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Abstract

Coifman, Lions, Meyer and Semmes asked in 1993 whether the Jacobian operator
and other compensated compactness quantities map their natural domain of definition
onto the real-variable Hardy space 7!(R"). We present an axiomatic, Banach space
geometric approach to the problem in the case of quadratic operators. We also make
progress on the main open case, the Jacobian equation in the plane.
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1 Introduction

The real-variable Hardy space 7! (R") often acts as a good substitute for L'(R"),
mirroring many of the ways in which BMO(RR") substitutes L°>°(R") [18, 53]. In
order to define .7 (R") we fix x € C2°(R™) with fR,, x(x)dx # 0, denote x,(x) :=
t7"x(x/t) forevery x € R" and t > 0 and set

HY R = {f e S'(R"): sug|f * x:(1)] € LI(R")} .
>
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We endow 7! (R") with the norm [| | 1 == |[sup,_o |.f * x:()I] ;1

Connections between 7! integrability, commutators and weak sequential conti-
nuity were explored by Coifman & al. in the highly influential work [8]. Coifman & al.
showed that when n > 2, the Jacobian determinants of mappings in W' (R”, R") and
several other compensated compactness quantities belong to .7°! (R"). The result was
motivated by Miiller’s higher integrability result on Jacobians: if u € W!"(Q, R")
and J, > O a.e.inan open set 2 C R”, then Julog(2+ Ju) € L}OC(Q) [49], in direct
analogy to Stein’s classical LlogL result on .7 functions. For later developments of
the H! theory of compensated compactness quantities see e.g. [2, 3, 6, 17, 19, 22, 23,
26, 33, 34, 40-42, 45, 47, 51, 54, 57].

Coifman & al. proceeded to ask whether these nonlinear quantities are surjections
onto H'(R") [8, p. 258]. The most famous open case is the following:

Is J: WO (R, RY) — ' (R") surjective? (1.1)

As a partial result, Coifman & al. showed that .7 (R") is the smallest Banach space
that contains the range of the Jacobian. More precisely,

o0 o0
AR =1 " Juj: Y| Duj;, < oo (1.2)
j=1 j=1

[8, Theorem IIL.2]. Further partial results were presented in [21, 23, 44]. When the
domain of definition of J is the inhomogeneous Sobolev space W1 (R", R"), the
author proved non-surjectivity in [45].

In bounded domains, the Dirichlet problem Ju = f in Q, u = id on a2 has a
classical theory starting from the seminal works of Moser and Dacorogna in [11, 48]
and reviewed in [10]. In a setting close to ours, when u € Wi}j’" (2, R™) has Jacobian
Ju > 0 a.e., Miiller’s higher integrability result implies that Ju € Llog L(£2). As
an analogue of (1.1), Hogan & al. asked whether every non-negative f € L log L(£2)
with mean 1 has a solution u € Wi}j’"(Q, R™) [26, p. 206]. Counter-examples were
recently given by Guerra & al. in [20]. For all L9/" data, 1 < ¢ < n, "pointwise" (as
opposed to distributional) solutions in W4 (€2, R") with arbitrary boundary values
in WI=1/2:4(Q, R") were constructed in [38]. At any rate, compared to the Dirichlet
problem, completely different ideas are needed in the case of R” due to the unbound-
edness of the domain and the absence of boundary conditions.

In [32], Iwaniec conjectured that for every n > 2 and p € [1, oo) the Jacobian
operator J : wlnp(R" R") — HP(R™) not only is surjective but also has a contin-
uous right inverse G : JZP(R") — W17 (R", R"); recall that s#7(R") = LP(R")
whenever 1 < p < oo. Hytonen proved in [29] the natural analogue of (1.2), so
that L?(R") is, again, the minimal Banach space containing J (WP (R" R™)). We
discuss Hytonen’s contribution in §7.

We next briefly summarise some of the ideas presented in [32]. Whenever f €
HP (R"™) and the equation Jv = f has a solution, it has a minimum norm solution u €
WP (R, R™), thatis, Ju = f and [g, |Du|™ = minyy—y [p. |Dv|". Furthermore,
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the range of J is dense in H” (R"). Iwaniec suggested a possible way of finding a
continuous right inverse G:

Strategy 1.1 Whenn > 2 and 1 < p < oo, the following claims would yield a
continuous right inverse of J: W1 (R" R") — P (R"):

(1) Every energy-minimal solution u satisfies || Dull}., < | Jull yz»p.

(2) For every f e sP(IR") there is a unique energy-minimal solution u s, modulo
rotations.

(3) There exist rotations Ry € SO (n) such that f + Ryruy is a continuous right
inverse of J.

Claim (1) would easily imply the surjectivity of J: W (R", R") — P (R")
(see [44, p. 36]). In [23], (1) was shown to be, in fact, equivalent to the surjectivity
of J: WInP(R", R") — P (R"); this amounts to an open mapping theorem for the
Jacobian. In [21], in turn, (2) was shown to be false whenevern =2 and 1 < p < oo.
Nevertheless, in [21], Guerra & al. found an explicit class of data whose energy-
minimal solution is, indeed, unique up to rotations. Another large class of such data is
constructed in Theorem 1.10 below. Despite the falsity of (2), claim (1) and Iwaniec’s
conjecture itself remain open. In the case n = 2, p = 1, a novel Banach space
geometric approach was presented in [44] to attack claim (1).

In this work, we present a natural abstract framework for the ideas of [44] and
study the surjectivity question for rather general quadratic compensated compactness
quantities, streamlining the exposition of [44] considerably. We also make further
progress on the main special case J : WI’Z(RZ, R?) — H'(R?). In §7, we discuss
how to adapt the methods to the case n = 2,1 < p < oo.

1.1 Connection to Commutators

Question (1.1) can be seen as a variant of the classical factorisation problem from
complex analysis [52, §4.2]. Indeed, an equivalent fqrmulation of (1.1) in terms of
differential forms is whether J#Z1(R") = x /\’}:1 dWbn(R") (since Ju = *duj A

.-+ A duy). The decomposition (1.2) is called a weak factorisation of 7' (R").
In the plane, one can also deduce (1.2) from the two-sided commutator estimate

clbllsmo = 6, Tl 212 = C lIbllBMO (1.3)
for the Beurling transform T = S: L*(C,C) — L?*(C, C) (a Calderén-Zygmund

operator with kernel K(z) := 1 /zz; see [1, §4] for its various properties) and b €
BMO(C). Here, recall (for n > 1) that

BMO(R") := {b € L}, (R": |Ibllgmo = sup][Q |b(x) — bo| dx < oo} :
0

where the supremum is taken over cubes Q C R" and bg := fQ b(y) dy. The closure
of C(R") in BMO(R") is called CMO(RR"). By classical results by Fefferman and
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by Coifman and Weiss, respectively, we have the dualities [H!(R")]* = BMO(R")
and [CMORM)]* = 1 (RY).

Estimates of the form (1.3) go back to the seminal work [7] of Coifman & al.,
with Nehari’s theorem on Hankel operators as a precursor. When j € {1, ..., n} and
T = Rj is aRiesz transform, the upper bound estimate || [0, R;] ||L2_)L2 < C|Ibllsmo
[7], the formula

/ b(a)Rj)/—l-ija)):/ wlb, R;ly (1.4)
]Rn R)‘l

and H! — BMO duality imply that Ry +y Rjw € 7' (R") forall o, y € L*(R").
The lower bound estimate ||[b, R;1||,>_ ,» > c|bllgmo [7. 35, 55] gives the weak

factorisation 7' (R") = {372, (@i Rjyi +viRjwi): 172 (il +11yill72) < oo}
by simple functional analysis. By a result of Uchiyama, the commutator [b, R;] is
compact if and only if 5 € CMO(R"). Note that (1.4) and the compactness of [b, R} ]
immediately lead to the weak-to-weak™ sequential continuity of the quadratic operator
(w,y)—~ oRjy+yRjw: L2(R™)? — 1 (R"). These results have been extended in
numerous ways, as reviewed in [56]. In §3.1 we briefly discuss the case of commutators
with Calderén-Zygmund operators.

