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Time series of squared returns are typically highly 
autocorrelated. This has led to a voluminous literature 
on volatility modeling. Broadly speaking, there are 
two main classes of volatility models: Generalized 
Autoregressive Conditional Heteroskedasticity 
(GARCH) models and stochastic volatility models.

In the first three papers of this thesis, my co-authors 
and I propose and examine an empirically motivated 
extension of the GARCH model. We augment the 
GARCH conditional variance by a time-varying 
intercept. This specification entails mainly two 
theoretical challenges. Firstly, the time-variation in 
the intercept makes the model nonstationary. This 
complicates the proofs of the two results that typically 
function as cornerstones of inference in time series 
models: consistency and asymptotic normality of 
the (quasi-) maximum likelihood estimator. In the 
stationary case, these results are known to hold 
under mild conditions. In the first paper, we use the 
theory of locally stationary processes to prove that the 
results continue to hold for our model under slightly 
stronger but empirically reasonable assumptions. The 
second challenge is that the parametric function that 
we use to model the time-variation in the intercept is 
unidentified if the intercept is constant. This makes it 
necessary to test for a type of additive misspecification 
before attempting to fit our proposed model. 
However, the identification problem complicates 
this type of inference. The second and third papers 
propose solutions.

In the last paper, I consider a stochastic volatility 
model that is motivated by financial theory. A 
commonly accepted and well motivated prediction of 
financial theory is that financial leverage makes equity 
more risky. The theory is based around a structural 
model of the firm in which equity is modeled as a 
call option on the firm’s assets. A recent contribution 
in the GARCH literature has exploited this to propose 
a so-called structural GARCH model. I use the 
same reasoning to propose a parameterization in 
the stochastic volatility class: a structural stochastic 
volatility model. As the model is of the stochastic 
volatility type, inference is more complicated than 
in the GARCH case. By a close study of the literature 
on estimating stochastic volatility, I find that the 
methods of quasi maximum likelihood and Monte 
Carlo maximum likelihood work well for the proposed 
model. I use the methods to develop a framework 
for estimation and misspecification testing. I provide 
two empirical examples that highlight the utility and 
relevance of the model.
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PART A: SUMMARY

2

1 INTRODUCTION

There is a notable disparity between how economists approach the modeling of the first

two moments of financial returns. Returns typically exhibit little to no autocorrelation, a

fact that is often attributed as being due to a weak form of the efficient market hypothesis

(cf. Fama, 1970). Consequently, models of the conditional mean of returns that only rely

on past returns are rarely given serious consideration. Instead, mean returns are often

modeled by some factor model that involves theoretically motivated inputs.

Squared returns, however, are typically highly autocorrelated. This has led to a vo-

luminous and fruitful literature on volatility modeling. Broadly speaking, there are two

main classes of volatility models: Autoregressive conditional heteroskedasticity (ARCH)

models and stochastic volatility models. The autoregressive stochastic volatility (ARSV)

model is due to Taylor (1986). The model features a stochastic error in the equation

describing the evolution of the variance, which makes the likelihood of the model a la-

tent quantity. This presents challenges in terms of estimation and inference. Still, the

theoretical underpinnings of the model make it empirically interesting, and several au-

thors have made compelling arguments in its favour (see e.g. Carnero et al., 2004). The

original ARCH model is due to Engle (1982). It can be interpreted as an autoregressive

(AR) model in squared returns. Its generalization, Generalized ARCH (GARCH), was

proposed by Bollerslev (1986) and can be interpreted as an autoregressive moving aver-

age (ARMA) model in squared returns. Importantly, in the GARCH class, volatility is

deterministic conditional on current information. This specification leads to a standard

likelihood framework for estimation and inference, which has been a factor contributing

to its popularity.

In the first three papers of this thesis, we apply the standard likelihood framework

to an empirically motivated extension of the GARCH model. We propose augmenting

the GARCH conditional variance by a time-varying intercept. This specification entails

mainly two theoretical challenges. Firstly, the time-variation in the intercept makes the

model nonstationary. This complicates the proofs of the two results that typically function

as cornerstones of inference in time series models: consistency and asymptotic normality

of the (quasi-) maximum likelihood estimator (QMLE). In the stationary case, these re-

sults are known to hold under mild conditions. In the first paper, we use the theory of

locally stationary processes to prove that the results continue to hold for our model under

slightly stronger but empirically reasonable assumptions. The second challenge is that the

parametric function that we use to model the time-variation in the intercept is unidentified

if the intercept is constant. This makes it necessary to test for a type of additive misspeci-

fication before attempting to fit our proposed model. However, the identification problem

complicates this type of inference. The second and third papers propose solutions.

In the last paper, which is single authored, I consider a stochastic volatility model that

is motivated by financial theory. GARCH and stochastic volatility models typically exploit

autocorrelation in squared returns to predict that volatility tomorrow is some function of

what it has been in the past. The underlying causal reasons for increases and decreases
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in volatility are left unexplored, leading to the aforementioned disparity between models

of the conditional mean and of the conditional variance. A recent vein in the volatility

modeling literature has, however, taken some steps to remedy this by using a common

and theoretically supported hypothesis: financial leverage makes equity more risky. I use

this observation to propose a new model. As the model is of the stochastic volatility type,

inference is more complicated than in the GARCH case. The model posits latent and

stochastic volatility, which means that the likelihood function cannot be written down

in closed form. However, several methods have been proposed to deal with this. By a

close study of the literature on estimating stochastic volatility, I find that the methods

of quasi maximum likelihood (QML, Nelson, 1988, Harvey et al., 1994) and Monte Carlo

maximum likelihood (MCL, Durbin and Koopman, 1997, Sandmann and Koopman, 1998)

work well in my case. I use these methods to develop a framework for estimation and

misspecification testing. I provide two empirical examples that highlight the utility and

relevance of the model.

