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Abstract

We study scalar dark matter production and reheating via renormalizable inflaton couplings,
which include both quartic and trilinear interactions. These processes often depend crucially on
collective effects such as resonances, backreaction and rescattering of the produced particles. To
take them into account, we perform lattice simulations and map out parameter space producing
the correct (non–thermal) dark matter density. We find that the inflaton–dark matter system
can reach a quasi–equilibrium state during preheating already at very small couplings, in which
case the dark matter abundance becomes independent of the inflaton–dark matter coupling and
is described by a universal formula. Dark matter is readily overproduced and even tiny values of
the direct inflaton couplings can be sufficient to get the right composition of the Universe, which
reaffirms their importance in cosmology.
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1 Introduction

The stage of particle production after inflation represents one of the essential phases in the Early
Universe evolution [1]. In this epoch, both the Standard Model (SM) fields and dark matter
(DM) are generated. The underlying mechanisms could be simple perturbative decay of the
inflaton or more involved non–perturbative particle production by an oscillating background.
The abundance of dark matter is sensitive to the production mechanism and the corresponding
couplings unless it thermalizes thereby erasing its “memory”.

In this work, we study scalar dark matter production and reheating within the simplest frame-
work that contains only renormalizable couplings. The unique renormalizable gauge–invariant
interaction between the Standard Model and the inflaton φ has the form

Vφh =
1

2
λφhφ

2H†H + σφhφH
†H . (1.1)

It is thus natural to expect that these couplings play a leading role in producing the SM particles
after inflation, i.e. reheating. If dark matter is a scalar field s, analogous renormalizable terms
can be written down for the interaction between φ and s. Although a similar statement applies
to the Higgs–DM interaction (see [2] for a review), in the present work we focus on non–thermal
dark matter and assume that such couplings are negligible. The above interactions are sufficient
to fully describe both dark matter production and reheating.

After inflation ends, the inflaton oscillation epoch sets in. During this epoch, particle pro-
duction can be very efficient. Indeed, couplings of the above type can lead to parametric [3–5] or
tachyonic [6,7] resonance signifying explosive particle production. Certain aspects of this process
can be described analytically with the help of semi–classical methods. However, it is notoriously
difficult to properly account for backreaction and rescattering of the produced particles. It is thus
often necessary to resort to classical lattice simulations [8,9]. To this end, we use the numerical
tool LATTICEEASY [10]. We find that collective effects make a crucial impact on the dynamics
of the system and the resulting dark matter abundance. In particular, the produced DM quanta
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can efficiently scatter against the inflaton background thereby destroying it and possibly bring-
ing the system to quasi–equilibrium. This regime is highly non–linear and can only be handled
adequately with the help of lattice simulations. Nevertheless, the resulting DM abundance can
be expressed in a transparent and intuitive form.

We explore various combinations of the quartic and trilinear couplings making the dominant
contribution to the dark and visible matter production, respectively. Generally, these are pro-
duced via different mechanisms and at different times. We focus on φ2 and φ4 inflaton potentials
during the preheating stage, which are not directly related to the inflationary potential at large
field values. Our aim is to map out parameter space leading to the correct DM relic abundance,
under the assumption that dark matter is much lighter than the inflaton.

The question we try to address in this work is paramount: renormalizable gauge–invariant
couplings are generally present and cannot be forbidden unless additional symmetries are invoked.
Even their tiny values can make a significant impact, especially when boosted by the collective
effects. While some aspects of the model have been studied before (see, e.g. [11, 12]), a proper
account of collective effects has been lacking.

To simplify the formulas, in what follows, we employ the Planck units,

MPl = 1 , (1.2)

where MPl = (8πG)−1/2 is the reduced Planck mass.

2 The minimal set–up

In this work, we consider the possibility that dark matter is non–thermal. In this case, the
production mechanisms for both dark and SM matter play a crucial role in getting the right
composition of the Universe. Unlike for WIMPs, the DM abundance retains the memory of the
production mode and thus is sensitive to the DM–inflaton and Higgs–inflaton couplings. The
goal of this work is to delineate parameter space leading to the correct relic abundance, taking
into account the important collective effects.

Suppose that inflation is driven by a real scalar φ with mass mφ. The only renormalizable
inflaton couplings to the Standard Model are

Vφh =
1

4
λφhφ

2h2 +
1

2
σφhφh

2 , (2.1)

where we have assumed the unitary gauge for the Higgs field H,

H(x) =
1√
2

(
0

h(x)

)
. (2.2)

Such interactions are expected to play the main role in reheating the Universe. The simplest
option to account for dark matter is to introduce a real scalar s with bare mass ms and impose
the parity symmetry s → −s, which makes it stable. The renormalizable DM couplings to the
inflaton are then given by

Vφs =
1

4
λφsφ

2s2 +
1

2
σφsφs

2 . (2.3)

In this work, we are interested in DM produced directly by the inflaton, so we neglect a possible
λshh

2s2/4 coupling. The latter would contribute to DM production via the freeze–in mechanism
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[13,14] in the Higgs thermal bath. The resulting contribution to the DM abundance is negligible
if [15]

λsh < 2× 10−11 for ms & mh ,

λsh < 10−11
√

GeV/ms for ms � mh . (2.4)

This coupling gets still generated at 1–loop, but is suppressed by a product of the (small) inflaton
couplings as well as the loop factor, so it can be omitted. Similarly, we neglect dark matter self–
interaction.

In our work, we assume that the scalar potential is stable at large field values. Although
the current data favor somewhat metastability of the electroweak vacuum [16], the uncertainty
in the top quark mass makes it inconclusive. Even if the vacuum is currently metastable, the
Higgs potential can be stabilized by the Higgs–inflaton coupling above [17] or via Higgs–inflaton
mixing driven by σφh [18]. A discussion of these issues can be found in [2], [19].

