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Abstract:

In the thesis, we look at an inner model of ZFC called C(aa). It was first
constructed and investigated by Juliette Kennedy, Menachem Magidor and
Jouko Véaénéanen in their article Inner Models From FExtended Logics: Part 2.
It is similar to Godel’s constructible universe, but instead of using definability
in first-order logic in the construction, it uses definability in stationary logic.

Stationary logic is an extension of first-order logic with a second-order
quantifier aa (“almost all”). Essentially, this quantifier tells you whether a
definable subset of the set of countable subsets of a model contains a club.
Stationary logic has many similar properties as first-order logic — such as
completenss and compactness — making it a very natural logic to study.

In order to investigate C(aa), Kennedy, Magidor and Vaanénen proved
(under large cardinal asssumptions) that its levels satisfy something called
club determinacy. Under club determinacy, all regular cardinals of V' are
measurable in C(aa). They also developed the theory of aa-mice and aa-
iterations, which yield a Theorem similar to G6del’s condensation Lemma in
L. We will do this here as well. However, many of our definitions are slightly
different. Most notably, Kennedy, Magidor and Vaanénen use a definition of
C'(aa) that is reminiscent of the Jensen hierarchy, since due to a technicality,
the levels of the hierarchy need to be closed under pairing. However, following
Gabriel Goldberg and John Steel in their paper The structure of C(aa), we
circumvent this issue by instead using a more complicated pairing function.
Thus, our definition of C'(aa) is more in line with the traditional construction
of Gédel’s constructible universe.

In the last section, we use the techniques developed earlier to prove sev-
eral combinatorial properties of the initial segment of C'(aa). First, we ex-
tend Kennedy’s, Magidor’s and Vdanénen’s proof of diamond in C(aa) to
diamonds for all regular cardinals below w}". Then, we look at a reflection
principle from the book Generalized Descriptive Set Theory and Classifica-
tion Theory by Friedman, Hyttinen, and Weinstein (Kulikov). Lastly, we
show that every regular, not ineffable, cardinal x < w} in C(aa) has a O;f-
sequence in C(aa). In all of these Theorems, we assume club determinacy.

Keywords: constructible universe, diamond, inner model, stationary logic,
stationary tower forcing



Contents

1 Introduction

2 Stationary logic and C(aa)
2.1 Syntax and semantics of stationary logic . . . . . . . ... ..
2.2 The Quine-Rosser pairing function . . . . . ... .. ... ..
2.3 Constructing Caa) . . . . ... ... . L.
2.4 The canonical well-ordering of C'(aa) . . . . . ... ... ...

3 Club determinacy
3.1 Basic properties of C(aa) . . . ... ... ... ... .....
3.2 A short guide to stationary tower forcing . . . . . . . . .. ..
3.3 Obtaining club determinacy . . . . . . .. .. ... ... ...

4 Developing the theory of aa-mice
4.1 aa-premice . . . . ... oo e
4.2 ag-ultrapowers . . .. ...
4.3 Tterating aa-ultrapowers . . . . . . . ... ... ...

5 Combinatorial properties of C(aa) below w{’

5.1 Diamonds . . . . . . . . .. ...
5.2 A reflection principle regarding ¥i-formulas . . . . . . . . ..
5.3 Morediamonds . . . . . . ... ..o
5.4 Some final remarks . . . .. ..o o0

Bibliography

16
16
18
20

26
26
28
37

40
41
42
43
46

47



Chapter 1

Introduction

An inner model of ZF is a transitive class that contains all ordinals and
satisfies the axioms of ZF. Godel’s constructible universe L is the most well-
known example. It was introduced by Gdédel in 1939 in order to establish
the consistency (relative to ZF) of axiom of choice, as well as the generalised
continuum hypothesis. Since then, the study of inner models has evolved
into an independent area of research.

The standard definition of the constructible universe is as follows:

Lo=10
LOH_]_ = def(La)
Lg= U L, if B is a limit ordinal
a<f

L:ULa

aeOrd

Here, def(L,) is the set of all subsets of L, that are definable (from param-
eters) in first-order logic. In the articles Inner Models from Extended Logics:
Part 1 [8], and Part 2 [9], Juliette Kennedy, Menachem Magidor and Jouko
Vaandnen have explored what happens if definability in first-order logic is
replaced by definability in some extension of first-order logic. In their second
article, they introduce the inner model C'(aa), which arises from stationary
logic. They prove, assuming large cardinal assumptions, that every regular
cardinal of V' is a measurable cardinal in C'(aa). This makes this inner model
very different from L, since the existence of measurable cardinals is incon-
sistent with the axiom V = L. Furthermore, one of the main goals of inner
model theory is the construction of inner models with similar properties as L,
but allowing large cardinals that are incompatible with L. Kennedy’s, Magi-
dor’s and V&anidnen’s approach is quite different from the usual approach
involving so called extender models.

Stationary logic was first studied extensively in the article Stationary
logic by Jon Barwise, Matt Kaufmann and Michael Makkai. It is an exten-



sion of first-order logic with a second-order quantifier “aa”, expressing that
“for almost all countable subsets”. This is formalised using a generalisation
of closed unbounded sets (club sets). In countable languages, stationary
logic satisfies both completeness and compactness. There’s also a downward
Léwenheim-Skolem Theorem, saying that every consistent theory in a count-
able language has a model of cardinality wy. Thus, stationary logic has many
of the desirable properties of first-order logic, motivating its study.

This thesis has two goals. The first is to construct C(aa) in detail and
develop the tools that are needed to understand its properties. Here we
are closely following the article Inner Models from Extended Logics: Part
2. However, our definition of C'(aa) is different. The most straightforward
definition of C'(aa) is the following:

Co:=0
Cos1 = defeq(Ca)
Cp:= | J Ca, if B is a limit ordinal
a<f

C(aa) := U Ca,

a€eOrd

where defyq(Cy) is the set of all subsets of C, definable in stationary logic.
However, it is an open question whether this construction satisfies axiom of
choice. In the canonical proof of axiom of choice in L, one uses the fact that
{Ls | B < a} is a definable subset of L,, whenever « is a limit ordinal. It
is not clear whether this is true for the sets C,. In the proof, one also uses
the fact that the first-order satisfaction relation is absolute. This is not the
case for stationary logic. However, it is possible to circumvent these issues
by adding a predicate to each level C. The predicate codes facts about
the earlier levels. To be able to do this, we need that C\ is closed under
ordered pairs. This is not true if we define ordered pairs in the standard
way. Kennedy, Magidor and Vaanénen solved this issue by instead defining
C(aa) in an entirely different way, using so called rudimentary functions.
We will not be doing this. Instead, we will introduce a more complicated
pairing function, and define C'(aa) in a similar way as above. This is the
definition of C(aa) that Gabriel Goldberg and John Steel use in their article
The structure of C(aa) [4].

The second goal of this thesis is to show in detail how the techniques
developed by Kennedy, Magidor and Vaanénen can be used to investigate
the combinatorial structure of C(aa). Most notably, we prove that every
regular, not ineffable cardinal k < wY has a ¢;F-sequence.

Throughout the thesis, the reader is assumed to be familiar with basic
notions of set theory. In particular, club and stationary sets on ordinals,
the constructible universe L and basic definitions related to forcing. Some
experience with large cardinals might also be useful. For an introduction to



club and stationary sets, we refer the reader to chapter 8 in Jech’s book Set
Theory [6]. For the constructible universe, we refer the reader to chapter 13
in Jech. For forcing, we refer the reader to chapter IV in Kunen’s book Set
Theory [10].

Some comments on notation: We write @, b, ... for tuples. The length of
a tuple is denoted [a|. If f is a function and @ = (ay, ..., an—1), then by f(a)
we mean the tuple (f(aop), ..., f(ap—1)). With f[A], we mean the image of A
under f,i.e. theset {f(a)|a € A}. If k is a cardinal, then P, (A) is the set of
all subsets of A of cardinality strictly less than x. We use letters M, N, H,...
for structures. It is implicit that their corresponding domains/universes are
M, N, H,... For formulas ¢, we write ¢(Z) to indicate that all free variables of
@ are among T = (xq, ..., Tn—1). A formula with parameters ¢(a) is identified
with the tuple (p,a). We denote our set-theoretical universe with V. In
almost every case, the formulas we talk about are elements of V', i.e. they
are not meta-mathematical formulas. When the vocabulary is countable, the
formulas are identified with natural numbers.

There’s a generalisation of L that we occasionally will be using in some
arguments. Let A and M be sets and def4 (M) the set of all X C M such
that X is definable in first-order logic over the structure (M, €, AN M). We
define the class L[A] as follows:

LO [A] = @
Lo1[4] := defa(La[A4])
LglA] == U L,[A4], if 8 is a limit ordinal
a<f

LIA] == ] La[4]
aeOrd

This is an inner model of ZFC. Furthermore, if M is any inner model
of ZFC such that AN M € M, then L[A] C M (Theorem 13.22 in Jech).

There’s also another common generalisation of L, denoted L(A):

Lo(A) := the transitive closure of {A}
Lot1(A) :=def(Ly)
Lg(A) = U L,(A), if B is a limit ordinal
a<f

L(A) = ] La(4)

a€e0rd

This is the least inner model of ZF containing A. It is worth noting that
L(A) need not satisfy axiom of choice.

The inner model C(aa) is particularly interesting since it allows the ex-
istence of measurable cardinals (contrary to L). A cardinal k is measurable



if there’s a non-principal, k-complete ultrafilter on k. An ultrafilter is called
k-complete if it is closed under intersections of size strictly less than x. Mea-
surable cardinals are inaccessible, so their existence cannot be proved from
ZFC alone. Furthermore, x is measurable iff there’s an elementary embed-
ding j : V — M C V, such that M is an inner model and x is the critical
point of 7, i.e. k is the least ordinal such that j(x) > k. For more information
about measurable cardinals, see chapter 10 and 17 in Jech.

Lastly, a remark on club and stationary sets. These are often only de-
fined for regular cardinals, or ordinals of uncountable cofinality. However,
especially in Chapter 5, we will need these notions for all limit ordinals.
Thus, the definition we will be using is the following:

Definition 1.0.1 (Club and stationary sets). Let o > w be a limit ordinal.
A subset C C « is a club in « if the following two conditions hold:

1. C is unbounded in «, i.e. for every 8 < « there’s v > [ such that
veC.

2. If B < « is a limit ordinal such that sup(C N 3) = 3, then g € C.
A subset S C « is stationary, if for all club C C o, SNC # ().

It is clear that this definition also works in the case that cf o = w.



Chapter 2

Stationary logic and C(aa)

2.1 Syntax and semantics of stationary logic

A vocabulary 7 for stationary logic is a set of constant symbols and relation
symbols. To define the syntax of stationary logic, we will need both first-
order variables x,v, z, ..., and second-order variables X,Y, Z,.... We assume
that there’s only countable many variables of each kind.

Definition 2.1.1 (Stationary logic formulas). Let 7 be a vocabulary for
stationary logic. 7-formulas are defined inductively as follows:

1. Atomic formulas: If 2,y are first-order variables (or constants), then
“r =19” is a formula. If X is a second-order variable and x is a first-
order variable (or a constant), then “X (z)” is a formula. If R € 7 is an
n-ary relation symbol and (zo, ..., zp—1) is an n-tuple of variables (or
constants), then “R(zg, ..., ,—1)" is a formula.

79

2. If ¢, are formulas and x is a first-order variable, then “(p A1), “—¢
and “Jdzy” are formulas.

3. If ¢ is a formula and X is a second-order variable, then “aaX¢” and
“statX ¢’ are formulas.

We will also use standard abbreviations such as V, V, — and <>. The set
of all 7-formulas of stationary logic is denoted Lqq(7). This is the least set
closed under the above operations. Given a 7-structure M, we occasionally
write Lgq(M) for Laq(7). If 7 is countable, Lq4(7) is identified with a subset
of w.

When talking about formulas, we will exclusively use lowercase letters
for first-order variables and uppercase letters for second-order variables. The
same will be done for parameters.

The following definition is a natural generalisation of club and stationary
sets, and it will serve as the basis for the semantics of stationary logic.



Definition 2.1.2. Let x be a regular cardinal and M a set. Then C C
P.(M) is a club in P, (M) if the following holds:

1. Cis closed: For all a < k, if (4;)i<q Is an increasing sequence of sets
in C,ie. A; C A; whenever 1 < j < a and A; € C for every ¢ < a,
then U;.oA; € C.

2. C is unbounded: For every A € P,(M), there’s B € C such that
B2 A.

S C Pu(M) is said to be stationary in Py(M) if SN C # () for every club
C CPu(M).

