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1. Introduction

Discovering the quantitative and qualitative interaction between variables is an
important topic in computational statistics. Bayesian networks (BN) are popular
probabilistic graphical models that are used to infer conditional relationships between
variables. Bayesian networks are represented by directed acyclic graphs (DAGs), where
the edges show the presence of direct causalities and dependencies between the nodes.
Conditional probability tables are used for each node to describe the quantitative
relationships among variables and the joint probability distribution of the variables
of a network is computed by exploiting the conditional independencies between the
variables. The Bayesian approach implies the implementation of a prior probability
for each DAG, which can penalize or favor the sparsity of a DAG. Structure discovery
relies only on the available data, but constraints regarding relationships between nodes
can be given.

Friedman and Koller [1] argue that finding only the most probable DAG may
result in loss of important information about the network, especially when the available
data points are low in number, compared to the number of nodes of the network N .
Frequently, in Bayesian networks, a Bayesian model averaging over different DAGs
is performed [2]. Consequently, the degree of belief of the presence of an edge is
described by a probability value, which is called posterior probability of the edge.

The posterior distribution of a DAG is represented as a product of conditional
probabilities of the variables, given their parents set. This property, which is called
structure modularity, facilitates structure discovery using Markov chain Monte Carlo
(MCMC) methods.

Madigan and York [3] developed an MCMC algorithm for sampling DAGs
(frequently denoted as structure MCMC), where the new DAG is proposed by adding
or removing a single edge from the current DAG of the MCMC. A Metropolis–Hastings
ratio [4, 5] is computed to assess the acceptance ratio of the proposed DAG. Giudici
and Castelo [6] improved the above-mentioned DAGs sampler by introducing a new
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2 Chapter 1. Introduction

move that allows the reversal of an edge in a single step. However, this new move does
not help to overcome the limitations of the structure MCMC. The proposed DAG
differs from the current DAG of the MCMC run by one single edge. Since the space
of DAGs grows super-exponentially in the number of variables and the likelihood
term tends to favor specific DAGs, the posterior distribution may present extended
low-probability regions that this sampler is not able to cross efficiently.

This problem has been partially solved by the introduction of new structure
MCMC moves. The New Edge Reversal (REV) move, introduced by Grzegorczyk and
Husmeier [7], generates a proposed DAG by reversing a randomly selected edge and by
sampling new parents sets for the nodes at the extremity of the edge. These parents
sets are chosen among those that preserve the acyclicity of the DAG. The Markov
Blanket Resampling (MBR) move, described by Su and Borsuk [8], proposes new
DAGs by sampling a new Markov blanket of a randomly selected node. A structure
MCMC that can perform a combination of simple moves (add, remove, reverse), REV
moves, and MBR moves, results in a faster exploration of the space of DAGs.

When the number of nodes of the network increases and the posterior distribution
of DAGs is multimodal, even this type of sampler may fail to sample DAGs according
to the posterior distribution. Therefore, further implementations to the structure
MCMC are needed to obtain a sampler that can more easily cross low-probability
regions of the posterior distribution.

Parallel tempering is a powerful tool that is widely applied to MCMC al-
gorithms [9, 10, 11, 12] as it ensures the correct exploration of complex target
distributions. It relies on different MCMC runs that sample from distributions at
different “temperatures” and communicate with each other. Colder chains sample from
distributions that do not present sharp local maxima, making these distributions more
easily explorable than the target distribution. Starting from the scheme proposed by
Geyer [9], several improvements have been proposed and tuning algorithms for the
temperatures have been introduced to obtain good communication between chains.

Syed et al. [10] describe comprehensively the state-of-the-art deterministic
even-odd (DEO) swap parallel tempering scheme, which was introduced by Okabe
[11]. The DEO scheme is non-reversible and deterministically selects the even or
odd indexes from which the parallel tempering swap is proposed. The DEO scheme
has been proven to outperform reversible parallel tempering algorithms that involve
random walks [10], ensuring better communication between the chain that samples
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from the target distribution (posterior distribution), and the chain that samples from
the reference distribution (prior distribution).

In this Master’s thesis, the structure MCMC, provided with a hybrid exploration
kernel (the sampler can perform simple moves, REV and MBR moves), has been
combined with the DEO parallel tempering scheme to ensure a correct exploration
of the posterior distribution and to obtain the state-of-the-art structure MCMC for
Bayesian structure discovery.

The Master’s thesis is organized into six chapters. Chapter 2 provides a detailed
explanation of the theory of Bayesian networks and the theoretical foundations leading
to the decomposition of the posterior distribution. Chapter 3 presents, in chronological
order, the various MCMC structure moves used to propose new DAGs, and how these
moves are integrated into a single DAG sampler. Chapter 4 discusses the theory be-
hind tuning in parallel tempering and examines the theoretical performance of popular
parallel tempering schemes. Chapters 5 and 6 present the experimental results and the
conclusions, respectively.





2. Bayesian networks

In this chapter, the main features of Bayesian networks will be presented after a general
introduction to Bayesian statistics.

2.1 The Bayesian approach

Bayesian statistics is a branch of statistics that describes in mathematical terms the
concept of epistemic uncertainty (which derives from lack of knowledge). It follows
that probability expresses the degree of belief of an event. Bayesian statistics relies on
Bayes’ formula that can be written as

p(θ|D, M) = p(D|θ, M)p(θ|M)
p(D|M) , (2.1)

where θ is the model parameter, D is the observed data and M is the model that also
incorporates the background information.

2.1.1 Prior distribution and likelihood function

The prior distribution p(θ|M) represents the knowledge of the parameter before the
observation took place. Different priors can be used in different contexts, and the
choice depends on the amount of information we want to include in the model. It is
possible to distinguish between informative priors and non-informative priors and the
concept of subjectivity derives from the possibility of choosing among different priors.

The term p(D|θ, M) is called likelihood. It represents the probability of obtaining
the observed data given the model parameter and the chosen statistical model. The
observations directly influence the likelihood, and, consequently, the more data points
are incorporated into the model, the more the shape of the posterior is affected by the
likelihood. In frequentist statistics, the likelihood is the only term analyzed. Maximum
Likelihood Estimator is (MLE) is widely used in frequentist statistics as an estimator
of the model parameters (the prior information is not taken into account). When the
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6 Chapter 2. Bayesian networks

number of data points is small, this type of analysis could lead to results that are not
accurate. The Bayesian approach, which includes prior information, is beneficial when
the number of data points is limited. However, when the number of data points is
extremely large, frequentist statistics and Bayesian statistics tend to converge to the
same model parameter estimation since the likelihood term is strong and the prior term
loses its influence on the posterior distribution.

2.1.2 Posterior distribution and frequently used estimators

The probability function p(θ|D, M) of the model parameter conditioned on the
observed data and on the chosen model is called posterior distribution. It represents
the knowledge about the parameter after one or more observations have taken place.
The closed form solution of the posterior distribution is usually extremely challenging
to compute. Several methods can be applied to approximate the posterior distribution
depending on the nature of the model. Markov chain Monte Carlo (MCMC) methods
and variational inference (VI) are the most popular.

Among MCMC methods, the Metropolis–Hastings algorithm [4, 5] is still widely
used due to the lack of restrictions needed on the model. It can be applied easily
on both discrete and continuous distributions. No U-Turn Hamiltonian Monte Carlo
(NUTS) [13] samplers are used when the parameter is a differentiable function to
obtain faster convergence to the target distribution, while the Gibbs sampler [14] is
preferred when the parameter is multidimensional. This latter method implies that
each component of the K-dimensional parameter is sampled iteratively while the
other components are kept to the same value, leading to an acceptance ratio of the
proposed state equal to 1. However, when the model parameter has a large number
of dimensions K, it might not be recommended to use Gibbs sampling since, to have
a single update, K sampling steps are needed. MCMC methods are widely used, in
general, because they guarantee asymptotical convergence, even though they require
a high computational cost.

Variational inference is less computationally heavy, but approximations on the
nature of the target distributions are needed. Coordinate Ascent Variational Inference
(CAVI) algorithm [15] is a popular VI algorithm. There are similarities between Gibbs
sampling and CAVI. In the latter model, the mean-field factors are iteratively updated,
climbing the evidence lower bound (ELBO) to a local maxima. In the experiments
Markov chain Monte Carlo (MCMC) methods are used to approximate the posterior
distribution. The algorithms are shown in detail in the following chapters.
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2.1.3 Marginal likelihood

The term at the denominator in Equation 2.1 is called marginal likelihood or
normalization constant. If θ is a continuous random variable, the marginal likelihood
p(D|M) can be written as

p(D|M) =
∫

p(D|θ, M)p(θ|M)dθ . (2.2)

If θ is a discrete random variable and Ω is the space that contains all and only the
possible states of θ, then the formula for the marginal likelihood becomes

p(D|M) =
|Ω|∑
i=1

p(D|θi, M)p(θi|M) , (2.3)

where θi refers to a state in the space Ω, and |Ω| denotes the cardinality of the set
of possible states in the space. However, computing the marginal likelihood poses
challenges similar to those encountered when calculating the posterior distribution.
Obtaining a closed-form solution is often difficult due to the complexity of the summa-
tions (or integrals, in the continuous case). Thus, simplifying assumptions on the prior
distribution of the parameters are frequently made, and approximation techniques are
used to make the computation feasible.

2.1.4 Advantages of the Bayesian approach

In the Bayesian approach it is possible to take into account different models simulta-
neously. In this case, a prior probability must be defined for each of the |M| models
(where M is the space of the models). In Bayesian networks, M represents the space
of the possible structures of a network. The prior probability distribution satisfies the
condition ∑|M|

i=1 p(Mi) = 1 and each probability should be non-negative. Hence the
formula for the posterior distribution of a model is

p(Mm|D) = p(D|Mm)p(Mm)∑|M|
m=1 p(D|Mm)p(Mm)

. (2.4)

An advantage of the Bayesian approach consists in the ease of updating the posterior
distribution, after new observations are added to the model. Let us assume, for
example, that D1 is an event that already occurred, while D2 is the new observation.
The posterior distribution becomes
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p(θ|D1, D2, M) = p(D2|D1, θ, M)p(θ|D1, M)
p(D2|D1, M) . (2.5)

The likelihood term can be expressed in different ways, based on the dependence of
the observations. Another advantage of the Bayesian approach derives from the ease
of implementation of hierarchical models. In hierarchical models, the priors are condi-
tionally dependent on hyperparameters η. Hence, we can write the prior as p(θ|η, M)
and the hyperprior as p(η|M).

2.2 Properties of Bayesian networks

Bayesian networks model the conditional dependencies and causalities among variables,
which are represented by the direct edges in directed acyclic graphs (DAGs), where the
nodes of the DAGs are the variables taken into account.

2.2.1 Directed acyclic graphs

The notation used in this Master’s thesis is the one suggested by Neapolitan [16]. A
graph M can be described by the set of nodes V and the set E of directed edges that
connect some nodes. The set E is commonly expressed as a collection of ordered pairs of
nodes. If there is an edge connecting the node Xi to the node Xj we write (Xi, Xj) ∈ E.
In this case, node Xi is a parent of node Xj, while node Xj is a child of node Xi. The
set (V, E) is a directed acyclic graph (DAG) if the nodes are connected in a way that
no cycles are formed. The set that contains all and only the parents of Xi is called
parents set of Xi. It contains all the nodes in a graph M that have an edge pointing to
Xi. A popular notation for the parents set of Xi is πi. If Xk can be reached following
the direct edges of a DAG M , starting from Xi, then Xk is a descendant of Xi. In
Bayesian networks, the edges of a DAG represent the conditional relationships among
variables. Figure 2.1 is a graphical visualization of the Asia benchmark network [17],
from which a synthetic dataset has been sampled to conduct experiments in Chapter 5.

2.2.2 Markov condition

From the above assumptions, it is straightforward that the direct edges connecting two
nodes represent an immediate dependence. However, the absence of edges connecting
two nodes does not imply the lack of causality between the variables, since an indirect
causality is present if node Xk is a descendant of Xi. A statement about the inde-
pendence of 2 sets of variables given a third one is given by the d-separation (direct
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Figure 2.1: Visualization of the Asia benchmark network. The edges represent the direct causalities
among the variables.

separation) definition [18].

Definition 1 (d-separation) Given three disjoint sets of nodes A, B, C of a DAG
M , then A and B are d-separated by C if every possible path connecting any node in
A and any node in B is blocked by a node that belongs to C. D-separation implies
conditional independence on C.

We can now define the Markov condition as a special case of d-separation [16].

Definition 2 (Markov condition) Given a graph M , its nodes Xi and their joint
distribution p(·). If the variables Xi are conditionally independent on all the non-
descendants, given the parents sets of Xi, then the Markov condition is satisfied.

The Markov blanket of a node Xi contains the smallest set of nodes such that, when
Xi is conditioned on them, Xi is conditionally independent on all the other nodes.
Theorem 1 shows how to obtain the Markov blanket of a node Xi in a DAG M [16].

Theorem 1 (Markov blanket) Given a graph M and the joint probability p(·) of
the nodes Xi of M , that satisfy the Markov condition, then the Markov blanket of Xi
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is the set of nodes containing the children of Xi, the parents of Xi, and the parents of
the children of Xi.

For example, in the Asia benchmark network shown in Figure 2.1, the Markov blanket of
Lung cancer variable, is the set containing Smoking, Tuberculosis and Either variables.

2.2.3 Structure modularity

Structure modularity is a consequence of the Markov condition and its definition can
be found in the theorem below [16].

Theorem 2 (Structure modularity) Given a graph M , if the Markov condition is
satisfied, then the joint probability distribution p(·) of the variables Xi forming M can
be expressed as the product of the probability distributions of Xi conditioned on their
parents set.

Hence the joint probability formula p(·) of a DAG M can be written as

p(X1, ...., XN) =
N∏

i=1
p(Xi|πi) , (2.6)

where N is the number of nodes of the network. Different DAGs may share the same
conditional independence relations among the nodes Xi. This concept introduces the
definition of equivalence class. DAGs that share the same skeleton (generated by
removing the direction of the edges) and that share the same v-structures belong to
the same equivalence class [19]. The v-structures are formed by three nodes Xi, Xj, Xk.
In this configuration, there are two nodes Xi and Xj, that have an edge that points at
the node Xk while there is no direct edge between Xi and Xj. In the DAG shown in
Figure 2.1, for example, a v-structure is represented by the nodes Tubercolosis, Lung
cancer, and Either.

Only qualitative features about the structure of Bayesian networks have been
discussed until now. The quantitative features are expressed by the parameterization
of θM associated to the probabilities of the states of the variables [20]. In a discrete
Bayesian network, θM usually consists of multinomial distributions described by θXi|u

for each node and for each u among the possible combinations of πi. The computation
becomes more complex, and a variance parameter is added, when continuous variables
are taken into account and a linear-Gaussian approximation of the distribution is used
(Gaussian Bayesian networks).
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2.3 Priors in Bayesian networks

Discovering the posterior distribution of DAGs, given a dataset D, is the main
objective in Bayesian networks analysis. We are using the plural (DAGs) since finding
the DAG that maximizes the posterior distribution would result in loss of information
in most of the circumstances. In the theoretical scenario where the number of data
points tends to infinite, the likelihood term becomes extremely sharp. Therefore,
knowing only the highest scoring DAGs would result in less loss of information. In
realistic scenarios, where the number of data points is limited, a large set of DAGs
has to be taken into account. This concept was already introduced in Section 2.1.4
(Equation 2.4).

A prior distribution for all possible DAGs has to be chosen. The most straight-
forward prior is the uniform prior, where all DAGs have the same prior probability.
Another frequently used prior is the sparse prior. Assuming structure modularity, the
prior for the whole DAG is [1]

p(M) ∝
N∏

i=1

(
N − 1
|πi|

)−1

, (2.7)

where N is the number of nodes and |πi| is the number of parents in the parents set
πi. In the experiments, this latter prior is selected since it allows a good exploration of
the space of the DAGs. Priors that favor sparsity have been proven to perform better
than the uniform prior in different settings [21].