In Assumptions 1.2 and 1.3 below, we axiomatise the above-mentioned properties
of the Riesz transform R; and the quantity Ry + y R jw. We study the factorisation
problem for quadratic weakly continuous quantities in real-variable function spaces
such as 7! (R"), using two-sided commutator estimates and isometric Banach space
geometry as some of the main tools. Since our choice of methodology is rather uncon-
ventional in the study of solvability of nonlinear PDE’s, we motivate it at length in
§1.3. First, however, we specify the mathematical setting of this paper.

1.2 The Mathematical Setting

We fix a real Banach space X with a separable dual X* and a real or complex Hilbert
space H, and we denote the coefficient field of H by K € {R, C}. The canonical exam-
ples are X = CMO(R"), X* = H!(R"), X** = BMO(R") and H = L>(R", R™) or
H = L*(R", C), where n, m € N.

Assumption 1.2 A bilinear mapping
b,w)— Tpw: X* xH - H

satisfies the following conditions:

@) clbllxe < I Tpllp—pu < ClIbllx= for every b € X**,
(ii) Tp is compact for every b € X.

Assumption 1.3 The bilinear mapping (b, w) +— Tpw satisfies the following condi-
tions for every b € X**:

(i) Tp is self-adjoint.
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Q) NTpll g = P =1 {Thw, w).

Definition 1.4 Given X, H and (b, w) — Tpw we define a norm-to-norm and weak-
to-weak™ sequentially continuous mapping Q: H — X* by

(b, Qw)x_x» == (Thw, w)y.

Henceforth, Assumptions 1.2 and 1.3 will remain in place for the rest of the
introduction. Assumption 1.3 is made mainly to make the quadratic operator Q real-
valued and ensure that X* = {Z?’;l Quw;j: Z?’;l o; ”i] < oo}. Whenever the
map (b, w) +— Tpw satisfies Assumption 1.2, the modified operator (b, (@, y)) —
fb(a), y) = (Tb*y, Trw): X™ x (H x H) — H x H satisfies Assumptions 1.2 and
1.3 (see Proposition 2.10). Examples 3.5 and 3.6 illustrate the role of Assumption 1.3
further.

The planar Jacobian arises as follows (see Example 3.5): defining 7} : L*(C,C) —

L%(C, C) by Thw := (Sb — bS)Sw, where S is the Beurling transform, we can write
Qw = |Sw> — |w|*> = |u.|> — |uz|*> = Ju, where u € W"2(C, C) is the Cauchy
transform of w € L2(C, C).

Assumptions 1.2 and 1.3 are not enough to determine whether Q (H) = X*. Indeed,
0: LX(R) —» A (R), O(w) = o* — (Hw)? is non-surjective but (its Gateaux
derivative) Q: L?(R) x L2(R) — #'(R), O(w,y) = wy — HoHy is surjective
(see Example 3.6). We address the following question:

Question 1.5 Under which extra assumptions is Q(H) = X*?

Below we mostly study all the operators given by Definition 1.4 in a unified manner,
as precise information on Q (H) is valuable whether one intends to prove surjectivity
or non-surjectivity. However, in Assumption 1.8 we specify a useful criterion which
holds for the operators @ — w* — (Hw)?>: L>*(R) — ' (R) and o > |Sw|? —
lw|? : L3(C, C) — ' (C) but fails for their Gateaux derivatives.

1.3 Overall Strategy and Aim

We next describe the motivation behind the approach adopted in [44] and this paper.
Elementary proofs of various statements are given in §4.

e Whenever f € X* and the equation Qy = f has a solution, it has a minimum
norm solution w € H, thatis, Qw = f and ||w|lg = ming,—¢ [yl 4.
e We define an energy functional £: X* — R U {oco} by

min{|oll3 : Qo = f}, f e Q(H),

& =
v {oo, f ¢ QH).

Almost by definition, £ > ||| x=. Claim (1) in Strategy 1.1 can be stated equiva-
lently as the estimate & < ||| y+.
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e By a nonlinear version of the Banach-Schauder open mapping theorem, recently
proved by Guerra & al. in [23], for translation-invariant operators (such as the
Jacobian) we have

either £ < ||| x= in X* or £ = oo outside a meagre set.

In particular, the surjectivity of Q: H — X* is equivalent to the statement
that Q(H) is dense in X* and every minimum norm solution satisfies IIa)II%{ <
|| Q|| x+. This gives a metamatematical justification for taking claim (1) as a goal.

e Given a minimum norm solution w € H of Qw = f, we may use calculus of
variations to study o via perturbed solutions w. € H of Qe = f, ||we — olly —
0. However, it tends to be very hard to construct variations that satisfy the nonlinear
constraint Qw, = f. In particular, the first variation we = w + €@, ¢ € H, is in
general unavailable.

e The constraint Qw, = f could be relaxed if we found a Lagrange multiplier, that
is, b € X** satisfying

d
E((b, O(w+ €p)) xr_x+ — ||a)+e<p||%,) =0 foreveryp € H.
e=0

(1.5)

If, furthermore, ||b||x++ < C uniformly in f, then setting ¢ = w in (1.5) would
give the sought inequality £ < ||-|| x+. However, given an arbitrary minimum norm
solution, the construction of a Lagrange multiplier b € X** is a formidable task—in
particular, the standard Liusternik-Shnirelman method is not applicable.

e Nevertheless, many minimum norm solutions do possess a Lagrange multiplier.
Indeed, (1.5) says that w is a critical point of the functional I,: H — R,

15(8) == (b, Q) xwr—x+ — 0113 = (1,0, 0) — 161% -

Now, if b € X and ||Tp||y— g = 1, then supygy, =1 1p(0) =0 is attained at some

w € Sy, so that b is a Lagrange multiplier of w and IIwII%{ S 1 Qwl xx.
e Asevery b € X with || Tp|| y_, g = 1 is a Lagrange multiplier, we use the norm of
X given by

I1bllx, := sup (b, Qo)x—x* = IThllp—p
loll =1

endow X* with the dual norm

I fllxs = sup (f.D)x=—x
1bllx =1

and denote the resulting Banach spaces by X and X ’é Thus every b € Sx,, is a
Lagrange multiplier of some w € Sy with Quw € SX*Q .
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e As a consequence, the set
o ={w e Sy: Qa)ESXz}CSH

and its image Q (&) C SX*Q are rather large. The motivation above leads to the

following more precise variant of Question 1.5, presented for the planar Jacobian
in [44]:

Question 1.6 Is Q(&7) = sz ? Equivalently, is € = ||-|| x+?

As already noted, there exist some natural cases where the answer to Question
1.6 is negative. A positive answer holds for the simple operator (b, (w, y)) +—>
(bw, —by): R x R? — R2. It is hoped that suitable further properties of T, beyond
Assumptions 1.2 and 1.3, will yield an answer to Question 1.6 for natural classes of
operators. In this paper we present several partial results.

1.4 Main Results
As a first largeness criterion on Q (&) we mention that
() D ext(Byy), (1.6)

where ext(IB X} ) is the set of extreme points of B Xp- Since X ’é is a separable dual space,
the Bessaga-Pelczynski Theorem (Theorem 2.7) implies that co(ext(B X} ) =B Xy
The inclusion (1.6) is contained in Theorem 5.1. We will find more refined information
on Q (<) by using the set-valued duality mapping.

Syx
Definition 1.7 The duality mapping D: Sx, — 2 0 is defined by
D) :={f €8xy (b, flxo-x3 = 1}-
We denote the set of norm-attaining points by NAH~HxQ = Upesy, D(b).

By the Bishop-Phelps Theorem [15, Theorem 3.54], NA||.||XQ is dense in SX*Q.

Since Q(«) is closed, Question 1.6 reduces to the question whether D(b) N Q.of =
D(b) for every b € Sx,. Before presenting partial results we formulate a useful
extra assumption which is satisfied by the planar Jacobian. Its aim is to quantify the
symmetries of the class .o/ (see Remark 5.6).

Assumption 1.8 If w, y € 7 satisfy Qw = Qy, then Q) (cy) # 0 for some ¢ € Sk.

The following result collects partial results on Question 1.6; for the relevant defi-
nitions see §2.1.

