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Abstract. We evaluate the effect of structure formation on the average expansion rate
with a statistical treatment where density peaks and troughs are modelled as homogeneous
ellipsoids. This extends earlier work that used spherical regions. We find that the shear and
the presence of filamentary and planar structures have only a small impact on the results.
The expansion rate times the age of the universe Ht increases from 2/3 to 0.83 at late times,
in order of magnitude agreement with observations, although the change is slower and takes
longer than in the real universe. We discuss shortcomings that have to be addressed for this
and similar statistical models in the literature to develop into realistic quantitative treatment
of backreaction.
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1 Introduction

Evaluating backreaction. There is much observational evidence that the universe is sta-
tistically homogeneous and isotropic, with a homogeneity scale of the order 100 Mpc [1–
5]. However, this does not imply that the average expansion rate necessarily obeys the
Friedmann–Robertson–Walker (FRW) equations, which describe a universe that is exactly
homogeneous and isotropic. The effect of clumpiness on average evolution is called back-
reaction [6–9]. It has been suggested that backreaction could explain the late-time cosmic
acceleration [10–13]. In Newtonian gravity backreaction reduces to a boundary term [14].
In general relativity this is not the case [10], but the average expansion rate (though not
necessarily the luminosity distance [15]) is nevertheless close to its FRW value if the metric is
close to the FRW metric [8] (see [16] for a related debate). However, it is difficult to estimate
the effect in general relativity without assuming that the metric is everywhere close to the
same global FRW metric. It has been shown with an exact toy model that structures can
have a large effect on the expansion rate and light propagation, even when they are small
and the universe is statistically homogeneous and isotropic [17], but the magnitude of the
effect in the real universe remains unclear.

The problem can be approached in two ways. First, without calculating the effect of
structures on the expansion rate, it is possible to formulate consistency tests of the FRW
metric [18–20] and compare them to observations [20, 21]. Observations can also be used
to test backreaction [17, 22], given a relation between the average expansion rate and light
propagation [17, 23–26]. Second, we can try to evaluate the effect of the non-linear structures
on the expansion rate, either by constructing exact or statistical analytical models (such
as models with discrete matter [27, 28] and models using data from Newtonian N -body
simulations [29]), or via relativistic cosmological simulations, some of which are in the weak
field regime [30] (where the effect is known to be small) but others are fully non-linear [31]
and cosmological [32].

In [33] a statistical model was considered, with structures taken to form on peaks and
troughs of the initial density field, leading to a distribution of collapsing regions and under-
dense voids. (This is a simplified picture, not all non-linear structures in the real universe are
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associated with extrema of the density field [34–39].) The environment of the extrema was
modelled with the Newtonian spherical collapse model and its underdense equivalent. This
treatment misses anisotropic structures such as filaments and sheets, which are prevalent
features of the real universe [40, 41]. A related shortcoming, noted in [33], is the absence
of internal and external tidal effects, i.e. angular shear [34, 42–52], which can potentially
have a large effect on the average expansion rate. Deviations from spherical symmetry have
been found to be important for the calculation of the mass function and expansion rate of
collapsing objects [53–63]. Mass function calculations are concerned with the distribution of
stabilised structures, not the details of the formation process. For backreaction, the opposite
is true: the endpoint of structure formation is (at least for collapsing objects) less interesting
than the evolution between the linear regime and the final stage.

We extend the calculation of [33], using a Newtonian ellipsoidal model for the struc-
tures. For spherically symmetric dust, the average expansion rate is independent of the radial
density profile in Newtonian gravity [64], though not in general relativity [17, 65, 66]. So
the Newtonian spherical model covers arbitrary inhomogeneity without anisotropy. In con-
trast, in order to be tractable, the ellipsoidal model has to be homogeneous, but allows for
anisotropy. (Indeed, “homogeneous anisotropic model” might be a more appropriate name.)
In this sense, the ellipsoidal model can be seen as a different approximation than the spher-
ical model, not a generalisation of it, although the expansion rate of the spherical case is a
subcase of ellipsoidal expansion. In the context of peaks and troughs, the ellipsoidal model
can be thought of as the leading approximation in a series expansion of the gravitational
potential around an extremum [50].

In section 2 we give the details of the ellipsoidal collapse model and the ensemble
averaging that we use. In section 3 we give the results for the expansion rate and compare
to the spherical case, and consider shear and filamentary and planar structures. In section 4
we discuss the results and how the calculation and similar approaches in the literature would
have to be improved in order to go from toy models to realistic quantitative descriptions. In
section 5 we summarise our conclusions.

2 Average quantities and homogeneous ellipsoids

2.1 Backreaction

The Buchert equations. Assuming that matter consists of irrotational dust, but making
no other symmetry assumptions, the average volume expansion rate on the hypersurface of
constant proper time of observers comoving with the dust is given by the Buchert equations
[67] (see [24, 68, 69] for the case with generalised matter content, including rotation),

3
ä

a
= −4πGN〈ρ〉+Q (2.1)

3
ȧ2

a2
= 8πGN〈ρ〉 −

1

2
〈(3)R〉 − 1

2
Q (2.2)

0 = 〈ρ〉̇+ 3 〈ρ〉 , (2.3)

where a3 is proportional to the proper volume, and H ≡ 1
3〈θ〉 = 3 ȧa is the average of the local

volume expansion rate θ, dot denotes derivative with respect to the proper time of observers
comoving with the dust fluid, 〈〉 is the proper volume average on the hypersurface of constant
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proper time and (3)R is the spatial curvature. The effect of inhomogeneity and anisotropy is
quantified by the backreaction variable Q,

Q ≡ 2

3

(
〈θ2〉 − 〈θ〉2

)
− 2〈σ2〉 , (2.4)

where σ2 is the shear scalar. For a spherical region treated with Newtonian gravity we have
Q = 0, as the positive contribution of the variance and the negative contribution of the shear
cancel exactly [64]. However, in general, Q 6= 0 for a union of spherical regions, as Q is not
additive. For a homogeneous ellipsoidal region, the variance is zero and the shear is non-zero,
so Q < 0 and a homogeneous ellipsoid expands slower than a corresponding sphere with the
same density contrast. As in the spherical case, we can have Q > 0 for a union of such
regions if the variance of their average expansion rates is larger than the shear contribution.

