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A B S T R A C T

According to Mortensen (1989), increasing returns to scale in matching may cause multiple equilibria if
collective bargaining or efficiency wage is applied. I show that a unique equilibrium exists, also if the Nash
bargaining solution is used, if productivity is constant.
1. Introduction

The possible existence of multiple unemployment equilibria has
been one of the pertinent themes in search and matching models of
the labor market. Agents meet in a decentralized market characterized
by frictions, and they may make choices for example about reservation
cost (Diamond, 1982), search intensity (Pissarides, 1986; Howitt and
McAfee, 1987) or productivity (Burdett and Smith, 2002). Usually,
firms decide on job creation. Multiple equilibria may exist due to exter-
nalities and feedbacks, and typically, multiplicity of equilibria is asso-
ciated with a matching function which has increasing returns to scale
with respect to unemployment and vacancies. An example of this is
Pissarides (1986), where in a high (low) employment equilibrium work-
ers search for jobs at a high (low) intensity, and firms create a large
(small) number of jobs. However, increasing returns to scale is only
a necessary condition for multiple equilibria, and Pissarides does not
solve whether multiple equilibria do exist for some parameter values.

Mortensen (1989) studies whether multiple equilibria can emerge
in a model where firms create jobs, and wages are determined by col-
lective bargaining (an insider-outsider model), by an efficiency model
or by ‘‘market clearing’’. The matching function may have various
returns to scale, and productivity may depend on aggregate employ-
ment. Mortensen states (on p. 368) that if wages are determined by
collective bargaining or by an efficiency wage model, then ‘‘...multiple
employment equilibria are possible given any one of the following
circumstances: (1) External economies in the production process that
cause labor productivity to increase with aggregate employment. (2)
Scale economies in the process by which unemployed workers and

✩ This research did not receive any specific grant from funding agencies in the public, commercial, or not-for-profit sectors.
∗ Correspondence to: Torikatu 4 B 29, 11100 Riihimäki, Finland.
E-mail address: juha.virrankoski@gmail.com.

vacant jobs are matched in the sense that a doubling of both more than
doubles the matching rate’’.

I show that Mortensen’s statement is not correct regarding item 2.
The model turns out to have a unique equilibrium for all the wage
models considered if the marginal product of labor is independent of
aggregate employment. The result holds also for the Nash bargaining
solution.

Section 2 presents Mortensen’s model and replicates his analysis.
The uniqueness result is derived in Section 3, and Section 4 presents
some concluding remarks. Some results are derived in the online
Appendix.

2. Mortensen’s model and analysis

Time is continuous and extends to infinity, and the common rate
of time preference is 𝑟. There is a large number 𝑙 of infinitely living
workers, of whom 𝑢 are unemployed at any moment of time, and 𝑒 =
𝑙−𝑢 are employed. There is a large number of firms which may maintain
jobs that are filled with one worker or vacant. The number of vacancies
is 𝑣 at any moment of time. Vacancies and unemployed workers meet
in pairs in order to form matches. The aggregate rate of matching is
𝑚 (𝑢, 𝑣), and Mortensen assumes that 𝑚 (0, 𝑣) = 𝑚 (𝑢, 0) = 0, 𝑚 (𝑢, 𝑣)
increases in 𝑢 and 𝑣, 𝑚 (𝑢, 𝑣) ∕𝑢 decreases in 𝑢, and 𝑚 (𝑢, 𝑣) ∕𝑣 decreases
in 𝑣. Mortensen specifies 𝑚 (𝑢, 𝑣) = 𝑢𝑘𝑚 (1, 𝑣∕𝑢) where 𝑘 ∈ (0, 2). In
the sequel I denote 𝑚 (𝑢, 𝑣) = 𝑚, and I use IRS (DRS) for increasing
(decreasing) returns to scale.
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The marginal product of labor is 𝑓 , and the marginal revenue
roduct of labor is 𝑦. In the cases of market clearing wage and collective
argaining 𝑦 = 𝑓 . In the efficiency wage model 𝑦 < 𝑓 because of
onitoring cost. Mortensen assumes that 𝑓 may depend on aggregate

mployment. I present only the case where 𝑓 is constant, in order to
ighlight the properties of the matching function.