Dark matter and the Higgs quanta are produced after inflation via their couplings to the
inflaton. The production mechanism can be perturbative or non–perturbative, depending on
the strength of the couplings. In the latter case, the collective effects are important: the time–
dependent inflaton background can lead to resonant particle production followed by backreaction
of these particles on the inflaton. Although some aspects of this phenomenon can be treated
analytically, we use classical lattice simulations to account for such effects properly.

After inflation, φ starts oscillating around the minimum of the scalar potential. Locally,
the corresponding potential is normally quadratic. However, in models where inflation is driven
by a non–minimal scalar coupling to curvature, it can also be quartic [20, 21]. This is because
the oscillation amplitude far exceeds the inflaton mass such that the inflaton can be considered
effectively massless. In what follows, we study both of these possibilities in detail. Our goal is to
analyze DM production by an oscillating inflaton assuming mφ � ms,mh, where mh = 125 GeV
is the observed Higgs mass. This (rather common) choice helps highlight the collective effects
and avoid unnecessary kinematic factors.

To avoid stable inflaton relics, the interaction Lagrangian should contain a linear in φ term.
At late times, the Universe is dominated by the SM radiation, hence a natural possibility would
be to consider φh2 as the main driver of reheating. DM can then be produced via φ2s2 or φs2,
depending on the model. We find that the reverse situation where the SM and dark matter are
generated via φ2h2 and φs2, respectively, results in overabundance of DM making it unrealistic.
Altogether, we distinguish the following options for the dominant couplings:

(a) Vφs =
λφs
4
φ2s2 , Vφh =

σφh
2
φh2 , (2.5)

(b) Vφs =
σφs
2
φs2 , Vφh =

σφh
2
φh2 , (2.6)

(c) Vφs =
σφs
2
φs2 , Vφh =

λφh
4
φ2h2 . (2.7)

The resulting DM abundance depends on the inflaton potential, thus we consider the quadratic
and quartic options separately.

In what follows, we do not distinguish positive and negative σφi couplings since the results
are essentially the same for both cases, so we identify |σφi| ≡ σφi. On the other hand, we take
λφi ≥ 0 for definiteness.
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3 Dark matter production via φ2s2

Consider case (a), i.e. the dominant couplings are

Vφs =
λφs
4
φ2s2 , Vφh =

σφh
2
φh2. (3.1)

In this case, DM is produced shortly after the end of inflation when the coherent oscillations of
the inflaton zero–mode are still intense, while the Higgs and other SM fields result from late time
perturbative inflaton decay.

In what follows, we assume that σφh is sufficiently small such that it does not affect the
resonant DM production.

3.1 φ2 preheating potential

The simplest option is that the inflaton oscillates in a quadratic potential,

Vφ =
m2
φ

2
φ2, (3.2)

where the inflaton mass mφ is obtained from the curvature of the potential at φ = 0. As stressed
above, it is generally unrelated to the potential behaviour in the inflationary regime where the
field values are large. This is particularly important since the quadratic inflationary potential [22]
is disfavored by the current cosmological data [23].

Figure 1: Stability chart of the Mathieu
equation (3.8). In the white regions, the solu-
tion grows exponentially, while in the shaded
regions it oscillates. Below the Ak = 2q line,
the resonance becomes tachyonic.

The corresponding equation of motion reads

φ̈+ 3Hφ̇+m2
φφ = 0 , (3.3)

where the small Higgs– and s–dependent terms have
been neglected. After a few oscillations, the solution
can be approximated by

φ(t) = Φ(t) cosmφt, Φ(t) =
Φ0

a(t)3/2
, (3.4)

with

a(t) =

(
mφt

mφt0

)2/3

, (3.5)

where t0 corresponds to the beginning of the preheating
epoch, a = 1. The relation between a and t is found by
integrating dt = da/(aH) with H = mφΦ/

√
6, which

fixes

mφt0 =

√
8

3

1

Φ0
. (3.6)

We note that Ref. [2] has studied dark matter produc-
tion under the simplifying assumption mφt0 = 1, which implies Φ0 ∼ 1 in Planck units. Here we
generalize that analysis to arbitrary Φ0.

The equation of motion for the DM field reads

s̈+ 3Hṡ− 1

a2
∇2s+

λφs
2
φ2s = 0 . (3.7)
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In the Hartree approximation, it can be reformulated as a set of decoupled equations for the
dark matter k-modes, where k is the comoving spacial momentum. Treating φ as a background,
one finds [4]

X ′′k + (Ak + 2q cos 4z)Xk = 0 , (3.8)

where a small term proportional to H2 has been neglected and the Fourier modes sk have been
traded for Xk: sk = a−3/2Xk. The other quantities are defined by

z ≡
mφt

2
, q ≡

λφsΦ
2

2m2
φ

, Ak ≡
4k2

m2
φa

2
+ 2q . (3.9)

Since the time dependence of Ak and q is mild, the modes Xk satisfy approximately the Mathieu
equation which describes resonant particle production.