Definition 2.1.3. Let M be a 7-structure with domain M and ¢(X,T,Y) €
Laa(7). Then for all @ € M? and B € P,,, (M),

ME aaXp(X,a,B) <= {A € P, (M) | ME ¢(A,a,B)}
contains a club in P,, (M)
ME statX (X, @, B) <= {A € P, (M) | Mk ¢(A,a,B)}
is stationary in P, (M)
For a € M and A € P, (M), we put M E A(a) <= a € A. The inter-

pretation of first-order connectives and quantifiers is defined in the standard
way.

When interpreting a formula in a model M, first-order variables are as-
signed elements of M, whereas second-order variables are assigned countable
subsets of M.

Example 2.1.4. The quantifiers aa and stat have a similar relationship as
the existential and universal quantifier in first-order logic. Let M be any
r-structure, o(X,%,Y) € Lao(7), @ € M and B € P,,, (M)Y']. Then,
ME —~aaX—¢(X,a,B) < {A € P,, (M) | M EF —p(A,a,B)}
does not contain a club in P, (M)
= {AeP,(M)| ME p(A,a,B)}
intersects every club in Py, (M)
= M F statXo(X,a, B)}

So stat is definable using aa. In this thesis, we will mostly be using aa.

Example 2.1.5. Having cofinality w is expressible in stationary logic, as
witnessed by

Y(x) =aaXVyly ez - Iz(y€e zNz ez N X(2)))



That is, if o is an ordinal and M is a transitive set containing «, then
(M,e)E¢(a) <= cfa=w (inV).

To see this, first suppose that (M, €) E ¥(a). Then there’s a club C' C
P, (M) such that for all A € C, A is cofinal in a. In particular, C is
non-empty and A is countable. Thus, « has cofinality w.

Now assume that cf @« = w. Let B € P, (M) be such that B is cofinal
in @ and let C :={D € P,,,(M) | D O B}. Then C is a club and,

CC{AeP,(M)| (M,e)EVy(ye a— Fz(y e zNz € aNAz)))}
Thus, (M, €) E ¢(a).

Definition 2.1.6 (u-club). Suppose that x and p are regular cardinals with
1 < k. A subset ¢ C k is called a u-club if the following holds:

1. ¢ is unbounded in k.

2. If @ < k has cofinality p and sup(c N «a) = a, then « € c.

Example 2.1.7. Given a regular cardinal £ > w, consider the following
formula:
P(x) := aaX (sup(X Nk) € z)

Note that we abuse notation here. X is a second order variable whereas k is a
first order parameter. However, we can express that z is in “X Nk” using the
formula “ X (x)Ax € k”. Defining supremum of this set is also straightforward,
so we omit the details. The point is that the formula expresses that x contains
an w-club of k. That is, given a C k and a transitive set M such that Kk € M,
we have that

(M, €) E (a) <= a contains an w-club (in V)

Let’s prove this statement. For “=", suppose that (M, €) F ¢(a). Then
there’s a club C' in P, (M) such that

CC{AeP, (M)]|sup(ANk) € a}

We claim that ¢ := {sup(ANk) | A € C} C a, is an w-club in k. Given
a < K, there’s A € C such that « € A. Hence, a« < sup(ANk) € ¢ and ¢
is unbounded. Now assume that a; € ¢, i < w, is an increasing sequence.
Then we have corresponding A; € C such that «; = sup(4; N k) for all
i < w. Furthermore, U;«,A; € C and U;<pa; = sup((Uj<,4;) N k). Thus,
Ui<way; € ¢ and c is closed under increasing w-sequences.

For the other direction, assume that ¢ C a is an w-club. We show that
C:={A € P,(M) | sup(ANk) € ¢} is a club in P, (M). Given B €
P, (M), there’s a > sup(BNk) such that o € ¢. Take any A € P, (M) with
A D B and sup(ANk) =a. Then A € C, so C is unbounded. Now suppose
that (A;)i<w, is an increasing sequence of sets in C'. Then U;<,A; € C since
sup((Uj«wAi) N k) € c. Therefore, C is a club.



In Chapter 4, we will need a concept of relativisation for aa-formulas.

Definition 2.1.8. Let 7 and o be vocabularies such that ¢ C 7. Let M
be a 7-structure and N a o-structure and suppose that A is a submodel of
M (restricted to o) with ' € M. Furthermore, suppose that o contains €,
with its natural interpretation. Let ¢ € Lqq(0). We define the relativisation
of o to N, ¢V, as follows:

L (=9 i=(z=y).
2. If R € o is a relation symbol, then (R(Z))V := R(Z).

3. If X is a second-order variable and z is first-order, then (X (z))V :=
X(z) ANz € N.

e AN = N Ay,
—p)V sDN~

(
(

6. (Frp(x ))N = 3z(z € N AN (2)).
(

a0 X (X)) = aaX (o (X)).

Lemma 2.1.9. Let M and N be as in definition 2.1.8. Let ¢(T,Y) €
Loa(0), @€ NPl and A € P, (M)Y]. Then,

7.

ME N(@ A) < NE pa, ANN)

Proof. The proof is by induction on the structure of . If p(z) = X (), then
for all A€ Py, (M) and a € N,

ME (A(@)N < ME A(a) Aae N < N E (AN N)(a)

Here, “(A N N)(a)” means that a € AN N, but we want to distinguish
between first-order and second-order parameters. The other atomic cases
are straightforward. Now suppose that ¢ = (¥ A x), @ € N<¥ and A €
Py, (M)<¥. Then,

ME N (a,A) <= ME N (@, 4) AN (@A)
— MEyVN(a,A) andMle (a, A)
< NEyY(@ANN)and N F x(a, ANN) (LA.)
<~ NEyp@ANN)

The induction-step for negation is identical. Thus, we look at the induction-
step for the existential quantifier. Assume that ¢ = Iy (y), @ € N<“ and



A€ Py, (M)<®. Then,

ME N(a, A) <= MEIy(y e N AN (y,a,A))
< there’s b € N such that M F ¢V (b, @, A)
<= there’s b € N such that N E ¢(b,a, ANN) (LA.)
<~ N F Iy(y,a, AN N)
= NFop@AnN)

Lastly, we do the inductign—step for the aa-quantifier. Suppose that ¢ =
aaX)(X),a € N<¥ and A € P,,,(M)<¥. Now,
M E N (@A) <= MF aaX (¥ (X3, A))
— {B e P, (M) | MEeyN(B,a,A)}
contains a club in P, (M)
— {BeP,(M)|NEy(BNN,a,AnNN)}

contains a club in P, (M) (LA)
<— {BeP,(N)|NEYDB,a,ANN)}
contains a club in P,, (V) (%, see below.)

< N FaaXy(X,a,ANN)
— NEgyp(@ANN)

The step (x) needs some justification. For “=", suppose that C' C P,,, (M) is
a club of sets B such that N E ¢»(BNN,a, AN N). Let D = {BNN | B € C}.
Clearly, for every B’ € D, N E ¢(B’,a, AN N) holds. It is also easy to see
that D is a club in P, (N).

For “<”, suppose that C' C P, (N) is a club of sets B such that N E
Y(B,a,ANN) for all Be C. Let D ={B’' € P,,(M) | B NN € C}. Then
for all B € D, N E ¢(B'N N,a, AN N). Again, it is straightforward to
check that D is a club in P, (M). O

One can extend a Hilbert-style deductive system for first-order logic with
the following axioms:

A0. aaXy(X) ¢ aaY(Y)

Al —qaX L

A2, aaX(X(2)), aaXVa(Y (z) — X (z))

A3. (aaXp(X) A aaX (X)) — aaX (o(X) A (X))
Ad. aaX ((X) = (X)) = (aaXp(X) — aaX (X))
A5. VoaaX (X, z) — aaXVa(X (z) — ¢(X, z))



The result is a sound and complete proof system for stationary logic, see [1]
for details. These axioms will be needed in chapter 4, where we are dealing
with theories in stationary logic.

2.2 The Quine-Rosser pairing function

The object p(a) = ¢(ag, ..., an—1) is identified with the tuple (¢, ag, ..., an—1).
If we use the Kuratowski definition of ordered pairs, then this object will
have a higher rank in the cumulative hierarchy than all the coordinates of
a. This will be a problem when constructing C(aa). Kennedy, Magidor
and Vadndnen solved this issue in [9] by using the Jensen hierarchy, whose
levels are closed under the Kuratowski ordered pairs. However, we will be
using a different approach, following Goldberg and Steel [4]. The idea is
to use a more complicated pairing function, one that doesn’t change the
rank of objects with rank > w. The tradeoff is that the construction of
C'(aa) becomes more intuitive. Thus, we introduce the Quine-Rosser pairing
function.t
First, for each n < w and z € V, let

() z+n HHzrcw
on(T) =
" x otherwise

Then, for ag, ...,a,—1 € V, define

OR(ag, s an—1) = (] {on[X]U{m} | X € am}

m<n

Lemma 2.2.1. For ag,...,an_1,bg,...., 0,1 €V,
QR (ag, ...,an—1) = QR(bo, ..., bn—1) <= am = by, for all m < n.

Proof. The direction from left to right is the nontrivial case, so assume that
OR(ag, ...,an—1) = QR(bo,...,bn—1). We show that a,, = by, for all m <
n. Given X € a,,, we have that 0,[X] U {m} € OR(bo,...,bn—1). Now,
on[X] U {m} = 0,[X'] U {m} for some X’ € b,,. But o, is injective, so
X = X'. Thus, X € by, and a,, C by,. Similarly, we get that b,, C a,,. [

Lemma 2.2.2. If a > w, a C V, and m < n, then {o,[X]U{m} | X €
a} C V.

Proof. If X € a, then X C Vj for some 8 < «. If B is infinite, then
on[X] U {m} C V. Otherwise if § < w, then 0,[X] U {m} C Vy for some
N < w, so o,[X]U{m} € V,. In either case, {o,[X|U{m} | X € a} C
Va. O

!The construction presented here is a generalisation of the pairing functions introduced
in [12] and [13].

10



Corollary 2.2.3. If « > w and ag, ...,an—1 € Vg, then QR(ag, ...,an—1) €
V.

Proof. Let B < a be the least 3 such that ag, ..., a,—1 € V3. Then by Lemma
2.2.2, QR(CL(), ...,an_l) - Vlg. Thus, QR(CL(), ...,an_l) eV, ]

From now on, we identify the n-tuple (ao, ..., an—1) with QR (ag, ..., an_1).
Furthermore, if M is closed under QR, then by M™ we mean the first-order
definable subset of M consisting precisely of the n-tuples of M.

2.3 Constructing C(aa)

With defyq(M), we mean the set of all X C M, such that there’s p(z,7) €
Log(M) and @ € M<¥ with X ={be M | M E p(b,a)}. A subset X C M
is said to be aa-definable or definable in stationary logic, if X € defyq(M).
Clearly, if X is definable in first-order logic (from parameters), then it is
aa-definable.

Definition 2.3.1. The aa-constructible hierarchy is defined by recursion as
follows:

C, =V,
Coy1 = defyq(€,), if v is an infinite ordinal
C, = U Cq, if o is a limit ordinal > w
a<y
Co:=(Co,e,T,), > w
To :={(B,p(@) | <, ae C'Ew, ¢ € Laa(€,T) and €5 F p(a)}

Then C(aa) := J,>, Ca- The levels (€ | o > w) of C(aa) are structures in
vocabulary {€, T}, where T is a binary relation symbol and for each o > w,
T =T,.

Note that T,, = 0 since C,, is only defined for o > w. If C(aa) is well-
defined, then it is a class by the Recursion Theorem. For this, we need
to check that T, actually is a predicate on C,, i.e. that (8,¢(a)) € Cq
whenever f < «, ¢ € Lqq(€,T) and @ € C5¥.

Lemma 2.3.2. For each a > w, the definition of €, is well-defined, in the
sense that €, is closed under QR. That is, C5¥ C C,.

Proof. For a = w, the statement follows from Corollary 2.2.3. Now, suppose
that Cg‘“ C Cp for all B < a. Then C,, is well-defined and we want to prove
that C5“ C C,. If v is a limit ordinal, then it is immediate by the induction
assumption. Thus, assume that o« = 8 + 1 for some ordinal 8. We need to
show that if ag,...,an—1 € Cpg are aa-definable, then QR(ag, ...,an—1) is a

11



subset of C3 and is aa-definable. It is sufficient to show that if a C Cp is
aa-definable, then {0,[X]U {m} | X € a} is an aa-definable subset of Cj
for any m < m. It is easy to see that uf this is a subset of Cg, then it is
aa-definable provided that a is aa-definable.

Thus, everything boils down to proving this: If X € Cg, then o,[X] U
{m} € Cg. If B = w, then this is trivial. If 5 is a successor ordinal, say
B =v+1, then X C C, and X is aa-definable. Since w C C,, it follows that
on[X]U{m} is a subset of C and is aa-definable. Thus, o,[X]U{m} € Cp.

