G) as the minimum number of s- t paths in a DAG 

G needed to cover all edges of S . If S = E we just write width (G). 
The width is the main combinatorial tool that we use for our approximation results, and we will 

show in Section 3 , that it is highly linked to the approximation performance of greedy-weight. Just 
like its more common node variant, width (G) can be computed in O(mn) time. As described by, 
for example, Ahujia et al. [ 1993 ] and Cáceres et al. [ 2022 ], this is done by reduction to a min-flow 

instance with demand one on every edge; the minimum flow of this instance is width (G), and the 
flow can be found by reduction to a max-flow instance. Moreover, the problem can be relaxed to 

only require the coverage of S ⊆ E and solved in the same running time by setting the demands 
only on the edges of S . 

Lemma 7 (Ahujia et al. [ 1993 ] and Orlin [ 2013 ]). Let G = (V , E) be a DAG, and S ⊆ E. A flow 

C : E → N can be computed in O(mn) time, such that C(e) ≥ 1 for all e ∈ S and |C | = width S (G). 
The flow C with total flow width S (G) suffices and we do not need to calculate a path cover 

achieving that minimum. However, we note that it can be directly computed given the flow C . 
We can think of this path cover as a flow decomposition of C into width S (G) weight-one paths, 
which can be found by greedily removing such paths from C until it is completely decomposed. 
Since each path has no more than n − 1 edges and since width S (G) ≤ m, the overall runtime of 
finding the path cover is O(mn). Similarly, every path cover P 1 , . . . , P � of G defines a flow C on G: 
C = P 1 + · · · + P � , and we say that C is the induced flow of the path cover (P i )� 1 . 

Definition 8. In a directed graph G = (V , E) we call a subset C ⊆ E an antichain of G if all edges 
in C are pairwise parallel, that is there exists for no pair of edges in C a path in G leading from one 
edge to the other. 

It can be shown with straight forward arguments that width (G) = | C | for a maximum (sized) 
antichain C of G. 

3 WIDTH MATTERS FOR GREEDY APPROACHES 

Since the difference of two flows is still a flow, it is very natural to consider successively removing 

the simplest type of flow — that is to say, paths — as an algorithmic strategy for MFD N 

. Indeed, 
the particular greedy path removal strategy of finding a heaviest path ( greedy-weight ) is commonly 

used as a heuristic in applications (e.g., Baaijens et al. [ 2020 ], Hartman et al. [ 2012 ], Pertea et al. 
[ 2015 ], and Tomescu et al. [ 2013 ]) and it seems to be mentioned in nearly every article addressing 

flow decomposition. More formally, a path P is said to carry flow p if X (u , v) ≥ p for all edges 
(u, v) of P (in particular, a v - v path carries infinite flow). A heaviest path is an s- t path carrying 

the largest flow. Such a path can be easily found in linear time in the size of the DAG by dynamic 
programming (see, e.g., Vatinlen et al. [ 2008 ]). 
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Fig. 3. Construction for (G � , X �,B ). Setting B = 2 �+1 yields MFD N 

instances where greedy-weight uses 
Θ( m 

log m 

) times more paths than optimal to decompose the flow. 

3.1 Width Hinders Greedy on MFD N 

We define a family of MFD N 

instances (G � , X �,B ), depending on two parameters � ∈ N \ { 0 } 
and B ∈ N . The family is defined recursively on �. The base case (G 1 , X 1 ,B ) for � = 1 is shown 

in Figure 3 (a). For � > 1 , we build (G � , X �,B ) from two disjoint copies of (G �−1 , X �−1 ,B ), by adding 

five extra edges and flow values as shown in Figure 3 (b). We call the edge connecting the two 

copies of G �−1 a central edge . Edges whose flow value depends on B are called backbone edges, 
and they form a s- t path. By choosing B = 2 �+1 , we show that the flow X �,2 �+1 can be decomposed 

using a number of paths linear in �, thanks to the heavy backbone edges, whereas the greedy- 
weight algorithm fully saturates the central edges with its first path and is left with a remaining 

flow requiring 2 �+1 paths to be decomposed. 

Lemma 9. For the graph G � with flow X �,2 �+1 , greedy-weight uses 1 + 2 �+1 paths to decompose 
X �,2 �+1 . 

Proof. We first show that the heaviest path in X �,2 �+1 follows every backbone edge from s to t . 
Certainly this path carries 2 �+1 flow, and no more, since every backbone edge has flow at least 2 �+1 

and every central edge has flow exactly 2 �+1 . To see that there is no heavier path, observe that all 
the non-backbone edges have flow value strictly less than 2 �+1 by construction. After removing 

that path with weight 2 �+1 , all the central edges are completely decomposed. The remaining graph 

and flow, without central edges, has 2 �+1 weight-1 edges that are pairwise non-reachable using 

only non-zero flow edges (four edges for each of the 2 �−1 copies of G 1 ), each of which must be 
covered by a different path of weight 1 (and these paths fully decompose the flow). �

Lemma 10. For the graph G � , flow X �,2 �+1 can be decomposed using 2 � + 2 paths. 

Proof. Using induction, we first prove that we can use 2 � + 1 paths to decompose all of the 
flow of X �,2 �+1 on the non-backbone edges of G � , and that these paths have total weight 2 �+2 − 3 . 
When � = 1 (see Figure 3 (c)), we can decompose both the flow-1 edges with a single path of weight 
1, which goes through the central edge. Moreover, we can decompose the flow-2 edges with two 

paths of weight 2, without using the central edge. These paths have 5 = 2 1 +2 − 3 total flow. We 
now assume that the claims hold for � = k and prove it for � = k + 1 . Consider the graph G k+1 . By 

assumption, the non-backbone edges in every copy of G k are fully decomposed by 2 k + 1 paths, 
and the total flow of those paths is 2 k+2 − 3 . Note that these paths are s- t paths in G k , but they must 
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Fig. 4. (G 2 , X 2 ,B= 2 �+1 ) with a 2 � + 2 = 6 flow decomposition. Orange (weight 1) and dark and light blue 
(weight 2) decompose the non-backbone edges in the two copies of G 1 . Green and pink (weight 4) decompose 
the non-backbone edges added in G 2 . Dark red (weight 3) is the additional path needed to fully decompose 
the flow. 

be extended to be s- t paths in G k+1 . Because there is a central edge with weight 2 (k+1 )+1 = 2 k+2 > 
2 k+2 − 3 from one copy of G k to the other, it is possible to route the 2 k + 1 paths from the first G k 
to the second using the central edge. Additionally, the backbone edges from s to the first copy of 
G k and from the second copy of G k to t have flow 2 k+1 + 2 k+2 , so they can be used to complete 
the routing of the paths from s to t . Then we can use two additional paths of weight 2 k+1 each 

to decompose the flow of the two new non-backbone edges; one using the backbone path of the 
upper G k (extended by the upper edges of G k+1 ), and analogously, the other through the backbone 
path of the lower G k , which is possible since the paths obtained inductively only decompose 2 k+1 

of the backbone flow of G k whereas now 2 k+2 backbone flow must be decomposed. As such, we 
use 2 k + 1 + 2 = 2 (k + 1 ) + 1 paths with total flow 2 k+2 − 3 + 2 (2 k+1 ) = 2 (k+1 )+2 − 3 , as required. By 

the previous, given any graph G � , we can decompose all non-backbone edges using 2 � + 1 paths. 
Note that removing these weighted paths from X �,2 �+1 yields a flow on G � (of value 3). Because the 
remaining edges (all backbone) form a path from s to t , and the remaining edge values form a flow 

on G � , all remaining edges must have the same flow value, and can be covered by one path. Thus, 
2 � + 2 paths are sufficient to decompose X �,2 �+1 . See Figure 4 for an example when � = 2 . �

Theorem 1. The approximation ratio for greedy-weight on MFD N 

is Ω(m/log m) for sparse graphs, 
in the worst case. 

Proof. By Lemmas 9 and 10 , greedy-weight uses Θ(2 � ) paths to decompose the flow X �,2 �+1 

described above, whereas it is possible to decompose the flow with only Θ(�) paths. It can be 
easily verified by induction that the number of edges of G � is 7 · 2 � − 5 . So the ratio between 

greedy-weight and the optimal for this instance is Ω( m 

log m 

). �

While greedy-weight is most commonly used in applications, the approach was first presented 

as part of a general framework [Vatinlen et al. 2008 ]: pick any optimality criteria for s- t paths 
that is saturating (i.e., fully decomposes at least one edge), and successively remove optimal paths. 
Since each path is saturating, the algorithm must decompose the flow in m or fewer paths. Another 
optimality criterion sometimes used in DNA assembly (e.g., in vg-flow [Baaijens et al. 2020 ]) is the 
longest path (with its maximum possible flow so that it is saturating). To adapt our construction 
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Fig. 5. By subdividing the backbone edges, choosing longest paths (orange) and shortest paths (blue) both 

give the same approximation ratio as choosing heaviest paths in the original flow X �,2 �+1 . 

of (G � , X �,2 �+1 ) so that this approach yields the same approximation ratio, consider (G 

∗
� 
, X 

∗
�,2 �+1 ), 

constructed as in (G � , X �,2 �+1 ) except that we split every backbone edge (u, v) into two edges, 
(u, w ) and (w , v). See Figure 5 for an example. Then the path along the backbone edges will be the 
longest from s to t and the previous asymptotic analysis still holds, since we no more than doubled 

the number of edges (and the number of edges of the new construction is still Θ(2 � )). Yet another 
optimality criterion, studied in Hartman et al. [ 2012 ] for its application to network routing, is the 
shortest path (again with its maximum possible flow). (G 

∗
� 
, X 

∗
�,2 �+1 ) will also force this approach to 

take an exponential number of paths, since first the algorithm will decompose all 2 �+1 weight-1 
edges with 2 �+1 different paths. 

3.2 Greedy Approximation for Width-Stable Graphs 
As exploited in Section 3.1 , one sticking point for greedy path removal algorithms is the fact that 
the width of a graph can increase after an edge is fully decomposed. We now identify a new class 
of graphs, in which the graph does not increase its width during the execution of the algorithm. 
We show that greedy-weight decomposes “enough” flow at each step in these graphs, giving a 
O(log Val (X ))-approximation for MFD N 

. 
If X ≥ 0 is a flow on a DAG G, we write G | X 

( G restricted to X ) to mean the spanning subgraph of 
G made up of the edges e ∈ E such that X (e) � 0 . Conversely, if S is a subgraph of G, we write X | S 
( X restricted to S) to mean the pseudo-flow X only on the edges of S . In the case of MFD N 

, once an 

edge is fully decomposed, it cannot be used in future paths, possibly increasing the width of the 
graph that can be used to decompose the rest of the flow and sometimes triggering an increase of 
the size of a minimum flow decomposition as well. We call a graph width-stable if it does not have 
this issue. 

Definition 11 (Width-stable Graph). We say that a graph G is width-stable if, for any non-negative 
flows X ≤ Y on G, it holds that width (G | X 

) ≤ width (G | Y ). 
Many useful MFD N 

instances satisfy Definition 11 . For example, the first proof of MFD’s NP- 
hardness [Vatinlen et al. 2008 ] was a reduction to a very simple graph of this form, as shown in 

Figure 1 ; this means that MFD N 

restricted to width-stable graphs is also NP-hard. 
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Fig. 6. MFD N 

instance with width (G) = 3 , Val (X ) = 7 , Val (X )/width (G) = 7 /3 > 2 , but no path can carry 
more flow than 2. By Lemma 13 , this is equivalent to G not being width-stable, there exists an s- t path 

saturating the central edge from v to u of weight 1, making the graph a funnel and increasing width (G) to 4. 

Definition 12 (Garlet Millani et al. [ 2020 ]). We call an s- t DAG G funnel if every s- t path has a 
private edge that is not contained in any other s- t path. 

Funnels are simple graphs in the sense that they admit a unique flow decomposition [Khan 

et al. 2022 ]. We use funnels in Lemma 13 to characterize graphs that are not width-stable. Fun- 
nels generalise in/out-forests: along any s- t path nodes v first satisfy deg 

−(v) ≤ 1 ≤ deg 

+(v) and 

then deg 

−(v) ≥ 1 ≥ deg 

+(v). We call a node v forking (resp. merging ) if deg 

+(v) > 1 (resp. if it is 
deg 

−(v) > 1 ). For a funnel subgraph F of G we call a path in G from a merging node in F to a 
forking node in F a central path of the funnel. The graphs (G � , X �,B ) in Section 3.1 are precisely 

funnels with central paths. 
The next property that we need is that there is always, during the execution of the greedy-weight 

algorithm, a path carrying “enough” flow from s to t . 

Lemma 13. Let G be an s- t DAG. The following statements are equivalent: 

(1) G is width-stable, 
(2) G has paths of large weight : for any flow X ≥ 0 on G, there exists an s- t path in G | X 

carrying 
Val (X )/width (G | X 

) flow, 
(3) G has no funnel subgraph with a central path. 

See Figure 6 for an example. 

Proof. ( 1 ) ⇒ ( 2 ): Let G = (V , E) be an s- t DAG with flow X ≥ 0 for which there is no s- t path in 

G | X 

carrying b = Val (X )/width (G | X 

) flow. We will show that G is not width-stable. For simplicity, 
we assume G = G | X 

, the result follows immediately for any supergraph of G. Let S be the set of 
vertices reachable from s by a path carrying b flow. By assumption, t � S , so (S, V \ S) is an s, t-cut 
and X (u, v) < b for any edge (u, v)with u ∈ S, v ∈ V \ S . Define T to be the set of vertices that can 

reach t via a path involving vertices only from V \ S : 
T � V \ {v ∈ V | all v − t paths cross S } . 

Since S ⊆ V \ T , (V \ T , T ) is an s, t-cut. Note that if (u, v) is an edge with u ∈ V \ T and v ∈ T , 
then also u ∈ S and v ∈ V \ S and thus X (u, v) < b. The set C defined by 

C � { (u , v) ∈ E | u ∈ V \ T , v ∈ T } = E ∩ (S ×T )
is an s, t-cut set (a set of edges that every s- t path has to cross) and we have X (e) < b for every 

e ∈ C . This implies |C | > width (G). 
We construct a new flow Y ≥ 0 on G for which C is an antichain in G | Y . Initially, Y � X . Define 

the following paths: 
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—p s (u) for all u ∈ S : an s- u path with all nodes in S , 
—p t (v) for all v ∈ T : a v- t path with all nodes in T . 

We keep the invariant that the paths exist and do not change in G | Y throughout the construc- 
tion of Y . Let b(v, u) denote a path from v ∈ T to u ∈ S , all of whose internal nodes are from 

V \ (S ∪ T ), and note that such a path exists iffC is not an antichain. Assume it carries flow μ > 0 
(i.e., μ is the minimum flow value along b(v, u)), we then perform the following operation on Y : 

Y (e) = 
{
Y (e) − μ if e ∈ b(v, u)
Y (e) + μ if e ∈ p s (u) ∪ p t (v). 

Note that after the operation Y remains a flow and that none of the three paths have pairwise 
intersecting edges. The process does not violate the invariant and repeating eventually it destroys 
all paths from T to S , making C an antichain in G | Y . This shows that G is not width-stable: Y ≤
X + Y and width (G | Y ) > width (G | X+Y ) = width (G). 

( 2 ) ⇒ ( 3 ): Assume that G has a funnel subgraph F with a central path P . Let C be a maximum 

antichain of F , and note that every maximum antichain of a funnel consists of private edges only. 
We define flows Z stable , Z unstable, and Z : 

—Z stable is defined to be the flow induced 

3 by the minimum path cover of F 4 (i.e., G | Z stable = F ). 
—Z unstable is defined to be the flow induced by the following path cover of the graph consisting 

of F and P : One s- t path goes along P , covering two edges in C , 5 and the other paths cover 
F avoiding P , this is possible with additional |C | − 2 paths. 

—Finally, Z � Z stable + Z unstable . 

We have Val (Z ) = Val (Z stable ) + Val (Z unstable ) = | C | + (| C | − 1 ) = 2 |C | − 1 and width (G | Z 

) ≤
|C | − 1 , and thus 

Val (Z )
width (G | Z 

) ≥
2 |C | − 1 
|C | − 1 > 2 , 

but all s- t paths in G carry no more flow than 2, because C is an s, t-cut set of G and all Z flow 

values on C are 2. 
( 3 ) ⇒ ( 1 ): Assume that G = (V , E) is not width-stable, let Y ≥ X ≥ 0 be flows on G with 

width (G | X 

) > width (G | Y ) and let C 

′ be a maximum antichain of G | X 

. Let F be a funnel subgraph 

of G | X 

containing C 

′ as maximum antichain, and let C be the rightmost maximum antichain of F 
(that is, the head of every edge in C is t or is merging). Since C is not an antichain of G | Y , there 
must be a path P in G | Y connecting two edges in C , and it starts at a merging node. It must also 

enter a forking node, because otherwise adding the path would not decrease the width. This shows 
that a prefix path of P is a central path of F . �

Lemma 14. Let G = (V , E) be a width-stable graph, width (G) ≥ 2 . Greedy-weight uses at most 
� log Val (X )/log 

width (G)
width (G)−1 � + 1 paths to decompose any flow X : E → N . 

