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The analytic computation of electric and magnetic fields near corners and edges is
important in many applications related to science and engineering. However, such
complicated situations are hard to deal with, since they accumulate charges and con-
sequently they mathematically represent singularities. In order to model this singular
behavior, we introduce a novel method, which is related to the geometry and the
analysis of the ellipsoidal coordinate system. Indeed, adopting the benefits of the cor-
responding coordinate surfaces, we use a general non-circular double cone, being the
asymptote of a two-sided hyperboloid of two sheets with elliptic cross section, which
matches almost perfectly the particular physics and captures the corresponding essen-
tial features in a fully three-dimensional fashion. To this end, our analytical technique
employs the ellipsoidal geometry and adapts the ellipsoidal functions (solutions of
the well-known Lamé equation) so as to construct a new set of the so-called elliptic
cross-sectional hyperboloidal harmonics, supplemented by the appropriate orthogo-
nality rules on every constant coordinate surface. By first recollecting the key results of
the coordinate system and the related potential functions, including the indispensable
orthogonality results, we demonstrate our method to the solution of two boundary
value problems in electrostatics. Both refer to a non-penetrable two-hyperboloid of
elliptic cross section and its double-cone limit, the first one being charged and the
second one scattering off a plane wave. Closed form expressions are derived for the
related fields, while the already known formulae from the literature are readily recov-
ered, all cases being followed by the appropriate numerical implementation. Published
by AIP Publishing. [http://dx.doi.org/10.1063/1.4982638]

I. INTRODUCTION

The behavior of electromagnetic fields near corners, edges, and points provides an important
knowledge in a number of significant scientific and technical applications.1 For instance, when mod-
eling the electrostatic problem around a conductor, the potential is assumed to be constant on the
conductor, and the electric field around the conductor is perpendicular to the boundary. However,
near a singular point, let us say a corner, the field is perpendicular on all sides leading to an abrupt
change of the normal direction. This results to an infinite force on an infinitesimal part of the con-
ductor. Similar problems appear in cases of non-convex edges and points, where in the presence of
singularities, the solution fields have no square integrable gradients. However, in practice, there does
not exist physical objects that have a perfect corner or edge, since there is always some degree of
roundness. In addition, at those locations where the fields become extremely high, other phenomena
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occur simultaneously, which play a crucial role to the limiting values of the field. Hence, the reasons
that give this maximum value are not at all trivial.

Most methods to characterize singular fields involve different analytical, variational, and numer-
ical techniques. In particular, the method of separation of variables in combination with the Mehler–
Fock index transform has been used for the study of electromagnetic fields near boundaries having the
hyperboloidal shape.2,3 Recently, in Ref. 4, two of the authors of the present article applied another
straightforward method based on the separation of variables in the spheroidal system of coordinates.
Therein, two cases were investigated, the first one where both the two sheets of a perfectly conducting
hyperboloid form an electrical boundary and, on the other hand, the case involving only one of the
sheets of the hyperboloid, being thus a model of a cone-shaped needle, the apex of which is not
perfectly sharp.5 Unlike the first problem, the latter one is not confocal for the electric potential
because only one of the two sheets of the hyperboloid of circular cross section forms an electrically
conducting boundary, on which the potential is constant. In consequence, ordinary spherical harmon-
ics cannot be used in the solution of this problem. Nevertheless, the boundary condition of constant
potential will enforce a solution in terms of the order of the related Legendre function, which therefore
plays the role of an eigenvalue parameter. In the literature, such special kind of harmonic functions,
being of a non-integer order and confined to a circular segment of a sphere, are called “spherical
cap-harmonics.”

In the present paper, field solutions for non-circular hyperboloids (having in general an elliptic
cross section) are investigated by means of the ellipsoidal system of coordinates.6,7 The ellipsoidal
system of coordinates is the most general coordinate system with second degree coordinate surfaces,
in which the Laplace equation is separable.6 Consequently, the ellipsoidal shape has been considered
in various applications involving electromagnetism, scattering theory, fluid mechanics, geodesy, and
other physical subjects (see, e.g., Ref. 6 and the wealth of references therein). However, the ellipsoidal
system could as well be called the hyperboloidal system of coordinates, as it is generated by a set
of hyperboloids of one and two sheets intersecting each other, as well as the ellipsoidal surfaces
orthogonally. To this end, the system of ellipsoidal harmonics and their relation to the hyperboloidal
harmonics are first discussed. Because this system is symmetric, it leads to the same Lamé differential
equation for each one of three coordinate variables. A similar solution is mutatis mutandis applicable
to the hyperboloidal geometry as well. Until now, though, the hyperboloid as a physical model itself
has received a very limited attention, see, for example, Refs. 2 and 8. Partly, as in the case of the
ellipsoidal coordinate surface of the general two-hyperboloid with an elliptic cross section, this is
due to the lack of theoretical preliminaries, a crucial part of which we provide in this article.

There are two kinds of hyperboloids, viz., hyperboloids of one and two sheets. In the following, the
attention is focused especially on hyperboloids of two distinct sheets, the so-called two-hyperboloids.
Having introduced the hyperboloidal harmonics and demonstrated the orthogonality of them on the
surface of a hyperboloid, the theory is next applied to solve basic boundary value problems of
electrostatics, such as the problem for the electric potential on a hyperboloid of two sheets. The
electric potential generated by a conducting two-hyperboloid having an elliptic cross section, the two
sheets oppositely charged, is given analytically in terms of a set of hyperboloidal harmonics composed
of Lamé functions of the first kind and given through standard elliptic integrals.9 Moreover, in this
application, the charge and the capacitance are provided for completeness, while the degenerate case
of a two-hyperboloid with circular cross section is obtained and the discussion about how to reach the
results for a double cone of either elliptic or circular cross section is being carried out. Also considered
is the case of a conducting hyperboloid subject to a transversal low-frequency electromagnetic plane
wave field, where both the electric and magnetic problems are presented in terms of the new-defined
ellipsoidal-hyperboloidal functions. Contrary to the first application, we provide a brief analysis
about the special limit where the two-hyperboloid of a circular cross section is approached, while
our attention is mainly focused on the degenerate case where our results are reduced from the two-
hyperboloidal of elliptic cross-sectional geometry to the double-cone of the circular cross section.
Therein, the obtained formulae are given in terms of the associated Legendre functions10 and are
readily recovered from the initial solution in ellipsoidal coordinates, whereas in accordance with the
known results from the literature is readily achieved. Such applications can also be found in Refs. 11
and 12.
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The paper is organized as follows. In Section II, the geometrical characteristics of the system
of ellipsoids and hyperboloids are provided via an analytic mathematical formulation. Some very
useful information concerning the geometrical degeneration of the two-hyperboloid of elliptic cross
section to the corresponding non-circular double cone, which is of physical interest in the present
investigation is also included in Section II. In Section III, the main results of the manuscript, which
concern the hyperboloidal harmonics of elliptic cross section and their orthogonality properties are
introduced, where the difficulties at each step of the calculations are demonstrated and discussed in
details. Moreover, in order to supplement this paper with an analytic application of our generalized
method, we invoke Section IV, which is concerned with two basic applications. The first one deals
with a perfectly conducting charged two-hyperboloid of non-circular cross section and the second
one refers to a non-circular metal two-hyperboloid subject to an incident electric and magnetic plane
wave excitation, operating at low frequencies.13 The analytical results include plots that depict the
variation of the electrostatic potential and electric field between the two sheets of a two-hyperboloid
of non-circular cross section and its geometric limits for the two different cases mentioned above. A
detailed outline of our work and future steps follows in Section V.