The asset pricing equations for the agents are

𝑟𝑈 = 𝑏 + 𝑚
𝑢
(𝑊 − 𝑈 ) + 𝑈̇ , (1)

𝑟𝑊 = 𝑤 − 𝛿 (𝑊 − 𝑈 ) + 𝑊̇ , (2)
𝑟𝑉 = −𝑐 + 𝑚

𝑣
(𝐽 − 𝑉 ) + 𝑉̇ , (3)

𝑟𝐽 = 𝑦 −𝑤 − 𝛿 (𝐽 − 𝑉 ) + 𝐽̇ . (4)

The expected value of unemployment is 𝑈 . An unemployed worker
enjoys leisure 𝑏 and meets a vacancy at rate 𝑚∕𝑢. A meeting results
in employment, and a worker’s expected value increases to 𝑊 . The
alue of unemployment may evolve in time, this is denoted by 𝑈̇ . An
mployed worker receives wage 𝑤. The match dissolves at rate 𝛿, and

the worker returns to unemployment. Also the value of employment
may evolve in time, this is denoted by 𝑊̇ .

The expected value of a vacant job is 𝑉 . A vacancy pays flow cost
𝑐 and meets a worker at rate 𝑚∕𝑣, and the expected value of the job
changes to 𝐽 . The firm earns 𝑦 and pays wage 𝑤. When the match
dissolves, the firm may post a vacancy again. The time derivatives of
𝑉 and 𝐽 are 𝑉̇ and 𝐽̇ . Mortensen considers a steady state equilibrium
where 𝑈̇ = 𝑊̇ = 𝑉̇ = 𝐽̇ = 0. Free entry and exit of vacancies gives
𝑉 = 0.

Mortensen solves the equilibrium of the model in (𝐽 , 𝑒)-space. Each
firm takes 𝐽 and 𝑒 as given when it decides whether to post a vacancy.1
The values of 𝐽 and 𝑒 are determined endogenously in the end, and

ortensen considers whether multiple unemployment equilibria can
merge.

Employment and the value of a filled job adjust according to
𝑒̇ = 𝜂 (𝐽 , 𝑒) (𝑙 − 𝑒) − 𝛿 𝑒, (5)
𝐽̇ = (𝑟 + 𝛿) 𝐽 − 𝜋 (𝐽 , 𝑒) , (6)

where 𝜂 (𝐽 , 𝑒) = 𝑚∕𝑢, 𝜋 (𝐽 , 𝑒) = 𝑦−𝑤 (𝐽 , 𝑒), and where (6) is given by (4).
In a steady state equilibrium 𝑒̇ = 𝐽̇ = 0. Mortensen does not present the
slopes of these curves explicitly, but I provide them here. When 𝑒̇ = 0,
5) gives
𝑑 𝐽
𝑑 𝑒 =

𝜂 − (𝑙 − 𝑒) 𝜂𝑒 + 𝛿
(𝑙 − 𝑒) 𝜂𝐽

. (7)

Expression 𝜂𝐽 denotes the partial derivative of 𝑚∕𝑢 with respect to
when 𝑒 is constant and 𝑣 adjusts to a change in 𝐽 such that 𝑉 = 0.

xpression 𝜂𝑒 denotes the partial derivative of 𝑚∕𝑢 with respect to 𝑒
hen 𝐽 is constant and 𝑣 adjusts to a change in 𝑒 such that 𝑉 = 0. We
ave 𝜂𝐽 > 0, 𝜂𝑒 < 0 for IRS, 𝜂𝑒 > 0 for DRS, and 𝑑 𝐽∕𝑑 𝑒 > 0 on curve

𝑒̇ = 0 (See the online Appendix). Curve 𝑒̇ = 0 begins at (𝐽 , 𝑒) = (0, 0)
ecause if 𝐽 = 0, there are no vacancies, and then 𝑒 = 0. Also, curve
̇ = 0 asymptotes 𝑙 as 𝐽 → ∞.