Proof. Let b = width (G). Since G is width-stable, greedy-weight removes a path of weight at 
least Val (X 

′ )/b at every step by Lemma 13 , where X 

′ is the remaining flow of the correspond- 
ing step. As such, after c steps Val (X 

′ ) ≤ Val (X )(b−1 
b )c . If Val (X )(b−1 

b )c < 1 , then Val (X 

′ ) = 0 , 
since Val (X ) and the weights of the removed paths belong to N . Solving for c we obtain c > 

3 Recall that the induced flow X of a path cover (P )� 1 is defined as X = P 1 + · · · + P � , where we identify each path P i with 
a 0 /1 -flow with value 1 on the path edges (i.e., precisely the characteristic function of P i ). 
4 Since funnels admit a unqiue flow decomposition, they also admit a unique minimum s- t path cover. 
5 Indeed, this path covers exactly two edges in C : one edge needs to be covered to reach P and another edge must be covered 
to reach t , and since G is a DAG, we cannot use the same edge twice. 
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log Val (X )/log 

b 
b−1 . Therefore, greedy-weight takes (uses) at most c = � log Val (X )/log 

b 
b−1 � + 1 

steps (paths). �

Theorem 2. Let G = (V , E) be a width-stable graph and X : E → N a flow. Greedy-weight is a 

O(log Val (X ))-approximation for MFD N 

on (G, X ). 
Proof. Assume X > 0 (otherwise, replace G by G | X 

). Thus, b = width (G ) ≤ mfd N 

(G , X ), since 
any flow-decomposition of X induces a path cover of E. If b ≤ 1 greedy-weight finds an op- 
timal solution. Otherwise b ≥ 2 , and Lemma 14 implies that greedy-weight is a O( log Val (X )

b log b 
b−1 
) = 

O(log Val (X ))-approximation for MFD N 

( b log 

b 
b−1 = O(1 ) for b ≥ 2 ). �

Finally, we show that series-parallel graphs are width-stable, and thus greedy-weight is a 
O(log Val (X ))-approximation on them. 

Definition 15 (Series-parallel Graph [Eppstein 1992 ]). A graph is a two-terminal series-parallel 
( series-parallel for short) graph with terminal nodes s and t if: 

• it consists of a single edge directed from s to t , and no other nodes, or 
• it can be obtained from two (smaller) two-terminal series-parallel graphs G 1 and G 2 , with 

terminal nodes s 1 , t 1 , and s 2 , t 2 , respectively, by either 
– identifying s = s 1 = s 2 and t = t 1 = t 2 ( parallel composition of G 1 and G 2 ), or 
– identifying s = s 1 , t 1 = s 2 , and t = t 2 ( series composition of G 1 and G 2 ). 

Corollary 16. Greedy-weight is a O(log Val (X ))-approximation for MFD N 

on series-parallel 
graphs. 

Proof. Using Theorem 2 , it remains to prove that any series-parallel graph G = (V , E)with any 

flow X : E → N is width-stable. We prove it using structural induction. The base case is when G 

is single edge from s to t , and they are trivially width-stable. 
Suppose now that G is obtained by the composition of series-parallel graphs G 1 , G 2 , and let 

X ≤ Y by any non-negative flows on G. Let X i = X | G i , Y i = Y | G i and let x i denote width (G i | X i ), y i 
denote width (G i | Y i ), for i = 1 , 2 . x i ≤ y i for i = 1 , 2 . 

If the composition operation is parallel composition, then width (G) = width (G 1 ) + width (G 2 )
(since edges of G 1 cannot reach edges of G 2 , and vice versa) and width (G | X 

) = x 1 + x 2 , 
width (G | Y ) = y 1 + y 2 (since G | X 

and G | Y are also series-parallel), and G is width-stable by the 
inductive hypothesis that x i ≤ y i , for i = 1 , 2 . 

If the composition operation is series composition, width-stability follows analogously to the 
parallel composition by replacing sum with maximum. �

However, note that there are width-stable graphs that are not series-parallel. 

4 WIDTH HELPS SOLVE MCCD Z 

In this section, we give an approximation algorithm for mfd Z 

(G, X ). We will obtain this for a 
more general problem variant, which can be defined as follows. We are given directed a graph G = 

(V , E, c) with no sink or source nodes, with (cost) a function c : E → R ≥0 . The cost of a circulation 

X is defined as ˜ c (X ) = ∑e ∈E c(e )X (e ). Note that ˜ c (·) is a linear function: ˜ c (X + Y ) = ˜ c (X ) + ˜ c (Y ) for 
any two circulations X , Y on G. 

Definition 17. Given (G, X ) of a graph G = (V , E, c) and a circulation X : E → Y , a circulation 

decomposition of size k of (G, X ) is a family of circulations Y i : E → N with weights (w 1 , . . . , w k ) ∈ 
Y 

k such that X = w 1 Y 1 + · · · +w k Y k . We call the problem of finding a circulation decomposition 
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Fig. 7. Reduction in Lemma 18 of a graph with total flow 4 from MFD Y 

to MCCD Y 

. The bold edge is the 
addition to the DAG and is the only edge with cost 1 while all other edges have cost 0. 

of minimum cost ˜ c (Y 1 + · · · + Y k ) the Minimum Cost Circulation Decomposition or MCCD Y 

and we 
write mccd Y 

(G, X ) for the minimum cost. 
Decomposing into non-negative weighted circulations rather than paths is a natural generali- 

sation, as paths can also be seen as flows with value 1 along the path. The following reduction 

(Figure 7 ) shows that MFD Y 

can be regarded as a special case of MCCD Y 

. 
Lemma 18. MCCD Y 

is NP-hard. 

Proof. Given an s- t DAG G = (V , E) and flow X : E → Y , we define a graph G 

′ = (V , E 

′ , c)with 

E 

′ = E ∪ {(t , s)} and c : E 

′ → { 0 , 1 } , c (u , v) = 1 ⇐⇒ (u, v) = (t , s), that is, cost 1 only for the edge 
(t , s). Let X 

′ : E 

′ → Y , X 

′ (e) = X (e) for e ∈ E and X 

′ (t , s) = Val (X ) be a circulation on G 

′ . The 
cost of a MCCD (Y 

′ 
1 , w 

′ 
1 ), . . . , (Y 

′ 
k , w 

′ 
k ) of (G 

′ , X 

′ ) is equal to ˜ c (Y 

′ 
1 ) + · · · + ˜ c (Y 

′ 
k ) = Y 

′ 
1 (t , s) + · · · +

Y 

′ 
k (t , s). Note that an s- t path P : E → {0 , 1 } yields a circulation Y P : E 

′ → {0 , 1 } of cost 1, which 

implies mfd Y 

(G , X ) ≥ mccd Y 

(G 

′ , X 

′ ). Define flows Y i : E → Y with Y i (e) = Y 

′ 
i (e) for i = 1 , . . . , k . 

Decomposing each flow Y i trivially into Val (Y i ) = Y 

′ 
i (t , s) paths and assigning them weights w 

′ 
i 

yields a Flow Decomposition of (G , X ), showing mccd Y 

(G 

′ , X 

′ ) ≥ mfd Y 

(G , X ), and thus this Flow 

Decomposition is minimum. �

Definition 19. Given S ⊆ E and a graph G, we call a circulation C of minimum cost satisfying 

C (e ) ≥ 1 for all e ∈ S Minimum Cost Circulation Cover of S , and we write mccc S (G) = ˜ c (C). If 
S = E, we use mccc (G) instead. 

Note that since every circulation decomposition of a graph G covers the edges of non-zero cir- 
culation, mccc S (G ) ≤ mccd Y 

(G , X ) with S = {e ∈ E | X (e) � 0 }. This generalises the width lower 
bound of MFD Y 

to MCCD Y 

. Given an s- t DAG G , width (G ) = mccc (G 

′ ) for the graph G 

′ obtained 

by the reduction in Lemma 18 . We will need a Minimum Cost Circulation Cover for our approxi- 
mation approach: 

Lemma 20 (Gabow and Tarjan [ 1989 ], Theorem 3.6). Let G = (V , E, c) be a graph, and S ⊆ E. 
A Minimum Cost Circulation Cover of S can be computed in O(n log m(m + n log n)) time. 

The idea behind our approximation algorithm for MCCD Z 

is that a circulation X : E → Z on 

a graph G can always be decomposed into circulations of total cost (� log ‖ X ‖ � + 1 ) ·mccc (G). We 
show this using two key facts: first, that X can be decomposed into (� log ‖ X ‖ � + 1 ) circulations 
with a particular structure, and, second, that each of these circulations can be further decomposed 

into circulations of total cost of at most mccc (G). A key step in proving both these facts is a sub- 
routine which, given an input circulation X , finds another circulation Y with values from { 0 , ±1 } 
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only (a unitary circulation) that matches the parity of X on all edges. Intuitively, given an input 
circulation X , such a unitary circulation Y can be added to X to “fix” its odd edges to be even, with 

only a small change to X . 

Lemma 21. For any circulation X : E → Z on G = (V , E, c), there exists a circulation Y : E → Z 

such that X ≡2 Y and ‖Y ‖ ≤ 1 . 

Proof. Consider the undirected graph G odd = (V , E odd ), where E odd = { { u , v} | (u , v) ∈ 
E and X (u , v) is odd } . 

Notice that every node of G odd has even degree due to the conservation of flow. Thus, G odd can 

be written as the edge-disjoint union of cycles. Assign an arbitrary orientation to each cycle and 

let E 

+
odd be the set of edges oriented in this way. Define 

Y (u, v) = 
⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

+1 if (u, v) ∈ E 

+
odd 

−1 if (v, u) ∈ E 

+
odd 

0 if {u, v} � E odd 

Notice that Y is a circulation decomposed as a sum of circulations, each along one of the edge- 
disjoint cycles. Moreover, X ≡2 Y and ‖Y ‖ ≤ 1 by construction. �

Repeatedly applying Lemma 21 and dividing the resulting even circulation by 2, we obtain the 
the first key ingredient of the approach. 

Corollary 22. Any (non-zero) circulation X : E → Z can be written as X = 
∑ � log ‖ X ‖ � 

i= 0 2 i · Y i , 
where Y i : E → Z is a circulation with ‖Y i ‖ ≤ 1 for all i . 

Proof. If ‖X ‖ ≤ 1 the result follows. Otherwise apply Lemma 21 to obtain Y 0 such that X ≡2 Y 

and ‖Y 0 ‖ ≤ 1 . Since X ≡2 Y 0 , we can define X 

′ = (X − Y 0 )/2 , and thus X = 2 X 

′ + Y 0 . Recursively 

repeat this procedure on X 

′ until ‖X 

′ ‖ ≤ 1 , obtaining Y 0 , . . . , Y k = X 

′ , so that X = 
∑k 

i= 0 2 i · Y i . 
Finally, note that at each repetition, ‖X ‖ decreases to at most �‖ X ‖ /2 �, thus k ≤ � log ‖ X ‖ �. �

The following result is the second key ingredient of our approach. It guarantees that any unitary 

circulation can be decomposed into two circulations of total cost of at most mccc (G) (see Figure 8 
for an example). This is by no means obvious since, among other problems, a unitary circulation 

may contain positive and negative values which merge and cancel each other out (as in Figure 8 (b)). 

Lemma 23. For any circulation X : E → Z , ‖X ‖ ≤ 1 , there exist circulations A, B : E → Z such 

that: 

(1) A, B ≥ 0 
(2) X = A − B
(3) ˜ c (A) + ˜ c (B) ≤ mccc (G)

Proof. Take C such that C ≥ 1 and ˜ c (C) = mccc (G), according to Lemma 20 . Take D such that 
D ≡2 X +C and ‖D‖ ≤ 1 , according to Lemma 21 . Also, assume ˜ c (D) ≥ 0 without loss of generality 

(otherwise, take −D, which satisfies the same properties). 
Since D ≡2 X +C , we have C − D ± X ≡2 0 . We now consider the circulations A � (C − D +

X )/2 and B � (C − D − X )/2 , which have the following properties: 

(1) Notice that C − D ± X ≥ C − 2 since ‖ D‖ , ‖ X ‖ ≤ 1 . So, C − D ± X ≥ −1 , since C ≥ 1 . But 
C − D ± X ≡2 0 so C − D ± X ≥ 0 , therefore A, B ≥ 0 . 

(2) A − B = C−D+X 

2 − C−D−X 

2 = X . 
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Fig. 8. Example of Lemma 23 applied to a unitary circulation X on a graph G (for clarity, 0 circulation values 
are not shown). Non-negative circulations A and B can be constructed so that ˜ c (A) + ˜ c (B) ≤ mccc (G) holds. 
We obtain a decomposition of X by X = A − B. 

(3) ˜ c (A) + ˜ c (B) = ˜ c (A + B) = ˜ c (C−D+X 

2 + C−D−X 

2 ) = ˜ c (C − D) = ˜ c (C) − ˜ c (D) ≤ ˜ c (C) since ˜ c (D)
≥ 0 , and ˜ c (C) = mccc (G). �

Finally, expressing any circulation as a sum of at most � log ‖ X ‖ � + 1 unitary circulations (Corol- 
lary 22 ), and decomposing each unitary circulation into two circulations with cost of at most 
mccc (G) (Lemma 23 ), we can decompose the circulation into circulations of total cost no more 
than (� log ‖ X ‖ � + 1 ) ·mccc (G) whose weights are positive and negative powers of two. 

Theorem 24. Given a graph G = (V , E, c) and a circulation X : E → Z with k � � log ‖ X ‖ �, there 
exist circulations A i , B i for i = 0 , . . . , k and weights { w 0 , . . . , w k } ⊆ { 2 i | i ∈ N} , with ˜ c (A 0 + · · · +
A k + B 0 + · · · + B k ) ≤ (k + 1 ) · mccc (G) such that X = w 0 (A 0 − B 0 ) + · · · +w k (A k − B k ). 

Proof. Combine Corollary 22 and Lemma 23 , getting 

X = 

k ∑
i= 0 

2 i · Y i = 

k ∑
i= 0 

2 i · (A i − B i )

where ˜ c (A i + B i ) ≤ mccc (G). �

The proof of Theorem 24 suggests a straightforward algorithm for MCCD Z 

, which we detail in 

Algorithm 2 and describe at a high level here. First, iteratively decompose X , yielding log �‖ X ‖ � + 1 
unitary circulations. Then use Lemma 23 to decompose each into two circulations of cost at most 
mccc (G). However, mccc (G) is not necessarily a lower bound on MCCD Z 

if the circulation is 0 on 

some edges, and thus this approach does not directly derive an approximation. To overcome this is- 
sue, we instead find a circulation decomposition of a spanning subgraph G 

′ of G for which mccc (G 

′ )
lower bounds mccd Z 

(G, X ). Namely, we first find a minimum cost circulation cover in G of the 
subset S of edges with non-zero flow in O(n log m(m + n log n)) time (according to Lemma 20 ), 
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ALGORITHM 1 : Unitary (G,X): Produces a Unitary Circulation Y from an Input Circulation X 

Such that X ≡2 Y , as in Lemma 21 
1: E odd ← odd edges of G, undirected 
2: C ← a decomposition of G odd = (V , E odd ) into cycles, oriented arbitrarily 
3: E +odd ← directed edges of C 

4: for (u, v) ∈ E do 

5: if (u, v) ∈ E +odd then 

6: Y (u, v) ← +1 
7: else if (v, u) ∈ E +odd then 

8: Y (u, v) ← −1 
9: else 

10: Y (u, v) ← 0 
11: end if 
12: end for 
13: return Y 

ALGORITHM 2 : Finds The Circulation Decomposition of Theorem 24 
1: Compute a minimum cost circulation cover of { (u , v) ∈ E | X (u, v) � 0 } {Lemma 20 } 
2: Remove from G any edge not covered by this circulation cover to obtain G 

′ 
3: P ← [], W ← [] {length-zero vectors} 
4: C ← circulation of cost mccc (G 

′ ), C ≥ 1 {Lemma 20 } 
5: D ← Unitary (G 

′ , C); if Val (D) < 0 set D = −D{Algorithm 1 } 
6: i ← 0 
7: while ‖X ‖ > 1 do 

8: Y i ← Unitary (G 

′ , X ){Algorithm 1 } 
9: X ← (X − Y i )/2 

10: i ← i + 1 
11: end while 
12: Y i ← X
13: for j ∈ {0 , . . . , i} s.t. Y j � 0 do 

14: A ← C − D + Y j , B ← C − D − Y j 
15: Concatenate A and B to P
16: Concatenate 2 j and −2 j to W 

17: end for 
18: return (P, W )

and then remove from G any edge not covered by the circulation, obtaining G 

′ . By construction, 
the cost of this circulation cover is a lower bound of mccd Z 

(G, X ). Moreover, the cost of this cir- 
culation cover is exactly mccc (G 

′ ), since every circulation cover of G 

′ is also a circulation cover of 
S in G. 

To prove the correctness of Algorithm 2 , we first define a a subroutine implementing Lemma 21 . 

Lemma 25. Algorithm 1 returns a unitary circulation from an input circulation Y such that X ≡2 Y , 
as in Lemma 21 , in O(m) time. 

Proof. The correctness of the algorithm is given by Lemma 21 . Finally, the first 3 subroutines 
as well as the entire for-loop takes O(m) time. �

Theorem 3. MCCD Z 

can be approximated with a factor of log �‖ X ‖ � + 1 in runtime 
O(n log m(m + n log n) +m log ‖ X ‖ ). 
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Fig. 9. Paths A i and B i ( i ∈ {0 , 1 , 2 , 3 }), each edge being labeled with the paths it appears in. Assign to each 

path A i weight a i , and to each path B i weight b i , such that a 0 = b 0 = 3 , and a i = 6 2 i + 1 and b i = 6 2 i+1 + 5 
for i = 1 , 2 , 3 . Define the flow X on G as X = 

∑3 
i= 0 a i A i +

∑3 
i= 0 b i B i . Note that these weights are a solution 

of k-FWA N 

on input (G, X ) with given paths A i , B i ( i ∈ {0 , 1 , 2 , 3 }). 

Proof. By Theorem 24 and our previous discussion, Algorithm 2 returns a circulation decom- 
position for X with no more cost than (� log ‖ X ‖ � + 1 ) ·mccc (G 

′ ) ≤ (� log ‖ X ‖ � + 1 ) ·mccd Z 

(G, X ). 
We analyse the runtime line by line. Lines 1 and 4 take O(n log m(m + n log n)) time by Lemma 20 . 
The call to Algorithm 1 on line 5 takes O(m) time by Lemma 25 , and checking the cost of D and 

flipping signs (if necessary) also takes O(m) time. By Corollary 22 , the while loop on line 7 executes 
at most log �‖ X ‖ � + 1 times, meaning that the entire execution takes O(m log ‖ X ‖ ) time since line 8 
takes O(m) time by Lemma 25 . Since there are at most log �‖ X ‖ � + 1 Y i ’s, the for loop on line 13 
executes at most log �‖ X ‖ � + 1 times. Each execution of the for-loop finds two circulations of total 
cost of at most mccc (G 

′ ) in O(m) time, so the whole also loop takes O(m log ‖ X ‖ ) time. Thus, the 
overall runtime is O(n log m(m + n log n) +m log ‖ X ‖ ). �

With the reduction given in Lemma 18 , we obtain an approximation algorithm of the same ratio 

for MFD Z 

. However, we can improve the runtime of Lemma 20 : 

Corollary 26. Algorithm 2 is also a log �‖ X ‖ � + 1 -approximation for MFD Z 

with runtime 
O(m(n + width (G) log �‖ X ‖ �)). 