II. GEOMETRICAL CHARACTERISTICS FOR THE SYSTEM OF ELLIPSOIDS
AND HYPERBOLOIDS

The aforementioned combined system of ellipsoidal-hyperboloidal coordinates is determined by
the generating triaxial ellipsoid, depicted in Figure 1(a),
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FIG. 1. The ellipsoidal coordinate system, i.e., (a) the reference ellipsoid and (b) the three coordinate surfaces.
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where h2
1 = α
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2
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2
2 are the semi-focal distances, h2 being always

larger than h1 and h3. Since these relationships are quadratic, they do not specify the coordinates of
x1, x2, and x3 uniquely. The variable ρ, which plays the role of a “radial” coordinate, varies in the
interval [h2, +∞). On the other hand, for the two “directional” coordinates, there will be adopted the

following convention. The variable µ ∈ [h3, h2] is always positive, where the branch of
√

h2
2 − µ

2 is
positive in the direction of growing µ and negative in the opposite direction. The variable ν varies

in [�h3, h3] and backwards, the branch of
√

h2
3 − ν

2 being positive in the direction of growing ν and

negative in the opposite direction. However, in the first octant, whereas all variables x1, x2, and x3 are
positive, the interval of variations of ν is [0, h3], though, in this work, we keep the initial convention,
being convenient for our applications.

The quadric surface formed by the variation of the coordinate variables µ and ν, keeping ρ as a
constant, is the ellipsoid
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the surface corresponding to the variation of ρ and ν, keeping µ constant, is a hyperboloid of one
sheet, the so-called one-hyperboloid, given by
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and that corresponding to the variation of ρ and µ, keeping ν constant, which is a hyperboloid of two
sheets, the so-called two-hyperboloid, given via
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the above coordinate surfaces being sketched in Figure 1(b). The values ρ = h2 and µ = h3 specify
the focal ellipse and the focal hyperbola, respectively.

Due to our physical implementation described earlier, our main interest is the two-hyperboloid,
whose asymptote for large values of x1, x2, and x3 is approximated by the cone
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where x1 is the central axis of symmetry, while any intersection by a plane parallel to the x1 = 0 plane
is an ellipse. The angle, which the positive ν branch of the cone forms with the x1-axis, is given by
the formula
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in the x3 = 0 plane and
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in the x2 = 0 plane. Thus, the aspect ratio of the cone is
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which coincides with the aspect ratio of the two-hyperboloid from which the cone has been
asymptotically reclaimed.
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In terms of the metric coefficients of the ellipsoidal-hyperboloidal coordinate system
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as well as taking under our consideration the Jacobian determinant J = hρhµhν for every ρ ∈ (h2, +∞),
µ ∈ (h3, h2), and ν ∈ (−h3, h3), the gradient and the Laplace’s differential operators in the ellipsoidal
geometry
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respectively, are written via the orthonormal coordinate vectors of the system. The outward unit
normal vectors on each of the three coordinate surfaces (5)–(7) assume the form
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ρ

hρ
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On the other hand, the unit dyadic tensor in the ellipsoidal coordinate system is written as
Ĩ = ρ̂ ⊗ ρ̂ + µ̂ ⊗ µ̂ + ν̂ ⊗ ν̂.

The strict inequalities 0 < α3 < α2 < α1 < +∞ form the basic reason why the triaxial ellipsoid
reflects the general anisotropy of the three dimensional space. As it is well known, the reduction of
general results from the ellipsoidal to the spheroidal, or to the spherical geometry, is not straightfor-
ward, since certain indeterminacies appear during the limiting process. This is due to the fact that
the spherical system springs from a zero dimensional manifold, i.e., the center, while the ellipsoidal
system springs from a two dimensional manifold, i.e., the focal ellipse. The equality of any of the two
axes degenerates the ellipsoid to a spheroid, whose axial symmetry is dictated by the third axis. A
prolate spheroid is obtained whenever 0 < α3 = α2 < α1 < +∞ (with the semifocal distances taken as
h1 = 0 and h2 = h3 = c > 0), while the case of an oblate spheroidal shape corresponds to 0 < α3 < α2

= α1 < +∞ (with the semifocal distances taken as h3 = 0 and h1 = h2 = c̄ > 0). The axis of symmetry
is the x1-axis for the prolate spheroid and the x3-axis for the oblate spheroid. The asymptotic case
of the needle can be reached by a prolate spheroid where 0 < α3 = α2 � α1 < +∞, whilst in the
case where 0 < α3 � α2 = α1 < +∞, the oblate spheroid takes the shape of a circular disk. The
simple transformation c→−ic̄ allows the transition from the prolate to the oblate spheroid, while the
replacement c̄→ ic leads to the converse. On the other hand, the sphere corresponds to α1 = α2 = α3

= a, where a > 0 is the radius, while in this case, hκ = 0 for κ = 1, 2, 3. Obviously, similar reduction
rules are being followed by the three coordinate surfaces of the ellipsoidal system (5)–(7) for every
kind of degenerated shape.

III. HYPERBOLOIDAL HARMONICS OF ELLIPTIC CROSS SECTION
AND ORTHOGONALITY PROPERTIES

In order to expand a scalar harmonic potential function u, which belongs to the kernel space of
the Laplace’s operator (14), i.e.,

∆u (ρ, µ, ν)= 0 for ρ ∈ [h2, +∞) , µ ∈ [h3, h2] , and ν ∈ [−h3, h3] , (16)

in general or within any prescribed domain of physical interest, we need to construct the appropriate
harmonic eigenfunctions valid on both sides of the three coordinate surfaces (5)–(7) of the ellipsoidal
system, distinguished by the corresponding constant-variable surfaces. Those will provide us with
the corresponding complete eigensolutions satisfying Laplace’s equation (16). This procedure leads
to the Lamé’s equation(
x2 − h2

3
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)
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for each variable x ≡ ρ, µ, ν, where prime denotes the derivation with respect to the argument and B
is the second separation constant to be determined.

Solutions of (17) are the Lamé functions of the first kind E = En(x) for n ≥ 0, whereas a detailed
analysis of Equation (17) leads to closed form solutions, which belong to four different classes
known as Lamé classes K, L, M, and N (see Ref. 6). The solutions that belong to each class are being
structured as follows:

Class K/
n
2

+ 1(n : even) and
n + 1

2
(n : odd): EK

n (x)=Πn (x) , n ≥ 0, (18)
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2
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3
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3
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2
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providing a total of 2n + 1 independent solutions for every n ≥ 0 (even or odd), where

Πn (x)=
[ n

2 ]∑
k=0

akxn−2k for n ∈N (22)

is a polynomial in x = ρ, µ, ν, where the n
2 + 1 (if n is even) and the n+1

2 (if n is odd) constant
coefficients are determined so that each function of (18)–(21) satisfies the Lamé equation (17). These
functions are adequate to provide us with the fundamental tools for developing the appropriate theory
for the elliptic cross-sectional hyperboloid harmonics. We denote the Lamé functions of degree
n = 0, 1, . . . and order m = 1, 2, . . ., 2n + 1 by Em

n =Em
n (x) for x = ρ, µ, ν, which are not bounded

at infinity with the exception of E1
0 = 1, being regular everywhere, yielding the so-called solutions of

the first kind. Aiming to demonstrate this notation, we give an example of the original class of each
Em

n for n ≤ 3 (degree of well-known closed formulae6) and m = 1, 2, . . ., 2n + 1. Up to that degree,
class K contains six functions, i.e., E1

0 , E1
1 , E1

2 , E2
2 , E1

3 , and E2
3 , classes L and M are comprised of

the four functions E2
1 , E3

2 , E3
3 , E4

3 and E3
1 , E4

2 , E5
3 , E6

3 , respectively, while class N provides two more
functions, E5

2 and E7
3 , in sum, 6 + 4 + 4 + 2 = 16 Lamé functions. It is also known6 that all the roots

of the Lamé functions are real, unequal, and belong to the interval [�h2, h2], where the polynomial
part of (18)–(21) does not vanish for x = ±h3 and x = ±h2. The second set of linearly independent
functions, regular at infinity, is given by

Fm
n (x)=Em

n (x)

x∫
xc

dt[
Em
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]2

√���t
2 − h2

2
���
√���t
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���
for every n ≥ 0 and m= 1, 2, ..., 2n + 1, (23)

which stand for the corresponding solutions of the second kind. Herein, xc is appropriately chosen
depending on the kind of the boundary or limiting conditions enforced by the corresponding physical
problem, whilst the absolute values within the dominator of the expression of integrand (23) are
handled accordingly.