If 8 is a limit ordinal > w, pick 7 < B such that X C C, and X
is aa-definable. Again, since w C C,, it follows that ¢,[X] U {m} is a
subset of C and is aa-definable. Therefore, o,[X] U {m} € C,41, and so
on[X]U{m} € C;s. O

The following properties can be proved almost verbatim as for L (See
e.g. Theorem 13.3 in Jech [6]):

Theorem 2.3.3. Let f < « be infinite ordinals. Then,
1. Cy 1s transitive, Cg € Cy and Cg C C.
2. a CCy and |Cy| = |a.

3. C(aa) is an inner model of ZF.

2.4 The canonical well-ordering of C(aa)

Our goal is to construct a well-ordering of C'(aa). We also want that it is
definable in a proper class of €4:s. Let €5 € Cy, 8 < a. If we define the
aa-satisfaction predicate within €., then the formulas that are true in €4
according to €, may differ from the formulas that are true in €g according to
V. However, using the predicate T, €, has an “oracle” for the aa-satisfaction
relation in V. That is, for each ¢ € Lqq(€,T) and @ € Cg, we have that:

Cs F (@) <= €, F T.(B,¢(a))

Lemma 2.4.1. For all ordinals o > w, the set {(B,&€3) | B < a} is definable
over €, and the same as in V.

Proof. We prove this by induction on «. For a = w it is clear, since then
the set is empty. Suppose that « is a successor ordinal, say o = 8 + 1.
Then by the induction assumption, {(vy,&,) | v < S} is definable over €.
Thus, {(v,€,) | v < B} € C,. Furthermore, Cs € C, and since Tg C Cjp is
definable over €g, it follows that T € Cy. Thus, (8,€s) € Cy. Therefore,

{(v, &) |v<at ={(v,&) |7 < BIU{(B,€s)} C Ca
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is definable over €,. Now assume that « is a limit ordinal. Given 8 < «,
we can construct a first-order? formula (y, z), such that for all ¢ € C,,
Co E (e, Cp) iff ¢ = Cpya:

U(y,z):=Ve[x ey [z CzATp € Log(€,T)
3b € 25Va(a € x < Ta(B, ¢(a,b)))]]

Let A= {(8,€3) | B < a} C Cy. We want to show that A is aa-definable
over Cy. For a pair (v,c) € Cy, (7,¢) € A iff €, believes there’s a function
F with the following properties:

1. The domain of F'is ¢ \ w for some ordinal 6 > .

2. Flw) =V,.

3. Forall 8 € §\w, F(B8+1) is the unique d such that ¢ (d, F(5)) holds.
4. If B € 6\ w is a limit ordinal, then F(3) =, .5 F(v).

This is clearly expressible in first-order logic. By the induction assumption,
for every ordinal v < «, we can find such a function within C,. Thus, A is
definable over €. ]

Let <* be a well-ordering of Lq4(€,T). Recall that we identify Lqq(€,T)
with a subset of w, so we can just use the natural ordering of w to be our
<*. For each X € C(aa), let

rk(X) := the least ordinal a such that X € C,

Note that if rk(X) > w, then it is a successor ordinal. Furthermore, let

fm(X) := the <*-least formula p(z,y) € Lq4a(€,T) such that for some
a€Cxix)1 X ={b€ Cuxy—1 | Caxy—1 Folb,a)}

If v > w is a limit ordinal, then rk is well-defined and absolute over €.
By the above remarks, if we replace “€y(x)—1 F ¢(b,@)” with T, (rk(X) —
1,¢(b,a)) in the definition of fm, then also fm is absolute over €.

Now, define a well-ordering <qq of C(aa) as follows: For X,Y € C(aa),
let X <q4 Y iff

1. X,)YeV,and X <1 Y, or?
2. rk(X) < rk(Y), or

3. 1k(X) = rk(Y) and fm(X) <* fm(Y), or

2The formula has defined notions but clearly there’s a “real” first-order formula ex-
pressing the same thing.
3«1, being the canonical well-ordering of L.
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4. rE(X) = rk(Y), fm(X) = fm(Y') = ¢, and there’s a € C'S{‘(X)_l such
that:

(a) X ={b€ Cx)-1| Cxx)-1 F p(b,a)},
(b) and for all ¢ € C’ri‘("X)il such that Y = {b € Cy(x)-1 | Cr(x)—1 F
©(b,©)}, we have that @ <yq €.

This is a well-ordering since <, and <* are well-orderings, and the image
of both fm and rk are well-ordered. The following Theorem is immediate by
the construction:

Theorem 2.4.2. Let v > w be a limit ordinal, X,Y € C(aa) and Y € C.
Then X <q@Y <= X € C, and €, F X <y Y.

Theorem 2.4.3. C(aa) satisfies axiom of choice.

Proof. Given a € C(aa), let a be a limit ordinal such that a € C,. Since
C,, is transitive, a is also a subset of C,. Now, <4, is definable over C,, so
<aal| @ is a definable subset of C,. Hence, <qq[ a € Cyy1, and so

Cqt1 F “There’s a well-ordering of a.”

It follows that every set in C'(aa) can be well-ordered within C'(aa). Thus,
C'(aa) satisfies axiom of choice. O

In the next section, we will need the following Lemma:

Lemma 2.4.4. For each o > w, there’s a bijection f : Co — « such that
f e L(&,).

Proof. Recall that L(&,) is the least inner model of ZF containing €,. Note
that if w < o < 8, then L(€,) C L(€g). We prove the claim by induction
on a. For a = w, it is clear, since L(&,,) contains a bijection f : V,, — w.

Suppose that @ = 8 + 1. Then by the induction assumption there’s
g € L(€g) such that g : C3 — (3 is a bijection. Hence, it is sufficient to find
a bijection f : Cy — Cp with f € L(€,). The Cantor-Bernstein Theorem
does not require axiom of choice, so it is enough to show that

L(€a) F [Cp| < |Ca| A |Cal < |Cpl.

The inclusion map witnesses that L(€,) E |Cg| < |Cyl|. Define f : Cy — Cp
as follows: Let f(b) be the g-least pair (¢, @) such that for all ¢ € C,, ¢ € biff
Co ETu (B, p(c,a)). Here, “g-least” means least in the well-ordering induced
by g: Cg — . Then, f is a well-defined injection and f € L(&,).

Now assume that « is a limit ordinal. We want to find a bijection from
Cy onto o in L(€,). It is sufficient to find an injection f : Cy — a X «a in
L(¢,), since the axiom of choice is not needed to prove that |a x a| = |a].

14



For each 8 < «, by the induction assumption L(€g) contains a bijection
f : Cg — B. This bijection can be used to construct a well-ordering of the
transitive closure of {€g}. Such a well-ordering can be extended to a well-
ordering of L(€g) (so L(€g) does in fact satisfy axiom of choice), and we
may assume that there’s a canonical well-ordering <g of L(€3).

Define f : Co = a x « as follows: Let f(b) = (8, f3(b)), where 3 is the
least ordinal such that b € Cg and f3 is the <g-least bijection from Cj onto
B. It is easy to see that f is an injection and that f € L(<,). O
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Chapter 3

Club determinacy

3.1 Basic properties of C'(aa)

Definition 3.1.1. A 7 structure M is said to be club determined if for all
O(X,7,Y) € Laa(7), @ € M7 and B € P,,,(M)¥'], we have that

ME aaXo(X,a, B) or M FE aaX—p(X,a, B)

If for every infinite ordinal «, €, is club determined, then we say that C'(aa)
is club determined, or satisfies club determinacy.

Notice that if M is club determined, then M F —aaXo(X,a, B) iff
ME aaX—p(X,a, B).

Example 3.1.2. Suppose that M is a club determined structure. Then for
all 9(X,7,Y) € Lao(7), @ € M and B € P, (M)Y],

)

) (club determinacy)

ME statX¢(X,a, B) <= M F -aaX-p(X,a,
= MFE aaX-—p(X,a,

<= ME aaXp(X,a,B)

B
B

So, the quantifiers aa and stat coincide on club determined structures.

Theorem 3.1.3 (Kennedy, Magidor and Vaanénen, [9]). If C(aa) is club
determined, then every regular Kk > wy in V is a measurable cardinal in

C(aa).

Proof. Let k > w be regular and choose 7 such that P(R)C(““) € &,. Consider
the following filter on k:

F={aCk|a€ C(an) and a contains an w-club in V'}
={aCk|laceC ANC FaaX(sup(X Nk) €a)}
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This filter is k-complete. Let A < k and suppose that a; € F for each ¢ < .
Then there’s an w-club ¢; C a; for every i < A. Now, N;<)¢; is still an w-club
and N;cx¢; € Nyera;. Thus, N;cna; € F.

Club determinacy implies that this filter is an ultrafilter in C'(aa). To
see this, suppose that a C k, a € C(aa) and a ¢ F. Then,

¢, F naaX (sup(X Nk) € a)
So by club determinacy,
¢, FaaX(sup(X Nk) ¢ a)
Hence, k\ a € F. O

Corollary 3.1.4. If V = L, then C(aa) is not club determined.

Proof. If V.= L, then C(aa) = L as L is the smallest inner model. Thus,
C(aa) does not have a measurable cardinal, so it cannot be club determined
by the previous Theorem. O

Suppose that P is a forcing notion and G is a P-generic filter over V.
When we write something like C(aa)V = C(aa)"[¢]) what we mean is that
the definition of C(aa) inside V]G] coincide with the definition of C(aa)
inside V' C V[G].} For the proof of Theorem 3.1.6, we will need the following
Lemma:

Lemma 3.1.5 ([6], Lemma 31.3.). Let A be an uncountable cardinal, P be a
countably closed forcing notion, G a P-generic filter over V- and S C P, (N\)
stationary. Then S is stationary also in V[G].

Note that this also holds if A is countable, since then S is stationary iff
A € S. Furthermore, note that we may replace A with any set M, and the
statement of the Lemma still holds. We can just fix a bijection f : M —
|M]|, and this bijection will preserve stationarity. That is, S C P,, (M) is
stationary iff {f[A] | A € S} C Py, (|]M]) is stationary. Lastly, note that the
converse of the Lemma is also true, since V' C V[G].

Theorem 3.1.6 (Kennedy, Magidor and Véénanen, [9]). Let P be a count-
ably closed forcing notion, and let G be P-generic over V. Then C(aa)V =
C(aa)V1C],

'Formally this means the following: Let 1 (x, y) be a formula of set theory that defines
the class function {(a,Cs) | @ > w}. Furthermore, let p € G be a condition such that
p Ik 3z3y(Y(z,y) AT € y) for some P-name 7. Then there’s ¢ € G and a € V such that
ql-7=a.
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Proof. Let P and G be as in the Theorem. By induction on o > w, we will

prove that ¢/ = Z o= w, then trivially VY = wV[G]. Now, suppose
that CZ = Z [G], we will show that
VG
Cap1 = Ca—i[-l] (3.1)
VG
TXH = Tall} (32)

By definition, CY, | = defsq(€4)" and C’XJ[F?] = defye (€)Y and so (3.1)
follows from (3.2). Thus we show that for all (7, X) € Lq44(€,T), @ € C¥
and A € Py, (Ca)<*, the following holds:
(€0 Ep(@A)" = (€, F p(a 4)"

Note that P, (Ca)¥ = P, (Ca)V ¢, since the forcing is countably closed.
We prove the claim by induction on the structure of . The atomic case for €
is trivial and the atomic case for T follows by the induction assumption (on
a, not ¢). The induction-step for all first-order connectives and quantifiers
is a straightforward application of the induction assumption. Thus, we will
look at the induction-step for the quantifier stat, and then we have proved
it for aa as well.

(Cq E statXp(X,a, A)) <= {B € P,,(Ca) | €4 E ©(B,a, A)}
is stationary in V
< {B € Py, (Ca) | €4 E ©(B,a, A)}
is stationary in V[G (Lemma 3.1.5)
— (€, E statX (X, a, 4))V1¢

O]

Remark 3.1.7. Note that it follows from Theorem 3.1.6 that we can collapse
any regular cardinal £ > wj to w; without changing C(aa) or any of its
levels. Let PP be the set of all functions f : @ — Kk, a < wiy, ordered by
reverse inclusion. Then if G is P-generic over V', F' = UG will be a surjection
from w} to x in V[G]. Furthermore, this forcing is countably closed, so it
does not change C'(aa). This observation will be needed when we prove club
determinacy, since any failure of club determinacy of €, may w.l.o.g. be
assumed to happen when |a| = w;.