The density parameters. As in FRW models, the contributions to the expansion rate
can be parametrised with relative densities. Dividing (2.1) and (2.2) by 3H2, we have [67]

q ≡ − Ḣ

H2
− 1 =

1

2
Ωm + 2ΩQ (2.5)

1 = Ωm + ΩR + ΩQ , (2.6)

where q is the deceleration parameter, Ωm ≡ 8πGN 〈ρ〉/(3H2), ΩR ≡ −〈(3)R〉/(6H2) and
ΩQ ≡ −Q/(6H2) are the density parameters of matter, spatial curvature and the backreaction
variable, respectively. It is also useful to define the variance and shear density parameters
Ω∆θ ≡ −(〈θ2〉 − 〈θ〉2)/(9H2) = −∆θ/〈θ〉2 and Ωσ ≡ 〈σ2〉/(3H2), so that ΩQ = Ω∆θ + Ωσ.
For the sum rules (2.5) and (2.6), it is important that the matter is irrotational dust. This
assumption is necessarily violated when collapsing structures stabilise, because turning a
collapse around is impossible for irrotational dust. The fact that we consider an ensemble
average, not a spatial average, leads to other issues with the density parameters, discussed
in section 4.

2.2 Evolution of homogeneous ellipsoids

Dynamical equations. We model structures as homogeneous, non-rotating, anisotropic
regions described with Newtonian gravity and embedded in a homogeneous and isotropic
background, following [45, 50, 59]. (For a different treatment of ellipsoidal collapse, see [49].)
We consider dust matter and a spatially flat background, the evolution of which is described
by the Friedmann equations,

3
˙̄a2

ā2
= 8πGNρ̄+ Λ

3
¨̄a

ā
= −4πGNρ̄+ Λ , (2.7)

where ā(t) is the background scale factor, ρ̄ ∝ ā−3 is the background density and Λ is the
cosmological constant. We also denote H̄ ≡ ˙̄a/ā.

The gravitational potential Φ in a single region is related to the density by the Poisson
equation,

∇2Φ = 4πGNρ− Λ , (2.8)
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where the derivatives ∇2 are with respect to the proper position ri, and ρ(t) = ρ̄+ δρ is the
density of the region. The solution of (2.8) that reduces to the background outside the region
is1

Φ = A(t) +Bi(t)r
i +

1

2
Cij(t)r

irj , (2.9)

with
∑

iCii = 4πGNρ − Λ. As discussed in [50] and mentioned in section 1, this quadratic
expression can be understood as a series expansion around an extremum. (Though we will
consider extrema of the density, not the gravitational potential.) The spatially constant
term is pure gauge, and the linear term corresponds to uniform translation in space, so we
set them to zero. The Poisson equation is elliptic, and boundary conditions are needed to fix
the non-trace part of the tensor Cij , which describes the deformation. As Cij is symmetric,
we can choose coordinates ri such that Cij is diagonal and write, following the notation of
[59],

Φ =
1

6
(4πGNρ̄− Λ)δijr

irj + 2πGNρ̄

(
1

3
δ +

1

2
biδ + λext,i

)
δijr

irj

≡ 2πGNρ̄Ciδijr
irj − 1

6
Λδijr

irj , (2.10)

where the first term on the first line corresponds to the background contribution and on the
second line we have defined Ci(a) ≡ 1

3(1 + δ) + 1
2biδ + λext,i. Here δ ≡ δρ/ρ̄ is the density

contrast with respect to the background, 1
2biδ corresponds to tidal effects due to matter inside

the region and λext,i to tidal effects due to matter external to the region. The functions bi(t)
are the eigenvalues of the traceless part (so

∑
i bi = 0) of the internal tidal contribution to

Cij ,

bi(t) = a1a2a3

∫ ∞
0

dy

(a2
i + y)

∏3
j=1(a2

j + y)1/2
− 2

3
, (2.11)

where ai(t) are the dimensionless principal axes of the ellipsoid, normalised so that the
physical distance is ri(t) = ai(t)x

i (no sum), where xi is the constant coordinate position of
a fluid element. The ratio of the proper volume of the region to the background is a1a2a3/ā

3,
so δ = ā3/(a1a2a3)− 1. Correspondingly, λext,i(t) are proportional to the eigenvalues of the
external part of the tidal tensor, and

∑
i λext,i = 0.

The evolution of ai is determined by Newton’s second law applied to the fluid elements
(again, no sum over i),

r̈i = −∂Φ

∂ri
= −4πGNρ̄Cir

i +
1

3
Λri , (2.12)

from which we get

äi = −4πGNρ̄Ciai −
1

3
Λai . (2.13)

From now on, we put Λ = 0. It is convenient to rewrite the time derivatives in (2.13) in
terms of derivatives with respect to ā. Using ( ˙̄a/ā)2 ∝ ā−3 from (2.7), we obtain

a′′i −
1

2a
a′i +

3

2a2
Ci(a)ai = 0 , (2.14)

1See [70] for discussion of the meaning of such a potential in Newtonian theory.
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where prime denotes derivative with respect to ā.
In order to solve (2.14), we have to specify the external tides parametrised by λext,i(t),

prescribe how to deal with axes collapsing to zero size, and give the initial conditions. We
assume that at early times the region is close to the background, consider only growing
modes, and fix the initial conditions at scale factor ain with the Zel’dovich approximation
[42],

ai(ain) = ain[1− λi(ain)] , a′i(ain) = 1− 2λi(ain) , (2.15)

where λi are the eigenvalues of the tidal tensor (i.e. the non-background part of Cij = ∂Φ
∂ri∂rj

)
in the linear regime; the normalisation is such that

∑
i λi(ain) = δin and the ordering is

λ1 ≥ λ2 ≥ λ3. From (2.10) we see that as both bi and δ are first order small in linear
theory, the external tide contribution is required to obtain the correct linear theory result,
with λext,i(a) = a

ain
[λi(ain) − 1

3δin] in the linear regime. Unlike in the spherical case, the
environment cannot be neglected if the ellipsoid is embedded in an FRW universe; dropping
external tides would correspond to the case of an isolated ellipsoid considered in [45]. We
will consider non-linear evolution, so we need to make further assumptions to define λext,i

outside of the linear regime.