2.4 Structure modularity of the posterior distribu-
tion

For a correct inference of the posterior distribution, the prior must satisfy some
particular conditions [1].

Definition 3 (Global parameter independence) Assuming that θXi|πi
is the

parameterization of Xi, conditioned on the chosen parents set. Global parameter
independence is satisfied if

p(θM |M) =
N∏

i=1
p(θXi|πi

|M) . (2.8)
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Definition 4 (Parameter modularity) Given two different DAGs M and M ′,
where the node Xi has the same parents set πi for both M and M ′, parameter
modularity is satisfied if

p(θXi|πi
|M) = p(θXi|πi

|M ′) . (2.9)

Consequently, the marginal likelihood term (Equation 2.2) can be expressed as

p(D|M) =
∫

p(D|θM , M)p(θM |M)dθM . (2.10)

The above-mentioned conditions, combined with structure modularity (Theorem 2)
are needed to obtain a convenient formula for the posterior distribution [1].

Theorem 3 (Posterior distribution decomposition) If D is complete and p(M)
satisfies parameter independence, parameter modularity and structure modularity, then
the posterior distribution decomposes as

p(M |D) ∝ p(M, D) =
N∏

i=1
exp(Ψ[Xi, πi|D]) . (2.11)

Using log probabilities, we obtain the log marginal likelihood as the sum of the log
local scores of each node ∑N

i=1 Ψ[Xi, πi|D]. The log local score Ψ[Xi, πi|D] is the sum
of the log marginal likelihood term of the node Xi and of the log prior term of the node
Xi and it can be computed exactly for linear-Guassian models [22] and for multinomial
models [23].

2.5 BDeu metric

In the experiments, BDeu score metric is used to compute the log marginal likeli-
hood, since the experiments are performed using discrete datasets. The datasets are
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described in detail in Section 5.2. Starting from the BD (Bayesian Dirichlet) metric [23]

p(D, M) = P (M)
n∏

i=1

qi∏
j=1

Γ(αij)
Γ(αij + nij)

ri∏
k=1

Γ(αijk + nijk)
Γ(αijk) , (2.12)

where ri is the number of the possible states of Xi, qi is the number of possible states
of πi, n = ∑

ijk nijk is the number of points observed in D and αijk are the Dirichlet
exponents used to give information about the prior using imaginary samples. More
precisely, nijk is the number of times the variable Xi has value j when the parents set
configuration of Xi corresponds to the index k. Let us now introduce the concept of
likelihood equivalence [24].

Definition 5 (Likelihood equivalence) Given two network structures M1 and M2

such that p(M1) > 0 and p(M2) > 0, if M1 and M2 are equivalent, then p(θ|M1) =
p(θ|M2).

Therefore, αijk = α · p(Xi = j, πi = k|M). By accepting the assumption of using
uninformative hyperparameters, we get αijk = α

riqi
[24]. BDeu metric is finally

obtained by applying the logarithm to the marginal likelihood formula. BDeu score is
widely used since it implies that equivalent DAGs have the same score.

Other BD scores have been parameterized. For example, by setting αijk = 1, we
obtain a new BD score that is called K2 [23]. If α = 0.5 the model is called BDJ where
the J refers to Jeffrey’s prior [25]. Another model, called BDs (Bayesian Dirichlet
sparse) [26] is obtained by setting α = 1

q̃iri
where q̃i refers to the cardinality of the set

of parents set πi, taking only into account the parents sets where nij > 0.





3. Sampling DAGs to estimate the
posterior distribution

Bayesian model discovery focuses on finding a degree of belief for each DAG. It is a
difficult task since the space of DAGs grows super-exponentially with the number of
nodes [27]. The equation for the number of possible states, depending on the number
of nodes of the network, is obtained by the recurrence

|M(N)| =
N∑

k=1
(−1)k+1

(
N

k

)
2k(N−k)|M(N − k)| , (3.1)

where N is the number of nodes of the network and |M(N)| is the cardinality of
the space of possible DAGs, when the number of nodes of the newtwork is N . The
computation of an exact posterior may be too challenging, since the problem of
computing the normalization constant is #P-hard. The space of DAGs can be reduced
by assigning a maximum number of parents to each node, reducing the computational
cost and avoiding overfitting.

Starting from Equation 2.4, that describes the posterior distribution of |M|
models, it is possible to derive the posterior distribution of a quantity of interest, by
using Bayesian model averaging [3]. Therefore,

p(∆|D) =
|M|∑
m=1

p(∆|Mm, D)p(Mm|D) . (3.2)

If algorithms that sample DAGs according to the posterior distribution are used, it
is possible to simplify the above shown equation [3]. Given M representing the class
of possible models, a set of sampled DAGs defined in M, can be expressed by the
function M(t) with 0 < t ≤ T where T is the total number of DAGs sampled. A
consistent empirical estimator of E(M) [3] is represented by

15
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M̂ = 1
T

T∑
t=1

M(t) . (3.3)

An exact algorithm, that samples DAGs from modular distributions, has been imple-
mented by Talvitie et al. [28]. It randomly samples from the space of DAGs. This
approach results in lack of correlation among samples, therefore, no bias is present
when DAGs are sampled from multimodal posterior distributions (this problem is fre-
quent in structure MCMC algorithms described later on in this chapter). The downside
of this method consists in computational limitations, when the algorithm is used to
sample DAGs from networks where the number of nodes N > 20, because of expo-
nential time and space complexities. A detailed description of the algorithm can be
found in Section 5.3.1, since it has been used to generate reference distributions, in the
experiments, for some specific networks. A different class of algorithms has to be used
to estimate the posterior distribution of DAGs, when the number of variables of the
network N increases.

3.1 Structure MCMC and MC3 move

Structure MCMC is a popular algorithm that is used for Bayesian structure discovery.
It avoids complications caused by the large number of possible states |M|. It relies on
performing specific moves to propose new DAGs, which are accepted according to a
Metropolis–Hastings acceptance ratio.

3.1.1 Metropolis–Hastings algorithm

The Metropolis–Hastings algorithm (MH) [4, 5] is a MCMC method that is frequently
used to sample from complex target distributions. In our case, the target distribution
is the posterior distribution of DAGs. The output of the algorithm consists of a list
of different states of the parameter (in our case M). The sampling process follows
different steps. At first a initial state M0 and a proposal distribution q(M ′|M) are
defined, and an empty list that will contain the states of the parameter is created.
Then, iteratively, a proposal for the next state of the chain is generated from the
current state by sampling from q(M ′|M). An acceptance ratio for the new state is
then computed.

a(M ′, M) = min
(

1 ,
q(M |M ′) p(M ′|D)
q(M ′|M)| p(M |D)

)
. (3.4)

If a random sample from the uniform distribution Uniform(0, 1) has a lower value than
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a(M ′, M), the current state takes the value of the proposed state. The current state is
then attached to the list of states. The process is repeated for an arbitrary number T

of iterations until a correct convergence to the distribution is assumed.

3.1.2 Madigan and York MC3

The first structure MCMC algorithm for sampling DAGs, called Markov Chain Monte
Carlo Model Composition or MC3 model, has been proposed by Madigan and York
[3]. The advantages of this model derive directly from a reduction of the space from
which a DAG is sampled. More precisely, starting from a DAG M(t) ∈M at iteration
t in the Markov chain, a new DAG in the Markov chain M ′(t) is proposed if it is in
the neighborhood of M(t). Let us denote by nbd(M) the neighborhood of the DAG
M . In the Madigan and York model, the neighborhood of a DAG M is defined as
the set containing the DAGs M ∈ M that have one edge more or one edge less than
M . Hence, the transition matrix q has entries q(M, M ′) = 0 if M ′ /∈ nbd(M) and
q(M, M ′) is a constant if M ′ ∈ nbd(M). The definition of the transition matrix q

explains why the MC3 model is more suitable for structure discovery, when the number
of nodes of the network is large compared to an algorithm that samples randomly
from the space of DAGs. In the MC3 step, M ′ is sampled from a small set of DAGs
leaving out most of the non-relevant low-scoring DAGs, which indeed would be taken
into account when the previously described DAGs sampler described by Talvitie et
al. [28] is used. However, high-scoring DAGs that are not in nbd(M) are not considered.

A Metropolis–Hastings acceptance ratio is computed to assess how likely the
proposed DAG is accepted [3]. We have

a(M ′, M) = min
(

1 ,
|nbd(M)| p(M ′|D)
|nbd(M ′)| p(M |D)

)
, (3.5)

where M is the current state, M ′ is the proposed state and |nbd(M)| represents the
number of neighbors of M . The computation of the normalizing constant p(D) can be
omitted since it is equal for both terms p(M ′|D) and p(M |D). Consequently, the pos-
terior distribution can be replaced by the marginal likelihood. The marginal likelihood
of the model is different from the BDeu score. The latter one is used as likelihood term
of the model, therefore not uniform priors can also be used.
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3.1.3 Giudici and Castelo MC3

An improved version of the MC3 move is described by Giudici and Castelo [6]. This
model includes an additional possible move when transitioning from M to M ′. The
mentioned step is the reversal of an edge. In the Madigan and York model, the reversal
of an edge could be performed in two distinct iterations: by first removing one edge,
and then adding another edge with the opposite direction. Hence, by enabling a new
move, the set of neighbors of any DAG M(t) ∈ M increases in size, improving the
exploration efficiency of the structure MCMC runs, which usually are slow in mixing
and exploring and result in high autocorrelation of the samples. This limitation is
caused by the nature of the steps of the MC3 algorithm. They are small, therefore,
the current state M of the MCMC and the proposal M ′ differ by only one edge. Let
us now describe in detail the three different steps of the improved version of the MC3

move.

■ Addition. An edge from Xi that points to Xj is formed if it does not create a
cycle in the graph.

■ Removal. The edge connecting Xi and Xj is removed. This step never causes
the formation of a cycle in the graph.

■ Reversal. It is a composition of the two steps mentioned above. The edge
connecting Xi and Xj is removed and then added with the opposite orientation.
This step, similarly to the addition step, is not always allowed because it can
create a cycle in the graph.

Kahn’s algorithm [29] provides an efficient method for checking for cycles in directed
graphs, with a time complexity of O(|V |+ |E|).

3.1.4 Lazy MC3

The Metropolis–Hastings ratio (Equation 3.5) states that all neighbors of the DAGs
M and M ′ have to be found to obtain the cardinality of the neighbors of M and
M ′. This step can be computationally challenging. An alternative implementation,
defined as Lazy MC3 [30], which involves rejection sampling, allows us to ignore the
neighborhood sizes. We achieve this by sampling M ′ from the space containing all
directed graphs (not necessarily acyclic) that can be obtained by adding, removing, or
reversing an edge starting from M . Furthermore, when M ′ is proposed, the maximum
number of parents is not taken into account. If a graph that contains a cycle is
sampled or if the sampled graph contains a node that has more parents than the
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maximum allowed parents, then the proposal is rejected.

Allowing the proposal of graphs that include cycles and DAGs that exceed the
number of maximum in-degree per node may seem counter-intuitive. However, M and
M ′ have the same number of neighboring graphs (not necessarily acyclic) that are
obtained by adding, removing, or reversing an edge. Since, the cardinality of the set
of neighboring graphs of any DAG is equal to N(N − 1), the cardinality of the neigh-
borhoods of M ′ and M is not needed for the computation of the Metropolis–Hastings
ratio. This results in a lower computational cost of the move, compared to the Giudici
and Castelo MC3. The formula of the acceptance ratio of the Lazy MC3 step is

a(M ′, M) = min
(

1 ,
p(M ′|D)
p(M |D)

)
. (3.6)

The Metropolis–Hastings ratio now depends only on the scores of M and M ′. Algo-
rithm 1 shows in detail the Lazy MC3 step. The proof of the convergence of the Lazy
MC3 sampler to the correct stationary distribution can be found in Appendix A.

Algorithm 1 Lazy MC3

1: Draw u, v with v ̸= u at random from E(M)
2: M ′ ←M

3: if (u, v) is in E(M ′) then
4: remove (u, v) from M ′

5: else if (v, u) is in E(M ′) & after removing (v, u) and adding (u, v) in M ′ no cycle
in M ′ would be created & |πv| < max parents then

6: reverse (v, u) in M ′

7: else if neither (u, v) nor (v, u) is in E(M ′) & adding (u, v) would not create a cycle
& |πv| < max parents then

8: add (u, v) in M ′

9: end if
10: compute a(M ′, M) ▷ Equation 3.6
11: A ∼ Bernoulli(a(M ′, M))
12: if A = 1 then
13: M ←M ′
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3.2 New Edge Reversal move

MC3 move implies that the proposed DAG of a structure MCMC differs from the
current DAG by one single edge. Therefore, convergence to the posterior distribution
is slow. Additionally, a sampler that relies only on MC3 moves can easily get stuck
near local maxima, especially when the likelihood term is strong. This wrong behavior
is described in detail in Section 5.4.1.

The New Edge Reversal (or REV) move was introduced by Grzegorczyk and
Husmeier [7] to allow wider moves in the MCMC (M ′ does not differ from M by only
one edge). REV move is computationally more demanding than MC3. The basic
concept of the REV move centers around the reversal of an edge. The reversed edge
is selected by randomly sampling from a uniform probability distribution. In many
cases, when the reversal move of MC3 is applied to a DAG, cycles may be formed.
When the REV move is performed, the parents set of the nodes at the end of the
sampled edges are deleted, and new parents sets are sampled for both nodes. No
cycles have to be formed when the parents sets are chosen and the max parents size for
each node has to be taken into account. The whole process leads to a proposed DAG
M ′, which may differ from the starting DAG M by many edges. The parents sets are
sampled according to their score and the acceptance probability of the proposed DAG
increases considerably. The proposed DAG has, most of the time, a higher score than
the current DAG until the main score mode is reached.

To compute the Metropolis–Hastings ratio that assesses how likely M ′ is
accepted, we need to define the probability of reaching M from M ′ (inverse move).
Since the DAG M can be reached from M ′ in a univocal way, The Metropolis–Hasting
ratio becomes [7]

a(M ′, M) = min
(

1,
H† · Z∗(Xi|M⊙, Xj) · Z∗(Xj|M⊕)
H ′† · Z∗(Xi|M ′

⊙, Xj) · Z∗(Xj|M ′
⊕)

)
, (3.7)

where H† and H
′† are the number of edges in M and M ′. The notation Z∗(Xn|M, Xm)

represents a sum of local scores over all those parent sets πi of Xn that contain Xm

and do not create a cycle when inserted in the DAG M . M⊕ and M⊙ are intermediate
DAGs that are obtained by orphaning and adding new parents sets to the original
DAGs, while M ′

⊕ and M ′
⊙ are intermediate DAGs that are obtained by changing the

proposed DAG M ′, to reach M (inverse step). More details on those intermediate
DAGs can be found in the original paper [7].
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3.3 Markov Blanket Resampling move

The Markov Blanket Resampling (MBR) move, introduced by Su and Borsuk [8],
relies on proposing new DAGs for the MCMC, by changing the Markov blanket of a
node. Similarly to the REV move, the proposed DAG M ′ may differ by many edges
from the starting DAG M . Hence, the MBR move can help the structure MCMC to
escape local maxima and explore the posterior distribution faster.

The change of the Markov blanket of a node is performed in several steps.
Initially, a node Xi of the current DAG M is selected completely at random from a
uniform probability distribution. Then Xi is orphaned and all the direct edges connect-
ing the children of Xi and their parents are deleted (except the edges that connect Xi

and their children). Subsequently, a new parents set is sampled for Xi and for all the
children (the sampling order for the children is always randomized since a defined order
would introduce bias in the results). The above-mentioned steps should not generate
any cycle, and the number of max parents for each node should not be exceeded. The
parents set are not proposed at random. Parents sets with higher score are proposed
with higher probability. Hence, the value of the acceptance ratio of M ′ is not close to 0.