The literature on GARCH and stochastic volatility is too vast to be surveyed exhaus-

tively. In what follows, I shall review some theory and concepts that have been especially

important in our work. In the final section, I provide a summary of each paper included

in the thesis.

2 THEORY AND LITERATURE REVIEW

In this section, I review the theory that underlies the papers in this thesis. Concomitantly,

I provide a literature review. I start by covering GARCH models and how they can be

estimated by QML. Along with a brief introduction to the theory of locally stationary

processes, this provides a backdrop for the first paper. I continue by discussing the problem

of testing models that feature unidentified nuisance parameters under the null hypothesis.

This is relevant for the second and third papers. Lastly, to introduce the reader to the

material in the fourth paper, I discuss stochastic volatility.

2.1 GARCH

In the (G)ARCH(p, q) (”Generalized Autoregressive Conditional Heteroskedastictity”)

class of models, the basic equation that descibes how returns evolve over time is given

by:

Xt = σtεt, (1)

where εt is typically assumed to be independent and identically distributed (IID) with

E(εt) = 0 and E(ε2t ) = 1. The term σt describes the time t conditional volatility. By

modifying its definition, we obtain different types of models in the ARCH class. The

standard ARCH(p) model by Engle (1982) is given by (1) with

σ2
t = α0 +

p∑
i=1

αiX
2
t−i, (2)

4

where α0 > 0 and αi ≥ 0, i = 1, 2, . . . , p. The model was generalized to GARCH by

Bollerslev (1986):

σ2
t = α0 +

p∑
i=1

αiX
2
t−i +

q∑
j=1

βjσ
2
t−j , (3)

where α0 > 0, αi ≥ 0, i = 1, 2, . . . , p, βj ≥ 0, j = 1, 2, . . . , q. The GARCH(p, q) model is

weakly stationary if
p∑

i=1

αi +

q∑
j=1

βj < 1.

Since the conditional variance σ2
t in (3) is an unobserved quantity, the theory of esti-

mation requires a scheme for generating the process. More specifically, σ2
t is dependent

on σ2
t−1, σ

2
t−2, . . . , σ

2
t−q, as well as X2

t−1, X
2
t−2, . . . , X

2
t−p. Therefore, assuming our process

starts at t = 1 and the first observed value occurs at t = 0, we need q initial values for{
σ2
t

}
and p− 1 initial values for

{
X2

t

}
to generate the recursion.

GARCH models have gained popularity throughout the years. New research has been

concerned mainly with extending the model to account for a wider class of data generating

processes and features in empirically observed time series, but also with deriving theoretical

results for exisiting models. An example of a popular extension of the standard GARCH

is the GJR-GARCH(1,1) by Glosten et al. (1993), which is given by (1) with

σ2
t = α0 + α1X

2+
t−1 + α2X

2
t−1 + β1σ

2
t−1,

where X2+ = X2IX:x≥0. The model accounts for the asymmetric effect of negative returns

on volatility. Typically, negative returns have a disproportionately large effect on volatility.

Black (1976) hypothesized that this is due to financial leverage, so the phenomenon is

commonly referred to as the leverage effect.

Theoretical developments have consisted of deriving the statistical properties of the

model, as well as considering inference. An active area of research has been concerned

with the properties of the (quasi-) maximum likelihood estimator of the parameters of the

model and its variations. The research is typically focused on finding as weak conditions

as possible for obtaining consistent and asymptotically normal parameter estimates. Early

papers in this literature often focused on the GARCH(1, 1)-case (see Lee and Hansen, 1994

and Lumsdaine, 1996). For the standard GARCH(p, q) model, the current state of the art

can be found in Berkes et al. (2003) and Francq and Zaköıan (2004).

2.2 Estimation by maximum likelihood

To see how maximum likelihood can be used to estimate a GARCH model, consider first

a parameter vector θ ∈ Θ, where Θ is a parameter space, and a sequence {Xt} of data.

The method of maximum likelihood is based on making a distributional assumption on

the component of a model that is introducing randomness. The distributional assumption

gives us a functional form for a likelihood function f(X1, X2, . . . , XT ;θ), where f(·) is a

probability density function. We choose the vector θ so that it maximizes the value of
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2.1 GARCH
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by:

Xt = σtεt, (1)

where εt is typically assumed to be independent and identically distributed (IID) with

E(εt) = 0 and E(ε2t ) = 1. The term σt describes the time t conditional volatility. By
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standard ARCH(p) model by Engle (1982) is given by (1) with

σ2
t = α0 +

p∑
i=1

αiX
2
t−i, (2)
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where α0 > 0 and αi ≥ 0, i = 1, 2, . . . , p. The model was generalized to GARCH by

Bollerslev (1986):

σ2
t = α0 +

p∑
i=1

αiX
2
t−i +

q∑
j=1

βjσ
2
t−j , (3)

where α0 > 0, αi ≥ 0, i = 1, 2, . . . , p, βj ≥ 0, j = 1, 2, . . . , q. The GARCH(p, q) model is

weakly stationary if
p∑

i=1

αi +

q∑
j=1

βj < 1.

Since the conditional variance σ2
t in (3) is an unobserved quantity, the theory of esti-

mation requires a scheme for generating the process. More specifically, σ2
t is dependent

on σ2
t−1, σ

2
t−2, . . . , σ

2
t−q, as well as X2

t−1, X
2
t−2, . . . , X

2
t−p. Therefore, assuming our process

starts at t = 1 and the first observed value occurs at t = 0, we need q initial values for{
σ2
t

}
and p− 1 initial values for

{
X2

t

}
to generate the recursion.