3.2 A short guide to stationary tower forcing

Stationary towers is a forcing notion that, among other things, give rise to
natural generic embeddings with low critical points. A generic embedding
is an elementary embedding of V' into some forcing extension V[G] of V.
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We will use them to prove club determinacy in C(aa) under large cardinal
assumptions. This section is a short summary of the facts we will utilise.
The standard reference for stationary towers is [11]|, where most of the proofs
can be found. The proof of the last Theorem can be found in [9].

There’s a generalised notion of stationarity which is due to Woodin. Let
X be a set. Then, a C P(X) is said to be stationary in P(X) if for every
f: X<¥ — X there’s some Z € a such that f[Z<%] C Z. If a is stationary
in P(X), then Ua = X, so we say that a is stationary if a is stationary in
P(Ua).

Definition 3.2.1 (Stationary tower). Let x be strongly inaccessible. The
full stationary tower at k is:

P, = {a € V.. | a is stationary}
and the countable tower is

Qcr:={a€Pcy|al Py, (Ua)}
= {a € V,; | a is stationary in P, (Ua)},

where on the last line we talk about stationarity in our previous sense. For
a and b in P, or Qcx, we let a < b if Ua O Ub, and for every Z € a,
Z N (Ub) € b.

Lemma 3.2.2 ([11], Fact 2.2.3.). Let G be a generic filter over Poy or Q<x
and X € V,;. Then, Ux ={a € G |Ua = X} C P(P(X)) is an ultrafilter on
P(X).

Of course, this ultrafilter may only exist in a generic extension of V.
Given X € Vi, let (Mx, Ex) denote the ultrapower of V' over Uy and jx :
(V,€) = (Mx, Ex) the canonical embedding. That is, given f,g: P(X) —
V,welet f~y, gift {ZC X | f(Z2)=9(Z)} € Ux and [flu, Ex[glu, iff
{ZC X | f(Z) € g(Z)} € Ux. Furthermore, given a € V, jx(a) = [caluy,
where ¢, is the constant function mapping every element to a.

If X C Y, we can define a canonical embedding jxy : (Mx, Ex) —
(My, Ey) as follows: For each f : P(X) — V, let fy : P(Y) — V be
such that fy(Z) = f(ZNX). Then jxy([fluy) = [fv]u,, which is a well-
defined elementary embedding. This gives rise to a directed system of models
(Mx,Ex) | X € V), which has a limit model (M, E). There’s no guarentee
that the model (M, F) is well-founded, but if & is a Woodin cardinal, then it
is. The definition of a Woodin cardinal is not important, but we include it
for completeness.

Definition 3.2.3 (Woodin cardinal). An inaccessible cardinal s is called
Woodin, if for every f : k — Kk, there’s A < k, such that f[A] C X\ and X is
the critical point of some elementary embedding j : V' — M C V, having
the additional property that Vj( s\ € M.
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Notice that if k is a Woodin cardinal, then there’s a measurable cardinal
A below k.

Theorem 3.2.4 (|11, Theorem 2.5.8.). Let x be a Woodin cardinal. For
every generic G C Py, the limit model (M, E) is well-founded and closed
under sequences of length < k in V[G].

The same holds for Q<. ([11], Theorem 2.7.7.). Whenever this is true,
we identify M with its transitive collapse. From the embeddings jx, jxv,
X CY € Vg, we obtain a limit embedding j : V. — M C V[G]. This
embedding is elementary and satisfies the following properties:

Theorem 3.2.5 ([11]). For every generic G over P<, or Q«y, the following
holds:

1. Ux ={a S P(X) | j[X]Ej(a)}
2. a € G < jlUalEj(a).
8. If v € G and 7 is an ordinal, then the critical point of j is 7.

Theorem 3.2.6 (|11], Theorem 2.7.8.). Let xk be a Woodin cardinal and
j: V= M C V|G| the generic embedding associated with Q<. Then the
critical point of j is w1 and j(wy) = K.

By the elementarity of j, j(w1) = k means that & is the first uncountable
ordinal in M. Furthermore, M is an inner model of V[G], so we must have

that k < wY[G}. In particular, this means that forcing with Q, collapses
every cardinal A < k, so that A is countable in V[G].

Theorem 3.2.7 ([9], Proposition 4.9.). Let k be a Woodin cardinal and let
G be Qcy-generic over V. If A€V and S C Pi(A) is stationary in V, then
S is stationary also in V[G].

3.3 Obtaining club determinacy

Lemma 3.3.1. Suppose that M is a set with cardinality wy and f: M — w;
is a bijection. Then S C Py, (M) is stationary in Py, (M) iff

S*={B<w | f[Bl €S}
18 stationary in wi.

Proof. “=" Assume, for the sake of contradiction, that S is stationary but
S* is not. Pick a club C* C w; such that C* N S* = (. Define C := {4 €
Po, (M) | flA] € C*}. We claim that C is a club in P, (M).

Take any B € P, (M). We can find § > sup f[B] such that g € C*.
Then f~1[3] 2 B and f~![8] € C. Now, suppose that A; € C, i < w, is
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an increasing sequence. Then f[A;] € C* for all i < w. Thus, f[Uj<,A;] =
Uicw[[Ai] € C*. Therefore, U;,A; € C. This shows that C' is a club.

Pick A € CNS. Then f[A] € C*. Furthermore, f~![f[A]] = A € S,
so in particular, f[A] € S*. This is a contradiction. It follows that S* is
stationary in wj.

“<" Assume, for the sake of contradiction, that S* is stationary but S
is not. Pick a club C' C P, (M) such that SN C = 0. Define C* := {5 <
wi | f71[B] € C}. As before, we claim that C* is a club in w.

To show that C* is unbounded, pick By < w; and By € C such that
By 2 f~Y[Bo]. For each n < w, let 8,11 = sup f[B,] and B, ;1 € C be such
that Bny1 2 f[Bus1]. Let B := Up<wBy, and B := Up<,B,. Then B € C
is a witness for § € C* and 8 > [o.

Now assume that 3;, i < w, is a increasing sequence in C*. Then
(f7'[Bi])i<w is an increasing sequence in C, so U;«,f![Bi] € C. Since,
Uicw S HBi) = [ Uicwfi], we have that Ui, 8; € C*.

Thus, C* is a club. Pick 8 € C* N S*. Then f~![5] € SN C, a contra-
diction. O

The set of I-positive sets of an ideal I C P(X), is the set [T = P(X)\ I.
The non-stationary ideal on wy, denoted NS,,, , is the ideal on w; with positive
sets being precisely the stationary subsets of wy. An ideal I is called k-
saturated if every antichain in I is of size < k. We won’t need these
definitions directly, but they help make the assumptions of the following
Lemma clearer:

Lemma 3.3.2. If there’s a measurable cardinal and NS, is wa-saturated,
then

1. For every a such that |a| = wy, there’s x C w and f € L[x] such that
f:a—wl is a bijection.

2. Let § be a Woodin cardinal and j : V — M C V|G| the generic embed-
ding we get from forcing with Q.s. Then j | we € V. Furthermore, if
a C wy is countable, then there’s b € V such that I-g_g j(a) = b.

Proof. This follows from a Theorem by Woodin (Theorem 38.3. in Jech [6]),
combined with Lemma 4.10. and 4.11. in [9]. O

Remark 3.3.3. If there’s a Woodin cardinal, then we can force the wo-
saturation of the non-stationary ideal on w; with a semi-proper forcing (The-
orem 38.1. in Jech [6]). Semi-proper forcing preserves stationary sets of w;
(Theorem 34.4. in Jech [6]). Suppose that |a] = w; and S C P, (C,) is
stationary. Since |Cy| = wi, we can fix a bijection f : C, — wi. Then,
S* = {B < wi | f7YB] € S} is a stationary subset of wy; by Lemma 3.3.1.
Thus, it remains stationary in a generic extension. It follows that also S
remains stationary. Looking at the proof of Theorem 3.1.6, this means that
semi-proper forcing does not change the levels €, for a < wo.
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Given a regular cardinal A, we introduce a new quantifer aay. It is
similar to aa, but expresses the existence of a club set in Py (M) rather than
Py (M), for some set M. That is, given ¢(X,a,Y) € Laq, (), a T-model
M, @€ M<¥ and B € Py(M)<¥, we define

ME aayXo(X,a,B) <= {A € P\(M) | M E ¢(A,a,B)}
contains a club in Py (M)

We can construct an auxiliary hierarchy (€ | @ > w) by using definabil-
ity with aay-formulas instead of aa-formulas in Definition 2.3.1. Similarly,
we can define club determinacy in terms of aay-formulas:

Definition 3.3.4. A 7 structure M is said to be A-club determined if for
all o(X,Z,Y) € Lgq, (1), @ € M7 and B € Py(M)IY], we have that

ME an\Xo(X,a, B) or M F aayX—¢(X,a, B)

In the following proof, we will occasionally need to interpret aa-formulas
as aay-formulas. Whenever we do this, we write “F)” instead of “F”, for the
satisfaction relation. The idea of the proof is the following: We suppose
that club determinacy fails at a level €,, and assume w.l.o.g. that |a| = w;.
We obtain a stationary subset S* C wp such that also its complement is
stationary. We force with Qs and obtain a generic embedding j : V —
M C V[G]. By induction we prove that (€§.(a))v = Qﬁ%l). We use this fact
to show that 5(S*) is in V and is independent? of the generic filter G. We
can choose G such that either S* € G or w; \ S* € G. Now, by Theorem
3.2.5, this means that both wy € j(S*) and wy ¢ j(S*), a contradiction.

Theorem 3.3.5 (Kennedy, Magidor and Vaénénen, |9]). If there’s a proper
class of Woodin cardinals, then C(aa) is club determined.

Proof. Suppose that club determinacy fails at a level €, and that « is least
such that this happens. We can collapse || to w; in accordance with Remark
3.1.7. This forcing preserves all Woodin cardinals above a. Thus, we may
assume that || = w;. By remark 3.3.3, we may assume that the non-
stationary ideal on wq is we-saturated. Since we have a Woodin cardinal, we
also have a measurable cardinal, so we can apply Lemma 3.3.2 to find x C w
such that L[] contains a bijection f : o — w} . Furthermore, we may take
J to be the <p,-least such bijection.

Let § be a Woodin cardinal and j : V. — M C V[G] the generic em-
bedding obtained from forcing with Q5. Let v = j(a). By Theorem 3.2.6,
wy is the critical point of j and j(wy) = . Thus, by the elementarity of 7,
§(f) : v — & is a bijection and least in the canonical well-ordering of L[x]*.
Note that § < 7. Let g := j(f). Since L[x]" = L[z]™, we have that g € V.
So the situation looks like this:

2This means that if G; and G are Q.s-generic over V and j; : V — M; C V[G4],
j2 : V.= My C V|G2] are the associated embeddings, then j1(S*) = j2(S*) € V.
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1. Club determinacy fails in V" at €, and we have a bijection f : o — w} .

2. Club determinacy fails in M C V[G] at €}/, and we have a bijection
g : vy — d. Furthermore, g € V and g is independent of the generic

filter G.

We will need these functions later. Now, assume that ¢(X,a, B) wit-
nesses the failure of club determinacy at €,, in the sense that both

S:={A€Puy(Ca)| CaF SO(A»@E)}’

and its complement are stationary in P, (Cy). We may further assume that
no subformula of ¢ witnesses the failure of club determinacy. Now, since j
is elementary, we have that both

() ={A e (P(CINM | (&) F o(A,j(@), 5(B))M},

and its complement are stationary in (Ps(C))M. Furthermore, the elemen-
tarity of j also implies that - is minimal such that club determinacy fails in
C(aa)™, and no subformula of ¢ witnesses the failure of club determinacy
in ¢,

Claim. For all 8 < 7, ny = C% and C% satisfies d-club determinacy for all
formulas with parameters® in V N M.

Proof. We prove this by induction on 8. Clearly, ¢M = ¢°. Suppose the
claim is true for 3, we prove it for 8 + 1. Now, by definition,

Chly = defyy (€5")
Cg+1 = defga(gg)

These sets are equal if the following holds: For all ¥(Z,Y) € Lu(E,T),
ac Cé\/[ and B € (Pg(Cg))V, we have that

(€} Fs v(@ B))Y < (¢} Fy(a B)Y (3.3)

If 3.3 holds, then also Té\f{_l = T§+1- Thus, we prove 3.3 by induction on
the structure of ¢. The atomic case for € is trivial and the atomic case
for T follows by the induction assumption on 8. The induction-step for all
first-order connectives and quantifiers is a straightforward application of the
induction assumption. Thus, we restrict ourselves to the aa-quantifier.
Suppose first that (Q% Fs aaX(X,a, B))Y. We want to show that (Qg/[ =
aaXv(X,a, B))™. By the induction assumption, the equivalence 3.3 holds

3This is relevant only for second-order parameters. Also note that (Pg(Cg))V -
(Pury (C5"))M since M is closed under sequences of length < § in V[G], i.e. sequences
of length w in V[G]. Thus, (Ps(C}))Y = (Ps(C}))¥ N M.
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for ¢». Let C be a club of sets in (735(02))‘/ such that for all A € C,
((’Zg Fs ¥(A, @, B))Y. By Theorem 3.2.7, C is stationary in V[G]. By the
minimality of ~, Qfg/[ is club determined. Suppose for a contradiction that
(Qg/[ F aaX - (X,a, B))M. Let D be a club in (Pwl(CéV[))M such that for
all A e D, (Q:g/[ ¥ (A, a,B))M. Pick A € C N D. Then by the induction
assumption, (Qfg ¥s(A,a, B))Y, a contradiction.