The behaviour of the solution is determined by q and Ak: if these belong to the “stable”
regions, the solution oscillates, otherwise it grows exponentially. An example is shown in Fig. 1.
In the shaded regions, the solution is stable. Given the initial values of Ak and q � 1, the system
follows a trajectory in this plane, which ends at the origin. Along the way, Xk goes through
regions where it gets amplified until it reaches the last stability zone at q ∼ 1. For k = 0, the
trajectory is Ak = 2q shown by the red line in Fig. 1. In the weak coupling regime, the end of
parametric resonance can be identified with the time when1

q ' 1 , (3.10)

after which the exponential growth stops.2 The amplitude accumulated by that time determines
the size of Xk and the corresponding mode occupation number nk [4],

nk =
ωk
2

(
|Ẋk|2

ω2
k

+ |Xk|2
)
− 1

2
, (3.11)

with

ω2
k(t) =

k2

a2
+

1

2
λφhΦ2(t) cos2mφt . (3.12)

The “field size” or the variance is then computed according to

〈s2〉 =
1

(2πa)3

∫
d3k |Xk|2 '

1

(2πa)3

∫
d3k

nk
ωk

, (3.13)

where 〈...〉 denotes a spacial average.
The above semiclassical treatment of the field s is meaningful if the corresponding occupation

numbers are large, nk � 1. It is important to note that Xk is non–zero only if its initial value
is non–zero. Such non–trivial boundary conditions are provided by quantum fluctuations which
formally correspond to the initial (renormalized) occupation numbers nk = 0 and, hence, non–
zero Xk.

So far, backreaction of the produced s–quanta has been neglected. Yet, it can have an
important effect on the evolution of the system. Indeed, efficient particle production leads to
fast growth of 〈s2〉 which induces an effective inflaton mass squared 1

2λφs〈s
2〉. When it becomes

1This depends on the convention for z. A different convention is used in [4].
2Although this statement is k–dependent, it works quite well in practice. At q � 1, the system enters the

narrow resonance regime, however it is inefficient in an expanding Universe and can be neglected for most purposes.
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Figure 2: Contributions of individual terms to the energy balance for φ2–preheating with λφs ≈ 2 × 10−6,
Φ0 ' 1, and mφ ' 5× 10−6. Based on LATTICEEASY simulations.

comparable to m2
φ, the resonance shuts down. At relatively strong coupling, this happens before

q reaches 1, so the end of parametric resonance in this case corresponds to [4]√
λφs〈s2〉

2m2
φ

∼ 1. (3.14)

In reality, particle production calculations in our system are complicated by a number of
important effects. First, the resonance in an expanding Universe is not parametric but stochastic
[4]. This is because the Mathieu equation coefficients vary in time which can lead to both growth
and damping of the amplitude, depending on the phase. Second, the backreaction effects do not
simply amount to inducing an effective mass. They also lead to rescattering [8] of the DM and
inflaton quanta which is not captured by the Mathieu equation and can fundamentally change
the behavior of the system. To take these important effects into account, we employ lattice
simulations. A recent related analysis can be found in [24].

3.1.1 Equation of state of the inflaton–DM system

The equation of state (EOS) of the system characterized by w,

p = w ρ , (3.15)

with p and ρ being the pressure and the energy density, has an important impact on the DM
abundance calculation. At weak coupling, the energy density of the Universe is dominated by the
non–relativistic inflaton, while DM behaves as radiation and contributes only a small fraction
to the energy balance. In this case, w ' 0. At larger couplings, this is no longer true: the DM
contribution to ρ is significant and the inflaton itself becomes relativistic. The reason is that the
resonance excites momentum modes far above the inflaton mass, up to

k∗ ∼ mφ q
1/4 � mφ . (3.16)
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Via rescattering, this momentum gets transferred to the inflaton field making it relativistic.
Thus, the system goes through a period where w is not far from 1/3 [25]. At a later stage,
the momenta redshift to a value around mφ such that the inflaton becomes non–relativistic and
starts dominating again.

To capture these features, we have performed lattice simulations with LATTICEEASY. Fig. 2
shows the resulting contributions of different terms in the Hamiltonian to the energy balance at
λφs ≈ 2×10−6. We observe that initially the energy is shared equally by the inflaton kinetic and
potential terms, while at later times the DM kinetic and gradient terms become as important.
This signifies the relativistic behaviour of the system. In this example, the resonance stops at
mφt ∼ 100 and rescattering makes the system largely relativistic after mφt ∼ 200. The typical
values of w up to mφt ∼ 1000 lie between 0.2 and 0.25. These numbers increase somewhat with
the coupling. Related lattice studies have recently been performed in [26] with similar results.

The corresponding dark matter particle number and EOS of the system are plotted in Fig. 3.
We see that the system remains relativistic for a long period, often beyond the simulation time.
Hence, in our calculations of the DM relic abundance we have to resort to extrapolation. After
w reaches its peak, its evolution with the scale factor a can be approximated by

wrel(a) =
A

a+B
, (3.17)

where A,B are constants and the beginning of the simulation corresponds to a = 1 . For the
parameters of Fig. 3, A = 41 and B = 106, and these coefficients grow with λφs. We expect
the above approximation to be valid in the relativistic regime. When the inflaton becomes non–
relativistic, it starts dominating the energy density and w quickly approaches 0. Thus, in our
calculations we use

w(a) =
A

a+B
θ(a∗ − a), (3.18)

where a∗ signifies the onset of the non–relativistic regime, where the typical energy is close to
mφ.

The above extrapolation introduces substantial uncertainty in the DM abundance calculation.
To illustrate it, we will present our results for a few choices of w.