Non-linear external tides. Different prescriptions have been proposed for non-linear
external tides. In [47] they were calculated approximately from a series of spherical shells,
neglecting angular distribution of matter within each shell. In [50] the following linear and
non-linear models were proposed:

λext,i(a) =
a

ain

[
λi(ain)− 1

3
δ(ain)

]
linear (2.16)

λext,i(a) =
5

4
bi(a) non-linear . (2.17)

The linear prescription simply extrapolates the functional form of the linear case into the
non-linear regime, whereas the non-linear prescription is a simple ansatz that has the same
linear behaviour, but is dominated by internal dynamics in the non-linear regime. In [59], the
two forms were mixed into the hybrid model, where external tide λext,i follows the non-linear
model (2.17) in the direction i, unless the axis i turns around, i.e. ȧi = 0, in which case the
evolution follows the linear model (2.16) after turnaround.

The linear model is unsuitable for our purposes, because we consider underdense as well
as overdense regions. If an underdense region does not collapse, its density evolution at late
stages is much slower than the extrapolation of the linear regime behaviour (because the
density contrast cannot become more negative than −1), and the linear tide would dominate
and give unphysical results. We have considered both the non-linear and the hybrid model.
For our case, the difference is negligible, and we show results only for the non-linear model.

Virialisation. If an ellipsoid starts to collapse along an axis, the axis will shrink to zero in
a finite time, leading to infinite density. As the matter is irrotational dust, there is nothing
to stop the collapse, so a prescription for virialisation has to be added. In the spherical case
considered in [33] this did not make much difference, because when all directions collapse at
the same time, the proper volume of the structure is small at collapse, and it has negligible
effect on the average, as the volume goes to zero faster than the expansion rate diverges.
However, when only one direction collapses, the volume of the structure is not necessarily
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negligible, and indeed filaments and walls occupy a sizeable fraction of the volume of the real
universe [40, 41].

We adopt the prescription based on the tensor virial theorem used in [59]. At the
instant when the virialisation condition is satisfied for axis i, the collapse is stopped and ai
is frozen at the value it has at that point. This means that the acceleration in direction i is
momentarily divergent, and energy is not conserved. As we average the expansion rate, not
the acceleration, this does not make a difference.

Initial conditions. We have now fully defined the dynamical equations for the axis lengths
ai. Next we should specify the initial conditions, which in the Zel’dovich approximation
reduce to the distribution of λi(ain); in what follows, we drop the subscript “in” when referring
to the initial values of λi and δ. Our regions are a model for nonlinear structure, which we take
to form on extrema (peaks and troughs) of the density field, taken to be Gaussian, as expected
from inflation and confirmed by observations [71]. We parametrise the initial conditions in
terms of the peak height (or trough depth) given by the density contrast δ =

∑
i λi, and the

shape given in terms of the ellipticity e and prolateness p, defined as

e =
λ1 − λ2

2δ
, p =

λ1 − 2λ2 + λ3

2δ
. (2.18)

We would like to have the distribution of δ, e and p, on the condition that we are at an
extremum of the density field. For δ, the probability distribution conditioned on the existence
of an extremum was calculated in [72]. The unconditional distribution of e and p was worked
out in [42, 73], and the conditional joint distribution for e and p, given δ (and assuming
δ > 0), is given in [53] (equation A3). However, finding the distribution of e and p under
the additional condition that the density field has an extremum is not straightforward. Note
that λi are the eigenvalues of the tidal tensor, and they determine whether the gravitational
potential Φ has an extremum, and this does not necessarily coincide with an extremum of
the density contrast δ. The tidal matrix and the matrix given by the Hessian of δ do not
commute, so they cannot be diagonalised simultaneously, and finding the distribution of
the eigenvalues of the former under a condition for the eigenvalues of latter is a non-trivial
problem [74]. For the number density of peaks/troughs we use the result of [74] (equation
37). It requires as input the values of e and p. For the distribution of e and p we use the
result of [53], modified to take into account that we can have δ < 0. This distribution has
been conditioned on the value of δ, but not on the requirement that there is a peak/trough.
This is not expected to make a large difference (see e.g. figure 3 of [74]), because regions
with large density contrast often contain extrema, and regions with small density contrast
don’t have a large effect. As the overall impact of deviations from spherical symmetry turns
out in our case to be small, conditioning the distribution of e and p on the existence of an
extremum would be a small correction to a small effect.

2.3 The average expansion rate

Ensemble of ellipsoids. We consider a model where the volume of the universe is divided
into peaks/troughs, which evolve according to the ellipsoidal model discussed above, and
smooth regions, which evolve like the background. As the peaks/troughs expand and collapse
and their volume fractions of change, the average expansion rate evolves. We calculate the
average expansion rate as follows, generalising the spherical expression in [33] to include
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10−2 10−1 100 101 102

k/keq

10−2

10−1

100

T
(k

)

Figure 1: Transfer function of a cold dark matter (CDM) model with ωb = 0.02 and
ωm = 0.14 and no dark energy, calculated with CAMB [75]. Wavenumbers are in units of
the matter-radiation equality scale keq.

ellipticity and prolateness:

H(t) =

∫
dδdedp v(δ, e, p, t)H(δ, e, p, t)

=

∫
dδdedp f(δ, e, p, t)s(δ, e, p, t)H(δ, e, p, t)∫

dδdedp f(δ, e, p, t)s(δ, e, p, t)
, (2.19)

where v(δ, e, p, t) is the fraction of volume, at time t, in regions that had initial linear density
contrast δ, ellipticity e and prolateness p, and H(δ, e, p, t) = 1