Another similarity to the REV move is that the inverse step is unique. The DAG
M can be obtained by using a move of MBR from M ′ (inverse step) in a univocal way,
and this property leads to an easy to compute acceptance ratio. The formula can be
written as [8]

a(M ′, M) = min
(

1,
Z∗(Xi|M0, πi) ·

∏J
j=1 Z(Xj

i |Mj, Xi)
Z∗(Xi|M ′

0, π′
i) ·

∏J
j=1 Z(Xj

i |M ′
j, Xi)

)
, (3.8)

where M0 and M ′
0 refer to the starting DAG M and the proposed DAG M ′, after the

sampled node Xi and its children have been orphaned. Each time a parents set is
added, following the scheme described above, we obtain a new DAG Mj and the index
j increases by one. Therefore, Xj

i refers to the jth child of Xi.

3.4 Hybrid transition kernel

The structure MCMC that has been used in the experiments uses a mixture of
MC3 moves, MBR moves and REV moves. More precisely, in each iteration of the
Markov chain, the probability of performing a REV move is pREV, the probability of
performing a MBR move is pMBR, while the probability of performing a MC3 move is
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pMC3 = 1 − pREV − pMBR. Hence, the transition kernel K of this hybrid MCMC can
be written as

K+(M ′|M) = pMC3KMC3(M ′|M) + pREVKREV(M ′|M) + pMBRKMBR(M ′|M) . (3.9)

According to Tierney [31], since the transition kernel of the three moves have the same
stationary distribution and KMC3 is ergodic, also K+ converges to the same stationary
distribution.

3.5 Considerations about structure MCMC

The experiments described in Section 5.4, show that the structure MCMC performs
poorly when the number of data points is large and when the number of nodes N

increases. The REV and MBR moves may allow an escape for the structure MCMC
from a local mode, but they do not guarantee a correct convergence in all the cir-
cumstances. In Bayesian networks, the posterior distribution is usually multimodal,
with sharp maxima separated by extended low-probability regions. Therefore, a simple
structure MCMC may generate biased results. Parallel tempering is a beneficial tool
that can solve this problem, leading to a correct exploration of the parameter space
and to a correct convergence to the posterior distribution of DAGs.



4. Parallel tempering

In this chapter, the non-reversible parallel tempering (PT) scheme described by
Syed et al. [10] is presented, with some implementations that are specifically added
to increase the performance of the algorithm in the BN setting. PT involves the
implementation of several MCMC algorithms that run in parallel and interact with
each other. They sample from distributions at “different temperatures”, which we will
refer to as Uc(M |D) for practical reasons. More in detail,

Uc(M |D) = p(M |D)βcp(M)1−βc

Z(βc)
∝ p(D|M)βcp(M) , (4.1)

where the partition P = {β0, ..., βC} of [0,1] is called annealing schedule and Z(βc)
is the normalizing constant. A total number of C + 1 chains are implemented and
β0 = 0, while βC = 1. Therefore, U0(M |D) = U0(M) is the prior distribution and
UC(M |D) is the posterior distribution.

Parallel tempering was first introduced by Geyer [9]. Proofs regarding the correct
convergence of the C + 1 chains to the stationary distribution are shown in the paper.
In the BN setting, the stationary distribution is given by

p(M |D) =
C∏

c=0
Uc(Mc|D) , (4.2)

where M is a C + 1 dimensional vector that contains the current states (DAGs) Mc

of each chain.

A parallel tempering iteration is performed in two steps [10]. In the first
step, called local exploration, each chain updates its current state according to
the exploration kernel Kexpl.(Mc|c), where c is the index of the chain. In practice,
each chain samples approximately from the distribution Uc(M |D), associated to the
temperature βc. The second step consists in the communication phase, where swaps
of states Mc are proposed among chains.

23
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The posterior distribution p(M |D) = UC(M |D) is approximated by T samples
where T is the total number of iterations performed. To identify each DAG sampled
by the MCMC, let us use the notation M(t) and Mc(t). We denote by Mc(t) the DAG
sampled by the chain at temperature βc at time step t. To describe the current DAGs
of the algorithm (last state of the different chains), the notation M and Mc without
the time index t is used. Since the proposed states M ′ and M ′

c of the MCMC depend
only on the current state, the time index t is omitted when a single exploration and a
single communication step are described. The different parallel tempering algorithms,
presented in Section 4.2, share the same Kexpl., but they differ in their communication
kernel Kcomm..

4.1 Local exploration

During the local exploration phase, each chain of the PT structure MCMC samples
DAGs according to the hybrid transition kernel described in Section 3.4. As already
mentioned in Section 2.1, the choice of the steps depends on the nature of the distri-
bution. In general, the exploration phase can be performed using Metropolis–Hastings
steps, Hamiltonian Monte Carlo steps, or Gibbs sampling steps. In Chapter 3 we
already showed that the structure MCMC uses Metropolis–Hastings exploration steps.

When parallel tempering is enabled, the MH acceptance ratio of the explo-
ration algorithm depends on the temperature βc associated with the chain. We have
Kexpl.

c (·) = K+
c (·). Consequently, some adjustments have to be made to the accep-

tance ratio formulas of the MC3 step (Equation 3.6), of the REV step (Equation 3.7)
and of the MBR step (Equation 3.8). In the parallel tempering setting, let us denote
the moves described in the previous chapter by MC3

c , REVc, and MBRc, to take into
account the different temperatures βc, associated with the C + 1 chains.

4.1.1 MC3 move in PT structure MCMC

Equation 3.6 is modified to obtain the acceptance ratio of the MC3
c step

aexpl.
c (M ′

c, Mc) = min
(

1 ,
Uc(M ′

c|D)
Uc(Mc|D)

)
. (4.3)

Applying the equivalence in Equation 4.1 we obtain

aexpl.
c (M ′

c, Mc) = min
(

1 ,
p(D|M ′

c)βcp(M ′
c)

p(D|Mc)βcp(Mc)

)
. (4.4)
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The log marginal likelihood is expressed using BDeu metric described in Section 2.5.
Theorem 3 implies that the total score of any DAG is expressed as a sum of local scores.
Therefore, we have

aexpl.
c (M ′

c, Mc) = exp
(

min
{

0 , βc

N∑
i=1

BDeu[D|Xi, π′
(i,c)] + ln(p(M ′

c))+

− βc

N∑
i=1

BDeu[D|Xi, π(i,c)]− ln(p(Mc))
})

,

(4.5)

where c refers to the index of the chain, βc to its respective temperature and i represents
the index of the node of the network (N total nodes). Therefore, π(i,c) represents the
parents set of the node Xi in the DAG Mc, and π′

(i,c) represents the parents set of the
node Xi in the DAG M ′

c.

4.1.2 REV and MBR moves in PT structure MCMC

A similar approach is used to modify the acceptance ratio of REV and MBR moves.
The Z∗(·) terms in Equation 3.7 and Equation 3.8 contain a sum of local scores over all
the parents set of a node that satisfy certain conditions. It has to be modified, to take
into account the temperature βc of each chain. Let us analyze, for example, a general
term Z∗

c (Xi|M⊕
c ) of the REVc move, for the chain c, corresponding to a temperature

βc. It can be expressed by

Z∗
c (Xi|M⊕

c ) =
P∑

p=1
exp

(
BDeu[D|Xi, π⊕

(i,c,p)] · βc + ln(p(Xi|π⊕
(i,c,p))

)
, (4.6)

where each index p refers to one of the P parents set of Xi that would not create a cycle
when added to the DAG M⊕

c . Hence, π⊕
(i,c,p) represents the p-th parents set added to

the node Xi of the DAG M⊕
c . The notation M⊕

c ̸= Mc is used, since the intermediate
steps of the REV move involve orphaning nodes and adding new parents set, therefore,
these two DAGs are not the same. The term p(Xi|π⊕

(i,c,p)) refers to the prior probability
of the single node Xi, when the parents set π⊕

(i,c,p) is assigned to the node Xi. The use of
the log-sum-exp trick is recommended not to encounter overflows in the computation.
Algorithm 2 shows the pseudocode for the local exploration step. The variable Score
is a dictionary that contains all local scores of each node, conditioned on the parents
set.
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Algorithm 2 Local exploration step
1: procedure local exploration step(M , pREV, pMBR, PC , Score, Prior)
2: R ∼ Uniform (0,1)
3: if R < pREV then
4: for c in {0, 1, . . . , C} do
5: Mc ← REVc move from Mc (M , Score, Prior, βc)
6: end for
7: else if R < pREV + pMBR then
8: for c in {0, 1, . . . , C} do
9: Mc ← MBRc move from Mc (M , Score, Prior, βc)

10: end for
11: else
12: for c in {0, 1, . . . , C} do
13: Mc ← MC3

c move from Mc (M , Score, Prior, βc)
14: end for
15: end if

4.2 Communication kernels

Communication kernels define how the chains interact with each other and how swaps
between states are proposed in the PT MCMC. In the BN setting, a swap can be
performed by introducing a Metropolis–Hastings step among the different current
DAGs that belong to M . Communication is allowed among chains that have index
that differ by one. More precisely, the proposed DAG for the state Mc, at temperature
βc, is the DAG Mc+1. It represents the current DAG of the PT MCMC at tempera-
ture βc+1. Therefore, if a swap among the states Mc and Mc+1 is accepted, we have [10]

M (c,c+1) = (M0, M1, . . . , Mc−1, Mc+1, Mc, Mc+2, . . . , MC) . (4.7)

The Metropolis–Hastings acceptance ratio among chains is obtained by

a(βc,βc+1)(M ) = min
{

1 ,
p(M (c,c+1)|D)

p(M |D)

}

= exp
(

min
{

0 , (βc+1 − βc)
(
V (Mc+1)− V (Mc)

) } )
,

(4.8)

where
V (Mc) = − ln

(
p(Mc|D)/p(Mc)

)
= − ln

(
p(D|Mc)

)
. (4.9)
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Expanding Equation 4.8 we get

a(βc,βc+1)(M) = exp
(

min
{

0 , (βc+1 − βc)
(

ln
(
p(D|Mc)

)
− ln

(
p(D|Mc+1)

)) } )
.

(4.10)

The PT algorithms that will be tested and compared are the deterministic even-odd
(DEO) swap algorithm (Section 4.2.2), the stochastic even-odd (SEO) swap algorithm
(Section 4.2.1), and a parallel tempering scheme where the swap among chains with
index c and c + 1 is proposed randomly, in each communication step, from only
one chain. For practical reasons, the latter sampler is defined as the single random
swap (SRS) scheme. Details regarding this latter algorithm can be found below
(Algorithm 3).

The performance of PT algorithms can be measured by assessing how well the
“colder” chains (with temperature βc close to 0) and the “warmer” chains (with temper-
ature βc close to 1) communicate. A good communication implies a good exploration of
the parameter space because colder chains sample from distribution that do not present
low-probability regions among modes. Therefore, the colder chains cannot get stuck
near local modes. A mathematical quantification of this concept can be expressed by
the round trip rate τ that is presented in Section 4.3.1. In the pseudocode, the vector
r, containing all rejection ratios between chains, is constantly updated, to obtain a
good approximation of the communication barrier Λ described in Section 4.3.2.

Algorithm 3 SRS communication step
1: procedure SRS step(M , PC , r, C, Score, Prior)
2: c∗ randomly sampled from the set {0, 1, . . . , C − 1}
3: for c in {0, 1, . . . , C − 1} do
4: ac ← a(βc,βc+1)(M , Score, Prior,PC) ▷ Equation 4.10
5: rc ← rc + 1− ac

6: if c = c∗ then
7: A ∼ Bernoulli(ac)
8: if A = 1 then
9: swap Mc and Mc+1 in M

10: end if
11: end if
12: end for



28 Chapter 4. Parallel tempering

4.2.1 Stochastic even-odd scheme

In the SEO communication scheme [10], the indexes of the chains are stored in two
different sets (even and odd). In each communication step, the swap is proposed
simultaneously from all chains that have even indexes (therefore, the proposed states
Mc+1 have odd indexes), or the swap is proposed simultaneously from all the chains
that have odd indexes (the proposed states Mc+1 have even indexes). The choice of
even or odd moves is obtained by randomly sampling from a Bernoulli(0.5) distribution.
For example, in each communication step, if the outcome of sampling from the above-
mentioned Bernoulli distribution is 0, swaps are proposed only from all the states with
even index and vice versa if the outcome is 1. Algorithm 4 shows in detail a single
SEO communication step.

Algorithm 4 SEO communication step
1: procedure SEO step(M , PC , r, C, Score, Prior)
2: Z ∼ Bernoulli(0.5)
3: for c in {0, 1, . . . , C − 1} do
4: ac ← a(βc,βc+1)(M , Score, Prior,PC) ▷ Equation 4.10
5: rc ← rc + 1− ac

6: if (Z = 0 and c is even) or (Z = 1 and c is odd) then
7: A ∼ Bernoulli(ac)
8: if A = 1 then
9: swap Mc and Mc+1 in M

10: end if
11: end if
12: end for

4.2.2 Deterministic even-odd scheme

The DEO communication scheme has been proposed by Okabe et al. [11]. It works
similarly to the SEO communication scheme. The swap is proposed only from even or
odd chains, but even and odd indexes are not chosen by randomly sampling from a
Bernoulli(0.5) distribution. Even and odd steps are fixed deterministically depending
on the iteration (or time index t) of the PT MCMC. Hence, when t is even, the
swaps are proposed only from the states with even indexes, while, when t is odd, the
swaps are proposed only from the current states of odd chains. The DEO algorithm is
non-reversible since the Markov chain cannot backtrack its movements and does not
satisfy the properties of random walks. Reversibility is seen as an inefficient property
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of Markov chains, and non-reversibility leads to a better exploration of the parameter
space [32]. Indeed, after the chain with index c swaps its state with the chain associated
with index c + 1, in the next step, the state cannot go back to the chain at index c,
but it can only stay at index c + 1 or reach c + 2. More mathematical details on
the theoretical performance of the different schemes are presented in Section 4.4. The
pseudocode for the DEO communication scheme can be found below [10].

Algorithm 5 DEO communication step
1: procedure DEO step(M , PC , r, C, t, Score, Prior)
2: for c in {0, 1, . . . , C − 1} do
3: ac ← a(βc,βc+1)(M , Score, Prior,PC) ▷ Equation 4.10
4: rc ← rc + 1− ac

5: if (t is even and c is even) or (t is odd and c is odd) then
6: A ∼ Bernoulli(ac)
7: if A = 1 then
8: swap Mc and Mc+1 in M

9: end if
10: end if
11: end for

4.3 Important quantities for PT analysis

In the previous section, it is mentioned that good communication among all chains is
needed, to sample efficiently from the posterior distribution. In “colder” chains, the
likelihood term lightly influences the distribution, and sampling from a distribution
that more closely resembles the prior distribution allows a better exploration of the
parameter space.

To optimize the computation, Syed et al. [10] suggest to run in parallel C + 1
machines, that sample from C + 1 temperatures, using a different core for each
machine. Each machine, at iteration t, is associated with a current DAG and a
temperature. From an algorithmic point of view, there are two different ways to
implement a PT MCMC. In the first implementation, every machine is associated
to the same temperature during the whole sampling process, therefore, when a swap
among chains is accepted, the current DAGs of the respective machines are swapped.
Alternatively, when a swap is accepted, the indexes of the temperatures of the
machines are swapped, instead of the current DAGs.
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4.3.1 Round trip rate

The round trip rate τ is widely used as a measure of efficiency for parallel tempering
schemes. A round trip occurs, for example, in a machine j at temperature c = 0, when
the index associated with the temperature of the chain goes from 0 to C and back to
0. More details can be found in the original paper [10]. T j

k represents the number of
iterations t needed by the machine j to perform the k-th round trip. Defining as T ,
the random variable associated to T j

k , we have [10]

τ = C + 1
E[T ] . (4.11)

4.3.2 Global and local communication barrier

The global and local communication barrier are quantities that describe the relations
among the temperatures of the chains and their rejection ratios. Therefore, a good
estimation of the communication barrier is the basis for the optimization process of
PT MCMC algorithms.