We aim at constructing effective mathematical tools for solving physical problems, using
solutions of Laplace’s equation (16) and involving ellipsoidal boundaries. To this end, the Lamé
products,

Em
n,e (ρ, µ, ν)=Em

n (ρ) Sm
n,e (µ, ν) with ρ ∈ [h2, +∞) and for any µ ∈ [h3, h2] , ν ∈ [−h3, h3] , (24)

define the solid ellipsoidal harmonics of the first kind, while the rest involved products,

Fm
n,e (ρ, µ, ν)=Fm

n (ρ) Sm
n,e (µ, ν) with ρ ∈ [h2, +∞) and for any µ ∈ [h3, h2] , ν ∈ [−h3, h3] , (25)

denote the solid ellipsoidal harmonics of the second kind. Definitions (24) and (25) include the pre-
mentioned Lamé functions of each one of the classes (18)–(21) with (22) and for every value of
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n ≥ 0 and m = 1, 2, . . ., 2n + 1. Special care should be taken as ρ→ +∞, depending on the problem
under consideration, since Em

n,e, except E1
0,e, become infinite, while Fm

n,e remain bounded at infinity.
On the other hand, for ρ = h2, both (24) and (25) are applicable as a result of the regular behavior of
Fm

n,e via a standard limiting process of Fm
n (ρ), given by (23), as ρ→ h2. Consequently, any function

ue that satisfies (16) admits the expansion

ue (ρ, µ, ν)=
∞∑

n=0

2n+1∑
m=1

[
Am

n,eEm
n,e (ρ, µ, ν) + Bm

n,eFm
n,e (ρ, µ, ν)

]
, (26)

for ρ ∈ [h2, +∞), µ ∈ [h3, h2], and ν ∈ [=h3, h3], where Am
n,e and Bm

n,e for n ≥ 0 and m = 1, 2, . . ., 2n
+ 1 are the unknown constant coefficients to be fixed by the auxiliary conditions of each specific
problem, including vanishing of the non-regular parts as the case might be.

Now, let us consider a fixed ellipsoidal surface for ρ= ρs ∈ (h2, +∞). The corresponding complete
orthogonal set,

Sm
n,e (µ, ν)=Em

n (µ) Em
n (ν) for every µ ∈ [h3, h2] and ν ∈ [−h3, h3] , (27)

forms the surface ellipsoidal harmonics on the ellipsoid ρ = ρs, enjoying the orthogonality relation"
ρ=ρs

Sm
n,e (µ, ν) Sm′

n′,e (µ, ν)
dse (µ, ν)√(

ρ2
s − µ2

) (
ρ2

s − ν2
) = γm

n,eδnn′δmm′ with dse (µ, ν)= hµhνdµdν, (28)

for n ≥ 0, m = 1, 2, . . ., 2n + 1 and n′≥ 0, m′= 1, 2, . . ., 2n′+ 1, where the δ-symbol is the kronecker
delta, while the ellipsoidal normalization constants read as

γm
n,e =

"
ρ=ρs

[
Sm

n,e (µ, ν)
]2 dse (µ, ν)√(

ρ2
s − µ2

) (
ρ2

s − ν2
) for n ≥ 0 and m= 1, 2, ..., 2n + 1, (29)

the integration range extending over µ ∈ [h3, h2] and ν ∈ [−h3, h3].
Similarly, taking under consideration the remaining coordinate surfaces and wishing to deal

with boundary value problems involving hyperboloids of elliptic cross section, we proceed to the
one-hyperboloid case. Seeking for the appropriate regular harmonic solutions for this situation, we
utilize definitions (18)–(23), observing that the eigenfunctions,

Em
n,1h (ρ, µ, ν)=Em

n (µ) Sm
n,1h (ρ, ν) with µ ∈ [h3, h2] and for any ρ ∈ [h2, +∞) , ν ∈ [−h3, h3] , (30)

represent the solid one-hyperboloidal harmonics of the first kind, whilst

Fm
n,1h (ρ, µ, ν)=Fm

n (µ) Sm
n,1h (ρ, ν) with µ ∈ [h3, h2] and for any ρ ∈ [h2, +∞) , ν ∈ [−h3, h3] (31)

stand for the solid one-hyperboloidal harmonics of the second kind, both yielding bounded expressions
for the entire range of the family of hyperboloids of one sheet. Herein, eigensolutions (30) and (31)
include the Lamé functions of all classes K, L, M, and N in (18)–(21), given (22) and for every value
of n ≥ 0 and m = 1, 2, . . ., 2n + 1. Consequently, any harmonic potential u1h, which is the solution
of (16) for a general one-hyperboloid, may be expressed in the same basic form as previously via

u1h (ρ, µ, ν)=
∞∑

n=0

2n+1∑
m=1

[
Am

n,1hEm
n,1h (ρ, µ, ν) + Bm

n,1hFm
n,1h (ρ, µ, ν)

]
, (32)

for any ρ ∈ [h2, +∞), µ ∈ [h3, h2], and ν ∈ [�h3, h3], where Am
n,1h and Bm

n,1h for n ≥ 0 and m = 1, 2, . . ., 2n
+ 1 denote the undetermined constant coefficients that can be readily evaluated upon the introduction
of a specific boundary values, eliminating the unnecessary parts of the expansion accordingly.

Again, we assume a prescribed point at µ= µs ∈ (h3, h2), which specifies the particular surface of
the hyperboloid of one sheet. Then, as far as the orthogonality property of the corresponding surface
harmonics,

Sm
n,1h (ρ, ν)=Em

n (ρ) Em
n (ν) for every ρ ∈ [h2, +∞) and ν ∈ [−h3, h3] , (33)

is concerned, we observe that the only difficulty here is that the surface area of the one-hyperboloid at
µ = µs is unbounded, unlike that of the ellipsoid, which is always bounded, implying that the relevant
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surface integral is an improper integral. However, knowing that for large arguments ρ, the leading
behavior of Em

n (ρ)→ ρn, n ≥ 0 for all m = 1, 2, . . ., 2n + 1, it is easy to see that the following limit
gives:

lim
P→+∞

2n + 1

P2n+1

P∫
h2

Em
n (ρ) Em′

n′ (ρ)
(
ρ2 − ν2

)
√(

ρ2 − h2
3

) (
ρ2 − h2

2

) dρ= 1 for ν ∈ [−h3, h3] with n ≥ 0 and m= 1, 2, ..., 2n + 1,

(34)

when n′= n = 0, 1, 2, . . . (note m′= 1, 2, . . ., 2n′+ 1) and otherwise zero. In addition to that, the
definite integral

h3∫
−h3

Em
n (ν) Em′

n (ν)√(
h2

3 − ν
2
) (

h2
2 − ν

2
) dν = 0 for n ≥ 0 and m, m′ = 1, 2, ..., 2n + 1, (35)

unless m = m′. The integral now extends over the entire one-hyperboloid, i.e., first ν runs from �h3