GARCH models have gained popularity throughout the years. New research has been

concerned mainly with extending the model to account for a wider class of data generating

processes and features in empirically observed time series, but also with deriving theoretical

results for exisiting models. An example of a popular extension of the standard GARCH

is the GJR-GARCH(1,1) by Glosten et al. (1993), which is given by (1) with

σ2
t = α0 + α1X

2+
t−1 + α2X

2
t−1 + β1σ

2
t−1,

where X2+ = X2IX:x≥0. The model accounts for the asymmetric effect of negative returns

on volatility. Typically, negative returns have a disproportionately large effect on volatility.

Black (1976) hypothesized that this is due to financial leverage, so the phenomenon is

commonly referred to as the leverage effect.

Theoretical developments have consisted of deriving the statistical properties of the

model, as well as considering inference. An active area of research has been concerned

with the properties of the (quasi-) maximum likelihood estimator of the parameters of the

model and its variations. The research is typically focused on finding as weak conditions

as possible for obtaining consistent and asymptotically normal parameter estimates. Early

papers in this literature often focused on the GARCH(1, 1)-case (see Lee and Hansen, 1994

and Lumsdaine, 1996). For the standard GARCH(p, q) model, the current state of the art

can be found in Berkes et al. (2003) and Francq and Zaköıan (2004).

2.2 Estimation by maximum likelihood

To see how maximum likelihood can be used to estimate a GARCH model, consider first

a parameter vector θ ∈ Θ, where Θ is a parameter space, and a sequence {Xt} of data.

The method of maximum likelihood is based on making a distributional assumption on

the component of a model that is introducing randomness. The distributional assumption

gives us a functional form for a likelihood function f(X1, X2, . . . , XT ;θ), where f(·) is a

probability density function. We choose the vector θ so that it maximizes the value of



5

the likelihood function, i.e. the likelihood of the model. The log-likelihood is typically

used as it is easier to work with: the logarithm is an increasing function, so maximizing

the logarithm of a quantity is the same as maximizing the quantity itself. The resulting

estimator is denoted θ̂. If we have T time series observations, we can use the notation θ̂T

to emphasize that the estimator depends on the amount of time series observations that

we have. In the asymptotic theory, we are considering a sequence {θ̂T } of estimators . We

use θ0 to denote the ”true” value of the parameter vector. We say that the estimator is

strongly consistent if

θ̂T → θ0

almost surely as T → ∞. If the convergence occurs in probability rather than almost

surely, the estimator is said to be weakly consistent.

Given IID data, if we choose our objective function LT (X1, X2, . . . , XT ;θ) (the function

that we maximize) as the average log-likelihood, i.e.

LT (X1, X2, . . . , XT ;θ) =
1

T

T∑
n=1

log f(XT |θ),

then the QMLE is an example of an M-estimator. There exist theorems stating general

conditions under which M-estimators are consistent and asymptotically normal. Proving

these properties is therefore often a matter of verifying that the conditions hold. For

a GARCH model, and most other time series models, the data are not IID. We will

therefore be dealing with the conditional log-likelihood. For notational simplicity, consider

a GARCH(1,1) given by (1) and

σ2
t = α0 + α1X

2
t−1 + β1σ

2
t−1,

where α0 > 0, α1 ≥ 0, β1 ≥ 0. The likelihood can be factorized as follows:

f(X1, . . . , XT ;θ) = f(X1, X2, . . . , XT |X0;θ)

= f(X1|X0)f(X2, X3, . . . , XT |X1, X0;θ)

=
T∏
t=1

f(Xt|Xt−1, . . . , X0;θ)

= f(X0;θ)
T∏
t=1

f(Xt|Xt−1;θ).

Now, in order to obtain an estimator, we need to make a distributional assumption on

{εt}. It is common to assume a standard normal distribution. If the assumption is valid,

then the estimator is called a maximum likelihood estimator. If it is false, it may still be

possible to obtain a consistent and asymptotically normal estimator. This estimator is

6

called a quasi maximum likelihood estimator. Recall that the N(µ, σ2) density is given by

f(x) =
1√
2πσ2

exp

(
−(x− µ)2

2σ2

)
.

Assuming a GARCH(1,1) model and a normal distribution implies that, conditional on

time t− 1 information, Xt = εtσt ∼ N(0, σ2
t ), which gives

f(Xt|Xt−1;θ) =
1√
2πσ2

t

exp

(
−X2

t

2σ2
t

)
.

Plugging this into the conditional likelihood yields

f(X0, . . . , XT ;θ) = f(X0;θ)
T∏
t=1

1√
2πσ2

t

exp

(
−X2

t

2σ2
t

)
.

Now we drop f(X0;θ). This will not affect the asymptotic results. Taking the logarithm

yields our log-likelihood function

L(Xt,θ) =
1

2T

T∑
t=1

(
− log(2π)− log(σ2

t )−
X2

t

σ2
t

)
.

Our parameter vector is θ = (α0, α1, β1) . We go on to choose θ̂ = argmax
θ∈Θ

L(Xt,θ). This

is done numerically using some optimization algorithm. It is common to exclude constants

that do not affect the optimization problem. The time t term in the sum in the objective

function is then

lt(θ) := −
(
log(σ2

t ) +
X2

t

σ2
t

)
. (4)

Francq and Zaköıan (2004) give general and weak conditions under which the QMLE

of GARCH processes is consistent and asymptotically normal. They show that the re-

sults hold when the GARCH recursion is initialized e.g. using the first observation of the

process. They also obtain similar results for ARMA-GARCH processes. Under the follow-

ing conditions, Francq and Zaköıan (2004, Theorem 2.1) showed that for a GARCH(p, q)

model,

θ̂T → θ0 almost surely as T → ∞.