Theoretical definition of the communication barrier

Let us define the acceptance ratio s(·) and the rejection ratio r(·) as functions of
the temperatures. Those functions output a probability, therefore, their codomain is
[0, 1]. Next, we give a brief overview of the approach of Syed et al. [10]. Starting from
Equation 4.10

s(β, β′) = E[a(β,β′)(Mβ, Mβ′)]

= E
[

exp
(

min
{

0, (β′ − β)
(

ln
(
p(D|Mβ)

)
− ln

(
p(D|Mβ′)

))})]
,

(4.12)

where Mβ and Mβ′ are the current DAGs of a PT MCMC at temperatures β and β′.
The rejection ratio among two temperatures is obtained by computing

r(β, β′) = 1− s(β, β′) . (4.13)

The incremental ratio λ(β), at temperature β, is called instantaneous rate of rejection
[10]. The formula for the incremental ratio is given by

λ(β) = lim
δ→inf

r(β, β + δ)
|δ|

. (4.14)
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The communication barrier is defined as

Λ(β) =
∫ β

0
λ(β′) dβ′ . (4.15)

Λ(1) = Λ is called global communication barrier and Λ(·) function is called local com-
munication barrier. The latter one is a monotone increasing function, and its codomain
is always ≥ 0. Predescu and Ciobanu [33] show that the function Λ(·) is needed to
calculate the rejection ratio between chains at different temperatures

r(β, β′) = |Λ(β′)− Λ(β)|+ O(|β′ − β|3) . (4.16)

Therefore given any annealing schedule PC we have [10]

C−1∑
c=0

rc = Λ + O(C||PC̄ ||3) , (4.17)

where ||PC̄ || = maxc|βc−βc−1| and r is not anymore a function, but it is C-dimensional
vector, where each entry rc represents the rejection ratio between chains c and c + 1.

Empirical estimation of the communication barrier

Starting from Equation 4.17, and assuming ||PC || → 0, we can get a discrete estimator
Λ̂(·) of the local communication barrier, at fixed βk

Λ̂(βk) =
k−1∑
c=0

r̂c , where r̂c = 1
T

T∑
t=1

(
1− a(βc,βc+1)

)
, (4.18)

and t refers to the index of the PT scan. The global communication barrier is com-
puted by setting k = C. We note that as C → ∞, the norm ||PC || → 0, therefore, a
large starting number of chains C must be chosen to obtain a reasonable approximation.

Equation 4.18 gives a discrete approximation of the local communication barrier.
To obtain a continuous function Λ̄, monotone cubic spline interpolation, described by
Fritsch and Carlson [34], is performed. Algorithm 6, provided by Syed et al. [10],
describes the steps needed for the computation of Λ̄(·).

4.4 Comparing DEO, SEO, and SRS schemes

The theoretical value of the expected value of the iterations that are needed for a
machine to perform a round trip can be computed to optimize τ . This measure was
introduced by Nadler and Hansmann [35] for reversible algorithms. The results for the
DEO and SEO schemes have already been shown by Syed et al. [10]. The steps that
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Algorithm 6 Computing Λ̄(·)
1: procedure Local communication barrier(PC , r̂, C)
2: for c in {0, 1, . . . , C} do
3: Compute Λ̂(βc) ▷ Equation 4.18
4: end for
5: S ← {(β0, Λ̂(β0)), (β1, Λ̂(β1)), . . . , (βC , Λ̂(βC))}
6: compute monotone cubic spline Λ̄(·) using the set of points S

7: return Λ̄(·)

lead to Equation 4.21 for the SRS scheme are shown in detail in Appendix B. Starting
from

ESEO[T ] = 2(C + 1)C + 2(C + 1)
C−1∑
c=0

rc/sc , (4.19)

EDEO[T ] = 2(C + 1) + 2(C + 1)
C−1∑
c=0

rc/sc , (4.20)

ESRS[T ] = C2(C + 1) + C(C + 1)
C−1∑
c=0

rc/sc , (4.21)

where rc represents the rejection ratio among chain c and c+1, and sc is the acceptance
ratio (sc = 1 − rc). By integrating Equations 4.19, 4.20, 4.21, and Equation 4.11,
we see that the DEO scheme performs better compared to the other communication
schemes. Additionally, Syed et al. [10] show that, when ||PC || → 0,

Λ ≤
C−1∑
c=0

rc/sc = Λ + O(||PC ||) . (4.22)

Therefore, the asymptotic round trip rate τ becomes

τSEO(PC) ≈ 1
2C + 2Λ → 0 , (4.23)

τDEO(PC) ≈ 1
2 + 2Λ > 0 , (4.24)

τSRS(PC) ≈ 1
C2 + CΛ → 0 . (4.25)

The SRS aglorithm, as expected, performs worse compared to the DEO and SEO
algorithms. We also see that the SEO communication scheme, performs poorly
when C → ∞ (consequence of ||PC || → 0), since the colder and warmer chains stop
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communicating and the round trip rate τ drops to 0. This problem is bypassed when
the DEO communication kernel is used since τ approaches a constant when C → ∞
[10].

A practical approach may be useful for understanding the reasons behind the
above-shown results. By setting C →∞, the acceptance ratio between communicating
chains approaches 1 (Equation 4.16) since the absolute value of the difference of the
temperatures of communicating chains approaches 0. Using a deterministic scheme,
it is easier for any machine j to reach one of the two boundaries represented by the
chains at temperature β0 or βC , since the swaps are proposed to reduce the change
in direction of the swaps. Let us assume that all acceptance rates for communicating
chains are s∗ = 0.9999. Using the DEO scheme, any machine j, performs a swap from
a chain at temperature βc to a chain at temperature βc+20 in 20 steps with probability
equal to (s∗)20 ≈ 0.998. Using the SEO scheme, the probability becomes (0.5 ·s∗)20 ≈ 0
since a change in direction of the swap is proposed, with probability equal to 0.5, after
each iteration. Therefore, non-reversibility is seen as a positive trait and well-tuned
non-reversible communication schemes outperform reversible communication schemes.

4.5 Novel tuning routine for PT algorithms

The performance of the PT algorithms is strongly affected by the choice of hyperpa-
rameters. Not optimal values for the annealing schedule PC and for the number of
chains C + 1 would result in a lack of communication between some contiguous chains,
leading to incorrect exploration of the parameter space. Hence, hyperparameter
tuning has to be performed, to maximize the efficiency of the algorithm and to avoid
potential problems. Temperature tuning is not a new concept. Kone and Kofke [36]
and Atchadè et al. [12] suggested a tuning routine for the annealing schedule, which
has been applied for reversible PT schemes.

Hyperparameter tuning relies on τ optimization [32, 37] . Therefore, Equations
4.19, 4.20, and 4.21, show that the quantity ∑C−1

c=0 rc/sc has to be minimized to find an
optimal value of the round trip rate τ [10]. Applying the constraints ∑C−1

c=0 rc = Λ and
rc > 0 for all c, using Lagrange multipliers, we get a solution where the optimal rejection
ratio between chains is constant [12, 32, 33]. In mathematical notation rc = r∗ for all c.

To optimize the round trip rate τ , the annealing schedule has to be built keeping
the rejection ratio among chains constant, therefore [10],
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Λ(β∗
c ) = cΛ

C
, (4.26)

where Λ(·) is a function. Starting from Equation 4.26, the optimal values for β∗
c can

be computed by applying the bisection formula [10, 38]. This method is used to find
a root for continuous functions. It consists in iteratively dividing in two an interval
and selecting the sub-interval that contains a change of sign. The process of finding
optimal temperatures is described in detail in Algorithm 7.

Equation 4.26 shows that an optimal estimation of the temperatures is based
on a correct estimation of the local communication barrier Λ̄(·) (Algorithm 6). This
condition is achieved when the starting number of chains C + 1→∞. Syed et al. [10]
describe a tuning phase, in which each core of the GPU is used to run a chain associated
with a specific temperature. We proposed a novel method to tune the above-mentioned
parameters, that does not require GPU and does not require a huge number of chains
that are implemented in parallel (popular NVIDIA GPUs may have many thousands
of cores [39]). This new method relies on two tuning phases and requires a starting
value, for the number of chains, that is significantly lower than the average num-
ber of cores of GPUs, speeding up the whole tuning process when GPU is not available.

Algorithm 7 Optimal P∗
C

1: procedure Optimal annealing schedule (Λ(·), C)
2: Λ← Λ(1)
3: for c in {0, 1, 2, . . . , C} do
4: Compute β∗

c that satisfies Λ(β∗
c ) = cΛ

C
using bisection.

5: end for
6: return P∗

C = {β∗
0 , β∗

1 , β∗
2 , ..., β∗

C}

4.5.1 First tuning phase

The first tuning phase is performed to find the optimal number of chains for the PT
MCMC. The optimal value of the rejection ratio between chains, reported by Syed
et al [10], for DEO algorithm is r∗ = 0.5. It is different from the optimal value for
reversible communication schemes r∗ = 0.77 that is frequently reported in the literature
[12, 32, 36]. By substituting those values into equation r∗ = Λ/C we obtain the optimal
estimates C̄DEO ≈ 2Λ and C̄SEO = C̄SRS ≈ Λ/0.77.
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Reducing the initial number of chains

Equation 4.16 shows that a large starting number of chains has to be used, to reduce
the error in the estimation of Λ̄. On the other hand, when GPU is not available,
the choice of an extremely large value for the initial number of chains C + 1 may
result in a computational cost that is not feasible. A starting value C + 1 ≃ 4N

where N is the number of nodes of the network, has been used for the experiments.
This implementation leads to an accurate approximation of the global communication
barrier Λ̄. The local communication barrier function is not well approximated, but this
limitation does not affect the result since only the global communication barrier value
Λ̄ is needed to compute an optimal estimation of the number of chains C̄ + 1.

Several tuning steps

An estimator of the local communication barrier Λ̄(·), as already expressed by Syed et
al. [10], can be found by iteratively updating the annealing schedule. The main algo-
rithm starts with an arbitrary annealing schedule that is updated after every tuning
step. The tuning steps are performed several times, each time involving a different
number of iterations t. The number of tuning steps of the first tuning phases is given
by the relation ntune = int(log2 Ttrain)− 2, where Ttrain is the number of total iterations
that are reserved for the first tuning phase and int(·) is a function that rounds float
numbers to the lowest integer. The number of iterations of each tuning step of the
first tuning phase follows the formula 2l where l = {1, 2, . . . , ntune}. Therefore, the
number of iterations of each tuning step is Itune = {2, 4, 8, . . . , Ttrain−Tperformed} where
Tperformed represents the sum of the iterations of each tuning step that has already
been performed before the last tuning iteration. Ttune contains the time indexes t

associated with the update of the annealing schedule. It is obtained by applying the
cumulative sum on Itune. Hence Ttune = {2, 6, 14, . . . , Ttrain}.

A practical example may be useful to avoid confusion in the notation. Let us
assume that Ttrain = 5000, therefore, 5000 iterations are used for the first tuning
phase. Hence,

ntune = int(log2(5000))− 2 = 10 ,

Itune = {21, 22, 23, . . . , 210, 5000−∑10
k=1 2k} = {2, 4, 8, . . . , 1024, 5000− 2046} ,

Ttune = {2, 6, 16, . . . , 2046, 5000} .
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The training routine described above is suggested because the standard annealing
schedule, selected at the beginning, is most of the time far from the optimal annealing
schedule. Hence, few iterations for the first training phases are sufficient to obtain a
better P∗

C . Each time P∗
C is updated, more iterations are needed to obtain a more

accurate estimate of the optimal annealing schedule.

After several tuning steps, the value of global communication barrier stabilizes
around a fixed value. The experiments in Section 5.7.3 show that this value is a
reliable estimator of Λ̄, hence, it can be used to calculate the optimal number of chains
C̄ + 1 that minimizes the round trip rate τ .

4.5.2 Second tuning phase

Syed et al. [10] state that the tuning phase ends right after C̄ is found. Using
the same Λ̄(·) calculated in the last tuning step, using bisection, C̄ + 1 values for
the temperatures βc can be obtained. In practice, in the BN setting, running a PT
algorithm that uses the temperatures βc obtained after the first tuning phase described
above, results in rejection ratios between chains that are not constant. The rejection
rates between chains have high variance and some rc ≈ 0, while some rc ≈ 1. Since
the experiments are performed using a strong likelihood term, the accuracy of the
annealing schedule is extremely relevant. In sharp modes, DAGs have high score.
Starting from Equation 4.12, we want the acceptance ratio among chains c and c + 1
to be

s(βc, βc+1) = E
[

exp
(

min
{

0, (βc+1 − βc)
(

ln
(
p(D|Mβc)

)
− ln

(
p(D|Mβc+1)

))})]
= 0.5 .

(4.27)

The term
∣∣∣ ln (p(D|Mc)

)
− ln

(
p(D|Mc+1

)∣∣∣ may be extremely large, and it gets larger
in module, when more data points are added. Therefore, the value (βc+1 − βc) should
always be more accurate, the more the log likelihood term is strong. Even small biases
in the computation of the annealing schedule can result in rejection rates among
chains that are far from the optimal value of 0.5.

The high variance in the rejection rates rc is also a consequence of the choice
of the starting number of chains, since the error gets lower when C + 1 increases
(Equation 4.16). Hence, another tuning phase is recommended. In the second
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tuning phase, the value of the number of chains C̄ + 1 remains fixed and only the
annealing schedule P∗

C is optimized to obtain a constant rejection rate r∗ between
communicating chains. Similarly to the first tuning phase, the second tuning phase is
divided into different steps, performed by iteratively updating the annealing schedule
to obtain a constant rejection ratio r∗ among chains. The second tuning phase does
not significantly change the value of the global communication barrier. Indeed, after
this tuning routine, the value of the rejection rate between communicating chains is
rc ≈ r∗ ≈ 0.5 for every c.

The choice of the number of iterations t used during each tuning step of the
second tuning phase might be different. The same idea of updating the annealing
schedule every 2l iterations can be used to reach a fixed value that is always more
and more accurate. In the experiments, every tuning step is performed after a fixed
amount of sampling iterations (I2 in Algorithm 8), to obtain a sampler that updates
the temperatures fast and, consequently, allows fast escapes from local modes. The
annealing schedule is updated, in the second phase, for a fixed number of times (variable
Rounds in Algorithm 8), when dynamic tuning is not used.

4.5.3 Dynamic tuning

Dynamic tuning is enabled by not stopping the second tuning phase. In practice, the
number of tuning rounds, of the second tuning phase, is set to∞. The idea behind this
implementation is to develop a versatile sampler that performs effectively even when
the hyperparameters are not correctly initialized. In addition, this tuning scheme is
more versatile and always ensures an escape from local maxima since the annealing
schedule is continuously updated to achieve optimal communication among chains.
The Metropolis–Hastings ratio, of both local exploration and communication steps, is
based only on the score of the DAGs. Many DAGs may have similar scores and, at the
same time, the scores of their neighboring DAGs may vary consistently. Therefore,
DAGs with similar scores may communicate differently with their neighbors. Dynamic
tuning was introduced to overcome this problem and ensure a constant rejection ratio
rc between all the chains.

It is an open question whether dynamic tuning samplers generate unbiased pos-
terior distributions, therefore, assumptions regarding the validity of this tuning routine
relies only on empirical analysis and experimental results. In practice, by looking at
the experiments shown in Sections 5.7 and 5.8, dynamic tuning does not change the
annealing schedule significantly over time and it ensures a constant rejection ratio rc
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between all the chains.