Theorem 1.9 Under Assumptions 1.2 and 1.3, the following statements hold:

(i) Forevery b € Sx,,, the convex set D(b) has finite affine dimension.
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(ii) Foreveryb € Sx,, D(b) N Q(&) contains ext(D(b)) and is path-connected.
(iii) The norm and relative weak™ topologies coincide in Q (7).

Under the further Assumption 1.8, the following statements hold:

(iv) For every b in a dense, relatively open subset of Sx,, D(b) = {Qw} for some
w € o and ”’”XQ is Fréchet differentiable at b.

Sy Syx
(v) D:Sx, > 2 X0 s a cusco map, and b — D(b) N Q(H): Sxo > 2 X0 is an
usco map.
(vi) The norm and relative weak™ topologies also coincide in NA|.| Xo'

The proof is presented in §6. The parts (iv)—(vi) are new also in the case of the
Jacobian. The second main result concerns uniqueness of minimum norm solutions
and is proved in §5.

Theorem 1.10 Suppose Assumptions 1.2, 1.3 and 1.8 hold, and let f € ext(SX*Q).
Then the minimum norm solution w € </ of Qw = f is unique up to multiplication
by ¢ € Sk.

In view of (1.6) it is natural to ask whether X *Q is strictly convex, that is, ext(B X% ) =

S X+ In the case of the planar Jacobian, the answer is negative, as an immediate

consequence of Theorems 1.9 and 1.10 and the non-uniqueness of general minimum
norm solutions:

Corollary 1.11 In the case of v — Qw = |Sw|? — |w|?: L%(C,C) — H(C) we
have ext(IB%X*Q) C SX*Q.

It is unclear to the author whether an analogue of Corollary 1.11 holds for the

Gateaux derivative (w, y) — Q) y: L%(C, C)? —» s7Y(C).

2 Preliminaries

The main tools of this work come from isometric Banach space geometry. We collect
some notions and results and refer to [14] and [15] for most of the proofs.

2.1 Smoothness Properties of Norms and Duality Mappings

In this subsection, X is a real Banach space. Suppose U C Zisopenand g: U — Z
is convex, where Z is a real Banach space. We say that g is Gdteaux differentiable at
x € U if there exists L € Z(X, Z) such that

gx +1th) —g(x)
t

lim
t—0

— LhH =0 foreveryh € X. 2.1

The operator L is then denoted by g/ and called the Gdteaux derivative of g at x. If
the limit in (2.1) is uniform in 2 € Sy, then g is said to be Fréchet differentiable at x.
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Note that the convex function g(x) = ||x| x is Gateaux (Fréchet) differentiable at
x € Sy if and only if it is Giteaux (Fréchet) differentiable at Ax for every A € R\ {0}.
We will use the following theorem of Asplund and Lindenstrauss (see [15, Theorem
8.21]) on the norm of X.

Theorem 2.1 Suppose X* is separable and g : X — R is a continuous convex function.
Then g is Fréchet differentiable in a dense Gs subset of X.

Recall that the duality mapping D: Sy — 25%* is defined by
D(x) = {x* € Sx+: (x*, x)x+—x = 1}.

If g(x) = ||lx|lx is Gateaux differentiable at x € Sy, then D(x) = {g}.

Definition 2.2 Suppose Y and Z are Hausdorff topological spaces. A mapping
F:Y — 2%\{0} is said to be upper semicontinuous at y € Y if for any open set
V D F(y), there exists a neighbourhood U of y in Y such that F(U) C V.

We recall characterisations of the norm-to-norm upper semicontinuity of the duality
mapping [16, 28].

Theorem 2.3 Let x € Sx. The following statements are equivalent.

(i) D is norm-to-norm upper semicontinuous at x and D(x) is norm compact.
(ii) For every sequence of points x* in Sy+ such that (x;‘, x) — 1, there exists a
subsequence convergent to some x* € D(x).
(iii) The weak* and norm topologies agree on Sx+ at points of D(x).

The norm-to-norm upper semicontinuity of D can also be used to characterise
Fréchet differentiability of the norm (see [14, Corollary 7.16]).

Theorem 2.4 The norm ||-|| x is Fréchet differentiable at x € Sy if and only if D(x) is
a singleton and D is norm-to-norm upper semicontinuous at x.

Definition 2.5 Let Y and Z be Hausdorff topological spaces. A set-valued map
F:Y — 2%\{@} is said to be usco (upper semicontinuous nonempty compact-valued)
if it is norm-to-norm upper semicontinuous and F(y) is compact for every y € Y. If,
furthermore, F(y) is convex for every y € Y, then F is said to be cusco.

Usco and cusco maps and related notions are treated extensively in [27].

2.2 Extreme Points of the Unit Ball of a Separable Dual

When C is a convex subset of a real Banach space Y, a point y € C is an extreme
point of C if there exists no proper line segment that contains y and lies in C.

Definition 2.6 A Banach space is said to have the Krein-Milman property if every
closed, bounded, convex set is the closed convex hull of its extreme points.

We recall a result of C. Bessaga and A. Pelczynski (see e.g. [12, p. 198]).
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Theorem 2.7 Every separable dual space has the Krein-Milman property.

Recall that in Assumptions 1.2 and 1.3, the dual space X* is separable. The
real-variable Hardy space H!'(R") = (CMO(R"))* satisfies this criterion (see [44,
Proposition 2.15]). We also recall Milman’s theorem on extreme points which is for-
mulated as follows (see [14, Theorem 3.66]).

Theorem 2.8 Let K be a non-empty subset of a Hausdorff locally convex space such
that co(K) is compact. Then every extreme point of co(K) lies in K.

2.3 Self-adjoint Variants of Non-self-adjoint Operators

When Assumption 1.2 holds but Assumption 1.3 does not, we use a natural self-adjoint
modification of 7. Its existence and uniqueness are guaranteed by the following simple
lemma.

Lemma 2.9 Suppose A: H — H is K-linear. Then there exists a unique self-adjoint
K-linear operator B: H x H — H x H such that

(B(x,y), (x,y))uxn = 2Re(Ax, y)y forallx,y € H.

The operator B is of the form B(x,y) = (A*y, Ax) and satisfies | Bl gxpg—HxH =
1Al n-

Proposition 2.10 If a bilinear mapping T : X** x H — H satisfies Assumption 1.2,
then the modified operator

(b, w,y) > Tp(w,y): X*™* x (Hx H) = Hx H, Tyw,y):= T}y, Tyo)

satisfies Assumptions 1.2 and 1.3. N
If T satisfies Assumptions 1.2 and 1.3, then T is related to the Gdteaux derivative

of Q by
(To(w, ), (@, Y axn = (b, QL y)x=_x+ forallo,y € H, b € X**. (2.2)

We illustrate Proposition 2.10 in Examples 3.5 and 3.6.

3 Operators Satisfying Assumptions 1.2 and 1.3
In this section we discuss two classes of operators which satisfy assumption 1.2: com-

mutators of Calderén-Zygmund operators with BMO functions and paracommutators.
Specific examples are then given in §3.3.

3.1 Commutators of Calderon-Zygmund Operators and BMO Functions

Coifman & al. showed in [7] that when T is a Calderén-Zygmund operator with a
suitable smooth kernel 2, we have [|[b, T1ll;2_, ;2 < 1bllgmo for all b € BMO(R").
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Specifically, €2 was assumed to be homogeneous of degree zero with vanishing mean
over $"~! and to satisfy |Q(x) — Q(y)| < |x — y| for all x,y € §"~!. They also
showed that if [b, R;]: L>(R") — L?(R") is bounded for every j € {1,...,n},
then b € BMO(R") and ||b]|lgpmo < maxi<j<y |[b, Rj1,>_, 2. Uchiyama [55] and
Janson [35] showed independently that in order to obtain » € BMO(R"), it suffices to
show boundedness of [b, T]in L%(R") for only one of the kernels 2 s 0 in the result
of [7]. Uchiyama also showed that [b, T'] is compact if and only is b € CMO(R").
Thus Tpw = [b, T | satisfies Assumption 1.2.