(I) θ0 ∈ Θ and Θ is compact.

(II) The top Lyapunov exponent (cf. Francq and Zaköıan, 2004) γ < 0 and for all θ ∈ Θ,∑p
j=1 βj < 1.

(III) ε2t has a non-degenerate distribution with E(ε2t ) = 1.

(IV) If q > 0, the polynomials Aθ0(z) =
∑p

i=1 α0iz
i and Bθ0(z) = 1 −

∑q
j=1 β0jz

j have

no common root, Aθ0(1) ̸= 0 and α0p + β0q ̸= 0, where subscript 0 is used to denote

the parameter evaluated at the ”true” value.
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Under two additional assumptions, Francq and Zaköıan (2004, Theorem 2.2) show that

the estimator is asymptotically normal, i.e.,

√
T
(
θ̂T − θ0

)
→ N

(
0, (1− κε)V

−1
)
as T → ∞

where κε is the kurtosis of the error term (Eε40), and

V := E
(
∂2lt(θ0)

∂θ∂θ⊺

)
.

The additional assumptions are:

(V) θ0 is in the interior int(Θ) of Θ.

(VI) E(ε4t ) < ∞.

Consistency is often proved by verifying high-level conditions that are stated for a

more general M-estimator. The conditions can vary slightly depending on the intended

application. The following theorem, which can be found in Amemiya (1985, Theorem

4.1.1), gives weak consistency under a commonly used version of the conditions. It can

be used to illustrate roughly from where the assumptions in Francq and Zaköıan (2004)

stem. Let k be the number of parameters in a model.

Theorem 1 (Amemiya, 1985, Theorem 4.1.1 ). Suppose that

(C1) The parameter space Θ is a compact subset of Rk.

(C2) The objective function QT (θ) is a measurable function of the data for all θ ∈ Θ, and

QT (θ) is continuous in θ ∈ Θ.

(C3) QT (θ) converges uniformly in probability to a non-stochastic function Q(θ), and

Q(θ) attains a unique global maximum at θ0.

Then

θ̂T
P→ θ0.

Note that C1 is assumed in (I). C2 is a mild regularity condition and is often seen to

hold easily for the Gaussian log-likelihood. C3 requires the most effort. Its verification

can often be split into three parts:

1. Use a law of large numbers to prove that the log-likelihood converges pointwise to

its expectation.

2. Strengthen the condition to hold uniformly by using a criterion known as stochastic

equicontinuity.

3. Show that the log-likelihood attains a unique global maximum at θ0.

8

Condition (II) in Francq and Zaköıan (2004) ensures that the GARCH(p, q) process admits

a strictly stationary solution, which is the main tool that enables an application of the

ergodic theorem to the log-likelihood. This is used to verify the condition in the first

step above. Francq and Zaköıan (2004) do not appeal to stochastic equicontinuity but

use a different, more direct argument to verify that the convergence is uniform. For

an equicontinuity argument in a similar context, see Berkes et al. (2003, Lemma 5.4).

Assumptions (III) and (IV) in Francq and Zaköıan (2004) are identification conditions

and are used to prove that the third step of the verification of C3 holds.

For asymptotic normality, note that the mean value theorem gives, for some θ̄ between

θ̂ and θ0,

∂lT (θ̂)

∂θ
=

∂lT (θ0)

∂θ
+
(
θ̂T − θ0

) ∂2lT (θ̄)

∂θ∂θ⊺ .

At the optimal solution, the left hand side is zero. Multiplying by
√
T and some algebra

yields
√
T
(
θ̂T − θ0

)
= −

[
1

T

∂2lT (θ̄)

∂θ∂θ⊺

]−1
1√
T

∂lT (θ0)

∂θ
.

Now we see that by Slutsky’s theorem, if the first term converges in probability to some

non-singular matrix, and the second term converges to a multivariate random normal vari-

able, then the resulting distribution will be multivariate normal. These convergence results

require the strengthened moment condition (VI) and the increased regularity imposed by

(V). In the GARCH(1,1) case, Lumsdaine (1996) established similar asymptotic results

under a stronger moment assumption based on the existence of the first 32 moments of

the innovations.

2.3 Local stationarity

Verification of the high-level assumptions in the previous section requires mainly two tools

from probability theory: a law of large numbers (LLN) and a central limit theorem (CLT).

As the standard GARCH process analyzed by Berkes et al. (2003) and Francq and Zaköıan

(2004) is strictly stationary, applicable versions of LLNs and CLTs are readily available. In

this thesis, however, the GARCH process that we analyze is nonstationary. To overcome

this, we will use the theory of locally stationary processes. A locally stationary process is

a stochastic process with moments that change sufficiently slowly. Formally, the process

{Xt,T } is said to be locally stationary if (see e.g. Dahlhaus and Subba Rao, 2006)

Xt,T = X̃t(u) +OP

(
|t/T − u|+ 1

T

)
, (5)

where u ∈ [0, 1] and X̃t(u) is a stationary approximation ofXt,T at u. The double subscript

t/T is referred to as rescaled time and is the device that facilitates the asymptotic theory.

To gain some intuition on how the concept works, imagine taking a long time series and

cramming it into the unit interval. As the length of the time series increases, the points in

the interval become horizontally closer to each other. If the time series is nonstationary
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stem. Let k be the number of parameters in a model.

Theorem 1 (Amemiya, 1985, Theorem 4.1.1 ). Suppose that

(C1) The parameter space Θ is a compact subset of Rk.