Now assume that ((’:g[ F aaXvy(X,a, B))M. We want to show that ((’Zg Fs

aaXy(X,a,B))”. By the induction assumption, the equivalence 3.3 holds
for 1. Let D be a club of sets in (Pwl(Céw))M such that ((’:é/f F (A, a B)M
for all A € D. M is closed under w-sequences so D is a club also in V[G].
Suppose for a contradiction that (QZ% ¥ aaXy(X,a,B))Y. By assumption,
(’:% satisfies -club determinacy for formulas with parameters in VM. Thus,
there’s a club C' in (735(02))‘/ such that for all A € C, (@B ¥ y(A,a,B))Y.
By Theorem 3.2.7, C'is stationary in V[G]. Pick A € C'n D. Then (€} ¥
Y(A,a, B))M, a contradiction.

This proves equivalence 3.3. We still need to show that C(Sﬁ 41 is d-club
determined for formulas with parameters in V N M. Assume that d-club
determinacy fails for 6‘56 41 and that x(X,a, B) is a minimal witness for this,

with @ € C§,, and B € (P5(C},4))" € (Pu, (C§L,))M. That is,
E:={A€ (Ps(C,1)V | €51 F x(A, G, B)}, and
E® = {A€ (Ps(Cj:1))" | €41 # x(A,a, B)}
are both stationary in (Pg(Cg)H))V. By Theorem 3.2.7, E and E® are
stationary in V[G]. Since x is the minimal failure of d-club determinacy

with parameters in V N M, we can go through the proof of 3.3 up until 3.4
to obtain:

(€511 Fo X(A,3, B) = (€5, F x(4,a, B)" (34)
for any A € (Pg(Cg_H))V. It follows that

ECH:={A€ (P, (CH )M | €, F x(AaB)}, and
E€ C HY .= {A € (P, (CHL )M | €541 ¥ X(A,a, B)}

are both stationary in M, contradicting that (’Zg/ﬂ_l is club determined.
Lastly, we have to do the induction-step for limit 8. Since (’Jg = UE <B @‘g
and Qfg[ = Ug <3 Qﬁéw , it follows directly from the induction assumption that

Qg = 0224 . The proof that Qﬁ% satisfies d-club determinacy is the same as
above. O

Claim. ¢}/ = ¢}, and for all @ € CJ and A, B in (P5(C3))Y N M, we have
that
(@ k5 9(A,a,B))Y « (&) = p(A,a,B)"
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Proof. The proof is precisely the same as above, we just stop the induction
on formulas when we reach ¢. O

Now, use Lemma 2.4.4 to pick a bijection f' : C, — « such that
e L(€,). Then, ¢ = j(f) : Cy — v is a bijection and ¢’ € L(Qy).
Furthermore, define f = fo f and § = gog. Then f : C — w!" and
g: Cf/\/[ — § are bijections. Again, by the elementarity of j, we have that
Jg= j(f) Since Q:f\f = (’f{, it follows that g € V. Note that ¢ is independent
of which generic filter G we use, so also g is independent of G. By the claim
above, we know that

JS) NV ={4e (Ps(C)) | € ks p(A j(@),i(B))}

Given @ in Cy and B in (P, (Ca))Y, we have that f(@) is a tuple of elements
of w} and f[B] is a tuple of countable subsets of w} in V. By Lemma

3.3.2, jji(a)) and j(f[B]) are in V. Thus, j(@) = g '(j(f(a))) and j(B) =
G '[5(f[B])] are in V. Therefore, j(S)NV € V.
By Lemma 3.3.1, S* := {8 < w} | f~'[8] € S} is a stationary subset of

wy such that also wy \ S is stationary. Now, j(S*) is in V, since g is in V:

J(s") ={8<0d]g7'[B] €5(5)}
={B<0dlg Bl ej(s)nV}

Furthermore, note that j(S*) is independent of the generic filter G. This
means that we can choose generic filters G; and G5 such that S* € G; and
w1 \S* € Ga. Note that both of these are conditions in Q.s. Let j; and ja be
the associated embeddings. By Theorem 3.2.5, we get that j;[US*] € j1(S™*)
in the first case and ja[U(wy \ S*)] € ja2(wr \ S*) in the second case. Now,
J1[{US*] = j1]wi] = w1, and similarly, ja[U(w1 \ S*)] = wi. Thus, we have that
w1 € j1(S*) in the first case but w; ¢ j2(S*) in the second case. However,
j(S*) was independent of the generic filter, so j1(S*) = j2(5*), and both of
these are in V. This is a contradiction. O

From now on, we will assume that C'(aa) is club determined.
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Chapter 4

Developing the theory of
aa-mice

The canonical proofs of many combinatorial properties of L uses the conden-
sation principle in L: If M < L, is an elementary submodel, where 7 is a
limit ordinal, then M collapses to L, for some o < . However, this is not
true in C'(aa), as the following example illustrates:

Example 4.0.1. Let M = (M, E,T™) < €,, be countable such that w; €
M. Note that
Coy F Loy (w1, aaX3z—X (7))

Then if 7 : M — N = (N, €,TV) is the transitive collapse of M, we have
that
NETVN(n(w1), aa X3z X (z))

However, 7(w) is countable, so € () F ~aaX3z—X (x). Thus, N is not
equal to €, for any a.

It is still possible to achieve a principle in C(aa) that is similar to the
condensation principle in L. After we’ve taken an elementary submodel of
some level of C'(aa), the trick is to add — in w; many steps — a club that
witnesses the truth of aa-formulas. Then the result will be a level &, for
some 7. This is Theorem 4.3.6, which will be our main tool in Chapter 5.
However, the route there is somewhat technical.

4.1 aa-premice

Definition 4.1.1. Let £ > 0 be an ordinal. M = (M, €, T™, SM (PM),¢)
is a potential aa-premouse, if

1. M is transitive and V,, C M.

2. TMCMxM
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3. SM is a complete consistent theory in stationary logic extending the
first-order elementary diagram of (M, €, TM, (PM);¢).

7

4. SM contains the club determinacy schema, i.e.
aaY (aaXo(X,a,Y) VaaX-¢(X,a,Y)) € SM,
for each p(X,7,Y) € Laa(€,T, (P;)i<¢) and @ € M7,
5. If Jzp(x) € SM, then ¢(a) € SM for some a € M.

6. For every i < &, RM is a unary relation on M such that

aaXVz(Pi(z) = X(z)) € SM.

7. aaX3z(—X(x)) € SM.

Note that S™M is a theory with constants for all a € M. For convenience,
we will identify the formulas in S™ with elements of Laq(€,T, (P)ice) X
M<¥. If 9(Z) € Laa(€,T, (P,)i<¢) and @ € M7 then we will write M Fg
©(a@) instead of p(@) € SM. This is to indicate that the formula is true in
M according to SM, but it need not actually be true. Also note that & may
be 0, in which case we have no predicates F;.

Let A € M be a structure in vocabulary {€,T}. Using S™, we can look
at the subsets of AV which are definable in stationary logic, not in reality,
but according to S™M. Thus, let defy (AV) be the set of all X € N, such that
there’s o(z,7) € Lag(N) and @ € N< with X = {be N | M kg ¢V (b,a)}.
Now, we can define a sequence (€M | a < 7) as in definition 2.3.1, but using
dequ‘1 instead of defy,. Here, v is the least ordinal such that @4\4 ¢ M. Note
that v < o(M), where o(M) is the least ordinal not in M. It is now possible
to define what an aa-premouse is.

Definition 4.1.2 (aa-premouse). A potential aa-premouse M is an aa-
premouse if

1. v = 0(M) is a limit ordinal,
2. M =y, C2Y,
3. TM = {(a. (@) | a < 7,a € (CI), ¢ € Laa(€,T), M Fs 9% (@)},

4. If M Eg aaX3zp(X,z,a) for some p(X,2,%) € Laa(€, T, (Pi)ice),
then M Fg aaX3z(p(X,2,a) AVY(y <a * — —p(X,y,a))). Here,
“<aa” 18 defined using the same formula as in section 2.4. See the
remark below for justification.
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Remark 4.1.3. Suppose that M is a potential aa-premouse that satisfies
the criteria (1) — (3) in the above definition. Then given €M € M, CM,;
is definable over (M, €,T™). This is witnessed by the following formula,
expressing that “y = def? (€M)

Ve[ €y <> [x CCyu AJp € Lag(€,T)
3b € Csa(a € x + T(a, ¢(a,b)))]]

Therefore, the sequence (€M | a < o(M)) is definable over M by the same
argument that (€, | o < f3) is definable over €3 (lemma 2.4.1).

Since we required that o(M) is a limit ordinal, it is possible to define <qq
within every aa-premouse M in the same manner as in €,, if « is a limit
ordinal. This yields a definable well-ordering <é‘f over M, and if for some
first-order formula ¢, M E Jzp(x), then also,

M E (o) AVY(y <a z — (1))

That is,
M E “There’s a <gq-least x such that ¢(z).”

The fourth criteria of being an aa-premouse is needed to make sure that this
is true when “F” is replaced by “Fg”, the formula is an aa-formula, and when
we are within a block of aa-quantifiers.

Example 4.1.4. For every ordinal a > w, let S, be the set of aa-formulas
true in €,. That is, p(a) € S, iff (o, ¢(@)) € Toy1. Then, for every limit
ordinal o > w}/ , (Cay €,Th,Sy) is an aa-premouse since we assume that
C(aa) is club determined. Furthermore, let M’ = (M’, E,T™') < €, be an
elementary submodel and 7 : M’ — (M, €, TM) its transitive collapse. Let

SM = {p(@) |aec M, p(T) € La(€,T) and €, E o(n~(a))}

Then M = (M, e, TM SM) is an aa-premouse. Note that in this case,
&E=0.

4.2 aa-ultrapowers

Throughout this section, M is an aa-premouse. For each (X, z,T) € Lqq(E€
T, (P;)i<¢) and @ € M such that M Fg aaX3zp(X,z,a), we extend our
vocabulary with an auxiliary notation f,(x . a)(X), to denote the element
that according to SM is <ge-least satisfying ¢(X,x, @), if such exists. That
is,

M Es aaX3rp(X, z,a@) — aaX[p(X, fo(x,2,a)(X), @)A

Vy(y <aa fgo(X,ac,E) (X) - _'SO(Xv Y, CL))]
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By criteria (4) in definition 4.1.2,
M Eg aaX3dzp(X,z,a) = aaX3z[p(X, z,a) AVyY(y <aw z = —0(X,y,a))],

so this extension is conservative (and consistent), and we may treat f, x za)(X)
as any other term in the language.

Let K be the set of all formulas ¢(X,z,a) with ¢(X,z,7) € Lq(€
,T,(P;)i<¢) and @ € M such that M Fg aaX3zp(X,x,a). We define an
equivalence relation ~ on K as follows: Given o(X,z,a),y(X,,b) € K, let

QO(X,.’B,E) ~ lﬁ(Xa%B) — M ':S aaX (fgo(X,x,E)(X) = fqp(X,;U’E)(X))

When the variables or parameters of a formula are not directly relevant for
the context, we will simplify our notation and write f,(X) instead of e.g.

fcp(X,:E,E) (X)

Definition 4.2.1 (aa-ultrapower). The aa-ultrapower M* of M is the struc-
ture (M*, B, T, SM" (PM");¢11), where:

1. M* = K/ ~ is the set of equivalence classes of ~.

2. [p] B[] <= M FEg aaX (f,(X) € fyp(X)).

3. ([l [¥) € TM = Mg aaXT (fp(X), fu(X)).

. For each i < &, PM" = {[p] € M* | M Eg aaX P; (f,(X))}.

W

5. ng‘/‘*:{[m:aHaEM}.

