% UNIVERSITY OF HELSINKI

https://helda.helsinki.fi
Helda

Inverse problems for elliptic equations with power type nonlinearities

Lassas, Matti

Elsevier Masson s.r.l.
2021-01

Lassas, M, Liimatainen, T, Lin, Y-H & Salo, M 2021, 'Inverse problems for elliptic equations
with power type nonlinearities', Journal de Mathematiques Pures et Appliquées, vol. 145, pp.
44-82. https://doi.org/10.1016/j.matpur.2020.11.006

http:/hdl.handle.net/10138/351860
10.1016/j.matpur.2020.11.006

cc_by nc_nd
acceptedVersion

Downloaded from Helda, University of Helsinki institutional repository.
This is an electronic reprint of the original article.
This reprint may differ from the original in pagination and typographic detail.

Please cite the original version.



1903.12562v1 [math.AP] 29 Mar 2019

arXiv

INVERSE PROBLEMS FOR ELLIPTIC EQUATIONS WITH
POWER TYPE NONLINEARITIES

MATTI LASSAS, TONY LIIMATAINEN, YI-HSUAN LIN, AND MIKKO SALO

Dedicated to the memory of Yaroslav Kurylev

ABSTRACT. We introduce a method for solving Calderén type inverse problems
for semilinear equations with power type nonlinearities. The method is based
on higher order linearizations, and it allows one to solve inverse problems
for certain nonlinear equations in cases where the solution for a corresponding
linear equation is not known. Assuming the knowledge of a nonlinear Dirichlet-
to-Neumann map, we determine both a potential and a conformal manifold
simultaneously in dimension 2, and a potential on transversally anisotropic
manifolds in dimensions n > 3. In the Euclidean case, we show that one can
solve the Calderén problem for certain semilinear equations in a surprisingly
simple way without using complex geometrical optics solutions.
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1. INTRODUCTION

In this paper we study inverse boundary value problems for nonlinear elliptic
equations. A standard example of inverse problems for linear elliptic equations is
the problem introduced by Calderén [Cal80], where the objective is to determine the
electrical conductivity of a medium by making voltage and current measurements
on its boundary. It is closely related to the problem of determining an unknown
potential ¢ in a Schrédinger operator A + ¢ from boundary measurements, first
solved in [SUS87] in dimensions n > 3. There is an extensive theory concerning
inverse boundary value problems for linear elliptic equations, and we refer to [Uh109]
for a survey.

It is also natural to consider analogous inverse problems under nonlinear settings.
Let Q C R™ be a bounded domain with C*° boundary, and consider the reaction-
diffusion equation

Ow — Aw = a(z,w) in Q x {t > 0}.
Equations of this type arise in the modelling of chemical reactions, population
dynamics and pattern formation [Vol14]. Examples include the Fisher, Kolmogorov

or logistic diffusion equations with quadratic nonlinearity (i.e. a(z,w) is quadratic
1
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in w), the Newell-Whitehead-Segel equation with cubic nonlinearity, and equations
in combustion involving polynomial or exponential nonlinearities.
A stationary solution w(x,t) = u(z) satisfies the elliptic equation

Au+ a(x,u) =0 in Q.

The Dirichlet problem for this equation is related to maintaining a temperature (or
concentration or population) f on the boundary. The boundary measurements for
such an equation, provided that it is well-posed for some class of boundary values,
may be encoded by a Dirichlet-to-Neumann map (DN map) A4, which maps the
boundary value f to the flux Ay(f) = d,ulaq of the corresponding equilibrium state
across the boundary.

In fact, inverse problems for nonlinear elliptic equations have also been widely
studied. A standard method, introduced in [[sa93] in the parabolic case, is to show
that the first linearization of the nonlinear DN map is actually the DN map of a
linear equation, and to use the theory of inverse problems for linear equations. For
the semilinear Schrédinger equation Au + a(z,u) = 0, the problem of recovering
the potential a(z,u) was studied in [IS94, Sunl0] in dimensions n > 3, and in
[IN95, Sunl0, IY13] when n = 2. In addition, inverse problems have been studied
for quasilinear elliptic equations [Sun96, SU97, KN02, LW07, MU18], the degen-
erate elliptic p-Laplace equation [S7Z12, BITKS18], and the fractional semilinear
Schrodinger equation [LL19]. Certain Calderdén type inverse problems for quasilin-
ear equations on Riemannian manifolds were recently considered in [LLS18]. We
refer to the survey articles [Sun05, Uhl09] for further details on inverse problems
for nonlinear elliptic equations.

Inverse problems have also been studied for hyperbolic equations with various
nonlinearities. Many of the works mentioned above rely on a solution to a related
inverse problem for a linear equation. This is in contrast to the study of inverse
problems for nonlinear hyperbolic equations, where it has been realized that the
nonlinearity can actually be beneficial in solving inverse problems.

By using the nonlinearity as a tool, some still unsolved inverse problems for
hyperbolic linear equations have been solved for their nonlinear counterparts. For
the scalar wave equation with a quadratic nonlinearity, Kurylev-Lassas-Uhlmann
[KLU18] proved that local measurements determine the global topology, differ-
entiable structure and the conformal class of the metric g on a globally hyper-
bolic 4-dimensional Lorentzian manifold. The authors of [LUWI8] studied in-
verse problems for general semilinear wave equations on Lorentzian manifolds, and
in [LUW17] they studied analogous problem for the Einstein-Maxwell equations.
For more inverse problems of nonlinear hyperbolic equations, we refer readers to
[CLOP19, dHUWI8, KLOUI4, WZ19] and references there in.

In this work we introduce a method which uses nonlinearity as a tool that helps
in solving inverse problems for certain nonlinear elliptic equations. The method is
based on higher order linearizations of the DN map, and essentially amounts to
using sources with several parameters and obtaining new linearized equations after
differentiating with respect to these parameters. We demonstrate the scope of the
method by solving Calderén type problems for three mathematical models.

The first model is the Calderén problem for a semilinear Schrodinger equation
with quadratic nonlinearity,

(1.1) Au+ qu* =0 in Q C R",

where ¢ € C*°(Q) and n > 2. The solution to a related inverse problem with a(z, u)
in place of qu? is known under assumptions like d,a(z,u) < 0 [IS94, IN95, Sunl0].
Theorem 1.1 proves uniqueness for the nonlinearity qu?, which appears to be a



new result. The method applies to more general models, but we begin with the
operator (1.1) in order to introduce our approach in the simplest possible setting.

The second new result is Theorem 1.2, where we simultaneously determine the
metric, the manifold and the potential up to gauge symmetry from the knowledge of
the DN map of a semilinear Schrodinger equation on two-dimensional Riemannian
surfaces. The analogous result for a linear Schrodinger equation is not known in
this generality. Here we use nonlinearity to simultaneously determine the topology
and the conformal structure of the Riemannian surface, as well as the potential, up
to a natural gauge transformation.

The third result, Theorem 1.3, is the recovery of the potential ¢ from the knowl-
edge of the DN map of a Schrodinger operator with nonlinearity of the form qu™,
m > 3, on transversally anisotropic manifolds in dimensions n > 3. Transversally
anisotropic manifolds are product type manifolds which appear in several works
related to the anisotropic Calderén problem. Again, the solution to the analogous
inverse problem for a linear equation is not known in this generality. FExisting
results will be discussed in more detail later in this introduction.

Let us introduce the mathematical setting for this article. We will denote by
(M, g) a compact Riemannian manifold with C*° boundary OM, where dim(M) =
n, n > 2. For example, one could have M = Q where € is a bounded C*° domain
in R", and g could be the Euclidean metric. Let ¢ € C*°(M). We will consider
semilinear elliptic equations of the form

A m = in M
(1.2) gU + qu 0 in M,
u=f on OM,

m € N and m > 2.