Proof. This is directly achieved by using Theorem 3 with Lemma 18 and by calculating the 
width (G) according to Lemma 7 . Note that the flows A and B need to be trivially decomposed into 

at most width (G) paths, causing the additional factor in the runtime. �

A theorem analogous to Theorem 24 for MCCD N 

is desirable, but cannot be achieved directly 

with the previous methods, as Lemma 21 makes use of negative weights. However, the approach 

can be adapted for MCCD N 

if the input flows are width-stable (Definition 11 ), and if it is possible 
to “fix” the odd flows to be even with only mccc (G) unitary flows, which we leave as an open 

question. 

5 SOLVING THE k-FLOW WEIGHT ASSIGNMENT PROBLEM 

In this section, we consider a restriction of MFD from Kloster et al. [ 2018 ] (see Figure 9 for an 

example). 

Definition 27 ( k-Flow Weight Assignment). Given a flow X : E → Y on a graph G = (V , E) and a 
set of s- t paths { P 1 , . . . , P k } , the problem of finding an assignment of weights to the paths, such 

that they form a flow decomposition of (G, X ), is called k-Flow Weight Assignment ( k-FWA). We 
write k-FWA Y 

if we require the path weights to belong to Y . 

Given k s- t paths, k-FWA can be solved by a linear system defined by Lw = X , where X j ∈ 
Y is equal to the flow X (e j ) of the edge e j (we identify flows X : E → Y with vectors X ∈ Y 

m ) 
and L is the m × k 0 /1 matrix with L i, j = 1 if and only if path P j crosses edge e i . The resulting 
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solution w ∈ Y 

k is the weight assignment to each path. For a flow graph (G, X ), we denote by 

L Y 

= L Y 

(P 1 , . . . , P k ) = {w ∈ Y 

k | X = 
∑k 

j= 1 P k w k } the linear system corresponding to the paths 
P 1 , . . . , P k . 

We shortly discuss how to solve k-FWA Z 

. The linear system defined by the paths is a system of 
linear Diophantine equations. It is well known that integer solutions to such systems can be found 

in polynomial time; see, for example, [Schrijver 1986 , Chapter 5]. 
Solving k-FWA N 

turns out to be more difficult, its the linear system contains the inequality 

w ≥ 0 . In fact, it was shown [Kloster et al. 2018 ] that k-FWA N 

is NP-hard. The program Tobog- 
gan [Kloster et al. 2018 ] implements a linear FPT algorithm for MFD N 

and one step of the al- 
gorithm is to solve k-FWA N 

using an ILP [Kloster et al. 2018 ]. The authors state the following 

conjecture. 
Conjecture 28 (Kloster et al. [ 2018 ]). If (P 1 , . . . , P k ) are the paths of a minimum flow decom- 

position of (G, X ), then the linear system L N 

(P 1 , . . . , P k ) has full rank k . 

In case of a fractional decomposition (in which the weights of the paths are allowed to be rational 
non-negative numbers), it is indeed true that the induced linear system is of full rank k [Vatinlen 

et al. 2008 ]. As mentioned in the introduction, if the conjecture turned out to be true for natural 
numbers, Toboggan could avoid resorting to solving an ILP, since just solving the standard linear 
system at hand would return its unique solution. As observed by the authors, this would decrease 
the asymptotic worst case upper bound of Toboggan. 

We show that this conjecture is false using a counterexample. Consider the input for k-FWA N 

from Figure 9 and the solution therein. We now give another solution for k-FWA N 

on this input, 
namely the following path weights: a 0 = 5 , b 0 = 1 , and a i = 6 2 i + 2 , b i = 6 2 i+1 + 4 , for i = 1 , 2 , 3 . 
One can easily verify that this is another solution to k-FWA N 

on the input in Figure 9 , thus proving 

that the rank of the corresponding linear system is strictly less than 8. 
To disprove Conjecture 28 , it remains to show that any flow decomposition contains at least 

8 paths. Due to the technicality of this proof (and its exhaustive case-by-case analysis), we only ex- 
plain the intuition behind the construction in Figure 9 and behind the correctness proof. However, 
as an additional check we also ran both Toboggan [Kloster et al. 2018 ] and a recently developed 

ILP solver for MFD N 

[Dias et al. 2022 ] on this instance, both returning mfd N 

(G, X ) = 8 . 
The intuition is as follows. The graph can be divided into two parts: the graph induced by the first 

5 vertices in topological order (left part) and the one induced by the last 4 (right part). We say that 
a path is fixed if every minimum flow decomposition of the graph contains this path. The paths 
A i and B i have exponentially growing weight for growing i and get shuffled around with different 
permutations of the paired labels A i B j on the left part. Due to the exponential growth, ensuring 

the correct parity on all edges of the right part, we can fix the paths A i and B i for i = 1 , 2 , 3 . This 
allows us to interpret flow decompositions of less than 8 paths as decompositions with 8 paths, 
where either A 0 or B 0 carries weight 0. Consider a flow decomposition where, we assign two paths 
of weights λ1 and λ2 on the edges labeled A 0 B 0 . For any δ ≥ 0 , (λ1 − δ ) + (λ2 + δ ) = a 0 + b 0 and 

equivalently for all other edges on the left part. If we decrease λ1 by some δ > 0 , the weights of 
B 1 , B 2 , and B 3 each increase by δ/2 . And thus, δ must be even. Due to the parity of a 0 and b 0 , they 

can never reach 0. 

6 CONCLUSIONS 

In this article we have shown for the first time that width, a natural lower bound for MFD, is also 

useful when investigating its approximability. On the one hand, using width is a key insight in 

understanding where greedy path removal heuristics fail. On the other hand, graphs where width 

is well-behaved (e.g., series-parallel graphs) have a guaranteed approximation factor. Moreover, 

ACM Trans. Algor., Vol. 20, No. 2, Article 13. Publication date: March 2024. 



Width Helps and Hinders Splitting Flows 13:19 

we generalised MFD to the problem to minimising the cost of a circluation decompisition, and 

showed that the integer version can be approximated even better by combining parity arguments 
of unitary circulations and a decomposition of such circulations of cost equal to the minimum cost 
to cover the graph. Finally, we have corroborated the complexity gap between the positive integer 
and the full integer case by disproving a conjecture from Kloster et al. [ 2018 ] (also motivating the 
heuristic in Shao and Kingsford [ 2017 ]), which would have had sped up their FPT algorithm for 
MFD N 

. 
Our results open up new avenues for further research on MFD. For example, can the width help 

find larger classes of graphs for which some greedy path removal (or even some sort of greedy path 

cover removal) algorithms have a guaranteed approximation factor? Can we get Ω(n) worst case 
approximation ratio of greedy-weight for dense graphs without parallel edges? Can the power-of- 
two decomposition approach be applied with other factors besides two? Can better path cover-like 
lower bounds help (e.g., path covers which cannot use an edge more times than its flow value, also 

computable in polynomial time)? How do our algorithms perform in practice? 
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Abstract

Minimum flow decomposition (MFD) is the strongly NP-hard problem of finding a smallest set
of integer weighted paths in a graph G whose weighted sum is equal to a given flow f on G. Despite
its many practical applications, we lack an understanding of graph structures that make MFD easy
or hard. In particular, it is not known whether a good approximation algorithm exists when the
weights are positive.

On the positive side, the main result of this paper is that MFD can be approximated within
a factor O(log ∥f∥) (where ∥f∥ is the largest flow weight of all edges) times the ratio between the
parallel-width of G (introduced by Deligkas and Meir, MFCS 2018) and the width of G (minimum
number of paths to cover all edges). In particular, when the MFD size is at least the parallel-width
of G, this becomes the first parameterised O(log ∥f∥)-factor approximation algorithm for MFD over
positive integers. We also show that there exist instances where the ratio between the parallel-
width of G and the MFD size is arbitrarily large, thus narrowing down the class of graphs whose
approximation is still open. We achieve these results by introducing a new notion of flow-width of
(G, f), which unifies both the width and the parallel-width and may be of independent interest.

On the negative side, we show that small-width graphs do not make MFD easy. This question
was previously open, because width-1 graphs (i.e. paths) are trivially solvable, and the existing
NP-hardness proofs use graphs of unbounded width. We close this problem by showing the tight
results that MFD remains strongly NP-hard on graphs of width 3, and NP-hard on graphs of width
2 (and thus also parallel-width 2). Moreover, on width-2 graphs (and more generally, on constant
parallel-width graphs), MFD is solvable in quasi-polynomial time on unary-coded flows.
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1 Introduction

Minimum Flow Decomposition (MFD) of a given flow on a directed graph is the problem of finding
a minimum sized set of weighted paths, such that for every edge, the sum of the weights of the paths
crossing this edge is equal to the flow on the edge. It is a standard result that every flow on a directed
acyclic graph can be decomposed to at most m − n + 2 weighted paths [1, 24], where n is the number
of nodes and m is the number of edges. In this paper, all graphs will be directed acyclic graphs (DAGs)
that are multigraphs (that is, we allow parallel edges) with single source s and single sink t, and we use
the term flow network to refer to a pair (G, f) of a DAG G and a flow f on G. We also distinguish
between two MFD variants: MFDN where the flow and path weights are non-negative integers, and
MFDZ where the flow and path weights can also be negative; we use MFD to refer to both variants and
we write mfdY(G, f) for the size of the minimum flow decomposition using path weights in a set Y.

MFD is strongly NP-hard, even on DAGs, and even when the flow values come from {1, 2, 4} [13].
However, the problem has a wide range of applications, e.g. in Bioinformatics [3, 8, 11, 19, 22, 21,
25, 2, 20], transportation planning [17] or network design [13, 16, 24]. Despite this widespread use, we
lack a good theoretical understanding behind the complexity of MFDN, and applications just resort
to heuristics when solving MFD. For example, there exists no constant-factor (or even logm factor)
approximation algorithm for MFDN, nor a proof that such algorithms might not exist. Moreover, as
opposed to other NP-hard problems which have been extensively studied on restricted classes of graphs,
we have only little knowledge of graph classes that make the problem tractable or any other structural
properties that make MFDN easier. Below, we describe in more detail the current state of the art around
MFD.

1.1 Related work

Kloster et al. [15] have shown that MFD is in linear FPT time 2O(k2) · (m · log ∥f∥), where the parameter
k is the size of the optimal solution and ∥f∥ is the maximum norm of f (i.e., the largest flow weight of
all edges). MFDN also admits polynomially-sized Integer Linear Programming formulations [7, 12]. It
is also known that MFDN is APX-hard (i.e., for some ε > 0 there is no (1 + ε)-approximation unless
P = NP) [13], and there exists an approximation algorithm that decomposes all but an ε fraction of the
flow with a factor of O(1/ε2) [13].

Recent theoretical progress is due to Cáceres et al. [4], who showed that the width of the graph, namely,
the minimum number of s-t paths to cover all edges, can play an important role in the decomposition
of flows. The width is a natural lower bound to MFD, since every flow decomposition is also such
a path cover. For example, using width, they improved the approximation factor lower-bound of the
widely-used greedy approach for MFDN – to iteratively remove the currently highest weighted s-t path
in the graph [24, 11, 22, 3, 20] – to Ω(m/ logm) in the worst case [4]. To obtain this, they exploited the
fact that the width can grow exponentially during the process of the greedy algorithm.

Secondly, Cáceres et al. [4] used width to obtain two approximation algorithms for MFD. The first
one, working on MFDZ, has an approximation ratio of O(log ∥f∥). This algorithm follows a “parity
fixing” approach: it constructs a unitary flow (that is, a flow with values in {−1, 0, 1}), which, when
subtracted from f , yields a flow that is even everywhere, and they showed that all unitary flows can be
decomposed into at most width(G) paths with weights in {−1, 1}. The resulting flow can then be divided
by two, to repeat the procedure until the flow is zero. To sum up, Cáceres et al. [4] proved that it is
possible to express f as

f =

⌊log ∥f∥⌋∑

i=0

2ifi, with mfd{−1,1}(G, fi) ≤ width(G). (1)

The same parity fixing approach has been used for MFDN in [16] to express f as a sum of O(log ∥f∥)
positive flows fi, but with no upper-bound on the minimum decomposition size of each fi, and instead
proved an exponential Llog ∥f∥ · log ∥f∥ approximation factor bound, where L is the length of the longest
s-t path in G. However, they experimentally showed that this approach works well for some randomly
constructed classes of graphs. They have shown that such parity fixing flows fi can be found inMFDN via
finding minimum flows following certain lower- and upper-bound constraints, and left the problem open,
whether one can carefully choose such flows to obtain a better theoretical bound. The clear difference of
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MFDZ to MFDN is that in the former variant the width of the graph stays constant: edges do not get
saturated in MFDZ, and thus width(G) is a lower-bound to the optimal solution of MFDZ throughout
the whole parity fixing algorithm. As such, it remained open whether some notion of width can be still
employed to obtain an approximation algorithm for MFDN.

To partially address this, Cáceres et al. [4] have proven that restricting the input to width-stable
graphs, which are defined as s-t DAGs whose width never increases during the process of the algorithm,
improves the approximation factor of greedy to O(logVal(f)), where Val(f) is defined as the sum of the
flow that leaves s. This assumption was necessary because removing weighted paths from a flow will
eventually saturate edges, and this can break paths in the minimum path cover and potentially increase
the width. A notable example of width-stable DAGs are series-parallel DAGs; a numerous amount of
NP-hard problems is easier to solve on them, see e.g. [9, 23]. Despite such better approximation factor for
greedy on width-stable graphs, MFD remains strongly NP-hard even in their subclass of series-parallel
graphs [24].

1.2 Our contributions

As opposed to other NP-hard problems, we have little understanding of what makes MFD easy (to
approximate), or hard. As such, in this paper we establish further connections between structural
properties or parameters of the graph, and the approximability status of MFDN, or its intractability
status in relation to these parameters. We show how using two parameters, the width of a DAG G and
a parameter, the parallel-width par-width(G), recently introduced by Deligkas and Meir [6], can make
MFDN easier to solve. We also show that, contrary to MFDZ, the width of the DAG alone (without
the parallel-width) is not a sufficient parameter for this goal. Specifically, we present the following
contributions.

Flow-width as an improved lower-bound for MFDN. We first present our main tool to analyse
the flow network structure, flow-width, as follows.

When adapting the parity fixing decomposition from Equation (1) by Cáceres et al. [4] to MFDN,
we are facing the following issues: i) using width(G) paths to decompose the positive parity fixing flows
fi might not be possible, as we would be forced to oversaturate edges in some cases, ii) the width of
the DAG does not necessarily remain a lower-bound to the optimal solution size as edges get saturated
during the decomposition, and thus are unavailable in later steps. To address these, we introduce a new
notion of width, flow-width of a flow network (G, f), that uses the given flow f on G as upper-bounds
for the number of times covering paths can use edges:

Definition 1 (Flow-width). Let G be a DAG and f be an integral non-negative flow on G. We define
the flow-width of G and f , fw(G, f), as the smallest number of paths satisfying the following properties:

1. Covering Every edge e ∈ E(G) with f(e) > 0 appears in at least one path, and

2. Upper-bounds Every edge e ∈ E(G) appears in at most f(e) paths.

By definition, it holds that width(G) ≤ fw(G, f) for all positive flows f , and moreover the flow-width
is still a natural lower-bound to the optimal solution of MFDN.

In relation to Equation (1), Mumey et al. [16] state the question, whether it is possible to choose
flows fi, whose value is as small as possible, such that their decomposition size is small. We answer this
question positively for certain classes of graphs by relating their decomposition size to the flow-width:

Theorem 2. Given an MFDN input (G, f), we can decompose the flow into ⌊log ∥f∥⌋+1 flows fi, such
that

f =

⌊log ∥f∥⌋∑

i=0

2ifi and mfd{1}(G, fi) = Val(fi) ≤ fw(G, f (i)), (2)

where f (0) = f and f (i) = f −∑i−1
j=0 2

jfj. This can be done in time O(nm log ∥f∥).

We then address (ii) by analysing the growth of the flow-width throughout the algorithm. As first
contribution, we obtain Theorem 3 below by showing that a DAG is width-stable if and only if the
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flow-width is monotone in the flow: fw(G, f) ≤ fw(G, g) for all flows with f ≤ g (i.e. f(e) ≤ g(e) for all
edges e). This improves the approximation factor for MFDN on width-stable graphs from O(logVal(f))
(as in [4]) to O(log ∥f∥):

Theorem 3. On width-stable DAGs we can approximate MFDN given the input (G, f) with ratio
⌊log ∥f∥⌋+ 1 in runtime O(n log ∥f∥ · (width(G) +m)).

A parameterised approximation algorithm for MFDN. Second, using flow-width, we param-
eterise the parity fixing algorithm originally presented by Mumey et al. [16] with the width of G and
the parallel-width of G. The parallel-width of G is defined as the size of the largest minimal cut-set
of G in the context of a minor notion on s-t DAGs. This notion of directed minors allows removals of
edges (u, v) for which the out-degree of u and the in-degree of v are each at least 2, and edges (u, v)
can be contracted when it is the only incoming edge of v or the only outgoing edge of u1 [6]. Moreover,
the parallel-width can be upper-bounded by excluding such directed minors in the DAG. We show that
this corresponds exactly to possible edge saturations of flow decompositions, and we can thus use the
parallel-width as a parameter in the approximation. We then prove that the flow-width generalises the
width and the parallel-width:

Lemma 4. For all s-t DAGs G, we have

width(G) = min{fw(G, f) | f > 0}

and
par-width(G) = max{fw(G, f) | f ≥ 0}.