(C2) The objective function QT (θ) is a measurable function of the data for all θ ∈ Θ, and

QT (θ) is continuous in θ ∈ Θ.

(C3) QT (θ) converges uniformly in probability to a non-stochastic function Q(θ), and

Q(θ) attains a unique global maximum at θ0.

Then

θ̂T
P→ θ0.

Note that C1 is assumed in (I). C2 is a mild regularity condition and is often seen to

hold easily for the Gaussian log-likelihood. C3 requires the most effort. Its verification

can often be split into three parts:

1. Use a law of large numbers to prove that the log-likelihood converges pointwise to

its expectation.

2. Strengthen the condition to hold uniformly by using a criterion known as stochastic

equicontinuity.

3. Show that the log-likelihood attains a unique global maximum at θ0.

8
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but changing slowly, as points are added it will look increasingly stationary in ”zoomed-in”

sub-intervals containing some fixed number of points.

The idea of approximating a nonstationary process locally by a stationary process dates

back to Priestley (1965). The idea has since spawned a substantial literature. Early papers

largely focused on linear models (see e.g. Dahlhaus, 1997, 2000). See Dahlhaus (2012) for

a review of the early literature. More recently, several authors have used the theory of

locally stationary processes to analyze non-linear processes such as GARCH. For example,

Dahlhaus and Subba Rao (2006) study locally stationary ARCH processes and discuss

how to estimate their parameters. Subba Rao (2006) conducts a theoretical investigation

of the general class of non-linear locally stationary processes to which GARCH belongs.

Chen and Hong (2016) expand on the theory in the aforementioned papers to propose

methods for fitting and evaluating the need for time-varying parameter GARCH models

(tvGARCH). An important and relatively recent paper in this literature is Dahlhaus et al.

(2019). In the paper, the authors provide conditions under which general non-linear locally

stationary processes satisfy a global LLN and CLT. The main requirement is a smoothness

condition imposed on the function that generates the process. The smoothness condition

is formulated in terms of Hölder continuity : A function f is said to be Hölder continuous

if for any two points a and b in its domain it holds

|f(a)− f(b)| ≤ C |a− b|ρ , (6)

where ρ > 0 and C ≥ 0. If ρ = 1, the function is Lipschitz continuous. Note that by the

triangle inequality, we can perform the decomposition

∣∣∣Xt,T − X̃t(u)
∣∣∣ ≤

∣∣∣Xt,T − X̃t(t/T )
∣∣∣+

∣∣∣X̃t(t/T )− X̃t(u)
∣∣∣ .

A smoothness condition of the type (6) is then used to show that

E
∣∣∣Xt,T − X̃t(u)

∣∣∣ ≤ C1

(
1

T

)
+ C2 |t/T − u| , (7)

for constants C1 and C2. The inequality (7) can now be compared with the definition (5)

to provide intuition. For a more detailed argument, see Subba Rao (2006) and Dahlhaus

et al. (2019).

2.4 Testing when nuisance parameters are unidentified under the null

Consider the non-linear regression model

Yt = β⊺Xt + λG(Zt,π) + εt, (8)

where εt is an IID error term, Xt is a vector of regressors and G(·) is some nonlinear

function of another vector of regressors Zt. The parameter vector is θ = (β⊺, λ,π⊺)⊺ .

Under many parameterizations of G(·), the parameters in π will be unidentified if λ = 0.

Intuitively, if λ = 0, then it does not matter what parameter vector π we choose for the

10

function G(Zt,π): it will have no impact the regression relationship. However, it is often

of interest to test the null hypothesis λ = 0, i.e to test a parsimonious linear model against

a non-linear alternative. Due to the unidentified parameters, standard methods cannot

be applied to construct misspecification tests. The problem of constructing tests when

nuisance parameters are unidentified under the null was first considered by Davies (1977)

in the normally distributed test statistic case, and in the χ2-case by Davies (1987).

A common solution in the literature has been to Taylor expand the function G(·)
around the null hypothesis. The approximating Taylor polynomial has linear coefficients

that are identified and equal to zero under the null. The asymptotic distribution of the

resulting test statistic is thus standard. This type of test was suggested by Luukkonen

et al. (1988). In particular, an LM-type test based on a third order Taylor polynomial

will lead to a statistic with an asymptotic χ2(3)-distribution. Due to the computational

simplicity of this procedure, it remains a popular way of devising misspecification tests

in non-linear models. In the second paper of the thesis, we use this method to construct

tests against the model that we propose in the first paper.

Another common solution to the identification problem is to maximize a suitable test

statistic over fixed values of the unidentified nuisance parameters. A test constructed in

this way is called a sup test. Typically, for each fixed π, the resulting test statistic will

have a standard asymptotic distribution. However, as we are taking the maximum over a

sequence of test statistics, the resulting statistic will have a non-standard asymptotic dis-

tribution. Hansen (1996) examines this problem in depth and proves several useful results

for conducting sup tests in regression models. The author shows that under regularity

conditions, for common test statistics such as Wald and LM tests, which in standard cases

are asymptotically distributed as χ2(p), where p denotes the degrees of freedom of the

distribution, the asymptotic test statistic will follow a distribution that is a functional of

a χ2-process. The test is carried out many times with varying values of the unidentified

parameters, so the resulting sequence of test statistics can be thought of as a dependent

stochastic process in π. The asymptotic distribution is usually not available in closed form,

so it is approximated by simulation. Hansen (1996) suggests a procedure for simulating

the asymptotic distribution and proves that it will yield asymptotically correct p-values.