to h3 along the positive branch of
√

h2
3 − ν

2 and then back from h3 to �h3 along the negative branch

of the same square root. This property uses the orthogonality among the Lamé functions of the same
degree n ≥ 0 and order m = 1, 2, . . ., 2n + 1, as well as the different parity of the Lamé functions
of the same degree but different order. Hence, we readily conclude that for the one-hyperboloid, the
value of the orthogonality expression is

lim
P→+∞

2n + 1

P2n+1

h3∫
−h3

P∫
h2

Sm
n,1h (ρ, ν) Sm′

n′,1h (ρ, ν)
(
ρ2 − ν2

)
√(

ρ2 − h2
3

) (
ρ2 − h2

2

) (
h2

3 − ν
2
) (

h2
2 − ν

2
) dρdν = γm

n,1hδnn′δmm′ (36)

or

lim
P→+∞

2n + 1

P2n+1

h3∫
−h3

P∫
h2

Sm
n,1h (ρ, ν) Sm′

n′,1h (ρ, ν)
ds1h (ρ, ν)√(

ρ2 − µ2
s

) (
µ2

s − ν2
) = γm

n,1hδnn′δmm′ (37)

with ds1h (ρ, ν)= hρhνdρdν, for every n ≥ 0, m = 1, 2, . . ., 2n + 1 and n′≥ 0, m′= 1, 2, . . ., 2n′

+ 1, which admits a similar expression to (28). Of course, the new one-hyperboloidal constants of
orthonormalization are

γm
n,1h = lim

P→+∞

2n + 1

P2n+1

h3∫
−h3

P∫
h2

[
Sm

n,1h (ρ, ν)
]2 ds1h (ρ, ν)√(

ρ2 − µ2
s

) (
µ2

s − ν2
) for n ≥ 0 and m= 1, 2, ..., 2n + 1,

(38)

providing all the necessary information regarding the orthogonality properties on the surface of any
constant one-hyperboloid µ = µs.

Things do not differ much when we are dealing with problems, where hyperboloids of two
sheets can be used to model the corresponding physics. As already mentioned, many interesting
applications, e.g., in electrostatics, involve proper potential-field evaluations at edges or corners,
where their complicated geometrical characteristics can be represented by a double-cone of either
circular or, more general, ellipsoidal cross section, which is the limit of the corresponding two-
hyperboloid. Such cases demand analytic techniques to obtain the final solution in a closed form.
Therefore, it is certainly necessary to introduce the implicated eigenfunctions to this case, properly
chosen so as to be regular within the interval where the family of hyperboloids of two sheets is
generated. Some trivial analysis based on the developed theory in between (18) and (23), concerning
the Lamé functions of every class K, L, M, and N, leads to the so-called solid two-hyperboloidal
harmonics of the first kind

Em
n,2h (ρ, µ, ν)=Em

n (ν) Sm
n,2h (ρ, µ) with ν ∈ [−h3, h3] and for any ρ ∈ [h2, +∞) , µ ∈ [h3, h2] , (39)
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while the complementary solid two-hyperboloidal harmonics of the second kind imply

Fm
n,2h (ρ, µ, ν)=Fm

n (ν) Sm
n,2h (ρ, µ) with ν ∈ [−h3, h3] and for any ρ ∈ [h2, +∞) , µ ∈ [h3, h2] . (40)

Herein, eigensolutions (39) and (40) include the Lamé functions of all classes (18)–(21) with (22)
for n ≥ 0 and m = 1, 2, . . ., 2n + 1. The potential function u2h, which belongs to the kernel of the
Laplace’s operator (standard general solution of (16)) is written as

u2h (ρ, µ, ν)=
∞∑

n=0

2n+1∑
m=1

[
Am

n,2hEm
n,2h (ρ, µ, ν) + Bm

n,2hFm
n,2h (ρ, µ, ν)

]
, (41)

for every ρ ∈ [h2, +∞), µ ∈ [h3, h2], and ν ∈ [�h3, h3]. The constant coefficients Am
n,2h and Bm

n,2h for
n ≥ 0 and m = 1, 2, . . ., 2n + 1 must be determined with respect to a well-defined physical problem,
wherein the unnecessary terms correspond to zero values.

With respect to a fixed two-hyperboloid for ν = �νs ∈ [�h3, 0) or ν = νs ∈ (0, h3], an orthogonality
relation for the surface two-hyperboloidal harmonics,

Sm
n,2h (ρ, µ)=Em

n (ρ) Em
n (µ) for every ρ ∈ [h2, +∞) and µ ∈ [h3, h2] , (42)

valid on the surface of a two-hyperboloid ν = ±νs, reads as

lim
P→+∞

2n + 1

P2n+1

h2∫
h3

P∫
h2

Sm
n,2h (ρ, µ) Sm′

n′,2h (ρ, µ)
(
ρ2 − µ2

)
√(

ρ2 − h2
3

) (
ρ2 − h2

2

) (
µ2 − h2

3

) (
h2

2 − µ
2
) dρdµ= γm

n,2hδnn′δmm′ (43)

or

lim
P→+∞

2n + 1

P2n+1

h2∫
h3

P∫
h2

Sm
n,2h (ρ, µ) Sm′

n′,2h (ρ, µ)
ds2h (ρ, µ)√(

ρ2 − ν2
s

) (
µ2 − ν2

s

) = γm
n,2hδnn′δmm′ (44)

with ds2h (ρ, µ)= hρhµdρdµ, for every n ≥ 0, m = 1, 2, . . ., 2n + 1 and n′ ≥ 0, m′= 1, 2, . . ., 2n′+ 1.
The relevant two-hyperboloidal constants of orthonormalization are

γm
n,2h = lim

P→+∞

2n + 1

P2n+1

h2∫
h3

P∫
h2

[
Sm

n,2h (ρ, µ)
]2 ds2h (ρ, µ)√(

ρ2 − ν2
s

) (
µ2 − ν2

s

) for n ≥ 0 and m= 1, 2, ..., 2n + 1.

(45)

Validity of relation (43) rests on similar arguments as given previously in connection to (34), i.e., the
parity of Lamé functions of the same degree n ≥ 0 but different order m = 1, 2, . . ., 2n + 1, as well
as the integral property

h2∫
h3

Em
n (µ) Em′

n (µ)√(
µ2 − h2

3

) (
h2

2 − µ
2
) dµ= 0 for n ≥ 0 and m, m′ = 1, 2, ..., 2n + 1 for m,m′. (46)

The integral (46) extends over the whole two-hyperboloid, i.e., µ first runs from the point h3 to h2

along the positive branch of
√

h2
2 − µ

2 and then back from h2 to h3 along the negative branch of the
same square root. Thus, we have gathered all knowledge relevant to the orthogonality properties on
the surface of any constant two-hyperboloid for ν = ±νs.

In summary, the presented methodology covers applications in different physical areas of sci-
ence and modern technology, where ellipsoids, one-hyperboloids, or two-hyperboloids are involved,
along with their asymptotic shapes. Some of these applications are rigorously demonstrated in
Sec. IV.

IV. APPLICATION TO BOUNDARY VALUE PROBLEMS IN ELECTROSTATICS

In order to demonstrate the applicability of our technique, we readily use the previous analysis
for each coordinate surface that fits our stated problem. In fact, we will analyze two basic problems
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in the main field of electrostatics, where a two-hyperboloid of elliptic cross section and its asymptote
double cone can be utilized to model an electromagnetic boundary value problem.