0 50 100 150 200 250 300
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0.001

0.010

0.100

1

mϕt

N
/N
e
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�ϕ�
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Figure 3: Left: evolution of the DM total particle number N normalized to that at the end of
the simulation (Ne). The parameters are as in Fig. 2. Right: evolution of the equation of state
w of the inflaton–DM system. The figures are produced with LATTICEEASY.
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3.1.2 Dark matter abundance

The dark matter abundance is normally expressed in terms of

Y =
n

sSM
, sSM =

2π2

45
g∗s T

3 , (3.19)

where n is the DM number density, sSM is the SM entropy density at temperature T and g∗s is
the effective number of SM degrees of freedom contributing to the entropy. We are interested
in non–thermal dark matter at weak λφs, so the SM entropy is approximately conserved and Y
remains constant as long as the total number of the DM quanta is constant. The observed value
is [27]

Y∞ = 4.4× 10−10

(
GeV

ms

)
, (3.20)

which sets a constraint on the input parameters.
Our task is to compute Y at reheating, after which it stays constant. In order to do so, we

need the DM number density at reheating as well as the reheating temperature TR. The DM
number density is a non–perturbative quantity which we determine via lattice simulations, while
TR is computed via late time inflaton decay φ→ hh.

The evolution of the system proceeds in stages. First, DM is produced via parametric reso-
nance, followed by rescattering. Depending on the coupling, the system can become relativistic
and, at a later stage, return to the non–relativistic state with the energy density dominated by
the inflaton.3 When the Hubble rate decreases sufficiently such that it becomes comparable to
the φ→ hh decay rate, reheating occurs almost instantaneously and

HR ' Γφ→hh , Γφ→hh =
σ2
φh

8πmφ
, (3.21)

where HR is the Hubble rate at reheating and Γφ→hh takes into account 4 Higgs d.o.f. available
at high energies. This, in turn, fixes the reheating temperature via

HR =

√
π2g∗
90

T 2
R , (3.22)

where g∗ is the effective number of SM degrees of freedom contributing to the energy density.
Requiring the correct DM relic abundance sets a constraint on σφh, which we may express

directly in terms of the simulation output. The result depends on the energy balance between
the inflaton and DM after preheating. Let us parametrize

ρe(s) = δ ρe(φ) , (3.23)

where ρe(s) and ρe(φ) are the DM and inflaton energy densities at the end of the simulation.
Then, the corresponding Hubble rate is given by He =

√
1 + δ

√
ρe(φ)/3. The subsequent

evolution of the Hubble rate depends on the equation of state of the system, H ∼ a−3(w+1)/2.
Let us for now use the step function approximation,

ae
rel−→ a∗

nrel−→ aR , (3.24)
3In the relativistic regime, s still carries a large fraction of the total energy density and inflaton decay at this

stage would generally lead to overabundance of dark matter (see Section 5).
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i.e. between the end of the simulation (ae) and the onset of the non–relativistic regime (a∗), the
system evolves with w ' 1/3, while after that till reheating (aR), it evolves with w ' 0. The
parameter a∗ can, for instance, be defined by

〈Ee(φ)〉 ae
a∗
∼ mφ , (3.25)

where 〈Ee(φ)〉 is the average energy of the inflaton quantum at the end of the simulation,
〈Ee(φ)〉 = ρe(φ)/ne(φ). At reheating, the energy density is dominated by the non–relativistic
inflaton, so ρ(s) can be neglected and

HR =
He√
1 + δ

a2
e

a2
∗

a
3/2
∗

a
3/2
R

. (3.26)

Solving for aR and taking g∗ ' 107, one then finds

σφh ' 1.6× 10−8 √mφ
H2
e

(1 + δ) ne

ae
a∗

(
GeV

ms

)
(3.27)

in Planck units. The simulation outputs He, ne, ae, δ and 〈Ee〉, which thus determine σφh. In
strong and weak coupling regimes, this result can be rewritten directly in terms of the input
parameters, as we show below.

Strong coupling. The above formula takes a particularly simple form when the coupling λφs is
sufficiently strong such that the system reaches quasi–equilibrium by the end of the simulation.
In this case, the energy is almost equally shared by the inflaton and dark matter, i.e. δ ' 1.
Then, 3H2

e /((1 + δ)ne) gives the average energy of the DM quantum at the end of simulation.
Quasi–equilibrium implies that this also equals the average energy of the inflaton quantum, which
multiplied by ae/a∗ yields mφ by definition. As a result, Eq. (3.27) takes a universal form

σφh ' 5× 10−9 m
3/2
φ

(
GeV
ms

)
, (3.28)

independently of the coupling and initial conditions. This is expected since the “memory” is
erased in equilibrium. Consequently, the reheating temperature is a function of mφ/ms only. At
strong coupling, the expression for the DM abundance takes a simple form,

Y ' 0.4
Γ

1/2
φ→hh
mφ

. (3.29)

The above results also apply to the φ4 preheating potential, as long as λφs is sufficiently
strong.

Weak coupling. At weaker λφs, the backreaction and rescattering effects are less significant
such that the DM output can be estimated using the theory of broad parametric resonance
(q � 1). In this case, the energy density is dominated by the non–relativistic inflaton,

H =
mφΦ√

6
, (3.30)
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while DM gives only a small correction, δ ' 0 and ae/a∗ ' 1. DM production stops when
the q–parameter decreases to the value close to 1, after which the total number of s–quanta
remains approximately constant. The DM number density produced during the resonance can
be estimated using [4]

n ∼ k3
∗

64π2a3
√
πµmφ(t− t0)

e2µmφ(t−t0), (3.31)

where k∗ ≡
(√

λφs/2mφΦ0

)1/2 and µ is the effective Floquet exponent. In practice, t� t0 and
the t0 dependence can be neglected. The end of the resonance corresponds to

λφsΦ
2

2m2
φ

' 1 , (3.32)

which can be solved for t and the scale factor, mφtend =

√
4λφs

3
1
mφ

and a3
end =

λφsΦ
2
0

2m2
φ
. After

that, (almost) no DM gets produced and H2/n remains constant. One thus finds

σφh ∼ 2× 10−6

√
mφ Φ0

λφs
exp

(
− 4µ√

3

√
λφs

mφ

) (
GeV

ms

)
. (3.33)

This result is exponentially sensitive to the exact value of the effective Floquet exponent µ, hence
only an order of magnitude (at best) of σφh can be estimated. Here, we assume µ ∼ 10−1.