All things considered, the procedure for conducting a sup test is computationally

demanding. First, the test statistic is found by maximization over a possibly multidi-

mensional subspace of the parameter space. Second, its asymptotic null distribution is

approximated by repeating the maximization problem many times for simulated draws of

null statistics. It is therefore a great advantage if the estimation required to calculate the

test statistic can be carried out by ordinary least squares (OLS): numerical maximization

is slower and subject to potential errors due to e.g. local optima in some DGPs. Note that

for π fixed, the model (8) can be fitted by OLS. This observation will be important in the

third paper of the thesis, where we construct a sup test for testing a standard GARCH

model against a model of the type that we propose in the first paper.
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∣∣∣ .
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E
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(
1

T
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2.5 Stochastic volatility

The basic autoregressive stochastic volatility model of order one (ARSV(1), Taylor, 1986)

is given by

Xt = σ̄e
1
2
htεt, (9)

ht = β1ht−1 + σηηt, (10)

where {εt} and {ηt} are IID standard normal sequences of random variables and σ̄, β1 and

ση are parameters. It is assumed that ση > 0. The model is weakly stationary under the

assumption |β1| < 1.

Like GARCH, the ARSV model is used to model heteroskedastic time series such as

stock returns. There are mainly three differences between GARCH and ARSV models.

First, notice that (10) is entirely latent: it does not contain any terms involving the

observed returns. Second, it features a stochastic innovation ηt. Third, the term ht enters

as an exponent in (9), meaning that the latent component can be interpreted as modeling

the logarithm of the conditional variance.

Estimation is complicated by the fact that the log-likelihood of the model given by

(9) and (10) contains latent terms. It is therefore not possible to simply write down

an analytic expression for the log-likelihood and maximize it. To overcome this, several

methods of estimation have been proposed in the literature. A common starting point in

many of these methods is to log-linearize the model. Squaring and taking logarithms of

(9), we obtain

log(X2
t ) = log(σ̄2) + ht + log(ε2t ). (11)

Nelson (1988) and Harvey et al. (1994) show that by treating log(ε2t ) in (11) as approxi-

mately normal, the ARSV model admits a linear Gaussian state space representation. A

QML estimator can then be constructed via the Kalman filter.

The linear Gaussian state space formulation is given by:

yt = Ztαt + ε̃t, ε̃t ∼ N(0, Ht) (12)

αt = T tαt−1 + ηt,ηt ∼ N(0,Qt) (13)

with yt = log(X2
t ) and

αt =

[
ht

log(σ̄2)

]
,T t =

[
β 0

0 1

]
,Qt =

[
σ2
η 0

0 0

]
,

Zt =
[
1 1

]
, Ht = π2/2.
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The Kalman filter is given by

vt = yt −Ztαt, Ft = ZtP tZ
⊺
t +Ht

Kt = (T t+1P tZ
⊺
t )F

−1
t , Lt = T t+1 −KtZt,

αt+1 = T t+1αt +Ktvt, P t+1 = T t+1P tL
⊺
t +Qt+1.

The log-likelihood emerges as a byproduct of the Kalman filter (see e.g. Durbin and

Koopman, 2012, p. 35):

logL(Y |θ) = −1

2

T∑
t=1

(log(2π) + log |Ft|+ v⊺t F
−1
t vt).

The resulting estimator is consistent and asymptotically normal under regularity con-

ditions, but not efficient (Ruiz, 1994). The inefficiency is caused by approximating log(ε2t )

as normal. This was remedied by Sandmann and Koopman (1998), who propose using

the method of Monte Carlo maximum likelihood (Durbin and Koopman, 1997) to esti-

mate stochastic volatility models. The method works by using importance sampling to

integrate the unobserved state vector out of the likelihood in a numerically efficient way.

The integration problem is:

L(Y |θ) =
∫

p(Y, α|θ)dα, (14)

where p(·) is a presumably non-Gaussian density function. Now, pick an approximating

Gaussian model and denote the measure of the probability taken with respect to it by

g(·). Multiply and divide (14) by g(α|Y,θ) and do some algebraic manipulation:

L(Y |θ) =
∫

p(Y, α|θ)
g(α|Y,θ)

g(α|Y,θ)dα

= g(Y |θ)
∫

p(Y, α|θ)
g(Y, α|θ)

g(α|θ)dα

= Lg(Y |θ)Egw(α, Y,θ). (15)

This shows that the likelihood can be multiplicatively decomposed into two factors. The

first factor in (15) is simply the likelihood of the approximating Gaussian model and can

thus be easily obtained by the Kalman filter. The second factor is the expectation of

a fraction that is referred to as the importance weight. Importantly, the expectation is

taken with respect to the measure induced by the approximating Gaussian model. This

part of the likelihood is evaluated by simulation. Using an algorithm called a ”simulation

smoother” (see De Jong and Shephard, 1995), it is possible to obtain IID draws of the

importance weights w(α, Y,θ). Under regularity conditions, the sample average of these

draws will converge to the expectation in (15). Sandmann and Koopman (1998) point out

that this decomposition is computationally advantageous as it does not require that the

entire likelihood is evaluated by simulation. The importance weights can be interpreted
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as measuring departures from Gaussianity. Thus, only the part of the likelihood that is

not captured by the Gaussian approximating model requires evaluation by simulation.

In practice, the log-likelihood is maximized. This introduces some bias that can be

approximately corrected by means of a Taylor expansion (Durbin and Koopman, 1997).