A. A charged two-hyperboloid of non-circular cross section

One of the basic boundary value problems for hyperboloidal harmonics involves a two-
hyperboloid ν = ±ν0 of elliptic cross section and perfectly conducting boundaries with the assigned
potentials of u2h = V on ν = ν0 and u2h = �V on ν = �ν0, also comprising the constant potentials
of the metallic area |ν| > ν0. Let it be pointed out that, for symmetry, this is equivalent to a two-
hyperboloid of potential V in front of a plane surface of potential zero. Hence, the actual domain
of field calculation is |ν| < ν0, wherein the case of a rotationally symmetric hyperboloid has been
considered earlier in, e.g., Refs. 4 and 8. In this particular case, every confocal two-hyperboloid ±ν
forms an equipotential surface. The x1 = 0 plane coincides with the surface ν = 0, on which u2h

= 0, thus representing a symmetry plane of zero potential, whereas the field distribution varies with
respect to ρ and µ. This symmetry requirement forces us to impose the convenient value of xc = 0
into definition (23), an ansatz to be confirmed later from the final solution.

Since the potential u2h is a two-hyperboloidal harmonic function, which generates a divergence-
free electric field, it can be expanded via (41), using notation (39), (40), and (42) as

u2h (ρ, µ, ν)=
∞∑

n=0

2n+1∑
m=1

[
Am

n,2hEm
n (ν) + Bm

n,2hFm
n (ν)

]
Sm

n,2h (ρ, µ), (47)

for every ρ ∈ [h2, +∞), µ ∈ [h3, h2] and, for the interval of interest, ν ∈ [�ν0, ν0]. Imposing the two
symmetric conditions, i.e., u2h = ±V on ν = ±ν0, relationship (47) gives two separate conditions

±V =
∞∑

n=0

2n+1∑
m=1

[
Am

n,2hEm
n (±ν0) + Bm

n,2hFm
n (±ν0)

]
Sm

n,2h (ρ, µ) for ρ ∈ [h2, +∞) and µ ∈ [h3, h2] , (48)

which, by virtue of the orthogonality relation (44), imply

Am
n,2h =Bm

n,2h = 0 for every n ≥ 1 and m= 1, 2, ..., 2n + 1, (49)

while the remaining constant coefficient for n = 0 and m = 1 secures the equalities

A1
0,2h + B1

0,2hF1
0 (ν0)=V and A1

0,2h + B1
0,2hF1

0 (−ν0)=−V , since E1
0 (±ν0)= 1, (50)

for ν = ν0 and ν = �ν0, respectively. Therein, bearing in mind that F1
0 (−ν0)=−F1

0 (ν0) (see definition
(23) by a simple change of variables in the relevant integral), relations (52) are manipulated to offer

A1
0,2h = 0 and B1

0,2h =
V

F1
0 (ν0)

=
−V

F1
0 (−ν0)

. (51)

Thus, inserting (49) and (51) into expression (47) and taking into account (42), we arrive at

u2h (ν)=
F1

0 (ν)

F1
0 (ν0)

V with F1
0 (ν)=

ν∫
0

dt√
h2

2 − t2
√

h2
3 − t2

=−F1
0 (−ν) for ν ∈ [−ν0, ν0] , (52)

verifying that u2h, depicted in Figure 2, varies with respect to ν and satisfies the initial bound-
ary value problem. Here, we justify our symmetry requirement to set conveniently xc = 0, since
u2h(0) = 0.

The electric field E2h, which is extended between the two sheets of the two-hyperboloid of
non-circular cross section is given via the potential (52) by application of the gradient operator (13),
i.e.,

E2h (ρ, µ, ν)=−∇u2h (ν)=−
ν̂

hν

V

F1
0 (ν0)

dF1
0 (ν)

dν
=−

V

hνF1
0 (ν0)

√(
h2

2 − ν
2
) (

h2
3 − ν

2
) ν̂, (53)

at ρ ∈ [h2, +∞), µ ∈ [h3, h2], and �ν0 ≤ ν ≤ ν0, the last equality being an immediate result of (23).
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FIG. 2. Contour lines of the electric potential u2h, vertical to the electric field lines, on x1x3-plane for ν0 = 0.9h3 and V = 1 V
of elliptic two-hyperboloid for (α1, α2, α3) = (5.76, 4, 3.2)[=]m.

The charge carried by a confocal two-hyperboloid is given by a surface integral of the charge
density σ2h = ε0ν̂ · E2h (ε0 being the permittivity of the vacuum) on either sheet of the hyperboloid,
that is,

Q2h =

h2∫
h3

P∫
h2

σ2h (ρ, µ, ν0) ds2h (ρ, µ)

= ε0

h2∫
h3

P∫
h2

ν̂ · E2h (ρ, µ, ν0) hρ (ρ, µ, ν0) hµ (ρ, µ, ν0) dρdµ

=−
ε0V

F1
0 (ν0)

√(
h2

2 − ν
2
0

) (
h2

3 − ν
2
0

)
h2∫

h3

P∫
h2

hρ (ρ, µ, ν0) hµ (ρ, µ, ν0)

hν (ρ, µ, ν0)
dρdµ

=−
ε0V

F1
0 (ν0)

√(
h2

2 − ν
2
0

) (
h2

3 − ν
2
0

)
h2∫

h3

P∫
h2

hρ (ρ, µ, ν0) hµ (ρ, µ, ν0)

hν (ρ, µ, ν0)
dρdµ

=−
ε0V

F1
0 (ν0)

h2∫
h3

P∫
h2

(
ρ2 − µ2

)
√
ρ2 − h2

3

√
ρ2 − h2

2

√
µ2 − h2

3

√
h2

2 − µ
2

dρdµ, (54)

where the metric coefficients (12) have been extensively used for ν = ν0 or ν = �ν0. The capacitance
of the two-hyperboloid is finally given by the quantity Q2h/2V2h, where V2h being the volume of
the two-hyperboloid, cut by any confocal ellipsoid ρ = constant. Next, we observe that the total
charge remains finite provided that the two sheets of the hyperboloid are cut by the ellipsoid at a
finite distance P. At the edge of the hyperboloid, the fringing fields occurring along the edge are
ignored. Thus, the obtained expression for the capacitance is an approximation, which is improving
as the hyperboloid becomes larger. Finally, we mention that the normalized surface charge density
on a two-hyperboloid of prescribed dimensions is the largest at the apex and along the upper and
lower rim of the hyperboloid, where the radius of the curvature is the smallest. The behavior of the
magnitude of the electric field |E2h| from (53) at the cross section x2 = 0 and of the absolute value of
the charge density |σ2h| in three dimensions is sketched within Figures 3 and 4, respectively, being
demonstrated for the cases of both a two-hyperboloid (see Figures 3(a) and 4(a)) and an approximated
double-cone (see Figures 3(b) and 4(b)) of elliptic cross section.

The degenerate case of a two-hyperboloid of circular cross section is obtained at the special case
when h2 = h3 ≡ h, where the corresponding results are easily derived from (52)–(54) and by virtue
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FIG. 3. Electric field strength |E2h | on x1x3-plane for ν0 = 0.9h3 and V = 1 V of elliptic (a) two-hyperboloid for (α1, α2, α3)
= (5.76, 4, 3.2)[=]m and (b) approximated double-cone for a smaller reference ellipsoid with semi-axes (α1, α2, α3) = (2.88,
2, 1.6)[=]m.

of the Lamé solutions (23). Indeed, in this case

lim
h2,h3→h

F1
0 (ν)= lim

h2,h3→h

ν∫
0

dt√
h2

2 − t2
√

h2
3 − t2

=

ν∫
0

dt

h2 − t2
=

1
h

tanh−1
(
ν

h

)
for ν ∈ [−ν0, ν0] , (55)

yielding to a potential, which results from (52), i.e.,

lim
h2,h3→h

u2h (ν)=
tanh−1 (ν/h)

tanh−1 (ν0/h)
V , where tanh−1

(
ν

h

)
=−tanh−1

(
−
ν

h

)
for every − ν0 ≤ ν ≤ ν0. (56)

The electric field E2h, the charge Q2h, and the capacitance in this limiting case are straightforwardly
calculated once (56) is implied. Moreover, as the main reference ellipsoid becomes smaller, the
two-hyperboloid is approached by the corresponding asymptotic elliptical or circular double-cone.