The two-sided estimate (1.3) has been extended in numerous ways (to multi-
parameter and weighted spaces etc.); see e.g. [25, 29, 56] and the references contained
therein. In the case of commutators with Calderén-Zygmund operators, Hytonen
recently proved the estimate |[[D, T]||;2_, ;2 = ||bllgmo under the very weak assump-
tion that the kernel is "non-degenerate". We recall relevant definitions from [29].

Definition 3.1 A measurable function K : R” x R" — R is called an w-Calderon-
Zygmund kernel if K(x,y) < cg |x — y|™" whenever x # y and

1 -
K, y) = K@ )| + | K (v, x) = Ky, x| < o [x =~
lx — yl lx — yl

whenever |x — x/| < |x — y| /2, where w: [0, 1) — [0, 00) is increasing.

Definition 3.2 A measurable function K : R” x R" — R is called a non-degenerate
Calderon-Zygmund kernel if K satisfies at least one of the following two conditions:

(1) K is an w-Calder6n-Zygmund kernel with w(t) — 0 as t — 0 and for every
y € R" and r > 0, there exists x € CB(y, r) such that | K (x, y)| < cr—.

(2) K is an homogeneous Calderén-Zygmund kernel with Q € L!(§"~1) \ {0}.

For compactness of commutators of CMO functions and Calder6n-Zygmund oper-
ators on (possibly weighted) L2(R”) we refer to [4, 5, 24, 30, 39, 55]. In particular,
when an homogeneous kernel 2 € L'($"~ 1)\ {0} has vanishing mean and satisfies

1 6
sup / [2(n)| (ln ) dn < o0
gesn=1Jsn=1 In- ¢l

for some 6 > 2, the corresponding commutator satisfies Assumption 1.2 [4, 29].
Assumption 1.2 is verified for commutators with the Cauchy integral operator in [43].

In many natural instances, an operator 7}, satisfying Assumption 1.2 is not precisely
a commutator but, for instance, the composition of a commutator with a Calder6n-
Zygmund operator. A natural general framework for such operators is provided by
paracommutators.
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3.2 Paracommutators

We briefly recall basic definitions and results from the theory of paracommutators and
refer to [36]. Paracommutators are operators 7j(A) of the form

Ty(Aw(E) = 2r)" /R bE —mAE DO dn, § <R, 3.1)

where A: R" x R” — R and w: R" — R are functions and »: R" — R is called the
symbol of Tp(A).

As the most basic example, A (&, n) = 1 yields (under suitable integrability assump-
tions) the multiplication operator 7@ = bw. The commutators 75(A) = [b, R;] arise
via A(¢,n) = &;/1&] — nj/ Inl. More generally, if T is a Calderén-Zygmund sin-
gular integral operator with Fourier symbol m and A(&,n) = m(§) — m(n), then
T, (A) = [b, T]. Several further examples are presented in [36, pp. 469-473] and [51,
pp- 513-519].

In [36], Janson and Peetre gave conditions on the function A under which the bound-
edness of 7j,(A): L2(R") — L2(R") is equivalent to the condition » € BMO(R").
In order to state the result we need some definitions. We do not motivate them here
but refer to [36] for more information.

Definition3.3 Let U,V C R". The space M(U x V) consists of functions ¢ €

L*°(U x V) that admit a representation

@&, n) =/XO!(E,X)I3(7I,X)€1/L(X) (3.2)

for some o-finite measure space (X, ;) and measurable functions «: U x X — R
and B: V x X — R which satisfy

/X lorCer ) ey 1B ) Loy dia(x) < oo (33)

Furthermore, M (U x V') is a Banach algebra in the norm given by minimising the left
hand side of (3.3) over all representations (3.2).

For every j € Z we denote A; := {§ € R": 2/ < |E| < 2/F1}. We list some of
the assumptions of [36] and retain their numbering.

(AO) There exists » > 1 such that A(r&, rn) = A(E, n) forall £, n € R”.
(A1) [ Allyga;xa, < C forall j.k € Z.
(A2) There exist A1, Ay € M(R" x R") and § > 0 such that

A, n) = A1(§,n) when [n| < 51§,
A(§,m) = Az(§,m) when [§] < 81n].
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(A3(x)): There exist &, § > 0 such that whenever r < § |&|, we have

a
r

1Al <C (-) .
M(B(o,r),B(o.7)) EY

(AS5) For every &y # O there exist § > 0 and ng € R” such that 1/A(¢,n) €
MU x V), where U = {§: |§/16] — &0/ 6ol < & and [§] > |ol} and V =
B(no, & 1501))-

We collect the results of [36] that are most relevant to this paper.

Theorem 3.4 Suppose A: R" x R" — R satisfies (A0), (Al), (A2), (A3(a)) and A(5),
where a > 0. Then Ty (A) satisfies Assumption 1.2.

By a result of Peng, under the assumptions (A0O), (Al), (A3(«)) and (AS), com-
pactness of Tp: L2(R") — L2%(R") conversely implies b € CMO(R") [50].
We also mention that under (AO)—(AS), Assumption 1.3 is not satisfied in gen-
eral. Indeed, denoting l;(x) := b(—x) and abusing notation, (T(A(&, n))w, y) =
(0, T;(A(n, §))y) forall w, y € L*(R").

If the assumptions of Theorem 3.4 and Assumption 1.3 hold, we may use Definition
1.4 to define a quadratic operator Q: L2(R") — Y (R™). Its form is

01 (0, 7)(x) = —— / / SEPMAE N EDT dedy. (3.4)
A Q) Jrn Jren

where A(n, —€) = A(£, n). Conversely, Q ;, defined via (3.4), gives rise to a para-
commutator 75(A) defined by (3.1). These and many other relations between 73 (A)
and Q ; are explored in [S1].

3.3 Specific Operators

We list some concrete quadratic operators which arise via Assumption 1.2; numerous
further examples are presented in [36, 51].

Example3.5 Letu € W'2(C, C). When u := 271 (3, — id,)(us + iup) and u; =
2-1a, + i0dy)(uy + iuz) are the Wirtinger derivatives of u and S: L*(C,C) —
LZ(C, C) is the Beurling transform, we have Suz = u,. Therefore, the Jacobian Ju =
uz)? — |uz|? corresponds to Qw = |Sw|? — |w|?* via the isometric isomorphism u +—
u: =: w: WL2(C,C) — L3(C,C) whose inverse is the Cauchy transform C. (We
identify elements of W12(C, C) that differ by aconstantand set [|u || 12 == |luzll 2 =
|Dul|;2 /2.) The quadratic operator Q arises via the formula (b, Qw)gmo 1t =

(Thow, w) 2, where Tpw 1= (Sb — bS)Sw satisfies Assumption 1.2 for H = L*(C, C)
and X = CMO(C) (see [44]).
It is instructive to also consider the planar Jacobian in real variable notation. Define

T, := Ry[b, R2] — Ra[b, R1]: L*(R?) — L*(R?). (3.5)
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Now T, = —T, # 0 and thus T} is not self-adjoint. However, the operator
Ty : L2(R2, ]Rz) — Lz(Rz, Rz), defined in Proposition 2.10, generates the Jacobian:

/2 Th(1, @) - (w1, @) = 2(b, R1w| Rowy — Row1 R1@2)gpo 741
R

= 2(b, 01v102v2 — 02V101V2)gMO—H! »

where v = Aw := (—A) 2w € WH2(R?). This example serves to further motivate
Assumption 1.3.

Example 3.6 On the real line, two quadratic ' -integrable quantities arise as follows.
Isomorphically, H”(R) = HP(R,C) := {g +iHg: g, Hg € LP(R)} for all p €
(0, 00), where H is the Hilbert transform. Given w € L%(R) we set

(w+iHw) =w® — (Hw)? + 2ioHo =: Q10 +i0ro.

As is well-known, Q1, 0»: L*(R) — H!(R) are not surjective but their Gateaux
derivatives (Q1),,y = wy — HoHy and (Q2),y = wHy + y Hw are—in other
words,

(®: 0 e H*R,0)} C {af: o, B € HX(R,C)} = H' (R, C). (3.6)

We give a proof of (3.6) in Appendix A for the reader’s convenience.