Simulations. Our simulation results for three values of the inflaton mass mφ = 5× 10−5 , 2×
10−5 , 5 × 10−6 are shown in Fig. 4. We clearly see the two regimes discussed above: at strong
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Figure 4: σφh vs. λφs producing the correct DM relic abundance in a φ2 potential for DM mass ms = 1GeV
and three values of the inflaton mass mφ = 5×10−5 , 2×10−5 , 5×10−6 in Planck units; Φ0 ' 1. The dots on the
curves are obtained with LATTICEEASY simulations. The area above the curves is ruled out by overabundance
of dark matter.
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coupling the curves flatten out, while at weak coupling σφh is exponentially sensitive to λφs.
These results are generally consistent with the analytical considerations presented above, al-
though in the weak coupling regime σφh is very sensitive to the effective µ whose value can only
be ballparked. According to Eq. 3.27, the values of σφh lying above the curves are ruled out by
overabundance of dark matter. This is understood intuitively since a larger σφh leads to earlier
reheating, in which case the DM energy density is not dilute enough.

The range of λφs is limited by the following considerations. At large couplings, loop cor-
rections affect the inflaton potential, ∆Vφ ∼ (λ2

φs/64π2)φ4 ln(φ2/φ2
∗) with some reference value

φ∗. Yet larger λφs induce significant DM self–interaction which can lead to DM thermalization,
depending on ms. For example, at ms ∼ 1GeV, non–thermalization requires λs ∼ λ2

φs/(16π2) .
10−4, while for lighter DM the bound gets stronger [28]. At weak couplings corresponding to
q . 1, the resonance becomes inefficient and classical simulations are inadequate.

An important source of uncertainty in the calculation of σφh at strong coupling is associated
with the equation of state of the inflaton–dark matter system. This is illustrated in Fig. 5. In
deriving (3.27), we have used a simple step–function

w(a) =
1

3
θ(a∗ − a) . (3.34)

Although in the radiation–dominated phase w is actually somewhat below 1/3 (Fig. 3), this
gives a very similar result to that with w(a) defined by Eq. 3.18. If instead we assume that
(3.17) is valid over the entire relevant range of a, the corresponding σφh is a few times lower. For
illustration, we also show another extreme, w = 0, that gives a somewhat higher value of σφh.
In the absence of full control over w, one should keep in mind the O(1) sensitivity of the result
to the equation of state of the system.

In the above analysis, we have neglected a few subleading effects. First, dark matter pro-
duction may continue after the resonance if the inflaton zero mode has not been “destroyed” by
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Figure 5: Sensitivity of σφh to the equation of state of the inflaton–dark matter system: (a) w = A/(a + B);
(b) w = A/(a+B)× θ(a∗ − a); (c) w = 1/3× θ(a∗ − a); (d) w = 0. Here mφ = 5× 10−6 in Planck units and the
other parameters are as in Fig. 4.
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rescattering. We discuss the perturbative DM production below and find that it only gives a
small correction to our result. Second, a significant value of σφh, such that σφhΦ0/m

2
φ � 1,

would lead to tachyonic resonance resulting in explosive Higgs production and may thus affect
the inflaton evolution. We have verified that this effect is insignificant for the parameter range
of interest.

The numerical results presented here can further be improved by employing new simulation
tools such as Cosmolattice [29, 30].

Perturbative DM production. Even in the absence of broad parametric resonance, dark
matter can be produced perturbatively by an oscillating inflaton background [31–33]. This pro-
cess is allowed kinematically if the induced DM mass is below the inflaton mass,

√
λφs/2 Φ < mφ

or q < 1, and may largely be attributed to φφ → ss. The corresponding perturbative reaction
rate per unit volume is [2]

Γ(φφ→ ss) '
λ2
φs

1024π
Φ4 , (3.35)

neglecting the small narrow resonance effects. The density of s is then found via the Boltzmann
equation,

ṅ+ 3Hn = 2 Γ(φφ→ ss) . (3.36)

Since the energy density is dominated by the non–relativistic inflaton, Φ = Φ0 a
−3/2, the Boltz-

mann equation is easily solved: a3 n(t) = α−β a−3/2, with constant α, β. Imposing the boundary
condition n = 0 at a = 1, one finds that at a� 1,

n(t) =

√
6

768π

λ2
φsΦ

3
0

mφ a3
. (3.37)

Since the DM production rate drops faster with time than the Hubble rate does, the DM output
is dominated by early times and its total number is almost constant. Using Y = nR/(7.4Γ

3/2
φ→hh)

and a3
R = m2

φΦ2
0/(6Γ2

φ→hh), one finds that the correct DM abundance is produced for

σφh ' 3× 10−6
m

7/2
φ

λ2
φsΦ0

(
GeV

ms

)
(3.38)

in Planck units. For the benchmark values, mφ ' 5×10−6, Φ0 ∼ 1 and λφs ∼ 10−9, the required
σφh is about 10−6, which is substantially higher than the typical values for resonant production.
This is natural since Y ∝ N Γ

1/2
φ→hh and non–resonant DM production results in a smaller dark

matter particle number N .
We can also verify that the perturbative DM production after the resonance gives a small

correction to the resonant result. Suppose we are in the weak coupling regime so that the zero
inflaton mode is not destroyed by rescattering. To calculate just the perturbative contribution,
we may use the above solution a3 n(t) = α−β a−3/2 with the boundary condition n = 0 at q = 1.
Then at late times,

n(t) =
λ

3/2
φs Φ2

0√
3 128πa3

. (3.39)

Again, the production rate decreases faster thanH, so largest contribution comes from the period
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right after the resonance.4 It is easy to verify that the above a3n(t) is significantly smaller than
the particle number produced by the resonance, so the perturbative contribution can be omitted.