FIG. 4. Charge density |σ2h | for ν0 = 0.9h3, ε0 = 8.854 × 10�12 F/m, and V = 1 V of elliptic (a) two-hyperboloid for (α1,
α2, α3) = (5.76, 4, 3.2)[=]m and (b) approximated double-cone for a smaller reference ellipsoid with semi-axes (α1, α2, α3)
= (2.88, 2, 1.6)[=]m.
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Therefore, the goal of evaluating the electric field near a corner or edge has been achieved, where
obviously, for the case of a double-cone, the electric field strength and the charge density are increased
at a sharper edge. Besides, it is well known1 that the density of the charge is an increasing function
of the local curvature, concentrating almost entirely on the tips.

B. A non-circular metal two-hyperboloid subject to an electric and magnetic plane wave

We continue with a slightly more complicated application and we turn to the case of a two-
hyperboloid of elliptic cross section, where the two sheets that are set at ν = ν0 > 0 and ν = �ν0

behave as perfect conductors. The system is subject to constant electric Ei
2h and magnetic Hi

2h incident
fields, which are mutually perpendicular, and also perpendicular to the direction of propagation, being
the approximation of a slowly varying wave (of long wavelength compared to the dimensions of the
gap of the cone) and applied transversely to the axis of the two-sided hyperboloid, that is,

Ei
2h =−∇ui

2h (ρ, µ, ν)=Ei,±
2h x̂3 =Ei,±

2h

[
(x̂3 · ρ̂) ρ̂ + (x̂3 · µ̂) µ̂ + (x̂3 · ν̂) ν̂

]
(57)

and

Hi
2h =−∇wi

2h (ρ, µ, ν)=H i,±
2h x̂3 =H i,±

2h

[
(x̂3 · ρ̂) ρ̂ + (x̂3 · µ̂) µ̂ + (x̂3 · ν̂) ν̂

]
, (58)

which are designated through the primary electric potential function

ui
2h (ρ, µ, ν)=−Ei,±

2h x3 =−Ei,±
2h

√
ρ2 − h2

2

√
h2

2 − µ
2
√

h2
2 − ν

2

h1h2
=−Ei,±

2h

E3
1,2h (ρ, µ, ν)

h1h2
(59)

and the primary magnetic potential function

wi
2h (ρ, µ, ν)=−H i,±

2h x3 =−H i,±
2h

√
ρ2 − h2

2

√
h2

2 − µ
2
√

h2
2 − ν

2

h1h2
=−H i,±

2h

E3
1,2h (ρ, µ, ν)

h1h2
, (60)

respectively, written for E3
1,2h (ρ, µ, ν)=E3

1 (ν) S3
1,2h (ρ, µ), having used coordinate variable (4), Lamé

functions (18)–(21) with (22), as well as (39) with (42), where

Ei,±
2h =




−Ei
2h, ν ∈ [−ν0, 0)

Ei
2h, ν ∈ [0, ν0]

and H i,±
2h =




−H i
2h, ν ∈ [−ν0, 0)

H i
2h, ν ∈ [0, ν0]

(61)

represent the kind of incidence we choose for reasons of symmetry and in order to be compatible
with the interval of variation of variable ν within (59) and (60), while for ν = 0, the primary fields are
assumed to attain the positive direction. The scattering region is confined by ρ ∈ [h2, +∞), µ ∈ [h3,
h2] and limited to the interval �ν0 ≤ ν ≤ ν0, whereas this domain of scattering action is being defined
as Ω. The incident fields are perturbed by the solid targets for ν = ±ν0, producing the corresponding
electromagnetic scattered fields Es

2h and Hs
2h. Those are offered in terms of the scattered electric

potential us
2h and magnetic potential ws

2h, which are assumed to have identical expansions with that
in (41). Consequently, for every (ρ, µ, ν) ∈ Ω, we obtain

Es
2h (ρ, µ, ν)=−∇us

2h (ρ, µ, ν)=−∇



∞∑
n=0

2n+1∑
m=1

[
Am,u

n,2hEm
n,2h (ρ, µ, ν) + Bm,u

n,2hFm
n,2h (ρ, µ, ν)

] 


(62)

and

Hs
2h (ρ, µ, ν)=−∇ws

2h (ρ, µ, ν)=−∇



∞∑
n=0

2n+1∑
m=1

[
Am,w

n,2hEm
n,2h (ρ, µ, ν) + Bm,w

n,2hFm
n,2h (ρ, µ, ν)

] 


, (63)

where the harmonic eigenfunctions Em
n,2h and Fm

n,2h are provided in (39) and (40), respectively, with
respect to (42). The total fields,

Et
2h (ρ, µ, ν)=Ei

2h + Es
2h (ρ, µ, ν) and Ht

2h (ρ, µ, ν)=Hi
2h + Hs

2h (ρ, µ, ν) for (ρ, µ, ν) ∈Ω, (64)

are given as the sum of the incident and the scattered fields, all being divergence-free.
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The constant coefficients Am,u
n,2h, Bm,u

n,2h and Am,w
n,2h, Bm,w

n,2h must be determined from the proper perfectly
conducting boundary conditions on the surface of the metallic hyperboloid of two sheets at ν = ±ν0,
i.e.,

ν̂ × Et
2h (ρ, µ,±ν0)= 0 and ν̂ ·Ht

2h (ρ, µ,±ν0)= 0 for every ρ ∈ [h2, +∞) , µ ∈ [h3, h2] , (65)

in terms of the outward unit normal vector ν̂, whereas the tangential components of the total electric
field and the normal component of the total magnetic field cancel on ν = ±ν0. The nature of the
incident potentials (59) and (60) is inherited by the scattered ones, that is, due to orthogonality (44)
and in terms of (65), the only surviving eigenfunctions are for n = 1 and m = 3, bearing in mind that
coefficients A1,u

0,2h and A1,w
0,2h that do not appear in (62) and (63), refer to the constant counterparts of the

harmonic potentials that generate the scattered electromagnetic fields and have been arbitrarily set to
zero, without losing uniqueness. Indeed, since the aforementioned fields appear under the gradient
operator within (62) and (63), the relevant eigenfunctions E1

0,2h do not contribute to the solution,
hence we chose to eliminate this part without loss of generality. Therefore, we readily conclude to

Am,u
n,2h =Am,w

n,2h =Bm,u
n,2h =Bm,w

n,2h = 0 for every n ≥ 0 and m= 1, 2, ..., 2n + 1 with n, 1 and m, 3, (66)

while the rest of the constants are evaluated as it is presented in the sequel. First, substituting (66)
into (62) and (63), the potentials

us
2h (ρ, µ, ν)=A3,u

1,2hE3
1,2h (ρ, µ, ν) + B3,u

1,2hF3
1,2h (ρ, µ, ν)=

[
A3,u

1,2hE3
1 (ν) + B3,u

1,2hF3
1 (ν)

]
S3

1,2h (ρ, µ) (67)

and

ws
2h (ρ, µ, ν)=A3,w

1,2hE3
1,2h (ρ, µ, ν) + B3,w

1,2hF3
1,2h (ρ, µ, ν)=

[
A3,w

1,2hE3
1 (ν) + B3,w

1,2hF3
1 (ν)

]
S3

1,2h (ρ, µ) ,

(68)

for every (ρ, µ, ν) ∈ Ω and in addition to (13), produce the electric and the magnetic fields

Es
2h (ρ, µ, ν)=−∇

[
A3,u

1,2hE3
1,2h (ρ, µ, ν) + B3,u

1,2hF3
1,2h (ρ, µ, ν)