3

∑
i
ȧi
ai

is the expansion rate,

at time t, of a region with such initial conditions. The volume fraction v = sf/[
∫

dδdedp sf ]
has two parts. The factor s(δ, e, p, t) ≡ a1a2a3/ā

3 is the volume of a region with initial
linear density contrast δ, ellipticity e and prolateness p, relative to the background volume,
at time t. It depends only on how the region expands relative to the background. The factor
f(δ, e, p, t) is the number density of extrema with initial δ, e and p, at time t. It depends on
how the number density of peaks and troughs changes with time. The peak number density is
defined for a given smoothing scale R and thus depends on the choice of R; we use a Gaussian
window function. We take the primordial power spectrum to be a power law with spectral
index n = 0.96 (at the pivot scale k = 0.05 Mpc−1) [71]. We take the transfer function of a
cold dark matter (CDM) model with ωb = 0.02 and ωm = 0.14 and no dark energy, calculated
with CAMB2 [75] and plotted in figure 1. These values, usually determined in the ΛCDM
FRW model [71], are model-independent [76].

As in [33], we fix the smoothing scale R(t) by demanding that the root mean square
density contrast is unity at all times, σ0[R(t), t] = 1. The timescale of changes is thus
determined by location of the turnover in the transfer function, which comes from the matter-

2http://camb.info
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radiation equality time teq = 5 × 104 yr. The idea is that R determined like this gives the
scale for typical structures. The precise numbers of our results depend on the choice of value
for σ0(R, t), as we will see in section 3, but as in [33], the qualitative behaviour and the order
of magnitude are the same as long as σ0(R, t) is of order unity. As density perturbations
evolve in time, R grows to compensate, modelling the merging of structures into larger ones.
Volume that is neither in peaks nor troughs is taken to evolve like the background. We fix the
normalisation of the number density by demanding that in the asymptotic future all volume
will be in peaks or troughs.

In the same way, the average shear scalar is calculated as

〈σ2〉 =
1

3

∫
dδdedp v(δ, e, p, t)

∑
i

ȧ2
i

a2
i

−
∑
i<j

ȧi
ai

ȧj
aj

 . (2.20)

3 Results

3.1 The average expansion rate

We calculate the averages (2.19) and (2.20) numerically. The functions ai are calculated
from (2.14) with the initial conditions (2.15), using the initial distributions for λi discussed
in section 2.2, with the virialisation condition based on the tensor virial theorem given in
[59], and the non-linear prescription for the external tides. For comparison, we present the
results for the case when the peaks are spherical, calculated with the same primordial power
spectrum and transfer function.

In figure 2 we show the expansion rate Ht as a function of keqR (keq is the comoving
wavenumber of the modes that cross the Hubble radius at matter-radiation equality) and
t. At early times, the expansion rate is close to the background Einstein–de Sitter case
Ht = 2/3 (we do not consider radiation, so the model does not apply at times earlier than
∼ 106 years). As the underdense regions that expand faster than the background take up
more of the volume, Ht rises, with a transition at R ∼ k−1

eq , corresponding to t ≈ 107teq ≈ 103

Gyr. The value practically saturates at Ht = 0.83 at very late times t ≈ 105 Gyr. (Note
that the age at late times is exponentially sensitive to the value of R.)

Because the ellipsoids are homogeneous, the expansion is slower than in the spherical
case, as discussed in section 2.1. Therefore the expansion rate in the ellipsoidal case is always
smaller than in the spherical case, where the asymptotic value is Ht = 0.85. (An ellipsoid
can expand faster than a spherical region in the sense that it may continue expanding in one
or two directions after a sphere has already collapsed, but the effect of such regions on the
average is small.) The fact that every individual region expands slower does not necessarily
mean that the average expansion rate is smaller, nor that the corresponding acceleration is
smaller, because Q is not additive. In fact, having some regions slow down more can lead to
acceleration [22, 66, 77, 78]. Nevertheless, in our case the shear is too small and its rise is
not rapid enough to give acceleration.

The deceleration parameter q is plotted in figure 3. The blue line is obtained using the
first equality in (2.5), q = −Ḣ/H2 − 1. We always have q > 0, so the expansion decelerates;
at late times, the expansion rate asymptotes to Ht = 0.83, which corresponds to q = 0.2.
We can then determine Ωm by the second equality in (2.5) as Ωm = 2q − 4ΩQ, and the
spatial curvature density parameter from (2.6) as ΩR = 1−ΩQ −Ωm. The resulting density
parameters are plotted in figure 4 (solid lines). The universe transitions around R ∼ keq
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10−3 10−2 10−1 100 101 102

keqR

0.70 0.70

0.75 0.75

0.80 0.80

0.85 0.85

H
t

ellipsoidal

peaks to b/g

spherical

1 · 100 3 · 100 3 · 101 1 · 103 6 · 105 5 · 108

t [Gyr]

Figure 2: The expansion rate times the age of the universe, Ht, for the full ellipsoidal
case (solid blue), spherical case (red dashed) and the ellipsoidal case when peak volume is
assigned to the background (black dotted). The axis at the top shows the age of the universe
corresponding to the keqR value on the bottom axis. The vertical line corresponds to t = 14
Gyr.

10−3 10−2 10−1 100 101 102

keqR

0.0 0.0

0.1 0.1

0.2 0.2

0.3 0.3

0.4 0.4

q

1 · 100 3 · 100 3 · 101 1 · 103 6 · 105 5 · 108

t [Gyr]

Figure 3: The deceleration parameter q determined by calculating Ht from the ensemble
and using (2.5) (blue), calculating Ht and the proper volume from the ensemble to give Ωm

and using (2.5) (black dotted) or calculating Ht from the ensemble and finding Ωm from Ht
(red dashed). See section 4 for details.
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Figure 4: The density parameters Ωm (blue), ΩR (red) and ΩQ (black). Solid lines corre-
spond to Ωm determined using (2.5), dashed lines to the case when Ωm is calculated from
Ht. See section 4 for details.