4.6 PT structure MCMC algorithm

Algorithm 8 shows in detail the PT structure MCMC algorithm. It returns a list of
DAGs, sampled according to the posterior distribution. The communication scheme
has to be selected at the beginning and the different algorithms, described in the
previous sections, are deployed in a precise order. Different structure priors for
the DAGs can be chosen, hence, the formulas of the acceptance ratio of the local
exploration step and of the communication step have to be changed accordingly.

Ttrain refers to the number of iterations performed during the first tuning phase,
while Titer. refers to the number of iterations performed after the first tuning phase.
If GPU is available and C cores are available, it is suggested to use C + 1 = C as the
starting number of chains for the tuning phase [10]. If only one core is available, C + 1
has to be chosen carefully, since a small value for C +1 would result in a poor estimate
of Λ̄(·) while a large value of C + 1 would result in a high computational cost. In line
25 of Algorithm 8, the number of chains chosen after the first tuning phase is set to
2Λ, also for reversible algorithms. This approximation ensures a fair comparison of the
round trip rate τ for all communication schemes.
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Algorithm 8 Structure MCMC with parallel tempering
1: procedure PT structure MCMC (N , max parents, Ttrain, Titer., pREV, pMBR,

C, I2, Rounds, Dynamic, Score, Prior)
2: if Dynamic = True then
3: Rounds←∞
4: end if
5: PC ← default annealing schedule
6: M ← generate C + 1 random DAGs (with N nodes and specified max parents)
7: Communication step ← select between {DEO, SEO, SRS}
8: compute ntune, Itune, and Ttune ▷ Equations in Section 4.5.1
9: r ← C dimensional vector with 0 entries

10: k ← 0
11: Post_DAGs ← empty list ▷ posterior distribution of DAGs
12: for t in {0, 1, . . . , Ttrain + Titer. − 1} do
13: k ← k + 1
14: perform Local exploration step (M , pREV, pMBR, PC , Score, Prior)
15: perform Communication step (M , PC , r, C, t, Score, Prior) ▷ also r is

updated
16: append MC to Post_DAGs
17: t2 ← (t− Ttrain) ▷ time index for the second tuning phase
18: if (t in Ttune) or (t2 is multiple of I2 and 0 ≤ t2/I2 ≤ Rounds) then
19: r ← r/k

20: k ← 0
21: Λ(·)← Local communication barrier (PC , r, C)
22: PC ← Optimal annealing schedule (Λ(·), C)
23: end if
24: if t = Ttrain then ▷ end of the first tuning phase
25: C ← 2Λ ▷ optimal number of chains C + 1
26: PC ← Optimal annealing schedule (Λ(·), C)
27: end if
28: end for
29: return Post_DAGs





5. Experiments

Several experiments were conducted to test the performance of different parallel
tempering schemes and to observe the properties of the structure MCMC moves. The
goal was to study the limitations of the above-mentioned model and to develop an
efficient DAGs sampler. In the first set of experiments, the weaknesses of the structure
MCMC, without any parallel tempering scheme, are underlined to illustrate how the
structure MCMC can be improved. In the second set of experiments the advantages
and limits of each move (MC3, REV, and MBR) are shown and hyperparameter
tuning has been performed to find the best values for the probability of performing
each move, to obtain faster convergence.

In the third set of the experiments, the performance of the different parallel
tempering schemes is compared. The DEO scheme is not exclusively compared to
the SEO scheme and to the SRS scheme, but also to other DEO schemes where the
annealing schedule is calculated using different methods. The performance of the DEO
sampler with fixed standard temperature values is compared with the performance of
other DEO samplers where the temperatures are tuned.

Additional experiments are performed to assess whether the DEO PT algorithm
converges to the posterior distribution when the second tuning routine for the annealing
schedule is not stopped after a fixed number of tuning steps (dynamic tuning). This is a
pure experimental analysis and it relies on the idea that merging different MCMC runs
that use different parallel tempering annealing schedules should generate a distribution
that approximates correctly the posterior distribution. In the last section, the behavior
of the temperatures, during the two tuning phases, is shown. The temperatures are
plotted as functions of the tuning iterations, to see how dynamic tuning affects the
sampling process.

41
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5.1 Experimental setup

The Python programming language has been used to implement all the steps and the
main algorithm. The package NumPy [40] in particular is used, due to its optimized
processing capabilities, to represent DAGs as adjacency matrices. The adjacency ma-
trix representation consists of matrices AN×N where N is the number of variables. It
has binary entries (0 or 1) and the value Aij = 1 represents the presence of an edge
going from Xi to Xj. The BDeu local scores have been calculated using PyGOB-
NILP [41]. PyGOBNILP’s main objective focuses on score-based Bayesian network
structure learning (BNSL) using integer programming (IP). The computations have
been performed using a nested cluster for high computing performance developed by
the University of Helsinki, called Turso. The algorithms have been implemented from
scratch and the source code can be found in the GitHub repository Dynamic DEO
Structure MCMC for sampling DAGs †.

5.2 Synthetic and empirical datasets

Different datasets have been used for the experiments. Some of those are artificially
generated from benchmark networks. In these cases, they are randomly generated from
a network where the structure and the conditional probability tables for the whole DAG
is known. Empirical datasets contain only observed data and no information regarding
the generating DAG is given.

Benchmark networks

The ASIA dataset consists in 10 000 data points sampled from the Asia benchmark
network [17], which has already been shown in Figure 2.1. This network has been
widely analyzed in Bayesian structure learning tasks. It is characterized by 8 binary
variables related to lung diseases and events (for example, exposure to X-rays,
smoking, and visits to Asia). The maximum in-degree has been set to three by
default. Another synthetic dataset (INS), that contains 5 000 data points, has been
sampled from the Insurance benchmark network [42]. It contains 27 discrete variables
(multinomial) and it shows the causal relations of variables that are important in the
car insurance field. Also in this case the maximum in-degree has been set to three
since the node with the highest number of parents, in the network, has three parents.

†The GitHub repository contains the code of the different structure MCMC algorithms, the
datasets used in the experiments, and an example of DAGs sampling using the DEO structure MCMC.
Link: https://github.com/danielone8/dyn-deo-dags.

https://github.com/danielone8/dyn-deo-dags
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The number of data points |D| for ASIA and INS is large to test the algorithms
in challenging situations; when |D| is large, the prior tends to lose influence on the
posterior and the likelihood term, which has more influence, generates low-probability
regions in the posterior distribution.

Empirical datasets

Two empirical datasets, called Mushroom (MUSH) [43] and Zoo (ZOO) [44], have
been used to compare the efficiency of the different algorithms. For those two datasets,
there is no reference DAG, therefore the maximum in-degree used in the experiments
can be arbitrary. The Mushroom dataset used in the experiments contains 4 000
data points randomly sampled from the original dataset. Not all data points have
been used since the posterior distribution, obtained by using the complete dataset,
would have generated a probability mass function that was bigger than 0 only for few
DAGs. It is important to test the validity of the algorithms also in settings where
the posterior distribution presents more extended high-probability regions, to see how
fast the MCMC runs mix and converge. The Mushroom dataset contains features of
23 species of gilled mushrooms in the Agaricus and Lepiota family. The maximum
in-degree has been set to four.

The last empirical dataset is Zoo dataset. It describes 17 features of 101 animals
from a zoo. This dataset has been used to check the performance of the algorithms in
a setting where the likelihood term is not predominant, therefore even simple samplers
that do not have any parallel tempering scheme implemented could in theory sample
correctly from the posterior distribution. The maximum-in degree in this case has been
set to three.

5.3 Generation of reference distributions

The posterior distribution obtained by the different structure MCMC runs is compared
to those obtained using the packages BIDA (Bayesian Intervention Distribution Ad-
justment) by Pensar et al. [45] and Modular DAG Sampling by Talvitie et al. [28]. For
practical purposes, we will refer to the latter algorithm as MDS.

5.3.1 Modular DAG sampling

As already mentioned in Section 3, a reference distribution can be generated by
sampling using MDS. The algorithm randomly samples from the space of DAGs. To
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approximate the posterior distribution, a suitable number of DAGs is sampled for
each network. The accuracy of the approximation does not depend on the shape of
the posterior distribution, hence the algorithm can be applied safely to sample DAGs
from multimodal distributions. In other words, the DAGs are sampled independently
and they lack of autocorrelation. MDS samples from a modular distribution (the
score is calculated by summing the log local score of each node), therefore, the score
function of the DAGs is the same of the one used for the structure MCMC.

MDS is inspired by the recurrences of Tian and He [46]. Some modifications have
been applied since the approach of Tian and He does not involve any direct sampling of
DAGs. Hence, the root-layering approach of Kuipers and Moffa is used [47, 48]. This
type of sampling process is divided into two different phases. At first, a partition of
the nodes into layers is sampled. Subsequently, a DAG conditional on the root-layering
is sampled. The algorithm requires O(3N) time for pre-processing and O(2N) time per
sample.

5.3.2 Bayesian Intervention Distribution Adjustment

The APS tool for causal effect discovery using BIDA, can be found in the GitHub
repository BIDA †. It does not involve sampling DAGs. It is built on top of the IDA
algorithm [49, 50], which relies on finding a CPDAG from the data. As already ex-
pressed in the Introduction, especially when the number of available data points is
small, discovering only the highest scoring DAG leads to a significant loss of informa-
tion. BIDA performs Bayesian model averaging in order to find a distribution of the
causal effects among variables. BIDA requires O(3NN) computed in time and O(2NN)
computed in space to calculate the probabilities of the N(N − 1) ancestors relation
probabilities and the 2N−1N parents set probabilities. The maximum number of nodes
N , which both BIDA and MDS algorithms can handle, is roughly N = 20 .

5.3.3 Comparing BIDA and MDS on ASIA

Both BIDA and MDS algorithms can be applied safely to analyze the Asia benchmark
network, since the number of nodes of the model is small (8 nodes). To generate the
reference distribution using MDS, two million DAGs were sampled.

†The GitHub repository contains the code and the APS tool for the computation of parent set
and ancestor relation posterior probabilities. Link: https://github.com/jopensar/BIDA.

https://github.com/jopensar/BIDA
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Score analysis for MDS

In Figure 5.1 the two million samples are divided into 40 sets containing 50 000 DAGs
each. The histogram of each set is compared with the others, to check whether they
converge to the same distribution. All the histograms (each color represents one set

Figure 5.1: Histogram of the score of 40 MDS sets containing 50 000 samples. Each color is associated
with one set.

of DAGs) overlap, therefore, all the sets of DAGs converged to the same distribution.
Hence, there is evidence in favor of the convergence of the main set of DAGs (con-
taining two million samples). The histogram displays the scores of the DAGs as an
independent variable. Completely different DAGs may have equal or slightly different
scores, therefore, further analysis has to be done to understand if the 2 000 000 DAGs
sampled by MDS approximate correctly the posterior distribution of DAGs.

Posterior probability of edges analysis on MDS

The posterior distribution of the probability of each edge can be easily computed when
DAGs are sampled. This type of analysis gives more information on the convergence
of different sets of DAGs. Let us denote by ζ a N ×N matrix that contains the
posterior probability of each edge (more precisely, the (i, j) entry of ζ contains the
value of the probability of the presence of an edge going from Xi to Xj). Since MDS
outputs a set containing sampled DAGs, ζMDS(t0, T ) depends on the starting iteration
(or time index t0) and on the final time index T that can be arbitrarily chosen. Matrix
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ζMDS(t0, T ) can be obtained using the equation

ζMDS(t0, T ) =
∑T

t>t0 A(t)
(T − t0)

(5.1)

where A(t) is the adjacency matrix of the tth sample M(t). For practical reasons, let
us use the notation without time indexes ζMDS, when t0 refers to the first DAG (or
burn-in value when MCMC algorithms are used) and T refers to the last index of the set.

To check whether the posterior distribution of the edges converged correctly to
the posterior distribution, the main set has been divided into four sets of DAGs of
size 500 000. The correlation of the posterior probability of the edges of the four sets
is shown in Figure 5.2. The coordinates of each point represent the respective edge
probability of the two sets compared. More precisely, let us assume that MDS set S

and MDS set S ′ are compared. The correlation graph contains N2 points (number of
entries in the matrix ζ) and the coordinates of each point are (ζS

i,j, ζS′
i,j) where S and

S ′ refer to the different MDS sets.

Figure 5.2 compares the posterior probability of the edges for all four sets. In
the correlation graphs, all points are located along the diagonal (that represents the
identity function). Thus, ζS

i,j ≈ ζS′
i,j for any S and S ′. We can conclude that all four

sets converged to the same posterior distribution, and the posterior probability of the
edges ζMDS, computed using the main set containing two million DAGs sampled, can
be used as a reference.

This exact sampler has already been proven to be unbiased, but it can be numer-
ically unstable. To double-check the correctness of the posterior distribution obtained
by these algorithms, the posterior probability of the edges obtained using MDS can be
compared with the posterior probability of the edges obtained using BIDA.

Posterior probability of edges analysis on BIDA

BIDA algorithm does not sample DAGs but computes the posterior probability of each
parents set of each node. The posterior probability of each edge, going from node Xi

to Xj, can be obtained by calculating a simple ratio. In the nominator, there is the
sum of the elements of the set containing the local scores of Xj of all DAGs, where Xi

is the parent of Xj. In the denominator there is the sum of the elements of the set
containing the local scores of Xj of all DAGs. Hence, the matrix ζBIDA that contains
all the posterior probabilities of the edges can be easily computed.
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Figure 5.2: Correlation of the posterior probabilities of the edges among 4 MDS sets (exact sampling).
The sets contain 500 000 samples each. Each point of any of the sub-graphs has coordinates equal to
the posterior probability of the edge going from Xi to Xj for the 2 compared sets.

L1 loss for posterior probability of edges comparison

The value of ζMDS and ζBIDA can now be compared to check whether the two
methods converge to the same posterior distribution. Let us define the L1 loss for the
parameter ζ.

Definition 6 (L1 loss) Given two N × N matrices ζ and ζ ′. Then the L1 loss for
the matrices ζ and ζ ′ is
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L1(ζ, ζ ′) =
N∑

i=1

N∑
j=1
|ζi,j − ζ ′

i,j| . (5.2)

In our case, the entries (i, j) of ζ and ζ ′ represent the posterior probability of the edge
going from Xi to Xj. The L1 loss has been computed using variables ζMDS (using the
MDS set containing two million sampled DAGs) and ζBIDA that have been described
before. For ASIA dataset, L1(ζMDS, ζBIDA) = 0.006, therefore, we can assume that the
two algorithms converged to the same posterior distribution.

For the experiments, BIDA is used as reference since the value of the posterior
probability of the edges ζi,j does not depend on any time index t and it seems numeri-
cally stable enough to be used as a reference. MDS algorithm samples DAGs, therefore,
there is an implicit stochasticity that depends on the number of nodes of the network,
the maximum in-degree, and the number of sampled DAGs.

5.4 Limits of the structure MCMC

Some problems may arise when the structure MCMC is implemented without any
parallel tempering scheme. The autocorrelation of this type of sampler is high, conse-
quently, the DAGs sampler might not be able to cross low-probability regions, resulting
in the MCMC getting stuck near local modes. As already expressed in Section 5.2, this
wrong behavior of the MCMC can be seen frequently when the data points are large in
number. In these cases, the posterior distribution has a high probability mass function
for a small number of DAGs and a low probability mass function for the majority of
DAGs. Thus, low-probability regions are extended.

5.4.1 Limits of MC3 move

When the only moves allowed are simple MC3 moves (adding, removing or reversing
an edge) problems may arise even for small networks. Figure 5.3 shows the behavior
of six different structure MCMC runs (using the ASIA dataset) without parallel
tempering, without REV moves, and without MBR moves. They do not reach the
same posterior distribution (some chains get stuck near a local mode). In the graph,
each color is associated with an independent run. For example, the 6th run (blue line)
reached the correct highest scoring mode, but other runs got stuck near some local
maxima (green, pink, and gold lines).
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A practical example may be beneficial to illustrate why it is hard for the
structure MCMC to escape local maxima. Let us denote by Mblue(t) and by Mgreen(t)
the tth DAG sampled by the 6th run and by the 2nd run of the structure MCMC
respectively. Let us fix two time indexes

t1 = 1 000 007 and t2 = 1 000 025 .