Here A, is the Laplace-Beltrami operator, given in local coordinates by

1 "0 ou
A - - — [ det 1/2 ab ¥
gl det(g)1/2 agl aza ( e (g) g al'b ’

where g = (gap (7)) and (g?°(x)) = g~ L.

We will show that the Dirichlet problem (1.2) has a unique small solution u for
sufficiently small boundary data f € C*(0OM), where s > 1 with s ¢ N. More
precisely this means that there is § > 0 such that whenever || f{|cs@n) < J , there
is a unique solution us to (1.2) with sufficiently small C*(M) norm (see Section
2 for more details on well-posedness). We will call uy the unique small solution.
Here C* is the standard Hélder space for s > 1 with s ¢ N (often written as C*
if s=k+a where k € Z and 0 < a < 1), see e.g. [Tayl1, Section 13.8]. Hence, the
DN map is defined by using the unique small solution in a following way:

A]\/jﬁgﬁq : C‘S(aM) — Cs_l(aM), f — aVUf|31\/[,

where J, denotes the normal derivative on the boundary 0M.

As a warm-up, we begin with a theorem that illustrates our method in a simple
setting. This theorem is in R™ for n > 2, where A, is the Euclidean Laplacian and
M = Q with Q a bounded smooth domain in R™.

Theorem 1.1 (Global uniqueness for a quadratic nonlinearity). Let n > 2, and let

Q C R™ be a bounded domain with C* boundary 0). Let q1,q2 € C*°(2). Assume
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the DN maps A,; for the equations

(1.3) {Au +qu?=0 inQ,

u=f on 082,

for j = 1,2 satisfy
AQ1 (f) = AQ2 (f)

for all f € C°(0Q) with | fllcsmy < 6, where 6 > 0 is any sufficiently small
number. Then g1 = g2 in §2.

We will offer a detailed proof of Theorem 1.1 in Section 3, but let us briefly
discuss the idea how to prove the theorem by using the method of higher order
linearization. The second order linearization of the nonlinear DN map has already
been used in the works [Sun96, SU97] related to nonlinear equations with matrix
coefficients. First and second order linearizations were also used in in [KKN02] for a
nonlinear conductivity equation (see also [CN'V19]). Under certain assumptions on
the nonlinearity, by using the second order linearization, they can recover quadratic
parts of the nonlinearity (see [[KN02, Theorem 1.2 and Theorem 1.3]). In this work,
we use similar ideas but obtain interesting new phenomena for related nonlinear
inverse problems.

For the equation (1.3) with quadratic nonlinearity, the first order linearization
of the nonlinear DN map Ay, linearized at the zero boundary value, is just the DN
map for the standard Laplace equation:

(DAq)O : CS(aQ) — 05*1(89), f— al,’Uf|,9Q,

where vy is the unique solution of Avy = 0 in Q with v¢|po = f. Thus the
first linearization does not carry any information about the unknown potential q.
However, for a quadratic nonlinearity the second linearization (D*A,)o, which is
a symmetric bilinear map from C*(OM) x C*(OM) to C*~1(0M), turns out to be
very useful: it is characterized by the identity (see (2.7))

/ (D*Ag)o(f1, f2) f3dS = —2/ qQUp VLU dT

where vy, is the harmonic function with boundary value f;. Thus we have the
implications

A (f) = Mg, (f) for small f
= (DQA‘ZI)O = (DQqu)O

= /(Q1 — q2)v1vav3dxr =0
Q

for any functions vy, va,v3 € C* (ﬁ) that are harmonic in ).

The last statement is very close to the linearized Calderén problem for a linear
Schrodinger equation (the difference is that here one has the product of three har-
monic functions, instead of two). Choosing v; and vy to be harmonic exponentials
as in the work of Calderén [Cal80], and choosing vs = 1, shows that the Fourier
transform of ¢; — ¢ vanishes and hence q; = ¢2. Thus, somewhat strikingly, we can
solve a Calderén type inverse problem for the nonlinear equation Au+qu? = 0in a
much simpler way than for the linear equation Au+qu = 0 (the latter requires com-
plex geometrical optics solutions as in [SU87]). The method also provides extremely
simple reconstruction of the potential ¢, see Corollary 3.1.

We also mention that the second order linearization can be described as

(DQAQ)O(fla f2) = 861862u61f1+62f2 |€1:62:0'



That is, one considers boundary data
f=eafitefs e C‘S(c’)ﬂ),

where €1, €5 are sufficiently small parameters, and takes the mixed derivative

9 9
661 662

€1=€2=0
of the equation (1.3). This idea is similar to the recent works on inverse problems
for nonlinear hyperbolic equations mentioned above, and it yields the equations

(1.4) Aw; = —2q;v4,v4,,
for j = 1,2, where w; = 6%16% u; and vy, are harmonic functions, i.e.
e1=€e2=0

solutions to the linearized equation Av = 0. Taking the mixed derivative of the
DN maps yields (see Section 2)

0, w1 = 0, wy on Of).

Subtracting the equations (1.4) for 7 = 1,2 and integrating the resulting equation
against the harmonic function vy, yields the desired formula

/(ql - q2)’Uf1’Uf2’Uf3 dz =0
Q

which was mentioned in the discussion above.

We move on to describe our next result. By using higher order linearizations
we prove the following simultaneous recovery on a two-dimensional Riemannian
surface.

Theorem 1.2 (Simultaneous recovery of metric and potential). Let (M, g1) and

(Ma, g2) be two compact connected manifolds with mutual C* boundary OM , where
dim(M;) = dim(Mz) = 2 and m > 2. Let Ay, g, 4, be the DN maps of
(1.5) Ag,u+ qu™ =0 in M;
for j=1,2. Let s > 1 with s ¢ N and assume that

Aty gian f = Mty go,q0 f 01 OM,
for any f € C*(OM) with || f|

(1) There exists a conformal diffeomorphism J : My — My and a positive
smooth function o such that

csam)y < 0, where 6 > 0 is sufficiently small. Then:

oJ*ga = qu, with J)opr =1d and olop = 1.

(2) Moreover, one can also recover the potential up to a natural gauge invari-
ance in the sense that

oq1 =qo0J in M.

We see that the conformal factor o (and also the diffeomorphism J) couples to
the potential. This is due to the gauge symmetry of the inverse problem:

Aryoag,o-107g = Ny(My),g,q

where J and o satisfy boundary conditions as above. For the linear equation
Agu+ qu = 0, an analogous result has been proved when M is a domain in R?
with a Riemannian metric [[UY12], when M is a manifold and the potentials are
zero [LUO1], and when the manifold M is a priori known [GT'11]. The recovery
of properties of both the manifold and potential is stated as an open question in
[GT13], where further references to two-dimensional results are given. The proof
of Theorem 1.2 uses the first linearization of the DN map to recover the metric and
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the manifold up to a conformal transformation. Then the second linearization is
used to recover the potential on a single fixed manifold (up to the gauge symmetry).

The final new result in this article is to consider inverse problems for the semi-
linear Schrédinger equation on transversally anisotropic manifold. Let us recall the
definition of a transversally anisotropic manifold.

Definition 1.1. Let (M, g) be a compact oriented manifold with a C* boundary
and with dim M > 3. (M, g) is called transversally anisotropic if (M, g) CC (T, g),
where T =R x My and g = e ® go. Here (R,e) is the Euclidean line and (Mo, go)
s (n — 1)-dimensional compact manifold with a smooth boundary.

For more details of inverse problems in transversally anisotropic geometries for
linear equations, we refer readers to [FIKLS16, FIKLT17].
We prove the following.