We use this lemma to express the approximation ratio in terms of the largest possible growth of the
flow-width of the flow network during the decomposition.

Theorem 5. Given a flow network (G, f) with f > 0, we can approximate MFDN with a ratio of(
par-width(G)
width(G) · (⌊log ∥f∥⌋+ 1)

)
in runtime O(n log ∥f∥ · (par-width(G)+m)). Moreover, for flow networks

with mfdN(G, f) ≥ par-width(G), the ratio is ⌊log ∥f∥⌋+ 1.

Additionally, we can use this upper-bound to show an improved computational complexity:

Corollary 6. Let c ∈ N be a constant. MFDN on (G, f) can be solved in quasi-polynomial time
∥f∥O(log ∥f∥) · (m+ log ∥f∥) when par-width(G) ≤ c and f is coded in unary.

Improved hardness results. In Section 5 we further explore the parameterised complexity of
MFDN. It remains NP-hard on width-stable graphs, since the NP-hardness reduction from [24] uses
series-parallel graphs, which are a subclass of width-stable graphs [4]. However, their width is not
bounded and it remained open whether having a bounded width makes the problem easier. We address
this by proving the following.

Theorem 7. MFDN on G is strongly NP-hard even when width(G) = 3.

Further, this shows that the ratio par-width(G)/width(G) can grow arbitrarily large. We use this
fact to show that the parity fixing approach obtains, for some class of graphs, an approximation ratio of
Ω(∥f∥). This describes in detail the remaining class of inputs for which no approximation algorithm with
good factor (that is, better than very simple decomposition methods) is known. Lastly, we show that
all DAGs have width(G) = 2 if and only if they have par-width(G) = 2 and show the following hardness
result.

Theorem 8. MFDN on (G, f) is NP-hard when f is coded in binary, even when width(G) = 2.

1This notion of edge contractions is also known as butterfly contraction. Note that butterfly contractions are usually
used in simple graphs where parallel edges are merged. Here, we use multigraphs and do not merge parallel edges.
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2 Preliminaries

By default, graphs G = (V (G), E(G)) are assumed to be acyclic and have w.l.o.g. a single source s and
a single sink t. DAGs with multiple sources and sinks can be transformed to have one source and one
sink, by adding two vertices s and t, and adding an edge from s to each source vertex and adding an edge
from each sink vertex to t. We use n and m to denote the number of vertices and edges, respectively,
and we denote by deg+(v) and deg−(v) the out- and in-degree of a vertex v, respectively. We write
G−H for two graphs G and H ⊆ G for the subgraph defined by V (G) \ V (H) and E(G) \ {(u, v) | u ∈
V (H) or v ∈ V (H)}. A set of edges is called a cut-set, if removing them from the graph disconnects s
from t. We denote by [k] the set {1, . . . , k}. We call functions f : E(G)→ Y pseudo-flows2 on G, where
Y ∈ {N,Z}. We use the notation f+g and µf to denote the element wise sum of pseudo-flows and scalar
multiplication. The value 0 may (depending on context) denote the pseudo-flow that is equal 0 on every
edge. We write f ≤ g (resp. f < g) to denote f(e) ≤ g(e) (resp. f(e) < g(e)) for every edge e ∈ E(G)
and two pseudo-flows f, g on G.

A flow on G is a pseudo-flow whose internal vertices V \{s, t} satisfy the flow conservation (incoming
flow is equal to the outgoing flow). The sum of two flows f + g, the scalar µf and the pseudo-flow 0 are
again flows. We denote by the flow value Val(f) of f the sum of the outgoing flow of s, and we call f(e)
the weight of edge e. We call the pair (G, f) of an s-t DAG G and a flow f a flow network. Given an s-t
path P , we also denote by P the indicator flow of the path, that is, P (e) = 1 for all e ∈ P and P (e) = 0
otherwise. We say that a path P in (G, f) carries weight µ if f(e) ≥ µ for all e ∈ P , and we define that
any v − v path carries ∞ weight.

Definition 9. Given a flow f : E(G)→ Y on G, a flow decomposition of size k of (G, f) is a family of
s-t paths P = (P1, . . . , Pk) and weights (w1, . . . , wk) ∈ Yk such that f = w1P1 + · · ·+ wkPk.

Definition 10. For a flow f on G, let mfdY(G, f) be the smallest size of a flow decomposition of (G, f)
using weights in Y. We denote by MFDN and MFDZ the problems of finding a flow decomposition of
smallest size for Y = N and Y = Z, respectively.

We let ∥f∥ denote the maximum norm on flows, and write f ≡2 g if and only if the flows f and g
have the same parity on all edges, that is, for all edges e ∈ E(G), f(e) is odd if and only if g(e) is odd.
An important tool we use to analyse graph structure is the width:

Definition 11. We define width(G) as the minimum number of s-t paths in a DAG G needed to cover
all edges in E(G).

Sets of paths and non-negative flows are equivalent, in the sense that you can transform one to the
other. Given a set of s-t paths P on G, we can define a unique flow fP =

∑
p∈P p that counts the number

of paths on every edge. Conversely, given a non-negative flow f : E(G)→ N, we can define a path cover
Pf by the Flow Decomposition Theorem, simply by decomposing the flow into weight 1 paths. It holds
that width(G) = min{Val(f) | f(e) > 0∀e ∈ E(G)} is equal to the value of a minimum covering flow.
We say that a path cover induces a flow and vice versa.

Definition 11 is a variant of the more common problem of finding a minimum number of paths to
cover all vertices, and both variants can be computed in O(nm) time. This can be done by finding a
covering flow that is larger than a minimum covering flow on all edges, and then finding decrementing
paths, until there is no s-t path of weight > 1 anymore. This can be formulated as a reduction from
minimum flow to a maximum flow instance [1, 18].

3 Parity fixing algorithm

During the decomposition of a flow, flow is subtracted from edges until they are saturated and can not
be used anymore. We mitigate the resulting issues that we have mentioned in Section 1.2 by introducing
the flow-width of a flow network. We then reformulate the parity fixing approximation algorithm given
by Mumey et al. [16] using the flow-width.

2Commonly in the literature, (pseudo-)flows are also required to be skew-symmetric and to be upper-bounded by some
capacity function on the edges. These properties play no role in this article.

5



s t

3  3

1  1

1  1

1  1

1  1

1  1

1  1

3  3

2  1

2  1

1  2

Figure 1: An example of minimal flow (black) and minimum flow (red). Note that the value of the black
flow is larger than the value of the red flow, despite being smaller in the central edge.

3.1 Flow-width

While width(G) is always a lower bound to mfdN(G, f) for flows f > 0, we have the problem that
minimum path covers might have to cover an edge e at least µ times, while it is possible to define flows
with f(e) < µ (see Figure 1 for an example). A more accurate lower bound to MFDN is thus a minimum
path cover that respects upper-bounds defined by flows.

Definition 1 (Flow-width). Let G be a DAG and f be an integral non-negative flow on G. We define
the flow-width of G and f , fw(G, f), as the smallest number of paths satisfying the following properties:

1. Covering Every edge e ∈ E(G) with f(e) > 0 appears in at least one path, and

2. Upper-bounds Every edge e ∈ E(G) appears in at most f(e) paths.

With the same argument as for the width, fw(G, f) can be computed by finding decrementing paths
from f . The value fw(G, f) arises from flows that are minimum flows with respect to the given lower-
and upper-bound constraints, but are not necessarily minimum flows that cover the graph with respect
to all feasible flows. Rather, we differentiate between them by considering minimal flows: A flow f is
minimal if there is no flow g with g ≤ f that covers the same set of edges. In other words, fw(G, f) is
the value of a minimal flow, and a flow is minimal if and only if all s-t paths carry weight at most 1.

The flow-width can be applied to flow networks, whose flow has weight 0 on some edges. These edges
are excluded from the covering, and we only work with the edges that have positive flow. For the analysis
of relevant graph structure, we consider the following class of subgraphs.

Definition 12 ([4]). Let G be an s-t DAG and f : E → N a flow. The flow-subgraph G|f = (V |f , E|f )
of G is defined by E|f = {e ∈ E | f(e) > 0} and V |f = V \ {v ∈ V | ∑u:(u,v)∈E(G) f(u, v) =∑

u:(v,u)∈E(G) f(v, u) = 0}.

Lemma 13 (Properties of flow-widths). Let G be an s-t DAG.

1. For all flows f ≥ 0, width(G|f ) ≤ fw(G, f) ≤ mfdN(G, f),

2. For all flows g ≥ f ≥ 0 with G|g = G|f , fw(G, f) ≥ fw(G, g).

Proof. The first inequality of Property 1 holds, since any minimum flow is also minimal. The second
inequality holds, because every positive flow decomposition is a path cover whose number of paths on
every edge is upper-bounded by the flow on that edge. To show property 2 holds, note that because
G|g = G|f , the same set of edges have to be covered for both flows, but the upper-bounds defined by f are
stricter. This means that the set of path covers that satisfy the Covering and Upper-bounds properties
in Definition 1 for f also satisfy them for g.

In general, it can happen that width(G|f ) > width(G|g) for flows f < g. We thus consider the class
of width-stable DAGs, whose width does not grow when removing weighted paths from the flow:
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Definition 14 ([4]). The class of width-stable DAGs is defined as all G that satisfy width(G|f ) ≤
width(G|g) for all flows 0 ≤ f ≤ g.

Width-stable DAGs have been characterised using funnels [10], which are DAGs that generalise
in/out-forests: along any s-t path vertices v first satisfy deg−(v) ≤ 1 ≤ deg+(v) and then deg−(v) ≥
1 ≥ deg+(v). We also call a u-v path in G a central path, if there is a funnel subgraph F with u, v ∈ F ,
deg−(u) > 1 and deg+(v) > 1 in F .

Lemma 15 ([4], Lemma 13). Let G be an s-t DAG. The following are equivalent.

1. G is width-stable,

2. For any flow f ≥ 0 on G, there exists an s-t path in Gf carrying weight Val(f)/width(Gf ),

3. G has no funnel subgraph with central path.

Conveniently, the width-stable property seamlessly extends to flow-widths. Indeed, the following
property shows the impact that the graph structure has on the possible minimal flows that can be
defined.

Lemma 16. Let G be an s-t DAG.

1. If G is width-stable, then fw(G, f) = width(G|f ) for all flows f ≥ 0 on G.

2. G is width-stable if and only if fw(G, f) ≤ fw(G, h) for all flows 0 ≤ f ≤ h.

Proof. 1. Let G be width-stable. We can show the statement w.l.o.g. for flows f > 0 (i.e. G|f = G).
Let f be a positive minimal flow on G, that is, Val(f) = fw(G, f). By Lemma 15 there exists an
s-t path in G carrying Val(f)/width(G). Because f is minimal, the largest weight any s-t path
can carry is 1. And thus, Val(f)/width(G) ≤ 1 and Val(f) ≤ width(G). Since f is positive and
thus covers the graph, we also have Val(f) ≥ width(G). It follows that fw(G, f) = width(G). Let
f now be a positive, not necessarily minimal covering flow on G. Let h be a minimal flow on
G with h ≤ f . Then fw(G, f) ≤ fw(G, h) = width(G). Since also fw(G, f) ≥ width(G), we have
fw(G, f) = width(G).

2. If G is width-stable, then the statement follows from Statement 1. Assume G is not width-stable,
and let F be a funnel with central path P . We define h and f in the following way: both flows
are minimal, with flow 1 on each of the minimal cut-set edges of the funnel. The flow h routes
one unit of flow along the central path, while f does not, i.e., fw(G, h) = Val(h) = width(F ) − 1
and fw(G, f) = Val(f) = width(F ). Moreover, we multiply h by width(F ), which does not change
fw(G, h). Since G|f ⊆ G|h and ∥f∥ ≤ width(F ), we have f ≤ h and fw(G, f) > fw(G, h).

3.2 Parity fixing with minimal flows

We now present the heuristic by Mumey et al. [16] in order to theoretically analyse its performance.
The algorithm follows a parity fixing approach, by decomposing the flow f into log ∥f∥ flows fi, so that

f −∑i−1
j=0 fj is divisible by 2i.

The precise description is as follows. Given a flow f ≥ 0, we want to find a flow g such that f−g ≡2 0.
Mumey et al. [16] have shown that this can be done by finding a min flow, using the following constraints:
as lower-bounds 0 on edges where f is even and 1 where f is odd, and as upper-bounds we use f . In
other words, they have shown that the following program solves the problem for a given flow network
(G, f):

minVal(g), subject to

g is a flow on G,

0 ≤ g ≤ f,

g(e) > 0 for all e ∈ E(G) where f(e) is odd.

(3)
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In the i-th iteration, starting with i = 0, we solve Problem 3 on (G, f) with solution fi, subtract fi from
f and decompose fi using weight 1 paths, that act as 2i weighted paths in the decomposition. As a
result, f becomes even and we divide it by 2. We then follow up with iteration i + 1 and repeat this
procedure until Val(f) = 0.

Lemma 17. Let g be the solution to Problem 3 for a given flow network (G, f). We have Val(g) ≤
fw(G, f).

Proof. Clearly, any flow satisfying the Covering and Upper-bounds constraints from Definition 1 is a
feasible solution to Problem 3.

Theorem 2. Given an MFDN input (G, f), we can decompose the flow into ⌊log ∥f∥⌋+1 flows fi, such
that

f =

⌊log ∥f∥⌋∑

i=0

2ifi and mfd{1}(G, fi) = Val(fi) ≤ fw(G, f (i)), (2)

where f (0) = f and f (i) = f −∑i−1
j=0 2

jfj. This can be done in time O(nm log ∥f∥).
Proof. The algorithm above takes at most ⌊log ∥f∥⌋ + 1 iterations until the flow is decomposed. By
Lemma 17 we have that Val(fi) ≤ fw(G, f (i)), since f (i) is the flow obtained by the algorithm after i
iterations, and the fi are minimal flows (i.e., flows whose s-t paths all carry at most weight 1) as solutions
of Problem 3.

The decomposition into minimal flows can be found in O(nm log ∥f∥) time: Problem 3 can be solved
in time O(nm), by reducing the min flow instance to a max flow instance [18]. We solve Problem 3 at
most ⌊log ∥f∥⌋+ 1 times.

Using this approach, we can decompose f by decomposing each fi using weight 1 paths. See Algo-
rithm 1 for a pseudo-code description.

Algorithm 1 Approximating MFDN [16]

Require: MFD instance (G, f)
Ensure: MFD solution P
1: i← 0
2: P ← {}
3: while f > 0 do
4: h← Optimal solution of Problem 3
5: {Pi,1, . . . , Pi,Val(h)} ← FD(G, h) Flow decomposition to weight 1 paths
6: {wi,1, . . . , wi,Val(h)} ← {2i, . . . , 2i}
7: P ← P ∪ {(Pi,j , wi,j)} for j = 1, . . . ,Val(h)
8: f ← (f − h)/2
9: i← i+ 1

10: end while

We now show our first algorithmic result, which improves a previous approximation ratio for MFDN
of O(logVal(f)) by Cáceres et al. [4] on width-stable graphs to O(log ∥f∥). This improves the ratio
upper-bound in graphs of large minimum sized cut-sets, as we can have f(e) = ∥f∥ for all edges e ∈ C
of a minimum cut-set C, which means that Val(f) = |C| · ∥f∥.
Theorem 3. On width-stable DAGs we can approximate MFDN given the input (G, f) with ratio
⌊log ∥f∥⌋+ 1 in runtime O(n log ∥f∥ · (width(G) +m)).

Proof. By Theorem 2 we can express a flow f as the sum of ⌊log ∥f∥⌋+1 flows fi with Val(fi) ≤ fw(G, f).
Since G is width-stable, and any flow decomposition is a path cover, we have fw(G, f (i)) ≤ width(G|f(i)) ≤
width(G|f ) ≤ mfdN(G, f). We can thus decompose all ⌊log ∥f∥⌋ + 1 flows fi with at most mfdN(G, f)
paths, which gives the approximation ratio.

After expressing the sum in runtime O(nm log ∥f∥) by Theorem 2, we decompose each flow fi with
weight 1 paths, which takes time O(Val(fi) · n) ≤ O(width(G) · n), since in DAGs every path is at most
of length n − 1. We must decompose log ∥f∥ flows fi and obtain the time complexity O(n log ∥f∥ ·
(width(G) +m)).
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4 Parameterised approximation algorithm for MFDN

We now present a generalisation of Theorem 3 to all DAGs using the parallel-width of an s-t DAG
par-width(G) as graph parameter. It was recently introduced in the work by Deligkas and Meir [6] as
the largest minimal cut-set of G, where it was used as a parameter in a new notion of directed graph
minors. We show that, despite being used in a different context, there exists a close connection of this
definition of directed graph minors to the decomposition of flows, in the sense that contractions of flow-
subgraphs are an equivalent definition. We then show that the flow-width generalises the width(G) and
the par-width(G), which gives us an approximation algorithm based on the two parameters.

4.1 Flows and directed graph minors

Flow decompositions (P, w) of (G, f) of size k naturally construct a sequence of subgraphs

G|f ⊇ G|f−w1P1
⊇ · · · ⊇ G|f−w1P1−···−wk−1Pk−1

⊇ G|0 = ∅,

for Pi ∈ P and w = (w1, . . . , wk) ∈ Nk.
Moreover, flow networks admit natural edge contractions. As Kloster et al. [15] have observed, due

to the flow conservation, contracting an edge (u, v) with deg−(v) = 1 or deg+(u) = 1 yields a new
flow network whose flow decomposition uniquely recovers the corresponding flow decomposition of the
original graph. These contractions are sometimes called “Y-to-V”3 and are commonly used to simplify
inputs [15, 12].

Definition 18 ([6], Definition 3). A digraph G′ is a directed minor (or d-minor) of a digraph G if G′

can be obtained from G by a sequence of the following operations:

1. Deletion. Deleting an edge (a, b) where deg+(a) > 1 and deg−(b) > 1.

2. Backward contraction. Contracting an edge (a, b) where deg−(b) = 1.

3. Forward contraction. Contracting an edge (a, b) where deg+(a) = 1.

Note that Backward and Forward contractions are Y-to-V contractions.