The operator Q arises via the bounded linear operator 7T} : L*(R) —» L%*(R),
T, = [H, b]H by the formula (b, Q1®)gpmo 1! = fR wTpw. Now T, satisfies
Assumptions 1.2 and 1.3 but Q;: L*(R) — H'(R) is not surjective. This illustrates
the fact that the modified operator T}, (see Proposition 2.10) might be needed to ensure
surjectivity even if T satisfies Assumptions 1.2 and 1.3.

Example 3.7 In [57], Wu considered higher-dimensional variants of the operators Q ;
of Example 3.6 in Clifford algebras. When Q = w + Z?:l Rjwe; € L*(R", C(y)

andT =y + 27:1 Rjye; € L>(R", C,)), their product can be written as

n n
Q' = wy — ZRja)Rj)/ + Z(a)RJ-y +YRjw)e;
=1 =1

+> (RjoRcy — RewR;y)ej;. (3.7)
j<k

Each component of QT then belongs to ! (R”) [57, Theorem 12.3.1]. Note that when
n = 2, the last term of (3.7) is a Jacobian in disguise: RjwRyy — RowR1y = Jv
forv=(A"'w, A7ly) € W12(R2, R?). In analogy to (3.6), Wu conjectured that
H'R") = {wy — Y j_| RjoR;y: o,y € LA(R")} [57, p. 237].

Wu also studied more general combinations of Riesz transforms that arise via
AE, ) =1—=(E&-n)™/(&]In])™, m € N, and showed that each such A satisfies the
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assumptions of Theorem 3.4. As an example, 7; := [R, b] - R: L%(R") — L%(R")
generates

Qw = |w* — |Rw|* = |Aul* — |Vu|?,

where Au = f.Inthis case, A(§,n) =1—n-&/(In||£]). Thus Wu’s conjecture says
that the Géteaux derivative Q)y = 2(wy — Rw - Ry) = 2(AuAv — Vu - Vv) gives
a surjective bilinear operator L2(R") x L>(R") — H!(R").

The planar Monge-Ampére equation arises as follows. Define 7j,: L*(R?) —
LX(R?) by

[Ri1, b1Rn® + [Ry2, bIR11w — 2[R12, ] R1p0

Tyw =
bW >

Then Q: LZ(RZ) — ngRz) is of the form Qw = RjjwR»®w — RipwRsjw. Using
the isomorphism —A: W22(R2) — L2(R?) we may write the Hessian as ' H =
Qo (=A)"": W2H(R?) — H'(R?). In this case, A€, ) = 1 — (& - n)?/(IE]* Inl?).

4 Banach Space Geometric Considerations

This subsection is devoted to proving various claims presented in §1.3. We assume
that T satisfies Assumptions 1.2 and 1.3.

4.1 Minimum Norm Solutions

We begin by noting that if the equation Qw = f has a solution, then the direct method
gives a minimum norm solution.

Proposition 4.1 Suppose f € X*é, y € Hand Qy = f. Then there exists v € H
with Qw = f and ||w| gy = ming,—¢ |y |l .

Proof Choose a minimising sequence so that Qw; = f for every j € N and

lim;, o ||, ||H = infgy,—¢ |lylly. Since By is sequentially weakly compact and
k

Q is weak-to-weak™ continuous, we have w;—® and Qw;— Quw for a subsequence,

and o is the sought minimum norm solution. O

We then show that surjectivity of Q: H — X *Q would follow from the weak™*
density of the range Q(H) in X *é combined with a suitable a priori estimate.

Proposition 4.2 Suppose that Q(H)W_* = X"é and that ||a)||%, < Qa)||Xz) for every

minimum norm solution. Then Q(H) = XZ
Proof Let f € X* and choose minimum norm solutions w; € H with Qw j—*\ f. For
large enough j € N we have ||a)] HQH < I fllx+ + 1. After passing to a subsequence,

a weak limit w of (wj)j?ozl satisfies Qw = f. O
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We also mention a version of the Banach-Schauder open mapping theorem for
multilinear (and more general) operators from [23]. We say that Q enjoys gener-
alised translation invariance if there exist isometric isomorphisms o;: H — H and
oj: XZ — X*Q,j € N, such that Q oo =00 Q forall j € Nand ojin as
j — ooforall f € XZ. The example one should have inmindis 0w (x) = @ (x — je)
and o; f(x) := f(x — je) for a non-zero vector e.

Theorem 4.3 Suppose Q enjoys generalised translation invariance. Then one of the
following claims holds:

(1) Q(H) = X*é and every minimum norm solution satisfies ||a)||%1 < lelX*Q.

(2) Q(H) is meagre in X’é

Theorem 4.3 is primarily a practical tool for showing non-surjectivity of Q: H —
X *é; disproving the a priori estimate ||a)||%1 < 1 Qwl| X5 is a markedly less daunting
task than disproving surjectivity [23].

4.2 Definition and Existence of Lagrange Multipliers

Whenw € H isaminimum norm solution, itis natural to look for a Lagrange multiplier
of w, as discussed in §1.3. The Lagrange multiplier condition (1.5) can be written more
concisely as follows: b € X "é* is a Lagrange multiplier of w € H if

2Re(w, p)y = (b, Q;)go)x*g*,x»& forevery ¢ € H. 4.1

Yet more consicely, (Q))*h = 2w. The existence of b then means that w €
ran((Q')*) = ker(Q/)*

The standard tool for showing the existence of a Lagrange multiplier in a Banach
space is the Liusternik-Schnirelman theorem which, in this setting, says that if Q)
maps H onto X Z, then w possesses a Lagrange multiplier. However, in the cases of
interest to us, the Liusternik-Schnirelman theorem is not available, as shown belov.

Proposition 4.4 Suppose X E is not isomorphic to a Hilbert space. Then we have
{Ol,y:yeH}C Xp Jor everyw € H.

Proof Seeking a contradiction, suppose Q) H = X*. Thus Q! : ker(Q")* — X*is
an isomorphism from a Hilbert space onto X*. O

Proposition 4.5 Every b € Sy, is a Lagrange multiplier of some w € A.

Proof Choose a maximizing sequence: (T j,»wj)g — 1.Forasubsequence, w;—w
in H, and so Tyw; — Tyo, giving | = (Thw, o)1y = (b, Q)x,-x;, = [1Qwlx; =

ol < 1,s0that w € 7. O

Definition 4.6 When Y is a real Banach space, a set A C Syx is called a James
boundary of Y if for every y € Sy there exists y* € A such that (y*, y)y+_y = 1.
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Proposition 4.5 then says that Q(27) is a James boundary of X . By Godefroy’s
Theorem (see [15, Theorem 3.46]), if A C Sy+ is a separable James boundary of Y,
then Co(A) = By+.

Corollary 4.7 co(Q(«)) = IB%X*Q.
Corollary 4.8 || fllx; = inf(}-72, [, 1,0 f =352, Qo) forall f < X3

4.3 Further Properties of Lagrange Multipliers

The Lagrange multiplier condition (4.1) has several useful equivalent characterisa-
tions, and we collect two of them in the following proposition.

Proposition 4.9 Whenever b SXZD* and w € Sy, the following conditions are equiv-
alent:

(i) bis a Lagrange multiplier of w, i.e., (4.1) holds.
(ii) (b, Qo)xz—x3 = L.
(iii) w € ker(I — Tp).

If (i)—(iii) hold, then w is a minimum norm solution and belongs to <7 .

Proof We first prove (i) < (ii). Suppose (ii) holds and fix ¢ € H and small § > 0. The
function 7: [—6, 8] — R, I(¢) := (b, Q(w+e<p))X*Q*,X*Q/ |l + egoll%, is maximised
at € = 0, and therefore 1’(0) = (b, Q;)q))X*Q*_XZ — 2Re(w, )y = 0, giving (i). The
direction (i) = (ii) is proved by setting ¢ = w. We then prove (ii) < (iii). First, (ii)
gives (w, Tpw)y = 1. Since ||Tp||y_y = 1 and H is strictly convex, we conclude
that (iii) holds. On the other hand, if (iii) holds, then (b, Qw) Xy-Xp = (w, Thw)yg =
(w, 0y = 1. O

In many cases, conditions (i)—(iii) can be supplemented by Euler-Lagrange equa-
tions for a suitable potential. In the case of the planar Jacobian, denoting u; = w as
before, (i)—(iii) are equivalent to u,z = (buz), — (bu;)z [44, Proposition 4.8].