SM = {¢(P£, [900]’ Ey) [‘Pnfl]) ’ sz)(X’ E) € Eau(EaTv (PZ)Z<§) and
M Eg aaX (X, foo(X), oy fon_i (X))}

There’s a canonical mapping j : M — M* given by j(a) = [z = a]
for a € M. We will subsequently show that if M™* is well-founded, then its
transitive collapse is an aa-premouse and j composed with the collapsing
function is a weak aa-elementary embedding.

Definition 4.2.2 (Weak ad-elementary embedding). Let M = (M, €, T™,
SM (PM)ice) and N = (N, &, TV, SV, (PN)i<¢') be potential aa-premice

such that £ < ¢. Then 6 : M — N is a weak aa-elementary embedding if
for all o(T) € Laa(€, T, (P,)i<e) and @ € MZ|, we have that

MEg (@) <= N Fs p(0(a))

Recall the axioms A0 — A5 from Chapter 2. We will need them in the
proof of the following Lemma:
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Lemma 4.2.3. Let M* be the aa-ultrapower of M. If (X, %) is a first-order
formula in vocabulary {€,T, (P;)i<¢}, then

M E (B [pol, s [on—1]) == M Es a0 X)(X, foo (X)), -, fio, 1 (X))

for all [po], vy [Prn—1] € M*.

Proof. The proof is by induction on the structure of 1. For atomic cases, only
the case when v (x) = P¢(x) is non-trivial. So given [p(X,z,a)] € M*, we
need to show that M* E P¢([¢(X,z,a)]) <= M Eg aaX(X(f,(X))). Note
that M* E Pe([p(X,z,a)]) iff there’s b € M such that M Fg aaX (f,(X) =
b).

Claim. The following are equivalent:
1. There’s b € M such that M Fg aaX (f,(X) =10).
2. MEg aaX(X(f,(X))).

Proof. First suppose that there’s b € M such that M Fg aaX(f,(X) = b).
By A2, M kg VzaaX (X (x)), so in particular, M Fg aaX (X (b)). Then by
A3 it follows that M Fg aaX (X (f,(X))).

Now assume that M Eg aaX (X (f,(X))). By A5,

M Eg VyaaX (fo(X) # y) = aaXVy(X(y) = fo(X) #y)
and s,
M Eg VyaaX (fo(X) # y) = aaXVy(fo(X) =y = —X(y))
By substitution,
M Eg VyaaX (fo(X) # y) = aaX (=X (f,(X)))
By contraposition,
M Eg —aaX (=X (fo(X))) = Fy—aaX (fo(X) # y)
By club determinacy,
M Eg aaX (X (fp(X))) = yaaX (fo(X) = y)

Hence, M Eg JyaaX(f,(X) = y). By the definition of a potential aa-
premouse, there’s b € M such that M Fg aaX(f,(X) =b). O

This completes the atomic cases. The induction-step for A is an easy
application of the induction assumption (and A3). In the induction-step
for negation we need club determinacy. We omit the details and focus on
the induction-step for the existential quantifier. First suppose that M™* F
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Jxp(Pe, z, [@o), .., [n—1]). Then there’s [x] € M* such that M* E (P, [x],
[©0], -, [Pn—1]). By the induction assumption,

M ':S ClClXi/J(X, fX(X)7fSOO(X)7"‘7f90n—1(X))
Hence,
M Eg aaX3zp(X, x, foo (X)), ..., fon_1 (X))

This proves “=". Now assume that,
MEg aaX3zp(X, z, foo (X)), ..., fo,_1 (X))
Let x be the formula (X, z, fo,(X), ..., fo,_,(X)). Then,

MEg aan(X, fX(X)7 fgoo(X)a e f@n—l(X))

So by the induction assumption, M* & ¥(P, [x], [¢o], ---, [Pn—1]). Therefore,
M* E Jxp(Pe, x, [pol, -, [pn—1]). This proves “<«=". O

Lemma 4.2.4. Let M* be the aa-ultrapower of M. Then S™ is consistent.

Proof. For the sake of a contradiction, assume that S™” is not consistent.
Let ¥ (P, [o), -, [¢n]), i < m, be a finite sequence of formulas in SM” such
that

/\ wi(Pf? [900]’ 0 [Qpnfl]) L

<m
Then,

MEs N\ aaX (X, fo0(X), ., fion_1 (X))
<m

By A3 we get that
MEg aaX N\ (X, foo(X), o fon 1 (X))

<m
By induction on the length of L44-proofs it follows that M Eg aaX L. This
contradicts Al and the consistency of SM. O

Theorem 4.2.5. Let M* be the aa-ultrapower of M and Y(X,Z) € Lqq(€
T, (Pi)ice). Then

M Es P(Be, [pols - [pn1]) == M Es aaX (X, fo (X), s o 1 (X))

for all [po], vy [rn—1] € M*.

Proof. The direction from right to left is the definition of S™". For the
direction from left to right, suppose that M* Eg ¥( P, [¢o], ..., [¢n—1]) holds
but M Eg aaX (X, fo,(X), ..., fo,_, (X)). By club determinacy,

M Eg aaX-9Y(X, foo (X)), ..oy fo,_1 (X))
Thus, M* Es —(P, [¢o], ..., [pn—1]). This contradicts the consistency of
SM O
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Theorem 4.2.6. Let M* be the aa-ultrapower of M and suppose that M*
is well-founded. Let m : M* — N be its transitive collapse. Then N is a
potential aa-premouse and wo j is a weak aa-elementary embedding.

Proof. First we show that N is a potential aa-premouse:

1. M is transitive so M satisfies the axiom of extensionality. By Lemma
4.2.3, M* satisfies the axiom of extensionality. Thus, M™* collapses to
a transitive set N. If a € V,,, then

M':\V/x(QZGCL(—)\/SC:b)

bea

and this is a first-order formula. By Lemma 4.2.3 and induction, 7([z =
a]) = a. Thus, V,, C N.

2. By construction.

3. By Lemma 4.2.3, SM" extends the first-order elementary diagram of
(M*, e, TM", (P»M*)Kgﬂ). Consistency was proved in Lemma 4.2.4.

7
As for completeness, it follows from the club determinacy schema in

SM.If
M %5 ¢(P§7 [SDO]a ceey [‘Pn*l])v
then by Theorem 4.2.5,
MEs aaX (X, foo(X), .o, forn_1(X)).

Thus, by club determinacy,
M Eg aaX (X, foo (X)), ..y fo,_ (X)).

Hence, M* Eg —9(Ps, [¢o], -, [n—1]).

4. Suppose that (P, Z,Y) € Laa(€,T, (Pi)icet1) and [po, ..., [on—1] €
M*. Then,

M Eg aaZaaY [aaX (X, fo(X), ooy fo 1 (X), V)V
a0 X—P(X, fioo (X), ooy fion 1 (X),Y)]

So by Theorem 4.2.5,

M Eg aaY [aaX (P, [po], ..., [pn-1], V)V
aaX (P, [pol, -, [on-1], )]
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d. Suppose that ’QZJ(Pg,.'L‘,g) € ‘Cua(eaTv (Pi)i<§+1) and [(100]7"'7 [‘Pn—l] S
M*. Then,

M Es Jayp(Pe, @, [pol, -y [Pn-1]) =

MFEg aaXEIxzp(X,x,f%(X), - f¢n71(X)) =
M Es aaXP(X, fi(X), foo (X)) o; o1 (X)) =
M Eg p(Pe, Y], [po], -y [on—1])

Thus, [¢] = (X, x, fpo(X), ..., fo_1(X))] € M*is a witness of M* Eg
3561/}(1[’5»% [900]7 ey [Qonfl])'

6. For ¢ < £ this follows from Theorem 4.2.5. For i = £, we have that
M* Eg aaXVz(Pe(x) — X(2)) <= M Eg aaYaaXVe (Y (z) = X(x))
So the claim follows from A2.

7. Follows directly from Theorem 4.2.5.

Note that we proved (2)-(7) for M* instead of N. Since M* = N, it follows
that A is a potential aa-premouse. Lastly, we show that 7 o j is a weak aa-
elementary embedding. Let ¢(T) € Laa(€,T, (P;)i<¢) and ag, ...,an—1 € M.
Then,

N Es ¢(r(j(ao)), ., m(j(an-1))) <=

M Eg o(lr = ag], ..., [x = an—1]) <=
MEg a0 X o(fr=ag(X), oy fo=a, (X)) <=
MEg p(ag,...,an—1)

O

Theorem 4.2.7. Let M* be the aa-ultrapower of M and suppose that M*
is well-founded. Let w : M* — N be its transitive collapse. Then N is an
aa-premouse.

Proof. We already know that A is a potential aa-premouse. We need to
show that N satisfies criteria (1) — (4) in Definition 4.1.2. By remark 4.1.3,
there’s a first-order formula ¢(z,y) such that for all a,b € M, M E ¢(a,b)
iff for some ordinal a < o(M), a = a and b = C. Then since M satisfies
criteria (1) and (2), M E Vz3y3z(¢(y,z) Ax € z). By Lemma 4.2.3, ¢(z,y)
defines a function F over N and N F Vz3y3z(é(y, z) Az € z). Thus, criteria
(1) and (2) follows from (3). We show that criteria (3) holds. By Lemma
4.2.3, it follows that:

N EVzVy (T(z,y) — (z € Ord Ay € (Laa(€,T) x F(z)<¥)))
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Therefore,
TV C {(a, 9(@) | @ < o(N),a@ € F(a)<“, ¢ € Laa(€,T)}

Hence, we only need to show that («,¢(a)) € TV iff N Eg o (@), for all

a < o(N), ¢ € Lga(€,T) and @ € C~. By induction on a > w, a < o(N),
we show the following two statements:

F(a)=C)f (a)

For all p € Log(€,T) and @ €C5¥, (a, p(a)) € TV <= N Eg gpcﬁf(a) (b)

W.lo.g. o(N) > w. Then by the definition of F, F(w) = V,,. We will show

that if (a) holds for a, then also (b) holds for a. Suppose for a contradiction
that there’s ¢ € Lqa(€,T) and [¢], [po], .-y [Pn—1] € M* such that

M* Fs T(W)]v 90([900]7 e [(;On—l])) N ﬁ410}7‘([1!}])([900}7 ) [Son—l])

Then,

M Es a0 X[T(fy(X), (S0 (X)), s fion 1 (X)))A
_‘(PF(fw(X))(fgoo (X)v e f‘Pnfl(X))]

So,
M Eg aaXFa3z(T(a, o(T)) A~ (@) (T))

Thus, since X does not appear in the right hand side of the formula, M E
3037 (T (a, ©(F)) A =" (@) (Z)). This contradicts that M is an aa-premouse.

Similarly, suppose for a contradiction that there’s ¢ € Lgq(€,T) and
[¥], [¥o0], -, [on—1] € M* such that

M Es =T([], ([@o], - [on1])) A "D (0], ..., [n—1])

From this we obtain a contradiction in the same way as above. This show
that (a) implies (b).

Now by the definition of F, (b) implies that F'(a+1) = C’é}frl. Hence, the
induction-step for successor ordinals is clear. At limit «, (a) is immediate
and (b) follows from (a) as before.

Lastly, criteria (4) follows from Theorem 4.2.5 and club determinacy. [J

Remark 4.2.8. In the above proof, when we write

M* ':S T(W)]’ ‘:0([(100]7 sy [‘Pn*l])) A _'SOF(W}D([QDOL seey [Qpnfl])a

note that this statement only makes sense for every particular instance of
a formula . That is, when we say “Suppose there’s ¢ such that...”, this
quantification is not done within S™, but on the “outside”.
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Lemma 4.2.9. j[M] # M*.

Proof. By the definition of a potential aa-premouse, M Fg aaX3Jx(—X(x)).
Thus, [-X(x)] € M*. Suppose for the sake of contradiction that there’s

a € M such that j(a) = [-X(x)]. Then,
M Es a0 X (fx () (X) = )

so in particular, M Fg aaX (=X (a)). This contradicts A2.

O

Lemma 4.2.10. The least ordinal vy such that M Fg —aaXVz(z € v —

X (x)) is the critical point of j.

Proof. First suppose that o < 7. Then, M Eg aaXVz(z € a — X(x)).
If [p]Elx = o], then M Eg aaX(f,(X) € a). By combining the formulas,
it follows that M Fg aaX (X (f,(X))). By the proof of Lemma 4.2.3 we

can find f € M such that M Eg aaX (f,(X) = ). Hence, [¢] =

Therefore, [x = a] collapses to «, so « is below the critical point.

[z = p].

Next, consider the element [z € v A =X (z)] € M*. We claim that
this element witnesses that 7 is the critical point of j. We have that [z €
YA=X (x)]Ej(y). Suppose there’s o < 7y such that [x € yA=X (2)] = [z = af.