Theorem 1.3. Let (M, g) be a transversally anisotropic manifold, let g; € C*° (M),
and let Ay, be the DN maps for the equations

Agu+qgu™ =01in M
for j = 1,2, where we assume that
meN, m>3.

If the DN maps satisfy
A!h (f) = qu (f)
for all sufficiently small f, then ¢1 = q2 in M.

The higher order linearization method in this case reduces the proof of Theo-
rem 1.3 to showing for any m > 3 that the identity

(16) f’Ul""Uerl dvV =0

M
holding for any v; € C°°(M) with Agv; = 0 in M, implies f = 0. Thus we prove
that the products of at least four harmonic functions on a transversally anisotropic
manifold form a complete set. The main point is that the argument works for arbi-
trary transversally anisotropic manifolds without any restriction on the transversal
geometry.

The solution to the analogous inverse problem for a linear equation Aju+qu = 0
on transversally anisotropic manifolds is only known under the additional assump-
tion that the transversal manifold (Mo, go) has injective geodesic X-ray trans-
form [FIKLS16]. In the linearized version of that problem, the identity (1.6) only
holds for m = 1 and one needs to prove that products of pairs of harmonic func-
tions form a complete set. In [FIKL.S16] this is done by using complex geometrical
optics solutions that concentrate near two-dimensional surfaces that are translates
of geodesics on Mj. Using products of such solutions and their complex conjugates
recovers certain integrals over geodesics in My, but does not yield pointwise in-
formation. In [FKL"17] products of solutions concentrating near two intersecting
geodesics were used instead to recover microlocal information in the linearized in-
verse problem. The products are supported near finitely many points in My, but
there is oscillation that prevents recovering more information. We also mention
[GST18] that deals with the linearized problem on certain complex manifolds.

The idea behind the proof of Theorem 1.3 is that since one can use products of
at least four harmonic functions, we can use solutions related to two intersecting
geodesics on M, as well as their complex conjugates. The product of these four
solutions is supported near finitely many points in My and the product does not
have high oscillations. This allows one to recover the potential completely.



We mention that the aim of this paper is not to work in the highest possible
generality or to provide an extensive list of all possible applications of the higher
order linearization method. For example, it is clear that the method applies to
certain more general nonlinearities and less regular coefficients. These are left to
forthcoming works. Here we have included applications that illustrate the power of
the higher order linearization method.

Finally, we mention that before submitting this paper we became aware of an up-
coming preprint of Ali Feizmohammadi and Lauri Oksanen, which simultaneously
and independently proves a result similar to Theorem 1.3, and we agreed with them
to publish the preprints of the results at the same time on the same preprint server.

The paper is organized as follows. In Section 2, we lay out the basic properties
for semilinear elliptic equations that we use. This includes the well-posedness of
the Dirichlet problem and higher order linearizations of the DN map. We use the
higher order linearization approach to prove Theorem 1.1 in Section 3, Theorem
1.2 in Section 4, and Theorem 1.3 in Section 5, respectively.

Acknowledgements. All authors were supported by the Finnish Centre of Excel-
lence in Inverse Modelling and Imaging (Academy of Finland grant 284715). M.S.
was also supported by the Academy of Finland (grant 309963) and by the European
Research Council under Horizon 2020 (ERC CoG 770924).

2. PRELIMINARIES

In this section, we prove well-posedness of the Dirichlet problem for semilinear
elliptic equations with small boundary data, and study higher order linearizations
of the DN map. We state the first result for a general nonlinearity satisfying two
conditions: the first ensures that u = 0 is a solution, and the second states that the
equation linearized at u = 0 is well-posed.

Proposition 2.1 (Well-posedness). Let (M, g) be a compact Riemannian manifold
with C*° boundary OM and let Q be the semilinear elliptic operator

Q(u) := Agu + a(x, u),
where a € C*°(M x R) satisfies the following two conditions:
(2.1) a(xz,0) =0,
(2.2) The map v — Ayv + dya(-,0)v is injective on Hy(M).
Let s > 1 with s ¢ Z. There exist 6,C > 0 such that for any f in the set
Us :={h € C*(OM); ||hllcsonr) < 63,

there is a solution u = uy of

(23) {Agu +a(z,u)=0 in M,

u=f on OM,
which satisfies
lullcsary < Cllfllcsonn)-

The solution uy is unique within the class {w € C*(M); ||[w||cs(ary < C6}, and if
feC>®(0M), then uy € C(M). Moreover, there are C* maps

S : Ug—)Cs(M), f'—>Uf,
A U5—>CS‘1(E)M), fHaVUfbM.
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Proof. We prove the existence of solutions by using the implicit function theorem
in Banach spaces [RR06, Theorem 10.6]. Let

X =C50M), Y =C5(M), Z=C"2M)xC(OM).
Consider the map
F:XxY —Z, F(fu)=(Q(u),ulom — f).
We wish to show that F' indeed maps to Z and is a C'* map. Note that since a is
smooth and since C*(M) is an algebra under pointwise multiplication, the map
u > alx,u)
takes C°(M) to C*(M), and if ||lullcs(ary < K then [[a(z,u)|cs(ary < Cla, s, K)
(these facts follow from a local coordinate computation). Thus F' is well defined.
If w,v € C*(M) we use the Taylor formula

o7 o [tomHt t
uaéﬂ'c,U)UJ+/ T a(r, u+ to)
' 0

m

a(x,u—l—v)zz

=0

' v — )™ dt.
m:

Since C*(M) is an algebra, we have that when |v[|c:) < 1 one has

m

da(xr,u) .
a(ac,u—i—v) _ZuTUJ < Cm,a,u”UHg:E}M)'
=0

Cs (M)
This shows that u — a(z,u) is a C*° map C*(M) — C*(M). Since the other parts
of F are linear, F is a C° map in the standard sense of [RR06, Definition 10.2].

Note that F(0,0) = 0 by (2.1). The linearization of F' at (0,0) in the u-variable
is

DuF|(y 0y (v) = (Agv + Oua(z, 0)v,v|onm).

This is a homeomorphism Y — Z by (2.2). To see this, let (w, ¢) € Z = C*~2(M) x
C*(0OM), and consider the Dirichlet problem

(Ag + Oya(z,0))v =w in M,
V=0 on OM.

Solutions are unique by (2.2), and using the Fredholm alternative and Schauder
estimates there is a unique solution v € ¥ = C¥(M) (see e.g. [Tayll, Exercise
1 in Section 13.8]). Thus the implicit function theorem in Banach spaces [RR0G,
Theorem 10.6 and Remark 10.5] yields that there is 6 > 0 and an open ball Us =
Bx(0,0) € X and a C*° map S : Us — Y such that whenever || f|cs@n) < 6 we
have

F(f,5(f)) = (0,0).
Since S is Lipschitz continuous and S(0) = 0, u = S(f) satisfies

llullcsary < Cllfllesonn -
Moreover, by redefining § if necessary u = S(f) is the only solution to F(f,u) =
(0,0) whenever || f||cs@anr < 0 and [Jul|csary < Cd. We have proven the existence
of unique small solutions of the Dirichlet problem (2.3) and the fact that the solution
operator S : Us — C*(M) is a C° map. Since the normal derivative is a linear
map C*(M) — C*71(OM), it follows that also A is a well defined C*° map Us —
Cs~HoM). O

We now specialize to a power type nonlinearity, for which the higher order lin-
earizations of the DN map will be particularly simple. The next proposition justifies
the formal calculation that we may differentiate the equation

(2.4) Agu+q(z)u™ =0in M, wurloy =€e1fi+-+emfm
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in the €; variables to have equations corresponding to first and mth linearizations,

Agvy, =0 and Agw = —(m!)quy, - - vy, .
The normal derivative of w is the mth linearization of the DN map of (2.4). In the
proposition, we write

(D" F)alyrs - uk)
to denote the kth derivative at x of a mapping f between Banach spaces, considered
as a symmetric k-linear form acting on (y1,...,yx). We refer to [[Hor85, Section
1.1], where the notation f® (z;y1,...,yx) is used instead of (D*f).(y1,. .., yx).