10−3 10−2 10−1 100 101 102

keqR

0.70 0.70

0.75 0.75

0.80 0.80

0.85 0.85

H
t

σ0 = 0.5

σ0 = 1

σ0 = 2

1 · 100 3 · 100 3 · 101 1 · 103 6 · 105 5 · 108

t [Gyr]

Figure 5: The expansion rate Ht for σ0(R, t) equal to 0.5 (red, bottom), 1 (blue, middle)
and 2 (black, top). Note that the top t values correspond to the case σ0(R, t) = 1. For the
other cases they are larger or smaller by a factor of 23/2 ≈ 3.

from being close to matter-dominated to the asymptotic values Ωm = 0.37, ΩR = 0.62. The
backreaction variable remains small throughout, |ΩQ| < 0.01.

The precise numbers depend on how the smoothing scale has been set. In figure 5 we
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Figure 6: The smoothing scale, corresponding to the typical size of structures, relative to
the background Hubble length, R/(āH̄)−1.

show Ht in the cases when σ0(R, t) is chosen to be 0.5, 1 or 2. A factor of 2 variation
in the linear density contrast around unity typically corresponds to a large change in the
non-linear evolution; in the spherical model, regions with linear density contrast of 2 have
already completely collapsed. We see that the magnitude of the change in Ht relative to the
Einstein-de Sitter value 2/3 goes from 11% to 25% and 32% for the cases σ0(R, t) = 0.5, 1
and 2, respectively. However, the qualitative behaviour and the order of magnitude of the
change and its timing stay the same.

The transition era R ∼ k−1
eq is also visible in figure 6, where we compare the smoothing

scale R(t) (indicative of the size of largest structures at time t) to the comoving background
Hubble length (āH̄)−1. Structures start small, their relative size grows rapidly and continues
to grow slowly after the transition. The reason is that for k < keq, the transfer function is
essentially constant. If the primordial spectrum were scale-invariant, then there would be no
scale in the system any more, and dimensionless quantities like R/(āH̄)−1 would be constant.
With a non-scale-invariant spectrum, n = 0.96, there is still slow evolution.

3.2 The shear

In figure 7 we show the fraction of volume in the peaks, troughs and the background. The
results are almost the same in ellipsoidal and spherical cases. Between keqR = 0.1 and
keqR = 1 (corresponding to t = 30 Gyr and t = 103 Gyr, respectively) troughs start to
dominate the volume. This happens both because their fraction of initial volume (which
is also the mass fraction) grows due to merging and because they expand faster than the
background. In figure 8 we show the mass fraction of regions that have collapsed along one,
two or three axes, corresponding to walls, filaments and clusters. The transition is clear
also here, and the fractions practically saturate around R = k−1

eq . (After the transition, the
volume fraction of all these regions is negligible, as figure 7 shows.) Unlike the spherical
model, the ellipsoidal case allows underdense regions to collapse due to decelerating effect
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Figure 7: The fraction of volume in peaks (dashed), in troughs (dot-dashed) and in the
background (solid). The blue line is the ellipsoidal case and the red line is the spherical case.
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Figure 8: The fraction of regions that have collapsed along 1, 2 or 3 axes (not weighted by
volume). The spherical case is shown for comparison.

of shear, but the troughs are so deep that this has negligible effect on the averages. The
mass fraction of structures that have collapsed at least on one axis peaks at 49%. After the
transition, 27% of the mass is in clusters, 14% in filaments and 8% in walls. Compared to
simulations and observations of structure, our model is missing efficient flow of mass from
underdense to overdense regions [40, 41].
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Figure 9: The shear density parameter Ωσ (left) and the variance density parameter Ω∆θ

(right) for σ0(R, t) equal to 0.5 (red), 1 (blue) and 2 (black).

Figure 9a shows the effect of the shear in terms of Ωσ for different choices of σ0(R, t).
For σ0(R, t) = 1, the amplitude is between 1% and 2%, an order of magnitude below what
would be required to have a significant impact on the average expansion rate. In this case,
unlike for the other quantities, the difference between the non-linear and hybrid treatments
would be discernible by eye in the plots, but the absolute difference is only at the level
0.003. The variation due to changing the value of σ0(R, t) is much larger than this. If we set
σ0(R, t) = 2, we keep more non-linear regions, resulting in larger shear. For σ0(R, t) = 0.5,
there are fewer non-linear regions and the shear is initially smaller, but grows slightly larger at
late times. These variations do not change the order of magnitude of the shear contribution,
which remains below 3%.

The evolution of the variance is shown in figure 9b. For σ0(R, t) = 1, at early times the
variance is small because most of the volume evolves like the background, and at late times
the variance is small because the volume is dominated by underdense regions with expansion
rates close to each other (though far from the background). The transition era with peak
variance is a bit before R = k−1

eq . In the ellipsoidal case the variance is smaller than in the
spherical case by a factor of 1.5, as shown in figure 10, because the shear decelerates the
expansion more, so troughs remain closer to the background. As in the case of the shear,
changing the value σ0(R, t) affects the qualitative evolution of Ω∆θ, but not the order of
magnitude, the maximum amplitude remaining smaller than 7% in all cases.

In figure 11a, we show the shear density parameter Ωσ for the troughs only, compared to
the full result. The shear of troughs goes down with time, because they become more spherical
as they expand. In contrast, the shear of peaks rises as the axes become more differentiated.
The shear has a bump around keq, where the peak number density grows rapidly, and peak
contribution rises, followed by a dip as the trough contribution falls. Figure 11b shows Ω∆θ

for the troughs and for the full result. Complementing the shear plot, it shows that the
variance of the troughs goes down with time, but the overall variance amplitude has a bump
around keq due to peaks becoming more differentiated, and their contribution to the average
then goes down due to their shrinking volume.