The function to be maximized is thus

ln L̂(Y |θ) = lng(Y |θ) + ln w̄ +
s2w
2M

, (16)

where w̄ is the sample mean of the importance weights, s2w stems from the bias correction

and is the sample variance of the importance weights and M is the number of importance

samples used when evaluating the density. Sandmann and Koopman (1998) argue that a

relatively small number of samples (such as M = 5) will suffice to accurately evaluate the

log-likelihood. Due to the computational efficiency, e.g. M = 20 is reasonable.

3 SUMMARY OF PAPERS

3.1 Paper 1

We propose a GARCH model augmented by a parametric time-varying intercept. We call

the model the additive time-varying (ATV-)GARCH model. The intercept is parameter-

ized by a generalized logistic transition function. The model can be intepreted in two

ways: as asymptotically equivalent to a multiplicative decomposition of volatility, and as

a time-varying (tv)GARCH model. Due to time variation in the parameters, tvGARCH

processes are nonstationary. However, under appropriate assumptions (see Subba Rao,

2006), they are locally stationary.

Local stationarity enables a meaningful theory of estimation and inference by (quasi-)

maximum likelihood (QML). We show that the QML estimator (QMLE) is consistent and

asymptotically normally distributed. The standard GARCH QMLE theory is relatively

new, with many important contributions during roughly the last 20 years (see Berkes et

al., 2003 and Francq and Zaköıan, 2004). We adapt the standard theory to our model.

The main problem is that in order to prove consistency and asymptotic normality of the

QMLE, one needs a law of large numbers and a central limit theorem. The traditional

theory uses the ergodic theorem and a CLT for martingale difference sequences. Due to

the nonstationarity of our model, these are not applicable. A first step towards a general

theory of non-linear locally stationary processes was taken by Dahlhaus et al. (2019). We

use this theory to arrive at our results. To examine the small sample properties of the

estimator, we conduct a simulation study. The simulations show that the large sample

approximations involved are cogent in moderate sample sizes.

We demonstrate the usefulness of the model by applying it to the returns of the Amer-

ican software company Oracle. We find strong evidence in favour of time-variation in the

intercept of the model. As compared to a GARCH(1,1), the fitted ATV-GARCH(1,1)

exhibits lower persistence. This is line with a hypothesis put forward by Diebold (1986),

who argues that omitted time-variation in the GARCH intercept can overstate estimates
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of persistence.

3.2 Paper 2

The ATV-GARCH model is unidentified under constancy of the intercept. It is therefore

imperative to test for time-variation in the intercept before attempting to fit the model.

However, the identification problem complicates inference. In this paper, we solve this

problem by deriving LM-type tests against time-variation in the GARCH intercept. The

tests are based on the commonly utilized Luukkonen et al. (1988) methodology of approx-

imating the unidentified non-linear function by a Taylor series around the null hypothesis.

We consider the method in Wooldridge (1990) to correct for potential distributional mis-

specification.

We conduct an extensive simulation study to examine the size- and power properties

of the test. The time-varying intercept is parameterized by a combination of logistic

transition functions. We examine the performance of the test when it is used sequentially

to determine the appropriate number of transition functions. We consider three different

cases: testing zero against one transition function, zero against two transition functions,

and one against two transitions. We find that the test has high statistical power against

all specifications except when testing one against two transition functions when both

transitions are monotone and in the same direction. The size varies with the persistence

of the underlying series but is close to the nominal level for long time series.

We apply the test to returns on the implied volatility index VIX. We find strong

statistical evidence in favour of smooth structural change in the form of an increase in

the intercept of the VIX conditional variance, leading to an increase in the unconditional

volatility.

3.3 Paper 3

We detail a two-step procedure that can be used to conduct misspecification tests against

an omitted additive non-linear function in the conditional variance equation of GARCH-

type models. First, we specify a null hypothesis and fit a standard GARCH model that

agrees with the null. Second, we extend the model by a non-linear function of an additive

component and rewrite the formulation in terms of an ARMA model in the squared data.

Conditional on the estimate of the conditional variance from the first stage, the resulting

model can be fitted by ordinary least squares. We use a Wald-type test to test the null

hypothesis of a standard GARCH against the extended formulation. To correct for con-

ditional heteroskedasticity, we consider a robust test. We examine a scenario where the

non-linear function of the additive component is unidentified under the null-hypothesis.

This means that tests based on standard likelihood inference cannot be easily calculated

and feature non-standard asymptotic distributions. A common solution of the identifi-

cation problem has been to maximize the considered test statistic over the unidentified

components. A test statistic obtained in this way is called a supremum or sup test.

Sup tests are uncommon in the GARCH literature. One reason for their infrequent use
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might be that GARCH-type models are usually fitted by numerical optimization methods.

In addition, quantities such as the score and the Hessian of the log-likelihood function are

needed for inference, and these are also approximated numerically. The maximization

of the test statistic over the unidentified parameters can be computationally intensive.

Further, the asymptotic distribution of the test statistic usually needs to be approximated

by simulation. Thus, the computational burden and amount of approximation might be

deemed too great to fit into the sup test methodology. Perhaps consequently, a large part

of the theoretical literature on sup tests is based on linear models. By writing our model

in its linear ARMA representation, these issues are largely resolved.

We prove that conditional on observing the conditional variance, the test statistic is

asymptotically distributed as a functional of a χ2-stochastic process. In practice, the test

relies on an initial estimate of the conditional variance. This is in essence a generated

regressor problem. In congruence with a large part of the literature on generated regres-

sors, we find that it is necessary to correct inference for sampling variation induced by the

first-stage estimation procedure. We propose a simple way of doing so. The resulting test

statistic is relatively computationally convenient and works well in practice. We compare

the new test to the method proposed in the second paper of this thesis and find that it

performs favourably. We use both tests in two empirical applications and conclude that

they can be used in conjunction to better inform modeling choices.