Proposition 2.2. Let ¢ € C°(M), and let A, be the DN map for the semilinear
equation
(2.5) Agu+ g(z)u™ =0 in M,
where
m €N and m > 2.
For f € C°(0M), let vy be the solution of the Laplace equation

(2.6) Agvr =0 in M, vrlom = f.

The first linearization (DAg)o of Aq at f = 0 is the DN map of the Laplace equation:
(DAy)o : C*(OM) — C*~H(OM), [+ duvtlon.

The higher order linearizations (DI Ay)o are identically zero for 2 < j <m — 1.

The m-th linearization (D™ Aq)o of Aq at f =0 is characterized by the following
identity: for any f1,..., fms+1 € C*(OM) one has

(2.7) / (D™ Ao (frs - - ) o dS = —(m1) / qug, - Vg dV
OM M

here each vy, , k=1,...,m+1, is a solution to (2.6) with boundary value f = fj.

Proof. The nonlinearity a(z,u) = g(z)u™ satisfies the conditions in Proposition

2.1, and thus the DN map A, = 9,S|on is well defined for small data. Here
St f — wuy is the solution operator for the Dirichlet problem of the equation (2.5).
To compute the derivatives of A, at 0, it is enough to consider derivatives of S.
Writing f := ei1f1 + ... + € fr, the function uy € C*(M) depends smoothly on
€1,...,€ since S is smooth. Applying O, - - Oc,|e;=...=e,=0 to the Taylor formula
(see e.g. [Hor&5, Section 1.1])

k

J 1 k+1
S(f):Z(D S)O(j.‘!f""’f)+/0 (D S)tg!(f’m’ﬁ(lft)kdt

§=0
implies that (D*S)y may be computed using the formula
(DkS)O(fla B fk) = 661 o aﬁkuf|€1:...:€k20'

Moreover, since u is smooth in the €; variables and A is linear, we may differen-
tiate the equation

(2.8) Aguy + q(x)u}" =0, uglom = f
freely in the €; variables.

Let first £ = 1, so that u = u, f,. Since up = 0 and m > 2, the derivative of
(2.8) in €; evaluated at e; = 0 satisfies

Ag(aéluf|61:0) =0, aeluf|61V[ = fi.
Thus the first linearization of the map S at f =0 is

(DS)O(fl) = 861u61f1|€1:0 =V,
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where vy, satisfies (2.6) with f = fi.
For 2 <k <m —1, applying Jc, - - - Oc, ley=..—c,,.—0 to (2.8) gives that
Ag(aﬂ t aﬁkuf|61:---:€k:0) =0, a61 T aﬁkuf|3M =0,
since O, + -+ 9¢, (q(z)u’f') is a sum of terms containing positive powers of uy, which
are equal to zero when f = 0. Uniqueness of solutions for the Laplace equation
implies that _
(DJS)O(fl,...,fk):O, 2§k§m—1

When k = m, the only term in 9, - - - 9e,, (¢(x)u’}') which does not contain a positive

power of uy is g(z)(m!)(Oe,uy) - - (e, us). This is the only nonzero term after
setting € = ... = ¢, = 0, and thus the function

w = (DmS)O(fla ) fm) = 661 o 'aem,uflﬂz...:emzo

solves
(2.9) Agw = —qg(x)(m!)vy, ---v5, in M
with zero Dirichlet boundary values.
By linearity one has
(D*Aq)o = 0,(D*S)olons.
The claims for (D*A,)o when 1 < k < m — 1 follow immediately. For k = m we
observe that (D™A,)o(f1,- .., fm) = dvw|anm satisfies

| g = [ (v, )+ Bgwpy,.) v

The integral of (dw, dvy,,. )y vanishes since w|pys = 0 and vy, , is harmonic. The
proposition follows by using (2.9). O

3. PROOF OF THEOREM 1.1

In this section, we use the higher order linearization approach (in fact, the second
order linearization of the DN map) to prove Theorem 1.1.

Proof of Theorem 1.1. We could use Proposition 2.2 to have the integral equa-
tion (3.6) below directly, even for the product of three harmonic functions instead
of two (this is a stronger statement since one can always take the third harmonic
function to be constant). The theorem would follow from this by using harmonic
exponentials. However, we choose to give a direct hands-on approach that describes
how to use the method.

Let €1, €2 be sufficiently small numbers and let f1, fo € C°°(OM). Let the func-

tion u; := u;(x; €1, €2) € C*(M) be the unique small solution of
(3.1) Auj +qui =0  inQ,
Uj = €1f1 + €2f2 on 89,

for j = 1,2 provided by Proposition 2.2. Let us differentiate (3.1) with respect to
€¢ so that

(3-2) A (Bieguj) + 2qjuj (%’u]‘) =0 in Q,
%uj = fo on 0f).
Inserting €1 = €2 = 0 into (3.2), shows that
Avﬁo =0 in Q with v]@ = fy on 99,

where 5
e () = —

= U \T;€1,€2) .
J 86@ e1=€2=0 ]( ’ ’ )
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Here we used u;(z;0,0) = 0. The functions vf are just harmonic functions defined

in Q with boundary data f¢|spq. By uniqueness of the Dirichlet problem for the
Laplacian we have that

(3.3) v = vgé) = vée) inQ for £ =1,2.
Next, let us differentiate (3.2) with respect to e for k # ¢. Then we have that
2 2 a’u.j a’LLj _ .
oy {8(son) <2 (sn) 20 () () =0 mo
' ) =0 o9
Jer10e; i = on 0f).
Again, evaluating at €1 = e = 0, the equation (3.4) becomes

(3.5) {Aw]— +2¢;vMv® =0 in Q,

wj =0 on 01,

where w;(z) = (%unj) (2;0,0) and we used u;(z;0,0) = 0 for j = 1,2 again.
By using the fact that Ay, (€1f1 + €2f2) = Ay, (€1 f1 + €2 f2) for small €1, €2, we have
duuiloa = duuzlaq,
and applying dc, Oc,|e;—e,—0 to this identity gives that
dvwilaa = dvwalan.

Thus, by integrating the equation (3.5) over € (i.e. integrating against the harmonic
function v® = 1) and by using integration by parts we have

(3.6) 0= / (Opwy — Opwe) dS = / A(wy —ws)dx = 2/ (g2 — ql)v(l)v@) dx
o0 Q Q

where (1) and v(?) are defined in (3.3). Therefore, by choosing f; and fo as the
boundary values of the Calderén’s exponential solutions [Cal80],

(3.7) v (2) == exp((k + i) - z), v (z) := exp((—k + i€) - z),
where k,£ € R", k L £ and |k| = |£], we obtain that the Fourier transformation of
the difference g5 — ¢y is zero. Thus ¢; = ¢o. O

In the proof above we did not need to construct special solutions for an elliptic
equation with unknown coefficients, such as complex geometrical optics solutions.
The linearization technique allowed us to simply use known harmonic functions.
This fact gives an extremely simple reconstruction in the setting of Theorem 1.1.

Corollary 3.1. Letn > 2, and let Q@ C R™ be a bounded domain with C> boundary
0Q. Assume that ¢ € C(R), and let Ay be the DN map for the equation

Au + qu® =0 in Q.
Then

(35) a-20)= 3 [ 52

Q 661862

Aq(61f1 + 62f2) dS,

6126220
where f1 and fo are the boundary values of the exponential solutions (3.7) and q
stands for the Fourier transform of q.