Lemma 19. A DAG G′ is a d-minor of a DAG G if and only if G′ is a Y-to-V contracted graph of a
flow-subgraph of G.

Proof. First assume that G′ is a Y-to-V contracted DAG of a flow-subgraph of G. Let H be the DAG
with H = G|f for some flow f ≥ 0 on G, such that G′ is a Y-to-V contracted graph of H. To construct H
from G using d-minor operations, we can alternate between the deletion operation and the contraction
operations to delete/contract all edges with f(e) = 0, as we can always use at least one operation. To
construct G′ from H, it is left to do contraction operations, which can be done since G′ can be obtained
from H with Y-to-V contractions.

Next, assume that G′ is a d-minor of G. The edges in G′ are contractions of edges in G. Undoing
these contractions, we obtain a graph H ⊆ G, which we can cover using s-t paths, since the deletion
operation enforces the vertices to remain connected to s and t. The paths induce a flow which is positive
on E(H) and zero on E(G−H). In addition, G′ is a Y-to-V contraction of H.

Thus, d-minors are compact representations of the flow networks on the subgraphs that can appear
during the process of a flow decomposition. This motivates the analysis of hereditary DAG structure.

As a first implication, we show that the class of width-stable DAGs can be described using a forbidden
minor.

Definition 20. We define the graph Chk to consist of 4 vertices s, u, v, t and of the following edges: k
parallel edges (s, u), k parallel edges (v, t), and the three edges (s, v), (u, v), (u, t).

Lemma 21. Let G be an s-t DAG. G is width-stable if and only if G is Ch2-d-minor free.

3The name Y-to-V contraction originates from the drawing of the corresponding digraphs. The descender of the letter
Y corresponds to the contracted edge.
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s t

(a) Non-width-stable DAG

s t

(b) Red edges contracted to Ch2, with the trans-
parent vertices removed.

Figure 2: An s-t DAG that is not width-stable. The flow-subgraph in red can be Y-to-V contracted to
Ch2.

Proof. If G contains Ch2 as d-minor, then it contains a flow-subgraph H such that Ch2 is a Y-to-V
contracted graph of H. H is then exactly a funnel (of maximum minimal cut-set size 4) with a central
path.

If G is not width-stable, it contains a funnel F with central path P from u to v, where deg−(u) ≥ 2
and deg+(v) ≥ 2 with respect to F . This means that there are at least two distinct paths from s to u
and two distinct paths from v to t. Since F is a funnel, there also exists a path from u to t avoiding v,
and a path from s to v avoiding u. This subgraph of paths has a minimum path cover of size 3, and it
induces a flow f on G, such that Ch2 is a Y-to-V contracted graph of G|f .

An example of Lemma 21 is illustrated in Figure 2. The lemma gives a natural proof showing
that width-stable DAGs generalise series-parallel DAGs, as series-parallel are precisely Ch1-d-minor free
DAGs [14].

Detecting minors of constant size can be done in polynomial time, which has been shown using several
previous results in graph minor theory [6]. However, there is a simple polynomial algorithm that detects
if Ch2 is present in a DAG G as d-minor, which works by computing reachability questions on G.

Corollary 22. There exists a polynomial time algorithm that detects whether an s-t DAG G is width-
stable.

Proof. First, we compute the number of s-v paths ds(v) and the number of v-t paths dt(v) for every
v ∈ V (G). Next, we iterate over all pairs of two internal vertices u < v for a topological order < of G,
for which ds(u) ≥ 2 and dt(v) ≥ 2. This ensures that there is a minor with two parallel edges from s to
u and two parallel edges from v to t. With a graph search from u, we can check whether there exists
a path to v. Finally, we must check if there exists a path from s to v that avoids u. We can do so by
removing u and all its edges from G and by doing a graph search from s in that subgraph. Similarly, we
can check if there exists a path from u to t that avoids v. If all these paths exist, we have shown that
there is a Ch2 f-minor with internal vertices u and v.

4.2 MFDN Approximation parameterised by parallel-width

Since the width of a flow-subgraph of G can be larger than the width of G, we use structural parameters
to describe the class of DAGs whose flow-subgraphs’ widths stay below a given threshold. The work [6]
has introduced the parallel-width of a DAG G in the context of d-minors as the largest minimal cut-set
of G. Let GP (c) be the DAG consisting of two nodes s and t and c parallel edges (s, t). They have shown
that DAGs G with par-width(G) < c for a constant c ∈ N are the class of DAGs with forbidden d-minor
GP (c). The following lemma shows why it is relevant for the parity fixing algorithm.

Lemma 4. For all s-t DAGs G, we have

width(G) = min{fw(G, f) | f > 0}

and
par-width(G) = max{fw(G, f) | f ≥ 0}.

Proof.

10



1. width(G) ≤ min{fw(G, f) | f > 0}: fw(G, f) is the value of a positive flow, whereas the width(G)
is the minimum value of a positive flow.

2. width(G) ≥ min{fw(G, f) | f > 0}: Consider f to be the induced flow of a minimum path edge
cover of G. Then fw(G, f) = Val(f) = width(G).

3. par-width(G) ≤ max{fw(G, f) | f ≥ 0}: Let C = {(u1, v1), . . . , (uℓ, vℓ)} be the largest minimal
cut-set. It was shown in [6] that there exists an out-tree from s, with leaves ui for i ∈ [ℓ] and an
in-tree from the leaves vi for i ∈ [ℓ] to the root t. The width of this subgraph is par-width(G), and
we can choose for f the induced flow of the minimum path cover of this funnel.

4. par-width(G) ≥ max{fw(G, f) | f ≥ 0}: The right hand side is the maximum value of all non-
negative minimal flows f . When expressing such a minimal flow as its induced path cover, by
definition of minimal flows, there exists a minimal cut-set C in G|f such that every edge in C is
covered at most once. Every such cut-set size |C| is upper-bounded by the par-width(G). Moreover,
|C| ≥ Val(f).

Theorem 5. Given a flow network (G, f) with f > 0, we can approximate MFDN with a ratio of(
par-width(G)
width(G) · (⌊log ∥f∥⌋+ 1)

)
in runtime O(n log ∥f∥ · (par-width(G)+m)). Moreover, for flow networks

with mfdN(G, f) ≥ par-width(G), the ratio is ⌊log ∥f∥⌋+ 1.

Proof. By Lemma 4, we have fw(G, f) ≤ par-width(G) for any flow f ≥ 0. Hence, Algorithm 1 returns at
most par-width(G) · (⌊log ∥f∥⌋+1) many paths. Since width(G) = width(G|f ) ≤ mfdN(G, f), the approx-

imation ratio is par-width(G)
mfdN(G,f) · (⌊log ∥f∥⌋+ 1) ≤ par-width(G)

width(G) · (⌊log ∥f∥⌋+ 1). If mfdN(G, f) ≥ par-width(G),

we moreover obtain a ratio of ⌊log ∥f∥⌋+ 1.
For the runtime, as before, we express f in time O(nm log ∥f∥) as the sum of ⌊log ∥f∥⌋ + 1 flows

fi. We have Val(fi) ≤ par-width(G) for all fi, and thus take O(n · par-width(G)) time to decompose one
fi.

In practical applications of MFD, it makes sense to consider unary coded flow values, that is, flow
networks with input size O(m ·∥f∥) (rather than binary coded values with input size O(m log ∥f∥)), since
the flow captures objects such as information being routed through a network or biological sequence reads.

Corollary 6. Let c ∈ N be a constant. MFDN on (G, f) can be solved in quasi-polynomial time
∥f∥O(log ∥f∥) · (m+ log ∥f∥) when par-width(G) ≤ c and f is coded in unary.

Proof. Theorem 5 yields an upper-bound for mfdN(G, f) of size par-width(G) · (⌊log ∥f∥⌋ + 1). It has
previously been shown that MFDN is in FPT [15] with parameter k = mfdN(G, f), with an implemented

tool Toboggan that runs in time 4k
2

k1.5kko(k)1.765k ·(n+log ∥f∥) = 2O(k2) ·(n+log ∥f∥) ([15], Theorem
7). Substituting k for the upper-bound, we obtain a runtime dependent on the par-width(G) and the
logarithm of the largest flow weight in the exponent. If we assume that par-width(G) is a constant, this
running time is ∥f∥O(log ∥f∥) · (n+ log ∥f∥) by Lemma 4.

In general, the values fw(G, f (i)) can grow above mfdN(G, f). In the following, we show that the
approximation ratio of Algorithm 1 can be as large as Ω(∥f∥) in some classes of graphs, which increases
the gap between MFDN and MFDZ. Consider the MFD instance (G(k,ℓ), fk) defined in Figure 3. The
following lemma shows the idea of the construction.

Lemma 23. For all c > 1, there exist k, ℓ > 0, such that

par-width(G(k,ℓ))

mfdN(G(k,ℓ), fk)
> c.

Proof. Clearly, par-width(G(k,ℓ)) = 6k + ℓ(k + 2). To decompose the flow in an efficient way, we can
decompose all the maximum cut-set edges of flow 2 with k paths, which also saturates all the connecting
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Figure 3: MFD instance (G(k,ℓ), fk). The yellow highlighted edges are copied k times, and there are

ℓ + 2 total central gadgets (that is, deg+(s) = ℓ + 2). Thus, par-width(G(k,ℓ)) = 6k + ℓ(k + 2), and we
call these edges the maximum cut-set edges. There are two central gadgets consisting of 3k maximum
cut-set edges and ℓ central gadgets each consisting of k + 2 maximum cut-set edges.

central edges between them (in bold). We then use additional 4k + 2ℓ paths to fully decompose the
graph. In total, mfdN(G(k,ℓ), fk) ≤ 5k + 2ℓ, and thus,

par-width(G(k,ℓ))

mfdN(G(k,ℓ), fk)
≥ 6k + ℓ(k + 2)

5k + 2ℓ

k→∞−−−−→ 6 + ℓ

5
.

This shows that for ℓ > 5c− 6, there exists k > 0, such that par-width(G(k,ℓ))/mfdN(G(k,ℓ), fk) > c.

The strategy is now to show that the approximation algorithm uses almost par-width(G(k,ℓ)) many
paths to cover the odd edges in the second iteration. This will imply the approximation factor of Ω(∥f∥).
Let Pi be the set of paths that the approximation algorithm uses to cover the odd edges in iteration i.
That is, |Pi| is the optimal solution of Problem 3 in iteration i of the algorithm.

Lemma 24. In the worst case, Algorithm 1 is a factor Ω(||f ||) approximation algorithm.

Proof. Let k be odd. In the first iteration the approximation algorithm fixes the parity of the 4k edges
whose flow weight is each 3, traversing the 2ℓ edges whose flow weight is each 3k (because k is odd),
using 2k many paths. This causes the paths to decompose the central connecting edges in bold of flow
2k. In the second iteration (i = 1), after dividing the flow by 2, there are |P1| = 6k+kℓ many odd edges
that are pairwise unreachable. Thus, if we have k = ℓ,

|P1|
mfdN(G(k,k), fk)

≥ 6k + k2

6k
= Θ(k).

The approximation factor follows, because k = 1
8∥f∥ = Θ(∥f∥), and the number of paths returned by

the approximation algorithm is at least |P1|.
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5 MFD hardness results

A previous reduction [24] has shown that width-stable MFDN instances of arbitrary width are strongly
NP-hard. Here we show that MFDN remains NP-hard even when G has a small width by showing that:

1. MFDN is strongly NP-hard on DAGs G of width 3.

2. MFDN is NP-hard on DAGs G of width 2.

Note that width(G) = 2 if and only if par-width(G) = 2, because, since width(Ch2) = 3, every DAG
of width 2 is width-stable. Moreover, DAGs G with width(G) = par-width(G) = 1 are s-t paths, which
obtain a unique flow decomposition. Our results are thus tight with respect to the width.

Theorem 7. MFDN on G is strongly NP-hard even when width(G) = 3.

Proof. We will show a reduction from the 3-partition problem to MFDN on G of width 3. Let
a1, . . . , a3q, B ∈ N such that ai ∈ (B/4, B/2). We want to find a partition of the a1, . . . , a3q to sets
S1, . . . , Sq such that, for all i,

∑
a∈Si

a = B. Note that this restriction implies that ∀i : |Si| = 3.
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Figure 4: An MFDN instance of width 3 for solving 3-partition problem.

Consider the MFDN instance G in Figure 4, which we can divide into the top and the bottom
articulation components. Each vertical edge in the top component represents an ai and each vertical
edge in the bottom component represents B. We claim that there is a solution to the 3-partition
problem if and only if this MFDN instance on G has a solution of size 3q + 1.

First, we show that, if we have a solution to the 3-partition problem, then we can decompose G
into 3q+1 weighted paths. This can be done by routing one path of weight 1 to saturate all the diagonal
edges. Then, for each ai ∈ Sj , we route a path of weight (3q + 2)ai through the ith vertical edge in the
top component and through the jth vertical edge in the bottom component.

Now, we will show that, if we can decompose G into 3q + 1 weighted paths, then we can construct a
solution to the 3-partition. Let F = {(Pi, wi) | i ∈ [3q+1]} be the set of weighted paths in the solution
in a non-decreasing order of wi. Let U ⊆ F be the set of paths with a weight of 1 each. Note that all the
diagonal edges must be saturated by U . Since |U | ≤ 3q+1 and each vertical edge in the top component
has a flow of at least 3q + 2, they are not saturated by U . This means that we need at least 3q paths
to saturate all vertical edges in the top component, or in other words, |F \ U | ≥ 3q. Hence, |U | = 1,
and a path of weight 1 routes through all diagonal edges in both the top and bottom components. For
the remaining 3q paths, since each path can only pass one vertical edge in the top components, it must
saturate one vertical edge in the top component. To construct a solution to the 3-partition problem,
we put ai in a set Sj if the path that saturates the ith vertical edge in the top component uses the jth

vertical edge in the bottom component.
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Note that the instance in Figure 4 is not width-stable because after removing the diagonal edges
using a single path of weight 1, we obtain the MFDN instance of the known reduction of width 3q.

Theorem 8. MFDN on (G, f) is NP-hard when f is coded in binary, even when width(G) = 2.

s t

∑��-��+1
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�� �� �� ��

∑��-��+1 ∑��-��+1 ∑��-��+1

Figure 5: An MFDN instance of width 2 for solving Generating Set problem. Note that this multi-
graph can be turned into a graph by subdividing each edge.

Proof. We will show a reduction from the Generating Set problem to MFDN on G of width 2. In the
Generating Set problem, we are given a set of positive integers A = {a1, ..., an} and a positive integer
k, and we want to decide if there is a set Z = z1, ..., zk such that every element a ∈ A is the sum of some
subset of the elements in Z. The Generating Set problem is known to be NP-hard [5] and the proof
of that uses integers that grow exponentially (thus, not proving strong NP-hardness).

Consider the MFDN instance in Figure 5. Let e
(t)
i and e

(b)
i be the ith top and bottom edge from

the left, respectively. We construct G of width 2 by using ai as a weight of e
(t)
i . We also let the total

(s-t)-flow have a value of
∑n

i=1 ai + 1. We will show that Generating Set problem has a solution of
size k if and only if MFDN on G has a solution of size k + 1.

First, we show that, if we have a solution of Generating Set of size k, we can obtain a solution
of MFDN of size k + 1. Let Z = {z1, ..., zk} be a solution of Generating Set. We have that, for all

i ∈ [n], there is χij ∈ {0, 1}n×k such that ai =
∑k

j=1 χijzj . Let w.l.o.g.
∑n

i=1 χij ≥ 1 for all j ∈ [k]. In

the corresponding MFDN solution, for j ∈ [k], we route a path Pj of weight zj via e
(t)
i when χij = 1, and

route Pj via e
(b)
i when χij = 0. After we route P1, . . . , Pk, all the top edges will be saturated. Finally,

we route Pk+1 of remaining weight via all bottom edges.
Next, we show that, if we have a solution of MFDN of size k + 1, we can obtain a solution of

Generating Set of size k. Let {(P1, w1), ..., (Pk+1, wk+1)} be the MFDN solution. Note that the total
flow in this instance has weight

∑
i∈[n] ai + 1, and the total of the weight of all Pj that use at least one

top edge is at most
∑

i∈[n] ai. Since the total flow is strictly more than the total weight of all Pi that use
at least one top edge, there must be one path in our solution that uses only bottom edges. W.l.o.g, Let
Pk+1 be such a path. Notice that, for the remaining k paths P1, ..., Pk, if all their weights are distinct,
we claim that {w1, ..., wk} is a solution of Generating Set. This can be done by setting χij = 1 when

Pj is routed via e
(t)
i , and χij = 0 when Pj is routed via e

(b)
i . Now, when their weights are not distinct,

we have a multiset that satisfies the Generating Set problem. We can turn this multiset into a set by
the following. Let w be the smallest positive integer in this multiset and d be the number of copies. We
replace these integers with w, 2w, ..., dw and adjust χ accordingly. We can repeat this process until all
integers are distinct. The process is terminated in at most k rounds since we obtain at least one distinct
element w after each round.

6 Conclusions

In this article we examined the performance of an MFDN heuristic. We have introduced the flow-
width of a flow network, which we have used to relate minimal flows to graph structure. We have
shown that expressing the input flow as the sum of minimal flows can lead to efficient approximations
for minimum flow decompositions, when the flow-width grows by only a small factor throughout the
decomposition. In particular, we have shown that we can decompose any flow f > 0 on G in at most

14



par-width(G) · (⌊log ∥f∥⌋+ 1) paths. We obtain an approximation ratio of O(⌊log ∥f∥⌋+ 1) on the class
of inputs with par-width(G)/mfdN(G, f) < c for some constant c.

Moreover, we have answered an open problem regarding the computational complexity parameterised
by the width of MFDN. We have shown that MFDN on graphs G with width(G) = 2 or par-width(G) ≤ c
obtains a quasi-polynomial runtime when the flow is coded in unary and is NP-hard for binary coded
flows. When the width is equal to 3, the problem remains even strongly NP-hard.