3.4 Paper 4

In the fourth paper, which is single authored, I reconsider a parameterization of a rela-

tionship between equity volatility, asset volatility and leverage in Engle and Siriwardane

(2018), henceforth ES. ES use the Merton (1974) observation that equity can be considered

a call option on a firm’s assets to derive an approximate relationship expressing equity

volatility as a multiplicative decomposition of two factors: asset volatility and a so-called

”leverage multiplier”. Under economically sensible assumptions, the leverage multiplier

is increasing and concave in leverage. The relationship thus captures a notion that is

standard in financial economics: leverage makes equity more risky. Contrary to standard

volatility models, models in this class are explicitly motivated by financial theory. They

connect volatility to the exogenous input debt, over which the managers of a firm ex-

ercise discretion. They can thus be used in applications to provide insights beyond the

capabilities of standard models.

ES model the asset volatility component as a GARCH process. I argue that the ARSV

model might be a better model of asset volatility. In particular, as the market value of

assets is a latent process, it makes sense to model its volatility as not depending on any

inputs. Further, as the ARSV model is a model of the log-volatility, the multiplicative rela-

tionship between asset volatility and leverage becomes log-linearized. The log-linearization

makes it possible to write the structural model as a stochastic volatility model with a co-

variate in the variance equation, which is a specification that has been studied in the

literature. Consequently, tools from the standard stochastic volatility framework become

16

available for use.

To improve the empirical utility of the model, I use the log-linearization to devise a

way of conducting misspecification tests against volatility asymmetry. I propose using a

connection derived by Asai (1998) between stochastic volatility and a logarithmic GARCH

model. The author shows that the ARSV model can be interpreted as a log-GARCH

model with a fat-tailed innovation distribution. The log-likelihood of the log-GARCH

model is observed and easy to deal with. To construct a misspecification test, I fit the null

ARSV model, transform it into its log-GARCH representation and derive a regression-

based LM test for the transformed model. Asai (2000) uses a similar approach to test for

serial correlation in a stochastic volatility framework, but otherwise this method seems

unexplored. Standard regression-based LM tests require the assumption that the errors

of the model are normally distributed, which is violated due to the fact that the null is

stochastic volatility. To correct for this, I use a procedure proposed by Wooldridge (1990)

to construct a test against volatility asymmetry in the spirit of Engle and Ng (1993).

A simulation study shows that the test does reasonably well in small samples when the

signal-to-noise ratio of the data is high or moderate.

The fact that the log-likelihood is unobserved complicates the statistical treatment of

the new model. In the case of estimation, several methods have been proposed in the

literature to deal with the latent objective function. I find that the method of Monte

Carlo maximum likelihood by Sandmann and Koopman (1998) works well in my case. As

the method can be used to approximate an ML estimator arbitrarily closely, it is efficient

under distributional assumptions. Further, it enables testing nested models against each

other by way of a likelihood ratio test. I also consider the inefficient but fast and flexible

QML method by Nelson (1988) and Harvey et al. (1994).

I utilize the new model in two empirical applications. First, I use it to test if the

leverage effect is due to leverage. In line with previous research, I find that financial

leverage does explain a part of the leverage effect, albeit a small one. Second, I consider

a case study where I show how a financial manager can use a multivariate structural

stochastic volatility model to analyze counterfactual leverage scenarios. In conclusion, the

paper provides highly usable tools for practitioners and academics who are interested in

modeling volatility while taking leverage into account.
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EKONOMI OCH SAMHÄLLE
ECONOMICS AND SOCIETY

Time series of squared returns are typically highly 
autocorrelated. This has led to a voluminous literature 
on volatility modeling. Broadly speaking, there are 
two main classes of volatility models: Generalized 
Autoregressive Conditional Heteroskedasticity 
(GARCH) models and stochastic volatility models.

In the first three papers of this thesis, my co-authors 
and I propose and examine an empirically motivated 
extension of the GARCH model. We augment the 
GARCH conditional variance by a time-varying 
intercept. This specification entails mainly two 
theoretical challenges. Firstly, the time-variation in 
the intercept makes the model nonstationary. This 
complicates the proofs of the two results that typically 
function as cornerstones of inference in time series 
models: consistency and asymptotic normality of 
the (quasi-) maximum likelihood estimator. In the 
stationary case, these results are known to hold 
under mild conditions. In the first paper, we use the 
theory of locally stationary processes to prove that the 
results continue to hold for our model under slightly 
stronger but empirically reasonable assumptions. The 
second challenge is that the parametric function that 
we use to model the time-variation in the intercept is 
unidentified if the intercept is constant. This makes it 
necessary to test for a type of additive misspecification 
before attempting to fit our proposed model. 
However, the identification problem complicates 
this type of inference. The second and third papers 
propose solutions.

In the last paper, I consider a stochastic volatility 
model that is motivated by financial theory. A 
commonly accepted and well motivated prediction of 
financial theory is that financial leverage makes equity 
more risky. The theory is based around a structural 
model of the firm in which equity is modeled as a 
call option on the firm’s assets. A recent contribution 
in the GARCH literature has exploited this to propose 
a so-called structural GARCH model. I use the 
same reasoning to propose a parameterization in 
the stochastic volatility class: a structural stochastic 
volatility model. As the model is of the stochastic 
volatility type, inference is more complicated than 
in the GARCH case. By a close study of the literature 
on estimating stochastic volatility, I find that the 
methods of quasi maximum likelihood and Monte 
Carlo maximum likelihood work well for the proposed 
model. I use the methods to develop a framework 
for estimation and misspecification testing. I provide 
two empirical examples that highlight the utility and 
relevance of the model.
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