Proof. The proof of the reconstruction can be directly read from (3.6) in the proof
of Theorem 1.1. (]

We end of this section with a remark about the stability of the reconstruction
formula in Corollary 3.1.
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Remark 3.2. From the above reconstruction formula, we adapt the same notations
in Section 2, then we can simply rewrite the formula (3.8) as

020 = =3 [ (DA, )0l f) S, for j=1.2.

Subtracting these two formulas gives that

(@ - &) /6 ) — (DA )o)(fr, f2)dS
Now, we assume that | D¥(Ay, — Ngy)oll« is sufficiently small for k = 0,1,2, and
llaill 1) < R for j = 1,2, where
1T = sup IT(f1, -5 fr)lles—100)
lfilles ooy=-=fllcsoa)=1

for a bounded k-linear form T : C*(9Q)x...xC*(9Q) — C~1(0). Next, by taking
harmonic functions vy = NON vf, = v@in Q, where v, v3) are the functions
defined in (3.7), one can obtain that

(3.9) lar = a2llzz2 < w (ID*(Ag, = Aga)olls) ,

where w(t) is a modulus of continuity satisfying, for some C = C(R),
1
w(t) < Cllogt| ™72, 0<t<-.
e

One can directly prove the logarithmic stability (3.9) by using standard arguments
in stability for the Calderdn problem, for example, see [Sal08,; Section 4].

4. SIMULTANEOUS RECOVERY ON TWO-DIMENSIONAL RIEMANNIAN SURFACES

We use the higher order linearization approach to simultaneously recover, from
the DN map, the conformal class of a Riemannian surface and the potential of a
semilinear Schrodinger operator up to the gauge symmetry. We use first order lin-
earization to recover the conformal class of the manifold by using the result [LU01]
(see also [LLI.S18] for a recent alternative proof). Then by using the result [GT11]
we recover the potential on the known conformal manifold (up to gauge).

Proof of Theorem 1.2. The proof is divided into two steps. We first recover the
manifold and the conformal class of the metric. After that we recover the potential
on a known manifold up to the gauge.

Step 1. Recovering the conformal manifold.

Note first that

A (f) = Mg (f) for small f
= (DAg,)o = (DAg, )o-

By Proposition 2.2, (DAg,)o is the DN map for the Laplace equation on (M, g;),
i.e. we have that the DN maps of the following Dirichlet problems

Agj'Uj =0 n Mj,
v;=f on OM

agree. Thus by using [L1.S18, Theorem 5.1], one can determine the manifold and
the Riemannian metric up to a conformal transformation. That is, there exists a
conformal C*° diffeomorphism J such that oJ*gs = g1 with J|sn = Id, for some
smooth positive function o € C°°(M;) with o|spr = 1. This completes the first
part of the proof.
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Step 2. Recovering the potential.

Let us make a change of coordinates to pass from the equation (1.5) on (Ma, go2)
onto the manifold (M7, g1). We denote

@=0""goJ=0""Jg.
Let f € C*(OM) be small and let ug be the solution to
Ag,u2 + qouy' = 0 in My with ug = f on OM.
Let us denote
Uy = J uy = ug o J.
Then ws solves
Ag o + q2(u2)™ = Dy gy Uz + Ga(tu2)™
=0 A yegylin + 07 (T q2) (U2)™
=0 T (Agu2) + o (TFge) (JFug)™
=0 [T (Agyuz) + (J7q2) (S uz)™].

Here we used the conformal invariance of the Laplace-Beltrami operator in dimen-
sion 2 in the second equality. In the third equality, the coordinate invariance of
Laplace-Beltrami operator was used. Since ua solves Ag,us + gaus’ = 0 in Mo, we
trivially have that J*(Ag,u2) + (g2 0 J)(J*u2)™ = 0 in M;. Consequently, we have
that
1) {églaz + @)™ =0 in M,
ug = f on OM,

since O’|3M =1 and J|3M =Id.

Next, let u; solve the nonlinear equation (1.5) on (M, g1) with potential ¢; and
boundary value f. We show that there holds

(42) &,lul = (91,1172 on 8M,

by the assumption that Aas g,q1 = AMsy,gs.q. fOr small data. Since Ang, g,.q0 =
Ay g.q0, it follows that if uy = us = f on OM, then

Oy, u1 = Oy, uz on OM.
We calculate
aVQUQ = U2 'dUQ =V - d(UQ oJo J_l) = (J*_lyg) 'd’ELQ =V - d’ﬁg = aylﬂg.

Here - denotes the canonical pairing between vectors vs - dug = V§8ku (with Ein-
stein summation implied), and we used the facts that .J is diffeomorphic conformal
mapping with J|ga = Id and o|gpr = 1. Thus we have (4.2) and consequently

Arey gy (f) = /~\Ml,gl,q2 (f) for small f,

where /~\M1191752 stands for the DN map of the Dirichlet problem (4.1).
By Proposition 2.2, we have

Aty g1,0: () = /~\Ml,g1,q~2(f) for small f
= (D* Aty g1, )0 = (D*Anry 1,32 )0
== (@1 — @2)v1v2v3dV =0
M

where v; € C*(M;) are harmonic functions in M;. Choosing vs = 1, we get

/ ((J1 — q~2)v1v2 dV =0
My



14 LASSAS, LIIMATAINEN, LIN, AND SALO

for any harmonic functions v; and v in M;. Choosing v; to be complex geometrical
optics solutions constructed in [GT11] (see the proof of Proposition 5.1 in that
paper, actually since v; are harmonic Carleman estimates are not needed and the
construction in [GST18] would suffice), it follows that

q1 = (Ajg n Ml.
This concludes the proof. O

5. GLOBAL UNIQUENESS ON TRANSVERSALLY ANISOTROPIC MANIFOLDS

We will prove the following result, whose proof is based on the construction in
[FKLS16] of harmonic functions on transversally anisotropic manifolds that con-
centrate near certain two dimensional surfaces.

Proposition 5.1. Let (M, g) be a transversally anisotropic manifold and assume
that m > 4. If f € CY(M) satisfies

(5.1) fug-upydV =0
M

for any u; € C>® (M) with Agu; =0 in M, then f =0.
Theorem 1.3 follows immediately from this proposition:

Proof of Theorem 1.3. Let Ay, be the DN map for the equation Aju + qu™ = 0
in M. If Ay, (f) = Ag,(f) for small f, then (D™Ag )o = (D™Ay,)o and thus by
Proposition 2.2 one has

/ (1 —@)v1 - V1 dV =0
M

where v; € C®(M) are harmonic functions in M. Since m > 3, it follows from
Proposition 5.1 that ¢; = ga. (]

Before we prove Proposition 5.1 in the general case, let us explain the main
idea of the proof in a simplified setting. Consider the situation where each point
Yo € My on the transversal manifold M, is an intersection point of two distinct
nontangential geodesics v, 7n (depending on yg), which have no other intersection
points. Assume also that v and 7 do not self-intersect.

As in [FKLS16, Section 2], we choose special harmonic functions w1, us, us and
uy of the form

_ e—(r-l—i/\)zl(

u1 Urgir +71), ug = e(THNZL (T + 1a),

uz =e "YWy + r3), ug = €7 (Wy + 1y).

Here v, ;)\, w,; are Gaussian beam quasimodes on M, concentrating near v and 7,
respectively, as in [FIKLS16, Proposition 3.1], and the functions rp, 1 < ¢ < 4, are
small correction terms. Here x; is the variable of the Euclidean direction.