Lemma4.10 (X**, T lg_ ) = (X o)™ isometrically.

Proof Let b € X**. Since Q(By) C BXZ) =co(Q7), we get

ITpllg—n = sup (b, Qw)xer—x+ = sup (b, f)x=—xx = Bl xx | )* -
I f =1 feco(Qo) 0

Proposition 4.11 Suppose b € S Xy The following conditions are equivalent.

(i) bis a Lagrange multiplier of some w € <.
(ii) b is norm-attaining.
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Proof If b is a Lagrange multiplier of w € <7, then Tpw = w and therefore
(b, Q) xz—xz, = (Thw, 0y = 1.
Conversely, if b is norm-attaining, denote DY) :=({f € SXZ (b, f) Xy X} =

1}. Since D~!(b) is closed, bounded and convex, Theorem 2.7 implies that D~L(b)
contains an extreme point f. The definition of D~ (b) implies that f is also an extreme
point of SXZ ,and Lemma 5.1 then gives f € Q(%). O

We also characterise elements of Sy that possess a Lagrange multiplier.

Proposition 4.12 Let w € Sy. The following conditions are equivalent.
(i) w has a Lagrange multiplier b € SXZ*.
(ii) w e .
Proof If w € Sy has a Lagrange multiplier b € SX*Q*, then (b, Qa))XZ*_XE =

(Thw, )y = o} = 1sothat w € <.
Conversely, let v € /. Since Qw € SXZ , there exists b € SX*Q* such that
(b, Qa))X*Q*_X*Q = 1. Now b is a Lagrange multiplier of w. O

Using the results above we collect many equivalent formulations of Question 1.6.

Corollary 4.13 If Q(H) is dense in X%,, the following conditions are equivalent:
(i) Q@) =Sy,

(ii) € = Ilxs

(iii) Every minimum norm solution satisfies ||a)||%{ = Qa)llXZ).

(iv) Every minimum norm solution has a Lagrange multiplier in SX*Q*.

5 The Proof of Theorem 1.10

We get the proofs of Theorems 1.9 and 1.10 underway by proving (1.6).

Lemma 5.1 If Assumptions 1.2 and 1.3 holds, then Q(<7) D ext(IBSX*Q). Furthermore,
Q) is closed in the relative weak™ topology ofSX*Q. In particular, it is norm closed.

Proof We first show that Q (<) is relatively weak™® (sequentially) closed in S X+ Since
X o is separable, it suffices to consider sequences instead of nets. Suppose w; € &7/
for every j € N and ij—*\f € SX*Q. We claim that f = Qw for some w € 7.

Passing to a subsequence, wj—w € By, since By is weakly compact. Thus
Ow ina), and so it suffices to show that w € . The chain of inequalities
lwll?, <liminf;_ o |o; ||§1 =1=Qollx; < |3, implies that » € 7.

We then show that every extreme point of B X% lies in Q(7). In Theorem 2.8,
choose K to be the weak™ closure of Q(<7) in B X By Corollary 4.7, oV’ (K) =
IB%X»&. Theorem 2.8 implies that ext(IB%X*Q) C K. Letnow f € ext(BXaé) and choose

w;j € 4/ suchthat Quw j—*\ f.Since Q(&) is relatively weak™ closed in S X5 We obtain

fe o). o
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We recall the statement of Theorem 1.10.

Claim 5.2 Suppose Assumptions 1.2, 1.3 and 1.8 hold, and let f € ext(IB?X*Q). Then

the minimum norm solution w € </ of Qw = f is unique up to multiplication by
(NS SK.

Proof Seeking a contradiction, suppose f € ext(BX*Q ) and Qw = Qy = f, where

w,y € < are not equal up to a rotation. Thus we may write y = sw + tw™, where
s, € Kwith |s|> + |t = 1, ¢ # 0 and w* € Sy N {w}*. We intend to show that

Q0(wh) = Qu. (5.1)

Once (5.1) is proved, Assumption 1.8 yields ¢ € Sk such that Q;(cwl) # 0. Denoting
Yt = (w+ ca)J-)/\/z € Sy we therefore get Qw = (Q¥™ + Qv ~)/2 but ]BXZ E)

Oyt = Qw =+ Q;)(cm-) /2 # Qu, thereby obtaining the sought contradiction.

Formula (5.1) clearly holds if s = 0, so assume s # 0. We denote ot =
(Ist] /st and 7 = (/|s])y = Islo + |t|ot € . Now Qw = Qy =
Is|> Quw + |t|*> Q@+ + |s| ] Q) @, which yields

06+ = Qw — %Q;@L. (5.2)

Since Q@ = Qw™, it therefore suffices to show that Q & = 0.
Whenever §, € € R with 82 + €2 = 1, we have

06w+ eat) =820, + 80, @ + €2 0dt = Quw + (Be — € Is| |t|"H 0wt
(5.3)

By choosing any r > 0 and letting 8+ = €(|s| / |t] & r) with 61 + € = 1 we get

Sre—€*ls| /|t = —(—e — €*[s] /1t]) #0, (5.4)
0@+ €10b) + 0w+ €207 = 20w. (5.5)

Since Qw € ext(JB%XZ)), we conclude from (5.3) and (5.5) that Qéuc?)l = 0, and now
(5.2) and the definition of &+ imply (5.1). O

Corollary 5.3 Suppose Assumptions 1.2 and 1.3 and 1.8 hold and b € Sy, is a point
of Fréchet differentiability. Then ker(I — Ty) is one-dimensional.

Proposition 5.4 The operator w — Qw =~|Sa)|2 — |w|?: L*(C, C) — HY(C) sar-
isfies Assumption 1.8, whereas (w, y) = Q(w,y) := G,y L?(C, ) —» #L(C)
does not.

Proof We prove the first statement by contradiction. Suppose @, y € &7 satisfy Qo =
Qy and Q) (cy) = 2Re(SwS(cy) —wcy) = Oforevery ¢ € Sk. Thus SwSy —wy =
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0. Fix § > 0 and denote X5 := {z € C: |w(z)| € [4, 1/8]}. In X5 we use the formula
SwSy — wy = 0 to write

ISwl* — |o)* = ISy > — ly)* = —

|| — ],

so that |Sw|* — |w|> = 0 in X;. Thus

[y o o =g 150 10| =0,
@ 8

and therefore [ _, ISwl> =1— fw#o |Swl>=1— fw#o lw|> = 0. We conclude that

|Sw|2 — |a)|2 = 0, which yields the desired contradiction.
We show a strengthened version of the second statement: whenever (w, y) € <7,

there exists (¢, ¥) € < such that Q(w, y) = O(g, V) but Q’w lelp, )] =0

for all ¢ € S!. Given (w, y), we choose (¢, ) = (— Sy Sw) and use the facts that
S: L*(C,C) — L*(C, C) is an isometry and SSn = 7 for all n € L%(C, C). O

An almost identical proof applies to Example 3.6, but instead of (¢, ) =
(=Sy.Sw) weset (¢, ¥) = (—Hw, Hy).

Proposition 5.5 The operator w — w* —(Hw)?: L*(R) — H!(R) satisfies Assump-
tion 1.8, whereas (v, y) — wy — HoHy : L*(R)> — 21 (R) does not.

Remark 5.6 The proof of Proposition 5.4 uses a central difference of the operator
o= Qo = |$a)|2 |cu|2 and its Gateaux derivative Q Given w € &7, the set
{p € &/ Qp = Qw} sometimes consists only of rotations of w, whereas all the
corresponding sets {(¢, V) € o Q(go V) = 0w, y)} are invariant under the linear
transformation L(w, y) = (— Sy Sw). Note that L o L. = —id. Similar remarks
apply to the sets of minimum norm solutions for a given datum f € #!(C).