The slope of curve 𝐽̇ = 0 is
𝑑 𝐽
𝑑 𝑒 =

𝜋𝑒
𝑟 + 𝛿 − 𝜋𝐽

, (8)

where 𝜋𝑒 and 𝜋𝐽 depend on the wage determination model. Because
curve 𝑒̇ = 0 is increasing, a necessary condition for multiple equilibria
s that also curve 𝐽̇ = 0 is increasing. Fig. 1 illustrates the cases where

curve 𝐽̇ = 0 is decreasing or increasing.
The market clearing wage makes workers indifferent between em-

ployment and unemployment, thus 𝑤 = 𝑏. Then 𝜋𝐽 = 𝜋𝑒 = 0, and a
nique equilibrium exists because curve 𝐽̇ = 0 is horizontal. Next I

1 The standard assumption, used for example in Pissarides (2000), is that
each firm takes unemployment and the number of vacancies as given.
 g

2 
consider the outcomes of collective bargaining and an efficiency wage
model. I replicate Mortensen’s analysis until a point where he concludes
hat a unique equilibrium exists if the matching function has non-

increasing returns to scale, but multiple equilibria may exist if returns
to scale are increasing.

2.1. Collective bargaining

In the collective bargaining model it is assumed that all workers
elong to a union which maximizes the expected lifetime utility of a
urrently employed member by choosing worker’s share 𝜃 of the match
urplus. The union solves problem

𝑟𝑊 = max
𝜃∈[0,1]

{𝑤 − 𝛿 (𝑊 − 𝑈 )} (9)

where 𝛿 (𝑊 − 𝑈 ) is a currently employed worker’s expected loss of
wealth due to becoming unemployed. This gives (See the online Ap-
pendix)

𝜋 = (𝛿 𝐽 )1∕2 (𝑓 − 𝑏 + 𝐽 𝜂 (𝐽 , 𝑒))1∕2 − 𝐽 𝜂 (𝐽 , 𝑒) , (10)

and

𝜋𝑒 =
(

(1∕2)
(

1 − 𝜃∗
)

− 1) 𝐽 𝜂𝑒 (11)

where 𝜃∗ ∈ [0, 1] solves problem (9). Then 𝜋𝑒 > (<) 0 for IRS (DRS).
Mortensen argues (but does not show explicitly) that 𝜋𝐽 < 0, and then
𝑑 𝐽∕𝑑 𝑒 > (<) 0 on 𝐽̇ = 0 for IRS (DRS), illustrated in Fig. 1. He concludes
hat multiple equilibria may exist if returns to scale are increasing
ecause then curve 𝐽̇ = 0 may cross curve 𝑒̇ = 0 more than once.

Mortensen’s analysis of the possibility of multiple equilibria ends here.

2.2. Efficiency wage

Mortensen applies the model of Shapiro and Stiglitz (1984) where a
worker can collect wage and leisure utility simultaneously by shirking.
The employer monitors the worker at frequency 𝜆, at cost 𝑎 every time
when checking the effort. Then 𝑦 = 𝑓 −𝑎𝜆. The worker is fired if caught
shirking. In equilibrium a worker’s expected cost of shirking equals the
value of leisure: 𝜆 (𝑊 − 𝑈 ) = 𝑏. The firm solves problem

𝑟𝐽 = max
𝜆

(𝑓 − 𝑎𝜆 −𝑤 − 𝛿 𝐽 ) . (12)

This gives (See the online Appendix)

𝜋 = 𝑓 − 𝑏 − 2 (𝑎𝑏)1∕2 (𝑟 + 𝛿 + 𝜂 (𝐽 , 𝑒))1∕2 . (13)

Then 𝜋𝐽 < 0 because 𝜂𝐽 > 0. Also, 𝜋𝑒 > (<) 0 if 𝜂𝑒 < (>) 0. Then
 𝐽∕𝑑 𝑒 > (<) 0 on 𝐽̇ = 0 for IRS (DRS), shown in Fig. 1. As in the
ase of collective bargaining, Mortensen concludes that non-increasing
eturns to scale guarantees uniqueness of equilibrium while increasing

returns to scale does not.