Since v, 4;) and w, are supported near v and 7, respectively, and since v and 7
only intersect at o, the product ujususuys concentrates near the point yo. Thus by
using these solutions uy, 1 < £ < 4, it follows by the assumption (5.1) that

(5.2) / F2x, )edrm@ A gy, = O (77 7)),
Bs(yo)

where R > 0 can be chosen arbitrarily large, Bs(yo) is a geodesic ball of radius
0 > 0 in My, and f denotes the partial Fourier transform of f with respect to
x1. Here ® and ¥ are the phase functions of the Gaussian beams corresponding
to v and n, respectively, and A is an amplitude function, which is nonzero at the
intersection point yg € Mp.
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The point here is the following. The Hessians of Im(®) and Im(¥) at yo are
positive definite in directions orthogonal to v and 7, respectively. In fact, the
Hessians of Im(®) and Im(¥) are also nonnegative definite and their gradients
vanish on 7 and 7, respectively. Since v and 7 intersect at yp, the sum Im(® 4+ )
is positive definite at yo and d(® 4+ ¥)(yo) = 0. By multiplying (5.2) by 7V/2, it
follows by taking 7 — oo that

Cf(2A,y0) = 07
for some constant ¢ # 0. Since A € R is arbitrary and yy € My is also arbitrary,
this proves the proposition in this special case. For details we refer to the following
proof.

To deal with a transversally anisotropic manifold, we need to consider the (in
most cases rare) possibility where vy and 7 may intersect at many different points
and may have self-intersections. This makes the proof much more technical, and
will be achieved by introducing additional parameters in the above construction
and by using the auxiliary Lemma 5.2 below.

Now, we turn to prove Proposition 5.1 in the general case.

Proof of Proposition 5.1. We do the proof in several steps.

Step 1. Preparation.

By taking u; = 1 for j > 5, it is sufficient to prove the result when m = 4. We
assume that M CC R x My with g = e® go. The dimension of M is denoted by n,
and so dim(My) =n — 1.

We may enlarge My so that it has strictly convex boundary (first embed M,
in some closed manifold M7, remove a small geodesic ball from M; \ My and glue
a part with strictly convex boundary near the removed part). By [Sall7, Lemma
3.1], there is a set E of zero measure in (Mp, go) so that all points in My \ E lie on
some nontangential geodesic between boundary points. Fix a point yo € My \ E
and a direction vy € Sy, My so that the geodesic v : [0,T] — My through (yo,vo)
is a nontangential geodesic between boundary points. Without loss of generality,
we may assume that v is a unit speed geodesic (i.e. |4 = 1). The property of a
geodesic being nontangential is not changed under small perturbations. Therefore,
we may find wg € Sy, My close to vy so that wy # vy and the unit speed geodesic
1 : [0, 5] — My through (yo, wp) is also a nontangential geodesic between boundary
points. We may arrange so that the geodesics v and 7 are distinct and are not
reverses of each other (in fact, v can only self-intersect at yo finitely many times
[{S13, Lemma 7.2], and it is enough choose wy near vy that is different from the
corresponding finitely many tangent vectors of v and their negatives).

We next show that two distinct geodesics v and 7 that are not the reverse of each
other can intersect only finitely many times. Assume the opposite, that there are
infinitely many intersection points {py }ken and intersection times {¢x }ren, {Sk fren
satisfying

~v(tr) = pr = n(sk), for all k € N.

Since M is compact, t € [0, T] and s, € [0, .S], by passing to subsequences and using
continuity of unit speed geodesics 7, n, we may assume that y(tx) — v(to) = po
and n(sg) — n(so) = po as k — oo, for some ty € [0,7], sp € [0,5] and py € M.

In addition, we denote the tangent vectors V., := (to) and V,, := 7(so). By
using the continuity of 4(t), 7(s) and the compactness of the unit sphere, we have
(by passing to subsequences again) that

kli>n010 A(tx) =V, and klingo N(sk) =Vy.
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Now, it is clear that V, # £V}, by using the fact that v and 1 are distinct and not
reverses. The injectivity radius at pg is positive. However, since v and 7 intersect
in all geodesic balls B.(pg) for any € > 0, this is a contradiction. This shows that
two different nontangential geodesics can only intersect finitely many times.

Step 2. Choice of the harmonic functions u;.

We denote the points of R@® My by (21,2"). We now use the argument in [FKLS16,
Proposition 2.2] and choose solutions

_ efL('rJri)\)zl (

U Op(rainy (@) +71),  ug = eLTHNTL (T (2) + 1),

of Agu; = 0 in M, where 7 > 1 is sufficiently large, L > 1 is an additional large
parameter that will be fixed later, and \ € C is fixed,

~ _n=2 !
UL(r4ix) =T 8 UL(THA)(ﬂU)

where v ;14 is the Gaussian beam quasimode concentrating near the geodesic
v in My constructed in [FIXLS16, Proposition 3.1], and r; are remainder terms
satisfying

75l e ary = O(r~ 1)
as 7 — oo where k, R > 0 can be chosen arbitrarily large.

There are three differences in the above construction compared with [FKLS16,
Proposition 2.2]. The first difference is that A is complex, but the construction
of vy y;n goes through without changes for complex A. The second difference is
the factor 7~ "5~ in front of UL(r+in)- The argument in [FKL.5S16, Proposition 3.1]
implies that

n—2

lvLrvinllz2 () = O(1), VL (r+inllzeang) = O((LT) = ).

Hence the main term in the solutions w1 and wus is normalized so that

1L (il L2 () = O(1).

This normalization will be appropriate for dealing with products of four solutions.
The third difference is the decay for the error terms r;, which is better than the
decay stated in [FIKL.S16, Proposition 2.2] and can be justified as follows. By the
argument in [FIKLS16, Proposition 2.2], writing s = 7 + ¢\, the function r; is
obtained by solving the equation
e A (e7 ) = 7_%(—Ago — 5%)vg in M.

By using a Carleman estimate shifted to a negative semiclassical Sobolev space
H;lk, with h = 77! as the semiclassical parameter, and using the corresponding
solvability result in HE, (see e.g. [FI<SU09, Lemma 4.3 and Proposition 4.4]), there
is a solution 71 € H*(M) with

scl

c
(5.3) Irelles ) < ?H(_Ago — 8°)0sll ., (ar)-

By [FKLS16, Proposition 3.1], one has |[(=Ag, — s?)vs||L2(ay) = O(~ ) for some
arbitrarily large K. However, by looking at the formula for f = (—Ag — s%)vs
given after [FIKLS106, equation (3.4)] we see that taking k derivatives of f has
the effect of bringing at most k& powers of s to the front of the expression, or
reducing the degree of vanishing of h; on I' by at most k. In effect this means that
[(=Ag, — 52)U5HH§C1(MO) = O(7~*), leading to

(5.4) 1(=Ago = 8*)vsllarx (ary = O(T™5)
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where K can be chosen arbitrarily large. The required decay
[Pl meany < TkHTl”H:C](M) =0(r ")

follows by combining (5.3) and (5.4) after choosing K large enough, and the same
estimate for ro follows analogously. It follows from this discussion, after taking
k > n/2 and using the Sobolev embedding H*(M) C L (M), that

(5.5) Uty = efQiRe(L/\)xl|‘17L(T+i>\)(x/)|2 + OLz(M)((LT)iR).

We now repeat the previous construction for the geodesic 1 and choose solutions

uz = 67(7“”“@7%#@') +73), uy = eTHT (W, (1)) + 74),

where p € C is fixed, |7 12y = O(r™ %) as 7 — o0, and
~ —_n=2
Wrrip =T 8 Wrpip(r)

where wry;, is the Gaussian beam quasimode concentrating near 1 constructed in
[FKLS16, Proposition 3.1] so that

|07 tinllLa(aso) = O(1) as T — oo
Similarly as for ujug, one has

(5.6) uguy = e 2RI G L (2)2 + Opean (77 5).
Step 8. The integral of f against uyususuy.