Then,
MEg aaX(fIE’Y/\_\X($) (X) = Oé)

Hence, M Eg aaX (=X («)). This contradicts A2. Therefore, [x € yA-X (z)]
is according to M* an ordinal larger than all ordinals of the form j(3) for

B < 7, but smaller than j(v). Thus, + is the critical point of j.

O]

Lemma 4.2.11. Let K be an aa-premouse of the form (Cy, €, Ty, S, (P-’C)K{),

)

a > wl, where S, is the set of true formulas (with parameters) in the struc-

ture (Cy, €, Ty, (P»’C)Kg). Suppose that M = (M, €, TM, SM (PM

K3 3

)icg) 15 a

countable! aa-premouse and 0 : M — K is a weak aa-elementary embedding.

Let M* be the aa-ultrapower of M. Then there is:

1. PE’C’ C C,,

2. a structure K' = (Cq, €, Ty, SV, (Pi’C)K&, PEIC/) such that

54 = {0(@) | ¢(F) € Loa(€.T.(P)ices1). T € Ca and

(COH SH Tom (R,"C/)7;<§+1) F @(a)}7

3. and a weak aa-elementary embedding 0* : M* — K'.

!Countable in V and € < wy .
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Proof. Given [p(X,z,a)] € M*, we have M Fg aaX3xp(X,z,a). By
the weak aa-elementarity of 0, K Fg aaXJzp(X,z,0(a)). Since we re-
quired that this actually coincide with the satisfaction in K, we get K F
aaX3zp(X,z,0(@)). Let Dg, C P, (Cy) be a club of sets such that if
A € Dg,, then K F Jzp(A, z,0(a)). Furthermore, let

Q= {Day | l[p(X,z,a)] € M*}

Then since M is countable in V', it follows by the wi-completeness of the club
filter that @ is non-empty. Fix A* € Q). Define PEK/ =A*and 0* : M* — C,
according to

0" ([p(X,z,a)]) = the <qq —least b € C, such that K F ¢(A*,b,0(a))

Let S be the aa-theory of the structure (Cy, €, Ty, (P’C)Kgﬂ). Then given

a € M, 0*(j(a)) = 0*([r = a]) = 0(a). We show that 6* is a weak aa-
elementary embedding. Let ¢(Pe,7) € Laa(E, T, (P;)icer1) and [po(X, x,a0)],
o pn—1(X,z,@n—1)] € M*. Then,

M Es (P, [po(X, x,a0)], -, [on—1(X, 2, @p-1)])
=M ':S aanv/)(X fcpo X,z,a0) (X)v afcpn_l(X,a:,En_l)(X))
=K F aan/}(X f(pO(X:c 0(ao)) (X)a 7f<pn,1(X,:v,9(En—1)) (X))

By the definition of A*, it follows that
K EY(Pe, foo(x2,00)) (A)s - fon_1 (X a,0@n_1)) (A7)

=K = (P, 0" ([po(X, 2, a0)]), -, 07 ([pn—1(X, 2, an1)]))
=K' Es (P, 0" ([po(X, ,@0)]), ..., 0" ([n—1(X, 2, 8n-1)]))

The other direction follows from club determinacy, since if

M Fs @D(Pg, [900(X3$a60)]7 ooy [‘pnfl(Xa:Eaan*l)])

Then by club determinacy,

MEs aCLX_\¢(X, fgpo(X,x,Eo)(X)> ety fapn_l(X,x,En_1)(X))7
and we can proceed as above. O

Lemma 4.2.11 implies that if we have a countable aa-premouse M and
a weak aa-elementary embedding of M into a level €, of C(aa), then its
aa-ultrapower is well-founded. Then, M* is in fact an aa-premouse, and we
identify M™* with its transitive collapse.
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4.3 Iterating aa-ultrapowers

Definition 4.3.1 (aa-iteration and aa-mouse). Let My be an aa-premouse.
The aa-iteration starting from My is the sequence of models

(My |0 < a <), such that
1. For each a < v, M1 is the aa-ultrapower of M,.
2. If @ < is a limit ordinal, then My =z, Mg (the direct limit).

3. v < wjy is the least ordinal such that M, 1 is not well-founded, or w;
if no such exists.

If v = w1, then My is called an aa-mouse.

Some comments on the limit steps might be required. First, note that the
composition of two weak aa-elementary embeddings is a weak aa-elementary
embedding. So if we have (M, | 0 < a < ) and for every a < 7, M, is
an aa-premouse, then we also have weak aa-elementary embeddings j, 5 :
Mgy — Mg forall o < 8 <.

Suppose that § < wy” is a limit ordinal and for all @ < 8 < §, M, and Mg
are aa-premice and j, g : My — Mg is a weak aa-elementary embedding.
Then in order to construct Mg, we first take the direct limit of all (M,, €
, TMa (Pi)icg(a)), for @ < 6. Then, since the embeddings j, g restricted to
this structure are first-order elementary embeddings, we know that we have
a well-defined limit model (M, €, TM5, (P;);<¢(s)), with £(6) = sup,5 &(v).
Also, we have a first-order elementary embedding j, s : Mo — M; for all
a < 6. Now, we can set

M= (P(jas (@) | @ <6, P(@) € Laa(€, T, (P)i<e(s)) and Ma Fs (@)}

Then, using similar arguments as in the previous section, one can show that
it M is well-founded, then it is an aa-premouse and j,s is a weak aa-
elementary embedding. For the following Theorem, recall that by S,, we
mean the set of aa-formulas (with parameters from C,,) that are true in &,.

Theorem 4.3.2. Suppose that (M,E,T™) < &, for some limit ordinal
a>wl. Let SM =S, M and Mgy = (Mg, €, TMo, SM0) be the transitive
collapse of M = (M, E,TM, SM). Then My is an aa-mouse.

Proof. Let m: M — Mg be the transitive collapse and 8y = 71 : My — €,.
Then 6y is a weak aa-elementary embedding. We can apply Lemma 4.2.11
inductively to obtain for each 8 < wY , a weak aa-elementary embedding

eﬁ : Mﬁ — K:ﬁ = (Con G,Ta,Sg, (PiKB)i<ﬁ)
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If§ < w}/ is a limit, then we define 05 : Ms — s as follows: For each
a € Ms, fix f < 0 and b € Mg such that a = jgs(b). Then 85(a) := 03(b).
Clearly, 65 is a weak aa-elementary embedding. It follows that Mg is well-
founded for each 8 < w/. O

Lemma 4.3.3. Let M = (M, e, TM, SM, (PM)Kg) be an aa-premouse and

7
M* its aa-ultrapower. Then for each i < &, j[PM] = PM.
Proof. Recall that PM" = {[p] € M* | M Fg aaXPi(f,(X))}. Triv-
ially, j[PM] € PM". For the other direction, suppose that [¢] € PM".
Then by criteria (6) of being a potential aa-premouse, it follows that M Eg
aaX (X (f,(X))). By the proof of Lemma 4.2.3, there’s b € M such that
M Eg aaX(f,(X) =0b). Thus, [¢] = [z =] O

Lemma 4.3.4. Suppose that My is an aa-mouse with no predicates P;. Let
(Mo | 0 < a <wy) be its aa-iteration. Then C = {Pi/\/t”1 | i <wi} is a club
in Py (Mey,).

Proof. Note that by Lemma 4.3.3, for each i < w/’, PiM“1 = Jiw, [M;]. Since
at limit steps in the aa-iteration, we take unions, it follows that C' is closed
under increasing w-sequences. By Lemma 4.2.9, the sequence <PZM“1 | i <
w1) is continuously increasing. Now, suppose that A € P,, (M, ). Since

w! is regular, we can find o < w} such that A C j, o, [Ms]. Thus, there’s
B € C such that B D A. ]

Lemma 4.3.5. Let M be an aa-mouse with no predicates P; and M., its
wi-th iteration. For each ¢(T) € Laa(€, T, (P;)icw,) and @ € M3¥, we have
that:

Mwl Fs QO(E) Aaad Mwl F 90(6)

Proof. The proof is by induction on the structure of . If ¢ is atomic, then
the statement follows from Lemma 4.2.3 since My, is an aa-premouse. The
induction-steps for conjunction and negation are straightforward. In the
induction-step for the existential quantifier, we use the critera (5) of being a
potential aa-premouse. We look at the induction-step for the aa-quantifier
in detail.

Suppose that ¢(a) = aaX¢(X,a), My, Fs aaXy(X,a) and that the
equivalence holds for 1. Fix 8 < w} such that @ = jg, (b) for some b €
M E“’, and for all P; occuring in ¢, i < 8. Then by the weak aa-elementarity
of 78w, Mg Fs aaX(X,b). Then also, M, Fg aaX@D(X,jﬁ’a(B)) for all
B < a < w. Hence, Muys1 Fg ¢(Pa,j,8,a+1(g)) for all B < a < wy.
Thus, M,,, Fs ¥ (P;,a) for all 3 < i < w}. By the induction assumption,
M, E ¢(P,a) for all < i < w}. From Lemma 4.3.4, it follows that
My, FaaX(X,a), as desired.

For the other direction, suppose that M,,, Fg aaX(X,a). Then by
club determinacy, M,,, Fg aaX—-9(X,a). Thus, we can argue as above. [
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Theorem 4.3.6 (Kennedy, Magidor and Véénénen, [9]). Let M be an aa-
mouse and M, its wy-th iteration. For each o < o(M,,),
1. TMa [ =T,

2. M — o,

In particular, there’s an ordinal v = o(M,,,) such that (M,,,, €,TM1) = €,.

Proof. We prove (1) and (2) simultaneously by induction on «. The only
non-trivial case is the successor-step. So suppose that (1) and (2) holds for
a < 0o(My,). Now by definition,

Ca+1 = defaa (Q:a)

Mw Muw Mw
Ca+11 = deffa 1( a )

By our induction assumption, €, = (’:24“1, so the above sets are equal if

TMer | (a+1) = Tyy1. Given p(T) € Log(€,T) and @ € Cg‘, we have that

Muwq .

(. p@) € THr [ (a+1) =My Fs 9% (@)
=M, Eg o (a) (LA))
=M, E % (a) (Lemma 4.3.5)
€, F ¢(a) (Lemma 2.1.9)

<:>(a’ @(a)) € Ta+1
O

Remark 4.3.7. Whenever we apply Theorem 4.3.6, we iterate the aa-ultrapower

. 7 . C(aa) . .
construction wy -many times, not wy -many times. This is because we
want the club in Lemma 4.3.4 to be a club in the sense of V', not in the
sense of C'(aa). So from the perspective of C'(aa), the iterations are done
a measurable number of times. Furthermore, since each application of the
aa-ultrapower construction adds new elements, Theorem 4.3.6 always gives

us a level €, for some v > wy'.
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Chapter 5

Combinatorial properties of
C(aa) below w)’

Let ¢(x,7) be a first-order formula in vocabulary {€,7T} and « a limit ordi-
nal. Since we have a definable well-ordering <, of €., we also have definable

Skolem functions F, : C'Oéyl — Cy:

_ <aq -least b such that €, F ¢(b,a), if such exists
Fy(a) =

( otherwise

Given A C C,, let Sk(A)% be the Skolem-closure of A under all F,.
So, Sk(A)% < €4 and [Sk(A)%| = |A] + w. Suppose that Sk(A)% =
(M', E,T™") and define

SM = (@) | Y(T) € Laa(€,T),a € Sk(A)% and €, F 1(a)}.

Let M be the transitive collapse of (M’, E, 7™ SM"). Then M is an aa-
premouse. In the following section, when we talk about the transitive col-

lapse of Sk(A)%, we are refering to M, which is an aa-premouse. Note that
if A € C(aa), then Sk(A)% € C(aa), and also M € C(aa).

Lemma 5.0.1. Let k € €, be regular in C(aa) and v a limit ordinal. Let
A C €, be finite and for each o < K, let Ho = Sk(a U A)®r. Then, D =
{a < k| HoaNk=a}isa clubin k.

Proof. Claim. If v < k is a limit ordinal, then H, = Ua<v Ha-

<
Proof of the claim: Note that if @ € (U(K7 ’Ha) w, then for every ¢,
Fy(@) € Upey Ha S0, Uper, Ha contains v U A and is closed under ev-

ery F,. Thus, H, C U, <~ Ho. The converse is immediate. ]

To show that D is unbounded, let ag < k and for every n < w, let apy1 =
U(Ha, NK), and o = Up<pay,. Then a > ag. We will show that o € D.
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For the sake of contradiction, suppose not. Then there’s 8 € H, such that
a < 8 < k. By the claim, g € H,,, for some n < w. Then a,11 > /3, which
is a contradiction.