The difference in score of the DAGs belonging to the two different runs at the
above-specified time indexes can be expressed as

Score
(
Mblue(t1)

)
− Score

(
Mgreen(t2)

)
≈ 10 .

These specific DAGs differ of 3 edges. The DAG Mint. is any intermediate DAG
obtained by applying to Mgreen(t2) a MC3 move to any of these 3 edges to obtain a
DAG that resembles more Mblue(t1). The value of the difference Score

(
Mgreen(t2)

)
−

Score(Mint.) > 10 for every Mint., therefore, the transition from Mgreen(t2) to Mint.

occurs with a lower probability than e−10. Hence, it is rare for the chain to escape
from the local mode. However, the process is ergodic, therefore, in a theoretical sce-
nario where infinite DAGs are sampled, a structure MCMC that uses only MC3 moves
generates samples according to the posterior distribution. In practice, the number
of sampled DAGs is limited, and the posterior distribution generated by this type of
structure MCMC is frequently biased.

Adding REV and MBR moves to increase the performance

REV moves and MBR moves can be useful, in some cases, to cross low-probability
regions. By adding these moves, the number of neighbors of any single DAG increases,
creating new chances of escaping local maxima. The increase of performance of the
structure MCMC on the ASIA dataset, when the 3 moves are available, can be seen
in Figure 5.4. The probability of performing a REV move has been set to 0.7, while
for the MBR move, the probability has been set to 0.2, after hyperparameter tuning
(explained in detail in Section 5.4.2), to describe the best-case scenario for a structure
MCMC with this set of moves, without parallel tempering. All the 6 structure MCMC
reach the main mode of scores in less than 1000 iterations.

5.4.2 Limits of REV and MBR moves

A simple structure MCMC, that samples using MC3, REV, and MBR, might not be a
suitable algorithm when the number of nodes N increases. An MCMC run might get
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Figure 5.3: Traceplots of 6 structure MCMC runs (ASIA) that use only MC3 moves. Each chain
contains 200 000 samples, and the first 10 000 samples have been discarded (burn-in).

Figure 5.4: Traceplots of 6 structure MCMC runs (ASIA) using p(MC3) = 0.1, p(REV) = 0.7 and
p(MBR) = 0.2. Each chain contains 200 000 samples, and the first 1 000 samples have been discarded
(burn-in).

stuck around a set of DAGs, even if the proposed DAG differs of more than one edge
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compared to the starting DAG. This behavior can be easily seen in Figure 5.5. Three
structure MCMC without parallel tempering, containing 1 000 000 DAGs, have been
implemented to analyze the INS dataset. The same optimal probabilities for each move
have been used. Two of the three different MCMC runs reach the main score mode,

Figure 5.5: Traceplots of 3 structure MCMC runs (INS) using p(MC3) = 0.1, p(REV) = 0.7 and
p(MBR) = 0.2. Each chain contains 1 000 000 samples and the first 10 000 samples have been
discarded (burn-in).

while one gets stuck near a local mode that is significantly lower in score compared to
the main one. The difference in score among the two modes is around 150, therefore
the DAGs that are in MCMC 1 and MCMC 2 have a probability mass function that
is around e150 larger than the probability mass function of a DAG that is in MCMC 3.
Hence, the structure MCMC without parallel tempering cannot be reliable for sampling
in more challenging situations.

5.4.3 Limits of score and traceplot analysis

Traceplot analysis is not a sufficient measure of convergence and problems regarding
the lack of information caused by this type of analysis can be seen by looking at the
behavior of the structure MCMC applied to the MUSH dataset. Three structure
MCMC runs, without parallel tempering and with the same hyperparameters for the
moves of the previous experiments, have been implemented.
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Figure 5.6 shows that the different samplers struggle to reach the main score
mode, but eventually they manage to sample DAGs with similar scores after around 400
000 iterations. Hence, at first glance, by looking only at the traceplots of the different
runs, after setting a suitable burn-in value of 500 000 DAGs, the hypothesis of conver-
gence of the three different runs to the correct posterior distribution seems reasonable.

Figure 5.6: Traceplots of 3 structure MCMC runs (MUSH) using p(MC3) = 0.1, p(REV) = 0.7
and p(MBR) = 0.2. Each chain contains 1 000 000 samples and the first 10 000 samples are being
discarded (burn-in).

In reality, convergence is not achieved. This can be checked by computing the
posterior probability of the edges for all the runs and comparing them to the true values
of the posterior probability of the edges obtained using BIDA algorithm. By looking
at Figure 5.7, we can see that most of the posterior probabilities of the edges, obtained
by the DAGs sampled in different structure MCMC runs, differ from those generated
by the reference algorithm. Therefore, the posterior distribution generated by the
structure MCMC without parallel tempering is biased. The sets of DAGs sampled by
the structure MCMC show more correlation among themselves, giving a clue that they
might get stuck near similar local modes and they are not able to explore well the
posterior distribution.
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Figure 5.7: Correlation of the posterior probabilities of the edges (MUSH) among BIDA (first
column) and 3 structure MCMC runs with p(REV) = 0.7, p(MBR) = 0.2 and no PT scheme imple-
mented. The structure MCMC algorithms sampled 1 000 000 DAGs. The first 500 000 DAGs have
been discarded. Each point of any sub-graph has coordinates equal to the posterior probability of the
presence of an edge going from Xi to Xj for the two compared algorithms.

5.5 Properties of the structure MCMC moves and
hyperparameter tuning

Recalling the theory described in Section 3.4, an exploration kernel that performs the
three different moves (MC3, REV, and MBR) with different probabilities approaches
the stationary distribution without generating any bias. In the previous section, it was
shown that a structure MCMC, which performs only MC3, has strong autocorrelation,
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therefore, the sampler might not be able to cross low-probability regions. REV moves
and MBR moves generally perform better than MC3 moves because they increase the
number of neighbors of any DAG, keeping the acceptance ratio of the proposed DAG
reasonably high.

5.5.1 Comparing REV and MBR moves

To check the performance of those two moves, several structure MCMC were imple-
mented without any parallel tempering scheme, using the ASIA dataset. Three of
them can perform only REV moves while other three can perform only MBR moves.
The traceplot of the different runs is shown in Figure 5.8. It is clear that samplers
that use only REV moves perform better than samplers that use only MBR moves,
since the first ones reach the main score mode fast while the latter ones struggle more
to propose high-scoring DAGs and may get stuck near a local mode. Intuitively, this
result is expected, since the REV move involves adding, removing, and reversing edges
in a single move, while MBR cannot reverse any edge in a single move.

Figure 5.8: Traceplot of 6 structure MCMC runs (ASIA). 3 MCMC algorithms can perform only
REV moves, while the other 3 can perform only MBR moves. Each chain contains 100 000 samples,
and the first 200 samples have been discarded to show the behavior of the samplers, when they
approach the main score mode.
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5.5.2 Finding optimal probabilities for each move

Su and Borsuk [8] suggest that a good value for the probability of performing REV
and MBR moves is 1/15 for both. However, no experiments are shown to support
this statement. In addition, the reference distribution that has been used in the
experiments has been generated using a structure MCMC initialized at a high-scoring
DAG. This method may generate bias since a simple structure MCMC, which performs
MC3 moves with high probability, frequently, does not approximate well the posterior
distribution.

Figure 5.7 shows that none of the structure MCMC runs converges to the
posterior distribution, therefore, they cannot be used as reference, even though they
sample high-scoring DAGs. If the reference distribution is biased, and assuming that
the REV and MBR moves would help to escape a local mode, hyperparameter tuning
fails since it would prefer biased MCMC runs, reducing the value of the probability
of the moves that would reduce the bias (in this case the REV move and the MBR
move with less impact). Hyperparameter tuning has to be performed using a correct
reference distribution and in challenging situations (for example, when the likelihood
term has strong influence on the posterior distribution) to ensure good flexibility for
the model.

In the experiments, hyperparameter tuning for the probability of the moves
has been performed using the ASIA dataset since it is associated to a challenging
posterior distribution to sample from and, at the same time, the number of nodes
is small. These features of the dataset lead to consistent results with a reasonable
computational cost (since grid search has to be performed). The L1 loss has been used
as loss function to minimise and ζBIDA has been used as reference. The loss function
has been averaged over 100 DEO structure MCMC runs where the same parameters
are used (only the initial seed is changed). Each MCMC run contains 10 000 samples
and the first 5 000 have been discarded (burn-in).

The best parameters for the probability of the moves for ASIA, obtained after
hyperparameter tuning, are p(REV) = 0.7 and p(MBR) = 0.2. Therefore, simple moves
are performed with probability equal to 0.1. There is no theoretical proof that shows
that these hyperparameters guarantee an efficient sampling also for other networks, but,
in practice, they generalize well and outperform significantly the original probabilities
suggested by Su and Borsuk.
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5.6 Comparing PT algorithms

As already mentioned in the previous section, most of the experiments have been
performed using the ASIA dataset, since it can provide reliable comparisons,
while keeping the computational cost low. The optimal values for the probabilities of
performing each move have been set according to the results of hyperparameter tuning.

5.6.1 Description of the algorithms

The parallel tempering algorithms that have been used in the experiments are the
non-dynamic DEO structure MCMC, the non-dynamic SEO structure MCMC, the
non-dynamic SRS structure MCMC, the non-tuned DEO structure MCMC and the
dynamic DEO structure MCMC. The non-dynamic attribute refers to a structure
MCMC where the two tuning phases are performed, but the second tuning phase is
stopped after a fixed number of 8 tuning steps. The number of DAGs sampled in each
of the second tuning steps is set to 3 000 while the total number of iterations for the
first tuning phase is set to 2 000. In the dynamic sampler, the second tuning phase is
not stopped.

The starting number of chains has been set to 60 and, after the first tuning
phase, it has been reduced to an optimal number C + 1 = 13 by the tuning algorithm
for all samplers. Therefore, for the non-tuned DEO sampler, the number of chains
C + 1 has been set to 13 to guarantee a fair comparison. Its annealing schedule is
built using a popular parallel tempering scheme, where the temperatures are obtained
using the equation βC−c = 1/2i for c ∈ {0, . . . , C − 1} and β0 = 0.

The performance of the above-mentioned samplers is compared also to the per-
formance of the structure MCMC that does not have any parallel tempering scheme
implemented. The traceplots of a single run of each algorithm are shown in Figure
5.9. All algorithms reach fast the main score mode and display a similar behavior after
discarding the burn-in samples.

5.6.2 Normalized-L1 loss and max-loss

To compare the performance of each algorithm, let us introduce two different measures:
the normalized-L1 loss and the max-loss.
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Figure 5.9: Traceplots of different structure MCMC algorithms (ASIA). p(REV) = 0.7 while
p(MBR) = 0.2 for all samplers. Each MCMC contains 200 000 samples and the first 10 000 sam-
ples have been discarded (burn-in value).

Defining the losses

The L1 loss cannot be used as an absolute indicator of convergence, since it depends
on the expected value of edges of the posterior distribution. A structure MCMC that
is biased from the reference, and that samples from a posterior distribution where the
expected number of edges is small, may result in a smaller L1 loss, compared to the
L1 loss of a less biased structure MCMC, that samples from a posterior distribution
where the expected number of edges has a larger value. To overcome this problem,
the normalized-L1 loss has been defined.

Definition 7 (Normalized-L1 loss) Given two N × N matrices ζ and ζ ′, where ζ ′

serves as the reference for the parameter. Then the normalized-L1 loss is defined as

normalized-L1(ζ, ζ ′) =
∑N

i=1
∑N

j=1 |ζi,j − ζ ′
i,j|∑N

i=1
∑N

j=1 ζ ′
i,j

. (5.3)

When ζ represents the matrix that contains the posterior probabilities of the
edges, the denominator of Equation 5.3 represents the expected number of edges in
the network. The normalized-L1 loss can be computed for ASIA since we have a
reference value ζ ′ for the parameter ζ, which has been computed using BIDA algorithm.

The max-loss for two models, on the other hand, refers to the biggest value of
the set containing the absolute difference of the posterior probability of all the edges
of the two compared models. More precisely

Definition 8 (Max-loss) Given two N × N matrices ζ and ζ ′. Then the max-loss
for the matrices ζ and ζ ′ is
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max-loss(ζ, ζ ′) = max entry of matrix |ζ − ζ ′| . (5.4)

The max-loss gives a practical measure of the quality of the model. If the value of the
max-loss is bigger than 0.5, it means that, on average, a random number generator
between 0 and 1 would give a more accurate value of the posterior probability of
that edge. Also in this case, the reference ζ ′ is obtained using BIDA algorithm. For
practical reasons, in the formulas above, ζ = ζ(t0, T ) is a value (since t0 refers to the
burn-in value and T refers to the last time index of the MCMC), therefore, losses are
also values. Defining ζ(t0, t) as a function of t, the above-mentioned losses become
functions of t too.

Empirical results

The normalized-L1 loss functions and the max-loss functions, of the different DAGs
samplers are shown in Figure 5.10. Three structure MCMC are run for each algorithm
and the averaged value of the loss of the three runs is reported as a function of the
time index t (which refers to the iteration). Log-scale for both x-axis and y-axis is used
to show that the losses are still decaying after 200 000 iterations.

Figure 5.10: Normalized-L1 loss and max-loss of the different structure MCMC algorithms (ASIA).
p(REV)=0.7 while p(MBR)=0.2 for all the samplers. Averaged value over 3 structure MCMC runs
containing 200 000 samples. The first 20 000 DAGs have been discarded (burn-in).

The structure MCMC without parallel tempering performs poorly compared
to the ones that have a parallel tempering scheme implemented. This was expected
since the structure MCMC may get stuck near local maxima, if no PT scheme is



5.6. Comparing PT algorithms 59

Table 5.1: Losses (ASIA) after 200 000 iterations using BIDA as reference.

Algorithm Normalized-L1 loss Max-loss
DEO 0.0061 0.0059
SEO 0.0069 0.0084
DEO (no tun.) 0.0068 0.0087
SRS 0.0084 0.0083
No PT 0.0098 0.0082
DEO (dyn.) 0.0054 0.0058

implemented, while, in theory, PT allows a correct exploration of the low-probability
regions. However, parallel tempering involves a higher computational cost, therefore,
the comparison is not completely fair.

DEO algorithm performs better compared to the other parallel tempering
algorithms, even though the difference in loss is not extremely significant. It is clear
that the tuning phases are beneficial, since the DEO structure MCMC with fixed
annealing schedule performs poorly compared to the ones where tuning is performed.

The dynamic tuning scheme performs slightly better compared to the standard
one, but it might be the result of the random exploration of the posterior distribution,
therefore, no clear statement can be made, regarding the utility of dynamic tuning. In
Table 5.1 the averaged value, over three different runs (after 200 000 iterations), of the
normalized-L1 loss and of the max-loss are reported, for each of the above-mentioned
algorithms. In Section 5.7, experiments done in more challenging settings show the
improvement of performance connected to the implementation of dynamic tuning.

5.6.3 Round trips as measure of performance

To measure the efficiency of communication among the chains of the different parallel
tempering algorithms, the number of round trips performed has been measured. A
higher number of round trips occurs when the parallel tempering scheme allows better
communication among the contiguous chains.

In Table 5.2, the averaged value of the number of round trips is shown for
the different parallel tempering schemes, using the ASIA dataset. DEO algorithm
outperforms the other schemes, also in terms of round trips performed. The non-tuned
geometric scheme does not perform any round trip, since some chains are not able to
communicate well. More specifically, the chains at temperatures β0 and β1 do not
communicate at all. In practice this limitation is not affecting extremely negatively the
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Table 5.2: Number of round trips (ASIA) averaged over 3 different runs

Algorithm E(round trips)
DEO 1100
SEO 917
DEO (no tun.) 0
SRS 360.33
DEO (dyn.) 1117

performance of the algorithm since the posterior distribution of the edges, obtained
by sampling using this fixed temperature scheme, is fairly good.