6 The proof of Theorem 1.9
6.1 Claims (i)-(iii)

In this subsection, Assumptions 1.2 and 1.3 are in effect. Before recalling Claims
(i)—(iii) we note the following consequence of Corollary 4.13.

Lemma6.1 Letb € Sx,,. Then {w € &/: Qw € D(b)} = ker(I — Tj) N Sy.

Claim 6.2 For every b € Sx,, D(b) N Q) contains ext(D(b)) and is path-
connected.

Proof Lemma 5.1 directly implies that D(b) N Q (&) contains ext(D(b)). The path-
connectedness of D(b) N Q (/) follows from Lemma 6.1, the path-connectedness of
ker(I — Tp) NSy and the continuity of Q. m|
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Claim 6.3 For every b € Sx,, the convex set D(b) has finite affine dimension.

Proof Since D(b) N Q(&) contains ext(D (b)), it suffices to show that D(b) N Q (/)
has finite affine dimension. By Lemma 6.1, D(b)N Q (=) C Q(ker(I —Tp)). Since K},
is compact and self-adjoint, ker(I — T}) is finite-dimensional, and so Q (ker(I — 7))
has finite affine dimension. Precisely, when {wy, ..., ®,} is an orthonormal basis of
ker(I — Tp) and Qw € D(b) N Q(&7), we may write Qw € span U;?’kzl{Q;)ja)k}
(when K = R) or Qw € span U’}!kzl{Re(Q;)iwk), Re(Q;)f(iwk))} (whenK = C). 0O

Claim 6.4 The norm and relative weak™ topologies coincide in Q (7).

Proof Suppose wj,w € &/ and Qw j—*\Qa). Seeking a contradiction, suppose that
for a subsequence, liminf; . | Qw; — Q| 4« > 0. By passing to a further sub-
' 0

sequence, w;—~y € Bpy. Now Qa)j—*\Qy and thus Qy = Quw. This implies
that I = [Qyllxy < llyly < 1. Thus wj—y and [w;], — llyly. giving

||wj - y||H — 0 and so || Quwj — Qy”H — 0, and the latter yields the sought
contradiction. O

6.2 Claims (iv)-(vi)
We recall and prove Claims (iv)—(vi) below. In this subsection, we assume that Assump-
tions 1.2, 1.3 and 1.8 hold.

Claim 6.5 For every b in a relatively open dense subset of Sx,, D(b) = {Quw} for
some w € </ and ||'||XQ is Fréchet differentiable at b.

Proof By Theorem 2.1, ||-||x 0 is Fréchet differentiable in a dense subset of Sx,.
Seeking a contradiction, suppose b is a point of Fréchet differentiability but the points
bj — b, b; € SXQ, are not. Thus the subspaces ker(I — Tbj) are at least two-
dimensional but, by Corollary 5.3, dim(ker( — Tp)) = 1.

For every j € N choose w;, y; € ker(/ — Tp) N Sy such that {w;, yj)p = 0.
Since By is weakly compact, we may assume that w;—w and y;—y in H. Then

Qw;—Qw and Qy; = Qy in X}
Since b; — b in X and Qa)j—*\ Qw and Qyj—*\Qy in X7,, we conclude that

(Qw,b)x*Q—XQ = jlifr;o(ij, bj)xy-xo =1,
(Qy. bhxg—xo = lim (Q7)s bjhxp—xo = 1.
Since D(b) is a singleton by assumption, we obtain Qw = Qy. By Corollary 5.3,

y = cw forsome ¢ € Sg. 6.1)

Furthermore,
— 1 12 2 . —
L= lim fo;]; = ol = 100lx, = (0w, bix,xo = 1.
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We thus have w;j—w and |lw;llg — |lw| g, whereby |[w; — w||g — 0. Similarly,
ly; — ¥llg — 0. We conclude, via (6.1), that

0= (w),7j) = (0, y) = (0, co) =,

which yields a contradiction. O

Remark 6.6 Note that a straightforward modification of the proof above proves the
relative openness in Sy, of {b € Sx,,: dim(ker(/ — Kp)) < n} forevery n € N.

For the following claim recall Definition 2.5.

Sy Sy
Claimé6.7 D: Sx, — 2 X0 s a cusco map, and b — D(b) N Q(<): Sx, > 2 *o
is an usco map.

Proof We first show that D is cusco. Note that D is point-to-compact since for every
b e Sy 0> the closed, bounded set D (b) is contained in a finite-dimensional subspace of
X E In order to show that D is norm-to-norm upper semicontinuous, suppose b € Sx,
and f; € Sx»& satisfy lim ;. oo ( fj, b)Xa,xQ = 1. By Theorem 2.3 it suffices to show

that f; — f € D(b) for a subsequence.
Denote dim(ker(/ — 7)) = n € N. Then dim(ker(/ — Tbj)) < n from some
index on by Remark 6.6. Thus we may write every f; as a convex combination f; =

Z,I{vzl A]; Qa)/]‘.. By passing to a subsequence, for every k € {1, ..., N} we have A]; —
2K e 0, 1] and a)l;.—\wk € By. In particular, Z,?/:l k=1

Suppose now 2K > 0. Then necessarily (Qa)];, b)X*é—XQ — 1 and so ||a)];.||H — 1,
giving ||w’;. — of|ly — 0 and ||Qw’; — 0" x; — 0. We conclude that f; —
Z,](VZ] 20wk € D(b), and thus D is cusco.

We then show that b +— D(b) N Q (&) is usco. The compactness of D(b) N Q ()
follows from the compactness of D(b) and Lemma 5.1. We prove the norm-to-norm
upper semicontinuity of » — D(b) N Q(&7) by contradiction. Suppose b; — b
in SX*Q and there exist € > 0 and points w; € & such that Qw; € (D(b;) N
O(A)\B(D(b), €). For a sunsequence, Qa)j—*\f € ]B%X*Q. Now (b, f)XQ—X*Q =
lim; oo (bj, QwﬁxQ—X’é = 1gives f € SX*Q. Lemma 5.1 now yields f € D(b) N
Q(«), and so we have found the sought contradiction. O

Claim 6.8 The norm and relative weak™ topologies also coincide in NAII-HxQ~

Proof The result follows directly from Claim (v) and Theorem 2.3. O

7 The Jacobian Equation with LP Data

Many of the ideas of this paper can be adapted to study the range of the operator
J: Wh2r(R2 R?) — LP(R?) when 1 < p < oo. In this section we outline such an
approach and list those results whose proof extends to this new setting in a straight-
forward manner.
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We can again use basic properties of the Beurling transform to write

(b’ Qw)Lp’,Lp = <wa7 w>L(2p)/,L2p7

Ty := (Sb — bS)Sw, Qw :=|Sw|* — |o|*.

Note that |7y, 2y ;apy Sp 16l forall b e LY (C) by a simple application of
Holder’s inequality and the boundedness of S: L?(C, C) — LP(C, C). The lower
bound estimate

IToll 20 ppy Zp I1BI L, (7.1)

however, is far from trivial and cannot be proved by simply following the proof of
estimates (1.3).

Hytonen proved (7.1) rather recently in [29]. More generally, on R"”, Hytonen
showed that the commutator of a degenerate Calderén-Zygmund operator with b €
LI]OC(]R”) defines a bounded operator from L9!'(R") into L92(R"), g1 > q» > 1, if
andonly if b = a + c witha € L"(R"), 1/r = 1/g2 — 1/¢q1 and ¢ € R. In notable
contrast to the case of [b, T]: LZ(R") — L2(R"), the possible cancellations of b do
not play an important role; recall, for instance, that there exist » ¢ BMO(R") such
that |b| € BMO(R").

Asacorollary of (7.1), Hytonen obtained an analogue of (1.2): forevery f € L?(C)
there exist u; € W!2P(C, C) such that f = Zj’il Juj and Zj’il ”DujHizp <
Il fll.» [29]. Hytonen also showed an analogous result in higher dimensions by dif-
ferent methods.

In order to adapt the methods of this paper to the L” case, another crucial ingredient
is the compactness of [b, T]: L2’ (R%, R?) — L@P'(R2, R?) for all b € L” (R?).
Hytonen & al. recently proved this property for a large class of degenerate Calderén-
Zygmund kernels in [31]. We formulate their two main results.