Figure 12a shows that the shear density parameter for the peaks alone grows large
around k = keq, to Ωσ = 1.5. The evolution of the variance, shown in figure 12b, matches
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Figure 10: Comparison of the variance density parameter Ω∆θ for the spherical (red, lower)
and ellipsoidal (blue, upper) cases.
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Figure 11: The shear density parameter Ωσ (left) and the variance density parameter Ω∆θ

(right) for the full result (black) and the troughs alone (red).

that of the shear, with Ω∆θ reaching the value −1.2 for the peaks. However, as the volume
fraction of peaks simultaneously falls, their impact on the average expansion rate becomes
smaller. In figure 13 we show Ht for the peaks, troughs and the full sample of regions, which
shows how the peaks bring down the expansion rate. In figure 2 the solid black line shows
what happens if we allocate the volume of the peaks for the background (i.e. their volume
factor is as small as in the usual case, but they expand like the background). This shows
that the growth of Ht can mostly be understood simply in terms of the faster-expanding
troughs taking up more a larger fraction of space, but there is also a small contribution from
the peaks, bringing Ht down.
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Figure 12: The shear density parameter Ωσ (left) and the variance density parameter Ω∆θ

(right) for the full result (black), troughs (red) and peaks (blue).
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Figure 13: The expansion rate Ht for the full result (black), troughs (red) and peaks (blue).

The variance and shear contribute with the opposite sign to Q, so their contributions
cancel to make ΩQ, shown in figure 14, smaller than either Ωσ or |Ω∆θ| and negative, with
an extremum amplitude of ΩQ = −0.008 reached at 0.1keq. Such a close cancellation is not
a robust result: as figure 9 shows, for σ0 = 0.5 the extremum value is ΩQ = −0.04 and
for σ0 = 2 it is ΩQ = 0.024. In the spherical case the variance and shear of each region
cancel individually, and in the average over regions only the variance term appears, with an
extremum of ΩQ = −0.03. According to (2.5), the observed values q ≈ −0.5 and Ωm ≈ 0.3
correspond to ΩQ ≈ −0.3, an order of magnitude above the largest numbers here.3

3The value q ≈ −0.5 is the ΛCDM model result. The value depends on the chosen parametrisation [79, 80].
The value has also been derived under the assumption that light propagation is related to the expansion rate
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Figure 14: The backreaction density parameter ΩQ for the ellipsoidal (blue) and spherical
(red) case.

4 Discussion

Successes and shortcomings. Structures have a large impact on the expansion rate, and
Ht grows by 25% relative to the Einstein–de Sitter value 2/3. This change of the same order
of magnitude, but slightly smaller, than in the spherical case. The matter density parameter
Ωm correspondingly falls by a factor of about 3 from 1 to 0.37. These are asymptotic values,
reached at R = 9k−1

eq (corresponding to t ∼ 105 Gyr). The order of magnitude of the change
from the Einstein–de Sitter case corresponds to present-day observations.4 Combining the
measurement H0 = 72.5± 3.2 km/s/Mpc [83] (for other determinations of H0, see [84]) with
a model-independent determination of t0 [85] gives H0t0 = 0.99 ± 0.04 for the central value
t0 = 13.4 Gyr, and H0t0 > 0.83 for the central value of H0 and the lower limit t0 > 11.2 Gyr.
Both of these agreements were noted in [33] for the spherical collapse model.

The orders of magnitude are easy to understand. The Einstein–de Sitter universe has
Ht = 2/3 and a universe without matter and dominated by spatial curvature has Ht = 1.
Therefore, if the volume is dominated by voids but not completely empty, 2/3 < Ht < 1. The
timing comes from the fact that the transfer function rises when approaching keq from above,
so when modes with smaller wavenumber form non-linear structures, the number density of
troughs grows, as shown in figure 7. After modes with k ∼ keq collapse, the transfer function
is practically constant, as shown in figure 1. As the change in the transfer function is not
sharp and peaks have only a small impact, the change in Ht is not sharp.

Indeed, the matter-equality scale is the only scale that has a large impact on structure

via the FRW distance-redshift relation, which is not necessarily the case if backreaction is large [17, 22–26].
4Note that the large value of the spatial curvature parameter ΩR = 0.62 is not in obvious contradiction

with observations, as tight limits on spatial curvature [71, 81, 82] only apply if it evolves like 〈(3)R〉 ∝ (1+z)2,
and in this case 〈(3)R〉 falls more rapidly to the past, and therefore has a smaller effect on the angular diameter
distance [22].
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formation, apart from the free-streaming cut-off at large wavenumbers, which determines
the beginning of structure formation [86] (the baryon acoustic oscillation scale, for example,
is only a small correction). The time when modes with wavenumber keq form structures is
related to the matter-radiation equality time teq = 5× 104 yr roughly as t ∼ A−3/2teq ∼ 102

Gyr, where A = 5 × 10−5 [71] is the primordial amplitude of perturbations [33]. With the
relation between t and R given by σ0(R, t) = 1, the age at late times is exponentially sensitive
to the value of R, so we should avoid reading too much into the feature that the large values
roughly corresponding to present-day observations are reached for times that are a few orders
of magnitude larger than the than observed timing of the acceleration in the real universe.
The fact that the relevant timescale for the start of significant backreaction is billions of
years is robust. There is thus no coincidence problem, and anthropic arguments for the
acceleration timescale related to the existence of highly evolved bound structures needed to
produce observers like us are reduced to the change in the expansion rate coinciding with a
late period in structure formation.

The details of the expansion history are different from the observations. This may not
be too worrisome, given the simplicity of the model, which is missing many physical effects.
Our treatment of structure formation is rather simplistic, as shown by the fact that half of the
mass remains in underdense regions. The feature that smaller peaks may reside inside larger
peaks and that troughs can be extinguished by peaks, known as the cloud-in-a-cloud and
the void-in-a-cloud problem, respectively, is not included; for discussion in the context of the
peaks formalism, see [61, 62]. Taking this into account would transfer mass from underdense
to overdense regions. Another problem is that peaks and troughs are assumed to contain
the same mass regardless of depth. Also, the merging together of structures is dealt with
only via the Gaussian smoothing, and the constraint σ0(R, t) = 1 is rather approximate. The
condition that all matter is in troughs and peaks at late times is somewhat arbitrary, and only
strictly works if the spectrum is scale-invariant; for a red spectrum, the peak number density
keeps rising. The treatment of the individual regions as either anisotropic but homogeneous
(in the ellipsoidal model) or inhomogeneous but isotropic (in the spherical model) could also
be improved. One possibility would be to use an exact general relativistic model, such as the
Szekeres model [87], the most general known dust solution. However, if holes are removed
from a FRW universe and filled with a regular Szekeres dust model, backreaction is small if
the holes are small compared to the Hubble scale and the matching between the hole and the
background is taken into account [17]. But the description of matter as dust breaks down
due to shell crossings in the course of structure formation, and rotation also becomes non-
negligible [88]. Also, the Szekeres model is limited in the sense that the magnetic part of the
Weyl tensor is zero, so there is no exchange of information between worldlines comoving with
the dust; it is conjectured that generalisation of the model would violate this [89]. Vanishing
magnetic part of the Weyl tensor is a property shared by Newtonian gravity, whereas it is
important for real structure formation [37, 90]. In the Newtonian limit, the magnetic part of
the Weyl tensor is related to spatial curvature [91] (see also [28]).