The number of round trips performed using the dynamic tuning scheme is higher
compared to the one obtained by using a DEO scheme without dynamic tuning. On the
other hand, the difference is small, therefore, also in this case, it can be a consequence
of the random exploration of the MCMC runs.

5.7 Dynamic tuning performance

In the previous section, the experiments on the ASIA dataset showed that the DEO
scheme outperforms the other parallel tempering schemes. The normalized-L1 loss
and the max-loss drop faster when the DEO scheme is used and the number of round
trips performed is greater compared to the SEO and SRS schemes (as expected from
the theory in Section 4.4).

No clear statement could be made regarding the utility of the dynamic tuning
phase in ASIA experiments, since the performance of the DEO algorithm was not
significantly dependent on the dynamism of the algorithm. In this section, further
experiments are described, using more challenging networks, to show how dynamic
tuning improves the performance of the structure MCMC.

5.7.1 Parameters of the structure MCMC for the different
datasets

Each experiment requires different parameters of the structure MCMC since the num-
ber of nodes and the maximum in-degree varies for each dataset. More precisely, the
number of iterations for the first tuning phase and the starting number of chains C + 1
depend on the complexity of the network. There are some standard parameters that
have been fixed for each experiment. The optimal probability of the moves are set
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to the values obtained after hyperparameter tuning, described in Section 5.5.2. The
number of iterations of each tuning step of the second tuning phase is set to 3 000. The
second tuning phase is stopped for the not dynamic algorithms, after 8 tuning steps.
For each network analyzed, a different value for T is used. The number of sampled
DAGs needed for a correct convergence of the MCMC depends on the number of nodes,
on the maximum in-degree, and on the shape of the posterior distribution.

MUSH parameters

As already expressed in Section 5.2, MUSH is a complex dataset to analyze. The
number of nodes is N = 23 and the maximum in-degree is four, therefore, the space
of DAGs is large. The first tuning phase, of each structure MCMC, consists of 20 000
iterations. Subsequently, 1 500 000 DAGs are sampled. The starting number of chains
is C + 1 = 100, while the optimal number of chains found by the tuning algorithm, for
all runs, after the first tuning phase, is C + 1 = 36.

Dynamic tuning has been enabled for all the three different parallel tempering
schemes and the performance of the dynamic samplers is compared to the performance
of the DEO sampler without dynamic tuning (where the annealing schedule is updated,
in the second tuning phase, 8 times, after 3 000 iterations). Additional structure
MCMC runs, without any parallel tempering scheme, have been implemented as a
further comparison. To have a more reliable result, four structure MCMC have been
run for each algorithm. The traceplots of the different algorithms show that MCMC
runs converged to the highest scoring mode correctly.

Figure 5.11: Traceplots of different structure MCMC algorithms (MUSH). Each MCMC contains
1 520 000 samples and the first 100 000 samples have been discarded (burn-in value).

ZOO parameters

The ZOO dataset contains only 101 data points, therefore, the posterior distribution
does not present extremely low-probability regions between modes. 1 000 000 DAGs
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have been sampled, after a first tuning phase of 20 000 iterations. The starting number
of chains has been set to C + 1 = 100 and, after the first tuning phase, it has been
reduced to C + 1 = 16.

In the experiments involving ZOO dataset, only the dynamic DEO structure
MCMC and the non-dynamic DEO structure MCMC are compared, and five different
runs are implemented for each algorithm. Figure 5.12 shows that the traceplots of the
different MCMC runs converge around the same score mode.

Figure 5.12: Traceplots of dynamic and non-dynamic DEO structure MCMC runs (ZOO). Each
MCMC contains 1 020 000 samples and the first 100 000 samples have been discarded (burn-in value).

INS parameters

In the experiments involving the INS dataset, similarly to the ZOO experiments, only
the performance of the dynamic and non-dynamic DEO are compared. Five structure
MCMC runs, containing 530 000 DAGs, have been implemented for both algorithms.
The first tuning phase consists of 30 000 iterations in total. The starting number of
chains is C + 1 = 100 and after tuning, it has been reduced to 36 (the same number
of chains that was obtained for MUSH experiments). Figure 5.13 shows that both
algorithms correctly converge to the highest scoring mode.

Figure 5.13: Traceplots of dynamic and non-dynamic DEO structure MCMC runs (INS). Each
MCMC contains 530 000 samples and the first 100 000 samples have been discarded (burn-in value).
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5.7.2 Normalized-L1 loss and max-loss comparisons

BIDA reference distribution is available for networks that have N < 24 number of
variables, hence, the normalized-L1 loss and max-loss functions can be computed and
used as a measure of performance not only for ASIA, but also for MUSH and ZOO.

MUSH losses

Figure 5.14: Normalized-L1 loss and max-loss of the different structure MCMC algorithms (MUSH).
p(REV) = 0.7 while p(MBR) = 0.2 for all samplers. Averaged value over 4 structure MCMC runs
containing 1 520 000 samples. The first 100 000 DAGs have been discarded (burn-in)

Figure 5.14 shows that the DEO and the SEO structure MCMC, with dynamic
tuning scheme enabled, outperform the DEO structure MCMC with a non-dynamic
annealing schedule (fixed after tuning). The performance of the non-dynamic DEO
sampler is comparable to the one of the dynamic SRS sampler. Formulas 4.19, 4.20, and
4.21 show that the SRS scheme, theoretically, performs poorly compared to the DEO
scheme. Hence, there is strong evidence to support the increase in performance that
the dynamic tuning scheme involves. Using the logarithmic scale for both axes, it is
clear that the losses are still declining and do not converge to a fixed value larger than 0.

Table 5.3 shows the losses after sampling 1 500 000 DAGs using ζBIDA as
reference. The averaged max-loss for the structure MCMC without parallel tempering
is 0.75 after 1 500 000 iterations. It is one order of magnitude higher than the one
obtained by the less efficient sampler with a parallel tempering scheme implemented.
The difference of performance can be easily seen by comparing the correlation, over
different runs, of the posterior probability of the edges of different dynamic DEO
structure MCMC runs (Figure 5.15) and the correlation, over different runs, of the
posterior probability of the edges of different structure MCMC runs without any
parallel tempering scheme implemented (Figure 5.7). In Figure 5.15, all the points
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stand on the diagonal of the sub-plots, therefore, the values of the posterior probability
of the edges are almost equal for all the runs and they coincide with the values of the
reference distribution, obtained using BIDA algorithm.

Figure 5.15: Correlation of the posterior probabilities of the edges (MUSH) among BIDA (first
column) and 3 dynamic DEO structure MCMC runs with p(REV) = 0.7 and p(MBR) = 0.2. The
structure MCMC algorithms sampled 1 520 000 DAGs. The first 100 000 DAGs have been discarded.
Each point of any sub-graph has coordinates equal to the posterior probability of the presence of an
edge going from Xi to Xj for the 2 compared algorithms.

It is true that each iteration of the parallel tempering algorithm is computation-
ally more demanding, compared to a single iteration of the simple structure MCMC
without parallel tempering. However, by looking at Figure 5.14, which shows the be-
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Table 5.3: Losses (MUSH) after 1 500 000 iterations using BIDA as reference. The burn-in value is
100 000.

Algorithm Normalized-L1 loss Max-loss
DEO 0.042 0.071
DEO (dyn.) 0.017 0.034
SEO (dyn.) 0.018 0.042
SRS (dyn.) 0.048 0.08
No PT 0.37 0.75

havior of the losses as functions of the iteration t, we can see that the losses of the
DEO dynamic structure MCMC, which sampled 100 000 DAGs, are around 6 times
smaller than the losses of a simple structure MCMC without PT, that sampled 1 400
000 DAGs. These results underline the increase of performance obtained by the dy-
namic DEO structure MCMC and the importance of parallel tempering, in general, in
the BN setting.

ZOO losses

Figure 5.16 shows that the dynamic DEO structure MCMC performs slightly better
compared to the non-dynamic one. Sampling DAGs using the ZOO dataset, according
to the posterior distribution, is not a challenging task, since the likelihood term is not
strong and the prior term still has a strong influence on the posterior distribution.
Hence, the difference in the performance of the two algorithms is small. Table 5.4
shows the value of the losses after 1 000 000 iterations, using BIDA as a reference.

Figure 5.16: Normalized-L1 loss and max-loss for the dynamic and non-dynamic DEO structure
MCMC (ZOO). p(REV) = 0.7 while p(MBR) = 0.2 for all samplers. Averaged value over 5 structure
MCMC runs containing 1 020 000 samples. The first 100 000 DAGs have been discarded (burn-in).
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Table 5.4: Losses (ZOO) after 1 000 000 iterations using BIDA as reference. The burn-in value is
100 000.

Algorithm Normalized-L1 loss Max-loss
DEO 0.014 0.014
DEO (dyn.) 0.012 0.010

Further analysis on ASIA losses

In the experiments reported in Section 5.6, 200 000 DAGs have been sampled for
each MCMC algorithm, using the ASIA dataset. No clear difference in performance
was found between the dynamic and non-dynamic DEO structure MCMC. Another
experiment was performed to compare the efficiency of the above-mentioned samplers,
using longer MCMC runs. Four structure MCMC runs, containing 2 000 000 DAGs,
were implemented for the dynamic and non-dynamic algorithms, keeping fixed the
other hyperparameters of the previous experiment.

Figure 5.17 shows the losses of the algorithms. Even in this case, with a higher

Figure 5.17: Normalized-L1 loss and max-loss for the dynamic and non-dynamic DEO structure
MCMC (ASIA). p(REV) = 0.7 while p(MBR) = 0.2 for all samplers. Averaged value over 4 structure
MCMC runs containing 2 000 000 samples.

number of sampled DAGs for each structure MCMC, there is not a clear difference in
the performance of the dynamic DEO scheme and the non-dynamic DEO scheme. The
latter one seems to perform slightly better, but also in this case, the variation of the
value of the losses might be a consequence of the random exploration of the MCMC
runs. Indeed, the dynamic sampler was performing better up to 1 500 000 iterations.
In Table 5.5, the averaged losses of the algorithms, after sampling 2 000 000 DAGs,
are reported.
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Table 5.5: Losses (ASIA) after 2 000 000 iterations using BIDA as reference.

Algorithm Normalized-L1 loss Max-loss
DEO 0.0014 0.0015
DEO (dyn.) 0.0014 0.0019

INS losses

For INS dataset, a reference distribution is not available because the number of
nodes exceeds the limits of BIDA and MDS. Therefore, only comparisons among the
posterior probability of the edges, obtained by different structure MCMC runs, can
be made. To inspect the performance of the algorithms, a new approach has to be
chosen.

For each MCMC run of an algorithm (dynamic or non-dynamic), instead of
using only one reference (ζBIDA), let us build a relative loss function for each of the
other MCMC runs, using as references ζMCMCk (where k is the index of the MCMC
run). In the experiments described above, which involved other datasets, the total
number of comparisons for each algorithm is equal to the number of MCMC runs, as
each run uses only BIDA as a reference. For INS experiments, the total number of
relative loss comparisons for each algorithm is equal to the factorial of the number of
MCMC implemented and an averaged value of the relative loss functions is computed.
In this particular case, the L1 loss is computed instead of the normalized-L1 loss, as
the expected number of edges is not known.

Figure 5.18: L1 and max relative losses for the dynamic and non-dynamic DEO structure MCMC
(INS). p(REV) = 0.7 while p(MBR) = 0.2 for all the samplers. Averaged value over 5 structure
MCMC runs containing 530 000 samples (using 100 000 as burn-in value) .

The averaged value of the relative losses is shown in Figure 5.18, while Table 5.6
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shows the value of the losses after 500 000 iterations. Also in this case, the dynamic
scheme performs better compared to the non-dynamic one. However, the relative
losses show how fast the MCMC runs approach to each other, but no statement can
be made about a correct convergence to the posterior distribution of each MCMC run.

Figure 5.19: Correlation of the posterior probabilities of the edges among 4 dynamic DEO structure
MCMC runs (INS) with p(REV) = 0.7 and p(MBR) = 0.2. The structure MCMC algorithms sampled
530 000 DAGs. The first 100 000 DAGs have been discarded. Each point of any sub-graph has
coordinates equal to the probability of the presence of an edge going from Xi to Xj for the 2 compared
algorithms.

Figure 5.19 shows the correlation of the posterior probability of the edges for 4
different dynamic DEO structure MCMC runs. The number of data points is 5 000 and
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Table 5.6: Losses (INS) after 500 000 iterations using BIDA as reference. The burn-in value is 100
000.

Algorithm L1 loss Max-loss
DEO 0.113 0.011
DEO (dyn.) 0.097 0.008

the maximum in-degree is 3, consequently, the number of edges that have probability
1 ≫ p(edge) ≫ 0 is small, since the strong likelihood term favors few high-scoring
DAGs. The probability of the edges are heavily correlated for all the runs, giving
evidence about the correct convergence of the MCMC runs to the target distribution.

Remarks regarding the convergence of the dynamic scheme

The dynamic tuning scheme outperforms the non-dynamic one when the posterior
distribution is complex and multimodal (MUSH and INS). When DAGs are sampled
from “simpler” posterior distributions (small number of variables N or weak likelihood
term), the dynamic and non-dynamic schemes perform similarly. By looking at the
behavior of the losses in the graphs shown above (log-scale is used for both axis),
we can see that the losses of both algorithms are continuously dropping for all the
MCMC runs. In addition, they do not converge to a fixed value greater than 0. This
provides strong evidence in support of the claim that the dynamic sampler is not biased.

5.7.3 Round trips and rejection ratios comparisons

The averaged value of the number of round trips, over the different structure MCMC
runs, has been calculated for all the algorithms, to compare the efficiency of the dynamic
and non-dynamic communication schemes. The table below reports the averaged value
of the round trips performed (after the first tuning phase) for each algorithm and,
additionally, the value of the mean (over the different MCMC runs) of the mean of the
rejection ratio among the chains of a single run (for practical purposes r̄). Similarly,
the mean (over the different MCMC runs) of the standard deviation of the rejection
ratio among chains of a single run is reported. The DEO scheme outperforms the other
schemes in terms of round trips performed and the dynamic tuning scheme outperforms
the non-dynamic one. Additionally, the dynamic scheme ensures a smaller standard
deviation for the values of the rejection ratio among chains. The averaged value of the
mean of the rejection ratio among chains is E(r̄) ≈ 0.5 for all the datasets, therefore,
the estimation of the global communication barrier, obtained after the first tuning
phase, is accurate in all the experiments. An integer value has to be selected for the
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Table 5.7: Averaged value of the number of round trips performed by each algorithm. Additionally,
the averaged value over the different runs of the mean and the standard deviation of the rejection
ratio among chains are shown. The analyzed dataset is shown in the first column of the table.

Dataset Algorithm E(Round trips) E(r̄) E(σ(r))
MUSH DEO 390.5 0.493 0.026

DEO (dyn.) 402.75 0.493 0.001
SEO (dyn.) 378.5 0.493 0.001
SRS (dyn.) 179.5 0.493 0.001

ZOO DEO 2935.8 0.521 0.017
DEO (dyn.) 2974.2 0.521 0.001

ASIA DEO 11036.5 0.517 0.014
DEO (dyn.) 11217.25 0.517 0.001

INS DEO 121.2 0.487 0.041
DEO (dyn.) 123.4 0.488 0.004

number of chains C + 1, hence, it is impossible to reach an exact value E(r̄) = 0.5 for
the rejection ratio among chains.