That D contains all its limit points follows immediately from the claim.
Thus, D is a club in k. O

5.1 Diamonds

Remark 5.1.1. Let Mg be an aa-mouse and (M; | i < w{’) its aa-iteration.
If « € My is an ordinal such that « is below the critical point of jg 1 : Mo —
M, then jo ., (o) = a. Recall that the critical point of jo; is the least v
such that My Fg maaXVz(z € v - X(z)) (Lemma 4.2.10). So « is below
the critical point if for all § < a, My Fg aaXVz(x € 8 — X(z)). If this
holds, then for all i < w}’, we have M; Fg aaXVx(x € 8 — X (z)).

The combinatorial principle ¢ was originally introduced by Jensen in
1971 to show the existence of Suslin trees in L [7].

Definition 5.1.2. Let x be regular and R C k stationary. A sequence
(Xa | @ € R), Xo C «, is a Ox(R)-sequence if for all X C k, the set
{a € R| X Na=X,} is stationary. If such a sequence exists, then we say
that O (R) holds.

Theorem 5.1.3. Let k < w} be reqular in C(aa) and R C & stationary.
Then Ok (R) holds.

Proof. We define a sequence ((Xq, Ey) | @ € R) by recursion as follows:
If « € R is a limit ordinal, let (X,, F,) be the <g4-least pair such that
Xo,Fo C a, Eyis club in o and for all 8 € E, N R, X, N B # Xg. If no
such pair exists, or if o is 0 or a successor ordinal, let X, = E, = (). We
claim that (X, | @ € R) is a O, (R)-sequence.

Suppose not. Then there’s a <gq-least pair (X, E') such that X, F C &,
Eisclubin s and for all a € ENR, X N # X,. Let v > w} be a limit
ordinal such that P (k)¢ € ¢, and

A={rk, R X, E,(Xa,Ea) | e R)} C T,

Now, given D as in Lemma 5.0.1, we can find A € DN R. Let 7 : Hy = My
be the transitive collapse of Hy, where H, = Sk(A U A)®. Then 7 satisfies
the following properties:

1. 7 [ A=1id, and (k) = .
2. 1(X)=XnA7n(EF)=EnXand 7(R) = RN\
3. T({((Xay Ea) | @« € R)) = ((Xa, Eo) | @« € RN ).
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Since |[My| = A is countable in V', My is an aa-mouse by Theorem 4.3.2.
Thus, the aa-iteration (M, | @ < w;) is well-defined. By Theorem 4.3.6,
there’s an ordinal & such that (M,,, €, TM«1) = &5. Furthermore, X is below
the critical point of j : Mg — My, since for all 5 < A,

¢, FaaXVz(x € B — X(x)).
Thus,

Cs E (X NA ENN\) is the <qq-least pair such that £ N A is a club in A
and for alla € (ENA)N(RNA), (XNA)Na#X,"

By Theorem 2.4.2, this is true in €,. Hence, by definition, (X, E)) =
(X N A,ENA). Furthermore, since £ N A is unbounded in A, we get that
A € E. So we have A € EN R such that XN A = X,. This is a contradiction,
since our assumption was that for alla € EN R, X Na # X,. O

5.2 A reflection principle regarding >;-formulas

The following reflection principle appeared first in Generalized Descriptive
Set Theory and Classification Theory by Friedman, Hyttinen and Weinstein
(Kulikov) [3]. There, it was used in Theorem 18 to show that in L, the
k-Borel* sets are precisely the ¥1(k) sets. The proof in C(aa) is similar to
the proof in [5], but some adjustments are needed. With ZF~ we mean all
axioms of ZFC except the power set axiom. If u < k are regular cardinals,
then with E}} we mean the set {a <k | cf a = u}.

Theorem 5.2.1. Suppose that u < k < w) are a reqular cardinals in C(aa).
Let (z,y) be a first-order ¥1-formula of set theory. Then for all n,§ € 27,
C(aa) E(n, &) if and only if the set

A={a<k|IB>a (@5 FEZF™ AY(n | a, & a) A “ais regular”)}
contains a p-club.

Proof. “=" Let 0 be large enough such that
Co EZF™ ANp(n, &) A“K is regular”.

For every a < k, let Hq = Sk(aU{r,n,E})% and D = {a < k| HoNk = a}.
By Lemma 5.0.1, D is a club in &, so in particular it is a p-club. We claim
that D C A.

Suppose that a € D. Let Mg be the transitive collapse of H,. Since Mg
is countable in V', My is an aa-mouse. Thus, its wi-th iteration M, is €z
for some 8 > «. Furthermore, « is below the critical point of j : Mg — My,
so we get that

CsEZF™ AY(n | a, & | o) ANa is regular”.
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Thus, a € A.
“«<" Suppose that ¥ (n, &) does not hold. Given a u-club C, let 6 be such
that C € Cy and

Co EZF™ A —1)(n, &) A“K is regular”.

Furthermore, we may assume that €y calculates all cofinalities below & cor-
rectly. Similarly as before, define H, = Sk(aU {x,C,n,£})% and D = {a €
By | Ha Nk = a}. By Lemma 5.0.1, D is a p-club. Let ag be the least
p-cofinal limit point of D. Then C is unbounded in «yg, so ag € C. We show

that o ¢ A.
Suppose for a contradiction that oy € A. Then there’s 5 > ag such that

CaEZF™ AN Y(n | ao, & | ap) Aoy is regular”.

Let € be the wi-th aa-iteration of the transitive collapse of H,,. Since 1) is
31, B> A. Now, for a < ag, define

My, = Sk(a U {ao,CNao,n [ ag,€ [ ag})™, and
D' ={ae (El‘fo)@“’ | H, Nap = a}
Note that EJ° = (Eﬁ‘o)% € ¢, so D', H], € Cz. Furthermore, for each

a < aq, note that

Ho = H.,
so in particular, Ho Nk = o <= H,, Nag = o. Thus, D' = DNay € €.
Now since €g F ZF ™,

€ F “There’s v < o and an order-preserving bijection from « to D N ap.”

However, the only possibility for 7y is 11, so €g must believe that ayg is singular.
This is a contradiction. O

5.3 More diamonds

In this section we look at a combinatorial principle known as . Tt is
stronger than ¢, and was originally used in the construction of x-Kurepa
trees in L. Before looking at this principle in C'(aa), we need one more fact
about aa-mice.

Lemma 5.3.1 (Kennedy, Magidor and Véénénen, [9]). Suppose that My is
an aa-mouse, K < w}/, Kk € My, My, =€, and k is below the critical point
of j: Mo — M. Then, P(k) N My=P(k)NC,.
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Proof. Suppose not. Then there’s  C & such that 7 € Co, 7 = jey1,0, (1)
for some 7* € Mgy and € < w, but r # je o, (s) for all s € Mg. Suppose
that r* = [¢(X, z,a@)] for some @ € M. Now,

Co F Ja(z C AVY(Y € Jerr,w ([p(X, 2,0)]) <y € 7))
Thus,
Co FaaX3z(z C K AVYY € foX e, @) (X) <y €x))

Let D C P,,(M,) be a club of sets A such that €, F Jz(x C kK AVy(y €
fo(A) <>y € x)). Given t C k with t € Cy, let

Dy :={AcP, (Cq) | Ca Ft T KAVY(y € st(X,ng,wl @)(A4) < yet)}

Then, D = U, 1ec, Dt Since w{ is a strong limit in C(aa), it follows that
C,, only has countably many subsets of k from the perspective of V. Thus,
this is a countable union, so by the wi-completeness of the club filter, there’s
t C k such that D, is stationary. By club determinacy of €,, it follows that
D; contains a club. Thus,

Co FIzaaX(z CrAVY(y € fo(X e @)(X) >y ex))
Therefore,
M Fs FzaaX(z €k AVY(Y € foxea)(X) <y €2))
So by criteria (5) of being a potential aa-premouse, there’s s € Mg such that
M FsaaX(s CrAVY(Y € foxem)(X) <y Es))
It follows that r = j¢ ., (s), which is a contradiction. O

Definition 5.3.2 (0;). Let x be a regular cardinal and (4, | @ < k) a
sequence such that for all o < k, Ay, € P(a) and |A,| < |a|. Then this
sequence is a {; -sequence if for all A C k, there’s a club D C & such that if
a€ D, then ANae A, and DNa € A,.

At certain large cardinals, so called ineffable cardinals, the principle ¢;F
automatically fails:

Definition 5.3.3 (Ineffable cardinal). A regular, uncountable cardinal & is
called ineffable, if for all sequences (X, | a < k), with X, C «, there’s
X C k such that {a < k| Xq = X Na} is stationary.

Ineffable cardinals are at least weakly compact. In the next Theorem, we
show that every regular, not ineffable, cardinal x < w} in C(aa) has a O;f-
sequence in C'(aa). This is similar to the situation in L, where every regular,
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not ineffable, cardinal x satisfies O;f. Since w} is measurable in C(aa), the

assumption that x is not ineffable is necessary, as there are always many
ineffable cardinals below a measurable.

For more information about ineffable cardinals, the principle O, -
Kurepa trees and their relationship, we refer the reader to Devlin’s book
Constructibility [2].

Theorem 5.3.4. Let k < w{ be reqular and not ineffable in C(aa). Then
there’s a OF -sequence.

Proof. Let (X, | a < k) witness that « is not ineffable. Thus, for all X C &,
there’s a club E such that whenever o € E, then X, # XNa. Let § > w] be
a large enough limit ordinal such that P (k)¢ € Cy and (X, | & < k) € Cp.
For each a < &, let By := Sk(aU{a, (X, | a < k)})% and A, = B,NP(a).

We claim that (A, | a < k) is a O;f-sequence. Clearly, A, C P(a) and
|As] < |a|. Fix a subset A C k. For each a < k, define

Ho = Sk(a, {K, A, (Xo | a < /<&>})€‘9

By Lemma 5.0.1, D :={a < k | Ho Nk = a} is a club in k. We claim that
D is as wanted. Pick a € D. We want to show that ANa,DNa € A,.
Let m : B, — Mg be the transitive collapse of B, and 7’ : H, — Ny the
transitive collapse of H,. By the elementarity of = and 7', the following
holds:

. 7 Ja=id, 7(a) = a and 7(X,) = X,.
2. 7' Ja=id, 7'(k) = a and 7' (A) = AN a.
3. m((Xp | B <k))=(Xp|B<a).

Since My and Ny are countable in V| they are aa-mice. Thus, if M,
is the wi-th aa-iteration of My, then M, = &€, for some limit ordinal
v > wy. Similarly, N,, = €5 for some limit ordinal § > w}". First, we show
that § < . Since « is below the critical point of j : My — My, it follows
that X, € Cy. We show that X, ¢ Cs, which is sufficient.

For the sake of contradiction, assume that X, € Cs. Since Ny < €5 and
since k is not ineffable,

€5 E “There’s a club E' C « such that if 3 € E', then X, N3 # X3.”

By Lemma 5.3.1, X,, B’ € Ny. Let X, E € Cy be such that 7/(X) = X,
and 7' (E) = E’. By the elementarity of 7/,

Cy F“E C k is a club such that if 8 € F, then X N3 # Xg.”

Now, E' = ENa, so E is unbounded in o. Thus, a € E. However, this
means that X Na # X,, which contradicts that 7'(X) = X,.
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Thus, we have proved that § < . Since ANa € Cs, also ANa € C,. By
Lemma 5.3.1, ANa € My. Thus, AN« € A,. Lastly, we need to show that
DNa € A,. By the same argument, it is sufficient to show that DNna € C,.

For each 8 < a, let 7—[’5 = Sk(BU{a, ANa, (Xs | B < a)})%, and define

D':={f<a|HzNna=p}
Then, for all 8 < a, Hg = Hj. In particular, Hg Nk = <= HzNa = .
Hence, D' = D Na. Since D' € C,, also DNa € C,. O
5.4 Some final remarks

We have now showed that many properties of L carries over to C'(aa), es-
pecially below w}. Goldberg and Steel have showed that w} is the first
measurable cardinal in C'(aa). Thus, C(aa) looks very much like L below
w}/. In fact, we even have that,

CyFV=L

Proving this is actually trivial, since if « is countable and ¢(X,Z) is a first-
order formula in vocabulary {€,T'}, then for all @ € C,,

Co FaaXp(X,a) <= €, F p(Cy,a) < € F ¢(T,a)

By induction on aa-formulas and countable «, we obtain that C, = L, for

all a < wY. Thus, it follows that CWY = Lw}/. However, this does not at

all mean that (Vw}/)c(““) = (Vw}/)L. In general, given k < w{’, many of
the elements of P (k)@ appears after w} in the levels (€, | @ > w). For

the reader familiar with 0f, we may remark that wlc(aa) is inaccessible in L.
This is because C(aa) has a measurable cardinal, and hence also 0% € C(aa).
Thus, a bijection f : wF — w exists in C(aa), but it appears in some level

¢, for a > wy.
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