Theorem7.1 Let 1 < g2 < q1 < o0 and 1/r = 1/qy — 1/q1. Suppose T is a
non-degenerate Calderon-Zygmund operator which satisfies one of the following two:

(1) condition (i) of Definition 3.2 with the Dini condition fol t~w(r)dt < oo,
(2) condition (ii) of Definition 3.2 with Q € L' (8"~ ") for some v € (1, oc].

Then [b, T] is compact from L9'(R™) to L2 (R") for all b € L"(R").
In the next subsection we put the operator Q = |S-|>—-|*: L?»(C, C) — LP(C)

into a general Banach-space geometric framework.

7.1 Mathematical Setting

We assume that X is a separable, reflexive Banach space and that Y is a separable,
reflexive, smooth, strictly convex (i.e. ext(By) = Sy) Banach space with the Kadec-
Klee property (i.e. weak and norm topologies coincide on Sy). Assumptions 1.2 and
1.3, Definition 1.4 and Proposition 2.10 have natural analogues:
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Assumption 7.2 A bilinear mapping
b,w)— Tpw: X xY — Y*

satisfies the following conditions:

@ cllbllx = 1Tplly—y+ = Clibllx forevery b € X,
(i1) Tp is compact for every b € X.

Assumption 7.3 The following conditions hold for every b € X:

() TF =T,
@) N Tplly—y+ = supyyy, =1 (Thw, ®)y+—y.

Definition 7.4 Suppose Assumptions 7.2 and 7.3 hold. Define the norm-to-norm and
weak-to-weak sequentially continuous map Q: Y — X* by

(b, Qw)x_x+ == (Thw, w)y+_y.

Proposition 7.5 IfT satisfies Assumption 7.2, then T, : Y xY — Y*xY* Tp(w, y) :=
(T} v, Tpw), satisfies Assumptions 7.2 and 7.3.

In Proposition 7.5 we have endowed Y x Y with the norm ||(w, ¥)|ly xy := (||a)||%,+
||)/|I%,)l/2 and similarly for Y* x Y*, so that ¥ x Y and Y* x Y* are smooth and
strictly convex since Y and Y* are. Denoting D(w) = {@*} for all @ € Sy we have
D(w,y) = {(v*, y*)} forall w, y € Sy.

Remark 7.6 Assumption 7.3 reveals an important difference to the case of 7!
data. In the case of J: W'2(C,C) — #!(C), the associated linear operators
Tp: L*(C,C) — L?*(C,C) are self-adjoint and therefore the operator norm and
numerical radius of 7} coincide, ||Tp||;2_,;2 = SUP ||, »=1 [{Tpw, w)|. The standard
proof (see e.g. [9, p. 34]) employs the fact that as a Hilbert space, L?(C, C) satisfies
the parallelogram law [l + ¥ [2, + llo =y 2, = 2(l@l|2, + lly|2,). The ana-
logue | Tpll;2p_, popy = SUP|jo], 5, =1 |(Tba), a))L(z,,nyzp! seems to fail (even though
the left and right hand sides are comparable), owing to the fact that the inequality
lo+ 132, + o+ 12, <2(l7., + ly172,) fails (see [37, Theorem 2]).

In order to use our fuﬁ operator theoretic framework to study the planar Jacobian,
one then needs to make the concession that Qw = |Sw|> — |w|? is replaced by
O(f.,g) = Q’fg = J(uy,v2) + J(vi,uz), where u = u; +iuy = Cf and v =
v] + ivy = Cg. It is of course equivalent to studying the range of (u, v) — Ju +
Jv: Wh2P(C, C)? — LP(C).

We define norms on X and X* by ||b||XQ = SUP| ) =1 (b, Qw)x—x* = | Tplly—y*
and ||f||X»é = sup”bnxQzl(f, b)x+_x. We alsodenote .o := {w € Sy: Quw € SX*Q}.

In the current setting, the Lagrange multiplier condition

d
—c(h, 0@+ e@)xg-xy —llo+egl})| =0 foreverypey
e=0
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is written concisely as Tpw = *, where w* is the unique element of Y* such that
(w, 0*)y—y* = |lolly lo*|ly=. (In particular, D(w) = {w*} for all w € Sy.) This is
seen by following the proof of Proposition 4.9.

7.2 Results

We list results of this paper that allow a straightforward adaptation to the current
setting: Theorem 4.3; Corollaries 4.7, 4.8, 4.13 and 5.3; Propositions 2.10, 4.1, 4.2,
4.5,4.9 and 4.12; Lemmas 2.9, 4.10 and 5.1.

Theorem 1.9 (i) has at least the weaker variant that D: Sx, — SX*Q is point-to-
compact. It is natural to ask whether, again, co(ext(D(b))) = D(b) for all b € Sx,,.
Since ext(B X% ) C Q<7, we could then write each f € S X3, @s aconvex combination
of elements Qw, w € 7. By a standard Baire category argument, one would then
obtain an upper bound for the number of terms in these sums [23]:

Proposition 7.7 Suppose co(ext(D(b))) = D(b) for all b € Sx,,. Then there exists
N € N such that every f € XZ can be written as

N N
f=3 005 3 losly SISl
Jj=1 Jj=1
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Appendix A. A Proof of (3.6)
While formula (3.6) is well-known and classical, the author has been unable to find a

proof in the literature, and therefore one is sketched in this appendix. Note that (3.6)
is equivalent to the following proposition.

Proposition A.1 Every f € H'(R) can be written as
f=wy —HwHy

for some w,y € L*(R). However, there exists f € H'(R) that cannot be written as
f= w* — (Ha))Zfor any o € L2(R).
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The relevant background can be found e.g. in [13] or [46]. Whenever 0 < p < oo,
we denote

00 7
|UIl, == sup (f |U(x+z'y>|"dx) .

O<y<oo —00

The analytic Hardy space H”(C_.) consists of analytic functions U: C; — C with
i, < oo.

Proof of Proposition A.1 Let f € H!(R); then the Hilbert transform Hf € L'(R). We
extend f +i H f analytically into C; by using the Poisson kernel Py and the conjugate
Poisson kernel Q,

1 y 1 x
Py(x) == Oy(x) == p— Ty

7 a2 42

We denote
Ur(x +iy) +iUz(x +iy) := f* Py(x) +i f % Qy(x);
then U = U +iU, belongs to Hl((C+) and, furthermore, limy\ o |U1 (-, y) — fll;1 =
0 and limy\ o |U2(-, y) — Hf [|;1 = 0.
We form the Blaschke product B of U and write U = B®, where ® € H!'(Cy) is
zero-free. Since C. is simply connected, ® has an analytic square root ®'/2. Set
V:=Bd'? e H*(Cy) and W :=d'/? e HZ(C,).

Then there exist w, y € L%(R) such that

Vi +iy) 4+ iVa(-+iy) — o+ iHo,
Wi(-+iy) +iWa(-+iy) >y +iHy

in L2(R) as ¥ \{ 0. As a consequence,
Re[VW] = VW, — VLW, - wy — HoHYy
in L'(R) as y \ 0. On the other hand,
Re[VW]=ReU — f

in L'(R) as y \( 0. Thus f = wy — HoHYy.

We then find f € H'(R) that cannot be written as f = w? — (Hw)? for any
® € L*(R). Choose U € H! (C4) that has at least one zero of odd order. (Given
W e H'(C,) one may set U(z) = [(z — 20)/(z — 20)]W(z), where 7y € C, and
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W(zo0) # 0.) Then U is not the square of any analytic function. We write f =
limy\ o U; € H!(R) where the limit holds in L' (R).

Seeking a contradiction, assume that f = w?> — (Hw)? for some w € L*(R). Then

there exists V = Vi + iV, € H*(C,) such that limy\o IVi(- +iy) —wl 2 = 0.
Now V2 € H!(C,) and

Re[V2] =V -V} — o* — (Ho)? = f

in L'(R) as y \( 0. Thus U — V? € H!(C,) has vanishing boundary values at y = 0,

andso U = V2, which yields a contradiction. O
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