For large σφh, i.e. σφhΦ0/m
2
φ � 1, the tachyonic resonance affects the above estimates by

making the Higgs production more efficient. A detailed analysis of this case is beyond the scope
of the present study.

3.2 φ4 preheating potential

Let us now consider dark matter production in the quartic inflaton potential

Vφ =
1

4
λφφ

4 . (3.40)

This possibility is realized when the Taylor expansion of the potential is dominated by the fourth
derivative, which can occur, for instance, in models with non–minimal scalar–gravity coupling. If
one neglects the inflaton and DM masses, the system exhibits approximate conformal invariance
so that particle production has qualitatively different features compared to the φ2 case [5]. In
a realistic situation, both the inflaton and DM are massive, yet for our purposes they can be
treated as massless during the initial (non–perturbative) stage of particle production.

The equation of motion for the inflaton reads

φ̈+ 3Hφ̇+ λφφ
3 = 0. (3.41)

It can be rewritten in terms of the conformal time η and rescaled field ψ,

dη = a(t)−1 dt, ψ ≡ aφ, (3.42)

and takes the form
ψ′′η + λφψ

3 = 0 , (3.43)

where the prime denotes differentiation with respect to η. Here we have omitted the a′′/a term,
which is justified after a few inflaton oscillations, when the averaged energy-momentum tensor
becomes traceless [34]. ψ satisfies an elliptic equation whose solution is well known. In terms of
φ(t), the solution takes the form

φ(t) =
Φ0

a(t)
cn
(
x,

1√
2

)
, x ≡ (48λφ)1/4

√
t . (3.44)

The scale factor satisfies a(0) = 1 and a ∝ t1/2 after a few inflaton oscillations. The solution is
an oscillating function in x with a decreasing amplitude. The leading contribution to the Jacobi
cosine is given by cos 2π

T x, where T = Γ(1/4)2/
√
π.

Similarly to the φ2 case, we can treat the inflaton as a classical background and write down
the equations of motion for the dark matter momentum modes Xk (cf. Eq. 3.8) [5],

X ′′k +

(
κ2 +

λφs
2λφ

cn2

(
x,

1√
2

))
Xk = 0, κ2 ≡ k2

λφΦ2
0

, (3.45)

where the prime denotes differentiation with respect to x. This belongs to the class of Lamé
equations. The effective mass term for Xk is periodic in x and thus the Floquet analysis applies.

4We are neglecting a modest Bose–Einstein enhancement of the amplitude due to particles produced during
the resonance. Their momenta get quickly redshifted below mφ, in which case the effect is small.
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The behaviour of Xk is determined by a stability chart in terms of κ2 and q′ = λφs/(2λφ).
In contrast to the Mathieu equation case, the amplitude growth is controlled by the ratio of
couplings q′ which stays constant in time. This is a direct consequence of the (approximate)
conformal symmetry of the system.

Since both κ2 and q′ are constant, the resonance can only end due to backreaction [5]. The
produced particles drain energy from the inflaton field, thereby reducing its amplitude, and also
induce an effective inflaton mass, which eventually terminates resonant particle production. The
resonance in the quartic theory can be efficient over long time scales even if the resonance is
narrow, λφs/(2λφ) � 1. In this case, the Lamé equation can be approximated by the Mathieu
equation with a constant q � 1. The corresponding Floquet exponent is suppressed, yet the
exponential amplitude growth is still visible on a long time scale. In the φ2 case, however, the
narrow resonance is inefficient due to a decreasing in time q.

Owing to inflaton self–interaction, the inflaton quanta are also produced by the oscillating
background. Quantizing the fluctuations δφ, where δφ = φ − 〈φ〉 and 〈φ〉 being the “classical”
inflaton component, one finds an analogous Lamé equation for the momentum modes of the
inflaton fluctuations. In this case, however, the q′ parameter is fixed to be 3. This implies, for
example, that the inflaton quanta production is more efficient than DM production if λφs/(2λφ) .
1/3.

The backreaction and rescattering effects are crucial for the analysis of the system [8, 9],
which makes lattice simulations an indispensable tool. The semi–classical approximation is valid
as long as the occupation numbers are sufficiently large, which restricts the range of the couplings
that can be studied. We find that this is ensured by imposing λφs & 0.5λφ. In this case, the
system evolution and the DM output can reliably be computed on the lattice.

In the quartic case, dark matter is produced very efficiently. Already at q′ & 1, about half
of the inflaton energy gets transferred to dark matter and the system reaches the state of quasi–
equilibrium by the end of the simulation. It behaves as radiation and the total energy density
scales as a−4 with the scale factor. The total number of the DM quanta remains approximately
constant as soon as rescattering has completed. Eventually, the momenta redshift to the point
that a non–zero mφ starts playing a role, after which the inflaton becomes non–relativistic and
dominates the energy density. Subsequently, perturbative inflaton decay via σφh sets in and the
SM radiation gets produced.5 The system goes through the same stages in its evolution as in
the φ2 case, except the relativistic regime lasts much longer. The general result (3.27) applies
and, since the system reaches quasi–equilibrium, the approximate relation (3.28), namely

σφh ' 5× 10−9 m
3/2
φ

(
GeV
ms

)
, (3.46)

holds with good accuracy. This is seen in Fig. 6 which clearly shows independence of the result
of λφ and λφs. (The outlying point on the purple curve does not satisfy λφs & 0.5λφ and should
be discarded.)