We leave open questions on the approximibility of MFDN. Can we efficiently approximate MFDN
on the remaining class of inputs where par-width(G)/mfdN(G, f) > c for any c > 1? Is MFDN in APX,
or can we show that a constant factor approximation algorithm is unlikely to exist? If so, what about
graphs of constant parallel-width?
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14:2 Accelerating ILP Solvers for Minimum Flow Decompositions

1 Introduction

Motivation. Minimum Flow Decomposition (MFD) is the problem of finding a minimum
number of weighted paths to decompose a flow on a directed graph, such that the sum of
weights of the paths crossing an edge is equal to the flow on that edge. We refer to this
number as the size of the MFD. Hartman et al. [9] proved that MFD is NP-hard, even on
directed acyclic graphs (DAGs), and even if the flow values are only in {1, 2, 4}.

MFD is a crucial tool in many applications, for example, in networking, where the paths
represent traffic going through a sequence of routers. Minimizing the number of these paths
reduces the amount of maintenance work, among other additional benefits [9]. In RNA
sequence reconstruction problems, MFD is used by e.g. [16, 22, 6, 2, 21, 25] to decompose
a splice graph, in which every node is a gene exon, and every weighted path is an RNA
sequence that needs to be reconstructed. This splice graph can, for example, be constructed
by aligning RNA-seq reads to a reference genome. MFD can also used to reconstruct viral
quasispecies [1]. The input graphs in these applications are DAGs, and all previous work on
MFD that we cite below is also on DAGs. As such, in this paper, all graphs are DAGs.

Moreover, MFD variants are of practical interest. For example, one practical strategy is to
incorporate longer reads as subpaths potentially spanning more than two nodes [16, 19, 26, 8],
which must appear in some solution path (i.e. reconstructed transcript or viral genome).
Alternatively, the edge weights may not form an exact flow, due to sequencing errors and
read mapping artifacts. An MFD variant adapted to this case is to consider intervals of edge
weights instead, called inexact flows in [18, 25].

Related work. Given the complexity of the problem, it is common to use heuristic meth-
ods [20], for example, by using a greedy approach, iteratively removing the path with the
largest currently available flow until the flow is fully decomposed. Cáceres et al. [17] showed
that for DAGs this approach performs well, with an approximation ratio of O(log val(f))
(where val(f) is the total flow of the graph), only if the width of the graph (the minimum
number of paths to cover all edges) does not increase in the process; otherwise it gives an
exponentially worse result than the optimal with an approximation ratio of Ω(m/ log m).

Mumey et al. [14] gave an approximation algorithm on DAGs with ratio λlog∥f∥ log∥f∥,
where λ is the longest source-to-sink path length and ∥f∥ is the maximum-norm on the flow
f (i.e., the largest flow value of the graph). Polynomial-time approximation algorithms with
sublinear ratio in the size of the graph are not known, neither whether the problem is in
APX, i.e. admits a constant-factor approximation algorithm.

Kloster et al. [11] proposed the first algorithm solving MFD optimally, which is linear-time
fixed-parameter tractable (FPT), parameterized on the MFD size k. While it performs well
for small k values, it quickly becomes unfeasible for larger k values, since the parameterized
runtime grows exponentially on k with a degree 2 polynomial in the exponent. This is a
limiting factor to the usability of such algorithms in practical applications.

In a recent work, Dias et al. [4] formulated an Integer Linear Problem (ILP) model for
MFD on DAGs and showed that it performs faster on graphs with larger solution sizes than
the FPT algorithm of Kloster et al. [11]. Due to this better performance of an ILP, it is
natural to work on further optimizations. An additional strength of ILP formulations is their
extensibility, since ILPs can easily be modified to handle other aspects of the applications,
such as subpath constraints and inexact flows cited above, see [4].
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Contributions. In this paper, we significantly optimize the ILP for MFD using the notion
of safe paths for all flow decompositions in DAGs, first studied by Khan et al. [10]. More
specifically, a path P is said to be safe if all flow decompositions (of any size) have at least
one path containing P as a subpath. Clearly, safe paths must appear in any MFD. We show
how they can be used to reduce the ILP search space by using them to fix many binary
variables of the ILP. At a high level, this approach is along the same lines as for other
NP-hard problems, for example, Bumpus et al. [3] analyzed c-essential vertices, as those
vertices belonging to any c-approximate solution, for some specific graph problems whose
solutions are sets of vertices. Clearly, c-essential vertices also belong to all optimal solutions,
and can be simply removed from the graph when running e.g. an FPT algorithm (see [3]).

In our case, safe solutions are sets of paths (not single vertices), and it is non-trivial how to
use them to simplify the input graph, or how to integrate them into a combinatorial algorithm
(e.g., we cannot simply remove them, they could overlap, etc.). However, incorporating safe
paths into an ILP is easily supported since they can be modelled by additional constraints,
or by fixing some ILP variables. Moreover, in order to use more than one safe path, we
observe that pairwise unreachable paths (they are not subpaths of a superpath) must be
present in different MFD solution paths. As a fast heuristic to select a set of such paths
of large total length, we use a reduction to a maximum weight antichain problem [12]. In
Appendix B we show that a maximum-length set of pairwise unreachable safe paths can also
be found in polynomial time, but this procedure is overall computationally more involved,
and thus may be too expensive as a pre-processing step.

Furthermore, as observed by Cáceres et al. [17], the size of any edge antichain (like ours)
is a lower bound on the MFD size. As such, we can also use this lower bound to check if a
heuristic MFD solution size attains this lower bound, in which case it is optimal. To the best
of our knowledge, this is the first time such a (non-trivial) lower bound is used in an MFD
solver. Lastly, before running the ILP solver, we also simplify the input graph using the
Y-to-V graph compaction, also used in the implementation of the FPT algorithm of Kloster
et al. [11], but not used in the one of the ILP by Dias et al. [4]. Using all these optimizations,
we experimentally show that we obtain significant speedups over the original ILP, of up to
34× on the harder inputs.

In addition, we also adapt these optimizations to the MFD variants considering inexact
flows and subpath constraints, proving that such adaptations can easily be done also for MFD
variants of practical interest. Furthermore, we also show (in Section 4) how the Y-to-V graph
compaction can be modified for these two variants, an issue which has not been considered
before in the literature. With these optimizations, on the hardest graphs among the instances
with inexact flows, we obtain an impressive speedup of 219× compared to the original ILP
for MFD with subpath constraints.

As a last contribution, we tackle an MFD variant where the weights of the solution paths
must belong to a given set, initially defined by Kloster et al. [11]. We show that this problem
on DAGs admits a simpler and thus faster ILP than the one for MFD. When the set of
given weights consists of powers of 2 (up to the maximum flow value of any edge), this ILP
provides a log ||f ||-factor approximation ratio for the original MFD problem. For practical
applications, we show that if we also add the flow values of all edges to the given set of
weights, then this ILP returns an MFD solution with a number of paths that is significantly
closer to the minimum one than the state-of-the-art heuristic MFD solver Catfish [20], on
instances with large MFD size. These are of particular interest, since our optimized solver
runs in under 2 seconds on instances of solution size at most 10. The ILP for this problem
variant is up to a further order of magnitude faster than our optimized ILP, and running in
under 1 second on average.
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14:4 Accelerating ILP Solvers for Minimum Flow Decompositions

2 Preliminaries

Definitions. We let G = (V, E) be a graph and assume throughout the paper that G is
a DAG (i.e. directed and acyclic). For simplicity we also assume that G has no parallel
edges and that it has a single source node s and a single sink node t. We denote by N the
natural numbers including 0 and by Z+ = N \ {0} the positive integers. A u-v path P is a
sequence of edges going from the node u to v and its length |P | is defined as its number
of edges. Additionally, we identify paths P with functions P : E → {0, 1} where P (e) = 1
iff e ∈ P . We call two paths P1, P2 (and resp. edges) independent, if there exists no path
P ∗ such that P1 and P2 are subpaths of P ∗. The motivation for this definition is the fact
that reachability between paths is closed under transitivity. If the DAG is a poset (i.e., E is
closed under transitivity), then two edges (u, v) and (x, y) are independent if and only if the
nodes v and x are independent or u and y are independent. For a path P = (e1, . . . , e|P |)
we denote by P [ℓ..r] := (eℓ, . . . , er) a subpath of length r − ℓ + 1. A flow network is the
tuple G = (V, E, f), where f : E → Z+ is a flow, i.e. a function that preserves the flow
conservation

∑
(u,v)∈E fuv =

∑
(v,w)∈E fvw, ∀v ∈ V \ {s, t}.

By a k-flow decomposition of a flow f (see Figure 1) we denote a family of s-t paths
P = (P1, . . . , Pk) with their associated weights w = (w1, . . . , wk) ∈ (Z+)k, such that:

∑

i∈{1,...,k}
Pi(u, v)wi = fuv, ∀(u, v) ∈ E. (1)

In this paper, we focus on positive integer flow values, which is motivated by its application in
RNA sequence reconstruction. Vatinlen et al. [24] proved that there is always a (|E|−|V |+2)-
flow decomposition. The Minimum Flow Decomposition (MFD) problem asks for a k-flow
decomposition with minimum k.

In case of imperfect data, Williams et al. [25] considered the problem variant Minimum
Inexact Flow Decomposition (MIFD) where for each edge (u, v) we have a lower bound Luv and
an upper bound Ruv, and constraint (1) is changed to require that

∑
i∈{1,...,k} Pi(u, v)wi ∈

[Luv, Ruv], ∀(u, v) ∈ E. Another MFD variant of practical interest is Minimum Flow
Decomposition with Subpath Constraints (MFDSC) [26]. The only difference with respect to
MFD is that in the input we also have a set of paths R, called subpath constraints, and it is
required that every path in R is a subpath of at least one path of the decomposition.

(a) A flow network.

s t

b

a

c

d

e

3

2
1

1

3

(b) A flow decomposition into paths of weights
(1, 1, 2, 3, 3).

Figure 1 Example of a flow network in (1a) and a decomposition of it into five s-t paths in (1b).

ILP formulations. We now review the ILP formulation for MFD given by Dias et al. [4],
which decomposes the flow into k paths. Since the value for k is not known beforehand, one
must iterate and increase this value until the ILP becomes feasible. To model each path Pi,
i ∈ {1, . . . , k}, binary variables xuvi are introduced to represent each edge (u, v) ∈ E. We set
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xuvi = Pi(u, v), i.e. xuvi = 1 if (u, v) ∈ Pi and otherwise xuvi = 0. At the same time, each
path is required to start from the source and end in the sink. For all the intermediary nodes
of a path, a unit in-degree and a unit out-degree is required. Those requirements can be
modeled by the following constraints. For all v ∈ V and for all i ∈ {1, . . . , k}:

∑

(u,v)∈E

xuvi −
∑

(v,u)∈E

xvui =





0, if v ∈ V \ {s, t},

1, if v = t,

−1, if v = s,

(2)

Constraint (1) is then modeled as:

fuv −
∑

i∈{1,...,k}
xuviwi = 0, ∀(u, v) ∈ E. (3)

The above constraint contains the non-linear term xuviwi that standard linear solvers
cannot solve. However, using basic linearization techniques, each such constraint can be
replaced by three linear constraints, see [4] for details. For completeness, we give the full
formulation in Appendix A.1.

Dias et al. [4] used the flexibility of this ILP formulation to easily model also the two
variants MIFD and MFDSC. The former problem can easily be modeled in ILP by changing
the (linearized version of) constraint (3) to state that

∑
i∈{1,...,k}

xuviwi belongs to the interval

[Luv, Ruv]. The latter problem can be modeled by introducing additional indicator variables
rij ∈ {0, 1} for every i ∈ {1, . . . , k}, and every path Rj ∈ R, modeling if the subpath j is
contained in the i-th path of the flow decomposition, via the additional constraints:

∑

(u,v)∈Rj

xuvi ≥ |Rj |rij , ∀i ∈ {1, . . . , k}, ∀Rj ∈ R, (4)

∑

i∈{1,...,k}
rij ≥ 1, ∀Rj ∈ R. (5)

3 Reducing the ILP search space via safe paths

In this section, we optimize the ILP model for MFD presented above based on the notion of
solution safety (see e.g. Tomescu and Medvedev [23]). Then, in Remarks 2 and 3, we discuss
how this method can also be applied to the MIFD and MFDSC problems.

We call a path safe if it is part of every (not necessarily optimal) flow decomposition;
that is, if it is a subpath of some path in every decomposition (not necessarily of minimum
size). Khan et al. [10] characterized all safe paths via the notion of excess flow, which can
be thought of as the flow value of the first edge of the path minus the flow values of the
non-path edges out-going from the internal nodes of the path (i.e., the flow “leaking” from
the path). Formally:

▶ Lemma 1 ([10]). For a path P = (e1, . . . , e|P |) with ei = (ui, ui+1), define its excess flow:

fP := f(e1) −
∑

(ui,v)∈E
i∈{2,...,|P |},v ̸=ui+1

f(ui, v).

A path P is safe if and only if fP > 0.

SEA 2024



14:6 Accelerating ILP Solvers for Minimum Flow Decompositions

Since we assume the flow to be positive, every edge must be decomposed, and is thus (as a
path of length 1) safe. Khan et al. [10] gave a simple algorithm for finding all safe paths,
as follows. We can find all safe subpaths in each s-t path P = (e1, . . . , e|P |) of an arbitrary
flow decomposition, since safe paths are part of all flow decompositions, using a two-pointer
algorithm. Starting with ℓ = 1 and r = 2 as an inclusive interval (i.e., including two edges), we
increase r as long as fP [ℓ..r] > 0, and increase ℓ as long as fP [ℓ..r] ≤ 0. That is, for every index
r = 2, . . . , |P |, we find the minimum ℓ < r such that the subpath P [ℓ..r] is safe. The runtime
of this procedure is O(out-degree(P )), where out-degree(P ) :=

∑
(u,v)∈P out-degree(u), since

flows of edges across P are at most added and subtracted twice throughout the algorithm.
To find the set S of all safe paths of G, we can find any flow decomposition P and run
the two-pointer algorithm on all paths in P. For quickly obtaining a flow decomposition,
one could e.g. use the greedy approach of removing paths of largest currently available
flow in runtime O(|P| · (n + m)) and use it as upper bound to the optimal solution in the
ILP [24]. In our implementations for the three problems MFD, MIFD, MFDSC we use flow
decompositons obtained from the fastest heuristic solvers for these problems.

An (edge) antichain is a subset Q ⊆ E such that every pair of edges e1, e2 ∈ Q is
independent. The size of any edge antichain is also a lower bound on the size of an MFD, as
noted by [17], since each edge in the antichain must be traversed by different paths in any
flow decomposition by the definition of independent edges. The idea is to use such edges
(and extensions of them via safe paths, as we discuss next) to fix some ILP variables.
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(a) A flow network.
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(b) All maximal safe paths with their respective
lengths.
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(c) Maximum Weight Antichain.
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(d) Long collection of independent safe paths.

Figure 2 Application of safe paths in introducing new constraints into previous ILP models. A
flow network is displayed in Figure 2a. From this network, all maximal safe paths (that cannot be
extended left or right) can be calculated (displayed in different colours with their respective lengths
in Figure 2b). We attach to every edge the maximum length of all safe paths crossing that edge
as weight. By calculating the maximum weight antichain (Figure 2c), we obtain a set of pairwise
independent safe paths (Figure 2d). In the ILP formulation, we set to 1 the xuvi variables of each
edge (u, v) in the i-th safe path of the maximum weight antichain.

For every edge e ∈ E, denote by a(e) the length of the longest safe path traversing
e, i.e. a(e) := maxP ∈S,e∈P |P |; this can be obtained from the computation of safe paths
described above. Let P(Q) = {P1, . . . , P|Q|} be the corresponding longest safe paths passing
through the edges in Q; see Figure 2 for an illustration. If Q ⊆ E is an antichain, then also
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the corresponding longest safe paths for the edges of Q must be fully traversed by different
paths in any flow decomposition (otherwise, if some Pi and Pj were traversed by the same s-t
path in some flow decomposition, then also the corresponding edges in Q could be traversed
by the same path, contradicting the fact that Q is an antichain).

As such, without loss of generality, we can fix in the ILP the i-th path of the MFD to
contain the i-th safe path in P(Q):

xuvi = 1, ∀(u, v) ∈ Pi, ∀Pi ∈ P(Q). (6)

Additionally, in order to further optimize the choice of the antichain Q, we consider the
following notion. Given a weight function a : E → N, a maximum weight antichain is an
antichain Q maximizing

∑
e∈Q a(e) [12]. Maximum weight antichains can be found by a

reduction to minimum flows, with demands on the edges given by their weights, in runtime
O(m ·∑e∈E a(e)) ⊆ O(n ·m2), followed by a depth-first search through the graph. Maximum
weight antichains are cut-sets with edges whose minimum flow is equal to their demand [12].
In order to heuristically fix as many xuvi variables as possible, we set the weight a(e) of
each edge e to be the length of the longest safe path traversing e. The overall runtime of
this preprocessing is thus O(m · ∑

e∈E a(e)). Note that this approach does not yield the
maximum total length of independent safe paths, we describe an approach on how to find
them in Appendix B.

As further optimization, note that symmetries are well known to slow down ILP solvers.
In the previous ILP formulations, the paths can be arbitrarily permuted, which we can
mitigate with the following constraints: wi+1 ≤ wi, ∀i ∈ {|Q| + 1, . . . , k − 1}. We show the
complete optimized ILP in Appendix A.2.

Moreover, running the heuristic solvers on the instances beforehand to calculate the safe
paths gives us an upper bound to the optimum solution. In our optimized ILPs we have
an additional check on whether the lower bound |Q| equals this upperbound. If this holds,
then the heuristic flow decomposition is of minimum size, and we directly report it without
running the ILP. Thus, safe paths give us the advantage, that they either yield a good lower
bound, showing that heuristic methods solved the instance optimally, or can be used to
accelerate the ILP when the lower bound is smaller than the solution of the heuristic solution.
▶ Remark 2. Since any flow decomposition satisfying the subpath constraints is (trivially) a
flow decomposition, it follows that safe paths for all flow decompositions are also safe for flow
decompositions with subpath constraints. However, they do not capture all the safe paths
for MFDSC. Nevertheless, we can still use such paths with positive excess flow as described
above to again reduce the search space of the ILP solver for MFDSC.
▶ Remark 3. Since in the MIFD problem we are given intervals, instead of a single value,
for every edge, the excess flow characterization needs to be adapted. In fact, it is an open
problem how to find all the safe paths for all feasible inexact flow decompositions (of any
size). However, in this paper we consider a “conservative” adaptation of the excess flow
notion (inexact excess flow), and prove that paths having positive inexact flow are safe for
all inexact flow decompositions. As such, we can use them in the same manner as described
above to reduce the search space of the ILP solver for MIFD.