3. Uniqueness of equilibrium

Mortensen (1989) concluded that multiple equilibria may exist if
(i) wages are determined by collective bargaining or by the efficiency

age model, and (ii) the marginal product of labor is independent of
aggregate employment, and (iii) the matching function has increasing
eturns to scale. I show that this claim is wrong: a unique equilibrium
xists. The problem in Mortensen’s analysis – which is correct per se –
s that it is not carried out far enough. I continue the analysis from the
oint where Mortensen ended his. The strategy to prove uniqueness
s as follows: I solve the steady state value of 𝐽 as a function of
mployment. Then I show that it is impossible that there exist two
teady state equilibria

(

𝑒1, 𝐽1
)

and
(

𝑒2, 𝐽2
)

where 𝑒2 > 𝑒1 and 𝐽2 > 𝐽1,
iven the parameter values.
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Fig. 1. Equilibrium when the matching function has decreasing or increasing return to scale.
𝐽

i

i
A
s

t

U

3.1. Collective bargaining

Eqs. (4) and (10) give

𝐽 =
(𝛿 𝐽 )1∕2 (𝑓 − 𝑏 + 𝐽 𝜂 (𝐽 , 𝑒))1∕2 − 𝐽 𝜂 (𝐽 , 𝑒)

𝑟 + 𝛿
. (14)

This gives

𝐽 =
𝛿 (𝑓 − 𝑏)

(𝑟 + 𝛿)2 + (2𝑟 + 𝛿) 𝜂 (𝐽 , 𝑒) + (𝜂 (𝐽 , 𝑒))2
(15)

on curve 𝐽̇ = 0, and
𝑑 𝐽
𝑑 𝑒 = − (2𝑟 + 𝛿 + 2𝜂) 𝐽 𝜂𝑒

(𝑟 + 𝛿)2 + (2𝑟 + 𝛿) 𝜂 + 𝜂2 + (2𝑟 + 𝛿 + 2𝜂) 𝐽 𝜂𝐽
. (16)

Curve 𝐽̇ = 0 is increasing (decreasing) for IRS (DRS) because 𝜂𝐽 > 0,
nd 𝜂𝑒 < (>) 0 for IRS (DRS).

Let 𝐽 (0) and 𝐽 (𝑙) denote the values of 𝐽 given by (15) when 𝑒 = 0
and 𝑒 = 𝑙, respectively. When 𝑒 = 0, then 𝑢 = 𝑙, and 𝜂 is finite. Then
𝐽 (0) > 0. When 𝑒 = 𝑙, then 𝑢 = 0. Then 𝐽 (𝑙) ≤ 𝛿 (𝑓 − 𝑏) ∕ (𝑟 + 𝛿)2. Because
of the properties of curve 𝑒̇ = 0, a steady state equilibrium exists (See
Fig. 1).

When 𝑒̇ = 0, (5) gives 𝜂 (𝐽 , 𝑒) = 𝛿 𝑒∕ (𝑙 − 𝑒). Using this in (15) yields

𝐽 (𝑒) =
𝛿 (𝑓 − 𝑏)

(𝑟 + 𝛿)2 + (2𝑟 + 𝛿) 𝛿 𝑒
𝑙 − 𝑒

+
( 𝛿 𝑒
𝑙 − 𝑒

)2
. (17)

A steady state equilibrium satisfies Eq. (17), and it is located also on
urve 𝑒̇ = 0 which is upward-sloping. Because 𝑑𝐽 (𝑒) ∕𝑑 𝑒 < 0 (See

Fig. 1), it is impossible that there exist two steady state equilibria
𝑒1, 𝐽1

)

and
(

𝑒2, 𝐽2
)

where 𝑒2 > 𝑒1 and 𝐽2 > 𝐽1, given the parameter
alues.2 We end up with

Claim 1. A unique equilibrium exists if wages are determined by collective
argaining.

Because curve 𝐽̇ = 0 cuts curve 𝑒̇ = 0 from the above, the
equilibrium is a saddle point as Mortensen (1989) argues.