By the assumption that f integrates to zero against products of four harmonic
functions, we have

/ fU1UQU3U4 dV = 0.
M
Using (5.5) and (5.6), we have

/ fU1UQU3U4 dVv
M

- /M f(x, x')e—QiRe(LM‘M)Il 0L (rtin) (:c')|2|157+w(:1:')|2 dV +O0(r™ ).

If we extend f by zero to R x My and denote the partial Fourier transform of f in
the x1 variable by f(\,2'), the previous identity becomes
/ Juruguzua dV = FERe(LA + ), 0L (i | @rpin]” dVg, + O(7 ™).
M Mo
Note that vp(r44x) and w; i, can be chosen to be supported in arbitrarily small
but fixed neighborhoods of v and 7, respectively. Thus if py, ..., pxy are the distinct
points in My where  intersects 7, then the last integral over My is actually over

Uy U...UUn where U, is a small neighborhood of p, in M.
We will use the abbreviation

F(a') = Fre(pas (@) == f(2Re(LA + p), a").
Note for later purposes that F' is independent of Im(\) and Im(u) and that
I1Fllcr a0y S N flleran-

Combining the above facts, we have
N

(5.7) Sort [ Fliuirsin Ple P dVi, = ol1)
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as 7 — oo. It will be shown below that with the normalizing factor T%, the left
hand side has a nontrivial limit as 7 — oo.

Step 4. Analysis of the integrals in (5.7).

Fix now p to be one of the intersection points p, and let U = U,.. We consider the
integral

(5.8) /U Fltn o P s AV,

By the construction in [FKLS16, Proposition 3.1], in U the quasimode ¥4,y is a
finite sum
Up(rrinlu = o 4 40P
where t; < ... < tp are the times in [0, 7] when (t;) = p, each v(/) has the form
@) = 252 GIL(THIN®; a;
where each ® = ®; is a smooth complex function in U satisfying, for ¢ close to t;,
O(v(1) =t, VO(y(t) =4(t), Im(V®(y(1) >0, In(VZ®)|;(e >0,
and each a; is a smooth function in U of the form
a;(t,y) = (ao,;(t,y) + O(T~1)x(y/8")
where (¢,y) are Fermi coordinates for  for ¢ close to t;, ag ;(t,0) is a nonvanishing
function independent of 7 and A, x is a smooth cutoff function supported in the
unit ball, and ¢’ > 0 is a fixed number that can be taken very small. Note that

as opposed to [FIXLS16], there is no power of 7 in the definition of a;. By the
argument in [FKLS16, formula (3.5) and before] one also has, as 7 — oo,

(5.9) ||v(j)HL4(U) =0(1), ||v(j)HL4(Ur‘|6MO) = 0(1).
In a similar way, W,y in U is a finite sum
Wy riply = w + ..+ 0@
where s; < ... < sg are the times in [0, 5] when 7(si) = p, each w¥) has the form
W) = 7252 i) Uy
where each ¥ = U, satisfies, for s close to g,
(n(s)) =s, VE(n(s) =n(s), Im(V*T(n(s)) 20, Im(V¥)[y2 >0,

and b; has a similar form as a; but is supported near 7.
Inserting the formulas for Ur,(;1;\) and w4, in (5.8) yields that

1 ~ ~
(5.10) T2/UF|UL(T+M)|2|wT+i,u|2dVQU Z Likim
gk, lm

where
Likim = T%/ FoWy) O yp(m) v,
U

n—1

where
Ejkim = L®; — Ly + ¥, — U,

—LA®;— LAy, ,—p ¥ —p T,

Ajklm =e ajakblbm.
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We will next analyze the integrals Ijii, and show that the only nontrivial contri-
butions as 7 — oo come from the terms where d=xim (p) = 0. After this, we will
fix the parameters so that d=;, (p) = 0 will happen only when j = k and | = m.

Step 5. Evaluation of Ijim when d=jim (p) = 0.

Let j, k,I, m be such that = = =4, satisfies d=(p) = 0, and write
B = FAjklm-

Writing z for the geodesic normal coordinates in (M, go) with origin at p, the phase
function Z has the Taylor expansion

=(2) = Z(0) + %Hz 2+ 0(2P).

Here Z(0) = L(t; —tg)+ 51— Sm and H = Hjjim = (02, 2,Z)a,b is the Hessian of = in
the z coordinates. Note that the imaginary parts of Hessians of ®;, @, ¥, ¥,, at
p are all positive semidefinite. Moreover, they are positive definite in the codimen-
sion one subspaces (t;)%, 4(tx) ™, 7(s1)*, 7(sm )+, respectively. Thus it follows that
Im(H) = Im(V?(L(®; + ) + ¥; + U,,))|, is positive semidefinite, and moreover
it is positive definite since the above codimension one subspaces span the whole
tangent space at p. The last fact holds since ¥(t;) # £n(s;), which follows because
the geodesics v and 7 are distinct and one is not the reverse of the other. Finally,
since Im(H) is positive definite, by choosing U small one has |z| < ¢ in U where &
is very small, which implies that

—ec7|2|?

i (3H==+0(1=)| <

(&

for some ¢ > 0. This shows that one may indeed use dominated convergence in the
argument below.

One has
Ligim =77 / eTEB AV,
U
-1

:T”Tei‘rE(O)/ ei‘r(%szJrO(\z\L"))B(Z)|g0(z)|1/2 dz.
Rn—l

We will change variables z — 7~1/2z, which brings a Jacobian 7= that cancels
the power of 7 in front. Note that one has |go(z/7'/?)| — 1 and

B(z/r"/?) = F(p)e” A=t e a; (p)ag (p)bi(p)bm (p)
as 7 — oo. Combining these facts and using dominated convergence gives that
Ijklm — eiT(L(tj—tk)—i-sl—sm)cjklmF(p)e—L)\tj—Lthe—usl—ﬂsm + 0(1)

where

Cikim = a;(p)ak(p)b (p)bm(p)/]R B esHikimzz

The last integral is finite since Im(H ki) is positive definite. For later purposes
we observe that H;j; is purely imaginary, hence

i =l PP [ e Bz g
Rn—1
where the last integral is positive. In particular, we have
Ijjll — ijllF(p)€_2LRe(A)tj6_2Re(u)sl + 0(1)

where c;j;; > 0.
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Step 6. Evaluation of Ijim when d=;iim (p) # 0.