5.8 Annealing schedule variation in dynamic tuning

In this section, the behavior of the temperatures is analyzed to illustrate how dynamic
tuning affects the choice of the annealing schedule. In Figures 5.20, 5.21, and 5.22, the
behavior of the temperatures during the two tuning phases are shown, respectively, for
a structure MCMC run using ASIA, MUSH, and ZOO datasets. The algorithm used
is the dynamic DEO structure MCMC.

5.8.1 First tuning phase

The first tuning phase is equivalent for both dynamic and not dynamic algorithms.
The values of the temperatures are initialized using a linear scale. Therefore,
βc+1 = 1/C + βc. This is not an optimal annealing schedule. In the first tuning
iterations, the change in value of the different temperatures is evident. After the
temperature values converge, it is possible to stop the first tuning phase and ob-
tain a suitable value for the optimal number of chains C̄+1 using equation C̄ = 2Λ̄ [10].

When the second tuning phase is not performed, sampling using the tempera-
tures obtained in the first tuning phase may not lead to an efficient DAGs sampling,
resulting in rejection rates among chains that have high variance, and that may lead
to a biased approximation of the posterior distribution. Rejection rates can reach
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Figure 5.20: Temperature values for each chain during the first tuning phase (left) and during the
second (dynamic) tuning phase (right) for ASIA. On the x-axis there are the the different tuning
iterations and on the y-axis there are the values of the temperatures. Each line in the left graph
represents the temperature variation of each of the 60 starting chains associated with a temperature
βc. Similarly, after an optimal number of chains C + 1 = 13 is found, in the right graph, the behavior
of the temperatures during the second tuning phase is shown. β0 is omitted in both graphs to allow
a correct visualization using log-scale for the y-axis.

values 1 or 0 resulting in complete lack of communication between chains at specific
temperatures βc and βc+1. This is caused by the approximation made in Equation 4.18
to calculate the local communication barrier function [10]. When the GPU is available,
it is possible to run more than 10 000 chains in parallel, therefore, a reasonable
approximation can be achieved. If GPU is not available, it is not convenient to run,
using CPU, the same amount of chains. It is indeed recommended to initialize fewer
chains and perform a second tuning phase, where only the temperatures are tuned, to
obtain a constant rejection ratio among chains (that should be r∗ ≈ 0.5).

The second tuning phase is recommended also when GPU is available, even if the
approximation is still better than the one obtained by using a smaller starting number
of chains. As already mentioned in Section 4.5.2, sampling from a sharp multimodal
distribution requires an extremely accurate value of the temperatures.

5.8.2 Second tuning phase

In the second tuning phase the values of the temperatures are updated after 3 000
iterations. During the first tuning steps, the values for the temperatures change
drastically. Then, they stabilize and oscillate around values that are similar to the
starting values. The change during the first iterations was expected, as the DAGs
selected as starting point of the second tuning phases are the C + 1 current DAGs
that were belonging to the warmer chains after the first tuning phase (the DAGs that
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were in the colder chains have been discarded). Therefore, the rejection rates change
during the first steps of the second tuning phase since the DAGs do not “represent
well” the target distribution of each chain.

However, it is not trivial that the values of the temperatures do not oscillate
significantly around some fixed values, even when the chains are exploring different
modes. This result shows how dynamic tuning does not strongly affect the sampling
process. This oscillation may differ in intensity depending on the number of iterations
performed during each tuning step of the second tuning phase.

Figure 5.21: Temperature values for each chain during the first tuning phase (left) and during
the second (dynamic) tuning phase (right) for MUSH. On the x-axis there are the different tuning
iterations and on the y-axis there are the values of the temperature. β0 is omitted in both graphs to
allow a correct visualization using log-scale for the y-axis.

Figure 5.22: Temperature values for each chain during the first tuning phase (left) and during the
second (dynamic) tuning phase (right) for ZOO. On the x-axis there are the different tuning iterations
and on the y-axis there are the values of the temperature. β0 is omitted in both graphs to allow a
correct visualization using log-scale for the y-axis.
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Approximating the posterior distribution of DAGs and finding the conditional relation-
ships among variables starting from data is a difficult task. As already mentioned in
Chapter 3, the space of DAGs grows super-exponentially with the number of nodes N

of the network. The more data points are added, the sharper the posterior distribution
is, with high-scoring DAGs separated by low-probability regions. The structure
MCMC algorithm samples DAGs with high autocorrelation, thus, in practice, it is
not able to cross the low-probability regions of the posterior distribution. Hence, an
optimal tuning of the hyperparameters of the structure MCMC, combined with the
implementation of a parallel tempering scheme, help to overcome this limitation.

The experiments shown in the previous chapter have multiple scopes. The per-
formance of the different parallel tempering schemes were compared when combined
with the structure MCMC algorithm. Furthermore, the properties of each structure
MCMC move were analyzed in depth, in order to describe an optimal and flexible
sampler that generalizes well and works efficiently for all the examined networks,
without requiring further tuning for every experiment.

We provide surprising evidence that assigning a higher probability than 1/15 to
REV and MBR moves can be beneficial. Su and Borsuk [8] state that the optimal
probability of performing a REV move and a MBR move, for the structure MCMC,
is 1/15. These values were computed using a reference distribution that could
potentially be biased, since it was obtained by using a structure MCMC, initialized at
a high-scoring DAG. The MC3 move is known to be less computationally demanding
compared to the REV and the MBR moves, but it proposes DAGs that differ only by
one edge from the current DAG. A sampler that performs this move with a high proba-
bility can easily get stuck near local maxima, generating a biased posterior distribution.

The REV move and the MBR move perform better compared to the MC3 move
and are a useful tool to cross low-probability regions. The REV move performs better
than the MBR move since it can reverse an edge, add, and remove edges in a single

73
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move, while the MBR move can only add and remove edges. Hyperparameter tuning
showed that a sampler should perform REV moves with a higher probability compared
to MBR moves. The probabilities for each move, determined through hyperparameter
tuning in experiments involving the ASIA dataset, generalize well to the other analyzed
networks and significantly enhance the performance of the structure MCMC algorithm.

However, even an optimally tuned structure MCMC may get stuck near local
modes. We provided strong evidence that the structure MCMC, provided with a
parallel tempering algorithm, correctly explores the parameter space. The comparison
among different parallel tempering schemes showed that, according to the theory,
the DEO communication scheme, presented in Section 4.2.2, outperforms the other
schemes.

A novel tuning routine for the temperatures, divided into two phases, has been
suggested. It ensures good communication between chains, using less computational
resources compared to the training routine suggested by Syed et al. [10], which could
be only performed when GPU is available (since it requires an extremely high number
of chains that are executed in parallel, to obtain an optimal value of the annealing
schedule).

In addition, a dynamic parallel tempering scheme has been proposed to further
increase communication between chains, especially when the hyperparameters of the
samplers are not initialized correctly. Dynamic tuning is enabled by not stopping the
second tuning phase. In the experiments, we kept the number of iterations of each
tuning step of the second tuning phase fixed, to obtain a flexible sampler that may
update the temperatures significantly with few iterations. This approach ensures a
fast escape for the sampler from possible local modes of the posterior distribution.
Even if there is no theory that proves that the samples obtained using the dynamic
algorithm converge to the stationary distribution, the experiments show that the
dynamic scheme outperforms the standard scheme in challenging situations, when
the number of nodes increases and the posterior distribution is multimodal. These
results provide strong evidence regarding its unbiasedness. This novel dynamic
parallel tempering scheme can also be easily implemented to sample from any type of
distribution, outside of the Bayesian networks setting.

It remains open whether it is possible to overcome the limits of the current struc-
ture MCMC moves. The need of a parallel tempering scheme for the structure MCMC
underlines how poorly the algorithm performs when the posterior distribution presents
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low-probability regions among modes. Sampled DAGs present high auto-correlation.
This feature leads to benefits and disadvantages. When the sampler reaches the main
mode, only high-scoring DAGs are proposed, leaving out low-scoring DAGs and reduc-
ing the computation. However, it can make model-averaging biased, when the posterior
distribution is multimodal. New efforts could be made to find new structure MCMC
moves that could increase the size of the neighborhood of any DAG using fewer com-
putational resources. New moves should also ensure a high acceptance ratio of the
proposed state, to efficiently explore the posterior distribution.
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Appendix A. Stationary distribution of the Lazy MC3

Let us first clarify the notation. The DAG M is the current state of the Markov chain,
while M ′ is the proposed state. The set nbd(M∗) contains all neighboring DAGs of
M∗ that can be obtained by adding, removing, or reversing one edge. The value of
|nbd(M∗)| is bounded by N(N − 1) where N is the number of nodes. There are three
different ways to reach the DAG M∗ after an iteration:

■ First case. The DAG M∗ can be reached by moving from one of the neighbors.

■ Second case. The DAG M∗ can be reached by being in the state M = M∗ and
the proposal M ′ ̸= M is rejected.

■ Third case. The DAG M∗ can be reached by setting M = M ′ = M∗, in other
words, the proposed DAG is the same as the current DAG.

We will expand these three terms separately. The event acc. expresses the condition
“M ′ is accepted” (while rej. expresses the condition “M ′ is rejected”). The first case
occurs with probability

p(M ∈ nbd(M∗), M ′ = M∗, acc.)

=
∑

M±∈nbd(M∗)

1
N(N − 1)p(M±) min

{
1,

p(M∗)
p(M±)

}

= 1
N(N − 1)

∑
M±∈nbd(M∗)

min
{
p(M±), p(M∗)

}
,

(A.1)

where M± denotes a neighbor of M∗. The second case occurs with probability

p(M = M∗, M ′ ∈ nbd(M∗), rej.)

=
∑

M±∈nbd(M∗)
p(M∗) 1

N(N − 1)

(
1−min

{
1,

p(M±)
p(M∗)

})

= p(M∗) |nbd(M∗)|
N(N − 1) −

1
N(N − 1)

∑
M±∈nbd(M∗)

min
{
p(M∗), p(M±)

}
,

(A.2)

and the third case occurs with probability

p(M = M ′ = M∗) = p(M∗)
(

1− |nbd(M∗)|
N(N − 1)

)
. (A.3)

The total probability of the three cases is
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1
N(N − 1)

∑
M±∈nbd(M∗)

min
{
p(M±), p(M∗)

}
(1− 1)

+ p(M∗) |nbd(M∗)|
N(N − 1) (1− 1) + p(M∗)

= p(M∗) .

(A.4)

Therefore, the transition kernel of the Lazy MC3 sampler leaves the distribution p(M∗)
invariant. Now we want to prove the ergodicity of the Lazy MC3 sampler. There are
three conditions [51] that must be satisfied:

■ Irreducibility. When no edge constraints are given to the network, the posterior
distribution assigns a positive probability (lower than 1) to all the DAGs that
satisfy the maximum in-degree condition. Therefore, we can transform any DAG
to an empty DAG by performing a sequence of edge removals. Then, any valid
DAG can be obtained by performing a series of edge additions. This series of
operations can occur with positive probability. Therefore, the Lazy MC3 sampler
satisfies the irreducibility condition, since every DAG is reachable from any other
DAG in a finite number of exploration steps.

■ Aperiodicity. Since we already proved that the Lazy MC3 sampler satisfies
the irreducibility condition, to show the aperiodicity of the Markov chain, it is
sufficient to show that there is one state that is aperiodic. Let as assume that
the current state is the empty DAG. Consequently, any pair of nodes u and v are
not connected and no cycles can be formed when an edge between these nodes is
added to the DAG. Two cycles are obtained by

1. adding the edge (u, v) and removing the edge (u, v);

2. adding the edge (u, v), reversing the edge (u, v), and removing the edge
(v, u).

These cycles occur with positive probability and are performed in 2 and 3 steps
respectively. The greatest common divisor of 2 and 3 is 1, and thus the Lazy
MC3 satisfies the aperiodicity condition.

■ Positive recurrence. We know that the space of DAGs given the number of
nodes N is finite (Equation 3.1) and that the Lazy MC3 sampler satisfies the
irreducibility condition. Therefore, the Lazy MC3 sampler returns to any DAG
in a fixed expected number of iterations.

Since the Lazy MC3 sampler is ergodic and leaves the distribution p(M∗) invariant, we
can now conclude that the Lazy MC3 converges to the stationary distribution p(M∗).



Appendix B. Round trips analysis for the SRS scheme

The notation that has been used for the proof is similar to the one of Appendix B of
the paper presented by Syed et al. [10]. T↑ and T↓ are the quantities that are used to
calculate the round trip rate. T↑ represents the number of iterations performed by the
analyzed sampling machine to reach the temperature index C, and T↓ represents the
number of iterations performed by the sampling machine to reach the temperature
index 0. As already explained in Chapter 4, when c = 0 the machine samples from
the prior distribution and when c = C the machine samples from the posterior
distribution. We can now define

Ac
• = ESRS(T• | c(t = 0) = c) , (B.1)

where • = {↑, ↓}. In words, Ac
• is the expected value of T• knowing that the initial index

of the temperature of the sampling machine is equal to c (we know that 0 ≤ c ≤ C).
Therefore, the expected number of iterations to perform a round trip is

ESRS(T ) = A0
↑ + AC

↓ . (B.2)

Wee denote as rc the rejection ratio between chains c and c+1 and as sc the acceptance
ratio between chain c and chain c + 1. The Markov property ensures that, for every c

and for every • ∈ {↑, ↓}

Ac
• = 1

C
sc(Ac+1

• + 1) + 1
C

sc−1(Ac−1
• + 1) +

(
1− 2

C

)
(Ac

• + 1) . (B.3)

For i = {1, . . . , C}, Equation B.3 is equivalent to

−C = scB
c+1
• + sc−1B

c
• , (B.4)

where Bc
• = Ac

• − Ac−1
• . Using recursion, Equation B.4 can be written as

sc−1B
c
• = s0B

1
• − C(c− 1) , (B.5)

or equivalently as

sc−1B
c
• = sC−1B

C
• + C(C − c) . (B.6)
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As already expressed by Syed et al. [10], let us now analyse the ↑ and ↓ cases
separately. If c(t = 0) = 0, then the probability of obtaining c(t = 1) = 1 is equal to
1
C

s0. Hence,

A0
↑ = 1

C
s0(A1

↑ + 1) +
(

1− 1
C

s0

)
(A0

↑ + 1) , (B.7)

which can be reduced to

s0B
1
↑ = −C . (B.8)

Equation B.8 can be integrated with Equation B.5 to get the relation

sc−1B
c
↑ = −Cc . (B.9)

From Equation B.9, by recursion, we obtain

A0
↑ = Ac

↑ +
c∑

k=1

Ck

sk−1
, (B.10)

or, equivalently,

A0
↑ =

C∑
k=1

Ck

sk−1
, (B.11)

since AC
↑ = 0. The same considerations of Equation B.7 can be made to obtain AC

↓ .
Therefore,

AC
↓ = 1

C
sC−1(AC−1

↓ + 1) +
(

1− 1
C

sC−1

)
(AC

↓ + 1) . (B.12)

Equation B.12 implies
sC−1B

C
↓ = C . (B.13)

By integrating Equations B.6 and B.13 we obtain

sc−1B
c
↓ = C(C − c + 1) , (B.14)

and, by recursion we get
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AC
↓ = Ac

↓ +
C∑

k=c+1

C(C − k + 1)
sk−1

. (B.15)

For c = C, Equation B.15 becomes

AC
↓ =

C∑
k=1

C(C − k + 1)
sk−1

, (B.16)

since A0
↓ = 0. By integrating Equations B.2, B.11, and B.16, we get the formula of the

expected number of iterations per round trip of the SRS scheme

ESRS(T ) =
C∑

k=1

Ck

sk−1
+

C∑
k=1

C(C − k + 1)
sk−1

=
C∑

k=1

C(C + 1)
sk−1

= C2(C + 1) + C(C + 1)
C∑

k=1

rk−1

sk−1

= C2(C + 1) + C(C + 1)
C−1∑
k=0

rk

sk

.

(B.17)
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