3.2. Efficiency wage

Using (4) and (13) results in
𝐽 =

𝑓 − 𝑏 − 2 (𝑎𝑏)1∕2 (𝑟 + 𝛿 + 𝜂 (𝐽 , 𝑒))1∕2
𝑟 + 𝛿

(18)

2 This type of method is used in Burdett and Smith (2002) in addressing
he possibility of multiple equilibria in a related model.
3 
on curve 𝐽̇ = 0 which is increasing (decreasing) for IRS (DRS). Curve
̇ = 0 begins above the origin, and 𝐽 (𝑙) is finite, thus a steady state

equilibrium exists. Using 𝜂 (𝐽 , 𝑒) = 𝛿 𝑒∕ (𝑙 − 𝑒) gives

𝐽 (𝑒) =
𝑓 − 𝑏 − 2 (𝑎𝑏)1∕2

(

𝑟 + 𝛿 + 𝛿 𝑒
𝑙 − 𝑒

)1∕2

𝑟 + 𝛿
(19)

in a steady state equilibrium. Because 𝑑𝐽 (𝑒) ∕𝑑 𝑒 < 0, following the logic
n the above yields

Claim 2. A unique equilibrium exists if wages are determined by the
efficiency wage model.

Again, curve 𝐽̇ = 0 cuts curve 𝑒̇ = 0 from the above, thus the
equilibrium is a saddle point.

3.3. Nash bargaining solution

Mortensen does not consider the Nash bargaining solution. I include
t here because it is commonly used in the labor market literature.
s in the collective bargaining model, 𝑦 = 𝑓 . The Nash bargaining
olution gives 𝑊 − 𝑈 = 𝜃 (𝑊 − 𝑈 + 𝐽 ), and using (1)–(4) yields 𝑤 =
𝑏 + 𝜃 (𝑓 − 𝑏 + (𝑣∕𝑢) 𝑐). Eq. (3) and 𝑚∕𝑢 = 𝜂 (𝐽 , 𝑒) give (𝑣∕𝑢) 𝑐 = 𝐽 𝜂 (𝐽 , 𝑒),
hus 𝑤 = 𝑏 + 𝜃 (𝑓 − 𝑏 + 𝐽 𝜂 (𝐽 , 𝑒)). Then

𝜋 = (1 − 𝜃) (𝑓 − 𝑏) − 𝜃 𝐽 𝜂 (𝐽 , 𝑒) . (20)

We have 𝜋𝑒 = −𝜃 𝐽 𝜂𝑒 > (<) 0 for IRS (DRS), and 𝜋𝐽 = −𝜃 𝜂 − 𝜃 𝐽 𝜂𝐽
< 0. Then, by (8), curve 𝐽̇ = 0 is increasing (decreasing) for IRS (DRS).

sing (4) gives

𝐽 =
(1 − 𝜃) (𝑓 − 𝑏)
𝑟 + 𝛿 + 𝜃 𝜂 (𝐽 , 𝑒) . (21)

Curve 𝐽̇ = 0 begins above the origin, and 𝐽 (𝑙) is finite, thus a steady
state equilibrium exists. Substituting 𝛿 𝑒∕ (𝑙 − 𝑒) for 𝜂 (𝐽 , 𝑒) yields

𝐽 (𝑒) =
(1 − 𝜃) (𝑓 − 𝑏)

𝑟 + 𝛿 + 𝜃 𝛿 𝑒
𝑙 − 𝑒

(22)

where the right-hand side decreases in 𝑒, and we have

Claim 3. A unique equilibrium exists if wages are determined by the Nash
bargaining solution.

As before, the equilibrium is a saddle point.
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4. Conclusion

I showed that increasing returns to scale in matching cannot be a
cause of multiple equilibria in the model of Mortensen (1989), contrary
to the author’s claim. Although increasing returns to scale is a necessary
condition for multiplicity of equilibria when the marginal product of la-
bor is independent of aggregate employment and wages are determined
by collective bargaining or by an efficiency wage model, it turns out
that, after all, no multiple equilibria exist. This holds also if wages are
determined by the Nash bargaining solution. It follows that multiple
equilibria can emerge only if the marginal product of labor increases
in aggregate employment. This can be seen in Eqs. (17), (19) and (22),
because 𝐽 (𝑒) increases in 𝑒 only if 𝑓 increases in 𝑒. This is, however, a
on-standard assumption in the literature.

The result suggests that multiplicity of unemployment equilibrium
requires – given constant marginal product of labor – that firms’
nd workers’ choices are interdependent, like in Pissarides (1986),

Howitt and McAfee (1987) and Burdett and Smith (2002). This in-
erdependence does not exist in Mortensen (1989), and this rules out
ultiple equilibria even in the presence of increasing returns to scale

n matching.
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