]

=−∇
{ [

A3,u
1,2hE3

1 (ν) + B3,u
1,2hF3

1 (ν)
]

S3
1,2h (ρ, µ)

}

=−∇
{ [

A3,u
1,2hE3

1 (ν) + B3,u
1,2hF3

1 (ν)
]

E3
1 (ρ) E3

1 (µ)
}

=−

[(
ρ̂

hρ
E3

1
′
(ρ) E3

1 (µ) +
µ̂

hµ
E3

1 (ρ) E3
1
′
(µ)

) (
A3,u

1,2hE3
1 (ν) + B3,u

1,2hF3
1 (ν)

)
+

ν̂

hν
E3

1 (ρ) E3
1 (µ)

(
A3,u

1,2hE3
1
′
(ν) + B3,u

1,2hF3
1
′
(ν)

)]
for every (ρ, µ, ν) ∈Ω (69)

and

Hs
2h (ρ, µ, ν)=−∇

[
A3,w

1,2hE3
1,2h (ρ, µ, ν) + B3,w

1,2hF3
1,2h (ρ, µ, ν)

]

=−∇
{ [

A3,w
1,2hE3

1 (ν) + B3,w
1,2hF3

1 (ν)
]

S3
1,2h (ρ, µ)

}

=−∇
{ [

A3,w
1,2hE3

1 (ν) + B3,w
1,2hF3

1 (ν)
]

E3
1 (ρ) E3

1 (µ)
}

=−

[(
ρ̂

hρ
E3

1
′
(ρ) E3

1 (µ) +
µ̂

hµ
E3

1 (ρ) E3
1
′
(µ)

) (
A3,w

1,2hE3
1 (ν) + B3,w

1,2hF3
1 (ν)

)
+

ν̂

hν
E3

1 (ρ) E3
1 (µ)

(
A3,w

1,2hE3
1
′
(ν) + B3,w

1,2hF3
1
′
(ν)

)]
for every (ρ, µ, ν) ∈Ω, (70)

correspondingly, where the prime signifies the derivative with respect to the argument, while defini-
tions (39), (40), and (42) have been implied. We, now, reinforce the condition for the total electric
field on both the surfaces of the two-hyperboloid at ν = ±ν0, which by virtue of (64), gives

ν̂ ×
[
Ei

2h + Es
2h (ρ, µ,±ν0)

]
= 0 for every ρ ∈ [h2, +∞) and µ ∈ [h3, h2] . (71)
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Combining (71) with (57) and (69), as well as the fact that the ellipsoidal system ρ̂, ν̂, µ̂ is dextral,
we obtain after some straightforward calculations, based to (4) and (15),

ρ̂

E3
1 (ρ) E3

1
′
(µ)

hµ
− µ̂

E3
1
′
(ρ) E3

1 (µ)

hρ






Ei,±
2h

E3
1 (±ν0)

h1h2
−

[
A3,u

1,2hE3
1 (±ν0) + B3,u

1,2hF3
1 (±ν0)

] 

= 0, (72)

for every ρ ∈ [h2, +∞) and µ ∈ [h3, h2]. The latter one is satisfied only when the constant quantity
among the braces is zero, providing us with the relation

A3,u
1,2hE3

1 (±ν0) + B3,u
1,2hF3

1 (±ν0)=Ei,±
2h

E3
1 (±ν0)

h1h2
, (73)

which, by virtue of (61), offers the following two independent relations for ν = ν0 and ν = �ν0:

A3,u
1,2hE3

1 (ν0) + B3,u
1,2hF3

1 (ν0)=Ei
2h

E3
1 (ν0)

h1h2
and A3,u

1,2hE3
1 (−ν0) + B3,u

1,2hF3
1 (−ν0)=−Ei

2h

E3
1 (−ν0)

h1h2
. (74)

To solve system (74) and obtain the solution, we invoke the ellipsoidal functions from the class M of
definitions (20) and (23), admitting

E3
1 (ν)=

√
h2

2 − ν
2 =E3

1 (−ν) and F3
1 (ν)=E3

1 (ν)

ν∫
0

dt
[
E3

1 (t)
]2

√
h2

2 − t2
√

h2
3 − t2

=−F3
1 (−ν) , (75)

for every value of �ν0 ≤ ν ≤ ν0, setting xc = 0 without loss of generality, in order for relationship
(74) to be easily solvable. Hence, in view of (75), conditions (74) reveal that

A3,u
1,2h = 0 and B3,u

1,2h =Ei
2h

1
h1h2

E3
1 (ν0)

F3
1 (ν0)

, (76)

via the magnitude of the primary electric field Ei
2h. Imposing (76) into the electric potential function

us
2h of the electric field (67), we readily arrive at

us
2h (ρ, µ, ν)=Ei

2h

E3
1 (ν0)

h1h2

*
,

F3
1 (ν)

F3
1 (ν0)

+
-

E3
1 (ρ) E3

1 (µ) for every (ρ, µ, ν) ∈Ω, (77)

from which the scattered electric field Es
2h is evaluated directly via (69), whose measure is being

demonstrated in Figure 5, while the corresponding strength of the total electric field, i.e., ���E
t
2h

��� is
depicted within Figure 6. In the sequel, we apply the magnetic boundary condition (65), which reads

ν̂ ·
[
Hi

2h + Hs
2h (ρ, µ,±ν0)

]
= 0 for every ρ ∈ [h2, +∞) and µ ∈ [h3, h2] , (78)

where together with (15), (58), and (70), is transformed to

E3
1 (ρ) E3

1 (µ)

hν


H i,±

2h

E3
1
′
(±ν0)

h1h2
−

(
A3,w

1,2hE3
1
′
(±ν0) + B3,w

1,2hF3
1
′
(±ν0)

)
= 0, (79)

for every ρ ∈ [h2, +∞) and µ ∈ [h3, h2]. Solving (79), we conclude that

A3,w
1,2hE3′

1 (±ν0) + B3,w
1,2hF3′

1 (±ν0)=H i,±
2h

E3′
1 (±ν0)

h1h2
, (80)

where with respect to (61) describes the two different conditions

A3,w
1,2hE3′

1 (ν0) + B3,w
1,2hF3′

1 (ν0)=H i
2h

E3′
1 (ν0)

h1h2
and A3,w

1,2hE3′
1 (−ν0) + B3,w

1,2hF3′
1 (−ν0)=−H i

2h

E3′
1 (−ν0)

h1h2
,

(81)

where from notation (75), we readily arrive at

E3′
1 (ν)=−

ν√
h2

2 − ν
2
=−E3′

1 (−ν) for every − ν0 ≤ ν ≤ ν0 (82)
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FIG. 5. Scattered electric field strength ���E
s
2h

��� on x1x3-plane for ν0 = 0.9h3 and Ei
2h = 1 V for an elliptic cross-sectional (a)

two-hyperboloid for (α1, α2, α3) = (5.76, 4, 3.2)[=]m and (b) approximated double-cone for a smaller reference ellipsoid
with semi-axes (α1, α2, α3) = (2.88, 2, 1.6)[=]m.

and

F3′
1 (ν)=E3′

1 (ν)

ν∫
0

dt
[
E3

1 (t)
]2

√
h2

2 − t2
√

h2
3 − t2

+
1

[
E3

1 (ν)
]2

√
h2

3 − ν
2
=F3′

1 (−ν) for − ν0 ≤ ν ≤ ν0.