Fig. 6 gives a viable example of a system with a light inflaton, mφ = 1TeV, and very light
DM, ms = 10 keV. A nontrivial constraint in this case is provided by the reheating temperature,
TR > 4 MeV [35]. According to Eqs. 3.21,3.22 and the above relation,

TR ∝ mφ/ms . (3.47)
5Generally, the inflaton decay during the relativistic stage leads to overabundance of dark matter, see e.g.

Section 5. Hence, we assume that the inflaton becomes non–relativistic before it decays.
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Figure 6: σφh vs. λφs producing the correct DM relic abundance in a φ4 potential for DM mass ms = 10 keV
and mφ = 1TeV; Φ0 ' 1.7. The dots on the curves are obtained with LATTICEEASY simulations. The area
above the curves is ruled out by overabundance of dark matter.

As a result, a low mφ necessitates very light dark matter. For the above parameters, TR ∼ 50
MeV such that the constraint is satisfied. We observe that the required σφh is much lower than
that for the φ2 preheating potential. This is natural: in the relativistic regime, the DM and
inflaton contributions to the energy density scale the same way. In order to dilute DM, one
needs an extended non–relativistic phase, which is only possible if σφh is tiny: for our parameter
choice, σφh ∼ 1 eV. This makes, in particular, the Higgs production via tachyonic resonance
negligible.

The above behaviour persists in a wider range of couplings limited by the following factors.
For a given λφ, the requirement of having large DM occupation numbers sets a lower bound on
λφs, as mentioned above. The upper bound on λφs is provided by the size of radiative corrections
to λφ as well as by non–thermalization of the inflaton–DM system. The first constraint requires
λ2
φs/16π2 . λφ, while the second depends on mφ and can be estimated as λφs < 10−7

√
mφ/GeV

[36].

4 Dark matter production via φs2

The traditional and perhaps simplest option to produce matter after inflation is to employ the
trilinear inflaton couplings [1],6

Vφh =
1

2
σφh φh

2 , Vφs =
1

2
σφs φs

2 , (4.1)

which is case (b) in Eq. 2.6. The perturbative decay of the inflaton then generates both dark
and observable matter. As long as mφ � mh,ms, the Higgs final state should dominate to

6The DM field is assumed to have small but non–zero self–interaction such that the potential is bounded from
below. It is unimportant for particle production, yet regularizes the scalar potential at very large field values.
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avoid a dark Universe so that σφh � σφs for non–thermal DM. The corresponding decay rates
are constant in time, hence they overtake the Hubble rate at some stage which signifies the
reheating epoch.

Let us focus on the quadratic inflaton potentialm2
φφ

2/2 and modest σ’s such that the resonant
effects can be neglected. In this case, the decay rate of the oscillating inflaton background is
equivalent to that of a non–relativistic inflaton quantum,

Γ(φ→ ss) =
σ2
φs

32πmφ
, Γtot ' Γ(φ→ hh) =

σ2
φh

8πmφ
, (4.2)

where we include all 4 d.o.f. of the Higgs. The inflaton energy gets converted into the Higgses
when Γtot ' H. Until that time, the effect of the inflaton decay on its amplitude can be
neglected and Φ ∝ a−3/2.7 The dark matter abundance is determined by the number of DM
quanta accumulated up to the reheating stage. It is found via the Boltzmann equation

ṅ+ 3Hn = 2Γ(φ→ ss) nφ , (4.3)

where nφ = 1
2mφΦ2 is the inflaton number density. The boundary condition is n = 0 at a = 1.

Then, the late time solution reads

n(t) =
2
√

6

3
Φ0Γ(φ→ ss) a−3/2 . (4.4)

Using Y = nR/(7.4Γ
3/2
tot ) and a−3/2

R =
√

6Γtot/(mφΦ0), one gets

σφh = 6× 107
σ2
φs

m
3/2
φ

ms

GeV
. (4.5)

As a result, there is a wide range of parameters in which the correct relic density is produced,
subject to the constraints σφh � σφs; σφhΦ0/m

2
φ . 1.

This perturbative approach breaks down at large σφh in which case the Higgs production via
tachyonic resonance becomes important. However, the boundedness from below of the scalar
potential imposes a constraint on the size of σφh. Indeed, when the potential is dominated by
V = m2

φφ
2/2 + σφhφh

2/2 + λhh
4/4, no run–away direction exists only if

σφh <
√

2λhmφ . (4.6)

Here, as before, we identify σφh with its absolute value. For a realistic Higgs coupling λh ∼ 10−2,
this constraint is satisfied in all of our previous considerations. We find that a trilinear coupling
subject to the above bound does induce tachyonic resonance. However, it gets quickly shut down
by the Higgs self–interaction which generates a significant effective Higgs mass. As a result,
the inflaton energy transfer to the Higgs is impeded such that the resonance does not have a
significant effect on the dynamics of the system. We thus find that Eq. 4.5 applies to a wider
range of σφh, almost up to the maximal value (4.6).

Many of these features are also shared by models with the φ4 inflaton potential. The efficient
Higgs production is hindered by the Higgs self–interaction, however the situation is complicated

7This is clear from the Boltzmann equation ṅφ + (3H + Γtot)nφ = 0, whose solution depends on the balance
between 3H and Γtot. It is customary to neglect the factor of 3 when studying reheating, which introduces O(1)
uncertainty in the final result.
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Figure 7: Energy density of the inflaton and the Higgs (4 d.o.f.) normalized to the total energy
density for the φ2 preheating potential with λφh = 10−4, mφ = 5 × 10−6 in Planck units. Left:
no Higgs self–interaction. Right: λh = 10−2. Produced with LATTICEEASY.

by the fact that significant trilinear couplings generally induce a non–zero VEV for the dark
matter field, which makes it unstable (see [37] for the simplest example). The potential becomes
a non–trivial function of the 3 fields φ, h, s, whose vacuum structure requires a separate discussion.
A careful parameter space analysis is beyond the scope of the present work and will be performed
elsewhere.