Apart from issues with modelling the individual regions, the ensemble treatment has
consistency problems. We have calculated the expansion rate H, the variance ∆θ and the
shear 〈σ2〉 from the ensemble. We have then determined ΩQ from its definition using these
quantities. The quantities q and Ωm have been calculated from the Buchert equations with
H, using the first and second equality of (2.5). We would get roughly the same answer if
we were to use the definition Ωm ∝ 〈ρ〉/H2, taking 〈ρ〉 to be inversely proportional to the
volume calculated from the ensemble average used as the volume factor in (2.19) and then
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using the second equality of (2.5). The resulting q is shown in figure 3 in black.5

The problem is that this volume does not agree with the volume calculated from the
expansion given by H, which is ∝ e3

∫
dtH(t). As the expansion rate is faster than in the

Einstein–de Sitter case, the corresponding Ωm decreases without limit. The deceleration
parameter q and the density parameters determined by calculating Ωm (instead of q) from
the expansion rate Ht are shown in figures 3 (black line) and 4. This is physically reasonable:
when the volume becomes dominated by very empty regions, the variance and shear become
small, so the evolution should tend to the FRW universe dominated by negative spatial
curvature, with Ωm approaching zero. Backreaction can interpolate between two FRW cases,
but it cannot continue to be important when the universe becomes smooth. (Non-negligible
residual variance and shear could asymptotically persist due to ongoing structure formation,
so that the evolution does not asymptotically approach Ht = 1, but Ωm would nevertheless
approach zero if the expansion is faster than in the Einstein–de Sitter case.)

The form of the Buchert equations (2.1)–(2.3) and the resulting density parameter
relations (2.5) and (2.6) that we have used rely on the matter evolving like irrotational dust.
Virialisation and our treatment of the merging of structures violate this assumption, so there
are terms missing from the equations. However, the above inconsistency cannot be laid at
the door of the dust assumption. The root of the problem is that we consider an ensemble
of regions with different expansion rates, not an ensemble of regions with different volumes.
More precisely, the expansion rate we consider involves the time derivative of the factor s in
(2.19) that accounts for the growth factor for individual regions, but not f , which models
the merging together of regions. Simply put, if Ht is constant and > 2/3, then Ωm cannot
be a non-zero constant, so calculating them both directly using the ensemble quantities that
practically saturate after keqR ≈ 9 (or equivalently t ≈ 4× 105 Gyr) is not consistent.

A related issue is that the structures evolve in the background space, unaffected by the
deviation of the expansion rate from the background. A small aspect of this is that when the
expansion becomes faster, the growth of density perturbations should change. A potentially
more important factor is that the volume factor in the ensemble average (2.19) for regions
that have stopped evolving, i.e. ones corresponding to k−1 � R, is equal to the background
volume. However, even if the structures on small scales have stopped evolving, their volume
should reflect the extra expansion that has taken place relative to the background. Correct-
ing the volume factor should also take into account the discrepancy between the ensemble
volume and the volume determined from the expansion rate. However, the usefulness of such
improvements is conditional on making sure that the distinction between Newtonian and
relativistic behaviour is correctly implemented in the statistical treatment.

Newtonian and relativistic treatment. Our calculation looks completely Newtonian.
However, in the Newtonian case the contribution of the variance and the shear to Q can-
cel each other up to a boundary term [14]. For a statistically homogeneous and isotropic
distribution, the boundary term is small, so the expansion rate is close to the FRW value,
whereas we have found significant differences. It was noted in [33] that the resolution is that
in the Newtonian case total energy is conserved, and we have not implemented such a global
constraint on the peak statistics. In contrast, in the relativistic case the total energy is not
a well-defined quantity. The corresponding term in the equations for the average expansion

5In [33], the analogue between a spherical Newtonian model and the relativistic dust FRW model was used
to calculate ΩR, and the matter density parameter was then determined as Ωm = 1 − ΩR − ΩQ. This gives
equivalent results in the spherical case, but there is no such simple analogue in the ellipsoidal case.
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rate is the spatial curvature, for which there is no conservation law: there is no requirement
for the positive spatial curvature of overdense regions to exactly balance the negative spatial
curvature of underdense regions in the course of evolution [9, 92]. It was therefore argued in
[33] that a calculation like the one presented here is closer to the relativistic situation: even
if the individual regions are Newtonian, their distribution does not follow the Newtonian
pattern. Of course, in a full and consistent calculation, the distribution of regions should
flow from the process of regions joining together, which in our calculation is modelled only
by changing the smoothing scale.

Let us consider the energy argument more carefully. In Newtonian theory, the total
energy of a distribution of self-gravitating dust is (see e.g. [50])6

E =
1

2

∑
i

mi ˙̄x2
i −GN

∑
i<j

mimj

|x̄i − x̄j |

=
1

2

∫
d3xρ(t, x̄)v̄(t, x̄)2 − 1

2
GN

∫
d3x

∫
d3y

ρ(t, x̄)ρ(t, ȳ)

|x̄− ȳ| , (4.1)

where on the first line we have point particles with masses mi and positions x̄i, and on the sec-
ond line we have gone over to a description in terms of a continuous fluid with density ρ(t, x̄)
and velocity v̄. For a homogeneous and isotropic region with total mass M = 4π

3 a(t)3ρ(t),
where a(t) is the radius, this reduces to [45] (page 86)

E =
M

10
a2

(
3
ȧ2

a2
− 8πGNρ

)
, (4.2)

which is conserved. If we consider a dust FRW model with spatial curvature (3)R = −6Ka−2,
then (4.2) corresponds to the first Friedmann equation with the identification E = − 3

10MK.
So for this simple system, conservation of the Newtonian energy does correspond to the FRW
spatial curvature evolving like ∝ a−2, in agreement with the above argument.