(83)

Consequently, in view of (82) and (83), relations (81) comprise

A3,w
1,2h = 0 and B3,w

1,2h =H i
2h

1
h1h2

E3
1
′
(ν0)

F3
1
′
(ν0)

, (84)

written as a function of the magnitude of the incident magnetic field H i
2h. Entering result (84) into

the magnetic potential function ws
2h of the magnetic field (68), we are led to

ws
2h (ρ, µ, ν)=H i

2h

E3
1
′
(ν0)

h1h2

*
,

F3
1 (ν)

F3
1
′
(ν0)

+
-

E3
1 (ρ) E3

1 (µ) for every (ρ, µ, ν) ∈Ω, (85)

from which the scattered magnetic field Hs
2h is immediately calculated via (70). Both the electric (77)

and the magnetic (85) fields require the utilization of the relative surface two-hyperboloidal harmonic
eigenfunctions,

S3
1,2h (ρ, µ)=E3

1 (ρ) E3
1 (µ)=

√
ρ2 − h2

2

√
h2

2 − µ
2 for every ρ ∈ [h2, +∞) and µ ∈ [h3, h2] , (86)

of the first degree and of the third order.
In the special case where h2 = h3 ≡ h, the degenerate case of a two-hyperboloid of circular cross

section is obtained, where the corresponding results of the electromagnetic potentials are obtained
from (77) and (85). However, the most important reduced case is that involving a double cone of
circular cross section, where in addition to the restriction mentioned above, large values of the
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FIG. 6. Total electric field strength ���E
t
2h

��� on x1x3-plane for ν0 = 0.9h3 and Ei
2h = 1 V for an elliptic cross-sectional (a) two-

hyperboloid for (α1, α2, α3) = (5.76, 4, 3.2)[=]m and (b) approximated double-cone for a smaller reference ellipsoid with
semi-axes (α1, α2, α3) = (2.88, 2, 1.6)[=]m.

Cartesian coordinates x1, x2, and x3 are adequate to approximate this interesting case, which by the
way represent one of the coordinate surfaces in the spherical coordinate system (r, θ, ϕ) for r ≥ 0 and
ϕ ∈ [0, 2π). Furthermore, the cone is defined by the surface θ = θ0 = constant in the upper half-space
and by π � θ0 in the lower half-space, where in accordance to the two-hyperboloidal problem, the
region of scattering is limited outside the cone, i.e., for θ0 ≤ θ ≤ π � θ0, defined as W. Our task, then,
is to reduce the results (77) and (85) from the two-hyperboloidal of elliptic cross section geometry
to the double-cone of circular cross section. This work requires a careful limiting process, since it
is obvious that several indeterminacies appear as we analytically move from the ellipsoidal system
to the spherical one, since h1 = h2 = h3 = 0, meaning that all the semifocal distances of the ellipsoid
recede to the origin. To this end, we use the limits6

ρ
(
≡E1

1 (ρ)
)
=

√
ρ2 − h2

3

(
≡E2

1 (ρ)
)
=

√
ρ2 − h2

2

(
≡E3

1 (ρ)
)
→ r for ρ ∈ [h2, +∞) and r ≥ 0, (87)

regarding the radial component, while

µν

h2h3
≡

E1
1 (µ) E1

1 (ν)

h2h3
→ cos θ, (88)

√
µ2 − h2

3

√
h2

3 − ν
2

h1h3
≡

E2
1 (µ) E2

1 (ν)

h1h3
→ sin θ cos ϕ, (89)

and √
h2

2 − µ
2
√

h2
2 − ν

2

h1h2
≡

E3
1 (µ) E3

1 (ν)

h1h2
→ sin θ sin ϕ, (90)

for every value of µ ∈ [h3, h2] and ν ∈ [�ν0, ν0], as well as ϕ ∈ [0, 2π) and θ ∈ [θ0, π � θ0], concerning
the angular dependence. But, also the exterior Lamé functions of the ν-variable used in this project
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are approached by the associated Legendre functions of the second kind9,10 at the spherical limit,
meaning

F1
1 (ν)→Q−1

1 (cos θ) , F2
1 (ν)→Q0

1 (cos θ) and F3
1 (ν)→Q1

1 (cos θ) , (91)

for every ν ∈ [�ν0, ν0] and θ ∈ [θ0, π � θ0]. Using (72)–(76), we may easily arrive at the double-cone
limits

lim
2h→dc

us
2h (r, θ, ϕ)=Ei

2h sin θ0 *
,

Q1
1 (cos θ)

Q1
1 (cos θ0)

+
-

r sin ϕ for every (r, θ, ϕ) ∈W , (92)

for the harmonic electric potential and

lim
2h→dc

ws
2h (r, θ, ϕ)=H i

2h cos θ0 *
,

Q1
1 (cos θ)

Q1
1
′ (cos θ0)

+
-

r sin ϕ for every (r, θ, ϕ) ∈W , (93)

for the harmonic magnetic potential, respectively. These limits coincide with the analytical expres-
sions for the problem of electromagnetic scattering by a double-cone of spherical cross section. It
is clear that the electromagnetic fields for the particular situation can be easily derived via (69) and
(70) via the limiting processes

lim
2h→dc

Es
2h (r, θ, ϕ)=−∇

[
lim

2h→dc
us

2h (r, θ, ϕ)
]

for every (r, θ, ϕ) ∈W (94)

and

lim
2h→dc

Hs
2h (r, θ, ϕ)=−∇

[
lim

2h→dc
ws

2h (r, θ, ϕ)
]

for every (r, θ, ϕ) ∈W . (95)

Consequently, our aim of investigating the stated application, in the low frequency limit,13 has been
accomplished. Indeed, the scattered electromagnetic fields, in terms of the corresponding harmonic
potentials, have been evaluated for the two-sided and non-penetrable, also referred as perfectly elec-
trically conducting, two-hyperboloid. As already mentioned above, the behavior of the strength of
the scattered ���E

s
2h

��� from (69) and the total ���E
t
2h

��� from (64) with (57) electric field at the cross section x2

= 0 is demonstrated within Figures 5 and 6 for the cases of both a two-hyperboloid (see Figures 5(a)
and 6(a)) and the approximation of a double-cone (see Figures 5(b) and 6(b)) of elliptic cross section.
Similar behavior is expected for the magnetic field, due to the similarity of Equation (85) with (77),
though it is not shown, since in electrostatics the measurable field is the electric one.

The goal of estimating the electric and magnetic fields near corners and edges has been achieved,
where, here unlike in the previous application, for the case of a double-cone, either the scattered or
the total electric field intensity is significantly diminished at the sharp edge, which is logical if we
consider that the source of producing the primary fields is very far from the observed object, hence
it redirects accordingly the electric field strength.

V. CONCLUSIONS

In this paper, we present a review of ellipsoidal harmonics and an extension of this theory to
hyperboloids of one and two sheets. Then, we apply this extension to two boundary value problems of
electrostatics. We consider the geometry of certain regions representing edges and corners, whereas
either the fields become singular (first application) or vanish (second application), by an elliptic
double cone, which stands for the asymptote of the corresponding hyperboloid of two distinct sheets.
We then applied the technique in terms of the hyperboloidal harmonics. The electromagnetic fields
are explicitly calculated in a purely analytical form for two fundamental cases, the charged metal
two-hyperboloid and the metal two-hyperboloid subject to an electric and magnetic plane wave, both
of elliptic cross section, where the results are followed by the proper computational elaboration.

In the case where only one of the two sheets of the two-hyperboloid is metallized and charged, the
solution for the potential problem becomes more complicated due to the fact that the standard Lamé
functions of integer order are excluded. Future elaboration under progress involves the introduction
of the Lamé functions of non-integer order.
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This article has endeavored to show that an analytical approach to problems involving ellipsoids
or hyperboloids is conceivable and sometimes more straightforward than a numerical solution of
relevant integral or differential equations. Once this analysis has been completed, both the credibility
and the robustness of numerical implementations are secured.
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