▶ Lemma 4 (Inexact excess flow). For a path P = (e1, . . . , e|P |) with ei = (ui, ui+1) define
its inexact excess flow as

fP := Le1 −
∑

(ui,v)∈E
i∈{2,...,|P |},v ̸=ui+1

Ruiv.

A path P is safe if fP > 0.

SEA 2024



14:8 Accelerating ILP Solvers for Minimum Flow Decompositions

Proof. Let fP > 0 and assume that no path of a flow decomposition P of assigned weights
w ∈ Z+|P| routed through edge e1 passes through all of P . This means they all leave
P through edges OUT := {(ui, v) ∈ E | i ∈ {2, . . . , k}, v ̸= ui+1} carrying weight at most∑

e∈OUT Re < Le1 . This contradicts the assumption that
∑

Pj∈P:Pj(e1)=1 wj ∈ [Le1 , Re1 ]. ◀

Note that we lose the if and only if property by assuming the worst case of only sending the
lowest possible amount of flow through the first edge and of removing the largest possible
amount of flow through the outgoing edges of the path. This means that inexact excess flows
will not necessarily find all safe paths.

4 Y-to-V reduction for subpath constraints and inexact flows

Koster et al. [11, Lemma 4.1] used optimization to reduce the graph size in a pre-processing
step by suitably contracting all edges entering nodes with in-degree 1, and respectively,
exiting from nodes with out-degree 1, as we review below. This reduction has sometimes
been used, under the name “Y-to-V”, to simplify the input graphs to other problems, see
e.g. [23]. Note that the ILP solver by Dias et al. [4] did not include pre-processing step. In
this section, we show how to extent this pre-processing step for the two problem variants
MIFD and MFDSC.

The Y-to-V reduction for MFD works the following way. Consider the graph (V, E) and
let v ∈ V be a node of in-degree 1, and let u ∈ V be the unique node with (u, v) ∈ E.
Let v have out-degree ℓ and let wi ∈ V , i = 1, . . . , ℓ be all nodes with (v, wi) ∈ E. The
reduction creates a new graph (V \ {v}, E′) with edges (u, wi) and flow f ′ : E′ → N with
f ′(u, wi) = f(v, wi) for i = 1, . . . , ℓ. This process can be repeated until no nodes of in-degree
1 exist anymore, while all other edges are copied to the new graph. Analogously this can be
done for nodes of out-degree 1.

For the MFDSC problem (with subpath constraints), subpaths are given with respect
to the original graph, and hence we need to modify them for the Y-to-V contracted graph.
The induced subgraphs of nodes of in-degree (resp. out-degree) 1 define a forest of out-trees
(resp. in-trees). Subpaths can potentially pass through, begin in or end in such trees (see
Figure 3 for an example).

If a path completely passes through a tree, we can merely merge the edges of the tree in
the path to the contracted edge. In that case, the subpath which intersects with the tree
gets translated a single new edge. If a path stops inside an out-tree or begins inside an
in-tree, we can not do that because we do not know which leaf the path will cross in the
decomposition. In that case, the subpath which intersects with the tree gets translated to
several new, parallel edges.

We first contract all out-trees and describe how to reduce the path to the contracted
graph. We can follow up by contracting all in-trees analogously. We can partition the graph
uniquely in maximal-size out-trees, such that no adjacent out-trees can be merged to a new
out-tree. An out-tree in this partition consists of a single edge if and only if this edge will
not be contracted in the Y-to-V reduction. Let the subpath Rj ∈ R intersect the out-trees
T1, . . . , Tℓj

, ending at node u ∈ Tℓj
. We can contract the path to obtain R′

j in the following
way. Let the set of leaf nodes of Tℓj

that can be reached from u be denoted by L(Tℓj
, u).

For every tree T1, . . . , Tℓj−1, we add an edge from the root of the tree to the leaf the path is
crossing to R′

j . For Tℓj
we add the parallel edges (root(Tℓj

), v) for all v ∈ L(Tℓj
, u). That

means R′
j is a path of length ℓj − 1 followed by some parallel edges. Let the obtained set of

“subpaths” R′
j be R′. We change the constraints (4) and (5) to:
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(a) Original graph with one subpath constraint
((b, d), (d, f)) in green. Every path passing the sub-
path continues to either node h or node i.

a d

e

h

i

g

(b) Y-to-V contracted graph with subpath con-
straint, which consists of a path of length 1 followed
by two edges in the last out-tree. Constraint (7)
with ℓj = 2 enforces that exactly one of the edges
will be used.

Figure 3 A DAG with subpath constraint in green and three out-trees, which are the induced
subgraphs of {a, b, d}, {a, c, d} and {d, e, f, g, h, i}. The subpath constraint passes two out-trees in
(a), and is extended to start in an out-tree root to two out-tree leaf nodes in (b).

∑

(u,v)∈R′
j

xuvi ≥ |ℓj |rij , ∀i ∈ {1, . . . , k}, ∀R′
j ∈ R′, (7)

∑

i∈{1,...,k}
rij ≥ 1, ∀R′

j ∈ R′. (8)

Note that only the set R and the integers |Rj | change compared to the constraints (4)
and (5).

▶ Lemma 5. The constraints (7) and (8) are true in the original graph if and only if the
constraints (4) and (5) are true in the Y-to-V contracted graph.

Proof. We analyze the possible routes a path Rj can be extended to, such that it begins
and stops at nodes that lie in between different out-trees of the graph partition.

The path Rj begins in the out-tree T1, potentially not at the root. Since T1 is an out-tree,
it can uniquely be extended to the root w.l.o.g., and we can assume that it starts at the root
of T1.

As such, the path passes through the out-trees T1, . . . , Tℓj−1 from the out-tree root to
one of its leaves, which will be the root of the next tree. For these trees, there exists a unqiue
edge in the contracted graph, that connects the root to that leaf.

We now analyze the path reduction for the last out-tree Tℓ. R′
j has been constructed to

contain ℓj − 1 edges that form a path in the Y-to-V contracted graph, followed by parallel
edges adjacent to that path. These parallel edges describe exactly all possibilities for Rj to
be extended to the right, such that it ends outside of the out-tree. Since they are parallel,
and the variables xuvi are constrained to represent paths, exactly one of the parallel edges is
forced to be used by constraint (7). ◀

The flow conservation is a necessary property for the Y-to-V reduction to work, since
because of it, a single out-edge carries no further information. All paths of a flow decom-
position entering a node of out-degree 1 must continue through this edge, and will together
decompose it (and similarly for nodes of in-degree 1). In the case of MIFD, we do not require
the input to have any conservation of flow, and unlike in MFD, valid inputs can also be
infeasible to solve.

For nodes of in-degree 1 (resp. out-degree 1) we generalize flow conservation to the
property of inexact flow conservation, which nodes must have in order for its edges to be
contracted: Lin ≤ ∑

(u,v)∈E Luv ≤ ∑
(u,v)∈E Ruv ≤ Rin, where [Lin, Rin] is the interval
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of the single in-edge of u (respectively for the sum of all outgoing edges and the interval
[Lout, Rout] of the single out-edge of u). Note that the second inequality is always fulfilled
since Luv ≤ Ruv. The Y-to-V reduction for MIFD works the same as the Y-to-V reduction for
MFD, but defines intervals [L′

uwi
, R′

uwi
] (resp. [L′

wiu, R′
wiu]) instead of flow values f ′(u, wi)

(resp. f ′(wi, u)) and is restricted on nodes of in-degree (resp. out-degree) 1 fulfilling the
inexact flow conservation.

▶ Lemma 6. The Y-to-V reduction for MIFD is correct.

Proof. Consider an inexact flow decomposition of the original graph. By uniquely adapting
the paths to the contracted graph, they trivially define a feasible solution, as the same set of
weighted paths contribute to the same intervals as before.

Consider an inexact flow decomposition of the contracted graph. By uniquely adapting the
paths to the original graph, they define a feasible solution, since the inexact flow conservation
enforces the sum of the weights of paths passing through an edge with an interval that has
been removed in the contracted graph to lie inside this interval. ◀

5 MFD with given weights

Figure 4 Another flow decomposition of the flow network displayed in Fig. 1a. In this scenario,
all weights are already known and limited to only power of 2 (1, 2, 4, 8) values.

In this section we consider an MFD variant in which the path weights in the solution
are restricted to belong to a given set W = {w1, . . . , wℓ}, see also Figure 4 for an example
and note that not all weights in W must be used by the solution paths. This problem was
initially defined by Kloster et al. [11, Sec. 6], and in this paper we call it MFD with given
weights (MFDW). More formally, given a flow network G = (V, E, f) and a set of weights
W = {w1, . . . , wℓ} ⊆ Z+, find a minimum-sized set of s-t paths P = (P1, . . . , Pk) with
associated weights (w̃1, . . . , w̃k), with each w̃i ∈ W , such that

∑
i∈{1,...,k} Pi(u, v)w̃i = fuv,

∀(u, v) ∈ E.
This problem has a smaller search space than MFD because the weights are restricted to

W , and thus can potentially admit faster solvers. Moreover, if the weights of an optimal
solution are already known, then an optimal solution to MFDW is also an optimal solution
to MFD, and this problem can be used as potentially faster solver. For instance, Kloster et
al. [11] have observed that path weights can be found in the flow in graphs used for RNA
sequence reconstruction.

In the rest of this section we show that knowing such a set W , we are able to formulate a
model with substantially fewer variables than the ILP model for MFD, potentially decreasing
the runtime of the ILP solver by a substantial amount. This formulation also has the potential
to be an alternative efficient heuristic algorithm for MFD, if W is well chosen.
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Given the set of possible weights, our ILP model will be able to answer the following
question: In an optimal solution (that minimizes the number of used paths), how many
paths of weight wi pass through an edge e? In other words, to decompose a flow f using the
weights in W , we aim to find flows Xi such that f =

∑|W |
i=1 wiXi, where each Xi(e) answers

that question. The ILP model for MFDW is the following:

Minimize k :=
∑

(s,u)∈E

|W |∑

i=1
xsui

Subject to:

fuv =
|W |∑

i=1
wixuvi, ∀(u, v) ∈ E, (9a)

∑

(u,v)∈E

xuvi −
∑

(v,u)∈E

xvui = 0, ∀v ∈ V \ {s, t}, ∀i ∈ {1, . . . , |W |}, (9b)

xuvi ∈ N, ∀(u, v) ∈ E, ∀i ∈ {1, . . . , |W |}. (9c)

Note that the flow Xi(u, v) = xuvi can be decomposed trivially into weight 1 paths. In
addition, the product xuviwi does not require linearization, due to wi being an input in this
problem.

▶ Lemma 7. The ILP model described by constraints (9a) to (9c) solves MFDW optimally.

Proof. Let P = {P1, . . . , Pk} with weights in W = {w1, . . . , wℓ} be a flow decomposition.
Let P(wi) ⊆ P denote the multiset of paths of weight wi ∈ W and let xuvi = |P(wi) ∩
{s-t paths crossing (u, v)}|. The variables xuvi define a feasible solution to the ILP model
and we have

∑
(s,u)∈E

∑|W |
i=1 xsui = k for the objective function.

Given a feasible solution of the ILP model consisting of variables xuvi, construct s-t paths
P of weight wi ∈ W in the following way. Start at node s, choose an arbitrary neighbour u

of s with xsui > 0 and append the edge (s, u) to P . Reduce xsui by one, and continue this
step with u instead of s until the current node is t, which finishes the path P . Repeating
this process until all the xuvi are zero yields a flow decomposition using

∑
(s,u)∈E

∑|W |
i=1 xsui

many paths. ◀

We now further argue that MFDW is strongly NP-hard and that solving MFDW of
G with weights {2i | i = 0, . . . , ⌈log ||f ||⌉} optimally is a ⌈log ||f ||⌉ + 1-approximation of
MFD. This is in particular useful when no small set W of optimal solution path weights
is known. Depending on the application, weight sets other than powers-of-two can give a
better approximation or faster runtime. We can for example use powers of 2i for any i ∈ Z+,
which yields an approximation scheme with approximation factor (2i − 1)⌈(log ||f || + 1)/i⌉.
Increasing i, we expect a decreased runtime due to the reduced dimension of the ILP model,
but the size of the decomposition increases.

▶ Lemma 8. Let W = {w1, . . . , wℓ} be a set of weights, and P with associated weights
W ′ = {w′

1, . . . , w′
k} be an optimal solution of an MFD instance G = (V, E, f). If W ′ ⊆ W ,

then solving MFDW with weight set W optimally solves MFD optimally.

Proof. This follows from the fact that an optimal solution of MFDW always contains at
least as many paths as an optimal solution of MFD. ◀

▶ Corollary 9. MFDW is strongly NP-hard.
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Proof. Hartman et al. have shown that MFD is NP-hard on graphs using flow values only
from {1, 2, 4} [9]. MFDW with W = {1, . . . , c} solves MFD on instances where the flows are
upper bounded by a constant c by Lemma 8. ◀

▶ Lemma 10. For an MFD instance G = (V, E, f), solving MFDW of G with weights
{2j | j = 0, . . . , ⌈log ||f ||⌉} optimally is a ⌈log ||f ||⌉ + 1-approximation of MFD.

More generally, solving MFDW of G with weights {(2i)j | j = 0, . . . , ⌈log ||f ||/i⌉ for some
i ∈ Z+ is a (2i − 1)⌈(log ||f || + 1)/i⌉-approximation of MFD.

Proof. Let P = {P1, . . . , Pk} with associated weights {w1, . . . , wk} be an optimal solution
to G for MFD and let Pw be an optimal solution for MFDW. We can construct a feasible
solution for MFDW using P by copying every Pi ∈ P for every positive j-th bit in the power
of two decomposition of wi and assigning weight 2j to that copy. Since wi ≤ ||f ||, this yields
at most ⌈log ||f ||⌉ + 1 paths for every Pi ∈ P. Thus, |Pw| ≤ k⌈log ||f || + 1⌉.

If we only use every i-th bit, the bits on positions divisible by i need to cover the next
i − 1 bits. Let the path P have weight w =

∑
j=0,...,⌈log ||f ||⌉ bj2j for bj ∈ {0, 1}, then

wi =
∑

j=0,...,⌈log ||f ||/i⌉ 2ij(bij + 2bij+1 + · · · + 2i−1bij+i−1) = 20(b0 + 2b1 + · · · + 2i−1bi−1) +
2i(bi + 2bi+1 + · · · + 2i−1b2i−1) + . . . . The sums (bij + 2bij+1 + · · · + 2i−1bij+i−1) ≤ 2i − 1
denote how often we need to copy P using weight 2ij . ◀

6 Experimental results

Solvers and datasets. Our implementation of the ILPs uses the GUROBI Python API
under default settings and is available at https://github.com/algbio/optimized-fd. We
compare the ILPs for MFD, MFDSC and MIFD also to the heuristic algorithms for them
by [20] (Catfish), by [26] (CoasterHeuristic) and by [25] (IFDSolver), respectively. For MFDW
we used the weight set W = {2i | i ≤ log ||f ||} ∪ {f(e) | e ∈ E}.

We also experimented with the implementation from the Catfish solver of the standard
greedy algorithm for MFD [24], but since we observed that it performs worse than the Catfish
heuristic algorithm, we did not include it in the results. We also did not include in the results
the Toboggan implementation by Kloster et al. [11] of the FPT algorithm for MFD, nor the
Coaster implementation by Williams et al. [26] of the FPT algorithm for MFDSC since it
was already observed in [4] that they do not scale for minimum flow decomposition sizes
larger than 6 (which we also confirmed experimentally).

The runtimes of all ILPs (except MFDW) include a linear scan in increasing order to find
the smallest k for which there is a flow decomposition in k paths. As discussed in Section 3,
the size of the maximum weight antichain Q is a lower bound on k, thus the linear scans for
MFD-optimized, MFDSC-optimized and MIFD-optimized start at |Q|. We set up a time limit
of up to 30 minutes for each input and each method. Our experiments were performed in a
server running Linux with one AMD Ryzen Threadripper PRO 3975WX 32-core CPU with
512 GB RAM.

For the MFD problem, we experimented with the datasets created by Shao
and Kingsford [20]. These contain graphs created from human transcriptome us-
ing the quantification tool Salmon [15], and also datasets created from human and
mouse transcriptomes using Flux-Simulator [7]. First, we took a single sample file
from their dataset, referred to as SRR020730 Salmon (corresponding to the file
rnaseq/salmon/sparse_quant_SRR020730.graph), followed by the entire archive present
in the directories rnaseq/human/ and rnaseq/mouse/, referred to as Catfish Human and
Catfish Mouse, respectively. From those two directories, only the graphs that had 50 nodes
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or more (prior to Y-to-V) were considered. For MFDSC, two datasets were used: an ad-
aptation of the SRR020730 Salmon, where subpaths were generated and another dataset
SRR30790 StringTie, which was created by Khan et al. [10] from human RNA-seq reads
SRR307903 assembled using the StringTie tool [16]). In both datasets, instances are limited
to four subpaths (due to performance limitations regarding previous tools used as bench-
marks). Finally, for MIFD, we simulate interval flows similar to what was done in [25]: since
infeasible instances are generated in the process, we repeat the process until only feasible
instances are generated.