5 Challenges for reheating via φ2h2 interaction

Let us now consider case (c),

Vφh =
1

4
λφh φ

2h2 , Vφs =
1

2
σφs φs

2 . (5.1)

The SM radiation is then produced only during the inflaton oscillation epoch, while DM is
generated subsequently via perturbative decay φ→ ss. Clearly, λφh has to be sufficiently large to
generate enough SM matter. Depending on the model, this large coupling may still be consistent
with flatness of the inflaton potential. In the best case scenario, the efficient Higgs production
results in quasi–equilibrium in the Higgs–inflaton system (Fig. 7, left panel). This could also
extend to the full SM or its subset. The energy is then distributed almost democratically among
the relativistic degrees of freedom which reach quasi–equilibrium [38],

ρφ
ρtot
∼ 1

# d.o.f.
(5.2)

Given that the SM has about 107 d.o.f. at high temperature, this fraction is bounded from below
by about 1/100 and remains constant in the relativistic regime until inflaton decay becomes
important. The total number of the inflaton quanta is conserved at this stage and, since the
average energy per quantum is roughly the same for all species, a similar relation applies to
nφ/ntot.

The SM sector thermalizes quickly so that one can use relativistic thermodynamic relations,
e.g. sSM ∼ 4nSM. The total number of the DM quanta is twice the number of the inflaton
quanta, hence

Y =
n

sSM
∼

nφ
nSM

> few × 10−3 . (5.3)
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This number far exceeds the observed value Yobs = 4× 10−10 GeV/ms, given that ms & 10 keV
as required by the structure formation constraints.8 Therefore, the resulting Universe is dark
and unrealistic.

This conservative lower bound is obtained under the assumption that the energy transfer from
the inflaton to the Higgs is very efficient. In reality, the Higgs field has self–interaction which
leads to an effective Higgs mass–squared of order λh〈h2〉. As the Higgs variance grows, the Higgs
becomes heavy and the resonance terminates. As a result, only a tiny fraction of the inflaton
energy gets transferred to the Higgses (Fig. 7, right panel), which makes the lower bound on Y
much stronger. In either case, reheating via φ2h2 for a non–thermal inflaton appears unrealistic.
Similar arguments apply to the φ4 inflaton potential [38].

The above conclusion is however evaded if the inflaton–Higgs coupling is so large such that the
inflaton thermalizes with the Higgs and eventually undergoes freeze–out in the non–relativistic
regime. This scenario will be presented in detail elsewhere [39].

6 Conclusion

We have studied production of scalar dark matter and the Higgs bosons due to their direct
couplings to the inflaton. The focus of this work is on the effect of collective phenomena such as
resonances, backreaction and rescattering of the produced particles. These make a crucial impact
on the non–thermal dark matter abundance. In particular, we find that the system reaches the
state of quasi–equilibrium for the inflaton–DM coupling above a certain value, which is far below
that required for thermalization. In this case, the dark matter abundance becomes independent
of the couplings and obeys a universal relation (cf. Eqs. 3.28,3.29), which applies to both φ2 and
φ4 preheating inflaton potentials.

The renormalizable inflaton couplings to dark matter and the Higgs field are sufficient to fully
describe the reheating and DM production, leading to a realistic picture of the Early Universe.
The non–perturbative DM production mechanisms are very efficient such that even tiny couplings
can generate the correct relic abundance. We delineate the corresponding parameter space for
the φ2 and φ4 inflaton potentials during the preheating epoch.

In this work, we have focussed on the effects of the direct inflaton–DM couplings and assumed
that the other sources of dark matter such as the non–minimal scalar coupling to gravity [40]
and the scalar condensate [41,42] are subleading. If these additional sources are significant, our
results can be interpreted as the upper bounds on the relevant inflaton couplings.

Acknowledgements. The authors wish to thank the Finnish Grid and Cloud Infrastructure
(FGCI) for supporting this project with computational and data storage resources. F.S. and
T.S. acknowledge support from the EDUFI program.

A Simulation details

In this work, we have performed lattice simulations with CLUSTEREASY, the parallel computing
version of LATTICEEASY. For most purposes, the dimension of the lattice was set to D = 3 and
the number of the grid points per edge was fixed at N = 128 (1283 in total). The simulations

8In our case, dark matter is non–thermal such that the exact bound depends on its momentum distribution.
Note that the characteristic energy per quantum in the dark sector is similar to (or greater than) that in the SM
sector and very light DM remains relativistic at the epoch of structure formation.
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mainly target the late time behavior of the system, for which the UV momentum spectrum is
essential. To capture the relevant features, we have made the upper bound of the momentum
space kmax (in LATTICEEASY convention) dynamical, i.e. coupling–dependent. For example,
in the case of the φ4 inflaton potential with the λφh coupling, the size of the box L in rescaled
distance units was set to

L =
π
√
DN

40

(
λφh

λφ(4π2)

)−0.25

, (A.1)

such that

kmax = kmin ×
√
D

2
N =

2π

L

√
D

2
N = 40×

(
λφh

λφ(4π2)

)0.25

, (A.2)

where kmin represents the lower bound of the momentum space in rescaled units and the pre-
factor 40 has been determined empirically. To verify reliability of our results, we have run
extended 2D simulations with N = 1024 which also capture the relevant infra–red physics. We
find that the late time distributions are indeed consistent.
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