Write ¢ = Re(Ejkim ). Since d®,(p),d¥;(p) etc are real, we have dp(p) # 0, and
Iikim may be written as

Ljjim =72 / e Fy D k) D ep(m) gy,
U

where

—L7Im(®;)— L)\<I> —e—TIm(\I/l) ;,L\Illbl

’U(J)—Tge o) = 7%

We wish to use a non-stationary phase argument as in [FIKLS16, end of proof
Proposition 3.1]. Write
_ 1 .
7P = —P(e'7¥), Pw = (|dp|2dep, dw),
iT

where we assume that U has been chosen so small that dy is nonvanishing in U.
Since F is C', we may integrate by parts to obtain

Lum =7 [ 7op [POOTIEOT] av,,
T2 Ju
1 Ay Y
(5.11) +— = P50 pDp(m) 4§
i3 Junon ldel?

where the boundary term only appears if p € M. _
The boundary term in (5.11) goes to zero as 7 — oo since HT)(])HM(UmaM) <1

~

by (5.9) etc. In the integral over U, if the derivative hits F' one can estimate
1
|-

1T

/ e (PR TR OG0 dV,,|
U

1
2

< 1/2HF||C1(M)||v(])v(k)1f)(l) m)HLl(M)

which goes to zero as 7 — oo since [|[§)||fa(ar,) < 1 ete. The worst behaviour in 7 in
the integral over U occurs when a derivative hits e = £7Im(®3) or e=7Im(¥1) ete, This
brings a factor like 7d(Im(®;)) into the integrand, and since d(Im(®;)) vanishes on
~ one can choose new coordinates z = (2/, z,—1) near 0 so that |[d(Im(®;))| < |#/|.
Thus the integral that one needs to estimate looks like

_ 11 / e F [rd(Im(®;))] 59D O p(m) dV, .
itz Ju

Evaluating this integral as in Step 5, and using that the change of variables z —
7712 together with |d(Im(®;))| < |2/| brings an additional factor 771/2, shows
that this kind of integral is O(7~!/2). This concludes the proof that

dEjklm(p> 7& 0 = Tli}n;o Ijklm =0.

Step 7. Evaluation of (5.7).

Recall from Step 3 that pi,...,pn were the distinct intersection points of + and
n and that U, were small neighborhoods of p,.. As in Step 4, for each r with

1<r<Nlett!) <. < t(T) be the times in [0,7] when 7(t§T)) = p,, and let

s << 522) be the times in [0, S] when 7(s; "y = p,..
Gomg back to (5.7) and using (5. 10) we have

YSD DD ST

r=1jk=11l,m=1
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as T — oo, where

() .
L =75 [ e A Fav,,
where E;le and A;;)lm are defined in U, as in Step 4.

r)

The integrals Ij(-,c were evaluated in Steps 5 and 6. If we define

lm
r r r r i) 2.z —(7r
C(Z)Z — a§ )(Pr)aé )(pr)bl( )(pr)bgn)(pr) fRnfl 2 Mjkim dz, d= §k)lm (pT) =0,
Jrmm 0, otherwise,

then we get from Steps 5 and 6 that
(5 12)

() 4y 1) g(m) (") 4 3™ () _ o (r
L =t +sy7 =50 | () LX) st s
E , E : § : " }CijmF(Pr)e I ke T m = o(1)

r=1j,k=11lm=1

as T — 00. In the above formula F(p,) = Fre(x4p) (Pr)-
Step 7. Choosing L so that d‘_‘(k)lm (pr) =0 only when j =k andl =m

Next, we choose L € N large enough, but fixed, so that
dZjpim (pr) # 0
forall 1 <r < N unless j = k and [ = m. We have
VEjkim(pr) = LV®; — LV + V¥, — V,,
= L) = A7) +ilsi”) = i(s):
Since the geodesic v is transversal and thus it is not closed geodesic, we have
) = 47) # 0
for all j # k for all » with 1 <r < N. Let
o= min {|5(t7) =5t 1<r <N, 1< k< P} >0

and
B =max {Ji(s{”) = ()] 1<r <N, 1<Lm< Q.
We choose )
ARy
o

then we have

L) =5 +a0s7) = 08 = L) — 5 )] = [i(st) — i(sm)]
>La—f>1>0.

if j # k.
For 1 <r < N, assume then that j = k and [ # m. Then we have
VEjum (pr) = L) = 5(87)) +iils”) = (s5)) # 0,
since 7 is transversal and [ # m.

In conclusion, the only case when dEy};)zm (pr)=0isj=kandl=m

Step 8. Conclusion of the proof.
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Going back to (5.12) and using the result in Step 7, and taking 7 — oo, we have

N P Qr

r O PN NN (O DA
(5.13) SN e Freiaip (pr)e 2 OV est” (o — g
r=1j=1 =1
ir T ) gy 1) ()
where we have used that e [L(tf b ks = }
Let A € R and choose p so that

2L + 2 = 2],

=1,when j=Fkandl=m

which is equivalent to
w=(1—-L)AeR.
Then (5.13) reads
. Q.

N
(5.14) Z ZZ ””F)\ pr)e —2>\[L<t§?)_sl(r))+sl(r)} o,

r=1;j=1 =1

We define two sets of real numbers as follows:

_ N P, () (r") _ N Qr (r) ’
Q=1 Ul {tj — 1, } 5 Qo =Up g Uiy {Sl — sl )} ;
and
a= min |dy — da, B = max|d|
d1€Q1,d2€Q2,d1#d2 deQs

Finally, we redefine the number L in Step 7 as
i 1
L:max{ﬁ + 1, BL},
Q@

where «, 8 are the numbers given in Step 7.
Let (r1,71,01) # (r2, j2,12), then we want to show that

(5.15) LT — sty s £ L) — si72)) 4 i)

J1 2 2
Let us set

di =t 17 and dy = s\ — s
We have following cases:

(a) For the case di = dy. Suppose that
(5.16) Lt — sy s = L) — s7) 4 7

l2 ?

then we have L(dy —da) +dy = 0. Tt follows that sl(”) = 51(22). Thus Iy =I5

and 71 = ro. Since d; = dy, we also have t(”) = t( 2) Thus, j; = jo holds,
which leads to a contradiction to (rl,jl,ll) + (7“2,]2,12). Thus we must
have (5.15).
(b) For the case dy # dg. If (5.16) holds, we have
do
dy —dy’

However, this cannot be true since

L=

B da

L== 1> .
CY+ dl—dg

Thus again we have (5.15).
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We now go back to (5.14) and use Lemma 5.2 below together with the condition

(5.15) and the fact that Fx(p,) = f(2X,p,). This yields that
20 p) =0

Jgll
for all (r,7,1). In Step 5 we proved that cg-;;l > 0 for all (r,4,1), showing that
f(2X\,p;) =0 for all X € R and all r. Since the point yp in Step 1 was one of the p,,
it follows that f(z1,y0) = 0 for all ;1 € R. By Step 1 this is true for almost every

Yo in (Mo, go), and by the continuity of f one gets that f = 0 as required. O

Lemma 5.2. Let fi1,..., fn be compactly supported distributions in R such that
for some distinct real numbers ay,...,an one has

N
> fi(hewr =0, A eR.
j=1

Thenflz...:szo.

Proof. Suppose without loss of generality that a; > as > ... > ay. Then
N
A ==Y e @merf(0).
j=2

By the Paley-Wiener-Schwartz theorem there are C;, M > 0 so that
I Ca+ M, AeR.
Write § = a; — ag > 0. Since a1 —a; > 6 for j > 2, it follows that

C(1+[AD™M, A0,

AN < {0(1 FAMe= x> 0.

However, no nontrivial compactly supported distribution f; can have the above
decay for its Fourier transform. To see this, note that

erfi(\) e S (R), 0<e<d.

Thus using [Hor85, Theorem 7.4.2] there exists an analytic function U in {0 <
Im(t) < 6} so that the Fourier transform of e fi(\) is U(- + ie). By [Horss,
Remark after Theorem 7.4.3] the limit of U( - +i¢) in .#’/(R) as € — 0 is the Fourier
transform of f()\), i.e. 27 f1(—-). Fix some interval I C R that is outside the
support of fi(—-), and consider the rectangle Z = I x (0,6). For € close to 0, one
has
Ut +ie)| < le? i) o SN+ MDY e @) +1 S e M.

Since the limit of U( - +ie€) in 2'(I) is 2w f1(—-)|r = 0, by [Hor85, Theorem 3.1.15]
one has U = 0 in Z. Now U is analytic, so U = 0 in {0 < Im(¢) < 6} and f; = 0.
Repeating this argument gives that fo =... = fy =0. O
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