Experimental setup. To show the behaviour of the solvers for graphs of increasingly large
MFD, we group the input graphs in ranges based on their MFD size, computed with MFD-
optimized. If MFD-optimized does not finish within the time limit on an instance, we exclude it
also from all other solvers – note that only the heuristic solvers are faster than MFD-optimized,
which are not optimal in general. For each solver, we report the average runtime per range
of graphs (column Avg.), and the total runtime in that range on the graphs (column Total),
both in seconds, and only for the graphs on which that solver finished within the time limit.
Thus, these numbers are an underestimation of the time one would need to run the solver
in practice, since it would run for at least 30 minutes on unsolved instances. In column
#Solved we list the number of instances on which the solver finished. We captured the
runtime with the GNU time tool by separating the graphs into individual files and running
the tools separately on each instance.

Column ∆(|P|) shows the approximation accuracy of the heuristic methods as follows:
for each instance, we compute the difference between the number of paths reported by each
formulation and the minimum number of paths in an MFD (computed with MFD-optimized).
In each table cell, corresponding to a specific range of inputs, we list the sum of these
differences, and in parentheses their averages.

Discussion. Table 1 illustrates the performance of the MFD solvers. MFD-optimized improves
over MFD-original in all ranges of MFD size. Generally, the larger the MFD size, the more
significant the runtime improvement. For example, for Catfish Human (min k ≥ 16), MFD-
optimized is 27-31× faster than MFD-original on average and for Catfish Mouse (min k ≥ 21),
MFD-optimized is 23× faster than MFD-original on average.

As mentioned above, in the reported runtimes of the solvers we are not including instances
which did not finish within the time limit. Thus, in practice MFD-optimized has even larger
speedups compared to MFD-original, since MFD-optimized solves more instances within the
time limit than MFD-original, for Catfish Human and Mouse this happened for min k ≥ 6. In
SRR020730 Salmon and Catfish Mouse MFD-optimized solves all instances, and on Catfish
Human MFD-optimized solves 23 more instances.

Among the two heuristic solvers, Catfish finishes on all instances in a few seconds in total,
whereas MFDW is slower than Catfish, but still running in under one second on average per
graph and faster than MFD-optimized in almost all cases. When comparing the approximation
accuracy, note that the instances of practical interest are those for which the MFD size is
more than 10, since for smaller sizes MFD-optimized already returns an optimal solution in
under 2 seconds on average. On these, MFDW is more accurate than Catfish, and interestingly,
the larger the MFD size, the more accurate MFD-optimized becomes (for min k ≥ 21 being
fully accurate on all datasets). One reason might be that in more complex graphs, the
optimal MFD weights appear among the flow values of the edges (which are added to W ).
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Table 1 Results for Problem MFD. MFD-original denotes the original ILP for MFD from Dias et al. [4]
(Section 2), MFD-optimized denotes our optimized ILP described in Section 3 and Section 4, and MFDW
the ILP from Section 5. Runtimes are in seconds; a timeout of 30 minutes was used. The total number of
instances in the datasets is mentioned in the rows “All”, in parentheses. Since the heuristic solvers finish
on all instances, we do not have #Solver columns for them.

Catfish heuristic MFDW heuristic MFD-original MFD-optimized
min k Avg. Total ∆(|P|) Avg. Total ∆(|P|) Avg. Total #Solved Avg. Total #Solved

SR
R

02
07

30
Sa

lm
on

1-5 0.01 382.38 1 (0.00) 0.29 11150.07 13 (0.00) 0.30 11751.06 38703 0.29 11064.77 38703
6-10 0.01 19.80 14 (0.01) 0.32 628.14 2 (0.00) 0.48 958.88 1988 0.31 608.25 1988

11-15 0.01 1.62 6 (0.04) 0.33 53.29 0 (0.00) 2.02 327.71 162 0.34 55.63 162
16-20 0.01 0.13 0 (0.00) 0.37 4.84 0 (0.00) 15.97 191.68 12 1.27 16.48 13

21-max 0.01 0.06 6 (1.50) 0.40 1.58 0 (0.00) 17.56 52.68 3 0.57 2.28 4

All (40870) 0.01 403.99 27 (1.55) 0.29 11837.92 15 (0.00) 0.32 13282.01 40868 0.29 11747.41 40870

C
at

fis
h

H
um

an

1-5 0.00 1.07 3 (0.00) 0.30 3084.70 299 (0.03) 0.35 3631.62 10301 0.29 3010.90 10301
6-10 0.00 2.42 61 (0.06) 0.35 375.06 243 (0.22) 3.67 3976.98 1083 1.06 1155.47 1085

11-15 0.01 1.33 53 (0.25) 0.42 89.77 29 (0.14) 16.94 3558.35 210 9.97 2133.17 214
16-20 0.01 1.23 132 (1.08) 0.39 47.34 6 (0.05) 43.56 4747.77 109 1.26 154.02 122

21-max 0.01 0.10 16 (2.67) 0.43 2.61 0 (0.00) 50.81 101.63 2 1.62 9.69 6

All (11730) 0.00 6.15 265 (0.02) 0.31 3599.48 577 (0.05) 1.37 16016.35 11705 0.55 6463.25 11728

C
at

fis
h

M
ou

se

1-5 0.00 0.94 2 (0.00) 0.30 3578.96 280 (0.02) 0.35 4202.92 12047 0.29 3513.08 12047
6-10 0.00 6.29 139 (0.09) 0.35 563.83 577 (0.36) 3.29 5247.45 1594 1.07 1706.72 1597

11-15 0.01 3.16 259 (0.78) 0.55 180.95 173 (0.52) 72.22 21234.09 294 20.84 6877.37 330
16-20 0.01 0.74 69 (0.93) 0.42 31.26 6 (0.08) 58.18 3607.16 62 6.44 476.43 74

21-max 0.01 0.45 57 (1.84) 0.46 14.28 0 (0.00) 77.59 1862.17 24 3.35 103.75 31

All (14079) 0.00 11.58 526 (0.04) 0.31 4369.28 1034 (0.07) 2.58 36153.79 14021 0.90 12677.35 14079

In Table 2, we show the results for the MFDSC problem. We observe a similar and
even more pronounced trend as for the MFD solvers, where the larger the MFDSC size, the
larger the improvement of our optimized ILP. For example, for dataset SRR020730 Salmon,
MFDSC-optimized is 11×, 69× and 121× faster than MFDSC-original for min k in ranges
11-15, 16-20, 21-max, respectively. For both datasets, MFDSC-optimized manages to solve
one more instance than MFDSC-original, and in SRR020730 Salmon it solves all instances.
Moreover, the total running time of CoasterHeuristic is more than half of the running time
of MFDSC-optimized, while not giving optimal solutions (which are also less accurate on
average than the heuristic solvers for MFD).

Table 2 Results for Problem MFDSC. Runtimes are in seconds. A timeout of 30 minutes was used.
MFDSC-original is the original ILP from from Dias et al. [4], and MFDSC-optimized is our optimized ILP as
described in Section 3 and Section 4. Note that the dataset SRR30790 StringTie has no instances where
the optimum MFDSC solution size is larger than 15.

CoasterHeuristic MFDSC-original MFDSC-optimized
min k Avg. Total ∆(|P|) Avg. Total #Solved Avg. Total #Solved

SR
R

02
07

30
Sa

lm
on

1-5 0.19 685.58 109 (0.03) 0.70 2543.97 3643 0.29 1066.78 3643
6-10 0.19 381.11 411 (0.21) 1.11 2214.29 1988 0.30 598.04 1988

11-15 0.20 32.39 126 (0.78) 3.79 613.24 162 0.33 53.86 162
16-20 0.21 2.76 22 (1.69) 70.52 846.29 12 1.01 13.16 13

21-max 0.23 0.90 5 (1.25) 93.28 373.12 4 0.77 3.09 4

All (5810) 0.19 1102.74 673 (0.12) 1.13 6590.91 5809 0.30 1734.93 5810

SR
R

30
79

0
St

ri
ng

T
ie 1-5 0.27 226.04 190 (0.23) 0.69 568.43 828 0.34 280.98 828

5-10 0.27 63.12 75 (0.32) 1.24 287.75 232 0.37 85.15 232
11-15 0.24 1.43 1 (0.17) 2.31 11.56 5 0.91 5.44 6

All (1067) 0.27 290.59 266 (0.25) 0.81 867.74 1065 0.35 371.57 1066

In Table 3, we show the results for MIFD problem and again observe a significant
speedup compared to MIFD-original on complex instances. For example, for min k in 11-15,
MIFD-optimized is up to 30× faster on SRR020730 Salmon, up to 219× faster on Catfish



A. Grigorjew, F. H. C. Dias, A. Cracco, R. Rizzi, and A. I. Tomescu 14:15

Human and up to 100× faster on Catfish Mouse. On the latter two datasets, MIFD-optimized
drastically runs in less than 1 second on average. In addition, although IFDSolver has, on
average, a better runtime, its difference compared to MIFD-optimized is negligible. Notably,
MIFD-optimized solved all instances.

Table 3 Results for Problem MIFD. Runtimes are in seconds. A timeout of 30 minutes was used.
MIFD-original is the original ILP from from Dias et al. [4], and MIFD-optimized is our optimized ILP as
described in Section 3 and Section 4. Note that the dataset Catfish Human has no instances where the
optimum MIFD solution size is larger than 15 and the dataset Catfish Mouse has no instances where the
optimum MIFD solution size is larger than 20.

IFDSolver heuristic MIFD-original MIFD-optimized
min k Avg. Total ∆(|P|) Avg. Total #Solved Avg. Total #Solved

SR
R

02
07

30
Sa

lm
on

1-5 0.25 9561.44 2161 (0.06) 0.58 22559.20 38706 0.29 11094.01 38706
6-10 0.26 512.92 1697 (0.85) 1.03 2044.12 1986 0.32 644.24 1986

11-15 0.29 46.58 302 (1.88) 11.72 1887.70 161 0.38 60.87 161
16-20 0.32 4.12 46 (3.54) 28.18 309.97 11 1.25 16.31 13

21-max 0.44 1.74 21 (5.25) 66.30 198.90 3 4.71 18.82 4

All (40870) 0.25 10126.80 4227 (0.10) 0.66 26999.89 40867 0.29 11834.25 40870

C
at

fis
h

H
um

an

1-5 0.24 2652.76 957 (0.09) 0.59 6398.51 10911 0.29 3151.02 10911
6-10 0.26 40.52 198 (1.25) 1.36 215.40 158 0.34 53.57 158

11-15 0.24 0.98 14 (3.50) 101.01 404.03 4 0.46 1.84 4

All (11073) 0.24 2694.26 1169 (0.11) 0.63 7017.94 11073 0.29 3206.43 11073

C
at

fis
h

M
ou

se

1-5 0.24 3182.89 1521 (0.12) 0.58 7562.22 13009 0.29 3731.19 13010
6-10 0.25 26.83 139 (1.31) 1.47 155.55 106 0.34 35.90 106

11-15 0.36 1.79 19 (3.80) 45.35 226.77 5 0.45 2.26 5
16-20 0.29 0.29 3 (3.00) 0.00 0.00 0 0.56 0.56 1

All (13122) 0.24 3211.80 1682 (0.13) 0.61 7944.54 13120 0.29 3769.91 13122

Finally, we computed quantitative statistics on the contributions of our various optimiza-
tions, see Table 4. Overall, the Y-to-V reduction shrinks the number of edges to less than
50%, even in the inexact flow instances where not every node of in- or outdegree 1 can be
contracted. Moreover, the amount of path indicators variables set to 1 by safe paths in an
antichain goes up to 21%, and is at least 10% in datasets where less than half of the instances
were solved optimally using only heuristic methods (i.e., where the lower bound is equal to
the upper bound). The last column shows that the safety predicted about 40% of the final
solution paths has been predicted using the independent safe paths.

7 Conclusion

In this paper, we proposed optimizing the ILP formulations for MFD using the notion of
safe paths for all flow decompositions. Since safe paths cannot be simply be removed from
the graph, we observed that we can use a set of independent safe path to suitably fix a large
number of ILP variables corresponding to their edges. Combined with the Y-to-V reduction,
and the first usage of an antichain lower bound in a solver to detect the optimality of a
heuristic solution, this resulted in a significantly faster MFD solver (up to 34× on the harder
instances). We also developed an ILP that can work as a heuristic for MFD, running in
under 1 second on average, and more accurate than the state-of-the-art heuristic Catfish on
graphs of practical interest. We also showed that these optimizations can be applied to two
MFD variants of practical interest (by also adapting the Y-to-V reduction the first time for
these variants), resulting in even bigger speedups.

Future research encompasses extending such improvements to the ILPs for MFD in general
graphs with cycles [5]. Another point of improvement is a further search space reduction
through further optimizations on the application of safety, for example, by answering
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Table 4 Quantitative statistics of the various optimisations. The first two columns |E| original
and |E| Y-to-V show the number of edges in the original and in the Y-to-V contracted graph (and, in
parentheses, the proportion of this number relative to the original graphs), respectively, summed over
all graphs in that dataset. The column LB = UB shows the proportion of instances in each dataset
where the calculated lower bound (the number of safe paths in a maximum antichain) is equal to
the upper bound (the number of heuristically calculated paths). This column indicates in how many
instances we have proven that the heuristic solver is optimum using safety. The column pIND shows
the proportion of all path indicators xuvi variables that were set to 1 as part of a safe path with
respect to all edges of the contracted graph, where i is the index of the path and (u, v) is an edge.
The last column #IND/

∑
|P | shows the proportion of path indicator variables with respect to the

sums of the solution’s path lengths, since the total solution path length is an upperbound on how
many variables we can set to 1.

|E| original |E| Y-to-V LB = UB pIND #IND/
∑ |P |

MFD
SRR020730 Salmon 354519 147996 (41.75%) 32.32% 10.95% 48.60%
Catfish Human 621297 109870 (17.68%) 63.67% 9.03% 41.85%
Catfish Mouse 687763 126388 (18.38%) 54.89% 8.36% 37.37%

MFDSC
SRR020730 Salmon 214380 94986 (44.31%) 91.45% 8.05% 43.71%
SRR30790 StringTie 24912 8926 (35.83%) 31.02% 15.84% 48.63%

MIFD
SRR020730 Salmon 355526 166136 (46.73%) 26.77% 11.91% 23.39%
Catfish Human 115774 48903 (42.24%) 34.12% 20.46% 27.29%
Catfish Mouse 101123 40865 (40.41%) 28.05% 21.92% 28.02%

the following question: Is it tractably possible to find subpaths that are part of all α-
approximations of MFD, where α can either be a constant or depend on the input size?
Such α-safe paths (following the notion of c-essential vertices by Bumpus et al. [3]) would be
longer the closer α is to 1, while safe paths in this paper would refer to ∞-safe paths. For
the problem variants MFDSC and MIFD, can we find all ∞-safe paths in polynomial time?
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A ILP formulations

A.1 MFD-original

∀i ∈ {1, . . . , k} :
∑

(s,v)∈E

xsvi = 1 (10a)

∑

(u,t)∈E

xuti = 1 (10b)

∑

(u,v)∈E

xuvi −
∑

(v,w)∈E

xvwi = 0 ∀v ∈ V \ {s, t}, (10c)

fuv =
∑

i∈{1,...,k}
ϕuvi ∀(u, v) ∈ E, (10d)

∀(u, v) ∈ E, ∀i ∈ {1, . . . , k} :
ϕuvi ≤ fmaxxuvi (10e)
ϕuvi ≤ wi (10f)
ϕuvi ≥ wi − (1 − xuvi)fmax (10g)

wi ∈ Z+ ∀i ∈ {1, . . . , k}, (10h)
xuvi ∈ {0, 1} ∀(u, v) ∈ E, ∀i ∈ {1, . . . , k}, (10i)
ϕuvi ∈ N ∀(u, v) ∈ E, ∀i ∈ {1, . . . , k}. (10j)

A.2 MFD-optimized
Equations (10) together with:

xuvi = 1, ∀(u, v) ∈ Pi, ∀Pi ∈ P(Q) (11a)
wi+1 ≤ wi, ∀i ∈ {|Q| + 1, . . . , k − 1} (11b)

A.3 MFDW

Minimize
∑

(s,u)∈E

|W |∑

i=1
xsui
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Subject to:

fuv =
|W |∑

i=1
wixuvi, ∀(u, v) ∈ E (12a)

∑

(u,v)∈E

xuvi −
∑

(v,u)∈E

xvui = 0, ∀v ∈ V \ {s, t}, ∀i ∈ {1, . . . , |W |} (12b)

xuvi ∈ N, ∀(u, v) ∈ E, ∀i ∈ {1, . . . , |W |} (12c)

B Maximum length independent safe paths

The approach used in Section 3 to calculate independent safe paths of a flow network
(G, f) does not return them of maximum length, but works only as a heuristic. In order
to find independent safe paths of maximum length in polynomial time, one can, as in the
heuristic approach, reduce to maximum weight antichains, on the following dependency
graph D = (V (D), E(D)): nodes represent safe paths, with given weights of their length. A
directed edge (u, v) is added if there exists a path in G which first traverses both safe paths
represented by u and v, entering the safe path of u first and then entering the safe path of v.

▶ Lemma 11. A ⊆ V (D) is an independent set in D if and only if the set of safe paths
corresponding to the nodes in A is independent in G, where the total weight of A is the total
length of the corresponding safe paths. As a result, a maximum length independent path set
of safe paths in G can be calculated in polynomial time O(|S|2 · ∑

S∈S |S|) ⊆ O(|S|2 · n · m),
where S is the set of all safe paths.

Proof. The graph D is a transitive graph, i.e. (u, v), (v, w) ∈ E(D) implies that (u, w) ∈
E(D). That is because path dependencies are transitive: If there is a path P1 traversing
safe paths s1 and s2, and there is a path traversing safe paths s2 and s3, one can construct
a path that traverses all of s1, s2 and s3. Thus, independent node sets in D correspond
exactly to independent safe paths in G: Two safe paths are independent if and only if they
are not connected by an edge in D. The graph D can be constructed in O(|S|2 · m) time, by
performing a graph search for every pair of safe paths to check whether they are independent
or not.

It is a classical result ([13]), that finding a maximum weighted independent node set on
transitive graphs is solvable in polynomial time by finding a maximum weight node antichain.
Since the weights of the nodes are |S| for S ∈ S, it runs in time O(|E(D)| · ∑

S∈S |S|) ⊆
O(|S|2 · ∑

S∈S |S|). ◀
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