What about matter distribution that is not homogeneous and isotropic? With Q =
0, the average Raychaudhuri equation (2.1) has (applying (2.3)) the same form as in the
homogeneous and isotropic case.7 Therefore its first integral gives again the first Friedmann
equation with a constant of integration like (4.2).8 In contrast, in the relativistic case,
equation (2.2) that generalises the first Friedmann equation is an independent equation,
and its integrability condition with (2.1) shows that in general a2〈(3)R〉 is not conserved, as
Q 6= 0. This corresponds to the fact that the conservation law for the spatial curvature in
the relativistic FRW model is due to homogeneity and isotropy; in contrast the Newtonian
case energy is conserved regardless of the symmetry (or lack of it) of the matter distribution.
However, this energy explanation is limited in that conservation of the Newtonian energy does
not, in fact, generally imply that backreaction vanishes, Q = 0. For a single homogeneous
non-spherical ellipsoid embedded in empty space, the Newtonian energy is conserved, but
Q 6= 0 (the variance is zero and the shear is non-zero). Another example is the union of two
disjoint spherical regions. The energy of each region is conserved, so the total energy is also
conserved, but Q 6= 0, as energy is additive, but Q is not [77, 78]. It is not clear whether

6See also [93] for a study of discrete Newtonian cosmology.
7The Raychaudhuri equation (2.1) is written for the relativistic case, but the Newtonian form is exactly

the same.
8The equation (2.1) has the form of a Newtonian one-dimensional force law, so for any Q = Q(a) it yields

a conserved quantity. However, in general a non-zero Q is not a function of the scale factor alone.
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the Newtonian energy can always be associated with the conserved quantity coming from the
Raychaudhuri equation in the cases when Q = 0.

In some studies backreaction has been estimated by combining statistical modelling and
Newtonian N -body simulation data in various degrees [29]. However, because backreaction
on the expansion rate is zero for Newtonian gravity with periodic boundary conditions [14],
non-zero backreaction is due to neglect of spherical asymmetry and/or proper matching of
the regions to each other and the environment (see [92, 94] for recent discussion). While such
studies may be useful in demonstrating timescales and orders of magnitude, there is limited
information to be gained from any analysis that does not properly account for the difference
between Newtonian and relativistic degrees of freedom and constraints in the non-linear
regime.

5 Conclusions

The effect of structures. We have considered a statistical model for the effect of structure
formation on the average expansion rate. We sample the initial Gaussian density field for
ellipsoidal peaks and troughs with a time-dependent smoothing scale R(t) determined by
setting the root mean square density contrast to unity at all times, σ0(R, t) = 1, so that
we look at the generation of typical structures that is forming at each era. The peaks and
troughs are modelled as homogeneous Newtonian ellipsoids, with the volume that is not in
peaks and troughs taken to expand like the background. This extends the calculation of [33],
where spherical regions were considered. We have also made other small improvements, like
using spectral index n = 0.96 rather than the scale-invariant case, and using the numerical
transfer function from CAMB. The ellipsoidal model allows us to estimate the contribution of
the shear and the fraction of regions that have filamentary or planar structure. Our modelling
does not properly capture the transfer of mass from underdense to overdense regions, so only
half of the total mass is in overdense regions, in contrast to simulations and observations
[40, 41]. Therefore filaments, sheets and clusters do not have a large effect in our calculation,
the most important feature is the growth of the underdense regions.

Like the spherical case, the ellipsoidal case shows an increase of the expansion rate of
the right order of magnitude, compared to observations, at late times. In the ellipsoidal
case, Ht rises from the Einstein–de Sitter value Ht = 2/3, saturating at 0.83 around t = 105

Gyr. The shear slows down the expansion rate, so this is smaller than the spherical case
value Ht = 0.85. This number is sensitive to the choice of smoothing scale. Changing the
smoothing scale from σ0(R, t) = 1 to 0.5 or 2 gives 0.74 or 0.88 as the asymptotic value.
There is no acceleration, the expansion just decelerates more slowly. The change in the
expansion rate is due to underdense regions expanding more rapidly than the background,
so Ht is naturally between 2/3 and the completely empty case value Ht = 1. The timing
comes from the fact that the CDM transfer function rises around keq, so the number density
of peaks and troughs grows when modes with k ∼ keq enter the non-linear regime. The
timescale for this is determined by the matter-radiation equality time teq = 5 × 104 yr and
the small primordial perturbation amplitude A = 5× 10−5 as t ∼ A−3/2teq ∼ 102 Gyr.

Open questions. It is non-trivial that the right order of magnitude in the amplitude
and roughly right timescale of the change in the expansion rate follow simply from the
known physics of structure formation. However, the model has shortcomings that would
need to be overcome for the results to be more than suggestive. All dimensionless quantities
calculated from the ensemble are almost constant after structures with wavenumber keq
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collapse, because the transfer function on those scales and the primordial spectrum are close
to scale-invariant. However, as the expansion is faster than in the Einstein–de Sitter case,
Ωm should approach zero, not remain constant. This issue could be resolved with a more
careful statistical treatment. A more difficult problem is whether the sampling of regions
correctly reproduces the distinction between relativistic and Newtonian physics. This is a
crucial question, given that backreaction is always small in a statistically homogeneous and
isotropic universe in the Newtonian case, but not in general relativity [10, 14, 17]. Studies
of backreaction that use data from Newtonian N -body simulations [29] face the same issue
of how to relate the local Newtonian approximation to the global general relativistic setting.
It remains to be seen whether this question can be answered via improved statistical models
or if it will only be settled by relativistic cosmological simulations [30–32].
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